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 A B S T R A C T

In this work, we introduce a novel 𝐶1 stabilization-free virtual element discretization for elliptic 
fourth-order problems, defined on triangular meshes. We propose a discrete approximation of 
the energy bilinear form that does not require an arbitrary non-polynomial stabilization term, 
based on the definition of a new polynomial projection, and we address the biharmonic eigen-
problem. A representative set of numerical experiments shows the local stability and robustness 
of the method. Notably, the proposed approach does not produce spurious eigenvalues, which 
highlights its reliability in spectral approximations.

1. Introduction

The construction of H2-conforming FEMs is difficult in general; some methods have been proposed in the past, such as the 
composite and reduced Hsieh–Clough–Tocher (HCT) element, the Zienkiewicz and Argyris elements. One of their limitations is that 
they usually involve a large number of degrees of freedom or a complicated structure. In particular, the implementation of HCT 
elements (both the complete and reduced versions) requires the subdivision of each triangle into three sub-triangles by connecting 
the barycenter to its vertices. This internal decomposition, along with the need to construct piecewise cubic basis functions 
that ensure global 𝐶1-continuity, adds considerable complexity to the method. Similarly, the Argyris element relies on quintic 
polynomials to achieve 𝐶1-conformity, further increasing the analytical and computational burden. Although some specialized codes 
and implementations are available in the literature, the main limitations of 𝐶1-conforming methods lie in their intricate construction 
and the lack of low-order elements, which restricts the availability of general-purpose or ready-to-use libraries. We refer to [1] for 
further details. A recent and promising alternative to solve fourth-order problems is the H2-conforming Virtual Element Method 
(VEM), proposed in [2–4], which reduces the number of degrees of freedom with respect to the classical FEMs, thus decreasing the 
computational cost of the method, and gives the advantage of implementing highly regular discrete spaces. The main characteristic 
of VEMs relies on the definition of discrete spaces that contain polynomials and other functions (whose expression is unknown), in 
order to satisfy the required Sobolev regularity of the scheme and to define exploitable sets of degrees of freedom. The discretization 
of the bilinear forms is structured as the sum of a bilinear form providing consistency on polynomials and another bilinear form, 
ensuring stability, whose choice remains somewhat arbitrary over the years. In recent years, a large literature has been produced 
on the role of the stability term, in particular, it has been shown that its isotropic nature, arbitrariness, and parameter dependence 
can cause some issues in several applications [5].
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Recently, new VEMs, named Stabilization-free VEM (SFVEM), have been proposed and discussed to allow the definition of 
coercive discrete bilinear forms based only on polynomial projections of the basis functions, see for instance [6–12] and references 
therein.

The main objectives and contributions of the present work are the following: (i) the development of a novel lowest-order 𝐶1

stabilization-free VEM discretization of the biharmonic operator for simplicial 2D: the method is based on the definition of a 
new computable H2-orthogonal projection operator, as in the philosophy of SFVEM. (ii) by using the new projector, we propose 
a self-stabilized discretization for the right-hand side of the eigenvalue problem. Then, with these ingredients at hand, the discrete 
eigenvalue problem is formulated. (iii) the assessment of the numerical performance of the proposed approach: we report a 
representative set of numerical experiments that highlight the strong performance of the new numerical schemes for both source and 
eigenvalue problems on unstructured and structured triangles, while using a reduced number of degrees of freedom. In particular, we 
observe numerically that the method does not introduce spurious modes in the spectral approximation, in contrast to the behavior 
observed with stabilized VEMs, that need the tuning of a non physical parameter scaling the stabilization (see, for instance, [13]). 
These results suggest that our approach offers an efficient and competitive alternative for the numerical solution of fourth-order 
systems.

2. The source problem

Let 𝛺 be an open bounded domain of R2, with polygonal boundary 𝜕𝛺. We are interested in solving the following fourth-order 
elliptic problem: given 𝑓 ∈ L2(𝛺), find 𝑢 ∶ 𝛺 → R such that 

𝛥2𝑢 = 𝑓 in 𝛺, 𝑢 = 𝜕𝐧𝑢 = 0 on 𝜕𝛺, (1)

where 𝜕𝐧𝑣 denotes the normal derivative of 𝑣.
We consider the Hilbert space H2

0(𝛺) =
{

𝑣 ∈ H2(𝛺) ∶ 𝑣 = 𝜕𝐧𝑣 = 0 on 𝜕𝛺
}

, endowing it with the standard norm ‖𝑣‖H2
0(𝛺) ∶=

|𝑣|H2(𝛺) = ‖𝐃2𝑣‖L2(𝛺), ∀𝑣 ∈ H2
0(𝛺), with 𝐃2𝑣 being the Hessian matrix of 𝑣. Then a variational formulation of (1) read as: 

Problem 1.  Find 𝑢 ∈ H2
0(𝛺) such that 𝐴(𝑢, 𝑣) = (

𝐃2𝑢,𝐃2𝑣
)

𝛺 = (𝑓, 𝑣)𝛺 ∀𝑣 ∈ H2
0(𝛺).

Since the bilinear form 𝐴 is elliptic, Problem  1 is well-posed as a consequence of the Lax–Milgram Theorem. We state the 
following additional regularity result for the solution to Problem  1 (see [14]). 

Theorem 1.  There exist 𝑠 ∈ (1∕2, 1] and a constant 𝐶 > 0, such that the solution 𝑢 to Problem  1 satisfies 𝑢 ∈ H2+𝑠(𝛺) ∩ H2
0(𝛺) and 

‖𝑢‖H2+𝑠(𝛺) ≤ 𝐶‖𝑓‖L2(𝛺).

2.1. The discrete formulation

Let 𝛺ℎ be a regular family of triangulations of the polygonal domain 𝛺, and let 𝐸 denote a generic triangle in 𝛺ℎ. Moreover, 
let ℎ𝐸 denote the diameter of 𝐸, 𝑒 and ℎ𝑒 denote respectively an edge of 𝐸 and its length. Let ℎ = max𝐸∈𝛺ℎ

ℎ𝐸 be the mesh size. 
In the following, let 𝐧 denote the unit outward normal, whose reference will be clear from the context. Furthermore, for any open 
bounded subdomain 𝜔 ⊂ R𝑑 , with 𝑑 = 1 or 2, given 𝑡 ∈ N we define the space P𝑡(𝜔) as the space of polynomials of degree up to 𝑡
defined on 𝜔. For each triangle 𝐸 ∈ 𝛺ℎ, we consider the lowest order VE space introduced in [2]:

ℎ
2 (𝐸) ∶=

{

𝑣ℎ ∈ H2(𝐸) ∶ 𝛥2𝑣ℎ = 0, 𝑣ℎ|𝑒 ∈ P3(𝑒), 𝜕𝐧𝑣ℎ ∈ P1(𝑒) ∀𝑒 ∈ 𝜕𝐸
}

.

Given 𝑣ℎ ∈ ℎ
2 (𝐸) the chosen degrees of freedom (DoFs) of this space are:

D.1 the values of 𝑣ℎ(𝐯𝑖) for all vertex 𝐯𝑖 of 𝐸;
D.2 the values of ℎ𝐯𝑖∇𝑣ℎ(𝐯𝑖) for all vertex 𝐯𝑖 of 𝐸,

where for each vertex 𝐯𝑖 we set ℎ𝐯𝑖  as the average of the diameters of the triangles having 𝐯𝑖 as a vertex.
In order to construct the stabilization-free scheme, we introduce the operator 𝙿𝟶 ∶ H1(𝐸) ⟶ P0(𝐸), defined for any 𝑤 ∈ H1(𝐸)

by 𝙿𝟶𝑤 ∶= (𝑤, 1)𝜕𝐸 . Then, for each 𝐸 ∈ 𝛺ℎ, we define the projector 𝛱𝐃,3
𝐸 ∶ H2(𝐸) ⟶ P3(𝐸), such that, for any 𝑣 ∈ H2(𝐸), 𝛱𝐃,3

𝐸 𝑣 is 
the unique solution of

𝐴𝐸 (𝑣 −𝛱𝐃,3
𝐸 𝑣, 𝑞) = 0 ∀𝑞 ∈ P3(𝐸), (2)

𝙿𝟶(𝑣 −𝛱𝐃,3
𝐸 𝑣) = 0, 𝙿𝟶(∇(𝑣 −𝛱𝐃,3

𝐸 𝑣)) = 0. (3)

Here, 𝐴𝐸 (⋅, ⋅) denotes the local restriction of the global bilinear form 𝐴(⋅, ⋅) to the element 𝐸.
The following result shows that the projector 𝛱𝐃,3

𝐸  is computable using the degrees of freedom D.1–D.2.

Lemma 1.  The operator 𝛱𝐃,3 ∶ ℎ(𝐸) → P (𝐸) is computable for every 𝑣 ∈ ℎ(𝐸), using only the DoFs D.1–D.2.
𝐸 2 3 ℎ 2

2 
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Proof.  Following [2,3], from (2) and the integration by parts rule, we have that, for all 𝑞 ∈ P3(𝐸),
(

𝐃2𝛱𝐃,3
𝐸 𝑣ℎ,𝐃2𝑞

)

𝐸 =
(

𝛥2𝑞, 𝑣ℎ
)

𝐸 −
(

div (𝐃2𝑞) ⋅ 𝐧, 𝑣ℎ
)

𝜕𝐸 +
(

𝐃2𝑞, 𝜕𝐧𝑣ℎ
)

𝜕𝐸 = −
(

div (𝐃2𝑞) ⋅ 𝐧, 𝑣ℎ
)

𝜕𝐸 +
(

𝐃2𝑞, 𝜕𝐧𝑣ℎ
)

𝜕𝐸 ,

since 𝑞 ∈ P3(𝐸), 𝛥2𝑞 = 0 in 𝐸. Furthermore, for each 𝑒 ⊂ 𝜕𝐸 𝑣ℎ|𝑒 ∈ P3(𝑒) and 𝜕𝐧𝑣ℎ ∈ P1(𝑒), hence the remaining terms can be fully 
determined by the degrees of freedom on each edge 𝑒.

Now, we construct the discrete version of the bilinear form 𝐴(⋅, ⋅). Indeed, for all 𝑣ℎ, 𝑤ℎ ∈ ℎ
2 , where ℎ

2 ∶=
{

𝑣ℎ ∈ H2
0(𝛺) ∶ 𝑣ℎ|𝐸 ∈ ℎ

2 (𝐸) , ∀𝐸 ∈ 𝛺ℎ
}

, we define the global bilinear form 𝐴ℎ ∶ ℎ
2 × ℎ

2 → R as 

𝐴ℎ(𝑣ℎ, 𝑤ℎ) ∶=
∑

𝐸∈𝛺ℎ

𝐴ℎ
𝐸 (𝑣ℎ, 𝑤ℎ) =

∑

𝐸∈𝛺ℎ

𝐴𝐸
(

𝛱𝐃,3
𝐸 𝑣ℎ,𝛱

𝐃,3
𝐸 𝑤ℎ

)

∀𝑣ℎ, 𝑤ℎ ∈ ℎ
2 . (4)

Finally, the proposed approximation of Problem  1 reads as follows. 

Problem 2.  Find 𝑢ℎ ∈ ℎ
2 , such that

𝐴ℎ(𝑢ℎ, 𝑣ℎ) =
∑

𝐸∈𝛺ℎ

(

𝑓,𝛱𝐃,3
𝐸 𝑣ℎ

)

𝐸 ∀𝑣ℎ ∈ ℎ
2 .

Remark 1 (Standard VEM Formulation). The lowest-order standard 𝐶1 VEM consists in the use of the projector 𝛱𝐃,2
𝐸 ∶ H2(𝐸) ⟶

P2(𝐸), defined as
𝐴𝐸 (𝑣 −𝛱𝐃,2

𝐸 𝑣, 𝑞) = 0 ∀𝑞 ∈ P2(𝐸), (5)

𝙿𝟶(𝑣 −𝛱𝐃,2
𝐸 𝑣) = 0, 𝙿𝟶(∇(𝑣 −𝛱𝐃,2

𝐸 𝑣)) = 0, (6)

which results computable using the degrees of freedom D.1–D.2. In that case (even with 𝛺ℎ made only by triangles) the resulting 
discrete bilinear form is not locally stable and, as described in [2], an extra bilinear form needs to be added in order to obtain 
coercivity. Hence, let 𝐴̃ℎ ∶ ℎ

2 × ℎ
2 → R be defined, for all 𝑣ℎ, 𝑤ℎ ∈ ℎ

2 (𝐸), by 

𝐴̃ℎ(𝑣ℎ, 𝑤ℎ) ∶=
∑

𝐸∈𝛺ℎ

𝐴𝐸
(

𝛱𝐃,2
𝐸 𝑣ℎ,𝛱

𝐃,2
𝐸 𝑤ℎ

)

+ ℎ−2𝑑𝑜𝑓𝑆𝐸
(

𝑣ℎ −𝛱𝐃,2
𝐸 𝑣ℎ, 𝑤ℎ −𝛱𝐃,2

𝐸 𝑤ℎ
)

, (7)

where 𝑆𝐸 is a proper defined stabilization term. Usually, the dofi-dofi stabilization is used, with ℎ𝑑𝑜𝑓 , depending on ℎ𝐯𝑖 , as described 
in [2]. Then, the standard VEM counterpart of Problem  2 results to be: find 𝑢ℎ ∈ ℎ

2 , such that 

𝐴̃ℎ(𝑢ℎ, 𝑣ℎ) ∶=
∑

𝐸∈𝛺ℎ

(

𝑓,𝛱𝐃,2
𝐸 𝑣ℎ

)

𝐸 ∀𝑣ℎ ∈ ℎ
2 . (8)

Remark 2.  We observe that extending the proposed formulation to general polygonal meshes and higher-order approximations is 
nontrivial. In particular, it would require the design of a computable projection operator onto polynomial spaces beyond P3, which 
is therefore left for future investigation.

3. The spectral problem

Let us assume that 𝛺 ⊆ R2 be a polygonal bounded domain occupied by the mean surface of a thin plate, clamped on its whole 
boundary 𝜕𝛺. We denote by 𝑢 the transverse displacement of the mean surface of the plate. Thus, the vibration eigenvalue problem 
reads as follows: find (𝜆, 𝑢) ∈ R × H2

0(𝛺), 𝑢 ≠ 0, such that 

𝛥2𝑢 = 𝜆𝑢 in 𝛺, 𝑢 = 𝜕𝐧𝑢 = 0 on 𝜕𝛺. (9)

By testing the first equation above with 𝑣 ∈ H2
0(𝛺) and integrating by parts, we arrive at the following weak formulation: 

Problem 3.  Find (𝜆, 𝑢) ∈ R × H2
0(𝛺), 𝑢 ≠ 0, such that

𝐴(𝑢, 𝑣) = 𝜆𝐵(𝑢, 𝑣) ∀𝑣 ∈ H2
0(𝛺) ,

where the bilinear form 𝐵 ∶ L2(𝛺) × L2(𝛺) → R is defined by 𝐵(𝑢, 𝑣) ∶= (𝑢, 𝑣)𝛺 ,∀𝑢, 𝑣 ∈ L2(𝛺).

It is easy to see that the previous form is bounded and to prove that the eigenvalues of Problem  3 are real and positive. Next, 
we define the solution operator associated with Problem  3: 𝑇 ∶H2

0(𝛺) ⟶ H2
0(𝛺), 𝑓 ⟼ 𝑇𝑓 ∶= 𝑤, where 𝑤 ∈ H2

0(𝛺) is the unique 
solution (as a consequence of the ellipticity of 𝐴 and the Lax–Milgram Theorem) of the source Problem  1, i.e., 𝐴(𝑤, 𝑣) = (𝑓, 𝑣)𝛺, 
∀𝑣 ∈ H2

0(𝛺). Thus, the linear operator 𝑇  is well defined and bounded. In addition, we notice that (𝜆, 𝑢) ∈ R × H2
0(𝛺) solves Problem 

3 (and hence (9)) if and only if 𝑇 𝑢 = 𝜇𝑢 with 𝜇 ≠ 0 and 𝑢 ≠ 0, in which case 𝜇 ∶= 1∕𝜆.
Theorem  1 states an additional regularity result for the solution of Problem  1 and consequently for the eigenfunctions of 𝑇 . 

Moreover, as a consequence of the compact inclusion H2+𝑠(𝛺) ↪ H2
0(𝛺), 𝑇  is a compact operator.

We have the following spectral characterization for the operator 𝑇 . 

Lemma 2.  The spectrum of 𝑇  satisfies sp(𝑇 ) = {0}∪{𝜇𝑘}𝑘∈N is a sequence of real positive eigenvalues which converges to 0. The multiplicity 
of each eigenvalue is finite and their corresponding eigenspaces lie in H2+𝑠(𝛺). Moreover, there exists 𝐶 > 0 (depending on 𝜆) such that 
‖𝑢‖ ≤ 𝐶‖𝑢‖ .
H2+𝑠(𝛺) H2(𝛺)

3 
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Fig. 1. Meshes used in the numerical tests on the source and spectral problems.

Table 1
Test 1. Computed minimum (ℎ𝐸𝜎𝐸 )min and maximum (ℎ𝐸𝜎𝐸 )max not-vanishing singular value on 
different refinement of the Tri meshes made up of 𝑁𝑃  triangles.
 𝑁𝑃 = 60 𝑁𝑃 = 319 𝑁𝑃 = 1539 𝑁𝑃 = 6244 𝑁𝑃 = 77574 
 (ℎ𝐸𝜎𝐸 )min 0.594 0.464 0.402 0.495 0.343  
 (ℎ𝐸𝜎𝐸 )max 0.838 0.864 0.867 0.898 0.932  

3.1. The discrete formulation

In this section, we propose the SFVEM discretization of Problem  3. The setting considered is the one presented in Section 2.1.
Now, we want to construct a self-stabilized approximation of the bilinear form 𝐵(⋅, ⋅). In fact, for each 𝑣ℎ, 𝑤ℎ ∈ ℎ

2 , we define 
the global bilinear form 𝐵ℎ ∶ ℎ

2 × ℎ
2 → R as 

𝐵ℎ(𝑣ℎ, 𝑤ℎ) ∶=
∑

𝐸∈𝛺ℎ

𝐵ℎ
𝐸 (𝑣ℎ, 𝑤ℎ) ≡

∑

𝐸∈𝛺ℎ

𝐵𝐸
(

𝛱𝐃,3
𝐸 𝑣ℎ,𝛱

𝐃,3
𝐸 𝑤ℎ

)

, (10)

where 𝐵𝐸 is the restriction to each element of the continuous form 𝐵.

Remark 3.  We observe that the bilinear forms 𝐴ℎ(⋅, ⋅) defined in (4) and 𝐵ℎ(⋅, ⋅) defined in (10) can be extended to H2
0(𝛺), only 

taking the projections of the continuous functions 𝑣,𝑤 ∈ H2
0(𝛺).

Now, we are in a position to write the virtual element discretization of Problem  3. 

Problem 4.  Find (𝜆ℎ, 𝑢ℎ
)

∈ R × ℎ
2 , 𝑢ℎ ≠ 0, such that 𝐴ℎ(𝑢ℎ, 𝑣ℎ) = 𝜆ℎ𝐵ℎ(𝑢ℎ, 𝑣ℎ) ∀𝑣ℎ ∈ ℎ

2 .

Remark 4.  The analysis of Problem  4 is closely related to that of Problem  2. In particular, due to the definition of the bilinear 
forms 𝐴ℎ(⋅, ⋅) and 𝐵ℎ(⋅, ⋅), standard techniques allow one to derive the local coercivity of 𝐵ℎ(⋅, ⋅) from the corresponding stability 
properties of 𝐴ℎ(⋅, ⋅). For this reason, the study of Problem  4 essentially relies on the analysis carried out for Problem  2.

4. Numerical results

4.1. The source problem

In this section, we first carry out a numerical investigation on the local stability of the proposed method, then we present a 
numerical experiment to validate the performance of the proposed method for the solution to Problem  1. For these tests, we consider 
two families of triangular meshes: uniform triangles labeled Tricart and general triangles labeled Tri, as shown in Figs.  1(a)
and 1(b), respectively.
Test 1. In this test, we take into consideration each element of the families of meshes, we build the corresponding local stiffness 
matrix related to the local discrete bilinear form 𝐴ℎ

𝐸 . For each element, we compute the square root of the smallest non-vanishing 
singular value 𝜎𝐸 to estimate the square root of the local coercivity constant. Since the matrix scales as ℎ−2𝐸 , we check if ℎ𝐸𝜎𝐸
is well detached from zero. For each considered element, we obtain that three singular values are numerically zero. Then, for the 
elements in Tricart we obtain that ℎ𝐸𝜎𝐸 = 0.68, and for each refinement of Tri mesh, we report in Table  1 the minimum and the 
maximum value of ℎ𝐸𝜎𝐸 obtained. We observe that the reported values of ℎ𝐸𝜎𝐸 are well-detached from zero, hence the proposed 
discretization results to be locally stable.
Test 2. We solve the bilaplacian Eq.  (1) on a square domain 𝛺 = (0, 1)2, imposing the loading term and the Dirichlet boundary 
conditions such that the exact solution to the problem is 𝑢(𝑥, 𝑦) = 𝑥2 𝑦2 (𝑥 − 1)2 (𝑦 − 1)2. In Fig.  2, we report the trend of the L2, 
H1 and the H2 errors for the proposed SFVEM for the Tricart and Tri meshes. The measures of the errors are computed as 
H𝑖-error2 =

∑

𝐸∈𝛺ℎ
|𝑢 −𝛱𝐃,2

𝐸 𝑢ℎ|2H𝑖(𝐸)
∕|𝑢|2

H𝑖(𝛺)
, 𝑖 = 0, 1, 2, where H0-error denotes the L2-error with a slight abuse of notation. The 

results show optimal convergence rates.
4 
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Fig. 2. Test 2. Convergence plots of the L2, H1 and H2 errors on the Tricart mesh and the Tri mesh. The reported convergence rate is 
obtained using the four finest refinements.

Table 2
Test 3. Computed lowest eigenvalues 𝜆𝑖ℎ, with 1 ≤ 𝑖 ≤ 5 on the L-Tricart mesh, with methods SFVEM (Problem 4) and VEM (11). 
𝜆𝑟𝑒𝑓  is a set of tabulated values [15, Table 2]. The 𝜆𝑖ℎ in the light blue boxes are spurious. Order is obtained using the four finest 
refinements.

𝜆𝑖ℎ 𝑁dof = 48 𝑁dof = 99 𝑁dof = 483 𝑁dof = 1155 𝑁dof = 2115 𝑁dof = 4899 𝑁dof = 36099 𝜆𝑟𝑒𝑓 Order

SF
VE
M

𝜆1ℎ 527.0071 479.3039 437.2519 428.973 425.6866 422.9234 420.1809 418.9753 1.2564
𝜆2ℎ 829.5035 763.1221 706.7746 697.6771 694.6455 692.5435 691.1363 690.9065 2.0185
𝜆3ℎ 1054.3902 1004.9802 949.5507 939.3107 935.8365 933.4265 931.8335 931.5793 2.0379
𝜆4ℎ 1840.2607 1763.176 1667.1649 1648.5674 1642.2433 1637.8636 1634.9835 1634.5338 2.0538
𝜆5ℎ 2437.9076 2333.7547 2167.3862 2128.63 2114.1192 2102.9856 2093.7964 2090.8394 1.5126

VE
M

𝜆1ℎ   22.3812   67.9983 408.697 420.2917 420.8416 420.4853 419.5833 418.9753 0.56609
𝜆2ℎ   23.7633   69.9776 643.593 681.6301 686.4386 688.9747 690.6116 690.9065 2.0304
𝜆3ℎ   23.9292   70.2726 840.1895 917.3345 925.3338 929.0482 931.2287 931.5793 2.1726
𝜆4ℎ   23.9864   70.6796  1040.1190 1592.6648 1617.9205 1628.0802 1633.6294 1634.5338 2.2339
𝜆5ℎ   24.6566   71.6484  1046.7727 2040.7539 2079.7369 2089.4046 2091.4893 2090.8394 2.4494

Table 3
Test 3. Computed lowest eigenvalues 𝜆𝑖ℎ, with 1 ≤ 𝑖 ≤ 5 on the L-Tri mesh, with methods SFVEM (Problem 4) and VEM (11). 𝜆𝑟𝑒𝑓  is 
a set of tabulated values [15, Table 2]. The 𝜆𝑖ℎ in the light blue boxes are spurious. Order is obtained using the four finest refinements.

𝜆𝑖ℎ 𝑁dof = 90 𝑁dof = 225 𝑁dof = 609 𝑁dof = 1338 𝑁dof = 4500 𝑁dof = 13746 𝑁dof = 69297 𝜆𝑟𝑒𝑓 Order

SF
VE
M

𝜆1ℎ 469.7896 448.7857 437.2989 429.9121 423.4966 421.1363 419.876 418.9753 1.6249
𝜆2ℎ 729.9468 708.0875 699.325 696.1068 692.3836 691.4257 691.0186 690.9065 2.4918
𝜆3ℎ 989.1818 952.4072 946.1464 939.8027 933.533 932.2972 931.7225 931.5793 2.6201
𝜆4ℎ 1729.682 1677.6128 1661.5223 1649.9914 1638.56 1635.9706 1634.8217 1634.5338 2.5815
𝜆5ℎ 2282.1532 2180.6547 2161.4418 2130.3332 2104.0959 2096.6311 2092.9229 2090.8394 1.9106

VE
M

𝜆1ℎ   81.8000  254.4784 411.4242 421.3324 420.5042 420.0064 419.4052 418.9753 1.1012
𝜆2ℎ   87.0675  256.4910 652.7408 683.6979 688.7422 690.2374 690.7599 690.9065 2.5397
𝜆3ℎ   88.4496  257.5626 862.1414 919.8118 928.3649 930.5692 931.3814 931.5793 2.657
𝜆4ℎ   91.6861  264.2973 1267.1503 1605.8805 1628.0414 1632.5456 1634.124 1634.5338 2.7588
𝜆5ℎ   95.0884  265.1287  1317.4778 2049.1891 2086.4214 2090.5536 2091.2551 2090.8394 3.0995

4.2. The eigenproblem

In this section, we investigate the numerical results of the biharmonic eigenvalue problem, focusing in particular on the 
comparison between the proposed method and stabilized VEM [2,3]. In this latter case, the discretization of (9) reads as: find 
(

𝜆̃ℎ, 𝑢̃ℎ
)

∈ R × ℎ
2 , 𝑢̃ℎ ≠ 0, such that 

𝐴̃ℎ(𝑢̃ℎ, 𝑣ℎ) = 𝜆̃ℎ𝐵̃
ℎ(𝑢̃ℎ, 𝑣ℎ) ∀𝑣ℎ ∈ ℎ

2 , (11)

where the bilinear forms 𝐴̃ℎ ∶ ℎ
2 × ℎ

2 → R and 𝐵̃ℎ ∶ ℎ
2 × ℎ

2 → R are defined, for all 𝑣ℎ, 𝑤ℎ ∈ ℎ
2 (𝐸), by (7) and 

𝐵̃ℎ(𝑣ℎ, 𝑤ℎ) ∶=
∑

𝐸∈𝛺ℎ

𝐵𝐸
(

𝛱𝐃,2
𝐸 𝑣ℎ,𝛱

𝐃,2
𝐸 𝑤ℎ

)

+ ℎ2𝑑𝑜𝑓𝑆𝐸
(

𝑣ℎ −𝛱𝐃,2
𝐸 𝑣ℎ, 𝑤ℎ −𝛱𝐃,2

𝐸 𝑤ℎ
)

. (12)

Test 3. Now, we consider the bilaplacian eigenvalue problem (9) on the L-shaped domain 𝛺 = (−1, 1)2 ⧵ [0, 1]2. The reference values 
𝜆𝑟𝑒𝑓  are taken from [15, Table 2], computed with an Adaptive Argyris Finite Element Method. In Table  2, the first five eigenvalues 
for seven refinements of the L-Tricart, as depicted in Fig.  1(c), for the SFVEM and the VEM are tabulated. Using the stabilized 
VEM, we see the presence of spurious eigenvalues (in the blue boxes) on the coarsest meshes with 𝑁dof = 48, 𝑁dof = 99, and 
𝑁dof = 483, that does not appear in the case of the SFVEM. Analogously, the results shown in Table  3 display in the blue boxes 
the spurious eigenvalues in the case of general triangulations of the domain (depicted in Fig.  1(d)) with 𝑁dof = 90, 𝑁dof = 225 and 
𝑁dof = 609 applying the VEM, while good approximations of the eigenvalues are always obtained with the SFVEM. The presence of 
spurious eigenvalues is detected again by plotting the eigenfunctions. Fig.  3 shows the eigenfunctions 𝑢𝑖ℎ related to the eigenvalues 
𝜆𝑖ℎ, 𝑖 = 1,… , 5 in the SFVEM and the stabilized VEM on the L-Tricart mesh with 𝑁dof = 483. For the VEM case, the eigenfunctions 
𝑢𝑖 , 𝑖 = 4, 5 are spurious.
ℎ
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Fig. 3. Test 2. Eigenfunctions 𝑢𝑖ℎ, corresponding to the eigenvalues 𝜆𝑖ℎ, 𝑖 = 1,… , 5, on the L-Tricart mesh with 𝑁dof = 483, solving Problem 
4 (SFVEM) and solving (11) (VEM).
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