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ABSTRACT
This paper presents a characterization of the precision of raw GNSS code-pseudorange, carrier-phase, and Doppler-shift
observables collected by the Lunar GNSS Receiver Experiment (LuGRE) during lunar-surface operations. Detrended observable
time series are used to derive empirical standard-deviation curves as a function of carrier-to-noise density ratio (C/N0),
separately for each of the four tracked signals (GPS L1 C/A, GPS L5, Galileo E1 OS, Galileo E5a). These curves are modeled
according to a compact exponential model, yielding an analytical, C/N0-conditioned representation of observable precision
over the signal-strength range experienced during LuGRE surface operations. The adequacy of this description is assessed by
standardizing the de-trended samples using the fitted models and re-binning them against two geometry-related descriptors: the
transmit off-boresight angle and the grazing altitude of the line-of-sight path. Results show that the C/N0-conditioned models
capture the dominant structure of observable dispersion over the well-sampled portion of the dataset. Local departures from
unit normalized dispersion are observed for some signal-observable pairs, particularly at high off-boresight angles and within
specific grazing-altitude intervals; however, no consistent geometry-dependent trend emerges across signals. The available data
therefore do not support the introduction of a general additional geometry-dependent variance term. The resulting flight-derived
precision models provide empirical inputs for measurement weighting in cislunar navigation filters and for realistic simulations
supporting future lunar missions.



I. INTRODUCTION
Lunar GNSS Receiver Experiment (LuGRE) has provided the first experimental spaceborne Global Navigation Satellite System
(GNSS) dataset across the Earth–Moon space and on the lunar surface, offering a unique opportunity to characterize GNSS
observables well beyond the operational space service volume (SSV) (Parker et al., 2026). The LuGRE Science Definition Team
(SDT) established a structured set of science investigations to be executed as part of the mission science programme (Konitzer
et al., 2024). To enable a rapid implementation of these investigations on the flight datasets, a dedicated tool was already developed
in support of the mission, automating telemetry parsing, observable processing, and the execution of condensed versions of
the experiments defined in the science plan (Minetto et al., 2025). Among the considered analyses, the characterisation of the
statistical properties of raw payload telemetry was identified as a primary scientific output, noting that such properties directly
impact the performance of on-board navigation estimators relying on GNSS observables, and that flight-proven models are
needed to lend credibility to the simulations used in planning future lunar missions exploiting GNSS in cislunar space.

An initial measurement-quality assessment of the LuGRE flight data was already reported by Parker et al. (2026); this work
estimated the standard deviation of de-trended code-pseudorange and carrier-phase observables across operations, distinguished
according to the signals tracked by the LuGRE receiver, namely GPS L1 C/A, GPS L5, Galileo E1 OS, and Galileo E5a.
Such assessment has offered a first quantitative picture of the noise standard deviation affecting the observables constructed
under a weak-signal regime given the Earth–Moon baseline. Restricting the perspective on lunar-surface portion of the whole
dataset (Parker et al., 2025), the present work extends that initial assessment with the aim of producing and assessing the validity
of an empirical stochastic model of observable precision as a function of the carrier-to-noise density ratio (C/N0) actually
experienced by the receiver at lunar altitudes.

The need for such a model follows from a practical issue common to most GNSS estimation problems: observations with
different expected precision should not be assigned the same weight. Over the past two decades, a large body of literature has
therefore addressed the derivation of stochastic models for code-pseudorange, Doppler and carrier-phase observables. Early
efforts in the context of civil-aviation integrity adopted elevation-dependent models in which the variance scaled with the
inverse sine of the satellite elevation, with the elevation angle used as a simple proxy for the combined effects of geometry,
atmospheric path length (Salós et al., 2010). As the use of GNSS extended to signal-degraded scenarios such as urban
environments, where the geometry alone fails to predict measurement quality, models based on the carrier-to-noise density ratio,
on combinations of elevation and C/N0, were shown to be more representative of the actual observation noise under degraded
link conditions (Kuusniemi, 2005; Medina et al., 2018). More recent approaches estimate the residual error variance directly
from the raw observations, rather than assembling a measurement-error budget from separately modeled contributions that rely
on parametric assumptions (Wang et al., 2013; Dovis et al., 2015; Zhang et al., 2022). This latter approach is particularly
relevant to the LuGRE case study, as existing error models cannot simply be carried over to the statistical analysis of observables
constructed from tracking GNSS at lunar altitudes or at least their validity may be questionable in absence of other datasets.

The contribution of this work is threefold. First, empirical estimates of the residual error variance are derived for code-
pseudorange, carrier-phase, and Doppler observables as functions of C/N0, separately for each tracked signal, by aggregating
the de-trended measurements collected during all lunar-surface operations. Second, these empirical estimates are approximated
by an exponential model, yielding aC/N0-conditioned analytical representation of the observable precision for each observable–
signal pair, whose empirical validity is established over the range of C/N0 values estimated by the LuGRE payload during the
lunar-surface operations. The functional form is the one conventionally adopted in terrestrial stochastic modeling (Kuusniemi,
2005), and the smoothing applied to the C/N0 series is fine tuned so as to bring the LuGRE observations into the closest possible
agreement with this form. Third, the statistical adequacy of this analytical description is assessed by examining the dispersion
of the standardized de-trended samples against the transmit off-boresight angle and the grazing altitude of the line-of-sight
(LoS) path. These quantities, which are independent of the particular signal-strength regime experienced by LuGRE, can
be considered proxies of the transmit-side conditions of the received signal and the geometry of the atmospheric crossing,
respectively. Therefore, they provide a means to assess whether the observed dispersion is sufficiently characterized by C/N0

alone or whether additional geometry-dependent effects should be considered responsible for an inflation of the error variance.

The significance of this empirical characterization, and the extent to which it carries beyond LuGRE, deserves a clear statement.
The empirical curves and fitted models are conditioned on the C/N0 values reported by LuGRE during surface operations. As
discussed in Section 5.1.2 of Parker et al. (2026), these values were found to be 7–12 dB-Hz lower than predicted by pre-flight
link-budget simulations for satellites of the same generation. The discrepancy was traced to the integrated lander/payload flight
system rather than to the propagation environment and is therefore regarded as a mission-specific feature rather than an intrinsic
property of GNSS reception at the Moon. As a consequence, the absolute numerical values of the fitted models inherit this
offset, and their direct use in ground-based simulators or for observable weighting in navigation estimators would, in principle,
call for a re-calibration accounting for the known C/N0 gap. However, this same offset also gives the present characterization
a practical value: because LuGRE operated at weaker signal levels than expected, the reported precision values represent a
conservative, worst-case scenario. A receiver operating under nominal link budget conditions would therefore be expected to
achieve equal or better measurement precision. What transfers most directly beyond the mission, irrespective of the C/N0



offset, is the functional form of the model together with the procedure by which the sufficiency of a C/N0-only conditioning is
assessed against other descriptors.

II. BACKGROUND & MOTIVATION
This section defines the quantity targeted by the proposed empirical precision assessment, derived from raw observables, and
relates its components to the terms of the standard GNSS observation equations. It also motivates deriving residual error
statistics directly from raw data, rather than from a classical system-level error budget.

1. Decomposition of raw GNSS observables
Let i denote the satellite index and j ∈ {L1/E1, L5/E5a} the frequency band. For the LuGRE payload, a single signal per
band is tracked on each satellite, namely GPS L1 C/A and Galileo E1 OS on the L1/E1 band, and GPS L5 and Galileo E5a on
the L5/E5a band; the pair (i, j) therefore uniquely identifies each tracked channel. It is worth remarking that individual signal
components (i.e., pilot and data) are not discriminated at the observable level.A generic raw observable on the satellite channel
(i, j), can be described according to the following decomposition:

y(i,j) = g(i,j) + w(i,j) + r(i,j)︸ ︷︷ ︸
ε(i,j)

, (1)

where the dependence on time is left implicit, and the terms are not only distinguished by their physical origin but also by their
expected temporal variation. In particular:

• g(i,j) collects slow enough contributions to be well approximated, at least over short observation spans (i.e., few hundreds
of seconds), by low-order polynomials. The dominant term comes from the geometry of the relative motion of the satellite
and of the receiver, the latter being tied to the Moon’s orbit for a static surface scenario. The remaining contributions are
as follows.

Clock and relativistic terms. The satellite clock offset, driven by highly stable on-board atomic standards, exhibits
sub-millimeter-per-second rates of change over intervals of a few hundred seconds, resulting in nearly-linear drift pro-
files (Kaplan and Hegarty, 2017, Ch.10). The net relativistic effects from special and general relativity on the satellite
clock, compensated through an in-factory frequency offset calibrated at Earth’s mean sea level, no longer cancel for a
receiver on the Moon and combine with the periodic eccentricity contribution; both are smooth in time (Ashby, 2003).
Similarly, spaceborne miniature atomic clocks for lunar timekeeping can achieve extreme long-term accuracy (Ely et al.,
2026); however, when lower-class crystal oscillators are used, their stability can become highly susceptible to the operating
conditions, where temperature plays a critical role (Parker et al., 2026). Nonetheless, within the observation spans on
which the present analysis operates, the receiver clock term can be considered sufficiently smooth.

Hardware biases. Frequency-dependent transmit and receive hardware biases enter g as well, and are tightly coupled to
the clock terms— a hardware bias acts as a frequency-specific offset on the clock. These biases display sub-nanosecond
daily variations and are therefore highly stable on the time scales considered here (Su et al., 2026); similar remarks are
applicable to the receive-side biases, which are calibrated.

First-order ionospheric delay. At first order, the ionospheric refractive delay on a single frequency is proportional to
the integrated electron content along the slant path; in the conventional GNSS observation model, this contribution is
evaluated along the geometric satellite–receiver line of sight. For GNSS receptions on the lunar-surface, a subset of the
tracked signals exhibits low Earth-limb tangent altitudes, consequently traversing a longer and highly oblique segment of
the ionosphere. Over the short observation spans considered here, the dominant first-order contribution is expected to
evolve sufficiently smoothly. This is, however, a local modeling assumption rather than a general property, as the electron
content integrated by the link depends also on the spatial and temporal evolution of the plasma distribution.

Other contributions include the carrier-phase ambiguity, the phase wind-up, and, where present, any quasi-static reflection
from the local terrain around the static receiver. The specific make-up of g differs between observables: the ambiguity
and the wind-up enter the carrier-phase only, the Doppler-shift inherits a clock-drift rather than a clock-offset contribution,
and the first-order ionospheric delay enters with opposite sign on code and phase, while its rate contributes to the Doppler
observable. What all the contributions mentioned above share besides smoothness is that they are not random. Any
residual that remains after their correction is attributable to the imperfections of the corrective models.

• w(i,j) isolates random errors originating in the receiver chain, from antenna and front-end thermal noise through correlator
processing to tracking-loop dynamics. All these contributions directly affect the available link budget, and therefore
reflect on the C/N0 estimated by the receiver, which averages over the correlators’ output. The corresponding error on
the observable is mostly driven by tracking loop errors; for delay-lock loop (DLL), jitter induced by thermal noise is the



primary contributor to receiver noise on code-pseudorange observables. Beyond thermal jitter, receiver noise on phase
observables is tied to the oscillator’s short-term stability due to the integrative nature of carrier-phase tracking. For high-
sensitivity tracking in weak-signal environments, narrowing the loop bandwidth reduces the thermal noise contribution,
but simultaneously allows more oscillator phase noise to pass through (Kaplan and Hegarty, 2017, Ch.8). The latter effect
contributes less to Doppler noise, which is in turn more affected by thermal noise.

• r(i,j) collects residual, high-frequency contributions that arise from unpredictable events that fit a statistical description
but depart from the receiver noise. For the addressed lunar surface scenario, these contributions are mainly expected
from main lobe receptions with signals that skim the Earth at low grazing angles, traversing a longer distance across
the Earth’s atmosphere. On the large spatial scale, plasma irregularities act as a refractive medium with a non-uniform
integrated electron content, and rapid variations of this content along the long crossings can leave a residual dispersion
on the observables whose magnitude is expected to depend on the tangent altitude of the path. On the small-scale, signal-
diffractive scintillations can affect both the amplitude and the phase of the tracked signal. The amplitude fluctuations
perturb the estimated C/N0 at a level that depends on their persistence (Pi et al., 2017), and the underlying response of
the tracking noise cannot be anticipated by the description of w. The phase fluctuations, in turn, introduce additional
jitter at the phase-lock loop (PLL) discriminator output, thereby increasing the variance of the phase error. When spiky
events occur, these are hardly distinguished from cycle slips.

In light of the foregoing, ε(i,j) is the zero-mean composite error whose standard deviation is the target of the proposed modeling
framework. In particular, the dependence of w(i,j) on C/N0 is understood at the level of C/N0 experienced on the channel
under nominal link conditions, and this is what the empirical stochastic model formulated in Section III.2 aims to characterize.
Whether r(i,j) leaves a statistically measurable signature on the dispersion of ε(i,j) with respect to other geometric descriptors,
should any such effect be present in the analyzed dataset, is addressed by the residual variance analysis of Section III.4.

2. Relation to classical error budget in terrestrial GNSS
The system-level characterization of GNSS measurement quality, originally developed within the integrity practice of civil
aviation (Parkinson and Spilker, 1996; Axelrad and Brown, 1996), expresses the user equivalent range error (UERE)—namely,
the variance of a zero-mean Gaussian distribution overbounding the actual residual error distribution—as a root-sum-square of
independent contributions:

σ2
UERE = σ2

orb/clk + σ2
prop + σ2

mp + σ2
rec . (2)

This budget is meant after the relevant corrections to most of the contributions summarized by g in (1) have been applied, and
each term in (2) represents the residual that those corrections leave behind. σ2

orb/clk isolates the residual range error attributable
to the space and control segments, commonly referred to as signal-in-space user range error (SISRE). Its magnitude depends
on the corrections used, ranging from broadcast clock and ephemeris data in the legacy navigation message to high-precision
SSR-type products such as those delivered by the Galileo high-accuracy service. In the Global Positioning System (GPS)
legacy framework, the User Range Accuracy (URA) index is the conservative overbound of this residual that integrity-driven
users assume in their budget (Renfro et al., 2024). The propagation term σ2

prop overbound second-or-higher-order ionospheric
effects as well as the tropospheric residual. For dual-frequency terrestrial users, the ionospheric residual can be as large as few
centimeters. For single-frequency users, standard models such as those discussed in Salós et al. (2010) compute meter-level
residual ionospheric budget and turn out to be very conservative against empirical observations. The multipath term σ2

mp
describes contributions that are intrinsic to the user local environment and cannot be mitigated by any correction broadcast by
the system; it is the responsibility of the user to adopt a model that bounds the multipath error consistently with the operational
scenario (Medina et al., 2018). Finally, the receiver-noise term σ2

rec is the contribution corresponding to w i,j
k in (1), and is

parametrized through models that depend on C/N0, the tracked signal modulation, and the parameters of the receiver tracking
loops (Kaplan and Hegarty, 2017, Ch.8).

Although very simple to implement, classical residual error models are not directly applicable to spaceborne GNSS observables
constructed from signals tracked at lunar altitude. The reasons are twofold, and deducible to a certain extent.

First, several terms in (2) either lack a physical counterpart or lack a validated model for the lunar-surface geometry. The
tropospheric contribution is likely to be absent; to the best of the authors’ knowledge, no empirical record of its impact on GNSS
signals tracked at lunar altitudes has been provided so far. On the other hand, the overbounding models of the ionospheric residual
are tied to correction algorithms which have been developed and calibrated for terrestrial users; the validity of these correction
models does not extend up to the nearly-horizontal ray paths that skim the Earth at low tangent altitudes with ionospheric
and plasmaspheric crossings of up to few thousands of kilometers. Early results from LuGRE dual-frequency observations
confirm this issue: Cesaroni et al. (2026) show that even a global core plasma model struggles to predict the electron density
structure in transition regions from high-altitude plasmasphere to top-side ionosphere or fine-scale density variations, yielding
integrated electron content values that disagree with the flight measurements. If the underlying model itself is inaccurate for



these geometries, the correction residuals derived from it cannot be expected to provide a meaningful input to a system-level
budget.

Second, the tracking-noise contribution is the only term of (2) whose underlying physics remains valid at the Moon, as it depends
on receiver parameters rather than the physics of the signal propagation. However, while the models remain applicable, the
obstacle lies in configuring their parametrization, as the loop design is proprietary information.

The arguments above motivate the choice, adopted in this work, to characterize ε(i,j) directly from the raw telemetry, rather
than assessing the observables’ quality through a model-based error budget. The empirical stochastic model derived from this
approach, discussed in Section III, thus targets the dispersion that remains once g(i,j) has been removed. In the language of (2),
this corresponds to characterising the receiver-noise term σ2

rec directly from the observable, complemented by whatever residual
signature the contributions in r(i,j) leave on the dataset. The remaining terms of (2) are not captured by this approach: they
describe residuals of corrective models or local environmental effects that de-trending removes.

III. METHODOLOGY
This section discusses the procedure which has been followed to derive the stochastic models characterizing the uncertainty
present in the GNSS signals collected by LuGRE on the lunar surface as a function of C/N0. Different models are derived for
the distinct observables making up the raw payload telemetry. Moreover, the analysis is conducted separately for each signal
tracked by LuGRE. Given that the empirical stochastic model should be representative of the peculiar environment where the
receiver operates rather than of individual surface operations (Parker et al., 2026), all surface telemetry spanning a lunar day has
been aggregated into a unique dataset, encompassing different geometries of tracked GNSS satellites and visibility conditions.
The logic underpinning the definition of the stochastic model is based on identifying an analytical model that provides the
most faithful C/N0-conditioned representation of the precision of LuGRE observations. From this perspective, the degree of
freedom through which the observations are brought as close as possible to the analytical model is the smoothing applied to the
C/N0 series, introduced in Section III.1 and further developed in Section III.3.

1. De-trending of raw observable time series
In line with (1), the time-series of raw observables can be modeled as discrete-time random processes, where mean stationarity is
violated by the presence of slowly-varying contributions summarized by g(i,j). As mentioned in Section II, these contributions
should be removed such that the stochastic model can profile the residual dispersion. To this end, raw observable time series
are first de-trended within each satellite tracking pass by applying a centered finite-difference operator:

ỹ
(i,j)
k =

+L∑
ℓ=−L

dℓ y
(i,j)
k+ℓ , defined only if k + ℓ ∈ a(k) ∀ℓ, (3)

where dℓ are the coefficients of the stencil, L is its half-width, and a(k) indicates the tracking pass the k-th epoch belongs to.
Because satellite tracking during each operation is generally discontinuous, isolating the de-trending operation to individual
passes ensures that the operator never crosses tracking discontinuities. This work implements a third-order differencing
with fourth-order accuracy, corresponding to a seven-point symmetric stencil ℓ ∈ {−3, . . . ,+3} with coefficients dℓ ∈
{+ 1

8 , −1, + 13
8 , 0, − 13

8 , +1, − 1
8} (Fornberg, 1988). This configuration was selected after testing several combinations of

derivative order m and accuracy order p, aiming to identify the lowest-complexity configuration that could reduce the mean of
the de-trended series close to zero while preserving a stable estimate of the residual noise standard deviation. Applied to the
decomposition in (1), the operator acts linearly on the components:

ỹ
(i,j)
k = (Dg(i,j))k + (Dε(i,j))k︸ ︷︷ ︸

ε̃
(i,j)
k

, (4)

where any contribution to y(i,j) that can be represented, over the stencil support, by a polynomial of degree at most two is
annihilated; this ensures that the low-frequency components are wiped off, i.e., (Dg(i,j))k ≈ 0. Therefore, ỹ(i,j) reduces to a
zero-mean time series. It should be noted that the centered form discards L samples at the two boundaries of each pass, where
the stencil cannot be symmetrically applied.

The combined choice of the differencing order and stencil accuracy is driven by a second aspect. The relation Var(ε̃(i,j)) =

γ2 Var(ε
(i,j)
k ) with γ2 =

∑
ℓ d

2
ℓ holds only when the original samples are uncorrelated. At the typical GNSS sampling rate

of one sample per second, consecutive samples of raw observables may carry correlated error contributions inherited from the
tracking loops and from the slow evolution of the propagation conditions, in which case the simple gain correction is no longer
exact; the residual correlation inflates or deflates the de-trended variance (Dovis et al., 2015). To preserve the validity of the



normalization to the largest extent possible, the differencing order and the accuracy order have been jointly selected so as to
minimize the residual correlation in the de-trended series. Combinations with derivative order up to the fifth and accuracy
order up to the eighth have been compared among the admissible combinations, and the third-order derivative with fourth-order
accuracy yielded the lowest residual correlation, justifying its adoption.

However, differently from Dovis et al. (2015), sub-sampling of the raw time series has been deliberately avoided. Many of
the passes for signals tracked at the Moon are often short, and a sub-sampling factor of the order of tens of seconds would
compromise the statistical significance of the stochastic model, especially at the extremes of the evaluated signal-strength range.
It follows that the empirical variance reported here may therefore be interpreted as a slight overestimate of the variance that would
be obtained on a strictly decorrelated subsample, with the practical consequence that the fitted model represents a conservative
indicator of observable precision.

2. Construction of the analytical model

The next step pairs each ỹ
(i,j)
k with the corresponding C/N0 estimate reported by the receiver on that channel at that epoch

(Parker et al., 2025). However, these C/N0 time series c(i,j) are estimates produced from the outputs of the tracking loops’
correlators. Given the weak-signal conditions of LuGRE surface operations, these estimates can exhibit significant fluctuations
from epoch to epoch that do not fully represent the underlying link conditions. Evidence of this can be seen in Figures 14 and 31
of Parker et al. (2026), where pronounced fluctuations are often observed as distinct features of ionospheric occultation passes.

To obtain a stable indicator of C/N0 against which the de-trended samples can be binned, the C/N0 time series are smoothed
within each tracking pass by a moving-median filter with window length W , yielding c̄

(i,j)
k . As for the de-trending, smoothing is

separately operated on distinct tracking passes of the same satellite channel, and the smoothing window is adapted at the edges
of each pass. Moreover, samples whose smoothed C/N0 falls below the receiver tracking sensitivity (see Table II in Parker
et al. (2026)) are excluded to avoid skewing the precision statistics in the lower C/N0 regime.

The retained de-trended samples are then grouped by C/N0 into bins indexed by b, with bin center cb and fixed-width ∆b. Let
S j
b denote the set of de-trended samples on satellite channel j that contribute to the b-th bin, defined as

S j
b =

{
ỹ
(i,j)
k :

∣∣c̄(i,j)k − cb
∣∣ ≤ ∆b

2 , ∀i
}
, (5)

where the membership condition pools the samples across all satellites i tracked on that channel. To reduce the sensitivity
to outliers and occasional residual transients, the empirical dispersion within each bin is estimated using the robust Median
Absolute Deviation (MAD) estimator (Hampel et al., 2005):

σ̂ j
y,b = 1.4826 MAD

(
S j
b

)
, (6)

where σ̂ j
y,b is taken as a robust empirical estimate of σεj , namely the standard deviation of the composite residual error on band

j for the generic observable y, conditional on the C/N0 range represented by S j
b .

An analytical functional form is then fitted to the empirical curve to obtain a compact representation of the dependence of σεj

on the generic C/N0 value c. In agreement with the fundamental limits for the maximum likelihood (ML) estimation of signal
synchronization parameters (Medina et al., 2020; Kuusniemi et al., 2004), the following exponential form is selected:

σ j
y

(
c; π j

y

)
=

√
β + α 10−ηc/10 , α > 0, β ≥ 0, η > 0, (7)

where π j
y = (α, β, η) collects the model parameters of the observable–channel pair (y, j). Starting from the empirical sequence{(

cb, σ̂
j
y,b

)}
b
, the fit is solved as a nonlinear least squares problem weighted by the bin-dependent sample count N j

b :

π̂ j
y = arg min

π ∈Π

∑
b

N j
b

(
σ̂ j
y,b − σ j

y (cb; π)
)2

, (8)

where Π denotes the admissible parameters’ set defined by the constraints in (7). The weighting is intended to give larger
influence to bins with larger samples size, whose corresponding empirical estimates σ̂ j

y,b have higher statistical significance.
Problem (8) is solved via a trust-region method, initialized from values derived from the empirical curve itself: β0 from the
variance at the highest C/N0 bin, α0 from the residual variance at the lowest C/N0 bin once β0 has been subtracted, and η0
estimated from the decay rate of standard deviation across adjacent bins.



Table 1: Goodness-of-fit metrics for the selection of the smoothing window. For each observable y ∈ {P,Φ, D}, both RMSEy and R2
adj,y

are reported across the candidate window lengths W , split in two consecutive blocks (W = 2–26 s above, W = 28–50 s below). Entries
marked with ‘–’ correspond to window lengths excluded by the enforced positivity constraint on the adjusted coefficient of determination.
The selected W ⋆

y for each observable is highlighted in bold.

Observable W [s] 2 4 6 8 10 12 14 16 18 20 22 24 26

P
RMSEP 1.29 1.26 1.53 1.42 1.48 1.58 1.59 1.49 1.21 1.28 1.16 1.15 1.25
R2

adj,P 0.98 0.98 0.93 0.94 0.94 0.94 0.94 0.96 0.99 0.99 0.99 0.99 0.99

Φ
RMSEΦ – 1.76 – 1.75 – – – – – 1.74 – – 1.27
R2

adj,Φ – 0.05 – 0.01 – – – – – 0.01 – – 0.01

D
RMSED 1.40 1.23 1.06 1.20 1.32 1.27 1.23 1.18 1.18 1.12 1.20 1.21 1.27
R2

adj,D 0.97 0.98 0.98 0.97 0.96 0.97 0.97 0.98 0.97 0.98 0.97 0.96 0.95

W [s] 28 30 32 34 36 38 40 42 44 46 48 50

P
RMSEP 1.18 1.09 1.20 1.12 1.24 1.32 1.19 1.44 1.28 1.72 1.90 1.83
R2

adj,P 0.99 0.99 0.99 0.99 0.99 0.98 0.98 0.95 0.98 0.96 0.93 0.94

Φ
RMSEΦ 1.70 1.43 1.89 2.01 2.40 1.67 2.14 2.36 2.39 – – –
R2

adj,Φ 0.08 0.01 0.11 0.09 0.01 0.10 0.02 0.01 0.02 – – –

D
RMSED 1.25 1.29 1.24 1.27 1.28 1.44 1.39 1.31 1.34 1.44 1.38 1.32
R2

adj,D 0.96 0.96 0.96 0.96 0.96 0.95 0.96 0.95 0.94 0.95 0.93 0.94

3. Selection of the smoothing window.
The empirical curve on which (8) is solved is not invariant with respect to the length of the smoothing window applied to the
C/N0 time series c(i,j): the smoothed sequence c̄(i,j) governs the assignment of each ỹ

(i,j)
k to its bin, so a different W yields a

different partition of the samples across the C/N0 range. Different smoothing intensities therefore produce different empirical
estimates of the intra-bin dispersion at any given cb, which in turn produce different fitted parameter sets π̂ j

y . It is therefore
necessary to identify the window length W ⋆ that yields the parameter set providing the best fit of the analytical model (7) to the
empirically observed residual dispersion.

The adopted approach selects the window length by aggregating the goodness of fit (GoF) over the tracked channels, yielding
an optimal window length W ⋆

y for each observable type which is shared across the channels. Operationally, a set of candidate
lengths W is defined; for each W ∈ W , c(i,j) are smoothed with W , the samples are re-binned, and the problem (8) is solved.
Two GoF metrics are then evaluated: the root-mean-square error RMSE(j)

y (W ) and the adjusted coefficient of determination
R2 (j)

adj,y(W ).

First, not all windows are admissible, and the search is restricted to window lengths at which the analytical model produces a
non-degenerate fit on each of the tracked channels,

W+
y =

{
W ∈ W : R2 (j)

adj,y(W ) > 0 for all j
}
. (9)

Only the window lengths in W+
y are considered in the two subsequent stages. The selection of W ⋆

y then proceeds in two stages.

In the first stage, the RMSE estimates are made comparable across satellite channels by normalizing each value with respect to
minW∈W+

y
RMSE(j)

y (W ), i.e., the smallest RMSE attained over W within the same channel. The normalization removes the
dependence on the absolute scale of the RMSE, and the normalized values are then averaged across the channels, producing a
single indicator per window length, denoted as RMSEy(W ). A subset W †

y ⊆ W+
y is then retained, consisting of those window

lengths whose (averaged normalized) RMSE does not exceed the minimum over the tested set by more than τ ,

W †
y =

{
W ∈ W+

y : RMSEy(W ) ≤ (1 + τ) min
W∈W

RMSEy(W )
}
, (10)

with τ = 0.02 being chosen in this work. The tolerance τ allows to define a sub-class of window lengths that perform comparably
well in terms of the metric.

In the second stage, R2
adj is examined on the subset W †

y . For each W ∈ W †
y the worst-channel adjusted R2,

R2
adj,y(W ) = min

j
R2 (j)

adj,y(W ), (11)



provides a single GoF indicator at the considered window length. Eventually, the optimal length is obtained as

W ⋆
y = arg max

W∈W †
y

R2
adj,y(W ), (12)

implementing a minmax criterion that selects the window offering the most robust fit across the tracked satellite channels
for that observable. The full procedure is repeated independently for each observable y ∈ {P,Φ, D}, yielding three distinct
optimal window lengths W ⋆

P , W ⋆
Φ , W ⋆

D , each applied in the subsequent processing of the corresponding empirical curves. The
numerical outcome of the procedure is reported in Table 1. Observable-specific smoothing windows are adopted because the
window length determines the C/N0 value used to assign each de-trended sample to a bin and therefore affects the resulting
empirical precision curve. Since pseudorange, carrier phase, and Doppler may exhibit different sensitivities to short-term
C/N0 variations, a single smoothing window may not be equally suitable for all observables. The window is therefore selected
separately for each observable type, while being kept common across its tracked channels to preserve consistency and avoid
channel-specific overfitting.

4. Residual variance analysis against geometric descriptors
The analytical model σ j

y (c; π̂
j
y ) is mainly intended to capture the receiver-noise component w(i,j), whose variance reflects

the average signal strength conditions existing on the channel after correlators’ processing. The next step is to assess whether
this C/N0-based description is sufficient, or whether the residual term r(i,j) in (1) leaves a measurable effect on ỹ(i,j). This
term was introduced to account for additional high-frequency contributions that are physically plausible in the lunar-surface
geometry, even though their presence must be verified from the data.

To this end, the de-trended samples are standardized by the model prediction,

ȳ
(i,j)
k =

ỹ
(i,j)
k

γ σ j
y

(
c
(i,j)
k ; π̂ j

y

) , (13)

where γ brings the model prediction—expressed in the units of the original observable—to the units of the de-trended sample,
yielding dimensionless samples. If (7) fully describes the dispersion of y(i,j) , the standardized samples ȳ

(i,j)
k should have

unit variance across the different conditions represented in the dataset. It should be noticed that (13) uses the receiver-reported
estimates c(i,j)k of C/N0, not the smoothed version used for binning in Section III.2. This is coherent with the run-time process
of an estimator or a simulator, which would query the analytical model on unsmoothed C/N0 estimates. In this perspective,
this step is inherently underpinned by an assessment of model conformity to the data.

The standardized samples are then re-binned with respect to two geometric descriptors that characterize the transmit and prop-
agation geometry rather than the receiver-side processing itself: the transmit off-boresight angle θ

(i,j)
k , and the grazing altitude

h
(i,j)
k . The latter, which quantifies the proximity of signal propagation to the terrestrial ionosphere, has been geometrically

evaluated considering the point on the satellite–receiver LoS at minimum radial distance above the Earth’s ellipsoid. For each
descriptor, the variance of ȳ(i,j)k is evaluated within each bin.

5. C/N0-conditioned precision models
IV. RESULTS
Figure 1 shows the empirical code-pseudorange, carrier-phase, and Doppler measurement precision as a function of tracking-
stage C/N0. Markers show the empirical bin-wise standard deviation estimates, while solid lines represent the fitted analytical
models. As described in Section III, the empirical curves were derived from ỹ

(i,j)
k on the different tracked satellite channels.

To increase the statistical representativeness of the analysis, the samples from all the considered surface operations were pooled
together on a channel-by-channel basis. Using the observable-specific smoothing windows identified in Section III.3 (i.e.,
30 s for code-pseudorange, 26 s for carrier-phase, and 6 s for Doppler-shift according to Table 1), the C/N0 time series were
binned with a bin width of 0.5 dB−Hz. For each bin and observable type, the empirical standard deviation was computed
from the corresponding de-trended samples, thus providing an estimate of the intra-bin standard deviation. The considered
signal-strength range extends approximately from 20 to 40 dB−Hz with non-uniform level of confidence due to limited intra-bin
sample statistics. The lower bound is determined by the receiver tracking sensitivity, whereas the upper bound corresponds
approximately to the maximum smoothed C/N0 value. Overall, the measurement dispersion generally decreases as the received
signal strength increases, consistently with the behavior expected from conventional GNSS tracking models (Medina et al.,
2020). The reduction is more pronounced in the low-C/N0 region, whereas several curves tend to flatten at higher signal
strengths, indicating that the contribution directly associated with signal strength becomes progressively less dominant. For
pseudorange observables, the separation among curves is consistent with the different modulation characteristics and effective
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(c) Doppler measurements.

Figure 1: Empirical observables’ precision curves and corresponding fitted analytical models for code-pseudorange, carrier-phase, and
Doppler observables as functions of C/N0 for the different tracked signals. Markers represent empirical bin-wise standard deviation estimate
using the smoothed C/N0 series, whereas solid lines show the fitted model over the C/N0 range.

bandwidths of the tracked signals. In particular, GPS L1 C/A exhibits the largest code-pseudorange dispersion at a given C/N0,
while Galileo E1 OS shows better performance. The GPS L5 and Galileo E5a measurements are characterized by substantially
lower noise variance on code-pseudorange over most of the investigated range, with empirical precision values decreasing from
approximately 2m to 30 cm. This behavior is consistent with the higher chip rate and wider effective bandwidth of the L5/E5a
signals, which produce a sharper correlation function and therefore support more precise delay estimation. The observed
ordering of the empirical curves is thus broadly consistent with the signal-dependent performance trends commonly expected
in terrestrial GNSS applications, despite the markedly different reception conditions encountered on the lunar surface.

Carrier-phase and Doppler dispersion exhibit the same general improvement with increasing C/N0, although the differences
among signal components are less uniform than for code-pseudorange measurements. The curves for carrier-phase in Figure 1b
show a peculiar trend in the lowest C/N0 region which is markedly signal-dependent. GPS L1 C/A has the largest dispersion,
reaching approximately 6.6 cm near 20 dB−Hz, followed by a rapid decrease as the signal strength increases. Galileo E1 OS
also exhibits a higher dispersion than the L5/E5a signals at low C/N0, although its profile rapidly converges to lower values.
In contrast, GPS L5 and Galileo E5a display a considerably weaker dependence on C/N0, remaining close to 2.8 cm. Above
approximately 25 dB−Hz, the four carrier-phase curves approach a common dispersion level. The Doppler curves show a
clearer reduction in dispersion over the entire observed C/N0 interval. Galileo E1 OS generally exhibits the highest Doppler
dispersion, followed by GPS L1 C/A, whereas GPS L5 and Galileo E5a remain closer and provide the lowest dispersion levels
over most of the range. Some local irregularities and deviations from a strictly monotonic trend can also be observed. These
irregularities should be interpreted in light of the non-uniform distribution of the available samples across the C/N0 bins.
Consequently, the empirical standard deviations associated with different bins do not have the same statistical significance:
densely-populated bins provide estimates which are more statistically reliable, whereas bins containing fewer samples should
be interpreted with some caution, particularly close to the boundaries of the observed C/N0 range. The number of samples
contributing to each bin is therefore retained in the subsequent model-fitting procedure (see Section III.2) to account for the
different statistical support of the empirical points. The different shapes and asymptotic behaviors observed in Figure 1 are
reflected in the parameters and model formulations reported in Table 2.

The nested formulation was retained for all code-pseudorange measurements, indicating that estimating an additional exponent
did not provide a sufficient improvement in the fit, as the relative reduction in the fitting error remained below the adopted
threshold of 5%. For carrier phase, the selection of the full formulation for L1 C/A and E1 OS reflects the sharper transition



Table 2: Parameters of the selected exponential precision models for each observable type and signal. For the nested model, η = 1.

Observable Band Selected model α β η

P

L1 C/A Nested 6.397e4 1.275e-12 1
L5 Nested 3.933e2 3.748e-3 1
E1 OS Nested 9.544e3 5.885e-1 1
E5a Nested 4.105e2 3.306e-3 1

Φ

L1 C/A Full 1.427e4 8.016e-4 3.385
L5 Nested 1.937e-2 7.847e-4 1
E1 OS Full 4.567e2 8.200e-4 3.075
E5a Nested 1.846e-2 7.960e-4 1

D

L1 C/A Nested 6.888e2 1.134e-1 1
L5 Nested 5.637e2 7.432e-2 1
E1 OS Full 7.498e2 1.021e-1 0.923
E5a Full 4.162e2 6.552e-2 0.943
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(a) Code-pseudorange measurements.
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(b) Carrier-phase measurements.
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(c) Doppler measurements.

Figure 2: Standard deviation of the standardized de-trended samples, evaluated per bin of raw C/N0, for the different tracked signals
(top), and relative 95% confidence interval of the corresponding bin-wise dispersion estimates (bottom). A normalized dispersion close to
unity indicates agreement between the C/N0-conditioned model and the observed dispersion, while the lower panel quantifies the statistical
uncertainty of each estimate.



observed in the low-C/N0 region, whereas the nested model is sufficient to describe the comparatively flatter L5 and E5a curves.
At the same time, the similar β values obtained for all carrier-phase signals are consistent with their convergence towards a
common dispersion level at higher C/N0. For Doppler, the full formulation is selected only for E1 OS and E5a. However,
the corresponding exponents remain close to unity, indicating that the additional degree of freedom introduces only a moderate
adjustment to the decay rate rather than a substantially different functional behavior.

Using the derived analytical functions, the de-trended samples were standardized (see Section III.4). Figure 2 shows the resulting
dispersion of standardized de-trended samples for code-pseudorange, carrier-phase and Doppler observables as functions of
C/N0. To quantify the finite-sample uncertainty associated with each bin-wise dispersion estimate, the figure also reports an
approximate 95% confidence interval. Under the Gaussian approximation, specialization of the asymptotic variance of the
MAD gives the relative standard error (Arachchige and Prendergast, 2026)

SE j
rel,b ≃

1.166√
N j

b

. (14)

A two-sided interval is constructed on the logarithmic scale using the delta-method approximation (Oehlert, 1992). Defining
h j
b = z1−α/2SE

j
rel,b, with α = 0.05, the confidence bounds are obtained by back-transformation as

CI j95%,b =
[
σ̂ j
ȳ,be

−h j
b , σ̂ j

ȳ,be
+h j

b

]
(15)

where σ̂ j
ȳ,b denotes the bin-wise MAD-based dispersion estimate of the standardized samples. The logarithmic construction

guarantees positive confidence bounds. The lower panels of Figure 2 report the relative extension of the corresponding 95%
confidence interval, expressed as a percentage of the estimated bin-wise dispersion. Larger values indicate greater sampling
uncertainty associated with less populated bins. Over most of the observed C/N0 range, the normalized dispersion remains
close to unity, indicating that the fitted models reproduce the dominant signal-strength-dependent behavior of the observables.
Larger uncertainty is observed toward the edges of the sampled C/N0 domain, where the number of available measurements
decreases. Above approximately 35 dB−Hz, a positive shift becomes apparent, particularly for code pseudorange, for which
σP,norm reaches values up to approximately 1.7. This positive shift indicates that the fitted model tends to underestimate the
observed code dispersion in this region.

The mismatch should, however, be interpreted together with the associated confidence intervals. The model fit is primarily
constrained by the more densely populated portion of the C/N0 domain, whereas the highest C/N0 bins provide weaker
statistical support. Moreover, the models are derived from empirical curves constructed using smoothed C/N0, while the
sample-wise standardization is performed using the raw receiver-reported C/N0. Overall, the models reproduce the dominant
C/N0-dependent dispersion over the well-sampled range, while localized model mismatches remain at its boundaries.
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Figure 3: Standard deviation of the standardized de-trended code-pseudorange samples for the different signals, evaluated as a function of
the transmit off-boresight angle (left) and of the grazing altitude (right). In each panel, the normalized dispersion is shown on top and the
relative 95% confidence interval of the corresponding bin-wise estimates is reported below. Departures from the expected unit value would
signal a residual dependence of the code precision on the geometric descriptor not captured by the C/N0-conditioned model.



1. Model validity against geometric descriptors
Having assessed the ability of C/N0-conditioned models to reproduce the observed measurement standard deviation, the
dispersion of standardized de-trended samples was further examined as a function of the transmit off-boresight angle and
grazing altitude to identify possible residual dependencies not captured by the analytical model (7).

Figure 3 shows the residual code-pseudorange dispersion for the two geometric descriptors. As in Figure 2a, up to 20 − 25,
the dispersion of standardized samples remains close to unity for all signal bands and is supported by large sample populations,
generally ranging from several thousand to several tens of thousands of samples per bin. Beyond this region, the behavior
becomes more signal-dependent. Between approximately 25◦ and 35◦, a gradual increase in normalized dispersion is observed
for some signals, together with increasing sampling uncertainty.

At larger off-boresight angles, where only GPS observations are available, a more pronounced positive shift is observed.
In particular, GPS L5 reaches normalized-dispersion values of approximately 1.35–1.45 between about 58◦ and 66◦. This
behavior is compatible with a reception-regime effect associated with side-lobe tracking, although the available data do not
allow a unique causal attribution. Moreover, these high-angle bins contain only a few hundred samples, approximately 98%
fewer than those in the central angular range, and the corresponding deviations should therefore be interpreted with greater
caution. For grazing altitudes below approximately 4000 km, the observed residual dispersion generally remains close to unity
for all signal bands, with several thousand samples contributing to each bin. Larger discrepancies emerge at higher altitudes,
although their interpretation depends strongly on the available statistical support. The pronounced fluctuations for Galileo E1
OS near 4000 km coincide with a rapid reduction of sample count, while the GPS estimates between 8000 km and 10 000 km are
based on only a few tens to a few hundred samples per bin. At higher grazing altitudes, the behavior becomes more structured but
does not follow a common monotonic trend across signals. Some signal-dependent curves return toward unit dispersion, while
positive shifts reappear at the largest sampled altitudes. Therefore, grazing altitude alone does not provide a unique explanation
for the residual dispersion. Rather, the data show localized geometry-related signatures whose magnitude and statistical support
vary across signals.
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Figure 4: Standard deviation of the standardized de-trended carrier-phase samples for the different signals, evaluated as a function of the
transmit off-boresight angle (left) and of the grazing altitude (right). In each panel, the normalized dispersion is shown on top and the relative
95% confidence interval of the corresponding bin-wise estimates is reported below. Departures from the expected unit value would signal a
residual dependence of the carrier-phase precision on the geometric descriptor not captured by the C/N0-conditioned model.

In Figure 4, the carrier-phase results show an overall more stable behavior. In the densely populated angular and grazing-altitude
regions, the residual dispersion remains very close to unity for all signal bands. Larger fluctuations appear mainly in bins with
reduced statistical support, particularly at intermediate and high off-boresight angles and in the more sparsely sampled grazing
altitude intervals. Even in these regions, however, the deviations are generally less systematic than for code-pseudorange, and
no clear monotonic dependence on either geometric descriptor emerges.

For Doppler, the standard deviation of standardized samples exhibits a broadly similar trend. Figure 5a shows the standard
deviation close to unity for signals coming from the main-lobe of the transmit antenna pattern, indicating a good agreement
with the C/N0-based model. At the largest off-boresight angles, a systematic positive shift is visible for the GPS signals: GPS
L1 C/A reaches approximately 1.16–1.39 between 52.5◦ and 61.5◦, while GPS L5 reaches values of approximately 1.22–1.42
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Figure 5: Standard deviation of the standardized de-trended Doppler samples for the different signals, evaluated as a function of the transmit
off-boresight angle (left) and of the grazing altitude (right). In each panel, the normalized dispersion is shown on top and the relative 95%
confidence interval of the corresponding bin-wise estimates is reported below. Departures from the expected unit value would signal a residual
dependence of the Doppler precision on the geometric descriptor not captured by the C/N0-conditioned model.

between 58.5◦ and 66.5◦. Although these bins have lower statistical support than the central angular region, the recurrent positive
shift suggests a localized reception-regime dependence that deserves further investigation. The grazing-altitude dependence
of Doppler is less regular. Local departures from unity are observed across several altitude intervals, including positive shifts
at intermediate and high grazing altitudes. However, these features are not reproduced consistently across the tracked signals
and do not define a unique monotonic dependence on grazing altitude. Taken together, the code-pseudorange, carrier-phase,
and Doppler results indicate that the C/N0-conditioned models capture the dominant structure of the short-term observable
dispersion over the conditions most strongly represented in the LuGRE surface dataset. Local geometry-related departures
from unity are nevertheless observed for individual signal–observable pairs. Their statistical support varies considerably across
the sampled domain, and no common monotonic dependence on either off-boresight angle or grazing altitude emerges across
signals.

Consequently, the present dataset does not provide sufficient evidence to introduce a general geometry-dependent variance
term into the analytical model. This does not exclude the presence of localized geometry-related effects; rather, it indicates
that the available observations are insufficient to characterize them through a unique correction applicable across signals and
observables.

V. CONCLUSIONS
This work characterized the precision of LuGRE raw pseudorange, carrier-phase, and Doppler observables collected on lunar-
surface operations. Empirical precision curves, derived as functions of C/N0 for GPS L1 C/A, GPS L5, Galileo E1 OS, and
Galileo E5a, were fit by compact, exponential analytical models obtained directly from flight data. The results support the use
of a C/N0-conditioned description as the primary model for the short-term dispersion of LuGRE observables.

The adequacy of theC/N0-conditioned description was then probed by examining the dispersion of the standardized observables
against two geometric descriptors—transmit off-boresight angle and grazing altitude—chosen because they reflect the transmit
and propagation geometry rather than the receiver-side processing, and would therefore expose a contribution attributable to
the residual term of the observable decomposition. Normalized dispersion remains close to unity over the most well-sampled
portion of the C/N0 domain, confirming that signal strength captures the dominant structure of the observable dispersion. Local
departures are nevertheless observed, including a positive code-dispersion shift at high C/N0, increasing dispersion at large
off-boresight angles, and structured variations across the grazing-altitude domain. These effects are signal dependent and do
not define a consistent cross-signal monotonic trend. Within the statistical support of the analyzed LuGRE surface dataset, the
results therefore do not justify introducing a general additional geometry-dependent variance term. The resulting flight-derived
precision models can support measurement weighting in cislunar navigation filters and improve the realism of simulations for
future lunar missions, subject to appropriate calibration of the receiver-reported C/N0 level.



Future work should extend the analysis to other LuGRE mission phases and investigate the operation-wise transferability of
the derived models. A correlation-aware assessment of the de-trending strategy is also required to quantify the effect of
temporal correlation in the original observable time series on the inferred residual dispersion. Additional geometry-related and
operational descriptors should be investigated to better characterize the localized residual signatures observed in the present
analysis. Finally, future lunar GNSS experiments could target the regions of the observation domain where the largest deviations
or weakest statistical support are currently found, providing denser measurements at high off-boresight angles and selected
grazing-altitude intervals and enabling a more exhaustive characterization of GNSS observables in cislunar space.
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