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 A B S T R A C T

Based on the Carrera Unified Formulation (CUF), geometrical nonlinear finite beam elements for the thermo–
mechanical analysis of thin-walled structures are presented. The thermomechanical problem is described using 
a decoupled approach, in which a uniform overtemperature is applied to the beam. Notably, full 3D stress and 
strain tensor components are considered in the proposed approach as complex distorsions and post-buckling 
regimes are considered. The nonlinear equations are solved through the finite element method and a Newton–
Raphson linearisation scheme. Numerical results include the analysis of Z- and C-section thin-walled metallic 
beams. After verification, comparisons are made between the full nonlinear and the linearised analyses. The 
impact of the adopted kinematic theory on the description of the beam nonlinear response and post-buckling is 
investigated. The analyses highlight that the accuracy of the nonlinear response strongly depends on the theory 
approximation order when torsional and local modes govern the response. In particular, refined higher-order 
models are required to obtain a coherent prediction of both the linearised critical modes and the post-buckling 
equilibrium path.
1. Introduction

Thin-walled structures can be subjected to large elastic distortions 
under during-life thermal loads, where temperature changes on space 
structures represent a key loading condition. Differences in temperature 
due to alternating sunlight exposure and night-time conditions can 
cause deformations and stresses in space elements. If not considered, 
these may lead to undesirable structural behaviour. Thermal deforma-
tion can affect high-precision elements, such as optical mirrors and 
reflector antennas [1–3], where stringent tolerances are mandatory. To 
reduce weight, space applications such as antennas, reflectors, or load-
bearing structures frequently use slender and thin components, and 
beam-type elements are commonly employed [4,5]. These components 
are prone to large deflections and buckling. In fact, a rise in tempera-
ture can induce compressive stress states in thin, restrained, or partially 
restrained structures. These phenomena under thermal loads must be 
investigated to avoid excessive deformations. Such deformations could 
lead to pointing errors or distortion phenomena, for example.

Linear thermo-elastic analyses are widely used for structural inves-
tigations, describing displacements and stresses in structures exposed 
to thermal environments. Hetnarski and Eslami [6] provide a compre-
hensive treatment of thermoelasticity and equations for linear static 
thermo–mechanical problems. That work presents beam thermoelastic 
formulations based on the Euler–Bernoulli (EB) beam theory. Sankar 
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and Tzeng [7] developed a thermoelastic formulation for Function-
ally Graded (FGM) beams under thermal loading based on a simple 
Euler–Bernoulli-type beam theory. However, Euler–Bernoulli kinemat-
ics neglect transverse shear deformation, which may limit the accuracy 
of the structural response prediction for short or thick beams. The 
Timoshenko Beam Theory (TBT) addresses this by allowing beam cross-
sections to rotate and accounting for shear effects. This description can 
be further refined by introducing higher-order theories. The impact of 
the use of different theories in the linear solution was shown in [8], 
where classical and higher-order beam models were compared for the 
a priori approximation of the displacement field over the cross section, 
with stress and displacement results reported. The book by Carrera 
et al. [9] presents classical and advanced topics in thermal stress, with 
a review of the fundamentals and an extension to higher-order theories 
implemented in the Carrera Unified Formulation (CUF) framework. In 
all these cases, the theory of linear thermoelasticity is often referenced.

An initial approach to addressing the influence of nonlinearities is 
to analyse the linearised critical buckling temperature. These analyses 
are conducted under the assumptions of stable pre-buckling condi-
tions and small to moderate displacements and rotations, allowing 
for the evaluation of the bifurcation point, which is identified as the 
critical value at which a sudden change in the shape of the beam 
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is expected. Li and Batra [10] investigated analytically the buckling 
modes and transitions among them of uniformly heated EB beams 
resting on nonlinear elastic foundations. However, because EB kine-
matics neglect transverse shear deformation, they may provide less 
accurate buckling predictions for short beams. Mathew et al. [11] 
examined the thermal buckling behaviour of antisymmetric cross-ply 
composite laminates using a shear-deformable structural model. Fur-
ther contributions on thermal buckling analysis include the work of 
Yan et al. [12], who investigated the thermal buckling of metallic 
and laminated beams and plates through a linearised analysis based 
on total and updated Lagrange formulations. The three-dimensional 
(3D) equations were obtained using the CUF-improved hierarchical 
Legendre expansion as a structural basis and the one-dimensional (1D) 
Finite Element Method (FEM) as a numerical method. Additionally, 
Derbale et al. [13] conducted a thermo–mechanical buckling analysis 
of symmetric and antisymmetric laminated composite beams, using a 
refined higher-order shear deformation theory.

Linear analyses can provide accurate estimates of stresses and dis-
placements at low load levels and can therefore be used as preliminary 
predictions. On the other hand, under specific loading and geometric 
conditions, it is necessary to consider the geometrically nonlinear 
behaviour of beams to describe stresses, displacements, and critical 
temperatures more accurately. In fact, for slender beams, shell-like 
structures and structures subjected to non-uniform temperature distri-
bution, the bifurcation-type instability may become questionable, and 
large deflections have to be taken into account.

The nonlinear response to thermal loads affects slender structures 
across various applications, including ocean pipes, railway tracks, civil 
structures, and space antennas. For each application, different studies 
have been conducted over the years, considering appropriate boundary 
conditions. For instance in railway tracks and subsea pipelines, which 
tend to undergo lateral buckling under the hypothesis of elastic or 
Winkler foundations [10,14,15]. The slender beams used in space ap-
plications can be modelled with simply supported or clamped boundary 
conditions and are often analysed under uniform heating. Basic works 
on heated rods and beams, under these conditions, were conducted by 
Li et al. in several studies [16–18]. These studies derived geometrically 
nonlinear equations for heated rods and beams and solved them using 
the numerical shooting method to determine the equilibrium path un-
der uniform or transversely non-uniform temperature rises. In [16], an 
exact mathematical model of an elastic rod with pinned–fixed ends was 
established based on the Kirchhoff assumption, accounting for the axial 
extension due to temperature increase. Considering simply supported 
and clamped beams, the TBT was adopted in [17] to incorporate trans-
verse shear deformation, providing a general formulation exemplified 
by a pinned–fixed beam. This model was further developed in [18] 
for pinned–pinned and fixed–fixed beams subjected to transversely 
non-uniform temperature rises.

Li et al. [19] presented analytical solutions for the thermal post-
buckling and vibration responses of symmetric sandwich beams with 
simply supported and clamped boundary conditions, using a piecewise 
low-order shear deformation theory. Vaz [20] investigated the ini-
tial thermo–mechanical post-buckling behaviour of slender beams sub-
jected to uniform heating, incorporating physical nonlinearity through 
temperature-dependent material properties and geometrically nonlin-
ear finite displacements. Fu et al. [21], employing first-order shear 
deformation beam theory, derived governing equations for symmetric 
laminated composite beams under uniform temperature increases. The 
study incorporated von Kármán geometric nonlinearity and introduced 
three solution strategies: the auxiliary function method, the shape 
function method, and the Ritz method. George et al. [22] conducted 
both experimental and numerical investigations, employing a nonlinear 
procedure in commercial software to analyse thermally loaded beams 
exposed to longitudinal non-uniform temperature profiles. The study 
validated the influence of temperature fields on the nonlinear buck-
ling behaviour of isotropic beams through experimental analysis. She 
2 
et al. [23] investigated the thermal buckling and post-buckling of FGM 
beams under uniform temperature rise by comparing classical EB beam 
theory, TBT, and higher-order beam theories.

Although the present work focuses on static thermo-elastic post-
buckling, recent literature on nonlinear vibration highlights the impor-
tance of incorporating higher-order theories for thin-walled structures. 
Amabili [24] established that for cantilever beams, it is crucial to adopt 
a proper expansion of the longitudinal displacement that satisfies the 
natural boundary condition of zero axial force at the tip to ensure 
convergence and avoid over-predicting nonlinearity. The necessity of a 
refined third-order shear deformation theory to capture rotary inertia 
and rotational nonlinearities is also emphasised in [25]. Furthermore, 
Pagani et al. [26] extended higher-order CUF-based models to nearly 
incompressible hyperelastic materials, demonstrating that refined fully 
nonlinear beam models are essential for accurate predictions of local 
modal phenomena. Liu et al. [27] demonstrated the necessity of an 
improved high-order finite element framework to efficiently model the 
rigid–flexible coupling and nonlinear vibrations in rotating systems 
where large deformations and rotational forces dominate. In the field 
of mechanical post-buckling and stability, Chen et al. [28] states the 
importance of using higher-order theories for variable stiffness beams, 
where the use of EBT with von Kármán nonlinearities is introduced for 
the description of sandwich skins, while the core needs a more refined 
theory combined with Green–Lagrange nonlinearities.

To the best of the authors’ knowledge, a comparison among kine-
matic theories in geometrically nonlinear analyses of isotropic beams 
subjected to thermal loading is still lacking. Existing contributions 
mainly address displacement-based descriptions of the nonlinear re-
sponse, the prediction of the critical point, or theory comparisons 
performed for FGM beams.

This paper proposes a CUF-based methodology to derive the geo-
metrically nonlinear governing equations for beams subjected to ther-
mal loading. The governing equations are obtained using the Principle 
of Virtual Displacements (PVD) through an FE model developed within 
the CUF framework. The geometric nonlinearities are accounted for 
using the full Green–Lagrange strain tensor, and the nonlinear solu-
tion is obtained using the path-following method with the arc-length 
constraint. As demonstrated in various studies and across many applica-
tions, including thermo–mechanical analysis [9,29,30], the CUF allows 
a formulation that remains formally unchanged as the kinematic theory 
varies. This feature enables a consistent comparison among different 
kinematic descriptions. Furthermore, the proposed formulation allows 
an accurate description of the stress field. A comparison between lin-
earised and nonlinear analyses is also carried out to assess the influence 
of the adopted kinematic theory. Two case studies are considered 
in the paper: a Z-section beam and a C-section tape spring made of 
isotropic materials. The choice of these cross-sections is driven by the 
use of slender beams in space applications, such as stiffeners, anten-
nas, reflectors, and deployable structures. Z-shaped open sections are 
commonly adopted as stiffening members in lightweight thin-walled 
structures, while C-shaped sections are representative of tape-spring 
and deployable boom-like elements [31,32].

The present manuscript is organised as follows. Section 2 presents 
preliminary information on CUF, FEM implementation, and constitutive 
equations. Section 3 derives the governing equations for the nonlinear 
problem, and Section 4 presents the numerical results. Concluding 
remarks are provided in Section 5.

2. Refined structural beam models

2.1. Carrera Unified Formulation and FEM

The displacement components in the three directions are expressed 
as in Eq. (1) and constitute the only primary unknowns of the problem. 

𝒖𝑇 (𝑥, 𝑦, 𝑧) =
(

𝑢 , 𝑢 , 𝑢
)

(1)
𝑥 𝑦 𝑧
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These displacement components can be written according to CUF as 
reported in Eq. (2), where the displacement is expressed through the 
combination of two components. 𝐹𝜏 which represents a set of cross-
section expansion functions adopted depending on the structural theory 
and the 1D generalised variables denoted as 𝒖𝜏 which depends on the 
beam axis coordinate. 
𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝒖𝜏 (𝑦) 𝜏 = 1, 2,… ,𝑀 (2)

where M denotes the dimension of the set of expansion functions, and 
the use of double subscript indicates summation.

Due to the present formalism, it is possible to obtain different 
kinematic theories, from classical to higher-order theories, changing 
the type of function and the order of the expansion functions 𝐹𝜏 (𝑥, 𝑧). 
In the present paper the Taylor Expansion (TE) functions and Lagrange 
Expansion (LE) functions will be used. These two classes of functions 
cover a vast range of classical and high-order theories.

TE models express the cross-section behaviour of the displacement 
through Taylor-like polynomials defined over th cross-sectional coordi-
nates 𝑥 and 𝑧. The order of the expansion is the polynomial order, and 
higher-order models are obtained through a hierarchical incrementa-
tion of the expansion terms. The adopted Taylor expansion theory is 
referred to as TEn, where n denotes the order of the expansion. An 
explicit formulation of TE2 is expressed in Eq. (3). 

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝑢𝑥1 (𝑦) + 𝑥𝑢𝑥2 (𝑦) + 𝑧𝑢𝑥3 (𝑦) + 𝑥2𝑢𝑥4 (𝑦) + 𝑥𝑧𝑢𝑥5 (𝑦) + 𝑧2𝑢𝑥6 (𝑦)

𝑢𝑦(𝑥, 𝑦, 𝑧) = 𝑢𝑦1 (𝑦) + 𝑥𝑢𝑦2 (𝑦) + 𝑧𝑢𝑦3 (𝑦) + 𝑥2𝑢𝑦4 (𝑦) + 𝑥𝑧𝑢𝑦5 (𝑦) + 𝑧2𝑢𝑦6 (𝑦)

𝑢𝑧(𝑥, 𝑦, 𝑧) = 𝑢𝑧1 (𝑦)
⏟⏟⏟
𝑁=0

+ 𝑥𝑢𝑧2 (𝑦) + 𝑧𝑢𝑧3 (𝑦)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑁=1

+ 𝑥2𝑢𝑧4 (𝑦) + 𝑥𝑧𝑢𝑧5 (𝑦) + 𝑧2𝑢𝑧6 (𝑦)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑁=2

(3)

where the symbol N here denotes the order of the model and the hier-
archical property of this class of function is highlighted. LE models are 
based on the Lagrangian polynomials, where the unknown functions are 
the pure displacement components. Lagrange polynomials are usually 
denoted in terms of natural coordinates. It is possible to use several 
numbers of nodes in the LE; typically, the LE4, LE9, and LE16 are 
employed. For Lagrange theory, the notation is LEm, where m denotes 
the number of nodes on the cross-section. An example of the LE4 
function is reported in Eq. (4). 

𝑢𝑥 = 𝐹1(𝑥, 𝑧) ⋅ 𝑢𝑥1 (𝑦) + 𝐹2(𝑥, 𝑧) ⋅ 𝑢𝑥2 (𝑦) + 𝐹3(𝑥, 𝑧) ⋅ 𝑢𝑥3 (𝑦) + 𝐹4(𝑥, 𝑧) ⋅ 𝑢𝑥4 (𝑦)

𝑢𝑦 = 𝐹1(𝑥, 𝑧) ⋅ 𝑢𝑦1 (𝑦) + 𝐹2(𝑥, 𝑧) ⋅ 𝑢𝑦2 (𝑦) + 𝐹3(𝑥, 𝑧) ⋅ 𝑢𝑦3 (𝑦) + 𝐹4(𝑥, 𝑧) ⋅ 𝑢𝑦4 (𝑦)

𝑢𝑧 = 𝐹1(𝑥, 𝑧) ⋅ 𝑢𝑧1 (𝑦) + 𝐹2(𝑥, 𝑧) ⋅ 𝑢𝑧2 (𝑦) + 𝐹3(𝑥, 𝑧) ⋅ 𝑢𝑧3 (𝑦) + 𝐹4(𝑥, 𝑧) ⋅ 𝑢𝑧4 (𝑦)

(4)

Details on these models can be found in [30].
Through the FEM the 1D generalised displacement is expresses with 

the shape functions 𝑁𝑖(𝑦) combined with the nodal displacement vector 
𝒒𝜏𝑖. Substituting FEM in Eq. (2) it is possible to obtain Eq. (5). 

𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)𝒒𝜏𝑖 𝑖 = 1, 2,… , 𝑁𝑛 (5)

where 𝑁𝑛 is the total number of finite nodes per element adopted. The 
explicit form of the vector of nodal displacement is reported in Eq. (6). 

𝒒𝑇𝜏𝑖 =
(

𝑞𝑥𝜏𝑖 , 𝑞𝑦𝜏𝑖 , 𝑞𝑧𝜏𝑖
)

(6)

A graphical representation of FEM discretisation and expansion func-
tions for the beam model is given in Fig.  1.

2.2. Constitutive and geometrical relations

The strain 𝜺 and the stress 𝝈 vectors are written in a general form 
as in Eqs. (7) and (8), respectively. The thermo–mechanical problem is 
schematised in a decoupled formulation, and strains and stresses can 
3 
Fig. 1. 1D model, FEM discretisation and CUF expansion theories.

be expressed as two independent vectors: the purely mechanical and 
thermal vectors. 
𝜺 = 𝜺𝑚 + 𝜺𝜃 =

(

𝜀𝑥𝑥, 𝜀𝑦𝑦, 𝜀𝑧𝑧, 𝜀𝑥𝑧, 𝜀𝑦𝑧, 𝜀𝑥𝑦
)𝑇 (7)

𝝈 = 𝝈𝑚 + 𝝈𝜃 =
(

𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧, 𝜎𝑥𝑧, 𝜎𝑦𝑧, 𝜎𝑥𝑦
)𝑇 (8)

Here, the subscript 𝑚 denotes the mechanical part, and 𝜃 refers to the 
thermal component. For the following formulation, the temperature is 
considered uniform all over the beam, and the value of the applied 
over-temperature does not depend on (𝑥, 𝑦, 𝑧).

In the present formulation, the geometrically nonlinear behaviour 
is described by the full 3D Green–Lagrange strain tensor. Within this 
framework, the second Piola–Kirchhoff stress tensor is adopted, which 
is work-conjugate to the Green–Lagrange strain tensor. The pure me-
chanical strains can be written through the geometrical relations re-
ported in Eq. (9). 
𝜺𝑚 = 𝜺𝑙 + 𝜺𝑛𝑙 =

(

𝒃𝑙 + 𝒃𝑛𝑙
)

𝒖 (9)

where the geometrical differential operator 𝒃 is divided into its linear 
(𝒃𝑙) and nonlinear (𝒃𝑛𝑙) components. The explicit formulation of the 
differential operator is reported in Appendix  A.

The constitutive equation reported in Eq. (10) establishes the strain–
stress relation using the global material properties matrix 𝑪 . The matrix 
is defined in the Cartesian global reference system whose explicit 
formulation can be found in the literature [30,33]. 
𝝈 = 𝑪𝜺 (10)

Strains and stresses expressed for the decoupled thermo–mechanical 
problem are reported in Eq.  (11) and Eq.  (12), respectively. 
𝜺 = 𝜺𝑚 + 𝜺𝜃 = 𝜺𝑚 − 𝜶𝛥 = 𝜺𝑙 + 𝜺𝑛𝑙 − 𝜶𝛥 (11)

𝝈 = 𝑪𝜺 = 𝑪
(

𝜺𝑚 + 𝜺𝜃
)

= 𝑪
(

𝜺𝑚 − 𝜶𝛥
)

= 𝝈𝑚 − 𝜷𝛥 = 𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃 (12)

where 𝛥  is the applied over-temperature and 𝜶 is the vector of 
the coefficient of thermal expansion whose explicit form is 𝜶𝑇 =
(𝛼1, 𝛼2, 𝛼3, 0, 0, 0). The coefficient vector coupling the thermal and me-
chanical fields is 𝜷 = 𝑪 ⋅ 𝜶 and is in the form of 𝜷𝑇 = (𝛽1, 𝛽2, 𝛽3, 0, 0, 𝛽6)
with 𝛽6 = 0 for isotropic materials. Note that the material parameters 
are considered independent of the temperature. It is possible to incorpo-
rate temperature-dependent material properties considering 𝑪(𝑇 ),𝜶(𝑇 )
and consequently 𝜷(𝑇 ), which result in updating these values at each 
iteration of the nonlinear solution procedure.

3. Nonlinear equations of the thermo-elastic equilibrium

The formulation of the problem under consideration is based on 
the principle of virtual displacements (PVD) reported in Eq. (13), 
which imposes equality between the virtual work of the internal forces, 
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denoted by 𝛿𝐿𝑖𝑛𝑡, and the virtual work of the external load, denoted by 
𝛿𝐿𝑒𝑥𝑡. 
𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (13)

In this study, we only consider the application of an over-temperature 
with the exclusion of any external mechanical load which results in 
𝛿𝐿𝑒𝑥𝑡 = 0. However, the formulation can be extended to combined 
thermo–mechanical loading cases by including the external mechanical 
load vector through the virtual work of the external forces. Only the 
virtual internal work needs to be described, and its explicit formulation 
is as follows: 

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝜺𝑇 𝝈𝑑𝑉 = 0 (14)

Substituting Eqs.  (7) and (10) into Eq. (14), the virtual internal work 
becomes: 

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝜺𝑇 𝝈𝑑𝑉 =∫𝑉

𝛿
(

𝜺𝑚 + 𝜺𝜃
)𝑇 𝑪

(

𝜺𝑚 + 𝜺𝜃
)

𝑑𝑉

=∫𝑉
𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝜃𝑑𝑉

=∫𝑉
𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 − ∫𝑉

𝛿𝜺𝑇𝑚𝜷𝛥 𝑑𝑉

(15)

The virtual variation 𝛿𝜺𝜃 is not shown because it is null; in fact, the 
thermal strains do not change with 𝒖. The secant stiffness matrix is 
easily obtained from the first component of Eq. (15) and it consists of 
four terms expressed in Eq. (16): 

∫𝑉
𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 = 𝛿𝒒𝑇𝑠𝑗

[

𝑲 𝑖𝑗𝜏𝑠
0 +𝑲 𝑖𝑗𝜏𝑠

𝑙𝑛𝑙 +𝑲 𝑖𝑗𝜏𝑠
𝑛𝑙𝑙 +𝑲 𝑖𝑗𝜏𝑠

𝑛𝑙𝑛𝑙

]

𝒒𝜏𝑖 (16)

𝑲 𝑖𝑗𝜏𝑠
0  is the linear component of 𝑲 𝑖𝑗𝜏𝑠

𝑠  and coincides with the linear stiff-
ness matrix. 𝑲 𝑖𝑗𝜏𝑠

𝑙𝑛𝑙  and 𝑲 𝑖𝑗𝜏𝑠
𝑛𝑙𝑙  are the first order nonlinear terms and 𝑲 𝑖𝑗𝜏𝑠

𝑛𝑙𝑛𝑙
is the second order nonlinear component. The detailed derivation is 
given in [34], and its explicit form is given in Appendix  B. The stiffness 
matrix is equal to the one defined in the nonlinear mechanical problem 
since the present formulation is based on a decoupled approach.

The component of the stiffness matrix are expressed in terms of 
Fundamental Nuclei (FNs), which are the basic components of each 
matrix or vector. The FNs are formally independent of the order of 
the structural model or FEM discretisation. The indices 𝑖, 𝑗 are used 
in the FEM procedure and the indices 𝜏, 𝑠 are relative to the theory 
of structures. Thus, the FNs of the stiffness matrices are expressed in 
terms of four indices, and the FNs of the vectors are written with two 
indices. To obtain the complete matrix or vector, the building loops on 
the indices 𝜏, 𝑠, 𝑖, 𝑗 are employed. A comprehensive exposition of the 
FNs and the assembly procedure can be found in Carrera et al. [30].

It is important to note that the matrix 𝑲𝑠 is not symmetric. How-
ever, there are procedures available to express it in a symmetric form, 
see [34].

Substituting Eqs.  (5) and (9) in the second term of Eq. (15) it is 
possible to derive the equivalent thermal load vector: 

∫𝑉
𝛿𝜺𝑇𝑚𝜷𝛥 𝑑𝑉 =∫𝑉

𝛿
(

𝜺𝑇𝑙 + 𝜺𝑇𝑛𝑙
)

𝜷𝛥 𝑑𝑉

=∫𝑉
𝛿𝜺𝑇𝑙 𝜷𝛥 𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑛𝑙𝜷𝛥 𝑑𝑉

=∫𝑉
𝛿
(

𝒃𝑙𝐹𝑠(𝑥, 𝑧)𝑁𝑗 (𝑦)𝒒𝑠𝑗
)𝑇 𝜷𝛥 𝑑𝑉

+ ∫𝑉
𝛿
(

𝒃𝑛𝑙𝐹𝑠(𝑥, 𝑧)𝑁𝑗 (𝑦)𝒒𝑠𝑗
)𝑇 𝜷𝛥 𝑑𝑉

(17)

where 𝜏 and 𝑖 denotes summation over the variable and 𝑠 and 𝑗 over 
variations, see Eq. (5). By applying the differential operator 𝒃 to the 
displacement expressed in terms of CUF and FEM as in Eq. (5), it is 
possible to obtain the algebraic matrix 𝑩. Furthermore, applying the 
differential operator, it can be demonstrated that 𝛿(𝑩𝑠𝑗

𝑙 𝒒𝑠𝑗 ) = 𝑩𝑠𝑗
𝑙 𝛿𝒒𝑠𝑗

and 𝛿(𝑩𝑠𝑗
𝑛𝑙𝒒𝑠𝑗 ) = 2𝑩𝑠𝑗

𝑛𝑙𝛿𝒒𝑠𝑗 . The explicit formulation of these matrices is 
given in Appendix  B.
4 
The equivalent thermal load vector 𝑭 𝜃 is obtained from Eq. (17), 
which can be rewritten as: 

∫𝑉
𝛿𝜺𝑇𝑚𝜷𝛥 𝑑𝑉 =∫𝑉

𝛿𝒒𝑇𝑠𝑗𝑩
𝑠𝑗𝑇
𝑙 𝜷𝛥 𝑑𝑉 + 2∫𝑉

𝛿𝒒𝑇𝑠𝑗𝑩
𝑠𝑗𝑇
𝑛𝑙 𝜷𝛥 𝑑𝑉

=𝛿𝒒𝑇𝑠𝑗

[

∫𝑉
𝑩𝑠𝑗𝑇

𝑙 𝜷𝛥 𝑑𝑉 + ∫𝑉
2𝑩𝑠𝑗𝑇

𝑛𝑙 𝜷𝛥 𝑑𝑉
]

=𝛿𝒒𝑇𝑠𝑗
[

𝑭 𝑠𝑗
𝜃𝑙
+ 𝑭 𝑠𝑗

𝜃𝑛𝑙

]

(18)

The FNs of the vector of the equivalent thermal load are expressed in 
Eqs. (19) and (20) (see the equation in Box  I). 

𝑭 𝑠𝑗
𝜃𝑙

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛥 ∫𝑉
[

𝛽1𝐹𝑠,𝑥𝑁𝑗 + 𝛽6𝐹𝑠𝑁𝑗,𝑦
]

𝑑𝑉

𝛥 ∫𝑉
[

𝛽2𝐹𝑠𝑁𝑗,𝑦 + 𝛽6𝐹𝑠,𝑥𝑁𝑗
]

𝑑𝑉

𝛥 ∫𝑉 𝛽3𝐹𝑠,𝑧𝑁𝑗𝑑𝑉

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(19)

 The load vector is linear in 𝛥  while the nonlinear contribution arises 
through displacement gradient.

It is possible to rewrite the virtual internal load in Eq. (15) by 
replacing the secant stiffness matrix reported in Eq. (16) and the 
thermal load vector from Eq. (18). 

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝜺𝑇 𝝈𝑑𝑉 =∫𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 − ∫𝑉
𝛿𝜺𝑇𝑚𝜷𝛥 𝑑𝑉

= 𝛿𝒒𝑇𝑠𝑗
[

𝑲 𝑖𝑗𝜏𝑠
0 +𝑲 𝑖𝑗𝜏𝑠

𝑙𝑛𝑙 +𝑲 𝑖𝑗𝜏𝑠
𝑛𝑙𝑙 +𝑲 𝑖𝑗𝜏𝑠

𝑛𝑙𝑛𝑙

]

𝒒𝜏𝑖

− 𝛿𝒒𝑇𝑠𝑗
[

𝑭 𝑠𝑗
𝜃𝑙
+ 𝑭 𝑠𝑗

𝜃𝑛𝑙

]

= 0

(21)

Eq. (21) can be written in a compact form as reported in Eq. (22) which 
is expressed in terms of FNs. 
𝛿𝒒𝑇𝑠𝑗 ∶ 𝑲 𝑖𝑗𝜏𝑠

𝑠 𝒒𝜏𝑖 − 𝑭 𝑠𝑗
𝜃 = 0 (22)

The static problem in the assembled form can be written as follows: 
𝑲𝑠𝒒 − 𝑭 𝜃 = 0 (23)

which describes a nonlinear set of equations that cannot be solved di-
rectly. Therefore, it is necessary to introduce an incremental linearised 
scheme. The Newton–Raphson method [35] is employed hereafter, and 
Eq. (23) can be written as reported in Eq. (24). 
𝝋𝑟𝑒𝑠 = 𝑲𝑠𝒒 − 𝑭 𝜃 (24)

The residual nodal forces vector, denoted by 𝝋𝑟𝑒𝑠, must be driven to 
zero to solve the problem.

3.1. Newton–Raphson linearisation scheme

To solve the problem, Eq. (24) is linearised by means of a Taylor’s 
series about the known solution (𝒒, 𝛥 ). The first-order terms are 
considered in the expansion, and Eq. (24) becomes as follows: 

𝝋𝑟𝑒𝑠(𝒒+𝛿𝒒, 𝛥 +𝛿𝛥 ) = 𝝋𝑟𝑒𝑠(𝒒, 𝛥 )+
𝜕𝝋𝑟𝑒𝑠
𝜕𝒒

|

|

|

|

|𝒒
𝛿𝒒+

𝜕𝝋𝑟𝑒𝑠
𝜕(𝛥 )

|

|

|

|

|𝛥
𝛿𝜆(𝛥 )𝑟𝑒𝑓 = 0

(25)

where the thermal load is assumed to be directly linked to the initial 
thermal loading (𝛥 )𝑟𝑒𝑓  with a rate of change 𝜆.

The tangent stiffness matrix can be defined as 𝑲𝑇 =
𝜕𝝋𝑟𝑒𝑠
𝜕𝒒

|

|

|

|

|𝒒
 and a 

new thermal load vector called tangent thermal load vector it is intro-
duced 𝑭̃ 𝜃 = −

𝜕𝝋𝑟𝑒𝑠
𝜕(𝛥 )

|

|

|

|

|𝛥
(𝛥 )𝑟𝑒𝑓  which can be split in two components, 

a linear and a nonlinear part. Substituting the definitions of the matrix 
and the new vector, Eq. (25) becomes. 
𝝋𝑟𝑒𝑠(𝒒 + 𝛿𝒒, 𝛥 + 𝛿𝛥 ) = 𝝋𝑟𝑒𝑠(𝒒, 𝛥 ) +𝑲𝑇 𝛿𝒒 −

(

𝑭̃ 𝜃𝑙 + 𝑭̃ 𝜃𝑛𝑙

)

𝛿𝜆 = 0 (26)

𝑲 𝛿𝒒 = 𝑭̃ 𝛿𝜆 − 𝝋 (𝒒, 𝛥 ) (27)
𝑇 𝜃 𝑟𝑒𝑠
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𝑭 𝑠𝑗
𝜃𝑛𝑙

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛥 ∫𝑉
[

𝛽1𝑢𝑥,𝑥𝐹𝑠,𝑥𝑁𝑗 + 𝛽2𝑢𝑥,𝑦𝐹𝑠𝑁𝑗,𝑦 + 𝛽3𝑢𝑥,𝑧𝐹𝑠,𝑧𝑁𝑗 + 𝛽6
(

𝑢𝑥,𝑥𝐹𝑠𝑁𝑗,𝑦 + 𝑢𝑥,𝑦𝐹𝑠,𝑥𝑁𝑗
)]

𝑑𝑉

𝛥 ∫𝑉
[

𝛽1𝑢𝑦,𝑥𝐹𝑠,𝑥𝑁𝑗 + 𝛽2𝑢𝑦,𝑦𝐹𝑠𝑁𝑗,𝑦 + 𝛽3𝑢𝑦,𝑧𝐹𝑠,𝑧𝑁𝑗 + 𝛽6
(

𝑢𝑦,𝑥𝐹𝑠𝑁𝑗,𝑦 + 𝑢𝑦,𝑦𝐹𝑠,𝑥𝑁𝑗
)]

𝑑𝑉

𝛥 ∫𝑉
[

𝛽1𝑢𝑧,𝑥𝐹𝑠,𝑥𝑁𝑗 + 𝛽2𝑢𝑧,𝑦𝐹𝑠𝑁𝑗,𝑦 + 𝛽3𝑢𝑧,𝑧𝐹𝑠,𝑧𝑁𝑗 + 𝛽6
(

𝑢𝑧,𝑥𝐹𝑠𝑁𝑗,𝑦 + 𝑢𝑧,𝑦𝐹𝑠,𝑥𝑁𝑗
)]

𝑑𝑉

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(20)

Box I. 
When introducing the loading scale parameter, a new unknown is 
added to the system, and a new equation must be considered. A general 
constraint equation is employed to close the problem. The obtained 
system can be written as follows: 
{

𝑲𝑇 𝛿𝒒 = 𝑭̃ 𝜃𝛿𝜆 − 𝝋𝑟𝑒𝑠

𝒄(𝛿𝒒, 𝛿𝜆) = 0
(28)

The selection of the constraint equation is pivotal in determining the 
incremental scheme that will be employed in the numerical solution 
procedure. The path-following method is defined by acting on both 
𝛿𝜆 and 𝛿𝒒. Otherwise, by imposing 𝛿𝜆 = 0, a load control method 
is implemented, and with 𝛿𝒒 = 0 a displacement control method is 
obtained. In the present work, the path-following method introduced 
by Crisfield [36] and subsequently modified by Carrera [37] is adopted. 
The implementation of this method in combination with CUF is detailed 
in [34]. Furthermore, the full Newton–Raphson method is employed, 
and the tangent matrix and the load vector are updated at each iteration 
according to the current values of the unknown.

3.2. Derivation of the tangent stiffness matrix

The tangent stiffness matrix is obtained by linearising the virtual 
strain energy, as reported in Eq. (29). 
𝛿2𝐿𝑖𝑛𝑡 = 𝛿𝒒𝑇𝑠𝑗𝑲

𝑖𝑗𝜏𝑠
𝑇 𝛿𝒒𝜏𝑖 (29)

The application of the virtual variation results into Eq. (30): 

𝛿2𝐿𝑖𝑛𝑡 = 𝛿
(

∫𝑉
𝛿𝜺𝑇𝑚𝝈𝑑𝑉

)

= ∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 + ∫𝑉

𝛿2𝜺𝑇𝑚𝝈𝑑𝑉 (30)

The first term of Eq. (30) necessitates the linearisation of the constitu-
tive equations in Eq. (12). It is assumed that the material properties re-
main constant with respect to the unknown vector 𝒒. Consequently, the 
derivative operator is applied only to the strain term in the constitutive 
equations. It is possible to write Eq. (31). 

∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 = ∫𝑉

𝛿𝜺𝑇𝑚𝛿(𝝈𝑚 + 𝝈𝜃)𝑑𝑉 = ∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑚𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑚��𝛿𝝈𝜃𝑑𝑉

(31)

The last term of Eq. (31) is null because the definition of the thermal 
stress is (𝝈𝜃 = −𝛽𝛥 ), an it does not depend on the unknown of 
the problem. As a consequence, the first term of Eq. (30) becomes as 
follows: 

∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 = 𝛿𝒒𝑇

[

𝑲0 +𝑲𝑛𝑙𝑙 + 2𝑲 𝑙𝑛𝑙 + 2𝑲𝑛𝑙𝑛𝑙
]

𝛿𝒒 = 𝛿𝒒𝑇
[

𝑲0 +𝑲𝑇 1
]

𝛿𝒒

(32)

𝑲𝑇 1 represents the nonlinear contribution of the tangent stiffness ma-
trix. However, the components of the tangent matrix appearing in 
Eq. (32) coincide with those of the secant stiffness matrix. Nevertheless, 
due to the multiplication factors, the tangent stiffness matrix is symmet-
ric. The explicit formulation of the FNs of the tangent stiffness matrix 
is reported in Appendix  C. Further information on the procedure for 
obtaining the tangent stiffness matrix for the pure mechanical problem 
can be found in [34].
5 
The second term of Eq. (30) is expanded in Eq. (33). 

∫𝑉
𝛿2𝜺𝑇𝑚𝝈𝑑𝑉 = ∫𝑉 �

�𝛿2𝜺𝑇𝑙 𝝈𝑑𝑉 + ∫𝑉
𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 (33)

The second variation is applied to the vector 𝛿𝜺𝑛𝑙 and acts only on 𝒖. 
With some simple manipulations, it is possible to express 𝛿2𝜺𝑛𝑙 vector as 
the combination of the matrix 𝑩∗

𝑛𝑙 and a vector containing the products 
of the virtual unknowns. The explicit formulation of the matrix 𝑩∗

𝑛𝑙 is 
reported in Appendix  C. Eq. (33) can now be developed as follows:

∫𝑉
𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 = ∫𝑉

⎛

⎜

⎜

⎜

⎝

𝑩∗
𝑛𝑙

⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝛿𝑞𝑥
𝛿𝑞𝑦𝛿𝑞𝑦
𝛿𝑞𝑧𝛿𝑞𝑧

⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

𝑇

𝝈𝑑𝑉

= ∫𝑉

⎛

⎜

⎜

⎜

⎝

𝑩∗
𝑛𝑙

⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝛿𝑞𝑥
𝛿𝑞𝑦𝛿𝑞𝑦
𝛿𝑞𝑧𝛿𝑞𝑧

⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

𝑇

(

𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃
)

𝑑𝑉 =

𝛿𝒒𝑇 ∫𝑉
𝑑𝑖𝑎𝑔

(

𝑩∗𝑇
𝑛𝑙 (𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃)

)

𝑑𝑉 𝛿𝒒 = 𝛿𝒒𝑇
[

𝑲𝜎𝑙 +𝑲𝜎𝑛𝑙 +𝑲𝜎𝜃
]

𝛿𝒒

= 𝛿𝒒𝑇
[

𝑲𝜎 +𝑲𝜎𝜃
]

𝛿𝒒 (34)

The first two matrices 𝑲𝜎𝑙 and 𝑲𝜎𝑛𝑙 are geometric depending on the 
pure mechanical stress and can be found in literature [34]. The last 
matrix collects the thermal contributions, and its explicit expression is 
reported in terms of FN in Eq. (35). 

𝑲 𝑖𝑗𝜏𝑠
𝜎𝜃 = −𝛥

(

𝛽1 ∫𝛺
𝐹𝜏,𝑥𝐹𝑠,𝑥𝑑𝐴∫𝐿

𝑁𝑖𝑁𝑗𝑑𝑦

+ 𝛽2 ∫𝛺
𝐹𝜏𝐹𝑠𝑑𝐴∫𝐿

𝑁𝑖,𝑦𝑁𝑗,𝑦𝑑𝑦

+ 𝛽3 ∫𝛺
𝐹𝜏,𝑧𝐹𝑠,𝑧𝑑𝐴∫𝐿

𝑁𝑖𝑁𝑗𝑑𝑦+

𝛽6 ∫𝛺
𝐹𝜏,𝑥𝐹𝑠𝑑𝐴∫𝐿

𝑁𝑖𝑁𝑗,𝑦𝑑𝑦

+ 𝛽6 ∫𝛺
𝐹𝜏𝐹𝑠,𝑥𝑑𝐴∫𝐿

𝑁𝑖,𝑦𝑁𝑗𝑑𝑦
)

𝑰

(35)

Here 𝑰 denotes the 3 × 3 identity matrix, 𝑑𝐴 = 𝑑𝑥𝑑𝑧, 𝛺 is the 
cross-section, and 𝐿 is the length of the beam in the y-direction.

The complete form of the tangent stiffness matrix is reported in 
Eq. (36) and is obtained by combining the contribution given in Eqs. 
(32) and (34). 

𝛿𝒒𝑇𝑲𝑇 𝛿𝒒 =∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 + ∫𝑉

𝛿2𝜺𝑇𝑚𝝈𝑑𝑉

= 𝛿𝒒𝑇
[

𝑲0 +𝑲𝑇 1
]

𝛿𝒒 + 𝛿𝒒𝑇𝑠𝑗
[

𝑲𝜎0 +𝑲𝜎𝑛𝑙 +𝑲𝜎𝜃
]

𝛿𝒒

= 𝛿𝒒𝑇
[

𝑲0 +𝑲𝑇 1 +𝑲𝜎0 +𝑲𝜎𝑛𝑙 +𝑲𝜎𝜃
]

𝛿𝒒

(36)

3.3. Derivation of the tangent thermal load vector

The tangent thermal load vector is defined as 𝑭̃ 𝜃 = −
𝜕𝝋𝑟𝑒𝑠
𝜕(𝛥 )

|

|

|

|

|𝛥
(𝛥 )𝑟𝑒𝑓 . Following the definition, the FNs of this vector can be easily 
obtained as reported in Eq. (37). 

𝑭̃ 𝜃 = −
𝜕(𝑲𝑠𝒒 − 𝑭 𝜃) ||

|

|

(𝛥 )𝑟𝑒𝑓 =
𝜕(𝑭 𝜃) ||

|

|

(𝛥 )𝑟𝑒𝑓 (37)

𝜕𝛥

|𝛥 𝜕𝛥
|𝛥
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𝑭̃ 𝑠𝑗
𝜃𝑛𝑙

= (𝛥 )𝑟𝑒𝑓 ⋅

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∫𝑉
[

𝛽1𝑢𝑥,𝑥𝐹𝑠,𝑥𝑁𝑗 + 𝛽2𝑢𝑥,𝑦𝐹𝑠𝑁𝑗,𝑦 + 𝛽3𝑢𝑥,𝑧𝐹𝑠,𝑧𝑁𝑗 + 𝛽6
(

𝑢𝑥,𝑥𝐹𝑠𝑁𝑗,𝑦 + 𝑢𝑥,𝑦𝐹𝑠,𝑥𝑁𝑗
)]

𝑑𝑉

∫𝑉
[

𝛽1𝑢𝑦,𝑥𝐹𝑠,𝑥𝑁𝑗 + 𝛽2𝑢𝑦,𝑦𝐹𝑠𝑁𝑗,𝑦 + 𝛽3𝑢𝑦,𝑧𝐹𝑠,𝑧𝑁𝑗 + 𝛽6
(

𝑢𝑦,𝑥𝐹𝑠𝑁𝑗,𝑦 + 𝑢𝑦,𝑦𝐹𝑠,𝑥𝑁𝑗
)]

𝑑𝑉

∫𝑉
[

𝛽1𝑢𝑧,𝑥𝐹𝑠,𝑥𝑁𝑗 + 𝛽2𝑢𝑧,𝑦𝐹𝑠𝑁𝑗,𝑦 + 𝛽3𝑢𝑧,𝑧𝐹𝑠,𝑧𝑁𝑗 + 𝛽6
(

𝑢𝑧,𝑥𝐹𝑠𝑁𝑗,𝑦 + 𝑢𝑧,𝑦𝐹𝑠,𝑥𝑁𝑗
)]

𝑑𝑉

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(39)

Box II. 
Starting from the FNs of the thermal load vector reported in Eqs. (19) 
and (20), it is easy to obtain the tangent vector nuclei as reported in 
Eqs. (38) and (39), where linear and nonlinear terms are collected into 
two vectors (see the equation in Box  II). 

𝑭̃ 𝑠𝑗
𝜃𝑙

= (𝛥 )𝑟𝑒𝑓 ⋅

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∫𝑉
[

𝛽1𝐹𝑠,𝑥𝑁𝑗 + 𝛽6𝐹𝑠𝑁𝑗,𝑦
]

𝑑𝑉

∫𝑉
[

𝛽2𝐹𝑠𝑁𝑗,𝑦 + 𝛽6𝐹𝑠,𝑥𝑁𝑗
]

𝑑𝑉

∫𝑉 𝛽3𝐹𝑠,𝑧𝑁𝑗𝑑𝑉

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(38)

 It is crucial to consider this additional term in the nonlinear thermo-
elastic problem. The nonlinear component, as delineated in Eq. (39), 
depends on the displacement field. Consequently, it is recommended 
that a path-following constraint be adopted, since it enables the simul-
taneous control of both load and displacement parameters to ensure 
optimal convergence.

4. Numerical results

4.1. Assessment of the numerical model

In the present section, a validation analysis is conducted. The results 
are compared with those published by Akbas et al. [38]. The beam has 
a square cross-section; both edges are pinned in the middle line, and 
a constant over-temperature is applied. The beam is composed of steel 
whose properties are 𝐸 = 210 GPa, 𝜈 = 0.27, 𝛼 = 12.0 × 10−6 1/◦C. The 
dimensions of the beam are defined in terms of 𝐿∕ℎ, where 𝐿 is taken 
to be 1 m, and the cross-section is changed to compare different results 
to the reference.

Displacement results are taken in Point C in the centre of the beam. 
Fig.  2 reports the z-direction displacement with respect to the applied 
over-temperature 𝛥𝑇 . The numerical model consists of 20 4-node beam 
elements with an LE9 expansion function, and the nonlinearities are 
described using the full Green–Lagrange strain tensor.

The results in Fig.  2 report a good agreement between the present 
model and the published ones. The results obtained by analysing the 
beam with the higher 𝐿∕ℎ value are in perfect agreement between 
the two models. On the other hand, when 𝐿∕ℎ decreases, the results 
become less similar. This difference could be due to the adopted 
nonlinear model as well as the order of the kinematic theory. In fact, 
the reference results are obtained through a von Kármán nonlinearities 
model using a Timoshenko beam model. By decreasing the slenderness 
of the beam, the shear effect increases, and the model must be refined.

Fig.  3 reports some results relative to the analysis on the beam 
with 𝐿∕ℎ = 8. The analyses compare the influence of the nonlinear 
models and the kinematic model separately to determine which is the 
main factor affecting the results. The von Kármán nonlinearities are 
implemented and compared with the full 3D Green–Lagrange strain 
tensor. In the von Kármán approximation adopted in this work, the 
nonlinear contribution is restricted to the term 𝜀𝑦𝑦𝑛𝑙 =

1
2

(

𝜕𝑢𝑧
𝜕𝑦

)2
. It is 

possible to consider the von Kármán nonlinearities as a simplification 
of the full Green–Lagrange stain tensor where the only non-null term 
of the nonlinear matrix reported in Eq. (A.2) is 𝒃𝑛𝑙(2, 3) [39]. For beams 
with lower slenderness ratios, transverse shear deformation, finite-
rotation effects, and cross-sectional deformation or warping become 
6 
Fig. 2. 𝑢𝑧∕ℎ against 𝛥 , present method (Green–Lagrange nonlinearities with 
LE9 expansion theories) compared to Ref. [38] (von Kármán nonlinearities and 
Timoshenko beam theory). Square-section beam made of steel. Displacement 
taken in the centre of the beam.

increasingly significant. Consequently, nonlinear strain components 
that are neglected by the von Kármán approximation can influence the 
structural response.

In Fig.  3(a), the same high-order model LE9 is adopted as structural 
theory, and Green–Lagrange (GL) and von Kármán (VK) nonlineari-
ties are compared. Fig.  3(b) shows the same comparison in terms of 
nonlinear models employing the TE2 model.

The impact of the two factors is clearly depicted in the graphs. Fig. 
3(a) shows that adopting the von Kármán nonlinearities and using the 
LE9 expansion, the results become closer to the reference, but there 
is still a considerable difference. Introducing the TE2 expansion and 
using the von Kármán nonlinearities, the results agree well with the 
reference. On the other hand, if the TE2 model is chosen with the 
Green–Lagrange model, the results are similar to the reference, but with 
a slight difference. The present formulation can replicate the reference 
model using von Kármán nonlinearities with the TE2 model, as shown 
in Fig.  3(b). This suggests that at high slenderness, the present model 
with higher-order-theory and Green–Lagrange nonlinearities gives the 
same results as the reference, while decreasing the slenderness, the 
results obtained with this modelling approach start to differ from the 
reference due to the impact of a difference in both: the description of 
the kinematics and of nonlinearities. In this condition, agreement with 
the reference solution is obtained with the TE2-VK model, where the 
higher-order Green–Lagrange description is expected to provide a more 
complete description of the problem.
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Fig. 3. 𝑢𝑧∕ℎ against 𝛥 , present model composed of 20 B4 (a) LE9 (b) TE2 expansion function compared to Ref. [38] (von Kármán nonlinearities and Timoshenko 
beam theory). Comparison between Green–Lagrange (GL) and von Kármán (VK) nonlinearities. Square-section beam made of steel. Displacement taken in the 
centre of the beam.
Fig. 4. Geometry of the Z-section beam and representation of the evaluation points. Point A (−a/2, 0, b/2), Point B (0, 0, 0), Point C (a/2, 0, −b/2). (𝑥, 𝑦, 𝑧)
global reference system, (𝑡, 𝑠) curvilinear reference system following the middle line of the section.
4.2. Nonlinear thermo–mechanical stresses on z-section beam

In this section, a beam with a z-section is analysed, displacements 
and stresses are reported and a comparison with the linearised results is 
presented. The beam is composed of aluminium, whose properties are 
𝐸 = 75 GPa, 𝜈 = 0.3, 𝛼 = 25 × 10−6/◦C. The beam is 𝐿 = 1 m long, with 
both edges clamped. Shape and dimensions of the section are depicted 
in Fig.  4 with 𝑎 = 31.5 mm, 𝑏 = 50 mm and ℎ = 3 mm. Furthermore, 
Fig.  4 shows a curvilinear reference system (𝑡, 𝑠) that follows the middle 
line of the section.

Firstly, a convergence analysis is conducted on the displacements 𝑢𝑥
and 𝑢 , and the results are reported for three evaluation points whose 
𝑧

7 
coordinates are shown in Fig.  4. The comparison is performed by vary-
ing the number of B4 elements along the beam axis. The displacement 
results are reported in Figs.  5 and 6, where the section expansion theory 
is kept constant at 66 LE9, whose distribution is reported in Fig.  9. 
The bifurcation critical temperature is 𝛥𝑇𝑐𝑟 = 230 ◦C. At such elevated 
temperatures, a change in material properties is to be expected. How-
ever, it is not considered in this study, which is focused on isolating the 
effect of geometrical nonlinearities; temperature-dependent properties 
are beyond the scope. Some additional evaluations of the linearised 
critical temperature compared to the nonlinear results are reported in 
Fig.  17.

To ensure a good understanding of the results, the displacement 
values at 𝛥𝑇 ∕𝛥𝑇 = 1.45 and 3.7 are reported in Table  1 for the three 
𝑐𝑟
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Fig. 5. 𝑢𝑥 displacement against 𝛥 ∕𝛥𝑐𝑟, calculated at Points (a) A, (b) B, (c) C. Convergence analysis changing the number of beam elements along the axis 
with expansion theory fixed at 66LE9. Aluminium Z-section beam with uniform over-temperature and fixed constraints.
Fig. 6. 𝑢𝑧 displacement against 𝛥 ∕𝛥𝑐𝑟, calculated at Points (a) A, (b) B, (c) C. Convergence analysis changing the number of beam elements along the axis 
with expansion theory fixed at 66LE9. Aluminium Z-section beam with uniform over-temperature and fixed constraints.
Table 1
𝑢𝑥 and 𝑢𝑧 displacement at 𝛥 ∕𝛥𝑐𝑟 = 1.45 and 3.7, calculated at Points A, B, and C. Convergence 
analysis changing the number of beam elements along the axis with expansion theory fixed at 
66LE9. Aluminium Z-section beam with uniform over-temperature and fixed constraints.
 Point A Point B Point C  
 𝑢𝑥 [mm] 𝑢𝑧 [mm] 𝑢𝑥 [mm ×104] 𝑢𝑧 [mm ×104 ] 𝑢𝑥 [mm] 𝑢𝑧 [mm] DOFs  
 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.45

 10B4 −13.96 −26.05 1.04 0.578 13.96 26.05 6136  
 15B4 −13.93 −26.76 1.01 0.533 13.93 26.76 9108  
 20B4 −13.90 −27.20 1.04 0.570 13.90 27.20 12078 
 30B4 −13.88 −27.15 1.07 0.615 13.88 27.15 18018 
 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 3.7

 10B4 9.27 −56.03 0.842 2.102 −9.27 56.03 6136  
 15B4 12.90 −56.69 0.738 2.194 −12.90 56.69 9108  
 20B4 12.97 −56.60 0.740 2.192 −12.97 56.60 12078 
 30B4 13.09 −56.62 0.729 2.206 −13.09 56.62 18018 
evaluation points. Furthermore, Fig.  7 shows the equilibrium state for 
the analysis with 30 B4 LE9 at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.43, with a scale factor of 1.

As is clear from the results in Figs.  5 and 6, there is a notable 
difference in the displacement value between the chosen points in the 
section. The external parts of the beam exhibit larger displacements, 
and the reason is clearer from the equilibrium state reported in Fig. 
7. In fact, the larger displacement is due to torsional effects, which are 
not negligible given the geometry of the beam. Furthermore, due to the 
open section of the beam, the torsion is coupled with the warping of 
the external flanges.
8 
As expected, there is a symmetry in the displacement distribution 
between the top and bottom flanges due to the symmetry of the 
problem in terms of load, constraints, and geometry. For the follow-
ing comparison, vertical segment displacement results are no longer 
reported because they are low.

The results in Figs.  5 and 6 show that starting from 10B4 elements, 
the different discretisations are in good agreement in the description of 
the displacement. Considering a higher load level, with 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 2, 
a slight difference is observed for the 10B4 mesh. Table  1 shows this 
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Fig. 7. Equilibrium displacement configuration at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.43, scale 
factor=1. Discretisation with 30B4 along the axis and 66 LE9 expansion 
theory. Aluminium Z-section beam with uniform over-temperature and fixed 
constraints.

difference more clearly, where the 10B4 model can capture the dis-
placement at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.45 while increasing the over-temperature, the 
difference in the 𝑢𝑥 displacement becomes higher, while the description 
of 𝑢𝑧 remains accurate.

The convergence is also evaluated for the stresses at a high load 
level (𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.9) to capture the effects of nonlinearity. In fact, 
as demonstrated in [40], the convergence of the stresses is highly 
influenced by the presence of nonlinear phenomena, and a higher level 
of load necessitates an increase in the discretisation. Fig.  8 reports 
the stresses along the middle line of the section as indicated by the 
curvilinear coordinates 𝑡 and 𝑠 reported in Fig.  4. The stresses are taken 
at 𝑦 = 𝐿∕4.

Fig.  8 represents the convergence of 𝜎𝑦𝑦, and 𝜎𝑡𝑦. The nonlinear anal-
ysis shows limited differences for 𝜎𝑦𝑦, and more pronounced variations 
are observed for 𝜎𝑡𝑦, especially in the regions corresponding to the shear 
stress peaks. Furthermore, the shear stress distributions satisfy the 𝐶0

𝑧
requirements, with 𝜎𝑡𝑦 tending to zero at the free edges of the cross-
section. This stress does not vanish, as the study reports the Second 
Piola–Kirchhoff stress tensor, which is work-conjugate to the Green–
Lagrange strain tensor and defined in the undeformed configuration. 
More details can be found in [41]. Consequently, the reported stress 
approaches zero without reaching it exactly, since the zero-stress condi-
tion needs to be satisfied on the deformed cross-section. The optimum 
discretisation in terms of beam elements is taken as 20 B4 elements 
based on the stabilisation of both displacement and stress distributions 
between successive refinements reported in Figs.  5, 6 and 8.

After defining the optimum number of elements, a first analysis is 
conducted on the number and distribution of Lagrange elements in the 
section. This investigation is made only to determine the necessary 
physical nodes for the Lagrange expansion along the cross-section. 
Their distribution is depicted in Fig.  9. Different orders of the LE 
functions are obtained by changing the order of the employed elements, 
while the best discretisation in terms of the number of elements has to 
be evaluated by considering their distribution across the cross-section 
for LE4, LE9, and LE16 to compare these models with the Taylor 
ones. Fig.  9 reports the distribution of elements along the section. For 
each distribution, the analysis is conducted using LE4, LE9, and LE16 
theories. The linear (LE4), parabolic (LE9), and cubic (LE16) elements 
have a distribution of physical nodes that is reported in Fig.  1.

The obtained displacements are reported in Fig.  10 and Table  2. 
Due to the symmetry of the results, clearly shown in Table  1 and Figs. 
5 and 6, only the results calculated at Point A are shown. However, 
for clarity Table  2 reports the displacement for Points A and C taken at 
𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 2.2.

The comparison of the displacements in Fig.  10 obtained with the 
different discretisations clearly demonstrates that, with the exception 
9 
Table 2
𝑢𝑥 and 𝑢𝑧 displacement at 𝛥 ∕𝛥𝑐𝑟 = 2.2, calculated at Points A and C. 
Evaluation of the influence of the Lagrange expansion theory on the cross-
section changing number and order of LE elements as reported in Fig.  9. 
Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with 
uniform over-temperature and fixed constraints.
 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 2.2

 Point A Point C  
 𝑢𝑥 [mm] 𝑢𝑧 [mm] 𝑢𝑥 [mm] 𝑢𝑧 [mm] DOFs  
 5LE4 −9.81 −40.26 9.81 40.26 2196  
 11LE4 −8.13 −43.06 8.13 43.06 4392  
 24LE4 −7.68 −43.25 7.68 43.25 9150  
 31LE4 −7.67 −43.85 7.67 43.85 11712  
 66LE4 −7.67 −43.91 7.67 43.91 18666  
 5LE9 −7.54 −43.87 7.54 43.87 6039  
 11LE9 −7.74 −44.01 7.74 44.01 12627  
 24LE9 −7.66 −44.01 7.66 44.01 26901  
 31LE9 −7.65 −44.00 7.65 44.00 34587  
 66LE9 −7.65 −44.00 7.65 44.00 61305  
 5LE16 −7.77 −44.10 7.77 44.10 11712  
 11LE16 −7.66 −44.04 7.66 44.04 24888  
 24LE16 −7.64 −44.00 7.64 44.00 53436  
 31LE16 −7.65 −44.00 7.65 44.00 68808  
 66LE16 −7.65 −44.00 7.65 44.00 128100 

of the 5LE4 model, all results are accurate in terms of displacement. A 
slight discrepancy between the models can be observed in the results 
presented in Table  2. It is evident that, in the case of LE4, even 
increasing the number of elements in the cross-section leads to less 
accurate results than discretisations comprising a lower number of LE9 
or LE16 elements. The dual impact of the order of expansion and 
the number of discretisation elements is therefore evident. In terms of 
displacement, the use of LE9 or LE16 ensures precise results, with the 
minimum number of elements in the cross-section being 11 for both LE9 
and LE16. To assess discretisation quality, it is better to compare stress 
results from the different models. Figs.  11 and 12 show the stresses 
along the middle line of the section (as defined in Fig.  4). The value is 
taken at 𝑦 = 𝐿∕4.

The stress convergence analysis indicates that a significantly larger 
number of LE4 elements is necessary to achieve an accurate description 
of the results. In addition, a mesh with 5LE4 elements provides an 
inadequate representation of 𝜎𝑡𝑦 stress, as it employs linear segments 
that lack the requisite precision to describe the stress variations along 
the cross-section.

It is evident that using only five LE4 elements does not provide a 
satisfactory stress description, whereas higher-order Lagrange expan-
sions, especially LE16, already show a much more stable response with 
five elements. For LE9 and LE16, the differences with respect to the 
refined discretisations are significantly smaller and mainly localised in 
the regions with stronger stress gradients.

However, given the stress distribution, displacements, and DOFs 
presented in Table  2, a 24LE9 mesh is selected for the following 
comparison because no significant differences are evident among the 
subsequent refined models. Now, the best discretisation for the LE 
model is defined and the following results are reported by changing 
the class of adopted expansion theory.

The following results present comparisons among different expan-
sion theories, where Taylor models are denoted by TE followed by the 
number of the polynomial order. More specifically, it will compare 
results for various orders of TE models with those for converged LE 
results. A comparison is provided with two FEM models analysed in 
ABAQUS with two different meshes of C3D8R elements.

The objective of this study is to evaluate the proposed nonlinear 
geometric model and compare the different expansion models to de-
termine when and whether higher-order models are necessary for the 
nonlinear analysis of an isotropic beam subjected to thermal loading. 
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Fig. 8. (a) 𝜎𝑦𝑦 and, (b) 𝜎𝑡𝑦 against curvilinear coordinate 𝑡 at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.9 calculated at 𝑦 = 𝐿∕4. Convergence analysis changing the number of beam elements 
along the axis with expansion theory fixed at 66LE9. Aluminium Z-section beam with uniform over-temperature and fixed constraints.

Fig. 9. Lagrange element distribution along the cross-section of the beam.

Fig. 10. 𝑢𝑥 (a) and 𝑢𝑧 (b) displacement against 𝛥 ∕𝛥𝑐𝑟, calculated at Point A. Evaluation of the influence of the Lagrange expansion theory on the cross-section 
changing number and order of LE elements as reported in Fig.  9. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with uniform over-
temperature and fixed constraints.
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Fig. 11. 𝜎𝑦𝑦 against curvilinear coordinate 𝑡 at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.3 calculated at 𝑦 = 𝐿∕4. Evaluation of the influence of the Lagrange expansion theory on the 
cross-section changing number and order of LE elements (a) LE4, (b) LE9, (c) LE16. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with 
uniform over-temperature and fixed constraints.
Fig. 12. 𝜎𝑡𝑦 against curvilinear coordinate 𝑡 at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.3 calculated at 𝑦 = 𝐿∕4. Evaluation of the influence of the Lagrange expansion theory on the 
cross-section changing number and order of LE elements (a) LE4, (b) LE9, (c) LE16. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with 
uniform over-temperature and fixed constraints.
Fig.  13 reports the displacement at Point A for different expansion 
theories, while the ABAQUS A results are reported (see Table  3). The 
same displacement results at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.25 and 1.95 are reported in 
Table  3 for Points A and C, to ensure the expected symmetry.

In Table  3, two results obtained through two meshes in ABAQUS 
are reported. Mesh ABAQUS B has the same DOFs as the present 
LE model, while mesh ABAQUS A is obtained after a convergence 
analysis. It can be seen that ABAQUS B is not yet convergent, and it 
appears necessary to employ a model with approximately one order 
of magnitude more DOFs to obtain results analogous to those from 
the LE model of the present method. This comparison highlights the 
main advantages of the CUF formalism, which provides 3D-like results 
with fewer DOFs than the ABAQUS model. Furthermore, within this 
formalism, it is possible to compare different expansion theories along 
the cross-section, ranging from lower- to higher-order models, and to 
identify the kinematic theory required to describe the thermo-elastic 
response of beams, including local and warping-related phenomena. 
For comparison, the equilibrium curve obtained via ABAQUS A has 
been included in Fig.  13. After comparing the TE4 and TE5 models, only 
even-order model results are displayed in figures and tables because the 
results from the even-order model and the subsequent odd-order model 
are identical.

The curve in Fig.  13 shows that the bifurcation critical temperatures 
differ depending on the theory used. It is therefore evident that when 
TE1, TE2, and TE3 models are used no bifurcation point is observed, 
11 
and the structure does not buckle in the considered temperature range. 
As the order of the Taylor model increases, from TE4 onwards, a bifur-
cation point begins to appear; however, it occurs at higher temperatures 
than those obtained with LE9. As the expansion order increases, the 
thermal load at which bifurcation occurs decreases until it reaches the 
value obtained from LE analysis. This underscores the need to employ 
higher-order Taylor models to determine the nonlinear buckling tem-
perature. The TE8 results show a clear trend toward a higher critical 
temperature, though the difference from the LE model is slight. The 
TE10 model yields the same critical temperature as the LE and ABAQUS 
models.

Table  3 illustrates the displacements for 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.25 and 1.95 
shown for points A and C. It is evident from Fig.  13 that from TE1 to 
TE6 models have not yet exceeded the bifurcation point for 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 =
1.25, and the relative displacement is very low, while TE8 is just past its 
critical load and its displacement begins to increase. TE6 is an exception 
to the trend, which can be attributed to the proximity of the analysed 
load to the bifurcation point, resulting in the moment of transition from 
positive to negative displacement being clearly evident. An analysis of 
the results for 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.95 facilitates a comparison of the post-
buckling behaviour exhibited by the other models. For TE1, TE2, and 
TE3, the reported displacement is very low because no buckling occurs 
in this temperature range. Models TE4 and TE5 are just below the 
critical load, resulting in displacements that are not representative of 
the post-buckling condition. The models TE6 and TE8 show comparable 
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Fig. 13. 𝑢𝑥 (a) and 𝑢𝑧 (b) displacement against 𝛥 ∕𝛥𝑐𝑟, calculated at Point A. Evaluation of the influence of the Expansion theory comparing TE and LE models. 
Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with uniform over-temperature and fixed constraints.
Table 3
𝑢𝑥 and 𝑢𝑧 displacement at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.25, 1.95 calculated at Point A and C. 
Evaluation of the influence of the Expansion theory comparing TE and LE 
models. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam 
with uniform over-temperature and fixed constraints.
 Point A Point C  
 𝑢𝑥 [mm] 𝑢𝑧 [mm] 𝑢𝑥 [mm] 𝑢𝑧 [mm] DOFs  
 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.25

 TE1 −0.14 0.22 0.14 −0.22 366  
 TE2 −0.12 0.24 0.12 −0.24 549  
 TE3 −0.12 0.27 0.12 −0.27 732  
 TE4 −0.13 0.25 0.13 −0.25 915  
 TE5 −0.13 0.27 0.13 −0.27 1098  
 TE6 −0.47 −0.05 −0.47 −0.05 1281  
 TE8 −7.01 −5.99 7.01 5.99 1647  
 TE10 −12.33 −15.72 12.33 15.72 2031  
 LE9 −13.04 −18.14 13.04 18.14 26901  
 ABAQUS A −13.42 −18.35 13.42 18.35 230031 
 ABAQUS B −15.04 −21.20 15.04 21.20 28284  
 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.95

 TE1 −0.26 0.39 0.26 −0.39 366  
 TE2 −0.21 0.42 0.21 −0.42 549  
 TE3 −0.17 0.39 0.17 −0.39 732  
 TE4 −1.24 −0.33 1.24 0.33 915  
 TE5 −1.24 −0.33 1.24 0.33 1098  
 TE6 −13.72 −28.13 13.72 28.13 1281  
 TE8 −13.41 −30.80 13.41 30.80 1647  
 TE10 −10.98 −38.44 10.98 38.44 2031  
 LE9 −10.65 −39.27 10.65 39.27 26901  

outcomes; however, Fig.  13 indicates that this is attributable only 
to the load level at which the comparison is made, rather than to 
an inherent equivalence in the results of the two models. The TE10 
model demonstrates superior capacity to represent displacement values, 
yielding results comparable to those of the LE9 model.

Two types of stress comparisons are reported. The first is in Fig. 
14, where the stress results are reported for the different theories at 
the same displacement level to isolate the stress response associated 
with comparable deformed conditions. Therefore, the compared con-
figurations are kinematically equivalent but not thermally equivalent, 
since different temperatures correspond to the same displacement. To 
12 
Table 4
Temperature value corresponding to a displacement at Point A 𝑢𝑥 = −12 mm. 
Value reported for different expansion theory, displacement taken at 𝑦 = 𝐿∕4. 
Z-section Aluminium beam, discretisation 20 B4. 
 TE4 TE6 TE8 TE10 LE9 
 𝛥𝑇 [◦𝐶] 512 366 315 290 270 

have a clear understanding of the reported results, Table  4 reports the 
different temperatures for the same displacement 𝑢𝑥 = −12 mm. Due to 
the absence of buckling, TE1 to TE3 results are not reported because 
they do not reach this displacement. The latter comparison, reported in 
Fig.  15, is performed with a fixed value of over-temperature to compare 
the full thermo–mechanical response under the same load level. The 
results are taken at 𝑦 = 𝐿∕4.

The stresses shown in Fig.  14 are related to the configuration shown 
in Table  4, in which the models are compared at a fixed displacement 
while the corresponding temperature is varied. This implies that the 
most significant contribution to the difference is expected to be due to 
the thermal component of the stresses, which is directly linked to the 
applied over-temperature.

Indeed, Fig.  14 shows that the stresses 𝜎𝑦𝑦 exhibit trends across 
the various results that are almost parallel but shifted, where the TE8, 
TE10, and LE9 curves show similar trends with different stress levels 
due to the different thermal loads. Lower-order TE4 and TE6 models 
exhibit larger discrepancies, with a higher compression state, which 
may be due to the high over-temperature required to obtain the same 
displacement value. On the other hand, when considering the shear 
stress 𝜎𝑡𝑦, the impact of the mechanical component is highlighted, with 
the thermal contribution being zero from the constitutive relations. In 
this context, it is interesting to note that, for the same displacement, 
the mechanical stress component (which, for this shear component, is 
the only one) obtained via Taylor models differs from the LE9 results. 
Lower-order TE4 models exhibit pronounced oscillations around the 
LE9 solution, which become smaller with increasing model order. These 
results confirm that lower-order models are insufficient to accurately 
describe the stress field in the configuration under consideration.

Fig.  15 reports the same stresses obtained by comparing the dif-
ferent models at an over-temperature corresponding to 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 =
1.7.
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Fig. 14. (a) 𝜎𝑦𝑦 and (b) 𝜎𝑡𝑦 against curvilinear coordinate 𝑡 at 𝑢𝑥 = −12 calculated at 𝑦 = 𝐿∕4. Corresponding temperature reported in Table  4. Evaluation 
of the influence of the expansion theory comparing TE and LE models. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with uniform 
over-temperature and fixed constraints.
Fig. 15. (a) 𝜎𝑦𝑦 and (b) 𝜎𝑡𝑦 against curvilinear coordinate 𝑡 at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.7 calculated at 𝑦 = 𝐿∕4. Evaluation of the influence of the expansion theory comparing 
TE and LE models. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with uniform over-temperature and fixed constraints.
In Fig.  15, the lower order models from TE1 to TE6 are unable to 
reproduce the correct stress distribution for 𝜎𝑦𝑦, which is considered 
almost constant along the cross-section. It is evident from the displace-
ment in Fig.  13 that at such a temperature, this model describes a 
deformed configuration that is either in a pre-buckling condition or just 
after buckling. The TE1 to TE6 models do not allow the shear stress 
distribution to be described along the cross-section and cannot repro-
duce the nonlinear variation of the shear stress. TE8 and TE10 models 
show slight differences from the LE9 results in describing 𝜎𝑦𝑦, but non-
negligible discrepancies remain, especially near the external branches 
of the section. It should also be noted that the TE10 model yields 
a shear stress distribution close to that of the LE9 model, although 
13 
local differences are evident in the peak regions. These models tend 
to describe the LE9 results with some oscillations around the solution.

From these results, it is clear that low-order TE models cannot 
accurately describe the nonlinear stress redistribution in the beam. 
This limitation is also consistent with the differences observed in the 
equilibrium paths.

In order to understand the shear behaviour, which is directly related 
to the torsional response of the beam, the shear stress field over 
the cross-section is represented. The transverse shear stress field over 
the cross-section is represented through the vector composed of the 
shear stress components 𝜎𝑡𝑦 and 𝜎𝑦𝑠. This representation highlights the 
preferential path and orientation of the shear stresses along the open 
section. Fig.  16 reports the shear stress along the beam section obtained 
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Table 5
Linearised buckling critical temperature [◦C] for different buckling modes. Evaluation of the influence of the expansion theory 
comparing TE and LE models. Analysis with discretisation fixed at 20B4. Aluminium Z-section beam with uniform over-
temperature and fixed constraints.
 Model 1st bending 2nd bending 1st torsional 3rd bending 4th bending 2nd torsional 5th bending 
 Mode Fig.  18(a) Fig.  18(b) Fig.  18(f) Fig.  18(c) Fig.  18(d) Fig.  18(g) Fig.  18(e)  
 𝛥𝑇𝑐𝑟 [◦C]
 TE1 84.70 172 – 331 493 – 718  
 TE2 85.80 174 – 337 502 – 734  
 TE3 85.30 172 – 328 482 – 692  
 TE4 85.10 171 456 327 479 591 686  
 TE5 85.00 171 455 326 478 590 684  
 TE6 85.00 171 314 326 477 455 682  
 TE7 85.00 171 313 326 477 454 680  
 TE8 85.00 171 268 325 475 413 –  
 TE10 85.00 171 230 325 462 391 –  
 LE9 85.20 171 231 322 – 378 –  
with the different theories in the same conditions reported in Fig.  15. 
The model discretisation is 20B4 along the axis, and the results are 
taken at 𝑦 = 𝐿∕4 with 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.7. The vectors are reported using 
different scale factors to be clearly visible on the section,while the 
magnitude of the local shear stress vector is reported in MPa for each 
graph.

As expected, the lower-order theories cannot accurately describe the 
transverse shear stress field, which is directly related to the torsional 
response of the beam. From TE1 to TE3, the shear stress vectors do not 
reproduce a physically consistent distribution along the open section, 
since the low-order expansions are unable to describe the nonuniform 
shear redistribution over the cross-section. Starting from TE4, a more 
meaningful orientation of the shear stress vectors begins to appear. 
However, the distribution is still affected by strong local oscillations 
and does not yet follow the section edges in a fully consistent way. 
Furthermore, low-order theories cannot represent the magnitude of 
the shear stress, which is underestimated, with a difference of eight 
orders of magnitude between TE1 and LE9 results. A more stable shear-
stress distribution is obtained with the higher-order models, with TE8 
showing the beginning of a consistent pattern and TE10 approaching 
the LE9 solution. The TE10 distribution approaches the LE9 result, 
but some local oscillations and deviations remain, especially close to 
the corners and free edges. The LE9 model provides the most regular 
representation, with vectors mainly aligned with the walls of the open 
section.

It is, therefore, useful to report the linearised critical temperatures 
and buckling modes for the different theories. The complete formu-
lation used to obtain the critical values is presented in [42] and is 
based on the classical eigenvalue procedure. To facilitate comprehen-
sion of the results, the linearised analyses have been summarised and 
presented in Fig.  17, Table  5, and Fig.  18. The critical temperatures 
obtained via eigenvalue analyses are reported by comparing the same 
buckling modes. It has been demonstrated that certain theories are 
unable to capture certain buckling modes, leading to the absence of 
corresponding values in the results representation. The absence of 
certain modes, when the analysis is conducted using different theories, 
provides interesting insights. As illustrated in Fig.  17, the critical 
temperatures are categorised into flexural and torsional modes, with 
the corresponding modes depicted in Fig.  18. The aforementioned 
description is also incorporated within Table  5 to provide the critical 
temperature values.

It can be noted that the TE1 first bending temperature is lower than 
the corresponding one obtained with refined models because a Poisson 
locking correction is applied through modified material properties that 
are corrected to improve the solution, as explained in [29].

As shown in Fig.  7, the deformation obtained from the conducted 
analysis corresponds to the first torsional mode shown in Fig.  18(f). The 
models TE1 to TE3 fail to describe the torsional mode in both linearised 
and nonlinear analyses. The lack of accuracy of TE1–TE3 in both the 
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analyses appears to stem from the inability of these low-order models to 
describe the torsion of this beam. The behaviour of the analysed beam 
is driven by phenomena such as warping, in-plane deformation, and 
torsion–bending coupling, which are not generally observed in analyses 
based on classical theories. For this reason, increasing the expansion 
order makes the linearised and nonlinear results more coherent in 
describing the phenomenon, due to the added expansion terms. These 
refined theories allow an appropriate description of torsion depending 
on the problem at hand, as demonstrated for linearised analyses in [43].

Furthermore, across the other models, it is evident that, from TE4 
onwards, a torsional mode begins to emerge; however, its buckling 
temperature is higher than that obtained with the LE9 model. In partic-
ular, this critical value corresponds to the bifurcation point identified in 
the present nonlinear analysis within the traced equilibrium path. This 
observation can be extended to the subsequent models, noting that as 
the TE polynomial order increases, the critical temperature associated 
with the first torsional mode decreases progressively, tending towards 
the LE9 value until it matches that of TE10.

It is also evident from the linearised analysis that the torsional mode 
is not the one associated with the lowest critical temperature. In fact, 
the linearised analysis yields two flexural modes with almost identical 
critical temperatures across the different models. However, this mode is 
not associated with the traced equilibrium path obtained via the present 
nonlinear analysis, which is focused on the perfect geometry without 
defects.

4.3. C-section beam

A metallic tape spring with a C-section is considered to further 
assess the influence of the expansion theories in the presence of open 
sections with local modes. The geometrical parameters are reported in 
Fig.  19. The length of the beam is 𝐿 = 200 mm, the thickness is 𝑡 = 0.1
mm, the radius 𝑅 = 13.3 mm, and the angle subtended by the cross-
section is 𝛾 = 106◦. A linear elastic titanium alloy is considered, with 
material properties 𝐸 = 131 GPa, 𝜈 = 0.3, and 𝛼 = 8.7 × 10−6/◦C. The 
beam is clamped at both ends, and a uniform increase in temperature is 
applied throughout the beam. After a convergence analysis, a mesh of 
30 B4 elements is adopted along the beam axis, while the cross-section 
is represented by 20 LE9 elements.

A preliminary evaluation of the influence of the adopted expansion 
theory on the linearised buckling load is reported. Table  6 collects the 
linearised critical temperatures obtained with the different expansion 
theories. The table is divided into two groups because TE1 and TE2 only 
capture bending modes, while TE3–TE5 and LE9 capture torsional and 
local buckling modes. This difference is due to the modes obtained from 
the linearised analysis. Fig.  20 reports the torsional and local modes, 
while the bending modes are not reported, as the focus is here on the 
torsional and local modes governing the nonlinear response.
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Fig. 16. Distribution of the vector composed of the shear stress components 𝜎𝑡𝑦 and 𝜎𝑦𝑠 on the cross-section at 𝛥𝑇 ∕𝛥𝑇𝑐𝑟 = 1.7 calculated at 𝑦 = 𝐿∕4. Results 
reported in MPa. Evaluation of the influence of the expansion theory comparing TE and LE models. Analysis with discretisation fixed at 20B4. Aluminium Z-section 
beam with uniform over-temperature and fixed constraints.
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Table 6
Linearised buckling critical temperature [◦C] for different buckling modes. Evaluation of the influence of the expansion theory 
comparing TE and LE models. Analysis with discretisation fixed at 30B4. Titanium alloy C-section beam with uniform over-
temperature and fixed constraints. ∗ marks the value which is employed for each expansion theory for the nondimensional results 
of the nonlinear analysis.
 𝛥𝑇𝑐𝑟 [◦C]
 Model 1st bending 2nd bending 3rd bending 4th bending 5th bending 6th bending DOF  
 TE1 297∗ 600 1153.6 1707.5 2475.8 3220 819  
 TE2 295∗ 578 1060.5 1484.5 2010.5 2437 1638  
 Model 1st torsional 2nd torsional 1st local 2nd local 3rd local 4th local DOF  
 Mode 20(a) 20(b) 20(c) 20(d) 20(e) 20(f)  
 TE3 48.1 73.42 111.7 111.1∗ 124.8 127.3 2730  
 TE4 32.2 58.8 68.9 69.9∗ 79.3 81.7 4095  
 TE5 31.4 56.55 55.6 56.0∗ 66.3 69.95 5733  
 LE9 31.3 55.7 56.8 57.3∗ 65.9 68.3 33579 
Fig. 17. Linearised buckling critical temperature [◦C] for different buckling 
modes. Evaluation of the influence of the expansion theory comparing TE and 
LE models. Analysis with discretisation fixed at 20B4. Aluminium Z-section 
beam with uniform over-temperature and fixed constraints.

Table  6 clearly shows that the transition from TE2 to TE3 is asso-
ciated with a change in the family of modes captured by the model. 
From TE3 models onward, this behaviour can be captured, but the 
critical temperature is higher than that obtained with LE models. It 
should be noted that, unlike in the previous case, the geometry analysed 
here features numerous local modes with critical temperatures that are 
very close to one another. It can also be observed that TE5 and LE9 
provide very close critical temperatures for both torsional and local 
modes. Fig.  21 reports the results of the nonlinear analysis obtained 
with different expansion theories. The comparison is made in terms of 
the 𝑢𝑧 displacement at the centre of the beam for the nondimensional 
overtemperature, which is calculated for each theory using the critical 
temperature marked with ∗ in Table  6. With this normalisation, the 
bifurcation point is shifted to 𝛥𝑇 ∕𝛥𝑇 ∗

𝑐𝑟 = 1 for each model, allowing 
a direct comparison of the post-buckling response. Furthermore, the 
shapes of the deformed beam for the TE1, TE2, and LE9 models are 
reported in Fig.  22. The numerical value of the displacement for differ-
ent positions is reported in Table  7, where Point D is in the centre of the 
beam at y = 0. Point E is located on the point at the edge of the flange 
at y = −𝐿∕5, corresponding to the location of maximum displacement 
in the LE9 solution. Table  7 provides a quantitative comparison of the 
displacement at representative points of the beam.
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Table 7
𝑢𝑧 at point D and 𝑢𝑥 and 𝑢𝑧 at Point E at 𝛥 ∕𝛥 ∗

𝑐𝑟 = 1.2. Temperature value 
non-dimensionalised using the critical temperature reported in Table  6 with 
mark ∗. Evaluation of the influence of the Expansion theory, comparing TE and 
LE models. Analysis with discretisation fixed at 30B4. Titanium alloy C-section 
beam with uniform over-temperature and fixed constraints.
 Point D Point E  
 𝑢𝑧 [mm] 𝑢𝑥 [mm] 𝑢𝑧 [mm] DOFs  
 𝛥𝑇 ∕𝛥𝑇 ∗

𝑐𝑟 = 1.2

 TE1 −3.3819 0.0406 −1.900 819  
 TE2 2.7581 0.0450 1.6803 1638  
 TE3 0.3569 0.4020 0.7004 2730  
 TE4 0.2165 0.3348 0.5129 4095  
 TE5 0.1654 0.4147 0.5638 5733  
 LE9 0.1758 0.4525 0.6247 33579 

Fig.  21 shows that the displacement obtained using TE1 and TE2 
follows a different trend from that of all the other models. On the 
other hand, TE3-TE5 and LE9 show much closer post-buckling trends, 
indicating that higher-order theories are able to capture the response 
more consistently. The graph shows that both, quantitatively and qual-
itatively, the results between the lower order and higher order theories 
differ, as can be highlighted by the results in Fig.  22 and Table  7.

In this second geometry as well, it is evident that low-order TE 
models do not adequately describe local or torsional phenomena, either 
in linearised or nonlinear analyses. By increasing the order, these phe-
nomena begin to be captured, and the predicted response approaches 
that obtained with LE9. Given the open-section geometry, the beam is 
subject to local warping, which is expected to play a significant role and 
needs to be represented by the adopted kinematics. Furthermore, in this 
analysed case, unlike the previous one, it is noted that the results are 
dominated by local phenomena. Based on the comparison between the 
linearised and nonlinear analyses, the predominant post-buckling mode 
appears to be related to the second local mode. However, given the 
proximity of the local linearised modes and their critical temperatures, 
the post-buckling response may involve multimodal contributions. Un-
like the z-section beam, the structural response is characterised by 
several closely spaced local modes, which have an impact on the post-
buckling response. For the higher-order models, the bending critical 
load is not associated with the modes governing the nonlinear response. 
In this case, refined kinematics are needed not only for torsion but also 
for the closely spaced local modes that strongly affect the post-buckling 
response.

5. Conclusion

A Finite Element Methodology (FEM) implemented within the Car-
rera Unified Formulation (CUF) was developed for performing non-
linear geometric analyses in response to applied thermal loads. The 
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Fig. 18. Linearised buckling critical modes. (a)–(e) bending modes from 1st to 5th, (f) 1st torsional, (g) 2nd torsional. Analysis with discretisation fixed at 20B4. 
Aluminium Z-section beam with uniform over-temperature and fixed constraints.
Fig. 19. Geometry of the C-section beam.
Fig. 20. Linearised buckling critical modes. (a)–(b) 1st and 2nd torsional modes, (c)–(f) local modes. Analysis with discretisation fixed at 30B4. Titanium alloy 
C-section beam with uniform over-temperature and fixed constraints.
governing equations were derived using the Principle of Virtual Dis-
placement (PVD), and nonlinearities were taken into account through 
the full strain Green–Lagrange tensor. The analysis accounted for ge-
ometric nonlinearities, and the material properties were considered 
constant along the entire equilibrium curve. The nonlinear model was 
assumed to be free of initial imperfection in order to evaluate the 
nonlinear formulation and the ideal behaviour of the beam. Therefore, 
temperature-dependent material, initial imperfections, and fully cou-
pled or non-uniform thermal fields are outside the scope of the present 
work.

The solution to the nonlinear system was obtained using the path-
following method, in which the arc-length constraint was implemented. 
In this way, the equilibrium path was traced via an iterative procedure. 
The CUF allows for the implementation of various kinematic theories 
17 
through the use of expansion functions, of which there are two types 
in this work: Taylor Expansion functions (TE) and Lagrange Expansion 
functions (LE). The formulation was not formally influenced by the 
choice of theory, and this allows for an easy comparison between 
models by comparing lower and higher-order theories.

From the analysis cases presented, it was possible to draw some 
conclusions:

• The presented formulation allows for an accurate description of 
the equilibrium path and displacement response of beams with 
different cross-sections subjected to thermal loading, with the as-
sumption of geometric nonlinearity, constant material properties, 
and perfect geometry.
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Fig. 21. 𝑢𝑧 displacement against 𝛥 ∕𝛥 ∗
𝑐𝑟 , calculated at the centre of the 

beam. Temperature value non-dimensionalised using the critical temperature 
reported in Table  6 with mark ∗. Evaluation of the influence of the Expansion 
theory, comparing TE and LE models. Analysis with discretisation fixed at 
30B4. Titanium alloy C-section beam with uniform over-temperature and fixed 
constraints.

• In the description of highly slender square-section beams, the 
use of lower-order theories with the von Kármán nonlinearities 
is adequate to describe the nonlinear displacement of the beam. 
However, as the beam slenderness decreases, the shear effect 
becomes more significant, and the impact of the Green–Lagrange 
strain tensor, in combination with higher-order theories, becomes 
more evident, thus making these models necessary for a more 
complete description of the response.

• Linearised buckling analyses and nonlinear geometric analyses 
often yield different results. The comparison between linearised 
buckling analyses and nonlinear equilibrium paths shows that the 
mode associated with the lowest critical eigenvalue does not nec-
essarily govern the post-buckling response. However, comparing 
these two analyses provides useful insights into the interpretation 
of the structural response output and into the ability of kinematic 
theories to capture or fail to capture certain phenomena.

• The post-buckling response clearly depends on the cross-sectional 
geometry. In the Z-beam, the nonlinear behaviour is dominated 
by torsional effects, while in the C-section, local modes arise.

• Lower-order Taylor expansion theories fail to accurately describe 
the post-buckling equilibrium path of beams with open cross-
sections dominated by torsional or local-mode phenomena. The 
minimum theoretical order required to describe the behaviour, 
even qualitatively, depends on the geometry and the phenomenon 
being analysed. In the analysed cases, for a Z-section, torsion 
can be described using TE4 models, but the critical temperatures 
and displacement levels consistent with the Lagrange models are 
obtained using a TE10 model. For a C-section beam, the local 
phenomena are described by a TE3 model, but values similar to 
those of the LE9 model are obtained with a TE5 model.

• For beams with open cross-sections, the use of higher-order the-
ories is necessary also to account for local phenomena associated 
with section deformation and warping-related effects, which play 
a relevant role in the nonlinear response.
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• The presented results highlight that the minimum Taylor expan-
sion order required for an adequate description of the structural 
response is not universal, but depends on the cross-sectional ge-
ometry and on the main mechanism involved in the post-buckled 
configuration.

The aim of this study was to develop a methodology for describing 
the nonlinear geometric and thermal post-buckling behaviour of beams 
using the CUF. Future work could focus on incorporating material 
nonlinearity and investigating equilibrium stability.
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Appendix A. Differential operator

The present section collects the explicit formulation of the deriva-
tive operator of the Green Lagrange strain tensor. It is employed in the 
following geometrical relations: 

𝜺𝑚 = 𝜺𝑙 + 𝜺𝑛𝑙 =
(

𝒃𝑙 + 𝒃𝑛𝑙
)

𝒖 (A.1)

where 𝜺𝑚 denotes the mechanical strain vector and the footnote 𝑙 and 
𝑛𝑙 are referred to the linear and nonlinear components respectively. 
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(A.2)

where the symbol 𝜕∕𝜕(⋅) indicates the partial derivative.
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Fig. 22. Equilibrium displacement configuration, scale factor=1. Discretisation with 30B4 along the axis, (a) TE1 model at 𝛥𝑇 = 320 ◦C, (b) TE2 model at 
𝛥𝑇 = 320 ◦C (c) LE9 model at 𝛥𝑇  = 70 ◦C. Titanium alloy C-section beam with uniform over-temperature and fixed constraints.
Appendix B. Secant stiffness matrix nuclei

From the definition in Eq. (15) it is possible to write the first term 
as: 

∫𝑉
𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 = ∫𝑉

𝛿
(

𝜺𝑙 + 𝜺𝑛𝑙
)𝑇 𝑪

(

𝜺𝑙 + 𝜺𝑛𝑙
)

𝑑𝑉

= ∫𝑉
𝛿𝜺𝑇𝑙 𝑪𝜺𝑙𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑙 𝑪𝜺𝑛𝑙𝑑𝑉 + ∫𝑉
𝛿𝜺𝑇𝑛𝑙𝑪𝜺𝑙𝑑𝑉

+ ∫𝑉
𝛿𝜺𝑇𝑛𝑙𝑪𝜺𝑛𝑙𝑑𝑉

(B.1)

From the definition of the internal virtual work and substituting CUF 
and FEM from Eq. (5), it is possible to obtain the following formulation: 

∫𝑉
𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 =∫𝑉

𝛿
(

𝒃𝑙𝐹𝑠(𝑥, 𝑧)𝑁𝑗 (𝑦)𝒒𝑠𝑗
)𝑇 𝑪

(

𝒃𝑙𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)𝒒𝜏𝑖
)

𝑑𝑉 +

∫𝑉
𝛿
(

𝒃𝑙𝐹𝑠(𝑥, 𝑧)𝑁𝑗 (𝑦)𝒒𝑠𝑗
)𝑇 𝑪

(

𝒃𝑛𝑙𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)𝒒𝜏𝑖
)

𝑑𝑉 +

∫𝑉
𝛿
(

𝒃𝑛𝑙𝐹𝑠(𝑥, 𝑧)𝑁𝑗 (𝑦)𝒒𝑠𝑗
)𝑇 𝑪

(

𝒃𝑙𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)𝒒𝜏𝑖
)

𝑑𝑉 +

∫𝑉
𝛿
(

𝒃𝑛𝑙𝐹𝑠(𝑥, 𝑧)𝑁𝑗 (𝑦)𝒒𝑠𝑗
)𝑇 𝑪

(

𝒃𝑛𝑙𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)𝒒𝜏𝑖
)

𝑑𝑉

(B.2)

where applying the differential operator on shape and expansion func-
tions it is possible to obtain 𝑩𝑙 and 𝑩𝑛𝑙. The FNs 𝑩𝜏𝑖

𝑙  and 𝑩𝜏𝑖
𝑛𝑙 reported 

in Eqs. (B.3) and (B.4): 

𝑩𝜏𝑖
𝑙 = 𝒃𝑙

(

𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)
)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝜏,𝑥𝑁𝑖 0 0
0 𝐹𝜏𝑁𝑖,𝑦 0
0 0 𝐹𝜏,𝑧𝑁𝑖

𝐹𝜏,𝑧𝑁𝑖 0 𝐹𝜏,𝑥𝑁𝑖
0 𝐹𝜏,𝑧𝑁𝑖 𝐹𝜏𝑁𝑖,𝑦

𝐹𝜏𝑁𝑖,𝑦 𝐹𝜏,𝑥𝑁𝑖 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(B.3)

𝑩𝜏𝑖 = 𝒃
(

𝐹 (𝑥, 𝑧)𝑁 (𝑦)
)

=
𝑛𝑙 𝑛𝑙 𝜏 𝑖

19 
1
2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢𝑥,𝑥𝐹𝜏,𝑥𝑁𝑖 𝑢𝑦,𝑥𝐹𝜏,𝑥𝑁𝑖 𝑢𝑧,𝑥𝐹𝜏,𝑥𝑁𝑖

𝑢𝑥,𝑦𝐹𝜏𝑁𝑖,𝑦 𝑢𝑦,𝑦𝐹𝜏𝑁𝑖,𝑦 𝑢𝑧,𝑦𝐹𝜏𝑁𝑖,𝑦

𝑢𝑥,𝑧𝐹𝜏,𝑧𝑁𝑖 𝑢𝑦,𝑧𝐹𝜏,𝑧𝑁𝑖 𝑢𝑧,𝑧𝐹𝜏,𝑧𝑁𝑖

𝑢𝑥,𝑥𝐹𝜏,𝑧𝑁𝑖 + 𝑢𝑥,𝑧𝐹𝜏,𝑥𝑁𝑖 𝑢𝑦,𝑥𝐹𝜏,𝑧𝑁𝑖 + 𝑢𝑦,𝑧𝐹𝜏,𝑥𝑁𝑖 𝑢𝑧,𝑥𝐹𝜏,𝑧𝑁𝑖 + 𝑢𝑧,𝑧𝐹𝜏,𝑥𝑁𝑖

𝑢𝑥,𝑦𝐹𝜏,𝑧𝑁𝑖 + 𝑢𝑥,𝑧𝐹𝜏𝑁𝑖,𝑦 𝑢𝑦,𝑦𝐹𝜏,𝑧𝑁𝑖 + 𝑢𝑦,𝑧𝐹𝜏𝑁𝑖,𝑦 𝑢𝑧,𝑦𝐹𝜏,𝑧𝑁𝑖 + 𝑢𝑧,𝑧𝐹𝜏𝑁𝑖,𝑦

𝑢𝑥,𝑥𝐹𝜏𝑁𝑖,𝑦 + 𝑢𝑥,𝑦𝐹𝜏,𝑥𝑁𝑖 𝑢𝑦,𝑥𝐹𝜏𝑁𝑖,𝑦 + 𝑢𝑦,𝑦𝐹𝜏,𝑥𝑁𝑖 𝑢𝑧,𝑥𝐹𝜏𝑁𝑖,𝑦 + 𝑢𝑧,𝑦𝐹𝜏,𝑥𝑁𝑖

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(B.4)

where the subscript ’,’ stands for the derivative. It is possible to demon-
strate that 𝛿(𝑩𝑠𝑗

𝑙 𝒒𝑠𝑗 ) = 𝑩𝑠𝑗
𝑙 𝛿𝒒𝑠𝑗 𝛿(𝑩𝑠𝑗

𝑛𝑙𝒒𝑠𝑗 ) = 2𝑩𝑠𝑗
𝑛𝑙𝛿𝒒𝑠𝑗 . Applying the 

virtual variation, Eq. (B.2) becomes as follows: 

∫𝑉
𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 =∫𝑉

𝛿𝒒𝑇𝑠𝑗𝑩
𝑠𝑗𝑇
𝑙 𝑪𝑩𝜏𝑖

𝑙 𝒒𝜏𝑖𝑑𝑉 + ∫𝑉
𝛿𝒒𝑇𝑠𝑗𝑩

𝑠𝑗𝑇
𝑙 𝑪𝑩𝜏𝑖

𝑛𝑙𝒒𝜏𝑖𝑑𝑉 +

∫𝑉
𝛿𝒒𝑇𝑠𝑗2𝑩

𝑠𝑗𝑇
𝑛𝑙 𝑪𝑩𝜏𝑖

𝑙 𝒒𝜏𝑖𝑑𝑉 + ∫𝑉
𝛿𝒒𝑇𝑠𝑗2𝑩

𝑠𝑗𝑇
𝑛𝑙 𝑪𝑩𝜏𝑖

𝑛𝑙𝒒𝜏𝑖𝑑𝑉

= 𝛿𝒒𝑇𝑠𝑗
[

𝑲 𝑖𝑗𝜏𝑠
0 +𝑲 𝑖𝑗𝜏𝑠

𝑙𝑛𝑙 +𝑲 𝑖𝑗𝜏𝑠
𝑛𝑙𝑙 +𝑲 𝑖𝑗𝜏𝑠

𝑛𝑙𝑛𝑙

]

𝒒𝜏𝑖

(B.5)

Appendix C. Tangent stiffness matrix

The first terms of Eq. (30) are composed only by mechanical terms. 
The complete formulation is reported here. 

∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 =∫𝑉

𝛿𝜺𝑇𝑚𝛿(𝝈𝑚 + 𝝈𝜃)𝑑𝑉 = ∫𝑉
𝛿𝜺𝑇𝑚𝛿𝝈𝑚𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑚��𝛿𝝈𝜃𝑑𝑉

=∫𝑉
𝛿(𝜺𝑙 + 𝜺𝑛𝑙)𝑇 𝛿(𝝈𝑙 + 𝝈𝑛𝑙)𝑑𝑉

=∫𝑉
𝛿(𝜺𝑙 + 𝜺𝑛𝑙)𝑇𝑪𝛿(𝜺𝑙 + 𝜺𝑛𝑙)𝑑𝑉

=∫𝑉
𝛿𝜺𝑇𝑙 𝑪𝛿𝜺𝑙𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑛𝑙𝑪𝛿𝜺𝑙𝑑𝑉

+ ∫𝑉
𝛿𝜺𝑇𝑙 𝑪𝛿𝜺𝑛𝑙𝑑𝑉 + ∫𝑉

𝛿𝜺𝑇𝑛𝑙𝑪𝛿𝜺𝑛𝑙𝑑𝑉

(C.1)
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𝑩∗
𝑛𝑙 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝜏,𝑥𝑁𝑖𝐹𝑠,𝑥𝑁𝑗 𝐹𝜏,𝑥𝑁𝑖𝐹𝑠,𝑥𝑁𝑗 𝐹𝜏,𝑥𝑁𝑖𝐹𝑠,𝑥𝑁𝑗
𝐹𝜏𝑁𝑖,𝑦𝐹𝑠𝑁𝑗,𝑦 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠𝑁𝑗,𝑦 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠𝑁𝑗,𝑦
𝐹𝜏,𝑧𝑁𝑖𝐹𝑠,𝑧𝑁𝑗 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠,𝑧𝑁𝑗 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠,𝑧𝑁𝑗

𝐹𝜏,𝑥𝑁𝑖𝐹𝑠,𝑧𝑁𝑗 + 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠,𝑥𝑁𝑗 𝐹𝜏,𝑥𝑁𝑖𝐹𝑠,𝑧𝑁𝑗 + 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠,𝑥𝑁𝑗 𝐹𝜏,𝑥𝑁𝑖𝐹𝑠,𝑧𝑁𝑗 + 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠,𝑥𝑁𝑗
𝐹𝜏𝑁𝑖,𝑦𝐹𝑠,𝑧𝑁𝑗 + 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠𝑁𝑗,𝑦 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠,𝑧𝑁𝑗 + 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠𝑁𝑗,𝑦 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠,𝑧𝑁𝑗 + 𝐹𝜏,𝑧𝑁𝑖𝐹𝑠𝑁𝑗,𝑦
𝐹𝜏,𝑥𝑁𝑖𝐹𝑠𝑁𝑗,𝑦 + 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠,𝑥𝑁𝑗 𝐹𝜏,𝑥𝑁𝑖𝐹𝑠𝑁𝑗,𝑦 + 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠,𝑥𝑁𝑗 𝐹𝜏,𝑥𝑁𝑖𝐹𝑠𝑁𝑗,𝑦 + 𝐹𝜏𝑁𝑖,𝑦𝐹𝑠,𝑥𝑁𝑗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(C.6)

Box III. 
Substituting Eqs.  (9) and (10) in Eq. (C.1) and considering the deriva-
tive rules for matrix 𝑩, it is possible to define the components of the 
tangent matrix described in the first part of Eq. (30) in terms of FNs.

∫𝑉
𝛿𝜺𝑇𝑙 𝑪𝛿𝜺𝑙𝑑𝑉 = 𝛿𝒒𝑇𝑠𝜏 ∫𝑉

𝑩𝑠𝑗𝑇
𝑙 𝑪𝑩𝜏𝑖

𝑙 𝑑𝑉 𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠𝑗𝑲
𝑖𝑗𝜏𝑠
0 𝛿𝒒𝜏𝑖 (C.2)

∫𝑉
𝛿𝜺𝑇𝑛𝑙𝑪𝛿𝜺𝑙𝑑𝑉 = 𝛿𝒒𝑇𝑠𝜏 ∫𝑉

2𝑩𝑠𝑗𝑇
𝑛𝑙 𝑪𝑩𝜏𝑖

𝑙 𝑑𝑉 𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠𝑗𝑲
𝑖𝑗𝜏𝑠
𝑛𝑙𝑙 𝛿𝒒𝜏𝑖 (C.3)

∫𝑉
𝛿𝜺𝑇𝑙 𝑪𝛿𝜺𝑛𝑙𝑑𝑉 = 𝛿𝒒𝑇𝑠𝜏 ∫𝑉

𝑩𝑠𝑗𝑇
𝑙 𝑪2𝑩𝜏𝑖

𝑛𝑙𝑑𝑉 𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠𝑗2𝑲
𝑖𝑗𝜏𝑠
𝑙𝑛𝑙 𝛿𝒒𝜏𝑖 (C.4)

∫𝑉
𝛿𝜺𝑇𝑛𝑙𝑪𝛿𝜺𝑛𝑙𝑑𝑉 = 𝛿𝒒𝑇𝑠𝜏 ∫𝑉

2𝑩𝑠𝑗𝑇
𝑛𝑙 𝑪2𝑩𝜏𝑖

𝑛𝑙𝑑𝑉 𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠𝑗2𝑲
𝑖𝑗𝜏𝑠
𝑛𝑙𝑛𝑙𝛿𝒒𝜏𝑖 (C.5)

where the components of the tangent stiffness matrix are the same as 
the one in Eq. (B.5).

The application of the second-order variation and the explicit for-
mulation of the second variation of strains are not reported here but 
can be found in [34]. With some simple manipulations, it is possible 
to express 𝛿2𝜺𝑛𝑙 vector as the combination of the matrix 𝑩∗

𝑛𝑙 reported 
in Eq. (C.6) and a vector with the product of the virtual variations of 
nodal unknowns as expressed in Eq. (C.7) (see the equation in Box  III). 
In the present matrix, 𝐹𝜏 and 𝐹𝑠 denote the expansion functions, 𝑁𝑖 and 
𝑁𝑗 are referred to as the shape functions and the subscript ’,’ stands for 
the derivative. 

𝛿2𝜺𝑛𝑙 = 𝑩∗
𝑛𝑙

⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝜏𝑖𝛿𝑞𝑥𝑠𝑗
𝛿𝑞𝑦𝜏𝑖𝛿𝑞𝑦𝑠𝑗
𝛿𝑞𝑧𝜏𝑖𝛿𝑞𝑧𝑠𝑗

⎫

⎪

⎬

⎪

⎭

(C.7)

The second part of the tangent stiffness matrix can be obtained in terms 
of FNs:

∫𝑉
𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 = ∫𝑉

⎛

⎜

⎜

⎜

⎝

𝑩∗
𝑛𝑙

⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝜏𝑖𝛿𝑞𝑥𝑠𝑗
𝛿𝑞𝑦𝜏𝑖𝛿𝑞𝑦𝑠𝑗
𝛿𝑞𝑧𝜏𝑖𝛿𝑞𝑧𝑠𝑗

⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

𝑇

𝝈𝑑𝑉

= ∫𝑉

⎛

⎜

⎜

⎜

⎝

𝑩∗
𝑛𝑙

⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝜏𝑖𝛿𝑞𝑥𝑠𝑗
𝛿𝑞𝑦𝜏𝑖𝛿𝑞𝑦𝑠𝑗
𝛿𝑞𝑧𝜏𝑖𝛿𝑞𝑧𝑠𝑗

⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

𝑇

(

𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃
)

𝑑𝑉 =

𝛿𝒒𝑇𝑠𝑗 ∫𝑉
𝑑𝑖𝑎𝑔

(

𝑩∗𝑇
𝑛𝑙 (𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃)

)

𝑑𝑉 𝛿𝒒𝜏𝑖

= 𝛿𝒒𝑇𝑠𝑗
[

𝑲 𝑖𝑗𝜏𝑠
𝜎𝑙 +𝑲 𝑖𝑗𝜏𝑠

𝜎𝑛𝑙 +𝑲 𝑖𝑗𝜏𝑠
𝜎𝜃

]

𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠𝑗
[

𝑲 𝑖𝑗𝜏𝑠
𝜎 +𝑲 𝑖𝑗𝜏𝑠

𝜎𝜃

]

𝛿𝒒𝜏𝑖 (C.8)

Data availability

Data will be made available on request.
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