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Abstract
This paper presents a machine learning-based surrogate framework for predicting the accuracy of higher-order beam theo-
ries in the analysis of isotropic structures with longitudinal stiffeners and transverse ribs. The proposed approach maps 
the physical and geometric parameters of the beams directly to the accuracy of a selected structural theory, enabling the 
selection of the minimum set of generalized displacement variables required to achieve the desired accuracy for a given 
set of input parameters. The training dataset is generated using the Carrera Unified Formulation and comprises combina-
tions of generalized variables stemming from polynomial expansions up to the fourth order. Unlike previous studies, the 
input space explicitly includes physical cross-sectional parameters, as well as the presence and positions of stringers and 
ribs. The full dataset, encompassing all combinations of the considered structural theories and cases, comprises millions 
of analyses; however, accurate predictions are achieved using Deep Neural Networks with only approximately 1% of the 
full dataset for training. The results show that the proposed surrogate model reliably predicts the accuracy of a structural 
theory with good generalization capabilities. Concerning the most influential generalized variables, high accuracy in natu-
ral frequency prediction is generally achieved when approximately 60% of the fourth-order expansion terms are retained; 
all second-order terms are essential, while selected third- and fourth-order terms significantly influence the response.
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Accuracy Evaluation of Higher-Order Structural Theories for Stiffened 
Beams Using Neural Networks

M. Petrolo1 · G. Candita1 · A. Pagani1  · E. Carrera1

effective for a given structural case may not achieve compa-
rable accuracy for different geometries, materials, or load-
ing conditions [1].

Classical beam theories, such as the Euler–Bernoulli 
Beam Theory (EBBT) [2] and the Timoshenko Beam The-
ory (TBT) [3, 4] are effective for slender, homogeneous 
structures, but they may be inaccurate when thin-walled 
structures are considered, and transverse shear deformation 
and anisotropy are significant. To address these limitations, 
various refined and higher-order beam theories have been 
developed. Examples of well-established approaches for 1D 
refined theories are the Generalized Beam Theory (GBT) 
[5] and the Variational Asymptotic Beam Sectional Analysis 
(VABS) [6].

Higher-order theories have recently been applied to vari-
ous structural problems. For example, formulations that 
account for axial force effects have improved the analysis 
of box and tubular beam–columns [7], and advances in GBT 
have enabled the analysis of beams with curvilinear open 
cross-sections [8]. Other studies have focused on proce-
dures to improve the kinematic description of thin-walled 

1  Introduction

In structural mechanics, reduced-order models, including 
one- and two-dimensional theories, are used to approximate 
three-dimensional problems while reducing computational 
costs. The accuracy of 1D and 2D theories depends on the 
effectiveness of the generalized variables, and it is prob-
lem-dependent; i.e., a set of generalized variables that is 
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beams, such as recursive formulations for box beams and 
hierarchical strategies for deriving cross-section defor-
mation modes [9, 10], thereby providing a more detailed 
description of local effects. Higher-order models have also 
been used for complex structures, such as welded multi-
cell sections, functionally graded tubes, and orthotropic or 
porous beams [11–13]. Extensions to geometrically exact 
formulations and nonlinear vibration analysis [14–16] con-
tribute to broaden their applicability. Refined one- and two-
dimensional structural models are particularly relevant in 
aerospace applications, where slender, thin-walled compo-
nents require accurate, computationally efficient formula-
tions. Recent examples include refined beam finite elements 
for flexible subsonic wings [17], variable-order models for 
flutter analysis of laminated composite wings [18], coupled 
structural-aerodynamic formulations for static aeroelasticity 
[19], and geometrically exact beam models for helicopter 
composite rotor blades [20].

The present work adopts the Carrera Unified Formulation 
(CUF) [21] to develop structural theories of arbitrary order. 
CUF provides a formal framework for handling higher-
order generalized variables, governing equations, and Finite 
Element (FE) matrices. Through the Axiomatic/Asymptotic 
Method (AAM) [22–24], each variable can be assessed in 
order to identify the best theories, i.e., the best set of degrees 
of freedom, for a given structural problem. However, AAM 
often entails high computational costs because it requires 
multiple evaluations to assess the effectiveness of each 
generalized variable. This paper adopts Machine Learning 
(ML) techniques to alleviate this computational burden.

The application of ML in structural mechanics and FE 
analysis [25–31] has attracted increasing attention due to its 
potential to reduce analysis time while maintaining strong 
predictive capabilities. Stress prediction [32], structural 
health monitoring [33, 34], and topology optimization [35] 
are among the many promising applications. In the aero-
space field, recent studies have combined ML techniques 
with beam and shell structural models. Examples include 
reduced-order Neural Network (NN) models for nonlin-
ear aeroelastic phenomena of composite beams [36], Con-
volutional Neural Network models for damage detection 
using FE-generated strain data from composite wings [37]. 

Similar FE-based ML approaches have also been used for 
multiscale composite wingbox modeling, for example, to 
predict the response of structures with increased bend-twist 
coupling using physics-guided neural networks [38]. More-
over, physics-informed neural networks [39] have been 
developed to enhance NN accuracy by embedding physi-
cal laws or parameters into the training process. To further 
enhance the interpretability of data-driven approaches, 
explainable machine learning (XML) tools [40] have been 
introduced and applied in fields such as composite design 
[41], and damage detection [42].

The present study employs a Deep Neural Network 
(DNN) [43, 44] to develop a surrogate model that maps the 
input features, namely structural theories and their gener-
alized variables, and structural parameters describing the 
beam and its cross-section, to the output, i.e., the accuracy 
of the natural frequencies. The aim is to identify the opti-
mal set of generalized displacement variables for accurately 
predicting natural frequencies while minimizing computa-
tional cost. By training the network on different structural 
cases, the proposed AAM–NN framework aims to mitigate 
the case-dependent nature of the AAM problem and to pre-
dict suitable theories for previously unseen configurations, 
while reducing the computational cost of the purely AAM–
FEM-based evaluation of each candidate theory. Given 
their widespread use in the aerospace sector, structures 
reinforced with stiffeners and ribs are considered and mod-
eled with 1D theories [45]. In previous works [46–48], ML 
techniques were used on non-stiffened beam and shell struc-
tures to evaluate the relevance of higher-order generalized 
variables in refined structural theories. In the present study, 
the beam cross-section is described using physical struc-
tural parameters, such as area and inertia moments, which 
are provided directly as input to the DNN, together with the 
generalized variables and the positions of stringers and ribs. 
The focus is on dynamic analyses, which offer advantages 
over static analyses by simultaneously capturing multiple 
global structural behaviors—such as bending and torsion. 
This manuscript is organized as follows: Sect. 2 introduces 
CUF and presents AAM; Sect. 3 describes the adopted ML 
approach; Sect. 4 reports the results; and Sect. 5 provides 
the concluding remarks.

2  Higher-Order Theories and Finite 
Elements

2.1  Carrera Unified Formulation

Figure 1 shows the reference coordinate system adopted for 
1D theories, with the cross-section lying on the x–z plane.

Fig. 1  Beam reference coordinate system
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The components of the displacement field are defined as 
follows:

u(x, y, z) = {ux, uy, uz}T � (1)

Within the CUF framework [21], 1D theories express the 
displacement field and its variation using expansion func-
tions Fτ  and Fs:

u(x, y, z) = Fτ (x, z)uτ (y) δu(x, y, z) = Fs(x, z)δus(y)
τ, s=1,. . . ,M � (2)

The indexes τ  and s denote summation, and M is the num-
ber of terms in the expansion. uτ  is the vector of general-
ized displacement variables. In this work, the expansions 
are Taylor polynomials, see Table 1.

Models in which the same expansion is used for all three 
displacement components are referred to as uniform theo-
ries. A uniform and full second-order (N = 2) 1D theory has 
the following displacement field:

ux = ux1 + xux2 + zux3 + x2ux4 + xzux5 + z2ux6

uy = uy1 + xuy2 + zuy3 + x2uy4 + xzuy5 + z2uy6

uz = uz1 + xuz2 + zuz3 + x2uz4 + xzuz5 + z2uz6

� (3)

This theory has eighteen generalized variables or, in an 
FE model, nodal Degree of Freedom (DOF). Models in 

which certain terms are omitted from the full expansion are 
referred to as reduced theories, e.g.,

ux = ux1

uy = uy1 + xuy2 + zuy3 + x2uy4 + xzuy5 + z2uy6
uz = uz1 + xuz2

� (4)

The FE formulation is obtained by introducing the shape 
functions, Ni and Nj ,

u(x, y, z) = NiFτ uτi δu(x, y, z) = NjFsδusj

i, j=1,. . . ,Nn
� (5)

Nn is the number of element nodes, while uτi and δusj  are 
the vectors of nodal unknowns and their variations. Further 
details on the FE formulation can be found in [21, 49]. The 
Principle of Virtual Displacements (PVD) is employed to 
derive the governing differential equations,

δLint = δLext − δLine� (6)

Lint is the strain energy, Lext the work of the external forces, 
and Line the work associated with inertial forces. For the 
free-vibration case, the governing equations are:

δusj : mτsijüτi + kτsijuτi = 0� (7)

kτsij  and mτsij  are the fundamental nuclei (FN) of 
the stiffness and mass matrices, respectively; they are 3×
3 matrices independent of the order of the expansion. The 
global FE matrices—K and M—are obtained by cycling 
over the four indices τ , s, i, and j. The natural frequencies 
ωn and the corresponding modal shapes are determined by 
solving the eigenvalue problem:

(K − ω2
nM)U = 0� (8)

2.2  Axiomatic/Asymptotic Method

The development of structural theories requires selecting 
the most appropriate expansion terms, namely those that 
most significantly affect solution accuracy. Different sets of 
generalized unknown variables, i.e., kinematic assumptions, 
can be assessed and compared through the AAM. Optimal 
theory identification is based on selected outputs, such as 
displacement, stress components, or natural frequencies. 
One of the AAM outcomes is the Best Theory Diagram 
(BTD), which, for a fixed number of DOF, shows the set 
of unknown variables that achieve the highest accuracy, see 
Fig. 2.

Table 1  Expansion functions
N M Fτ

0 1 F1 = 1
1 3 F2 = x F3 = z
2 6 F4 = x2    F5 = xz F6 = z2

3 10 F7 = x3    F8 = x2z F9 = xz2    F10 = z3

⋮ ⋮ ⋮
N (N+1)(N+2)/2 F(N2+N+2)/2 = xN     ...   F(N+1)(N+2)/2 = zN

Fig. 2  A Best Theory Diagram (BTD) for 1D theories
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In this work, a full fourth-order, N = 4, Taylor expansion 
1D theory is adopted as the reference solution,

ux = ux1 + xux2 + zux3 + x2ux4 + · · ·
+ x2zux8 + · · · + z3ux10 + · · · + x3zux12 + · · · + z4ux15

uy = uy1 + xuy2 + zuy3 + x2uy4 + · · ·
+ x2zuy8 + · · · + z3uy10 + · · · + x3zuy12 + · · · + z4uy15

uz = uz1 + xuz2 + zuz3 + x2uz4 + · · ·
+ x2zuz8 + · · · + z3uz10 + · · · + x3zuz12 + · · · + z4uz15

� (9)

Fig. 4  An example of a DNN 

Fig. 3  AAM and DNN approach for developing BTD
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N = 4 proved to be an optimal candidate for the objectives of 
this work, as shown in a recent paper [46]; in fact, it enables 
an effective calculation of the global modes and frequencies 
for the selected structural cases at a limited computational 
cost. On the other hand, local modes are not well predicted 
by such models [21], with Lagrange expansions better suited 
for those purposes. The accuracy of each theory is evaluated 

Table 2  Beam and cross-section input parameters for DNN
Parameter Abbreviation
Slenderness ratio L/h
Cross-section area A
Inertia moments Ixx, Izz , Ixz

Torsional constant J
x and z shear areas Ax, Az

Warping constant w
Cross-section perimeter P
x and z neutral axis offsets XNAO , ZNAO

Fig. 6  Global DNN architecture—The model receives three separate 
inputs: the structural theories encoding, the beam and cross-section 
properties, and the rib presence/position parameters. Each input is pro-

cessed by a dedicated branch, and the resulting embeddings are con-
catenated and fed into a final network that predicts the average error 
of the first 10 natural frequencies relative to the FE reference solution

 

Fig. 5  Input coding for structural theories
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using the average percentage relative error %EAV G com-
puted over the first ten natural frequencies:

%EAV G = 100 · 1
10

10∑
i=1

∣∣fi − fN=4
i

∣∣∣∣fN=4
i

∣∣ � (10)

fN=4
i  is the i-th natural frequency of the N = 4 theory, and fi 

is the corresponding frequency of the theory under evalua-
tion. To develop a BTD, which is strictly linked to a single 
structural case, the AAM may require a substantial number 
of numerical analyses, since all possible combinations of 
expansion terms must be examined; for instance, for an N = 
4 1D theory with 15 generalized unknowns per displacement 
component, 245 analyses are required. Moreover, whenever 
the problem inputs change, such as the geometry, the entire 
procedure must be repeated. To reduce this computational 
burden, different strategies can be adopted. One approach 
is to exclude specific terms from the selection process by 
assuming they are always active. This is typically applied 
to constant and first-order terms, which are known to con-
tribute substantially to meaningful and accurate results. This 
reduces the number of analyses required to 236. A second 
strategy involves activating or deactivating the same expan-
sion terms simultaneously for all three displacement com-
ponents, thereby reducing the number of required analyses 
to 212.

3  Neural Networks

The present paper aims to employ DNN to reproduce the 
AAM outcome, namely the BTD, using only a limited por-
tion of the analysis required by AAM, as shown in Fig. 3.

Each BTD generated by AAM is strongly problem-
dependent; on the other hand, training a DNN on multiple 
structural cases reduces BTD’s dependence on input param-
eters, provides predictive capabilities, and reduces compu-
tational cost. The features of the structural problems, e.g., 
geometry, material, and boundary conditions, are included 
in the training phase to allow the DNN to capture the 

influence of generalized displacements for assigned prob-
lem inputs. Neural Networks [50] are designed to learn the 
behavior of a system and to replicate it after appropriate 
training. Depending on the data type and the problem, dif-
ferent learning strategies can be adopted [51]. In this study, 
a supervised learning approach is used, in which the model 
is trained on labeled datasets to learn the mapping from 
inputs to outputs. A common example is the fully connected 
Deep Neural Network (DNN), illustrated in Fig. 4 following 
the TensorFlow notation. The input vector, x, consists of N 
elements, the output vector z contains M elements, and each 
hidden layer is composed of a set of neurons N(l)

j , whose 
number may vary from one layer to another.

3.1  Neural Network Inputs and Architecture

Within the proposed framework, a structural theory is one 
of the DNN inputs, in which generalized displacements are 
encoded as 1 or 0, corresponding to active or inactive terms, 
respectively, e.g.,

ux = ux1+ zux3

uy = uy1+ x2uy4+xzuy5

uz = uz1+ xuz2+ z2uz6

→ [111 001 100 010 010 001]� (11)

Since constant and first-order terms generally play a fun-
damental role in 1D theories, they are always kept active 
in the present work. Under this assumption, the total num-
ber of possible structural theory combinations is reduced 

Table 3  DNN branches parameters
Branch Layer type Layer size Activation function
1 Dense 32 tanh

Dense 16 tanh
2 Dense 32 tanh

Dense 16 tanh
3 Dense 16 tanh

Dense 8 tanh
Vectors concatenation
4 Dense 64 tanh

Dense 32 tanh
Dense (output) 1 linear

Table 4  Percentage of theories included in the training dataset for one structural case and different dataset sizes
n 14 13 12 11 10 9 8 7 6 5 4
Nn 12 66 220 495 792 924 792 495 220 66 12
cn (%) Dataset 10% - S = 427

41.6 22.73 13.63 10.10 9.47 8.33 9.47 10.10 13.63 22.73 41.6
Dataset 5% - S = 212
25.0 15.15 5.91 4.65 3.66 3.25 3.66 4.65 5.91 15.15 25.0
Dataset 1% - S = 49
25.0 4.55 1.82 1.01 0.76 0.76 0.76 1.01 1.82 4.55 25.0
Dataset 0.3% - S = 11
8.33 1.52 0.45 0.20 0.13 0.11 0.13 0.20 0.45 1.52 8.33
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from 245 to 236. A further reduction to 212 combinations is 
achieved by activating or deactivating simultaneously the 
three expansion terms associated with a given displacement 
order, i.e.,

ux = · · · + z2ux6 + x2zux8 + z3ux10 + x2z2ux13 + z4ux15

uy = · · · + z2uy6 + x2zuy8 + z3uy10 + x2z2uy13 + z4uy15

uz = · · · + z2uz6 + x2zuz8 + z3uz10 + x2z2uz13 + z4uz15

→ [0 0 1 0 1 0 1 0 0 1 0 1]� (12)

The first “1” digit corresponds to the third parabolic term 
ux6, and the last digit refers to the fourth-order term ux15. 
With the two assumptions above, a 45-DOF theory may be 

Cross-section Dimensions (cm) Stringer position
(a) or (a,b) or (a,b,c)

C (70, 30)-(80, 40)-
(30, 50)-(50, 50)-
(70, 50)-(100, 70)

(/)-(1, 2, 5, 6)-
(/)-(1, 2, 5, 6)-
(1, 2, 3, 5, 6)-(1, 2, 3, 4, 5, 6)

L (30, 30)-(90, 70)-
(100, 80)-(40, 90)-
(20, 100)-(30, 100)

(1, 3, 5)-(/)-
(1, 3, 5)-(1, 2, 3, 5)-
(/)-(1, 2, 3, 4, 5)

Spar (30)-(40)-
(50)-(80)-
(100)-(100)

(/)-(1, 3)-
(1, 2, 3)-(1, 3)-
(/)-(1, 2, 3)

Triangular (80, 20)-(30, 50)-
(60, 60)-(40, 70)-
(60, 100)-(100, 100)

(1, 3, 5)-(1, 3, 5)-
(/)-(1, 2, 3, 4, 5)-
(1, 2, 3, 5)-(1, 2, 3, 4, 5)

Double T (50, 30, 100)-(60, 40, 80)-
(50, 50, 50)-(60, 90, 90)-
(70, 70, 70)-(40, 80, 80)

(1, 2, 3, 4, 5, 6, 7)-(1, 2, 3, 5, 6, 7)-
(1, 2, 3, 5, 6, 7)-(1, 2, 3, 5, 6, 7)
(/)-(1, 2, 3, 5, 6, 7)

Rectangular/Trapezoid (90, 100, 100)-(50, 40, 40)-
(100, 40, 40)-(30, 70, 70)-
(30, 100, 100)-(40, 40, 100)

(1, 3, 4, 6)-(1, 3, 4, 6)-
(1, 3, 4, 6)-(/)-
(1, 2, 3, 4, 5, 6)-(1, 3, 4, 5, 6)

Table 5  Geometry of the 
cross-sections

 

Fig. 7  Reference configurations for the 36 different cross-sections used for the network training
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described as a 15-DOF theory. The resulting input matrix, 
shown in Fig. 5, collects all structural theories for a single 
structural case. In this study, Nactive terms–the number of 
active terms in these theories–is twelve.

The network architecture adopted in this paper, shown in 
Fig. 6, has multiple inputs. The first is the vector containing 
the structural theories of all the structural cases. The number 
of rows is multiplied by Nstructural case, that is, the number 
of structural cases considered. In other words, the coding of 
the theories discussed in the previous section is applied to all 
structural cases. As explained in the following sections, only 
a fraction of all possible cases is used for training. The sec-
ond input includes a combination of beam and cross-section 
properties, which are listed in Table 2 and were computed in 
FEMAP. It should be noted that, in this work, the "h" param-
eter in the L/h ratio is the largest side of the cross-section. 
The third input concerns the presence of ribs in the beam and 
their positions along the beam axis. It is coded as an array 
of six elements, where the first three (R1

PRE, R2
PRE, R3

PRE) 
indicate the presence or absence of ribs, 1 or 0, respectively, 
and the last three (R1

POS, R2
POS, R3

POS) represent the rela-
tive position of the ribs along the axis. For instance, the 
array (1, 0, 1, 0.33, 0.0, 1.0) indicates that there are 2 ribs: 
the first at 0.33 of the beam length and the second at the tip.

The three inputs are fed into three separate DNN, pro-
cessing an embedding for each input, and then, concatenated 
and provided to a final DNN, whose output is the perfor-
mance parameter from Eq. 10, i.e., the error over the first ten 
frequencies. During the training phase, the DNN output is 
compared with FE outputs. Table 3 shows the details of the 
four branches that compose the DNN.

Different NN depths and widths have been tested here 
and in previous work [46], and the configuration that 
yielded reliable results with the smallest depth and width 
was selected to reduce training computational cost. Increas-
ing the number of layers and neurons has not improved the 
results, and decreasing them has led to poorer results. Vari-
ous activation functions have been tested, including “ReLU” 
and “tanh”. The latter proved to be the most accurate. In 
addition, the Huber loss function and the Adam optimizer 
were used. The “reduce learning rate on plateau” callback 
was used. After analyzing the overall trend of the loss func-
tion and the prediction quality, the number of epochs was set 
to 100 to limit training cost.

3.2  Training Dataset Size

According to the assumptions listed previously, for each 
structural case, there are 212 combinations of structural the-
ories. The aim is to select a fraction of these combinations 

Table 6  Frequencies of the Double T and Rectangular beams
Cross-section Frequency (Hz)

1st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th

Double T 6.22 7.16 14.71 35.83 36.25 54.22 71.33 91.31 108.42 131.11
Rectangular 2.32 3.57 14.0 21.19 31.36 36.70 54.47 75.08 78.64 93.81

Fig. 9  Relative error of the BTD (in Fig. 8) between those derived 
from the DNN with different training dataset sizes and that derived 
from AAM for the Double T cross-section beam

 

Fig. 8  BTD of the Double T beam from AAM, i.e., the FEM reference, 
and neural networks with different training dataset sizes—for each 
DOF level, curve report the minimum error achieved by the structural 
theories evaluated by FEM or NN
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Table 7  Best theories from AAM of the Double T beam

Table 8  Best theories from DNN of the Double T beam with 0.3% training dataset size

Table 9  Best theories from DNN of the Double T beam with 1.0% training dataset size
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to train the DNN. The proper selection must account for the 
fact that they are not evenly distributed. For example, there 
are only 12 combinations with 14 DOF, whereas there are 
924 with 9 DOF. Such a discrepancy may adversely affect 
the learning process. To address this issue, different inclu-
sion coefficients are applied to prevent medium-DOF cases 
from dominating the dataset. The selection process adopts 
the following coefficients:

Sn =cn × Nn � (13)

S =
∑

n

Sn � (14)

where n indicates a theory with n-DOF, and Sn is the num-
ber of selected samples, cn is the inclusion coefficient rang-
ing from 0 to 1, and Nn is the total number of available 
samples. S is the total number of training samples for one 
structural case. The Sn theories are randomly selected. Table 
4 shows the distribution of theories for each n-DOF theory. 
For example, in the 10% dataset, 427 training samples were 
used for each structural case. Overall, with 100 structural 
cases, the training dataset would consist of 42,700 samples.

4  Results

The beams in this work are clamped-free and made of a mate-
rial with the following characteristics: Young’s modulus, E 
= 75 GPa, Poisson modulus, ν = 0.3, density, ρ = 2700 kg/
m3. Six reference cross-sections were used to develop the 
dataset for the network training, as shown in Fig. 7. In this 
work, all cross-sections have a thickness t of 2  mm; the 
stringers are square with sides of 3  cm; and the ribs are 
3 cm thick and solid. Table 5 shows the sets of dimensions 
adopted for training, resulting in a total of 36 different cross-
sections. For instance, in the C section, six combinations of 
a and b were used to develop six distinct cross-sections with 
a different number of stringers. In the Table, the column 
“Stringer position” specifies the position of the stringers, if 
present, in accordance with the numeration of stringers in 
Fig. 7. For instance, the C beam with dimensions a = 70 cm, 
b = 30 cm has 0 stringers (/) , whereas the C beam with a = 
40 cm, b = 40 cm has four stringers placed at the corners (1, 
2, 5, 6). For cross-sections with three or more stringers on 
one side, the middle stringers are always equidistant from 
each other and from the stringers at the corners. Figure 7 
shows an example of a C beam with 4 equidistant stringers 

Table 10  Best theories from DNN of the Double T beam with 5.0% training dataset size

Table 11  Best theories from DNN of the Double T beam with 10.0% training dataset size
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on the vertical side; furthermore, in the C beam with a = 
70 cm, b = 50 cm, and five stringers (1,2,3,5,6), stringer 3 
is located in the middle of the vertical side. All beams were 
analyzed with three lengths—3 m, 5 m, and 10 m—and 8 
different rib distributions. In the training dataset, the ribs are 
placed at three predefined points along the beam: L/3, 2 L/3, 
and L, with L corresponding to the free tip of the beam. The 
eight considered rib distributions are defined by all possible 
combinations of rib locations. Hence, the set includes the 
case without ribs, the three cases with a single rib, the three 
cases with two ribs, and the case with three ribs. In the test 

dataset, which is not included in the training phase, addi-
tional rib positions along the beam are considered, distinct 
from the predefined locations described above. Overall, 864 
structural cases were generated, each including 212 struc-
tural theory combinations, totaling 3,538,944 FEM modal 
analyses. A 20 B4 structural mesh was used in all cases, and 
a B2 element was added for each rib. The structural mesh 
was chosen based on previous studies and convergence 
analysis [52, 53], as it provides accurate results for the thin-
walled configurations analyzed in this work.

4.1  Selection of the Training Dataset Size

Four dataset sizes were tested: 0.3%, 1%, 5%, and 10%. 
These percentages refer to the total number of FEM modal 
analyses (3,538,944). The percentage of theories included 
in the training dataset is reported in Table 4. The 0.3% data-
set corresponds to the case in which, for a given number of 
DOF, only a combination, or structural theory, is considered, 
i.e., Sn = 1, ∀ n. The results presented hereafter concern two 
cross-sections: Double T and Rectangular. The latter was 
not included in the training set and is used to assess the net-
work’s ability to extrapolate. The beam configurations are 
as follows:

	● Double T beam: L = 10 m, a = 50 cm, b = 30 cm, c = 
100 cm, t = 2 mm, 7 stringers, 0 ribs.

	● Rectangular beam: L = 15 m, a = 50 cm, b = 80 cm, c = 
80 cm, t = 2 mm, 4 stringers, 3 ribs located at L/3, 2 L/3, 
and L.

"h" is the largest side of the cross-section between a, b, and 
c. Table 6 shows the first five frequencies for these structural 
cases computed using N = 4.

In the following BTD, the error is defined according to 
Eq.  10: it is evaluated directly from FEM results for the 
AAM curve, whereas it is predicted by the networks for 
the DNN curves. Figure 8 shows the BTD of the Double 
T beam, including the reference AAM curve obtained from 
all samples and four DNN curves corresponding to different 
training dataset sizes. This means that only 0.3%, 1%, 5%, 
and 10% of the 3.5 million FEM modal analyses were effec-
tively used to train the DNN. The relative errors between 
the BTD obtained from the four DNN trained with different 
dataset sizes—0.3%, 1%, 5%, and 10%—and that derived 
from the AAM FEM analyses are reported in Fig. 9. Tables 
7, 8, 9, 10, 11 present the best theories from the five sources. 
Tables 8, 9, 10, 11, corresponding to the different DNN 
training dataset sizes, include filled and empty red triangles 
to identify which terms differ with respect to the AAM table. 
A filled red triangle indicates that the DNN predicted the 
presence of a generalized variable that is inactive in the 

Fig. 11  Relative error of the BTD (in Fig. 10) between those derived 
from the DNN with different training dataset sizes and that derived 
from AAM for the Rectangular beam

 

Fig. 10  BTD of the Rectangular beam from AAM and neural networks 
with different training dataset sizes. For each DOF level, curve report 
the minimum error achieved by the structural theories evaluated by 
FEM or NN
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AAM table; an empty red triangle indicates the opposite. 
Each row of these tables reports the best theory for a given 
number of DOF and the corresponding error with respect 
to the N = 4 structural theory. For instance, the best 6-DOF 
theory for the Double T cross-section predicted by the AAM 
is the following:

ux = ux1 + xux2 + zux3 + xzux5 + xz2ux9 + xz3ux14

uy = uy1 + xuy2 + zuy3 + xzuy5 + xz2uy9 + xz3uy14

uz = uz1 + xuz2 + zuz3 + xzuz5 + xz2uz9 + xz3uz14

� (15)

While in the same DOF theory predicted by the 1% DNN, 
the xz term is replaced by the z2 highlighted in red:

Table 12  Best theories from AAM of the Rectangular beam

Table 13  Best theories from DNN of the Rectangular beam with 0.3% training dataset size

Table 14  Best theories from DNN of the Rectangular beam with 1.0% training dataset size
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ux = ux1 + xux2 + zux3 + z
2ux6 + xz

2ux9 + xz
3ux14

uy = uy1 + xuy2 + zuy3 + z
2uy6 + xz

2uy9 + xz
3uy14

uz = uz1 + xuz2 + zuz3 + z
2uz6 + xz

2uz9 + xz
3uz14

� (16)

Overall, this beam theory has 18 DOF, and the error over the 
first 10 frequencies relative to the N = 4 theory is 40.4% from 
the AAM, 40.8% from the 1% DNN. The results concerning 
the rectangular cross-section are reported in Figs.  10, 11, 
and Tables 12, 13, 14, 15, 16.

Table 17 shows the number of generalized variables in 
the best theories correctly predicted by DNN. The total 
number of variables is the sum of all active variables from 
second-order to third-order, and from 14 to 4 DOF theo-
ries. For instance, with a 10% dataset, the DNN predicted 
61 out of 66 generalized variables in the Double T case. 
Table 18 shows the computational time for the simulations 
performed with the AAM and the DNN. All simulations 
were performed on a computer equipped with an “Intel(R) 
Core(TM) Ultra 7 155 H, 1400 MHz, 16 Core(s), 22 Logical 
Processor(s)” processor.

The results suggest that:

Table 15  Best theories from DNN of the Rectangular beam with 5.0% training dataset size

Table 16  Best theories from DNN of the Rectangular beam with 10.0% training dataset size

Table 17  Number of generalized variables in best theories correctly 
predicted by the DNN for different traing dataset sizes and cross-sec-
tions
Dataset size 0.3% 1.0% 5.0% 10.0%
Double T 57/66 58/66 58/66 61/66
Rectangular 48/66 58/66 55/66 48/66

Table 18  Computational time of AAM and DNN with 1% and 10% 
training dataset sizes

Dataset creation Training Prediction
AAM ∼200 [h] N/A N/A
DNN (10%) ∼24 [h] ∼15 [min] < 1 [s]
DNN (1%) ∼5 [h] ∼2 [min] < 1 [s]

Table 19  Frequencies of the triangular and L beams
Cross-section Frequency (Hz)

1st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th

Triangular 5.41 9.48 31.73 42.49 53.04 79.79 105.32 118.92 133.61 172.24
L 12.05 26.22 44.80 65.15 76.39 112.50 147.82 154.47 173.64 214.14
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	● Overall, the results provided by the DNN are in good 
agreement with those obtained from the AAM.

	● As expected, the use of larger datasets generally leads 
to predictions that are closer to the AAM results, both in 
terms of accuracy and in terms of the generalized vari-
ables composing the best theories. More significant dif-
ferences are observed for the rectangular cross-section. 
Since this cross-section was not included in the training 
set, the network failed to recover the exact displacement 

field for most DOF. However, the accuracy of the pre-
dicted theories remains high.

	● The accuracy of the BTD is satisfactory across all four 
DNN. The 10% dataset proved most reliable for predict-
ing structural cases in the training set, correctly predict-
ing 61 of 66, whereas the 1% dataset performed best 
at predicting the optimal theories for previously unseen 
structural cases, correctly predicting 58 of 66, possibly 
due to overfitting in the largest dataset. For this reason, 
only the results for the 1% and 10% datasets are pre-
sented in the following sections.

	● The relevance of the generalized variables strongly de-
pends on the specific problem, and the network is able to 
capture these differences across the considered structur-
al cases and the accuracy of the structural theories. For 
instance, in the Double T beam case, an 8-DOF theory 
is required to achieve an error below 10%, whereas in 
the rectangular beam case, a 6-DOF theory is sufficient. 
Likewise, an error below 0.1% is ensured only by a 14-
DOF theory for the Double T beam, while a 12-DOF 
theory is adequate for the rectangular beam.

	● The parabolic and cubic terms are the most frequently 
activated in both structural cases. In the Double T beam, 
61% of the parabolic terms and 59% of the cubic terms 
are active. Similarly, in the rectangular beam, 61% of the 
parabolic terms and 52% of the cubic terms are active, 
with the latter being active from the 7-DOF theory on-
ward. In contrast, for the rectangular beam, the lowest-
order theories from 4-DOF to 6-DOF include only para-
bolic terms, while cubic terms become active only from 
the 7-DOF theory onward. Fourth-order terms generally 
appear only in higher-DOF theories, with the exception 
of the xz3 term, which is present in all theories from 
5-DOF to 14-DOF for the Double T beam. Similarly, for 
the rectangular beam, where the xz3 and x3z terms are 
almost the only fourth-order contributions active from 
the 7-DOF theory onward. Furthermore, one term is al-
ways inactive in each structural case: z4 for the Double 
T beam and x2z2 for the rectangular beam.

4.2  Assessment of Neural Network with Beams 
Included in the Training

This section aims to verify DNN using cases from the train-
ing dataset. The results focus on the following cases:

	● L beam: L = 3 m, a = 30 cm, b = 100 cm, t = 2 mm, 5 
stringers, 2 ribs located at 2 L/3 and L.

	● Triangular beam: L = 10 m, a = 100 cm, b = 100 cm, t 
= 2 mm, 5 stringers, 3 ribs located at L/3, 2 L/3, and L.

Fig. 13  BTD of the L beam included in the network training. For each 
DOF level, curve report the minimum error achieved by the structural 
theories evaluated by FEM or NN

 

Fig. 12  BTD of the Triangular beam included in the network training. 
For each DOF level, curve report the minimum error achieved by the 
structural theories evaluated by FEM or NN
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The first five frequencies for these structural cases obtained 
from the N = 4 theory are shown in Table 19.

Figures 12 and 13 show the BTD for the two cases, 
obtained using AAM and DNN. Tables 20, 21, 22 show 
the best theories and their accuracy by AAM and DNN 
trained with 1% and 10% datasets, for the triangular beam. 
The L beam results are in Tables 23, 24, 25. The number of 

correctly predicted generalized variables for both cases and 
dataset sizes is listed in Table 26.

The results suggest the following:

	● The generalized variables composing the best theories 
are highly consistent when comparing the AAM and 
DNN results. In other words, the DNN successfully 

Table 20  Best theories from AAM of the Triangular beam

Table 21  Best theories from DNN of the Triangular beam with 1.0% training dataset size

Table 22  Best theories from DNN of the Triangular beam with 10.0% training dataset size



1 3

1002 M. Petrolo et al.

captures the problem features and the influence of the 
generalized variables on the solution.

	● For the triangular beam, both networks correctly pre-
dict that at least twelve terms per displacement compo-
nent are required to keep the error below 1%. For the 
L-shaped beam, this error threshold is ensured with at 
least thirteen terms per displacement component.

Table 23  Best theories from AAM of the L beam

Table 24  Best theories from DNN of the L beam with 1.0% training dataset size

Table 25  Best theories from DNN of the L beam with 10.0% training dataset size

Table 26  Number of generalized variables in best theories correctly 
predicted by the DNN, Triangular and L beam cases
Dataset size 1.0% 10.0%
Triangular 56/66 59/66
L 56/66 63/66
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	● In both cases, the 1% and 10% networks are capable of 
predicting errors very close to those obtained with the 
AAM.

	● The parabolic and cubic terms are the most frequently 
activated in the Triangular beam, with 64% of the para-
bolic terms and 73% of the cubic terms being active, al-
though fewer of them appear in the lower-order theories. 
Fourth-order terms appear only from the 11-DOF theory 
onward, with the exception of the x3z term, which is 
present in the 4-DOF theory. In contrast, for the L beam, 
only 41% of the parabolic terms are active, and they ap-
pear only from the 10-DOF theory onward, leaving the 
lower-order theories without parabolic contributions. In 
this structural case, the cubic terms are most relevant, 
with 70% active and distributed across all DOF levels. In 
particular, the x3 and x2z terms are the most influential, 
being active in almost all theories. These are followed 
by the fourth-order terms, of which 47% are active.

4.3  Assessment of Neural Network with Beams Not 
Included in the Training

This section aims to assess the network’s performance when 
applied to structural cases not included in the training set. 
The results focus on the following cases:

	● C beam: L = 7 m, a = 50 cm, b = 50 cm, t = 2 mm, 2 ribs 
located at L/3 2 L/3.

	● Spar beam: L = 8 m, a = 100 cm, t = 2 mm, 1 rib located 
at 3 L/4.

The first five frequencies for these structural cases obtained 
by the N = 4 theory are shown in Table 27.

The BTD are shown in Figs. 14 and 15, whereas the best 
theories are given in Tables 28, 29, 30, 31, 32, 33. Table 34 
shows the number of generalized variables in best theories 
correctly detected by DNN.

The results suggest that:

	● The DNN is able to predict the BTD for structural cases 
not included in the training set. However, the predicted 
error is less accurate than for the beam cases included in 
the training phase, although it remains acceptable.

	● Depending on the structural case, the accuracy of the 
generalized variables mapping may vary. The best theo-
ries predicted for the C and Spar beam cases are very 
accurate for both networks trained with 1% and 10% of 

Table 27  Frequencies of the C and Spar beams
Cross-section Frequency (Hz)

1st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th

C 9.99 11.19 29.73 44.18 61.68 79.32 117.59 141.79 156.65 162.64
Spar 0.44 2.77 5.36 7.78 15.30 15.91 16.31 25.35 27.95 37.95

Fig. 15  BTD of the Spar beam not included in the network training. 
For each DOF level, curve report the minimum error achieved by the 
structural theories evaluated by FEM or NN

 

Fig. 14  BTD of the C beam not included in the network training. For 
each DOF level, curve report the minimum error achieved by the struc-
tural theories evaluated by FEM or NN
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the dataset. In fact, the C beam is characterized by a 
length L not present in the training dataset, whereas the 
Spar section has a different L and a different rib position. 
By contrast, the rectangular beam discussed previously 
has a length L that differs substantially from those used 
during training and a different cross-sectional geometry, 
leading to a less accurate mapping of the generalized 
variables than in the other two cases.

	● The AAM and both DNN indicate that at least twelve 
terms per displacement component are required to keep 
the error below 1% in the C case. For the Spar case, 
according to the AAM, only 8 terms are required to 
maintain the error below 1%, whereas the DNN is more 
conservative, indicating that 9 and 10 displacement 
components are necessary for the 10% and 1% DNN, 
respectively, to satisfy this requirement.

Table 28  Best theories from AAM of the C beam

Table 29  Best theories from DNN of the C beam with 1.0% training dataset size

Table 30  Best theories from DNN of the C beam with 10.0% training dataset size
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	● The C and Spar beam cases have a similar distribution of 
generalized variables. In both cases, the parabolic terms 
are active in most best theories. The cubic and fourth-
order terms are less relevant than the parabolic ones in 
both cases. In the C beam, 57% of the cubic terms and 
33% of the fourth-order terms are active, while these 
percentages decrease to 43% and 31%, respectively, in 
the Spar beam.

Table 31  Best theories from AAM of the Spar beam

Table 32  Best theories from DNN of the Spar beam with 1.0% training dataset size

Table 33  Best theories from DNN of the Spar beam with 10.0% training dataset size

Table 34  Number of generalized variables correctly predicted by the 
DNN, C and Spar beam cases
Dataset size 1.0% 10.0%
C 59/66 62/66
Spar 62/66 62/66
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4.4  Modal Shapes from Best Theories

The best theories were constructed by using the natural fre-
quencies to evaluate their accuracy. This section aims to fur-
ther assess their reliability by also accounting for the modal 
shapes. The best theories analyzed in this section are those 
derived from the DNN trained with 1% of the training data-
set. The structural cases considered are the Double T and 
Rectangular cross-sections discussed in the previous sec-
tions. The Modal Assurance Criterion (MAC) [54, 55] was 
used to compare modal shapes from the best theories and 
the reference one from the N = 4 theory. The MAC quan-
tifies the correlation between mode shapes obtained from 
the two structural theories, with values close to 1 indicating 
strong agreement between the modes.

Figures 16 and 17 show the MAC matrices for the Dou-
ble T and Rectangular beams, respectively, comparing the 
reference solution with the best theories including 12, 8, 
and 4 terms. As expected, increasing the number of DOF 
leads to progressive convergence of the solution towards the 
reference one. However, significant differences in the MAC 
matrices may occur depending on the geometry. In the 
Double T case, the best 4-DOF theory matches only the first 
two modes of the reference solution, whereas the higher-
order 12-DOF theory ensures a good match for the first four 
modes. For the Rectangular beam, where the 4-DOF struc-
tural theory is able to reproduce almost all modal shapes, 
except for an inversion between the fifth and sixth modes, 
indicating that, in the rectangular case, lower-order theories 
already capture most of the beam’s modal behavior.

(a) 12-DOF (b) 8-DOF

(c) 4-DOF

Fig. 16  MAC matrix for the Double T beam to quantify the matching of mode shapes obtained from the two structural theories, with values close 
to 1 indicating strong agreement between the modes
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5  Conclusions

This paper proposes a methodology for mapping beam fea-
tures to higher-order generalized displacement variables. 
The aim is to provide a tool capable of estimating the accu-
racy of a beam theory for a given problem and determining 
the minimum number of DOF required to obtain reliable 
results. The proposed methodology employs a Deep Neural 
Network (DNN) to correlate structural theories, geometries, 
structural parameters, and accuracy. In particular, three 
Neural Networks (NN) process three distinct input sets, 
generating embeddings that are subsequently concatenated 
and fed into a fourth DNN trained on the accuracy values 
of the structural theories. The training dataset is generated 
using CUF, which provides FEM solutions for beam theo-
ries of arbitrary order. Refined beam theories are obtained 
by considering a reference fourth-order Taylor expansion 

and different combinations of the terms composing the 
full expansion. The accuracy is evaluated considering the 
natural frequencies of the structure, and various beam and 
cross-sectional geometries are considered. The results are 
validated against a comprehensive set of FEM analyses 
encompassing all samples and structural cases. Meanwhile, 
the network is trained and tested on different percentages 
of the dataset; 1% and 10% are selected to present results 
for the complete dataset. The following conclusions can be 
drawn:

	● Overall, the proposed methodology provides satisfac-
tory results when compared with FEM analyses. With 
only 1% to 10% of the computational cost of FEM, good 
agreement is achieved in both accuracy and the mapping 
of the generalized variables.

(a) 12-DOF (b) 8-DOF

(c) 4-DOF

Fig. 17  MAC matrix for the Rectangular beam—It quantifies the correlation between mode shapes obtained from the two structural theories, with 
values close to 1 indicating strong agreement between the modes
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	● The accuracy predicted by the network shows excellent 
agreement in all cases. In other words, the network can 
estimate the accuracy of a given structural theory for a 
specified beam geometry.

	● The network performance in identifying the most rel-
evant generalized variables strongly depends on the 
structural case considered. In general, the network 
trained on 1% of the full dataset is more effective at pre-
dicting the best theories for structural cases not included 
in the training set, whereas the 10% network performs 
better on cases included in the training set.

	● In most cases, at least ten generalized variables per dis-
placement component are required to achieve errors be-
low 1%, except for the spar beam, for which the best 
8-DOF theory is sufficient. The constant, linear, and 
parabolic terms are necessary, and selected cubic and 
fourth-order terms must also be included.

Although this paper focuses on natural frequencies and 
global modes, the proposed methodology can be adapted to 
different structural problems. For example, in a static analy-
sis, a similar tool could be developed by training the NN 
on displacement fields or stress-related quantities, depend-
ing on the structural response of interest. In general, any 
relevant structural parameter can be included as an input or 
output of the NN model. Future work should focus on the 
following activities:

	● Further investigations on the proper encoding of input 
parameters to the NN are needed to include as many 
physical characteristics as possible, e.g., local boundary 
conditions, anisotropic materials, nonlinear properties.

	● The effect of uncertainties on the structural modeling 
could be significant and should be investigated, e.g., us-
ing the Gaussian Regression Process [56].

	● Another relevant development concerns the application 
of the methodology to more complex geometries, such 
as curved cross-sections or beams.

	● Finally, the optimization of the three-dimensional dis-
tribution of theories will be explored using the node-de-
pendent kinematics approach, which enables assigning 
different structural theories and sets of DOFs to indi-
vidual nodes.
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