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Abstract: A three-dimensional (3D) multifield static analysis 
is developed for thermo-magneto-electro-elastic multilay-
ered plates, cylinders, cylindrical shells, and spherical shells. 
The thermo-magneto-electro-elastic coupling is investigated 
through six second-order differential equations for spherical 
shells expressed in terms of displacements, magnetic 
potential, electric potential, and temperature increment. The 
six second-order differential equations governing spherical 
shells consist of the following: the 3D equilibrium equations 
of elasticity, the 3D divergence equation of magnetic induc-
tion, the 3D divergence equation of electric displacement, 
and the 3D Fourier heat-conduction equation. These equa-
tions are fully coupled and are solved in strong form by 
employing Navier harmonic expansions in the in-plane di-
rections and the exponential matrix method along the 
thickness coordinate. The 3D thermo-magneto-electro-
elastic governing equations are formulated within a mixed 
curvilinear orthogonal reference system, thereby enabling 
the analysis of spherical shells, plates, cylinders, and cylin-
drical panels through an appropriate selection of the two 
radii of curvature. The layer-wise description is imple-
mented by enforcing interlaminar continuity conditions 
between adjacent layers. Such continuity conditions are 
imposed on displacements, magnetic potential, electric po-
tential, temperature increments, transverse shear and 
normal stresses, transverse normal magnetic induction, 
transverse normal electric displacement, and transverse 
normal heat flux. The Results section presents preliminary 
benchmark cases in which the proposed model is assessed

against other multifield formulations available in the liter-
ature for both flat and curved structures. In addition, four 
original case studies are introduced to investigate the fully 
coupled interaction among thermal, magnetic, electric, and 
elastic fields. These case studies consider four different 
geometries spanning a thickness-ratio range from thick to 
thin configurations. The resulting data provide insight into 
the influence of multifield loadings and couplings in smart 
structures and offer useful benchmark solutions for the 
verification of less refined multifield analytical and nu-
merical 3D/2D models.

Keywords: three-dimensional formulation; multilayered 
shell structures; fully coupled thermo-magneto-electro-
elastic behavior; layerwise approach

1 Introduction

Thermo-magneto-electro-elastic coupling represents an 
important research area in the field of multilayered smart 
structures [1, 2]. Considerable attention has recently been 
devoted to smart structures that can simultaneously operate 
as sensors and actuators [3, 4]. New materials used in these 
systems are continuously improving their performance and 
service life. For this reason, static and free vibration ana-
lyses are of fundamental importance [5, 6]. Recent studies 
can be classified into two main groups: free vibration and 
dynamic analyses, and static analyses; both categories 
involve thermo-magneto-electro-elastic coupling.

In the framework of free vibration studies on thermo-
magneto-electro-elastic (TMEE) structures, Ansari et al. [7, 8] 
developed a nonlocal geometrically nonlinear beam model 
for TMEE nanobeams and beams; the size-dependent 
nonlinear forced vibration behavior was examined for 
different parameters. Badri Albarody and Al-Kayiem [9] 
modeled piezo-laminated smart shells subjected to TMEE 
loads. In [10], the thermo-mechanical buckling problem of 
functionally graded TMEE nanoplates was analyzed by 
imposing a Winkler–Pasternak elastic foundation under 
various thermal environments. Esen and Özmen [11]
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examined the thermal vibration and buckling behavior of 
functionally graded porous nanoplates embedding piezo-
electric and piezomagnetic materials. The size-dependent 
effect in the free vibration analysis of a magneto-electro-
elastic nanoshell subjected to thermo-electro-magnetic 
loadings was studied by Ghadiri and Safarpour [12]. Gui 
and Li [13] introduced a novel size-dependent model for 
TMEE cylindrical nanoshells made of Barium Titanate and 
Cobalt Ferrite materials. The buckling problem of TMEE 
nanocylindrical shells made of Barium Titanate and Cobalt 
Ferrite materials was addressed in [14]. Lang and Xuewu [15] 
reported the buckling and vibration analysis of functionally 
graded TMEE circular cylindrical shells. Li et al. [16] inves-
tigated vibration and acoustic radiation responses of TMEE 
functionally graded porous plates via a unified model. Liu 
et al. [17] proposed a size-dependent vibration model for 
TMEE nanobeams taking into account thermal entropy. A 
coupled model for forced vibrations of multi-physics com-
posite cylindrical shells was formulated in [18] considering 
the improved Donnell nonlinear shell theory and Maxwell 
equations for electrostatics and magnetostatics. In Ni et al. 
[19], an analytical buckling solution, based on the Hamilto-
nian approach, was derived for a cylindrical shell made of 
two-phase TMEE composites under multi-physical fields. She 
and Gan [20] investigated the combined resonance in 
magneto-electro-elastic cylindrical shells under longitudinal 
and lateral excitations, and assessed the interaction between 
mechanical, electrical, and magnetic fields in smart struc-
tures. In Zafari et al. [21], transient TMEE coupled responses 
of multiferroic hybrid plates were analyzed under a 
distributed moving heat flux load. Shojaeefard et al. [22] 
investigated a rotation-induced cylindrical nano-shell (used 
as a water pump) subjected to electro-magnetic fields. Singh 
and Jaiswal [23] studied thermoelastic damping and fre-
quency shift in thin TMEE composite nano-scale beams 
embedding piezoelectric and piezomagnetic materials. In 
[24], the nonlinear postbuckling behavior of TMEE lami-
nated microbeams was investigated considering the modi-
fied coupled stress theory and the Reddy third-order shear 
deformation theory. Arefi and Zenkour [25] examined the 
TMEE vibration and bending behavior of multilayered/ 
sandwich microplates and nanoplates. Mahesh et al. [26] 
investigated the influence of full coupling between thermal, 
elastic, magnetic, and electric fields on the natural frequency 
analysis of functionally graded TMEE plates using the finite 
element method. The size-dependent buckling and vibration 
behaviors of functionally graded TMEE Timoshenko nano-
beams were discussed by Ren and Qing [27].

Thermo-Magneto-Electro-Elastic (TMEE) static analyses 
have been extensively investigated to understand structural 
behavior under multifield loadings. Aboudi [28] introduced 
a two-scale analysis for predicting the response of TMEE 
composites with localized damage subjected to remote heat 
flow. An analytical multiphysical response of a functionally 
graded thermo-magneto-elastic rotating hollow cylinder and 
a homogeneous orthotropic TMEE cylinder was developed 
by Akbarzadeh and Chen in [29]. Arefi and Zenkour [30, 31] 
investigated local and nonlocal TMEE bending behavior of 
multilayered and sandwich nanoplates. Barati and Shariyat 
[32] derived a fully analytical closed-form solution for 
functionally graded magneto-electro-hygro-thermo-elastic 
discs exposed to multifield loads. The three-dimensional 
equations of transversely isotropic TMEE materials were 
solved by Chen et al. [33] considering a flat crack in an 
infinite space subjected to symmetric mechanical, electric, 
magnetic, and temperature loads. Dai and Wang [34] re-
ported an analytical solution for TMEE hollow cylinders 
placed in an axial magnetic field and subjected to arbitrary 
thermal shock, mechanical load, and transient electric ex-
citations. The problem of an infinite multiferroic composite 
medium weakened by a penny-shaped crack was examined 
by Li et al. [35] when four pairs of generalized loads were 
applied on the upper and lower surfaces. A TMEE hetero-
geneous circular plate subjected to uniformly distributed 
thermal loadings was analyzed in [36]. The extended 
displacement discontinuity boundary integral equation was 
solved by Li et al. [37] for the TMEE analysis of arbitrarily 
shaped planar cracks in isotropic media. Serpilli [38] inves-
tigated the quasi-static behavior of a TMEE composite made 
of a thin plate-like layer included between two generic TMEE 
bodies. An analytical model for the magneto-electro-thermal 
bending of composite doubly-curved shallow shells rein-
forced by functionally graded graphene platelets was 
formulated by Sobhy [39]. Tong et al. [40] introduced a three-
phase cylindrical model to investigate fiber composites 
subjected to in-plane mechanical loads under the coupling 
effects of thermal, electric, magnetic, and elastic fields. 
Tornabene et al. [41] developed an equivalent layer-wise 
multifield formulation involving five different physical 
fields (hygro-thermo-magneto-electro-elastic coupling) for 
laminated doubly-curved shells under thermodynamic 
equilibrium. Vinyas and Kattimani [42–44] examined the 
influence of the volume fraction of Barium-Titanate and 
Cobalt-Ferric oxide on the static response of multiphase 
magneto-electro-elastic cantilever beams and plates 
immersed in a thermal environment. The penny-shaped

2 S. Brischetto and D. Cesare: A comprehensive 3D fully coupled theory



crack problem of a TMEE infinite transversely isotropic 
medium subjected to a symmetric uniform heat flux was 
addressed by Yang et al. [45]. Zhou et al. [46] proposed an 
inhomogeneous magneto-electro-elastic coupling element-
free Galerkin method to solve the static analysis of magneto-
electro-elastic plate structures. The same authors [47] pre-
sented a cell-based smoothed finite element method 
coupling elastic, electric, magnetic, and thermal properties 
in order to characterize steady-state magneto-electro-elastic 
structures in a thermal environment. Zhou et al. [48] 
employed the TMEE enriched finite element method to 
analyze static models of magneto-electro-elastic smart 
structures. Zhang et al. [49] studied the nonlinear vibration 
and bending behavior of magneto-electro-elastic laminated 
beams in thermal environments.

The objective of the present work is to address the lack 
of a 3D static model for fully coupled TMEE multilayered 
spherical shell analyses. To this end, 3D multifield constitu-
tive relations, 3D multifield geometrical relations, and 3D 
differential governing equations are formulated in terms of 
displacements, magnetic potential, over-temperature, and 
electric potential for the thermo-magneto-electro-elastic 
coupled problem. The 3D governing equations are 
expressed within a mixed curvilinear orthogonal reference 
system (α, β, z). The solution of the 3D multifield governing 
equations based on Navier harmonic forms and the expo-
nential matrix method is discussed. Interlaminar continuity 
conditions between adjacent layers are imposed to intro-
duce the layer-wise approach.

A key contribution of the present study lies in the fully 
thermo-magneto-electro-elastic coupling for curved struc-
tures through a 3D analytical solution in which stresses, 
strains, electric displacement components, magnetic induc-
tion components, and heat flux components are exactly 
computed. This exact methodology, capable of accurately 
capturing 3D effects, is extended to different geometries such 
as plates, cylinders, cylindrical panels, and spherical shells. 
This paper is part of a broader framework developed by the 
authors, where the 3D thermal stress analysis for multilay-
ered and functionally graded structures was investigated in 
[50, 51], while static electro-elastic and static magneto-elastic 
coupling were thoroughly examined for both multilayered 
and functionally graded plates and shells in [52, 53]. More 
recent studies included the 3D static magneto-electro-elastic 
analysis of both plates [54] and shells [55]. The present 
contribution extends these developments by introducing, for 
the first time, a fully coupled four-field model (thermo-
electro-magneto-elastic).

Following the review of the state of the art concerning 
TMEE coupling behavior in free vibration and static analyses 
of multilayered structures, Section 2 introduces the 3D TMEE 
governing equations, constitutive equations, and geometric 
relations; the solution methodology is also described. In 
Section 3, preliminary validation results and new bench-
mark cases are presented. The preliminary validation re-
sults are used to assess the accuracy of the proposed 3D 
TMEE static model for shells and plates. The new benchmark 
cases are included to illustrate and discuss all 3D coupling 
effects acting on TMEE planar and curved structures. Section
4 summarizes the main findings of the work.

2 3D thermo-magneto-electro-
elastic spherical shell model

In this section, the fully coupled 3D thermo-magneto-electro-
elastic spherical shell model is presented. In the first sub-
section, 3D thermo-magneto-electro-elastic governing equa-
tions for spherical shells are presented using the mixed 
curvilinear orthogonal reference system. In the second 
subsection, 3D geometrical relations and 3D constitutive 
equations for cross-ply orthotropic spherical shells are dis-
cussed. In the third subsection, the solution methodology, 
involving Navier harmonic forms and the exponential 
matrix method, is discussed in detail.

2.1 3D thermo-magneto-electro-elastic
governing equations

The 3D thermo-magneto-electro-elastic governing equa-
tions for spherical shells consist of six 3D differential 
equations: three 3D equilibrium elastic equations (here 
proposed in a compact form), a 3D divergence equation for 
the electric displacement, a 3D divergence equation for the 
magnetic induction, and the 3D Fourier heat conduction 
equation in steady-state conditions. These six equations 
are written in a mixed curvilinear orthogonal reference 
system (α, β, z). In-plane directions α and β follow the 
curvature of the geometry, while the thickness direction z 
is rectilinear and perpendicular to the middle reference 
surface Ω 0 . Therefore, the degeneration of the spherical 
shell geometry into cylinders, cylindrical shells, and plates 
is possible by properly considering the radii of curvature 
R α and R β . Figure 1 shows the four analyzable structures,
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the mixed curvilinear orthogonal reference system, and 
the middle reference surface Ω 0 . The six 3D equations for 
the thermo-magneto-electro-elastic spherical shell prob-
lem, written in the mixed curvilinear orthogonal reference 
system, are:

Hβ
∂

∂α

σk
αα

σk
αβ

σk
αz

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
+ Hα

∂

∂β

σk
αβ

σk
ββ

σk
βz

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭
+ H α H β ∂

∂z

σ kαz

σ kβz

σ kzz

⎧⎪ ⎪ ⎪ ⎪ ⎪ ⎨⎪ ⎪ ⎪ ⎪ ⎪ ⎩

⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎬⎪ ⎪ ⎪ ⎪ ⎪ ⎭

+Hβ

Rα

σk
αz

σk
βz

σk
zz

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
−

−σk
αz

0

σk
αα

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

+Hα

Rβ

σk
αz

σk
βz

σk
zz

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
−

0

−σk
βz

σk
ββ

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬⎪ ⎪ ⎪ ⎪ ⎪ ⎭
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
=

0 

0 

0

⎧⎪ ⎪ ⎪ ⎪ ⎨⎪ ⎪ ⎪ ⎪ ⎩
⎫⎪ ⎪ ⎪ ⎪⎬ ⎪ ⎪ ⎪ ⎪ ⎭,

(1)

∇ ⋅ D k = 0, (2)

∇ ⋅ B k = 0, (3)

∇ ⋅ q k = 0, (4)

where σ kij are the six stress components, ∂ 
∂α ,

∂ 
∂β and 

∂
∂z are the 

three partial derivatives along the three directions α, β and z, 
respectively. ∇⋅ indicates the divergence operator. H α , H β 
and H z are the curvature parameters that can be written as:

Hα

Hβ

Hz

⎧⎪⎪⎨⎪⎪⎩
⎫⎪⎪⎬⎪⎪⎭ =

1 + z
Rα

1 + z
Rβ

1

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

1 +
z̃−h/2
Rα

1 +
z̃−h/2
Rβ

1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where − h/2 < z < h/2 and 0 < z̃ < h.

(5)

Curvature parameters in the in-plane directions depend on 
the z thickness coordinate. H z term is equal to one as no 
curvature is involved in the thickness direction. R α and R β 
are radii of curvature in α and β directions, respectively. The 
divergence operator is defined as:

∇ ⋅ F = 1
HαHβ

∂

∂α
(HβFα) + ∂

∂β
(HαFβ) + ∂

∂z
(HαHβFz)[ ], (6)

where the vector F = (F α , F β , F z ) can be D k , B k , or q k .
D k = D kα, D kβ, D k z( ) is the electric displacement vector,
B k = B kα, B kβ , B k z( ) is the magnetic induction vector, and
q k = qkα , q kβ , qkz( ) is the heat flux vector. k indicates the
generic layer in the multilayered structure. Equations (1)–(6) 
are obtained in accordance with [56, 57].

2.2 3D thermo-magneto-electro-elastic 
constitutive and geometrical equations

The 3D thermo-magneto-electro-elastic constitutive equa-
tions allow to introduce the material characteristics in the 
model. Stresses, electric displacement components, mag-
netic induction components, and heat flux components are 
linked to strains, electric field components, magnetic field 
components, and sovra-temperature. 3D thermo-magneto-
electro-elastic constitutive equations can be written in ma-
trix form for each k layer:

σ k = C k ε k − e kT E k − r kT H k − λ k θ k , (7)

D k = e k ε k + ϵ k E k + d k H k − p k θ k , (8)

B k = r k ε k + d k E k + μ k H k − g k θ k , (9)

q k = −k k ∇θ k , (10)

where σ k = σ kαα , σ kββ , σ kzz , σ kβz , σ kαz , σk
αβ( ) is the 6 × 1 stress

vector, ε k = εkαα , ε kββ , εkzz , γ kβz , γkαz , γ kαβ( ) is the 6 × 1 strain vector,
E k = E kα, Ek

β , E k z( ) is the 3 × 1 electric field vector,

H k = H kα, Hk
β, H k z( ) is the 3 × 1 magnetic field vector, θ k is the

scalar over-temperature (defined as θ = T − T 0 , where T 0 is 
the reference room temperature measured in kelvin),
D k = D kα, D k β, D k z( ) is the 3 × 1 electric displacement vector,

B k = B kα, Bk
β , B k z( ) is the 3 × 1 magnetic induction vector,

q k = qkα , q kβ , qkz( ) is the 3 × 1 heat flux vector. T means the 
transpose of a vector or a matrix. The gradient operator is 
defined as:

∇ =

1
Hα

∂

∂α

1
Hβ

∂

∂β

∂

∂z

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (11)
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The proposed matrices and vectors are given in the 
structural reference system for each k layer for cross-ply 
and orthotropic materials. The 6 × 6 elastic coefficient matrix 
is:

C k =

C k11 C k12 C k13 0 0 0
C k12 C k22 C k23 0 0 0
C k13 C k23 C k33 0 0 0
0 0 0 C k44 0 0
0 0 0 0 Ck

55 0
0 0 0 0 0 C k66

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (12)

The 3 × 6 piezoelectric coefficient matrix is:

e k =
0 0 0 0 e k15 0 
0 0 0 e k 24 0 0
e k 31 e k 32 e k 33 0 0 0

⎡⎢ ⎢ ⎣
⎤ ⎥ ⎥ ⎦. (13)

The 3 × 6 piezoemagnetic coefficient matrix is:

r k =
0 0 0 0 r k15 0 
0 0 0 r k 24 0 0
r k 31 r k 32 r k 33 0 0 0

⎡⎢ ⎢ ⎣
⎤ ⎥ ⎥ ⎦. (14)

The 6 × 1 thermo-elastic coupling coefficient vector is 
defined as the product between the 6 × 6 elastic coefficient

Figure 1: Geometries, mixed curvilinear 
orthogonal reference systems and middle 
reference surfaces for preliminary cases (PC) 
and new benchmarks (B). Dotted lines 
represent the middle reference surface Ω 0 . 
The mixed curvilinear orthogonal reference 
system is indicated for each structure.
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matrix and the thermal expansion coefficients organized in 
an appropriate 6 × 1 vector:

λ k =

λ k11
λ k22
λ k 33
0 
0
0 

⎧⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
= C k α k = C k

α k11
α k22
α k 33
0 
0 
0

⎧⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (15)

The 3 × 3 electric permittivity coefficient matrix is:

ϵ k =
ϵ k11 0 0
0 ϵ k 22 0
0 0 ϵ k33

⎡ ⎢ ⎢ ⎣
⎤ ⎥ ⎥ ⎦. (16)

The 3 × 3 electro-magnetic coupling coefficient matrix is:

d k =
d k11 0 0

0 d k 22 0

0 0 d k33

⎡ ⎢ ⎢ ⎢ ⎣
⎤ ⎥ ⎥ ⎥ ⎦. (17)

The 3 × 1 pyroelectric coefficient vector is:

p k =
0 
0 
pk3

⎧⎪ ⎪ ⎨⎪ ⎪ ⎩
⎫⎪ ⎪⎬ ⎪ ⎪ ⎭. (18)

The 3 × 3 magnetic permeability coefficient matrix is:

μ k =
μ k11 0 0
0 μ k22 0
0 0 μk

33

⎡ ⎢ ⎢ ⎣
⎤ ⎥ ⎥ ⎦. (19)

The 3 × 1 pyromagnetic coefficient vector is:

g k =
0 
0 
gk
3

⎧⎪ ⎪ ⎨⎪ ⎪ ⎩
⎫⎪ ⎪⎬ ⎪ ⎪ ⎭. (20)

The 3 × 3 heat conduction coefficient matrix is:

k k =
kk
11 0 0

0 k k 22 0

0 0 k k33

⎡ ⎢ ⎢ ⎢ ⎣
⎤ ⎥ ⎥ ⎥ ⎦. (21)

In order to introduce the kinematic of the model, 
geometrical equations are requested. In this way, it is possible 
to link displacement vector u k , scalar electric potential ϕ k and 
scalar magnetic potential ψ k to strains, electric field and 
magnetic field. Geometrical equations can be written as:

ε k = Δ u k , (22)

E k = −∇ ϕ k , (23)

H k = −∇ ψ k , (24)

where the differential matrix Δ and the u k displacement 
vector can be defined as:

Δ =

1
Hα

∂

∂α
0

1
HαRα

0
1
Hβ

∂

∂β
1

HβRβ

0 0
∂

∂z

0
∂

∂z
− 1
HβRβ

1
Hβ

∂

∂β

∂

∂z
− 1
HαRα

0
1
Hα

∂

∂α

1
Hβ

∂

∂β
1
Hα

∂

∂α
0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (25)

u k =
u k 

v k 

w k

⎡ ⎢ ⎣
⎤ ⎥ ⎦. (26)

2.3 Solution methodology

The substitution of Eqs. (7)–(26) into Eqs. (1)–(4) brings a set
of second-order differential equations in terms of u k , v k , w k ,
ϕ k , ψ k and θ k . These are the six primary variables of the 3D 
thermo-magneto-electro-elastic problem.

The solution methodology includes the imposition of the 
Navier harmonic forms in the in-plane directions (α, β) for 
the primary variables in order to simulate the simply sup-
ported boundary conditions. The Navier harmonic forms are 
written as:
where U k (z), V k (z), W k (z), Φ k (z), Ψ k (z) and Θ k (z) are the am-
plitudes for each primary variable defined in appropriate
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points in α–β plane where cosine and sine are simulta- 
neously equal to 1. Terms α and β are expressed as follows:

α = mπ
a
, β = nπ

b
, (28)

where m and n are the half-wave numbers and a and b indicate 
the in-plane dimensions of the structure in α and β directions, 
respectively. Thanks to the introduction of the Navier harmonic 
forms, the new unknowns are the amplitudes of the primary 
variables. Performing the derivatives of the Navier harmonic 
forms and introducing them in the governing equations, it is 
possible to write explicitly the following equations:

−HβCk
55

HαR2
α

− Ck
55

RαRβ
−α2C

k
11Hβ

Hα
−β2C

k
66Hα

Hβ
( )Uk

+ −αβCk
12−αβCk

66( )Vk+ α
Ck
11Hβ

HαRα
+αC

k
12

Rβ
+αC

k
55Hβ

HαRα
+αC

k
55

Rβ
( )Wk

+ Ck
55Hβ

Rα
+C

k
55Hα

Rβ
( )Uk

,z+ αCk
13Hβ+αCk

55Hβ( )Wk
,z+ Ck

55HαHβ( )Uk
,zz

+ +2αe
k
15Hβ

HαRα
+αe

k
15

Rβ
( )Φk+ αek31Hβ+αek15Hβ( )Φk

,z

+ +2αr
k
15Hβ

HαRα
+αr

k
15

Rβ
( )Ψk+ αrk31Hβ+αrk15Hβ( )Ψk

,z+ −αλk11Hβ( )Θk=0,
(29) 

−HαCk
44

HβR2
β

− Ck
44

RαRβ
−α2C

k
66Hβ

Hα
−β2C

k
22Hα

Hβ

⎛⎝ ⎞⎠Vk

+ −αβCk
12−αβCk

66( )Uk+ β
Ck
44Hα

HβRβ
+βC

k
44

Rα
+βC

k
22Hα

HβRβ
+βC

k
12

Rα
( )Wk

+ Ck
44Hα

Rβ
+C

k
44Hβ

Rα
( )Vk

,z+ βCk
44Hα+βCk

23Hα( )Wk
,z+ Ck

44HαHβ( )Vk
,zz

+ +2βe
k
24Hα

HβRβ
+βe

k
24

Rα
( )Φk+ βek32Hα+βek24Hα( )Φk

,z

+ +2βr
k
24Hα

HβRβ
+βr

k
24

Rα
( )Ψk+ βrk32Hα+βrk24Hα( )Ψk

,z+ −βλk22Hα( )Θk=0,
(30)

Ck
13

R αRβ
+ C

k
23

RαR β
− C

k
11Hβ

H αR2
α

− 2C
k
12

RαR β
− C

k
22Hα

H βR2
β

−α2C
k
55Hβ

Hα
−β 2C

k
44H α
Hβ

⎛⎝ ⎞⎠ W k

+ α C
k
55Hβ

H αRα
−α C

k
13 

R β
+α C

k
11Hβ

HαRα
+α C

k
12 

Rβ
( )U k

+ β C
k
44Hα

H βRβ
−β C 

k
23

Rα
+β C

k
22Hα

HβRβ
+β C 

k
12

Rα
( )V k

+ −αCk
55H β−αC k13H β( )Uk 

, z+ −βC k44Hα−βC k 23H α( )Vk 
, z

+ C
k
33Hβ

Rα
+ C

k
33Hα

R β
( )Wk 

, z

+ Ck
33HαH β( )Wk 

, zz+ −α 2e
k
15Hβ

Hα
−β 2e

k
24Hα

Hβ
( )Φ k

+ −α 2r
k
15Hβ

Hα
−β 2r

k
24Hα

Hβ
( )Ψ k

+ − e
k
31Hβ

Rα
− e

k
32Hα

R β
+e

k
33Hβ

Rα
+ e

k
33Hα

Rβ
( )Φk 

, z+ e k33H αH β( )Φk 
, zz

+ − r
k
31Hβ

Rα
− r

k
32Hα

R β
+r

k
33Hβ

Rα
+ r

k
33Hα

Rβ
( )Ψk 

, z+ rk33HαH β( )Ψk 
, zz

+ λ k11Hβ

Rα
+ λ 

k
22Hα

Rβ
− λ 

k
33H β
R α

−λ 
k
33Hα

Rβ
( )Θ k+ −λ33HαH β( )Θk 

, z= 0,
(31)

α
ek15

H2
αRα

( )Uk+ β
ek24

H2
βRβ

⎛⎝ ⎞⎠Vk+ −α2ek15
H2

α

−β2e
k
24

H2
β

⎛⎝ ⎞⎠Wk

+ −α e
k
15

Hα
−αe

k
31

Hα
( )Uk

,z+ −βe
k
24

Hβ
−βe

k
32

Hβ
( )Vk

,z

+ ek31
HαRα

+ ek32
HβRβ

( )Wk
,z+ ek33( )Wk

,zz+ α2
ϵk11
H2

α

+β2ϵ
k
22

H2
β

⎛⎝ ⎞⎠Φk

+ −ϵk33( )Φk
,zz+ α2d

k
11

H2
α

+β2d
k
22

H2
β

⎛⎝ ⎞⎠Ψk+ −dk33( )Ψk
,zz

+ pk3( )Θk
,z=0,

(32)

uk

vk

wk

ϕk

ψk

θk

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

cos(αα)sin(ββ) 0 0 0 0 0
0 sin(αα)cos(ββ) 0 0 0 0
0 0 sin(αα)sin(ββ) 0 0 0
0 0 0 sin(αα)sin(ββ) 0 0
0 0 0 0 sin(αα)sin(ββ) 0
0 0 0 0 0 sin(αα)sin(ββ)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎦

Uk(z)
Vk(z)
Wk(z)
Φk(z)
Ψk(z)
Θk(z)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
, (27)
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α 
rk15

H 2αRα
( )U k + β 

r k24
H 2βRβ

⎛⎝ ⎞⎠ V k + −α2r
k
15

H 2α
−β 2 r 

k
24

H2
β

⎛⎝ ⎞⎠ W k 

+ −α r
k
15

H α
−α r

k
31 

H α
( )Uk 

, z+ −β r
k
24

H β
−β r 

k
32

H β
( )Vk 

, z

+ rk31
H αRα

+ r
k
32

H βR β
( )Wk 

, z+ α2d
k
11

H 2α
+β 2 d 

k
22

H2
β

⎛⎝ ⎞⎠ Φ k + −dk33( )Φk
, zz

+ α 2
μ k11
H 2α

+β 2 μ 
k 
22

H2
β

⎛⎝ ⎞⎠ Ψ k + −μk
33( )Ψk

, zz+ g k3( )Θk 
, z= 0,

(33)

−α2k
k
11

H2
α

−β2k
k
22

H2
β

⎛⎝ ⎞⎠Θk+ kk
33( )Θk

,zz=0. (34)

A compact form of Eqs. (29)–(34) is possible by renaming 
the terms in round brackets:

A k1U 
k + A k2V k + A k3W k + A k4Φ k + A k5Ψ k + Jk1Θ k + A k6U k, z
+A k 7W k, z + A k 8Φ k, z + A k 9Ψ k , z + A k10U k , zz = 0,

(35)

A k11U 
k + A k12V k + A k13W k + A k14Φ k + A k15Ψ k + Jk2Θ k + A k16V k, z

+ A k 17W k, z + A k 18Φ k , z + A k 19Ψ k , z + A k20V k , zz = 0,
(36)

A k21U 
k + A k22V k + A k23W k + A k24Φ k + A k25Ψ k + Jk3Θ k + A k26U k, z

+ A k 27V k, z + A k 28W k, z + A k 29Φ k, z + A k30Ψ k , z + Jk4Θ k, z + A k 31W k, zz

+A k32Φ k, zz + A k33Ψ k , zz = 0,
(37)

A k34U 
k + A k35V k + A k36W k + A k37Φ k + A k38Ψ k + A k39U k, z+ A k40V k, z

+A k 41W k, z+ J k5Θ k, z+ A k 42W k, zz+ A k 43Φ k, zz+ A k 44Ψ k , zz = 0,
(38)

A k45U 
k + A k46V k + A k47W k + A k48Φ k + A k49Ψ k + A k50U k, z+ A k51V k, z

+A k 52W k, z+ J k6Θ k, z+ A k 53W k, zz+ A k 54Φ k, zz+ A k 55Ψ k , zz = 0.
(39)

Jk7Θ 
k + Jk8Θ k, zz = 0. (40)

Equations (35)–(40) are a set of six second order differential 
equations in z. In order to solve this set of equations with the 
exponential matrix method, constant coefficients and first-
order differential equations must be obtained. Ak

i and Jki
coefficients become constant for very thin mathematical 
layers introduced in the thickness direction z. In this way, 
curvature terms H α and H β lose their dependence from z. In 
fact, value z does not vary within each thin mathematical 
layer. Thanks to this approach, A j i and J

j
i can be considered as

constant coefficients because all equations and related terms 
are written for a general j thin mathematical layer. M will be

defined as the total number of mathematical layers. In order 
to have first-order differential equations, redoubling pri-
mary variable procedure for second-order differential 
equations is adopted. In this way, Eqs. (35)–(40) can be 
rewritten in matrix form as follows:

D j X j , z = A j X j ⇒ X j , z = A * j X j (41)

where X j is the 12 × 1 vector of unknowns, X j , z is the 12 × 1
vector of unknowns derived with respect to z, D j and A j are 
the 12 × 12 coefficient matrices and A* j is the 12 × 12 coeffi-
cient matrix computed as A * j = D j −1 A j . Vectors X j , X j , z and
matrices D j , A j can be explicitly written as:

X j =

U
V
W
Φ
Ψ
Θ
U , z 
V , z 
W , z
Φ , z
Ψ , z
Θ , z

⎧⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

j

, (42)

X j
, z =

U
V
W
Φ
Ψ
Θ
U , z 
V , z 
W , z
Φ , z
Ψ , z
Θ , z

⎧⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

j

, z

, (43)

D j =

A10 0 0 0 0 0 0 0 0 0 0 0
0 A20 0 0 0 0 0 0 0 0 0 0
0 0 P1 0 0 0 0 0 0 0 0 0
0 0 0 P1 0 0 0 0 0 0 0 0
0 0 0 0 P1 0 0 0 0 0 0 0
0 0 0 0 0 J8 0 0 0 0 0 0
0 0 0 0 0 0 A10 0 0 0 0 0
0 0 0 0 0 0 0 A20 0 0 0 0
0 0 0 0 0 0 0 0 P1 0 0 0
0 0 0 0 0 0 0 0 0 P1 0 0
0 0 0 0 0 0 0 0 0 0 P1 0
0 0 0 0 0 0 0 0 0 0 0 J 8

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

j

, (44)
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twhere P ji terms are combinations of A ji terms; R ji terms are
combinations of A j i and J 

j
i terms. A solution of Eq. (41) can be

obtained using the exponential matrix method:

X j(hj) = exp A*jhj( )X j(0) = ∑
N

i=0

(A*j)i
i!

hi
j[ ]X j(0), (46)

where (A * j ) 0 = I is the 12 × 12 identity matrix. ̃z j = h j is the 
top of the j layer and ̃z j = 0 is the bottom of the j layer.

The layer wise approach is introduced thanks to 
congruence and equilibrium conditions between two 
contiguous j mathematical layers: they are also called 
interlaminar continuity conditions. Interlaminar continuity 
conditions are written as follows:

u jb = u j−1 t , v jb = v j−1 t , w jb = w j−1 t , ϕj
b = ϕj−1

t , ψj
b

= ψj−1
t , θ jb = θ j−1 t , (47)

σ jαz b = σ j−1 αz t , σ j βz b = σ j−1 βz t , σ j zz b = σ j−1 zz t , D j z b

= D j−1 z t , B jz b = B j−1 z t , qjzb = qj−1 z t , (48)

t is the top of the previous j − 1 layer and b is the bottom of 
the next j layer.

By introducing Eqs. (7)–(27) into Eqs. (47) and (48), 
interlaminar continuity conditions can be written explicitly 
in terms of maximum amplitudes:

U jb = U j−1 t , (49)

V jb = V j−1 t , (50)

W jb = W j−1 t , (51)

Φ jb = Φ j−1 t , (52)

Ψ jb = Ψ j−1 t , (53)

Θ jb = Θ j−1 t , (54)

C j 55
H jα b

αW jb + C j55U j, z b − 
C j 55

H j αb R α
U j b + 

e j 15
H jα b

αΦ jb + 
r j 15
H jα b

αΨ jb

= +C 
j−1 
55 

H j−1 α t

αW j−1 t + C j−1 55 U 
j−1
, z t − 

C j−155 

H j−1 α t
R α
U j−1 t + e

j−1 
15 

H j−1α t

αΦj−1
t + r j−1 15 

H j−1 α t

αΨ j−1t ,

(55)

Cj
44

Hj
βb

βWj
b +Cj

44V
j
,zb
− Cj

44

Hj
βb
Rβ

Vj
b +

ej24
Hj

βb

βΦj
b +

rj24
Hj

βb

βΨj
b

= +C
j−1
44

Hj−1
βt

βWj−1
t +Cj−1

44 V
j−1
,zt −

Cj−1
44

Hj−1
βt
Rβ

Vj−1
t + ej−124

Hj−1
βt

βΦj−1
t + rj−124

Hj−1
βt

βΨj−1
t ,

(56)

− Cj
13

Hj
αb

αUj
b +

Cj
13

Hj
αb
Rα

Wj
b −

Cj
23

Hj
βb

βVj
b +

Cj
23

Hj
βb
Rβ

Wj
b

−λj33Θj
b +Cj

33W
j
,zb
+ ej33Φj

,zb
+ rj33Ψj

,zb
=− Cj−1

13

Hj−1
αt

αUj−1
t

+ Cj−1
13

Hj−1
αt
Rα

Wj−1
t − Cj−1

23

Hj−1
βt

βVj−1
t + Cj−1

23

Hj−1
βt
Rβ

Wj−1
t

−λj−133 Θ
j−1
t +Cj−1

33 W
j−1
,zt + ej−133 Φ

j−1
,zt + rj−133 Ψ

j−1
,zt ,

(57)

− ej31
Hj

αb

αUj
b +

ej31
Hj

αb
Rα

Wj
b −

ej32
Hj

βb

βVj
b

+ ej32
Hj

βb
Rβ

Wj
b +pj3Θj

b + ej33Wj
,zb − ϵj33Φj

,zb −dj33Ψj
,zb

=− ej−131

Hj−1
αt

αUj
t + ej−131

Hj−1
αt
Rα

Wj
t − ej−132

Hj−1
βt

βVj
t

+ ej−132

Hj−1
βt
Rβ

Wj
t +pj−13 Θj−1

t ++ej−133 W
j−1
,zt − ϵj−133 Φ

j−1
,zt −dj−133 Ψ

j−1
,zt ,

(58)

A j =

0 0 0 0 0 0 A 10 0 0 0 0 0
0 0 0 0 0 0 0 A 20 0 0 0 0
0 0 0 0 0 0 0 0 P 1 0 0 0
0 0 0 0 0 0 0 0 0 P 1 0 0
0 0 0 0 0 0 0 0 0 0 P1 0
0 0 0 0 0 0 0 0 0 0 0 J 8

−A 1 −A 2 −A 3 −A 4 −A 5 −J 1 −A 6 0 −A 7 −A 8 −A 9 0 
−A 11 −A 12 −A 13 −A 14 −A 15 −J 2 0 −A 16 −A 17 −A 18 −A 19 0
−P 2 −P 3 −P 4 −P 5 −P 6 −R 1 −P 7 −P 8 −P 9 −P 10 −P 11 −R 2
−P 12 −P 13 −P 14 −P 15 −P 16 −R 3 −P 17 −P 18 −P 19 −P 20 −P 21 −R 4
−P 22 −P 23 −P 24 −P 25 −P 26 −R 5 −P 27 −P 28 −P 29 −P 30 −P 31 −R 6 
0 0 0 0 0 −J 7 0 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

j

. (45)
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− r 
j 
31

H jα b
αU j b + 

r j 31
H j αb R α

Wj
b −

r j 32
H jβ b

βVj
b

+ r j 32
H j βb R β

W jb + gj
3Θ 

j
b + r j33W j, z b − d j33Φ j , z b − μj33Ψ j, z b

= − r j−1 31 

H j−1α t

αUj
t + r j−1 31 

H j−1 α t
R α
Wj

t − r j−1 32 

H j−1 β t

βVj
t

+ r 
j−1
32 

H j−1 β t
R β
W jt + gj−1

3 Θ j−1 t + qj−133 W j−1, z t − d j−1 33 Φ 
j−1
, z t − μj−1

33 Φ 
j−1
, z t ,

(59) 

−k j33Θ j, z b = −k j−133 Θ 
j−1
, z t . (60)

Equations (49)–(60) can be compacted in a matrix form as 
follows:

X j (0) = T j, j−1 X j−1 (h j−1 ), (61)

where T j,j−1 is the 12 × 12 transfer matrix linking the bottom
(z̃ j = 0) of the j layer and the top (z̃ j−1 = h j−1 ) of the j − 1 layer.
Matrix T j,j−1 can be explicitly written as:

By considering a recursive combination of Eqs. 
(46)–(62), it is possible to link the bottom (z̃ 1 = 0) of the first
(1) layer with the top (z̃ M = h M ) of the last (M) one. The 
resulting equation takes the following form:

X M (h M ) = A ** M T M , M −1 A ** M −1 … T 2,1 A ** 1 X 1 (0)
= H m X 1 (0). (63)

Matrix H m is the multilayered matrix that includes all the 
multilayer structure peculiarities (in-plane dimensions, 
thickness, material layer configuration, interlaminar conti-
nuity conditions). Independently of the order N of the 
exponential matrix and the total number M of mathematical

layers used for the multilayer configuration, H m is always a 
12 × 12 matrix. This approach enables very fast computation 
even if a layer wise approach is adopted. 

Boundary constraints are the simply-supported ones as 
they are naturally fulfilled at the edges by Eq. (27). Simply-
supported constraints can be written as follows:

v k = 0, w k = 0, ϕ k = 0, ψ k = 0, θ k = 0, σ kαα= 0 for α = 0,a,
u k = 0, w k = 0, ϕ k = 0, ψ k = 0, θ k = 0, σk

ββ= 0 for β = 0,b.
(64)

Load boundary conditions must be imposed at the outer 
surfaces of the structure. Load boundary conditions involve 
a combination of elastic, magnetic, electric, and thermal 
fields in terms of pressure load, magnetic potential or 
transverse normal magnetic induction, electric potential or 
transverse normal electric induction, and over-temperature. 
For the elastic field, load boundary conditions can be 
imposed as:

σzz = Pz(z)sin(αα)sin(ββ) for z̃ = 0, h, (65)

For the magnetic field, load boundary conditions can be 
written as:

ψ = Ψ(z)sin(αα)sin(ββ) or Bz

= Bz(z)sin(αα)sin(ββ) for z̃ = 0, h, (66)

Load boundary conditions for the electric field can be writ-
ten as:

ϕ = Φ(z)sin(αα)sin(ββ) or Dz

= Dz(z)sin(αα)sin(ββ) for z̃ = 0, h, (67)

Load boundary conditions in terms of over-temperature can 
be written as follows:

T j, j−1 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
T 1 0 T 2 T 3 T 4 0 T 5 0 0 0 0 0
0 T 6 T 7 T 8 T 9 0 0 T 10 0 0 0 0
T 11 T 12 T 13 0 0 τ 1 0 0 T 14 T 15 T 16 0
T 17 T 18 T 19 0 0 τ 2 0 0 T 20 T 21 T 22 0
T 23 T 24 T 25 0 0 τ 3 0 0 T 26 T 27 T 28 0
0 0 0 0 0 0 0 0 0 0 0 τ 4

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

j, j−1

. (62)
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θ = Θ(z)sin(αα)sin(ββ) for z̃ = 0, h, (68)

The overbar added on the amplitude terms means imposed 
values. All the possible combinations of these four load 
boundary conditions can be written in a general matrix 
form as:

B 1bX 
1 (0) = P b , (69)

B Mt X 
M (h M ) = P t , (70)

where B 1b and B Mt are the 6 × 12 multifield load boundary 
condition matrices defined at the bottom (b) of the first layer 
(1) and at the top (t) of the last layer (M). P b and P t are the 6 × 1 
multifield load vectors at the bottom (b) and at the top (t) of 
the shell. Taking into account Eq. (63), it is possible to rewrite 
Eqs. (69) and (70) as:

B1
b

B Mt Hm
[ ]X 1

b = P b
P t

{ } ⇒ EX 1b = P. (71)

X1
b = X 1 (0) is the unknown vector at the bottom (b) of the 

first (1) layer. E is the 12 × 12 matrix including all the char-
acteristics of the multilayered configuration. Solving the 
linear system in Eq. (71), the exact 3D solution at the bottom 

of the structure is obtained. Thanks to the recursively use of 
Eqs. (46)–(63), the amplitudes of the primary variables along 
the entire thickness direction can be evaluated. After the 
primary variable reconstructions along the thickness di-
rection, the other variables can be obtained by using Eqs. 
(7)–(10).

The present formulation has been implemented using 
the MATLAB environment and developing an in-house aca-
demic code called 3D Exponential Multifield Solutions 
(3DEMS).

3 Results

In this section, results obtained with the present 3D 
thermo-magneto-electro-elastic shell model are shown. 
Results referring to the 3D model shown in Section 2 
will be indicated with the acronym 3D–u–θ–ϕ–ψ. This 
acronym is useful to recognize the main peculiarities of 
the model: a three-dimensional model (3D) where dis-
placements (u), over-temperature (θ), electric potential (ϕ) 
and magnetic potential (ψ) are the primary variables. In 
the preliminary case subsection, comparisons are pro-
posed between 3D three-field models from the open liter-
ature and the present 3D–u–θ–ϕ–ψ model. In the 
new benchmark subsection, new results, involving

multilayered plates, cylinders, cylindrical panels, and 
spherical shells for different thickness ratios, are pre-
sented and discussed in detail.

3.1 Preliminary cases

In this subsection, two preliminary cases are used as com-
parisons to evaluate the correctness of the 3D–u–θ–ϕ–ψ 
model. A simply-supported multilayered plate and a simply-
supported multilayered spherical shell are taken into ac-
count. Due to a lack of studies in the literature about a fully 
coupled 3D thermo-magneto-electro-elastic model (four-field 
models) for flat and curved structures, comparisons are 
made considering a 3D thermo-electro-elastic reference and 
a 3D thermo-magneto-elastic reference, separately. The 
comparison results are obtained using a number M = 300 for 
mathematical layers and an order N = 3 for the exponential 
matrix as stated in the convergence analysis for the pure 
elastic problem in Brischetto [58].

In the first Preliminary Case (PC1), a multilayered 
simply-supported plate is taken into account. The multilay-
ered configuration is a two-layered PZT-5A/Cadmium Sele-
nide plate. Each layer thickness is equal to 0.5h, where h is 
the total thickness of the structure. Material properties of 
PZT-5A and Cadmium Selenide in terms of elastic, electric, 
and thermal coefficients are collected in the first two col-
umns of Table 1. Geometrical data are reported in the first 
column of Table 2. These two constituents do not have any 
magnetic coefficient as shown in Table 1. External loading 
boundary conditions for this case are: Θ t = 1, K and
Θ b = 0, K . No load conditions are imposed on the electric and 
elastic fields. Comparison results proposed in Table 3 are 
obtained considering as reference solution the 3D thermo-
electro-elastic sampling surface model by Kulikov [59]. In 
Table 3, a perfect agreement is reached for both thickness 
ratios and for all normalized variables. Normalized vari-
ables are given as:

θ = θ
Θ t

; q z = 10aq z a
h 
k 0 Θ t

; u = 10u 
aα 0 Θ t ;

w = 100w
a
h
aα0Θt

; σαα = 10σαα

E1α0Θt
; σαβ = 10σαβ

E1α0Θt
; (72)

σαz = 10 a
hσαz

E1α0Θt
; σzz =

10 a
h( )2σzz

E1α0Θt
; (73)

where k 0 = 9 W/mK, α 0 = 4.396 ⋅ 10 −6 1/K, and E 1 = 42.785 GPa. 
Thanks to the presented results, it is possible to confirm the 
correctness of the 3D–u–θ–ϕ–ψ model in depicting the
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thermo-electro-elastic coupling with related thickness and 
material layer effects. 

In the second Preliminary Case (PC2), a multilayered 
simply-supported spherical shell is considered to validate 
the thermo-magneto-elastic coupling in curved structures.

The three-layered 0°/90°/0° configuration is the Adaptive 
Wood/Soft Adaptive Wood/Adaptive Wood lamination 
scheme. Outer laminae are 0.3h thick and the central one is 
0.4h thick. h is the total thickness. Geometrical data are re-
ported in the second column of Table 2. Material data for 
Adaptive Wood and Soft Adaptive Wood are collected in Ta-
ble 1. In order to be consistent with the reference solution 
[60], the magnetic permittivity coefficients μ 11 and μ 22 are 
both considered with negative signs. The reference solution 
is the 2D refined Equivalent Layer Wise (ELW) model by 
Tornabene [60]. For this case, the load boundary conditions 
imposed at the outer surfaces of the structure are: 
P z t = −7 ⋅ 10 5 Pa, P z b = 3 ⋅ 10 5 Pa, Ψ t = −800 V, Φ b = 20 V,
Θ t = 10 K, Θ b = 2 K. In this case, the electric field is not 
considered. Table 4 compares results for in-plane and 
transverse displacements, magnetic potential, over-

Table : Geometrical data for structures analyzed in the preliminary 
case (PC) results.

PC PC

a [m] 
 
 πR α

b [m] 
 

πR β

R α [m] ∞ 

R β [m] ∞ 

h [m] Variable .
m  

n  

Table : PC, simply-supported two-layered thermo-electro-elastic plate. 
z̃/h goes from  (bottom) to  (top).

a/h  

θ ðez=h ¼ :Þ D [] . .

D–u–θ–ϕ–ψ . .
u ðez=h ¼ :Þ D [] −. −.

D–u–θ–ϕ–ψ −. −.
w ðez=h ¼ :Þ D [] . .

D–u–θ–ϕ–ψ . .
σ αα ðez=h ¼ :Þ D [] −. −.

D–u–θ–ϕ–ψ −. −.
σ αβ ðez=h ¼ :Þ D [] −. −.

D–u–θ–ϕ–ψ −. −.
σ αz ðez=h ¼ :Þ D [] . .

D–u–θ–ϕ–ψ . .
σ zz ðez=h ¼ :Þ D [] −. −.

D–u–θ–ϕ–ψ −. −.
q z ðez=h ¼ :Þ D [] −. −.

D–u–θ–ϕ–ψ −. −.

Table : Elasto-thermo-magneto-electric material properties used in the 
preliminary cases (PC) and new benchmarks (B).

Cadmium 

Selenide []
PZT-A

[]
Adaptive 
wood []

Soft adaptive 
wood []

E  [GPa] .  . .
E  [GPa] .  . .
E  [GPa] . . . .
ν  [–] . . . .
ν  [–] . . . .
ν  [–] . . . .
G  [GPa] . . . .
G  [GPa] . . . .
G  [GPa] . . . .
α  [ 

− ]
[/K]

. . . .

α  [ 
− ] 

[/K]
. . . .

α  [ 
− ] 

[/K]
. . . .

k  [W/mK]  . . . 
k  [W/mK]  . . . 
k  [W/mK] . . . . 
r  [T] – –   

r  [T] – –   

r  [T] – –   

r  [T] – –   

r  [T] – –   

μ  [nH/m] – – ∓ ⋅   ∓ ⋅   

μ  [nH/m] – – ∓ ⋅   ∓ ⋅   

μ  [nH/m] – –  ⋅   . ⋅   

e  [C/m  ] −. . . . 
e  [C/m  ] −. . . . 
e  [C/m  ] −. −. −. −. 
e  [C/m  ] −. −. −. −. 
e  [C/m  ] . . . . 
ϵ  [nF/m] . . . . 
ϵ  [nF/m] . . . . 
ϵ  [nF/m] .  . .
d 
[ − Ns/VC] 

– –  .

d 
[ − Ns/VC] 

– –  .

d 
[ − Ns/VC] 

– –  .

p  [ − ] 
[C/m  K]

−.  − −

g  [ − A/mK] – –  
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temperature, in-plane normal stress, transverse shear 
stress, transverse normal stress, and in-plane magnetic 
induction: the 2D ELW model by Tornabene [60] and the 
present 3D–u–θ–ϕ–ψ model are compared. Reference 
results are evaluated starting from the graphical trends 
available in [60]. Results coming from the 3D–u–θ–ϕ–ψ 
model are in very good agreement with the reference 
results; small differences are due to the fact that the 2D 
ELW results come from graphical evaluations. Therefore, 
it is possible to confirm the correctness of the 3D–u–θ–ϕ–ψ 
model to analyze the thermo-magneto-elastic coupling 
and related curvature, thickness, and material layer 
effects.

From the results obtained in the present subsection, the 
thermo-magneto-electro-elastic coupling can be considered 
correctly validated. This statement is possible as thermo-
electro-elastic coupling and thermo-magneto-elastic 
coupling have been separately validated. In addition, the 
curvature effect, thickness layer effect, and material layer 
effect are depicted for both cases. The two proposed pre-
liminary cases have been performed considering M = 300 
mathematical layers and an order N = 3 for the exponential 
matrix. For this reason, the following new benchmark sub-
section will be presented considering these two key values 
for M and N parameters.

3.2 New benchmarks

In the present new Benchmark subsection, new multilay-
ered cases are presented. Multilayered simply-supported 
plates, cylinders, cylindrical panels, and spherical shell cases 
are shown and discussed (see Figure 1 for the geometry). The

multilayered configuration is the five-layered stacking 
sequence presented in Figure 2. The five-layered configura-
tion is adopted for all four new benchmarks. Material 
properties of the two constituents (Adaptive Wood and Soft 
Adaptive Wood) are reported in the last two columns of Ta-
ble 1 in terms of elastic, thermal, magnetic, and electric 
properties. The four new benchmarks have been proposed 
considering μ 11 and μ 22 with positive signs, as recommended 
in [61] to obtain a physically meaningful case. The load 
boundary conditions imposed at the outer surfaces for each 
proposed benchmark are the following:

Pzt = 1,000 Pa, Pzb = 0 Pa, Θt = 1 K, Θb = 0K,
Φt = 10 A,Ψt = 5 A,Ψb = 0 A, Φb = 0 A, (74)

with half-wave numbers m and n indicated in the last two 
lines of Table 5.

In the first new Benchmark (B1), a simply-supported 
multilayered rectangular plate is analyzed. Geometrical data 
for the plate configuration are reported in Table 5. Table 6 
shows values of u, w, ψ, ϕ, θ, σ αβ , σ zz , B z , D z and q z for a 
specific thickness location ̃z/ h, and for structures from thick 
(a/h = 2) to thin (a/h = 100) configurations. As expected, 
transverse displacement w increases monotonically going 
from thick to thin structures. The same increasing trend is

Figure 2: Multilayered lamination scheme adopted for the new 
benchmarks (B). Dotted lines indicate the middle reference surface Ω 0 . h 
is the total thickness of the structure. The same lamination scheme is also 
used for curved structures.

Table : Geometrical data and half-wave numbers for structures 
analyzed in the new benchmark (B) results.

B B B B

a [m]  πR α π 
 R α

π 
 R α

b [m]   
π

R α 

R α [m] ∞    

R β [m] ∞ ∞ ∞  

m     

n    

Table : PC, simply-supported three-layered thermo-magneto-elastic 
spherical shell. ̃z/h goes from  (bottom) to  (top).

ELW [] D–u–θ–ϕ–ψ

u [ − m] ðez=h ¼ :Þ −. −.
v [ − m] ðez=h ¼ :Þ −. −.
w [ − m] ðez=h ¼ :Þ −. −.
ψ [  A] ðez=h ¼ :Þ −. −.
θ [K] ðez=h ¼ :Þ . .
σ αα [ 

 Pa] ðez=h ¼ :Þ −. −.
σ βz [ 

 Pa] ðez=h ¼ :Þ −. −.
σ zz [ 

 Pa] ðez=h ¼ :Þ . .
B α ½ �  T � ðez=h ¼ :Þ −. −.
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Table : B, simply-supported multilayered elasto-thermo-magneto-electric rectangular plate. Results are obtained via the D–u–θ–ϕ–ψ model. ̃z/h 
goes from  (bottom) to  (top).

a/h      

u [ − m] ðez=h ¼ :Þ
−. −. −. −. −. −. 

w [ − m] ðez=h ¼ :Þ
. . . . . .

ψ [A] ðez=h ¼ :Þ
−. −. . . . .

ϕ [A] ðez=h ¼ :Þ
. . . . . .

θ [K] ðez=h ¼ :Þ
. . . . . .

σ αβ [ 
 Pa] ðez=h ¼ :Þ

−. −. −. −. −. .
σ zz [Pa] ðez=h ¼ :Þ

−. −. −. . . . 
B z ½T � ðez=h ¼ :Þ

. . . . −. −. 
D z ½ �  C=m  � ðez=h ¼ :Þ

. . . . . . 
q z [W/m  ] ðez=h ¼ :Þ

−. −. −. −. −. −.

Figure 3: B1, simply-supported multilayered elasto-thermo-magneto-electric rectangular plate. Results are obtained via the 3D-u–θ–ϕ–ψ model. ̃z/h 
goes from 0 (bottom) to 1 (top). Thickness ratio is a/h = 10.
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Table : B, simply-supported multilayered elasto-thermo-magneto-electric cylinder. Results are obtained via the D–u–θ–ϕ–ψ model. ̃z/ h goes from
 (bottom) to  (top).

R α /h      

u [ − m] ðez=h ¼ :Þ
. . . . . . 

w [ − m] ðez=h ¼ :Þ
. . . . . .

ψ [A] ðez=h ¼ :Þ
−. −. −. −. . .

ϕ [  A] ðez=h ¼ :Þ
. −. −. −. −. −.

θ [K] ðez=h ¼ :Þ
. . . . . .

σ ββ [ 
 Pa] ðez=h ¼ :Þ

. . . . . .
σ zz [ 

 Pa] ðez=h ¼ :Þ
. . . . . . 

B z ½ �  T � ðez=h ¼ :Þ
. . . . . . 

D z ½ �  C=m  � ðez=h ¼ :Þ
. −. −. −. −. −. 

q z [W/m  ] ðez=h ¼ :Þ
−. −. −. −. −. −.

Figure 3: Continued.
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visible for another primary variable of the thermo-magneto-
electro-elastic problem: the sovra-temperature θ. Figure 3 
shows the trend of w, ψ, ϕ, θ, σ zz , B z , D z and q z variables 
through the thickness of a moderately thick plate (a/h = 10). 
Some effects acting on thermo-magneto-electro-elastic 
structures can be seen: thermo-magneto-electro-elastic 
coupling, zig-zag effect, material layer effect, and thickness 
layer effect. Thermo-magneto-electro-elastic coupling is 
visible considering the non-zero behavior of all the primary 
variables. Zig-zag effect is visible as slope changes within 
each physical layer. Material layer effect and thickness layer 
effect can be seen considering the different trends within 
each physical layer and the complex behavior along the 
thickness direction, respectively. In addition, external 
loading boundary conditions are correctly reached at the

outer surfaces. This can be seen in σ zz , θ, ϕ and ψ variable 
values at the outer surfaces. All the proposed variables are 
continuous along the thickness direction because interlam-
inar continuity conditions are correctly imposed between 
adjacent layers.

The second new Benchmark (B2) involves a simply-
supported multilayered cylinder. Geometrical data are re-
ported in Table 5. Table 7 shows u, w, ψ, ϕ, θ, σ ββ , σ zz , B z , D z 

and q z variables for specific ̃z/ h thickness locations and for 
six different thickness ratios. In Table 7, w shows a non-
monotonic behavior when increasing the thickness ratio 
because of the curvature effect. This is a typical trend for 
curved structures, indicating the presence of the curvature 
effect. In Figure 4, the trend along the thickness direction for 
w, ϕ, ψ, θ, σ zz , D z , B z and q z is shown for R α /h = 20. It is clearly

Figure 4: B2, simply-supported multilayered elasto-thermo-magneto-electric cylinder. Results are obtained via the 3D–u–θ–ϕ–ψ model. ̃z/h goes from
0 (bottom) to 1 (top). Thickness ratio is R α /h = 20.
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visible that the zig-zag effect, the thermo-electro-elastic 
coupling, and the material and thickness layer effects are 
present: complex trends along the thickness direction are 
shown. Interlaminar continuity conditions are correctly 
imposed: trends in Figure 4 do not show discontinuities along 
the z direction. In addition, external loading boundary condi-
tions are correctly reached at the outer surfaces, as shown 
by the transverse normal stress (P z t = 1, 000 Pa, P z b = 0 Pa), 
over-temperature (Θ t = 1 K, Θ b = 0 K), electric potential
(Φ t = 10 A, Φ b = 0 A), and magnetic potential
(Ψ t = 5 A, Ψ b = 0 A) values at the outer surfaces.

For the third new Benchmark (B3), a simply-supported 
multilayered cylindrical panel is analyzed. Table 5 gives the 
geometrical data used for this case. Variables u, w, ψ, ϕ, θ,
σ αα , σ zz , B z , D z and q z are proposed for a specific z̃/h

thickness location and for different thickness ratios going 
from thick to thin ones. Curvature effects can be seen from 

the non-monotonic trend of some variables (such as the 
electric potential ϕ) when the thickness ratio increases. In 
Figure 5, it is possible to visualize the thickness layer effect 
considering the different complex trends for σ zz and ψ with 
respect to the previous two benchmarks (R α /h = 4 is a thick 
cylindrical panel). No tabular and graphical trends 
involving the β direction are reported because n = 0 is 
imposed for this case. Thermo-magneto-electro-elastic 
coupling is correctly depicted considering primary vari-
able trends along the thickness direction. Zig-zag effect is 
visible for each variable reported in Figure 5 considering 
the slope changes for each physical layer. Graphical trends 
are continuous along the thickness direction: this feature

Figure 4: Continued.
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indicates the correctness of imposing the interlaminar 
continuity conditions between adjacent layers as done in 
Eqs. (47) and (48). Loading boundary conditions are 
correctly reached at the outer surfaces as can be seen from
σ zz , ψ, ϕ and θ graphical trends at the top and bottom of 
the panel.

In the last Benchmark (B4), a simply-supported multi-
layered spherical panel is proposed. The last column of 
Table 5 collects the geometrical data used for this bench-
mark. In Tables 8 and 9, values of u, w, ψ, ϕ, θ, σ αβ , σ zz , B z , D z 
and q z are calculated for a specific thickness location for 
thick, moderately thick, moderately thin, and thin struc-
tures. In Table 9, the curvature effect can be seen from the 
w displacement trend: it is not increasing monotonically

going from thick to thin configurations. Figure 6 shows the 
main peculiarities involved in thermo-magneto-electro-
elastic curved multilayered structures: thermo-magneto-
electro-elastic coupling, zig-zag effect, curvature effect, 
material layer effect, and thickness layer effect. Zig-zag 
effect is visible as slope changes for each physical layer. 
Thermo-magneto-electro-elastic coupling is obvious as 
trends for displacements, magnetic potential, electric 
potential, and sovra-temperature are different from zero. 
Interlaminar continuity conditions and loading boundary 
conditions are correctly imposed: in Figure 6, variables are 
continuous along the thickness direction and σ zz , θ, ϕ and ψ 
trends have the proper imposed values written in Eq. (74) at 
the outer surfaces.

Figure 5: B3, simply-supported multilayered elasto-thermo-magneto-electric cylindrical shell panel. Results are obtained via the 3D–u–θ–ϕ–ψ model. 
z̃/h goes from 0 (bottom) to 1 (top). Thickness ratio is R α /h = 4.
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Figure 5: Continued.

Table : B, simply-supported multilayered elasto-thermo-magneto-electric cylindrical shell panel. Results are obtained via the D–u–θ–ϕ–ψ model. ̃z/h 
goes from  (bottom) to  (top).

R α /h      

u [ − m] ðez=h ¼ :Þ
−. . . . . . 

w [ − m] ðez=h ¼ :Þ
. . . . . .

ψ [A] ðez=h ¼ :Þ
−. −. −. −. . .

ϕ [  A] ðez=h ¼ :Þ
. . . . . .

θ [K] ðez=h ¼ :Þ
. . . . . .

σ αα [ 
 Pa] ðez=h ¼ :Þ

. . . −. −. −.
σ zz [ 

 Pa] ðez=h ¼ :Þ
. −. −. −. −. −. 

B z ½ �  T � ðez=h ¼ :Þ
. . . . . . 

D z ½ �  C=m  � ðez=h ¼ :Þ
. . . . . . 

q z [W/m  ] ðez=h ¼ :Þ
−. −. −. −. −. −.
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Table : B, simply-supported multilayered elasto-thermo-magneto-electric spherical shell panel. Results are obtained via the D–u–θ–ϕ–ψ model. ̃z/h 
goes from  (bottom) to  (top).

R α /h      

u [ − m] ðez=h ¼ :Þ
−. −. . . . . 

w [ − m] ðez=h ¼ :Þ
. . . . . .

ψ [A] ðez=h ¼ :Þ
−. −. −. −. . .

ϕ [  A] ðez=h ¼ :Þ
. . −. −. −. −.

θ [K] ðez=h ¼ :Þ
. . . . . .

σ αβ [ 
 Pa] ðez=h ¼ :Þ

. . . . . .
σ zz [ 

 Pa] ðez=h ¼ :Þ
. . . . . . 

B z ½ �  T � ðez=h ¼ :Þ
. . . . . . 

D z ½ �  C=m  � ðez=h ¼ :Þ
. −. −. −. −. −. 

q z [W/m  ] ðez=h ¼ :Þ
−. −. −. −. −. −.

Figure 6: B4, simply-supported multilayered elasto-thermo-magneto-electric spherical shell panel. Results are obtained via the 3D–u–θ–ϕ–ψ model. ̃z/h 
goes from 0 (bottom) to 1 (top). Thickness ratio is R α /h = 10.
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4 Conclusions

This study focuses on the fully coupled 3D static analysis of 
thermo-magneto-electro-elastic multilayered plates and 
shells. The six 3D governing equations associated with the 
thermo-magneto-electro-elastic spherical shell problem 

have been formulated. 3D multifield constitutive equations 
and 3D geometrical relations for spherical shells are used to 
describe the material properties and the structural kine-
matics. The six 3D thermo-magneto-electro-elastic spherical 
shell equations are solved by employing Navier harmonic 
forms in the in-plane directions and the exponential ma-
trix method along the thickness direction. The six 3D 
governing equations are formulated within a mixed 
curvilinear orthogonal reference system, thus enabling 
the analysis of different geometries, including plates, cyl-
inders, cylindrical panels, and spherical shells. Interlam-
inar continuity conditions are introduced between 
adjacent layers on displacements, magnetic potential, 
electric potential, over-temperature, transverse shear and

normal stresses, transverse normal magnetic induction, 
transverse normal electric displacement, and transverse 
normal heat flux. These interlaminar continuity condi-
tions enable the implementation of the layer-wise 
approach.

In the Results section, two preliminary cases are 
examined to assess the accuracy of the proposed 3D thermo-
magneto-electro-elastic model through comparison with 3D 
and quasi-3D thermo-magneto-elastic and thermo-electro-
elastic models available in the literature. The comparison 
demonstrates excellent agreement in terms of tabulated 
results. Furthermore, the results confirm the correct repre-
sentation of zig-zag effects, thermo-magneto-electro-elastic 
coupling, curvature effects, material effects, and layer-
thickness effects. Based on the outcomes obtained in the 
preliminary validation study, four new benchmark cases 
have been introduced for different thickness ratios and four 
distinct geometries: plates, cylinders, cylindrical panels, and 
spherical shells. In the benchmark subsection, several re-
sults have been obtained at selected thickness locations

Figure 6: Continued.
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spanning from thick to thin configurations. Through-the-
thickness graphical distributions have also been reported for 
representative thickness ratios. In this way, zig-zag effects, 
thermo-magneto-electro-elastic coupling, curvature effects, 
material effects, and layer-thickness effects can be clearly 
identified and quantified. Interlaminar continuity conditions 
and loading boundary conditions have been consistently 
enforced throughout the model. The four-field coupling 
formulation has been successfully validated, and the proposed 
3D thermo-electro-magneto-elastic shell model can therefore 
be reliably employed for future benchmark investigations. 

The present work provides a useful reference frame-
work for researchers interested in understanding the 
behavior of multilayered shell and plate structures subjected 
to static multifield loading conditions. Moreover, the 3D so-
lutions presented herein may serve as benchmark results for 
the verification and assessment of multifield numerical and 
analytical 2D/3D models.
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