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Abstract: Athree-dimensional (3D) multifield static analysis
is developed for thermo-magneto-electro-elastic multilay-
ered plates, cylinders, cylindrical shells, and spherical shells.
The thermo-magneto-electro-elastic coupling is investigated
through six second-order differential equations for spherical
shells expressed in terms of displacements, magnetic
potential, electric potential, and temperature increment. The
six second-order differential equations governing spherical
shells consist of the following: the 3D equilibrium equations
of elasticity, the 3D divergence equation of magnetic induc-
tion, the 3D divergence equation of electric displacement,
and the 3D Fourier heat-conduction equation. These equa-
tions are fully coupled and are solved in strong form by
employing Navier harmonic expansions in the in-plane di-
rections and the exponential matrix method along the
thickness coordinate. The 3D thermo-magneto-electro-
elastic governing equations are formulated within a mixed
curvilinear orthogonal reference system, thereby enabling
the analysis of spherical shells, plates, cylinders, and cylin-
drical panels through an appropriate selection of the two
radii of curvature. The layer-wise description is imple-
mented by enforcing interlaminar continuity conditions
between adjacent layers. Such continuity conditions are
imposed on displacements, magnetic potential, electric po-
tential, temperature increments, transverse shear and
normal stresses, transverse normal magnetic induction,
transverse normal electric displacement, and transverse
normal heat flux. The Results section presents preliminary
benchmark cases in which the proposed model is assessed
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against other multifield formulations available in the liter-
ature for both flat and curved structures. In addition, four
original case studies are introduced to investigate the fully
coupled interaction among thermal, magnetic, electric, and
elastic fields. These case studies consider four different
geometries spanning a thickness-ratio range from thick to
thin configurations. The resulting data provide insight into
the influence of multifield loadings and couplings in smart
structures and offer useful benchmark solutions for the
verification of less refined multifield analytical and nu-
merical 3D/2D models.

Keywords: three-dimensional formulation; multilayered
shell structures; fully coupled thermo-magneto-electro-
elastic behavior; layerwise approach

1 Introduction

Thermo-magneto-electro-elastic coupling represents an
important research area in the field of multilayered smart
structures [1, 2]. Considerable attention has recently been
devoted to smart structures that can simultaneously operate
as sensors and actuators [3, 4]. New materials used in these
systems are continuously improving their performance and
service life. For this reason, static and free vibration ana-
lyses are of fundamental importance [5, 6]. Recent studies
can be classified into two main groups: free vibration and
dynamic analyses, and static analyses; both categories
involve thermo-magneto-electro-elastic coupling.

In the framework of free vibration studies on thermo-
magneto-electro-elastic (TMEE) structures, Ansari et al. [7, 8]
developed a nonlocal geometrically nonlinear beam model
for TMEE nanobeams and beams; the size-dependent
nonlinear forced vibration behavior was examined for
different parameters. Badri Albarody and Al-Kayiem [9]
modeled piezo-laminated smart shells subjected to TMEE
loads. In [10], the thermo-mechanical buckling problem of
functionally graded TMEE nanoplates was analyzed by
imposing a Winkler-Pasternak elastic foundation under
various thermal environments. Esen and Ozmen [11]
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examined the thermal vibration and buckling behavior of
functionally graded porous nanoplates embedding piezo-
electric and piezomagnetic materials. The size-dependent
effect in the free vibration analysis of a magneto-electro-
elastic nanoshell subjected to thermo-electro-magnetic
loadings was studied by Ghadiri and Safarpour [12]. Gui
and Li [13] introduced a novel size-dependent model for
TMEE cylindrical nanoshells made of Barium Titanate and
Cobalt Ferrite materials. The buckling problem of TMEE
nanocylindrical shells made of Barium Titanate and Cobalt
Ferrite materials was addressed in [14]. Lang and Xuewu [15]
reported the buckling and vibration analysis of functionally
graded TMEE circular cylindrical shells. Li et al. [16] inves-
tigated vibration and acoustic radiation responses of TMEE
functionally graded porous plates via a unified model. Liu
et al. [17] proposed a size-dependent vibration model for
TMEE nanobeams taking into account thermal entropy. A
coupled model for forced vibrations of multi-physics com-
posite cylindrical shells was formulated in [18] considering
the improved Donnell nonlinear shell theory and Maxwell
equations for electrostatics and magnetostatics. In Ni et al.
[19], an analytical buckling solution, based on the Hamilto-
nian approach, was derived for a cylindrical shell made of
two-phase TMEE composites under multi-physical fields. She
and Gan [20] investigated the combined resonance in
magneto-electro-elastic cylindrical shells under longitudinal
and lateral excitations, and assessed the interaction between
mechanical, electrical, and magnetic fields in smart struc-
tures. In Zafari et al. [21], transient TMEE coupled responses
of multiferroic hybrid plates were analyzed under a
distributed moving heat flux load. Shojaeefard et al. [22]
investigated a rotation-induced cylindrical nano-shell (used
as a water pump) subjected to electro-magnetic fields. Singh
and Jaiswal [23] studied thermoelastic damping and fre-
quency shift in thin TMEE composite nano-scale beams
embedding piezoelectric and piezomagnetic materials. In
[24], the nonlinear postbuckling behavior of TMEE lami-
nated microbeams was investigated considering the modi-
fied coupled stress theory and the Reddy third-order shear
deformation theory. Arefi and Zenkour [25] examined the
TMEE vibration and bending behavior of multilayered/
sandwich microplates and nanoplates. Mahesh et al. [26]
investigated the influence of full coupling between thermal,
elastic, magnetic, and electric fields on the natural frequency
analysis of functionally graded TMEE plates using the finite
element method. The size-dependent buckling and vibration
behaviors of functionally graded TMEE Timoshenko nano-
beams were discussed by Ren and Qing [27].
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Thermo-Magneto-Electro-Elastic (TMEE) static analyses
have been extensively investigated to understand structural
behavior under multifield loadings. Aboudi [28] introduced
a two-scale analysis for predicting the response of TMEE
composites with localized damage subjected to remote heat
flow. An analytical multiphysical response of a functionally
graded thermo-magneto-elastic rotating hollow cylinder and
a homogeneous orthotropic TMEE cylinder was developed
by Akbarzadeh and Chen in [29]. Arefi and Zenkour [30, 31]
investigated local and nonlocal TMEE bending behavior of
multilayered and sandwich nanoplates. Barati and Shariyat
[32] derived a fully analytical closed-form solution for
functionally graded magneto-electro-hygro-thermo-elastic
discs exposed to multifield loads. The three-dimensional
equations of transversely isotropic TMEE materials were
solved by Chen et al. [33] considering a flat crack in an
infinite space subjected to symmetric mechanical, electric,
magnetic, and temperature loads. Dai and Wang [34] re-
ported an analytical solution for TMEE hollow cylinders
placed in an axial magnetic field and subjected to arbitrary
thermal shock, mechanical load, and transient electric ex-
citations. The problem of an infinite multiferroic composite
medium weakened by a penny-shaped crack was examined
by Li et al. [35] when four pairs of generalized loads were
applied on the upper and lower surfaces. A TMEE hetero-
geneous circular plate subjected to uniformly distributed
thermal loadings was analyzed in [36]. The extended
displacement discontinuity boundary integral equation was
solved by Li et al. [37] for the TMEE analysis of arbitrarily
shaped planar cracks in isotropic media. Serpilli [38] inves-
tigated the quasi-static behavior of a TMEE composite made
of a thin plate-like layer included between two generic TMEE
bodies. An analytical model for the magneto-electro-thermal
bending of composite doubly-curved shallow shells rein-
forced by functionally graded graphene platelets was
formulated by Sobhy [39]. Tong et al. [40] introduced a three-
phase cylindrical model to investigate fiber composites
subjected to in-plane mechanical loads under the coupling
effects of thermal, electric, magnetic, and elastic fields.
Tornabene et al. [41] developed an equivalent layer-wise
multifield formulation involving five different physical
fields (hygro-thermo-magneto-electro-elastic coupling) for
laminated doubly-curved shells under thermodynamic
equilibrium. Vinyas and Kattimani [42-44] examined the
influence of the volume fraction of Barium-Titanate and
Cobalt-Ferric oxide on the static response of multiphase
magneto-electro-elastic cantilever beams and plates
immersed in a thermal environment. The penny-shaped
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crack problem of a TMEE infinite transversely isotropic
medium subjected to a symmetric uniform heat flux was
addressed by Yang et al. [45]. Zhou et al. [46] proposed an
inhomogeneous magneto-electro-elastic coupling element-
free Galerkin method to solve the static analysis of magneto-
electro-elastic plate structures. The same authors [47] pre-
sented a cell-based smoothed finite element method
coupling elastic, electric, magnetic, and thermal properties
in order to characterize steady-state magneto-electro-elastic
structures in a thermal environment. Zhou et al. [48]
employed the TMEE enriched finite element method to
analyze static models of magneto-electro-elastic smart
structures. Zhang et al. [49] studied the nonlinear vibration
and bending behavior of magneto-electro-elastic laminated
beams in thermal environments.

The objective of the present work is to address the lack
of a 3D static model for fully coupled TMEE multilayered
spherical shell analyses. To this end, 3D multifield constitu-
tive relations, 3D multifield geometrical relations, and 3D
differential governing equations are formulated in terms of
displacements, magnetic potential, over-temperature, and
electric potential for the thermo-magneto-electro-elastic
coupled problem. The 3D governing equations are
expressed within a mixed curvilinear orthogonal reference
system (a, f3, z). The solution of the 3D multifield governing
equations based on Navier harmonic forms and the expo-
nential matrix method is discussed. Interlaminar continuity
conditions between adjacent layers are imposed to intro-
duce the layer-wise approach.

A key contribution of the present study lies in the fully
thermo-magneto-electro-elastic coupling for curved struc-
tures through a 3D analytical solution in which stresses,
strains, electric displacement components, magnetic induc-
tion components, and heat flux components are exactly
computed. This exact methodology, capable of accurately
capturing 3D effects, is extended to different geometries such
as plates, cylinders, cylindrical panels, and spherical shells.
This paper is part of a broader framework developed by the
authors, where the 3D thermal stress analysis for multilay-
ered and functionally graded structures was investigated in
[50, 51], while static electro-elastic and static magneto-elastic
coupling were thoroughly examined for both multilayered
and functionally graded plates and shells in [52, 53]. More
recent studies included the 3D static magneto-electro-elastic
analysis of both plates [54] and shells [55]. The present
contribution extends these developments by introducing, for
the first time, a fully coupled four-field model (thermo-
electro-magneto-elastic).
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Following the review of the state of the art concerning
TMEE coupling behavior in free vibration and static analyses
of multilayered structures, Section 2 introduces the 3D TMEE
governing equations, constitutive equations, and geometric
relations; the solution methodology is also described. In
Section 3, preliminary validation results and new bench-
mark cases are presented. The preliminary validation re-
sults are used to assess the accuracy of the proposed 3D
TMEE static model for shells and plates. The new benchmark
cases are included to illustrate and discuss all 3D coupling
effects acting on TMEE planar and curved structures. Section
4 summarizes the main findings of the work.

2 3D thermo-magneto-electro-
elastic spherical shell model

In this section, the fully coupled 3D thermo-magneto-electro-
elastic spherical shell model is presented. In the first sub-
section, 3D thermo-magneto-electro-elastic governing equa-
tions for spherical shells are presented using the mixed
curvilinear orthogonal reference system. In the second
subsection, 3D geometrical relations and 3D constitutive
equations for cross-ply orthotropic spherical shells are dis-
cussed. In the third subsection, the solution methodology,
involving Navier harmonic forms and the exponential
matrix method, is discussed in detail.

2.1 3D thermo-magneto-electro-elastic
governing equations

The 3D thermo-magneto-electro-elastic governing equa-
tions for spherical shells consist of six 3D differential
equations: three 3D equilibrium elastic equations (here
proposed in a compact form), a 3D divergence equation for
the electric displacement, a 3D divergence equation for the
magnetic induction, and the 3D Fourier heat conduction
equation in steady-state conditions. These six equations
are written in a mixed curvilinear orthogonal reference
system (a, B, z). In-plane directions a and B follow the
curvature of the geometry, while the thickness direction z
is rectilinear and perpendicular to the middle reference
surface Qq. Therefore, the degeneration of the spherical
shell geometry into cylinders, cylindrical shells, and plates
is possible by properly considering the radii of curvature
R, and Rg. Figure 1 shows the four analyzable structures,
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the mixed curvilinear orthogonal reference system, and
the middle reference surface Q. The six 3D equations for
the thermo-magneto-electro-elastic spherical shell prob-
lem, written in the mixed curvilinear orthogonal reference
system, are:

Uga GI;B agz
0 | & 9 | & 90|
Hﬁa Ga[i +Haa_B O'Bﬁ +HaHﬂ& Gﬁl
o a5, o,
OJ(;Z ] _OJ;Z
Hﬁ k
+ — < 0 - — < - (1)
R, Pz 0
OJZ(Z 7 OJ(;(I
o) [ © 0
H k
+R7; P, ng L — 3 Gﬁz L = 0 S
k 0
ay, L Opg
v.-Dk=0, )
v-B=0, ©)
V-q°=0, @

where of.]‘. are the six stress components, 2, a% and 2 are the
three partial derivatives along the three directions a, § and z,
respectively. V- indicates the divergence operator. H,, Hp

and H, are the curvature parameters that can be written as:

[ z-n/2
1+— 1+ /
H, R, R,
Hﬁ = 1+Ri = < 'Z_h/z L
H, B 1+Tﬁ
1
1

©)

where -h/2<z<h/2 and 0<Z<h

Curvature parameters in the in-plane directions depend on
the z thickness coordinate. H, term is equal to one as no
curvature is involved in the thickness direction. R, and Rg
are radii of curvature in @ and g directions, respectively. The
divergence operator is defined as:

DE GRUYTER

1 [o 0 0
<~ (HpFo) + < (HaFp) + 3% (HoHgF) |, (6)

.F =
VP, [sa B

where the vector F = (F,, Fp F,) can be D*, B, or ¢
Dr = (9’; 9’5 9;‘) is the electric displacement vector,
B = (%";%’E%’Z‘ ) is the magnetic induction vector, and
q* = (q%.q5.q) is the heat flux vector. k indicates the
generic layer in the multilayered structure. Equations (1)—(6)

are obtained in accordance with [56, 57].

2.2 3D thermo-magneto-electro-elastic
constitutive and geometrical equations

The 3D thermo-magneto-electro-elastic constitutive equa-
tions allow to introduce the material characteristics in the
model. Stresses, electric displacement components, mag-
netic induction components, and heat flux components are
linked to strains, electric field components, magnetic field
components, and sovra-temperature. 3D thermo-magneto-
electro-elastic constitutive equations can be written in ma-
trix form for each k layer:

0" = Crek - X - T HF - AFeF, o)
D = ek + € EF + d“HF - pFeF, ®)
B = rkek + d'eF + uvH* - ghe", 9

q = -k"ve", 10)

where o* = (0¥, af,, 0%, ok, 0%, 0%;) is the 6 x 1 stress
vector, £ = (&, &k, 5, V%, VK, v, ) is the 6 x 1 strain vector,
E = (£5,E5E) is the 3 x 1 electric field vector,
H* = (ML, Hp, M} ) is the 3 x 1 magnetic field vector, 6is the
scalar over-temperature (defined as 0 = T — T,, where T is
the reference room temperature measured in Kkelvin),

D* = (Df, Dy, Dy ) is the 3 x 1 electric displacement vector,
B = (B, B}, B;) is the 3 x 1 magnetic induction vector,
q" = (¢, q}-q¢) is the 3 x 1 heat flux vector. T means the

transpose of a vector or a matrix. The gradient operator is
defined as:

—i i-
H, oa
1 0
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Plate

Figure 1: Geometries, mixed curvilinear
orthogonal reference systems and middle
reference surfaces for preliminary cases (PC)
and new benchmarks (B). Dotted lines
represent the middle reference surface Q.

S]p]heﬁlca]l S]h.@]l]l. Cy]jndlﬂcal She]m The mixed curvilinear orthogonal reference

system is indicated for each structure.

The proposed matrices and vectors are given in the

K
structural reference system for each k layer for cross-ply ; 00 0 0 & 0
and orthotropic materials. The 6 x 6 elastic coefficient matrix e=10 0 0 912(4 0 0f 13)
is: eoe e 0 0 0

[Cy Cp Cy 0
Ch Cp Cy 0
Ci Cy Cy O
0 0 0 C o
0 0 0 o0 C&
0 0 0 0 0 Ckl

The 3 x 6 piezoemagnetic coefficient matrix is:

o O o

0 0 0 0 rk o0
rk=lo 0 o0 rk 0 0} (14)
rkorkork 0000

ck= (12)

o O © O o

The 6 x 1 thermo-elastic coupling coefficient vector is
The 3 x 6 piezoelectric coefficient matrix is: defined as the product between the 6 x 6 elastic coefficient
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matrix and the thermal expansion coefficients organized in
an appropriate 6 x 1 vector:

k
Ay i
2 a5
k k
Ak — )l33 L _ Ck k — Ck< a33 L (15)
0 0
0 0
0 ) [ 0
The 3 x 3 electric permittivity coefficient matrix is:
e 0 0
=10 €& 0 (16)
0 0 €&

The 3 x 3 electro-magnetic coupling coefficient matrix is:

0 o0
k
d={0 da o0 a7n
0 0 d
The 3 x 1 pyroelectric coefficient vector is:
0
pF=40 (18)
v
The 3 x 3 magnetic permeability coefficient matrix is:
l111(1 0 0
w=0 s o (19)
0 0 uy
The 3 x 1 pyromagnetic coefficient vector is:
0
Kk _
g=10 (20)
8
The 3 x 3 heat conduction coefficient matrix is:
K& 0 0
k
K=|0 Kk o @1
0 0 K&
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In order to introduce the kinematic of the model,
geometrical equations are requested. In this way, it is possible
to link displacement vector u, scalar electric potential ¢* and
scalar magnetic potential ¥ to strains, electric field and
magnetic field. Geometrical equations can be written as:

e = Auk, (22)
k= v ¢k, 23)
HK = v, (24)

where the differential matrix A and the u* displacement
vector can be defined as:

1o,
H, oa H.R,
0 10 1
Hy, 0B  HyRg
0 0 2
0z
S I B I
o 1 0 10
0z H.R, H, oa
10 10
H; 08  H,oa ]
uk
uk = lvk ] (26)
Wk

2.3 Solution methodology

The substitution of Egs. (7)-(26) into Eqs. (1)—(4) brings a set
of second-order differential equations in terms of u¥, v, w*,
¢*, ¥* and 6". These are the six primary variables of the 3D
thermo-magneto-electro-elastic problem.

The solution methodology includes the imposition of the
Navier harmonic forms in the in-plane directions (a, ) for
the primary variables in order to simulate the simply sup-
ported boundary conditions. The Navier harmonic forms are
written as:
where U(z), V¥(2), W"(2), @(2), ¥¥(2) and 6/(2) are the am-
plitudes for each primary variable defined in appropriate
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u cos (aa)sin (BB) 0 0 0 0 0 U*(z)
vk 0 sin (@a)cos (BB) 0 0 0 0 V¥ (2)
wh | 0 0 sin (aa)sin (Bp) 0 0 0 WX (z) @7
o [~ 0 0 0 sin (@a)sin (BP) 0 0 o (z) [
Y~ 0 0 0 0 sin (@a)sin (Bp) 0 vk (z)
6" 0 0 0 0 0 sin (aa)sin (BB) | | € (2)

points in a—f plane where cosine and sine are simulta-
neously equal to 1. Terms @ and 8 are expressed as follows:

_ mnm — nm

a=-—- B= D (28)
where m and n are the half-wave numbers and a and b indicate
the in-plane dimensions of the structure in a and f directions,
respectively. Thanks to the introduction of the Navier harmonic
forms, the new unknowns are the amplitudes of the primary
variables. Performing the derivatives of the Navier harmonic
forms and introducing them in the governing equations, it is
possible to write explicitly the following equations:

C]5<5 —ZC ﬁz CeeH >

< HyC

H.R: R.Rg H,
_ _ CKHy _c* _ckHp (K
—k—kk 11ﬁ—1z—55/3—55 k

+(~aBCt,~apCes )V <aH R R, LR, R,g)W

C§5Hﬁ +C§5H a

"\ "R, TR

< )Uf; (aClHp+aCkHy )W +(CHoHp ) U,
<+2a@ a 15):1:" (aek Hp+aek Hp)d"
HaRa RB 31 15 Z

rkHg _rk
+<+zaﬁ+aﬁ;>lpk (@l Hy+arkHg) WX+ (-all Hp )0 =0,

(29)

H,CY, Ck, _ZC ﬁzcgz
HgR; R.Rg ~ H,

B% pCztle

BCIIZ )

e cH
+(-aBCt,-apCl; ) U + (/3 HRBT )

Ha C{;Hﬁ

+

HgRg " R,

r24 a,

"\ HﬁRB

<+25e24 +ﬁ924>cp" (e, Ho-+Bek H, )

(30)

> f(z + (BC§4HIZ +BC§3HQ) W)kz + (Ci‘lHaHﬁ) V,kzz

) +(Bri,Ha+Bri,Ho ) W% +(-pAs,H, ) 0F=0,

les n C§3 CﬁHﬁ ZC Clz{z a —2C55HB BZCk wk
R.Rs R.Rs H,R: RRﬁ HgRy — Hq

+ Css “s5511p ,Cﬁ aclleﬁ sz>Uk

“HR, "Ry "“HR, "Ry

< CIZ(S ﬁCIZ(Z ,3 Ci(Z > Vk

+

HﬁR,g HgRy " Rq

+(~aCkHy~ aCszﬁ)Uk (-BClHa—BChLH,)V*,

C Hﬁ C33H )Wk
K k
_aesHp ey Ha\ i

+ ol 15Hﬁ ﬁzru )q;k
ﬁ

ek Hp e32 « e-Hp eSH,

(
(et
(
(&

)‘I),kz + (€5 HoHp) 0,

rkHﬁ r‘32 o« TyHp ThH,

+ + +
Rq R R

)sz + (rézHaHB)le;z

k k k k
’111H B )‘zzH /133H B_ A 3H
R, RB

) + (~AssHoHy)0" =0,

(3D

i ‘32}1(5 UK+ Bi§4 N _azi%_ﬁzi% wk
H'R, HR, o " H

ek g€k (32)
L NWE+ ()W, + | @5+ 2 o
B H. " H,

dy zd,
k =2 22 k k k
+ (_€§3)q),zz+ <a H B H )‘{J ( d33)lp,zz

a B
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a ’?5 Uk 4 37;12(4 Vs _(—12’"_%_32’”_% Wk
H2R, HZRy B " H

T L A
’ Hy "Hg) *

K K k K
+< T, T >Wf‘z+<a2dn+B2dzz><Dk+(—d§3)®f‘zz

H. " Hj

(33)

R L k ywk K\ @k
+| a _+ﬁ ﬁ P+ (_AUSS)qJ,zz-}' (gS)G,ZZO’

—zkﬁ —Zklgz k k \qk
@B |e + (K )@, =0. (34
a B

A compact form of Eqs. (29)-(34) is possible by renaming
the terms in round brackets:

AfU + ASVE + AAWK + ALOF + AKWX + J10" + ALUY,

(35)
+ASWE, + ASOF, + ASWK, + AJUY, =0,
AU + AR VE + AL WY + AfOF + ALWE + J50" + ARV, 36)
+ A11(7 Wf{z + AII(S(I)f(z + Af9qjkz + AIZ(O V?zz = 0’
Ay U + AV + AL W + AL @F + ALWH + T10F + AL UY,
+AL VY, + AW + ALK, + AS W+ 1308, + AL WY, (37)
+AIS’(2¢),kzz + AI?fSle(zz = 0’
Ay US + AL VR + AL W + AL O + AL WH + A5, U, + A VY 38)
+AL W +]508 + AL WX, + AL @8 + AL WY =0,
AU  + ALV + AL WH+ A D + A W+ AS UY + AL VY, 39
+Als(2 sz +] Is(ekz +Als(a W,kzz +A15<4q),kzz +A]5{51Pf(u =0.
Jiek+iek, =o. (40)

Equations (35)—(40) are a set of six second order differential
equations in z. In order to solve this set of equations with the
exponential matrix method, constant coefficients and first-
order differential equations must be obtained. A¥ and J¥
coefficients become constant for very thin mathematical
layers introduced in the thickness direction z. In this way,
curvature terms H, and Hglose their dependence from z. In
fact, value z does not vary within each thin mathematical
layer. Thanks to this approach, A]l: and ]Jl: can be considered as
constant coefficients because all equations and related terms
are written for a general j thin mathematical layer. M will be
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defined as the total number of mathematical layers. In order
to have first-order differential equations, redoubling pri-
mary variable procedure for second-order differential
equations is adopted. In this way, Egs. (35)-(40) can be
rewritten in matrix form as follows:

DX ,=AX = X,=A'X 1)
where X is the 12 x 1 vector of unknowns, X{ ,isthe12 x 1
vector of unknowns derived with respect to z, IV and 4’ are
the 12 x 12 coefficient matrices and A* is the 12 x 12 coeffi-
cient matrix computed as A7 = DAl Vectors X/, X, and
matrices IV, A can be explicitly written as:

v/

(U
14
w
@
p
Xf=<£z>, 42)
v,
w,
@,
v,
0,
Uj
14
w
@
p
X{z—<£z», 43)
V.
W,
o,
v,
L 0, ),
[Ap, 0O 00O OO O 0 0O0OTUOY
0 Ao 0 0 00O O 0 0 0 0O
0 0 L,OOOUO O O0OO0TO OO
0 0 0OP, OO O O O0OOTOO
0 0 0OOP,OO O OOTO OO
|0 0 00O0J, 0 0 0OO0OTO
U_000000A1000000’(44)
0 0 00 0O O Ay 0 0 0 O
0 0 00OO0OO0OUO OUPO0O0TO
0 0 00OO0OOO O 0P 00O
0 0 00OO0OO0OUO O O0OO0UPO
[0 0 0000 O O OO0 0 Jg
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[0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
A= 0 0 0 0 0 0
T A A Ay Ay -As
-An -Ap Az Ay -As ],
-P, -P3; -P, -P; -P; -Ry
-Pp -Py3 -Py —-Ps5 -P —Rs
=Py Py —Py Py -Pyx -Rs

L 0 0 0 0 0 -/

twhere P/ terms are combinations of 4/ terms; R, terms are
combinations of 4} and J terms. A solution of Eq. (41) can be
obtained using the exponential matrix method:

X' () = exp(A7h;)X (0) = [§ (Al.—j)lh}]X" 0, @6
i=0 .

where (A7)’ = I is the 12 x 12 identity matrix. Z = h; is the
top of the j layer and Z; = 0 is the bottom of the j layer.

The layer wise approach is introduced thanks to
congruence and equilibrium conditions between two
contiguous j mathematical layers: they are also called
interlaminar continuity conditions. Interlaminar continuity
conditions are written as follows:

g g P L .
Uy=U > V=V, Wy=wr, ¢,=¢ ., U
-1 j -1
=y, %:9’{ , 47
- g1 1 J — 51 7
Gazb Ouz> Uﬁlb OJBZI UZZb GZZz sz
— il P — il
=N B =B, 4, =4 48)

t is the top of the previous j — 1layer and b is the bottom of
the next j layer.

By introducing Eqgs. (7)-(27) into Egs. (47) and (48),
interlaminar continuity conditions can be written explicitly
in terms of maximum amplitudes:

U =U", (49)
V=, (50)
W, =w, (51)
@, =", (52)
v, =w", 53)
@, =0/, (54)
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Ay, 0 0 0 0 o0F
0 Ap O 0 0 0
0 0 P 0 0 0
0 0 0o P 0 0
0 0 0 0 P 0
0 0 0 0 0 J,
“Ag 0 -A; -Ay -4y 0 45)
0 _A16 _A17 _A18 _A19 0
-P; -Py -Py -Py -Pu -R
_P17 _P18 _Pl‘:) _PZO _P21 _R4
_PZ7 _PZS _P29 _PSO _P3l _RG
0 0 0 0 0 0 |
J S ] .
G qw + U1, -5 U+ df aw) + ’J]
A H R, ' H, H,
! ci! Pt
— +—C(W] 1 C] lU] -1 ;515 U} 1 15 ,q), 1 1‘5,1mﬂt71»
H! " HL'R, Hat Ha[
(55)
Cuy—s i o . C PV
H—;’,“‘BW@+C’44V{%—HJ.44 V’b+%ﬁd>’b+%ﬁ‘¥’b
By By B By By
c,) o Ol P
= +— BWt L Vit 4yt TU gt ,
Hﬁt B 4 Yz Hglng t Hglﬁ t H/ 1B1P/t
(56)
Cagy, oy Cogyr, Cs g
] j ] /
H, H,R, " H} H), Ry
o o o al
~ X0+ Cu W, +e, @, +13W, = _HB auy”
a (57)
C]'*1 . Cffli . CJ'*1 .
e W BB
H.'R, H; H,'Rg
A O+ O W+ € O g
e é, S
il 31 J 32 J
“, av, + H’ & W), - ﬁVb
1\ o)+ W e, - W
+Hj R W)+ 30+ e W, —e @, —di ¥,
B, '8
" . 1 (58)
=—el3—1&Uf % w),- 432 ﬁV’
H! HI, lR
4321

= W] +p]3 19] ++eg3 W] . e‘gslq){;}_d]églql{;3)
ﬁ[ B



10 —— S. Brischetto and D. Cesare: A comprehensive 3D fully coupled theory

_'JiaU',; T
H, " H, R,

] ’Jsz—j
b

j b
Hﬁb

+ jB;e WJb +gl38]b + rgSW],zb - dJBSCD{zb _1'113.3‘{”,21,

BB
i1 i1 i1 (59)
I = <
_ T Ta i T oy
=———aU,+——W,——=BV
CR DA
L g 4 g AW gl —
+H]',1R Wt+g3 t +qg3 W,zr — W33 ¥ g, _I’djS Zt
[
_kés(a{z,, = —k’éélefzf : (60)

Equations (49)—(60) can be compacted in a matrix form as
follows:

X (0) = /X (b y), (61)

where P/ is the 12 x 12 transfer matrix linking the bottom
(z; = 0) of the jlayer and the top (Zj; = h;;) of thej - 1layer.
Matrix 77! can be explicitly written as:

1 0 0 0 O
0 1 0 0 O
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
i — 0 0 0 0 O
T 0 T, T3 T,
0 T¢ T, Tg Ty
Tw Tp Tz 0 O
Ty T Ty 0 0
Tyy Ty Tps 0 0 13
L 0 0 0 0 O

By considering a recursive combination of Eqgs.
(46)-(62), it is possible to link the bottom (Z; = 0) of the first
(1) layer with the top (Zy = hy) of the last (M) one. The
resulting equation takes the following form:

XM (hy) = A™MTMMIAM L TAIATIX(0)

= H X (0). (63)

Matrix H,, is the multilayered matrix that includes all the
multilayer structure peculiarities (in-plane dimensions,
thickness, material layer configuration, interlaminar conti-
nuity conditions). Independently of the order N of the
exponential matrix and the total number M of mathematical

(=i e NoNo NN
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layers used for the multilayer configuration, H,, is always a
12 x 12 matrix. This approach enables very fast computation
even if a layer wise approach is adopted.

Boundary constraints are the simply-supported ones as
they are naturally fulfilled at the edges by Eq. (27). Simply-
supported constraints can be written as follows:

, wh=0, ¢*=0, ¥*=0, 6=0, 0¥,=0 for a=0,a
, wk=0, ¢*=0, ¥*=0, 6=0, df;=0 for B=0,b.
(64)

Load boundary conditions must be imposed at the outer
surfaces of the structure. Load boundary conditions involve
a combination of elastic, magnetic, electric, and thermal
fields in terms of pressure load, magnetic potential or
transverse normal magnetic induction, electric potential or
transverse normal electric induction, and over-temperature.
For the elastic field, load boundary conditions can be
imposed as:

2 = P, (z)sin(aa)sin (BB) for Z=0,h, (65)
0o 0 0o 0 o o7/
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
Ts O 0 0 0 0 (62)
0 T, O 0 0 0
0 0 Ty T T O
0 0 Ty Ty Ty O
0 0 Ty Ty Ty O
0 0 0 0 0 7

For the magnetic field, load boundary conditions can be
written as:

¥ = ¥ (z)sin (aa)sin (BB) or B,

=B, (z)sin(aa)sin(BB)  for Z=0,h,  (66)

Load boundary conditions for the electric field can be writ-
ten as:

¢ = ®(z)sin (aa)sin (BB) or D,

=D, (z)sin(aa)sin(Bp)  for Z=0,h,  (67)

Load boundary conditions in terms of over-temperature can
be written as follows:
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6 = O (z)sin (@a)sin (BB) for Z=0,h, (68)

The overbar added on the amplitude terms means imposed
values. All the possible combinations of these four load
boundary conditions can be written in a general matrix
form as:

B,X'(0) = P, (69)

BYX" (hy) = P, (70)

where B} and BY are the 6 x 12 multifield load boundary
condition matrices defined at the bottom (b) of the first layer
(1) and at the top (¢) of the last layer (M). P, and P, are the 6 x 1
multifield load vectors at the bottom (b) and at the top (¢) of
the shell. Taking into account Eq. (63), it is possible to rewrite
Eqgs. (69) and (70) as:

1
[Bb ]Xi:{P”} = EX'=P. (1)

X} = X" (0) is the unknown vector at the bottom (b) of the
first (1) layer. E is the 12 x 12 matrix including all the char-
acteristics of the multilayered configuration. Solving the
linear system in Eq. (71), the exact 3D solution at the bottom
of the structure is obtained. Thanks to the recursively use of
Eqs. (46)—(63), the amplitudes of the primary variables along
the entire thickness direction can be evaluated. After the
primary variable reconstructions along the thickness di-
rection, the other variables can be obtained by using Egs.
(N-(10).

The present formulation has been implemented using
the MATLAB environment and developing an in-house aca-
demic code called 3D Exponential Multifield Solutions
(3DEMS).

3 Results

In this section, results obtained with the present 3D
thermo-magneto-electro-elastic shell model are shown.
Results referring to the 3D model shown in Section 2
will be indicated with the acronym 3D-u-6-¢-¢. This
acronym is useful to recognize the main peculiarities of
the model: a three-dimensional model (3D) where dis-
placements (u), over-temperature (6), electric potential (¢)
and magnetic potential (1) are the primary variables. In
the preliminary case subsection, comparisons are pro-
posed between 3D three-field models from the open liter-
ature and the present 3D-u-6-¢-¢ model. In the
new benchmark subsection, new results, involving
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multilayered plates, cylinders, cylindrical panels, and
spherical shells for different thickness ratios, are pre-
sented and discussed in detail.

3.1 Preliminary cases

In this subsection, two preliminary cases are used as com-
parisons to evaluate the correctness of the 3D-u-9-¢-y
model. A simply-supported multilayered plate and a simply-
supported multilayered spherical shell are taken into ac-
count. Due to a lack of studies in the literature about a fully
coupled 3D thermo-magneto-electro-elastic model (four-field
models) for flat and curved structures, comparisons are
made considering a 3D thermo-electro-elastic reference and
a 3D thermo-magneto-elastic reference, separately. The
comparison results are obtained using a number M = 300 for
mathematical layers and an order N = 3 for the exponential
matrix as stated in the convergence analysis for the pure
elastic problem in Brischetto [58].

In the first Preliminary Case (PC1), a multilayered
simply-supported plate is taken into account. The multilay-
ered configuration is a two-layered PZT-5A/Cadmium Sele-
nide plate. Each layer thickness is equal to 0.5h, where h is
the total thickness of the structure. Material properties of
PZT-5A and Cadmium Selenide in terms of elastic, electric,
and thermal coefficients are collected in the first two col-
umns of Table 1. Geometrical data are reported in the first
column of Table 2. These two constituents do not have any
magnetic coefficient as shown in Table 1. External loading
boundary conditions for this case are: ©,=1,K and
0 = 0, K.Noload conditions are imposed on the electric and
elastic fields. Comparison results proposed in Table 3 are
obtained considering as reference solution the 3D thermo-
electro-elastic sampling surface model by Kulikov [59]. In
Table 3, a perfect agreement is reached for both thickness
ratios and for all normalized variables. Normalized vari-
ables are given as:

— 1 1
0 -2, g -, g
@[ Ek()@t aa()@t >
_ 100w _ 100 _ 100
W=a—_;0aa=—‘g; Oap = (f; (72)
Haao(a)t E1000, E1000,
2
10%, _ 10(§) 0, -
“ E1a06t ’ B Ela()@[ ’

where ko = 9 W/mK, @, = 4.396 - 107 1/K, and E; = 42.785 GPa.
Thanks to the presented results, it is possible to confirm the
correctness of the 3D-u-6-¢-¢ model in depicting the
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Table 1: Elasto-thermo-magneto-electric material properties used in the
preliminary cases (PC) and new benchmarks (B).
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Table 2: Geometrical data for structures analyzed in the preliminary
case (PC) results.

Cadmium  PZT-5A Adaptive Soft adaptive

Selenide [59] [59] wood [60] wood [60]
Eq [GPa] 42785 61 154.32 77.16
E, [GPa] 42785 61 154.32 77.16
E; [GPa] 57.707  53.199 142.83 71.415
V2 [-] 0.4805 0.35 0.36564 0.18282
Vi3 [-] 0.2442 0.38 0.40133 0.200665
Vs [-] 0.2442 0.38 0.40133 0.200665
G1, [GPa] 14.45  22.593 56.5 28.25
Gy [GPa] 13.17 21.1 453 22.65
Gy3 [GPa] 13.17 211 453 22.65
a1 [107] 1.2566  1.5005 14.1 14.1
[1/K1
a4, [107] 1.2566  1.5005 14.1 14.1
[1/K]
a3 [107] 1.2566  1.9989 7.2 7.2
[1/K]
ki1 [W/mK] 9 1.8 2.61 1.305
kyy [W/mK] 9 18 2.61 1.305
k33 [W/mK] 13.5 1.8 2.61 1.305
rs (M - - 560 280
I [T - - 560 280
ra [T - - 580 290
I3y [T] - - 580 290
r33 [M - - 700 350
11 [NH/m] - - F590-10° ¥295-10°
U2z [NH/M] - - ¥590-10° 5295 - 10°
Y33 [NH/m] - - 157 -10° 78.5-10°
e1s [C/m?] -0.138  12.322 1.6 5.8
€54 [C/M?] -0.138  12.322 11.6 5.8
es; [C/m?] -0.160  —7.209 —4.4 -22
e, [C/m?] -0.160  —7.209 —4.4 22
€33 [C/m?] 0347 15.118 18.6 9.3
€ [nF/m] 0.0825 15.3 0.08 0.04
& [nF/m] 0.0825 15.3 0.08 0.04
€5 [nF/m] 0.0902 15 0.093 0.0465
dq - - 3 1.5
[107"2Ns/VC]
d, - - 3 1.5
[107"2 Ns/VC]
ds - - 3 15
[107"2Ns/VC]
p3[107] -2.94 700 -130 -65
[C/m?K]
g5[1073 A/mK] - - 6 3

thermo-electro-elastic coupling with related thickness and
material layer effects.

In the second Preliminary Case (PC2), a multilayered
simply-supported spherical shell is considered to validate
the thermo-magneto-elastic coupling in curved structures.

PC1 PC2
a[m] 1 inR,
b [m] 1 2nRg
Ry [m] oo 3
Rg [m] [ 3
h [m] Variable 0.1
m 1 1
n 1 1

Table 3: PC1, simply-supported two-layered thermo-electro-elastic plate.
Z/h goes from 0 (bottom) to 1 (top).

alh 2 10
8 (z/h = 0.00) 3D [59] 0.6058 0.8675
3D-u-6-¢-¢p 0.6058 0.8675
T (Z/h = 0.50) 3D [59] -2.3801 ~2.8455
3D-u-6-¢-¢ -2.3811 ~2.8450
W (Z/h = 0.50) 3D [59] 10215 6.2730
3D-u-6-¢-¢h 10.243 6.2934
Gaa (Z/h = 0.50) 3D [59] -4.6432 -1.6989
3D-u-6-¢-¢ -4.6372 ~1.7031
Top (2/h = 0.50) 3D [59] -5.0506 -6.0384
3D-u-6-¢-¢ -5.0528 -6.0373
e (Z/h = 0.00) 3D [59] 1.3501 27132
3D-u-6-¢-¢ 1.3384 2.6833
@, (Z/h = 0.00) 3D [59] -1.6477 -6.3876
3D-u-6-¢-¢ -1.6388 -6.3522
g, (/h = 0.00) 3D [59] ~3.3465 -3.5268
3D-u-6-¢-¢ ~3.3465 -3.5268

The three-layered 0°/90°/0° configuration is the Adaptive
Wood/Soft Adaptive Wood/Adaptive Wood lamination
scheme. Outer laminae are 0.3h thick and the central one is
0.4h thick. h is the total thickness. Geometrical data are re-
ported in the second column of Table 2. Material data for
Adaptive Wood and Soft Adaptive Wood are collected in Ta-
ble 1. In order to be consistent with the reference solution
[60], the magnetic permittivity coefficients 4, and u,, are
both considered with negative signs. The reference solution
is the 2D refined Equivalent Layer Wise (ELW) model by
Tornabene [60]. For this case, the load boundary conditions
imposed at the outer surfaces of the structure are:
P, = —7-10° Pa, I_JZb =3-10° Pa, ¥, = 800V, &, =20V,
0; =10 K, ©, =2 K. In this case, the electric field is not
considered. Table 4 compares results for in-plane and

transverse displacements, magnetic potential, over-
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Table 4: PC2, simply-supported three-layered thermo-magneto-elastic
spherical shell. Z/h goes from 0 (bottom) to 1 (top).

ELW [60] 3D-u-6-¢-ip
u[10°m] z/h = 0.50) -3.919 -3.910
v[107° m] Z/h = 0.30) -3273 -3.289
w107 m] Z/h = 1.00) ~1.280 -1.300
¥ 10 A] z/h = 0.50) -2.050 -2.074
0 [K] @/h = 0.70) 4.150 4.126
Oaq [107 Pa] Z/h = 1.00) ~1.650 -1.667
0p, [10° Pa] (z/h = 0.50) ~5.000 -5.042
0,, [10° Pa] Z/h = 0.50) 8.850 8.147
B, [1071 7] Z/h = 0.50) ~1.471 -1.293

temperature, in-plane normal stress, transverse shear
stress, transverse normal stress, and in-plane magnetic
induction: the 2D ELW model by Tornabene [60] and the
present 3D-u-9-¢-y model are compared. Reference
results are evaluated starting from the graphical trends
available in [60]. Results coming from the 3D-u-6-¢-y
model are in very good agreement with the reference
results; small differences are due to the fact that the 2D
ELW results come from graphical evaluations. Therefore,
itis possible to confirm the correctness of the 3D-u—-6-¢-y
model to analyze the thermo-magneto-elastic coupling
and related curvature, thickness, and material layer
effects.

From the results obtained in the present subsection, the
thermo-magneto-electro-elastic coupling can be considered
correctly validated. This statement is possible as thermo-
electro-elastic coupling and thermo-magneto-elastic
coupling have been separately validated. In addition, the
curvature effect, thickness layer effect, and material layer
effect are depicted for both cases. The two proposed pre-
liminary cases have been performed considering M = 300
mathematical layers and an order N = 3 for the exponential
matrix. For this reason, the following new benchmark sub-
section will be presented considering these two key values
for M and N parameters.

3.2 New benchmarks

In the present new Benchmark subsection, new multilay-
ered cases are presented. Multilayered simply-supported
plates, cylinders, cylindrical panels, and spherical shell cases
are shown and discussed (see Figure 1 for the geometry). The

S. Brischetto and D. Cesare: A comprehensive 3D fully coupled theory =—— 13

multilayered configuration is the five-layered stacking
sequence presented in Figure 2. The five-layered configura-
tion is adopted for all four new benchmarks. Material
properties of the two constituents (Adaptive Wood and Soft
Adaptive Wood) are reported in the last two columns of Ta-
ble 1 in terms of elastic, thermal, magnetic, and electric
properties. The four new benchmarks have been proposed
considering iy, and iy, with positive signs, as recommended
in [61] to obtain a physically meaningful case. The load
boundary conditions imposed at the outer surfaces for each
proposed benchmark are the following:

P, =1,000Pa, P, =0Pa, 0,=1K, ©,=0K,

il — — — 74
&, =10A¥;=5A,¥,=0A, ©&,=0A, (74)

with half-wave numbers m and n indicated in the last two
lines of Table 5.

In the first new Benchmark (B1), a simply-supported
multilayered rectangular plate is analyzed. Geometrical data
for the plate configuration are reported in Table 5. Table 6
shows values of u, w, Y, @, 0, 0up, 0., #,, &, and ¢, for a
specific thickness location Z/h, and for structures from thick
(a/h = 2) to thin (a/h = 100) configurations. As expected,
transverse displacement w increases monotonically going
from thick to thin structures. The same increasing trend is

T ADAPTIVE WOOD 0° 0.1h
ADAPTIVE WOOD 90° 0.1h

SOFT ADAPTIVE WOOD 0°
h o mmm e m e m e m e m e m —m ——— - - - — o 0.6h
ADAPTIVE WOOD 90° 0.1h
B ADAPTIVE WOOD 0° 0.1h

Figure 2: Multilayered lamination scheme adopted for the new
benchmarks (B). Dotted lines indicate the middle reference surface Q. h
is the total thickness of the structure. The same lamination scheme is also
used for curved structures.

Table 5: Geometrical data and half-wave numbers for structures
analyzed in the new benchmark (B) results.

B1 B2 B3 B4
a[m] 2 2nR, ZRq ZRq
b [m] 1 10 10 ZRq
Ry [m] 00 10 10 10
Rg [m] 00 00 00 10
m 1 2 1 1
n 1 1 0 1
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Table 6: B1, simply-supported multilayered elasto-thermo-magneto-electric rectangular plate. Results are obtained via the 3D-u-8-¢-¢ model. Z/h
goes from 0 (bottom) to 1 (top).

a’h 2 4 10 20 50 100
u 107 m] (Z/h = 0.50)
-4.8942 -9.5370 -11.785 -12.150 -12.217 -12.159
w10 m] (Z/h = 0.50)
1.2818 3.2622 8.7459 17.837 47.862 118.11
YA (7/h = 0.85)
-4.2146 —-2.0312 1.3521 2.9058 3.8685 4.1705
¢ [A] (z/h =0.15)
381.88 264.21 104.54 68.728 75.712 122.71
0 [K] (Z/h = 0.50)
0.1999 0.3811 0.4774 0.4942 0.4991 0.4998
gz [10*Pa] (z/h = 0.15)
-22.771 —62.234 —85.235 —-85.607 —-60.871 28.763
0, [Pa] (Z/h = 0.85)
—-6624.6 -3724.7 —47.756 679.73 892.11 922.31
#, [T @/h =1.00)
0.0109 0.0082 0.0050 0.0026 —0.0046 -0.0168
7,[1078 ¢/m?] (z/h = 1.00)
9.4020 7.6801 6.5596 5.8327 3.8504 0.4887
q, W/m?] (Z/h = 1.00)
-7.8083 -7.1168 -9.8385 -17.165 -41.124 -81.734
. w displacement component ’ 0., stress component
09— mmm e e
08— == mm e T
0.7F
0.6
= osf
04
0.3
o e
01 e m e e e e
0 L L L L L L I 0 L L L L I
8.4 8.6 8.8 9 9.2 9.4 9.6 9.8 -500 0 500 1000 1500 2000 2500
w [m] x10® .. [Pa
0 overtemperature q,- heat flux component

0 L L L L L | 0 L L L L
0 0.2 0.4 0.6 0.8 1 1.2 -10 -9.5 -9 -8.5 -8 <75

0 (K] q.- [W/m?

Figure 3: B1, simply-supported multilayered elasto-thermo-magneto-electric rectangular plate. Results are obtained via the 3D-u-6-¢-¢ model. Z/h
goes from 0 (bottom) to 1 (top). Thickness ratio is a/h = 10.
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. ¢ electric potential ] ' ' D, ?lectric'displac'ement 'compor'lent ' '
] e 09— ———mm e m oo
[ e 08fF—-——————— T
0.7} 0.7F 4
06 06 B
< osf = osf .
0.4 0.4} .
0.3 031 B
[ e 02 —mmmm et T ]
0 b mmm O mmm e T ]
0 : : : : ! . | 0 : : : : : : : :
-500 -400 -300 200 -100 0 100 200 57 5.8 59 6.1 6.2 6.3 6.4 6.5 6.6 6.7
o V] D. [C/m?) x10°
’ 7 magnetic potential ; | B. magl}etic indL:ction coxlnponent | |
P I O S A s oS ]
R e e Zed
0.7 1
06 4
< = o5t .
04 R
0.3 4
5772 o R
O m o ]
0 L L L L L L
5 5.1 5.2 5.3 5.4 55 5.6 5.7 5.8
B. [T x10°

Figure 3: Continued.

Table 7: B2, simply-supported multilayered elasto-thermo-magneto-electric cylinder.

0 (bottom) to 1 (top).

. Results are obtained via the 3D-u-6-¢-¢ model. Z/h goes from

Ra/h 2 4 10 20 50 100
u[10°m] (z/h = 0.50)
3.6527 8.3228 13.118 12178 10.365 10.360
w10 m] (Z/h = 0.50)
4.3141 7.6048 10371 9.9911 9.1229 9.1048
Y [A] (z/h =0.85)
-57.189 -33.735 -9.7999 ~1.7655 2.2485 3.4212
¢ [10° Al (Z/h = 0.15)
0.8095 -8.0185 -11.262 -7.7947 -3.5675 -1.8529
8Kl (z/h = 0.50)
0.3935 0.4694 0.4949 0.4987 0.4998 0.4999
0ge [10° Pa] (z/h = 0.15)
0.9516 5.0594 18.080 25.719 29.805 31.003
a,, [10*Pa] (Z/h = 0.85)
4.2330 2.4876 2.1932 1.7067 0.8995 0.5161
#1072 T] (z/h = 1.00)
1.2492 0.9442 0.8085 0.7567 0.6083 0.3609
F,[1075 ¢/m?] (Z/h = 1.00)
0.2102 -2.6467 -4.5870 -4.4176 -4.0386 -4.1232
g, W/m?] (z/h = 1.00)
-0.6624 -0.8343 ~1.7060 ~3.3001 -8.1713 -16.320
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visible for another primary variable of the thermo-magneto-
electro-elastic problem: the sovra-temperature 6. Figure 3
shows the trend of w, ¥, @, 6, 0,,, B;, D, and g, variables
through the thickness of a moderately thick plate (a/h = 10).
Some effects acting on thermo-magneto-electro-elastic
structures can be seen: thermo-magneto-electro-elastic
coupling, zig-zag effect, material layer effect, and thickness
layer effect. Thermo-magneto-electro-elastic coupling is
visible considering the non-zero behavior of all the primary
variables. Zig-zag effect is visible as slope changes within
each physical layer. Material layer effect and thickness layer
effect can be seen considering the different trends within
each physical layer and the complex behavior along the
thickness direction, respectively. In addition, external
loading boundary conditions are correctly reached at the

w displacement component

0.9 — == m e
0.8 — = = mmmm =
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06

041
03f
[ e e

[ e i

1.002  1.004  1.006
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1.008 101 1012  1.014
<10

0 overtemperature
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outer surfaces. This can be seen in g, 0, ¢ and y variable
values at the outer surfaces. All the proposed variables are
continuous along the thickness direction because interlam-
inar continuity conditions are correctly imposed between
adjacent layers.

The second new Benchmark (B2) involves a simply-
supported multilayered cylinder. Geometrical data are re-
ported in Table 5. Table 7 shows u, w, ¥, ¢, 0, agg, 0,, Bz, D,
and q, variables for specific Z/h thickness locations and for
six different thickness ratios. In Table 7, w shows a non-
monotonic behavior when increasing the thickness ratio
because of the curvature effect. This is a typical trend for
curved structures, indicating the presence of the curvature
effect. In Figure 4, the trend along the thickness direction for
w, @, ¥, 0, 0,,, D,, B, and q, is shown for R,/h = 20. It is clearly

0.. stress component

09F-——---—--"=
L e
07t

06

/h

0.5

041

0.3

02— == oo

01 e e

Figure 4: B2, simply-supported multilayered elasto-thermo-magneto-electric cylinder. Results are obtained via the 3D-u-6-¢-¢ model. Z/h goes from

0 (bottom) to 1 (top). Thickness ratio is R,/h = 20.



DE GRUYTER

¢ electric potential

] S it et L
08— mm e
07h
06

051

z/h

0.4

0.3

L e it

L e

L
-4000

L
-6000
6 [V]
7 magnetic potential

L L
-10000 -8000

z/h

Figure 4: Continued.

visible that the zig-zag effect, the thermo-electro-elastic
coupling, and the material and thickness layer effects are
present: complex trends along the thickness direction are
shown. Interlaminar continuity conditions are correctly
imposed: trends in Figure 4 do not show discontinuities along
the z direction. In addition, external loading boundary condi-
tions are correctly reached at the outer surfaces, as shown
by the transverse normal stress (P, = 1,000 Pa, P, = 0 Pa),
over-temperature (0, = 1K, 8 = 0 K), electric potential
(P, =10 A, D, =0 A), magnetic potential
(P; =5 A, U, =0 A) values at the outer surfaces.

For the third new Benchmark (B3), a simply-supported
multilayered cylindrical panel is analyzed. Table 5 gives the
geometrical data used for this case. Variables u, w, ¥, ¢, 6,
Oqas 022 Bz, D, and q, are proposed for a specific z/h

and
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thickness location and for different thickness ratios going
from thick to thin ones. Curvature effects can be seen from
the non-monotonic trend of some variables (such as the
electric potential ¢) when the thickness ratio increases. In
Figure 5, it is possible to visualize the thickness layer effect
considering the different complex trends for g,, and ¥ with
respect to the previous two benchmarks (R,/h = 4 is a thick
cylindrical panel). No tabular and graphical trends
involving the B direction are reported because n = 0 is
imposed for this case. Thermo-magneto-electro-elastic
coupling is correctly depicted considering primary vari-
able trends along the thickness direction. Zig-zag effect is
visible for each variable reported in Figure 5 considering
the slope changes for each physical layer. Graphical trends
are continuous along the thickness direction: this feature
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Figure 5: B3, simply-supported multilayered elasto-thermo-magneto-electric cylindrical shell panel. Results are obtained via the 3D-u-6-¢-¢ model.

7/h goes from 0 (bottom) to 1 (top). Thickness ratio is R,/h = 4.

indicates the correctness of imposing the interlaminar
continuity conditions between adjacent layers as done in
Eqs. (47) and (48). Loading boundary conditions are
correctly reached at the outer surfaces as can be seen from
0,2 ¥, ¢ and O graphical trends at the top and bottom of
the panel.

In the last Benchmark (B4), a simply-supported multi-
layered spherical panel is proposed. The last column of
Table 5 collects the geometrical data used for this bench-
mark. In Tables 8 and 9, values of u, w, ¥, @, 6, Gqp, 025, Bz, D
and ¢, are calculated for a specific thickness location for
thick, moderately thick, moderately thin, and thin struc-
tures. In Table 9, the curvature effect can be seen from the
w displacement trend: it is not increasing monotonically

going from thick to thin configurations. Figure 6 shows the
main peculiarities involved in thermo-magneto-electro-
elastic curved multilayered structures: thermo-magneto-
electro-elastic coupling, zig-zag effect, curvature effect,
material layer effect, and thickness layer effect. Zig-zag
effect is visible as slope changes for each physical layer.
Thermo-magneto-electro-elastic coupling is obvious as
trends for displacements, magnetic potential, electric
potential, and sovra-temperature are different from zero.
Interlaminar continuity conditions and loading boundary
conditions are correctly imposed: in Figure 6, variables are
continuous along the thickness direction and g,,, 6, ¢ and ¥
trends have the proper imposed values written in Eq. (74) at
the outer surfaces.
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Figure 5: Continued.

Table 8: B3, simply-supported multilayered elasto-thermo-magneto-electric cylindrical shell panel. Results are obtained via the 3D-u-6-¢-¢ model.Z/h
goes from 0 (bottom) to 1 (top).

Ro/h 2 4 10 20 50 100
u 10~ m] (Z/h = 0.50)

-1.4513 0.0801 5.6891 16.179 66.448 283.14
w[107° m] (z/h = 0.50)

4.3830 9.8912 26.845 58.278 209.04 859.09

YAl (z/h =0.85)
-60.374 -33.038 -11.395 -3.6748 0.6858 1.6047
¢ [10° A] (Z/h = 0.15)
7.0548 2.5736 1.0204 1.0056 1.9019 3.6284
6 [K] (z/h = 0.50)

0.4153 0.4755 0.4958 0.4989 0.4998 0.5000
0Oqq [10° Pa] (Z/h = 0.15)

0.9489 1.0666 0.6010 ~1.2659 ~14.200 ~60.061
0, [10Pa] (Z/h = 0.85)

5.3253 -0.0544 -1.0840 -1.8336 -4.8352 -10.245
#,[1072 7] (z/h = 1.00)

1.0114 0.8416 0.7568 0.7066 0.5613 0.3127

7,11078 ¢/m?] (z/h = 1.00)

14.192 11.195 8.8021 7.7999 6.7490 5.6600
g, [W/m?] (z/h = 1.00)

-0.5472 ~0.7851 -1.6899 -3.2928 -8.1686 -16.319
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Table 9: B4, simply-supported multilayered elasto-thermo-magneto-electric spherical shell panel. Results are obtained via the 3D-u-6-¢-¢ model. Z/h
goes from 0 (bottom) to 1 (top).

Rq/h 2 4 10 20 50 100
u[107°m] (Z/h = 0.50)

~4.5679 ~2.4067 5.2176 6.3754 4.4426 3.9586
w 10> m] (Z/h = 0.50)

2.6229 5.2774 8.9607 9.4744 8.6392 8.4148

YAl (z/h = 0.85)

-53.930 -33.107 -10.934 -2.2445 2.1689 3.4028
¢ [10° A] (Z/h = 0.15)

12.249 0.1704 ~7.5951 -6.7993 -3.4466 -1.8252

8 [Kl (Z/h = 0.50)

0.3517 0.4529 0.4917 0.4979 0.4997 0.4999
04z [10° Pa] (Z/h = 0.15)

1.8123 3.8630 5.3000 4.0112 2.1553 1.6506
0, [10*Pa] (Z/h = 0.85)

4.5433 1.6076 2.3256 2.6412 1.6108 0.9277
B,[1073 1] (z/h = 1.00)

12.519 9.7246 8.0577 7.5477 6.0900 3.6140

D, [107° ¢/m?] (z/h = 1.00)

1.9858 -1.0597 ~4.1549 ~4.5657 -4.1920 -4.1778
q, IW/m?] (Z/h = 1.00)

-0.7401 -0.9124 ~1.7482 -3.3230 -8.1809 -16.325

w displacement component
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w [m]

0 overtemperature
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Figure 6: B4, simply-supported multilayered elasto-thermo-magneto-electric spherical shell panel. Results are obtained via the 3D-u-6-¢-¢ model.Z/h

goes from 0 (bottom) to 1 (top). Thickness ratio is R,/h = 10.
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4 Conclusions

This study focuses on the fully coupled 3D static analysis of
thermo-magneto-electro-elastic multilayered plates and
shells. The six 3D governing equations associated with the
thermo-magneto-electro-elastic spherical shell problem
have been formulated. 3D multifield constitutive equations
and 3D geometrical relations for spherical shells are used to
describe the material properties and the structural kine-
matics. The six 3D thermo-magneto-electro-elastic spherical
shell equations are solved by employing Navier harmonic
forms in the in-plane directions and the exponential ma-
trix method along the thickness direction. The six 3D
governing equations are formulated within a mixed
curvilinear orthogonal reference system, thus enabling
the analysis of different geometries, including plates, cyl-
inders, cylindrical panels, and spherical shells. Interlam-
inar continuity conditions are introduced between
adjacent layers on displacements, magnetic potential,
electric potential, over-temperature, transverse shear and
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normal stresses, transverse normal magnetic induction,
transverse normal electric displacement, and transverse
normal heat flux. These interlaminar continuity condi-
tions enable the implementation of the layer-wise
approach.

In the Results section, two preliminary cases are
examined to assess the accuracy of the proposed 3D thermo-
magneto-electro-elastic model through comparison with 3D
and quasi-3D thermo-magneto-elastic and thermo-electro-
elastic models available in the literature. The comparison
demonstrates excellent agreement in terms of tabulated
results. Furthermore, the results confirm the correct repre-
sentation of zig-zag effects, thermo-magneto-electro-elastic
coupling, curvature effects, material effects, and layer-
thickness effects. Based on the outcomes obtained in the
preliminary validation study, four new benchmark cases
have been introduced for different thickness ratios and four
distinct geometries: plates, cylinders, cylindrical panels, and
spherical shells. In the benchmark subsection, several re-
sults have been obtained at selected thickness locations
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spanning from thick to thin configurations. Through-the-
thickness graphical distributions have also been reported for
representative thickness ratios. In this way, zig-zag effects,
thermo-magneto-electro-elastic coupling, curvature effects,
material effects, and layer-thickness effects can be clearly
identified and quantified. Interlaminar continuity conditions
and loading boundary conditions have been consistently
enforced throughout the model. The four-field coupling
formulation has been successfully validated, and the proposed
3D thermo-electro-magneto-elastic shell model can therefore
be reliably employed for future benchmark investigations.

The present work provides a useful reference frame-
work for researchers interested in understanding the
behavior of multilayered shell and plate structures subjected
to static multifield loading conditions. Moreover, the 3D so-
lutions presented herein may serve as benchmark results for
the verification and assessment of multifield numerical and
analytical 2D/3D models.
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