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Simultaneous Robot and Feature Localization via
Angle-Based Sensing with Barycentric Coordinate
Representation

Jinze Wu, Student Member, IEEE, Lorenzo Zino, Senior Member, IEEE, Zhiyun Lin, Fellow, IEEE, and
Alessandro Rizzo, Senior Member, IEEE

Abstract—This paper studies the Simultaneous Robot and
Feature Localization (SRAFL) problem leveraging angle-based
sensing from a monocular camera, and addresses it from a
networked signal processing perspective. By modeling the robot-
feature interaction as a sensing graph, in which the robot and
environmental features function as nodes connected through
bearing angle measurements, we reformulate the inherently
nonlinear SRAFL problem into a dynamic network localization
task. Based on this formulation, we propose a Barycentric Linear
method, termed BL-SRAFL, which exploits barycentric coordi-
nate representations to obtain a linear localization framework for
jointly estimating the robot trajectory and the Euclidean positions
of environmental features. The proposed method admits direct
and efficient iterative solutions with linear computational and
memory complexity, making it particularly suitable for resource-
constrained applications. Rigorous theoretical analysis is pro-
vided to characterize the solvability and establish the convergence
of the proposed method. For scenarios requiring enhanced accu-
racy, we further introduce the BL-SRAFL+BA pipeline, which
integrates an optional Bundle Adjustment (BA) refinement step.
Numerical simulations and real-world experiments demonstrate
the robustness and effectiveness of the proposed methods.

Index Terms—Localization, sensor network, angle measure-
ment, barycentric coordinate

I. INTRODUCTION

OBILE robots have attracted significant attention for

their diverse applications, spanning from industrial
manufacturing, social sciences, medical services, to space
exploration [1]-[3]. At the core of mobile robotics lies the
task of localization: determining the robot’s position within its
environment using sensors [4], [5]. In particular, cameras are
frequently adopted for their affordability, lightweight nature,
and low power consumption. This has spurred considerable
interest in vision-based robot localization [6]—[8], where vision
information is the sole external sensory input.
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In this work, we consider robot localization using lim-
ited visual information captured by a monocular camera.
Existing vision-based localization methods can be broadly
categorized into two classes. Map-based visual localization
estimates the robot pose relative to a prebuilt map or a set
of landmarks with known positions [6], [7], and therefore
relies on an externally provided spatial reference without
reconstructing previously unknown environmental features.
By contrast, visual Simultaneous Localization and Mapping
(SLAM) and Structure-from-Motion (SfM) jointly estimate
the camera motion and scene structure when no prior map is
available [8]-[12]. Representative modern approaches include
the feature-based ORB-SLAM3 system [12], the direct sparse
method DSO [13], and incremental or global SfM pipelines
such as COLMAP [14] and GLOMAP [15]. These methods
operate directly on image data and typically recover camera
trajectories and scene structure through nonlinear reprojection,
photometric, or graph optimization.

The problem considered in this paper belongs to the latter
category, but focuses on localization from sparse bearing-
only measurements. Specifically, we assume that repeatably
identifiable sparse features and their normalized bearing mea-
surements are available from the visual front-end. Starting
from a metric initialization that fixes the global coordinate
frame and metric scale, the proposed method jointly estimates
the robot trajectory and the positions of previously unknown
environmental features. Unlike map-based visual localization,
it does not require a pre-surveyed feature map; unlike complete
visual SLAM or SfM pipelines, our contribution does not lie
in feature extraction or data association, but in the subsequent
geometric estimation problem. In particular, we reformulate
the robot-feature geometry from a network localization per-
spective, organize the sparse bearing observations into directed
sensing graphs, and exploit barycentric coordinate representa-
tions to derive sparse linear constraints for joint robot and
feature localization without nonlinear joint optimization in the
front-end. This formulation is particularly relevant when a
limited number of persistent and reliably identifiable features
are available and computational or memory resources are
constrained, as it relies on sparse monocular bearing measure-
ments and admits linearly scalable online computation and
memory. We refer to this task as the Simultaneous Robot
and Feature Localization (SRAFL) problem, emphasizing the
dual objective of estimating the position of both the robot and
environmental features.
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To obtain a tractable formulation, we reinterpret the SRAFL
problem from a network localization perspective and model
the robot-feature interactions through an angle-based sensing
graph. Specifically, the robot positions along its trajectory and
the environmental features are represented as graph nodes,
while the visual observations are expressed as local bearing
angle measurements acquired by the robot at each position.
As the robot moves and its field of view changes, the
resulting directed sensing graph evolves over time, thereby
transforming the original SRAFL problem into a dynamic
network-localization problem. This reformulation enables the
use of graph-theoretic tools and network localization principles
to analyze and solve the SRAFL problem, while naturally
establishing its connection to the related network localization
literature.

Network localization has been extensively studied through
both nonlinear and linear formulations. Early approaches
typically cast localization as a nonlinear estimation problem
and employed distributed optimization, maximum-likelihood
estimation, Bayesian inference, or related techniques [16]-
[21]. Although these approaches can accommodate realistic
measurement models, they generally require iterative nonlin-
ear optimization and may be sensitive to initialization. To
alleviate these limitations, linear localization methods were
subsequently developed by replacing nonlinear geometric con-
straints with affine or barycentric coordinate relations. Repre-
sentative barycentric methods enable distributed localization
with a small set of anchor nodes [22]-[24], and have been
further extended to three-dimensional localization, node local-
izability, reduced communication, and finite-time cooperative
localization [25]-[32].

Despite these advances, most existing network localization
methods assume that unknown nodes can actively sense, com-
municate with, or perform computation using information from
neighboring nodes. Moreover, existing studies on dynamic
topologies either consider a mobile anchor relying on range
measurements or are restricted to two-dimensional undirected
networks [25], [26]. In contrast, the SRAFL problem involves
passive environmental features that neither sense, communi-
cate, nor perform computation; all measurements are acquired
by the moving robot, resulting in a directed and dynamic
topology. The problem further combines three-dimensional
bearing angle measurements with the simultaneous estimation
of the robot trajectory and passive feature positions. These fun-
damental differences prevent the direct application of existing
network localization methods.

Motivated by these differences, we develop a barycentric
linear formulation tailored to the SRAFL problem. By exploit-
ing barycentric coordinate representations [33], the bearing
angle measurements induced by the sensing graph are trans-
formed into linear algebraic constraints. The resulting sparse
linear system jointly recovers the robot trajectory and environ-
mental feature positions, providing an efficient and scalable
solution suitable for resource-constrained sensing platforms.

Specifically, we consider a mobile robot equipped with a
monocular camera in the region where the sparse features
with unknown positions are situated. As the robot moves
around, it captures bearing angle measurements of features

with respect to its own position through the images from the
monocular camera. Then, the robot is tasked with iteratively
updating its own trajectory and estimating the positions of
these features based on these step-by-step measurements.
The specific process can be described as follows. As the
robot moves, certain features become observable by the robot
at two consecutive time steps, comprising both those with
known positions and those with unknown positions. Utilizing
local bearing angle measurements and the known positions
of features, the robot can estimate its own trajectory and
the positions of these previously unknown features based on
the barycentric coordinate representation. Once a feature’s
position is determined, it is then used to locate further features
in an iterative fashion. This process is continuously iterated as
the robot observes novel features, until all features’ positions
are determined, and the robot ceases its movement.
The main contributions of this paper are the following:

o We reformulate the SRAFL problem as a series of dy-
namic network localization tasks by utilizing sequential
angle-based sensing. This innovative perspective, based
on barycentric coordinate representation, provides fresh
insights into vision-based localization problems.

e« We develop a novel Barycentric Linear SRAFL (BL-
SRAFL) method. By establishing and efficiently solv-
ing linear equations derived from local bearing angle
measurements, BL-SRAFL not only guarantees global
convergence of localization results but also significantly
reduces computational complexity, making it particularly
advantageous for resource-constrained applications.

o Recognizing that certain high-precision applications ne-
cessitate enhanced accuracy, we introduce the BL-
SRAFLA+BA pipeline. In this strategy, BL-SRAFL serves
as an efficient linear front-end that provides globally
convergent solutions for the individual localization sub-
processes, which is complemented by an optional Bundle
Adjustment (BA) back-end for refinement. This integrated
pipeline substantially improves localization accuracy in
noisy scenarios.

o We conduct numerical simulations and real-world exper-
iments to demonstrate the effectiveness and robustness
of the proposed approach. Experimental results confirm
the advantages of BL-SRAFL and the enhanced accuracy
achievable through BL-SRAFL+BA, highlighting their
suitability for realistic robotic applications.

The rest of this paper is organized as follows. In Section II,
the notations and preliminaries are provided. In Section III,
we present the problem formulation. Section IV details the
proposed method along with its theoretical analysis. Numerical
simulations and real-world experimental validation are pro-
vided in Section V. Finally, Section VI concludes the paper.

II. NOTATIONS AND PRELIMINARIES
In this section, after introducing some notational conven-

tions, we review important facts about graph theory and
barycentric coordinate representation.
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A. Notations

We denote by R, N, and R” the sets of real and natural
numbers and the n-dimensional Euclidean space, respectively.
The cardinality of a set is denoted by | - |, and || - || is the
2-norm. For two sets A and B, we denote the set subtraction
operation by A\ B, which contains all elements belonging to
A but not to B. Symbols 1,, and 0,, are n-dimensional vectors
of ones and zeros, respectively, and I,, is the n x n identity
matrix. The rank of a matrix is denoted by rank(:), and ®
indicates the Kronecker product. For a matrix A, we denote
by [A];; its element in the i-th row and j-th column. Given
a vector v indexed by labels and a set ), [v]), denotes the
subvector containing the entries whose indices belong to V,
preserving the original ordering.

B. Graph Theory

A directed graph G = (V, ) consists of a set V of nodes
and aset £ C VxV of edges. A configuration in R? of n nodes
is defined by their coordinates in a Euclidean space, captured
by the vector p = [p],...,p,]" € R3", where p; € R?
is the position of node ¢ in the three-dimensional Euclidean
space, for ¢ € {1,...,n}. A configuration p is considered
generic if its coordinates do not satisfy any algebraic equation
with rational coefficients [34]. A framework in R> consists of
a graph G combined with a configuration p, represented by the
pair (G,p). Two frameworks sharing the same graph (G, p)
and (G,q) are considered similar, represented as (G,p) ~
(G,q), if for all 4,5 € V(i # j), it holds p; — p; = sR(q; —
qj), where s > 0 is a scaling factor and R is a rotation matrix,
common for all 7,5 € V.

C. Barycentric Coordinate Representation

The barycentric coordinate system is a geometric concept
that represents the position of a node relative to others [33].
Given node ¢ and four other nodes j, k,l, and h, the three-
dimensional coordinates p; of node ¢ can be written as a unit-
sum linear combination of the coordinates of the other nodes:

{Pi = aijP; + aikPk + @uP1 + ainPh, (1)

a;j + a;p + ay +a;p = 1.

We refer to the four weights of such a linear combination
{aij, ik, a;,a;n} as the barycentric coordinates of node i
relative to nodes j, k, [, and h. Consequently, these barycentric
coordinates can be determined by solving the linear system
described in (1). If the configuration p is generic, the linear
system (1) admits a unique solution [33], which is given by

—1
T - ) i
o e wa]=[% % 2 2] ] o

III. PROBLEM FORMULATION

This section first clarifies the system setup of the SRAFL
problem studied in this paper, followed by the description of
the sensing model, the construction of the sensing graph, and
the formal statement of the SRAFL objective.

A. Problem Setup

We consider a mobile robot equipped with a rigidly mounted
monocular camera navigating a static three-dimensional envi-
ronment containing sparse features with unknown positions.
The proposed formulation applies to both indoor and outdoor
settings, including warehouses, factories, laboratories, tunnels,
underground facilities, and structured inspection sites, pro-
vided that the scene contains stationary features that can be
reliably reidentified across consecutive views. Representative
features include fiducial markers, reflective targets, and wall
or ceiling corners in indoor environments, as well as traffic
signs, poles, and building corners in outdoor environments.
Each feature is modeled as a fixed point in three-dimensional
space. As the robot moves, the camera acquires bearing
angle measurements of the visible features from successive
viewpoints. Our objective is to simultaneously estimate the
robot trajectory and the positions of the observed features in
a common metric coordinate frame using only these vision-
based bearing measurements.

The robot acquires measurements over n; + 1 € N discrete
time frames, indexed by the set 7 = {0,1,...,n;}. For each
time frame ¢t € 7, we associate a unique robot position label
74, collectively forming the set R = {ro,r1,...,7y, }. Without
loss of generality, we align the global coordinate system .9
with the initial robot local coordinate system X", and assume
that the robot and camera coordinate systems coincide, denoted
uniformly as 2. This simplification is valid when the camera
is rigidly mounted on the robot without relative motion (e.g., a
front-facing camera on a mobile robot). For any two coordinate
systems X% and %, we use R, € SO(3) to denote the rotation
that maps vector coordinates from X to Y°. Consequently,
at each time frame ¢ € 7, the robot occupies a distinct
position 7; with coordinates p,, € R3 in X9. At each position
ry € R, the robot observes a subset of static environmental
features, represented by the instantaneous feature set J,.
Each observed feature f € F,, possesses global coordinates
Py € R3. Furthermore, the local coordinates of each feature
f € F,,, expressed in the robot’s local coordinate system
X"t are denoted by p}t € R3. These local coordinates form
the basis of the angle-based sensing model introduced in the
following subsection.

B. Sensing Model

Next, we formalize the corresponding angle-based sensing
model, which defines the bearing angle measurements acquired
by the robot for observed features at each time frame ¢ € 7.

Consider a feature f € F,, observed at robot position r; €
R. Since the robot is located at the origin of its local frame,
ie., pﬁ; = 03, the bearing angle measurement b:j f directed
from the robot toward the feature f is defined as:

P —prll  [IPYl

Here, the superscript r; explicitly indicates that the vector is
expressed in the robot’s local coordinate system "¢, and the
subscript 7 f specifies the measurement direction from the
robot at position r, toward feature f (see Fig. 1). Throughout

. P} D
ref T
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Fig. 1. An illustration of angle-based sensing. The green square represents the
monocular camera, while the circle indicates features. Blue lines with arrows
depict bearing angle measurements, black lines with arrow denote coordinate
axes, and the dashed line serves as an auxiliary reference.

this paper, the term bearing angle measurement refers to this
normalized direction vector. This angle-based sensing model
directly establishes the geometric relationship between robot
positions and observed features, providing critical constraints
for solving the SRAFL problem.

C. Sensing Graph

To explicitly characterize the sensing interactions between
the robot and the environmental features observed simultane-
ously at consecutive time frames ¢t —1 and ¢, we now introduce
a dynamic directed sensing graph G(t) = (V(t),E(t)).

The node set V(¢) of the sensing graph G(¢) comprises robot
positions and commonly observed features at consecutive time
frames, formally defined as V(t) = V,.(t)UVy(t). Specifically,
the set V,.(t) = {r¢—1,7:} denotes the consecutive robot posi-
tions, with combined coordinates p,.(t) = [p,._,,p,,]" € RS.
The corresponding feature set V;(t) consists of features simul-
taneously observed from both robot positions and is explicitly
defined as the intersection V¢ (t) = F,,_, N F,,. It is further
partitioned into localized and unlocalized subsets, denoted
by Vi(t) and V,(t). Specifically, the localized subset V,(t)
includes features whose global positions are already known at
both consecutive robot positions, while the unlocalized subset
Vu(t) consists of features whose global coordinates remain
unknown and must be estimated. The global coordinates
corresponding to these two subsets are respectively stacked
into p(t) € R3®) and p,(t) € R3(), with the numbers of
localized and unlocalized features denoted by n;(t) = |V,(t)]
and n,(t) = |[V.(t)|]. To facilitate subsequent analysis, we
further define the combined set of unlocalized nodes as
V. (t) = Ve(t) UV, (t), where n,(t) = |V, (t)| = 24 [Vu(t)]
represents the total number of unlocalized features and two
robot positions in G (). Accordingly, their stacked global coor-
dinates are denoted by p.(t) = [p.(t) T, p,(t)T]" € R3"=(1),
Notably, the global coordinates of all nodes within the set
V. (t) require estimation.

An edge (f,7:) € &(t) (and analogously (f,r:—1)) is
established in G(t) if and only if (iff) the feature f is observed
from both the robot position r;_; and 7, acquiring the
corresponding bearing angle measurements b::: ¢ and b::f
defined in (3). Additionally, the relative movement between

robot positions 7,1 and r; yields the bearing angle measure-
ments byt~ and by}, justifying the inclusion of directed
edges (r,7¢-1), (re—1,7¢) € E(t). It is important to note
that the sensing graph G(¢) dynamically evolves as the robot
moves over time. Consequently, the sets V,.(t) and V¢(¢), their
localized and unlocalized subsets, associated coordinates, and
the edge set £(t) are continually updated as new measurements
become available.

We define the cumulative sensing graph collection up to
the time frame ¢ as G'™(t) = {G(7)}-<;. We introduce
the cumulative node sets as follows: the cumulative robot
position set V"™ (t) = {rg,...,7:}, the cumulative feature
set Vi"(t) = U, <, V¢(7), the cumulative localized feature
set V"™ (t) = |J, <, Vi(7), and the cumulative unlocalized
feature set V"™ (t) = |J, ., Vu(7). Their stacked coordinates

pr (1), p(t), pit™ (1), and pg™(t) are constructed by
concatenating the coordinates of unique elements from these
cumulative sets in ascending label order. By definition, these
cumulative sets contain distinct labels without repetition, en-

suring consistent indexing and fixed dimensions.

D. Problem Statement

Estimating the positions of the robot and unlocalized fea-
tures using relative bearing angle measurements fundamentally
relies on the observability provided by previously localized
features. Specifically, to ensure adequate geometric constraints
for localization, maintaining visibility of a minimal subset of
these previously localized features across sensing graphs is
essential. Thus, we introduce the following assumption.

Assumption 1: At each time frame ¢ > 1, the sensing graph
G(t) contains at least four features previously observed in the
cumulative sensing graph collection G°"™ (¢ — 1). That is, the
feature set V¢ (t) must include no fewer than four features that
were observed in some earlier time frame 7 < t.

Remark 1: Assumption 1 ensures that, at every time frame
t > 1, the intersection between currently observed features
and the cumulative set of previously localized features satisfies
the minimal cardinality condition |V;(t) N VP"™(t — 1)| > 4,
preserving the essential localizability constraints established
in [35]. Specifically, these constraints provide the minimum
number of spatial references required to uniquely determine
the robot pose and the positions of unlocalized features in a
generic three-dimensional configuration. Thus, Assumption 1
is a structural identifiability condition for the proposed method
rather than a guarantee of localization accuracy under mea-
surement noise. In practice, this requirement can be facilitated
by appropriate measurement intervals and, when available,
robot motion planning or control. As localization proceeds,
the cumulative set of localized features generally expands,
increasing the availability of spatial references. However,
limited fields of view, rapid rotations, or feature occlusions
may temporarily violate this condition. The current update can
then be postponed until sufficient valid correspondences are
recovered, while external relocalization or auxiliary motion
estimation may be used if continuous localization is required.

With the above assumption in place, the SRAFL problem
can now be formally stated as follows.
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Problem 1: Given each sensing graph G(¢) within the
cumulative collection G°"™(n;) and the associated local bear-
ing angle measurements b:: , simultaneously estimate the
robot trajectory and the positions of unlocalized features.
Specifically, gradually estimate the cumulative robot position
coordinates pS"™(n;) and cumulative unlocalized feature co-
ordinates pS"™(n;) in the global coordinate system 9.

The joint estimation objective can be expressed in terms
of bearing residuals. For a candidate robot position p,,,
robot orientation R, ,,, and feature position py, the predicted
bearing in X"t is

67«,, _ Rrort (pf - pn) )
" ey = e
Accordingly, the SRAFL objective is formulated as
. 2
> ey @
)

LET fEF,,NVE™ (ny

“4)

min
{prt 1R7‘Urt teeTs
{Pf}fevg“m(nt)
where the positions of previously localized features are treated
as fixed spatial references.

IV. BARYCENTRIC LINEAR SRAFL METHODOLOGY

To address the SRAFL problem, we propose an incremen-
tal localization strategy that estimates robot positions and
previously unlocalized feature coordinates through discrete,
computationally lightweight subprocesses. Each subprocess
employs a linear formulation based on barycentric coordinate
representation, enabling efficient computation of robot and fea-
ture positions. Integrating these subprocesses across the entire
trajectory yields a globally consistent localization solution.

First, we showcase the proposed SRAFL approach. Second,
we detail the barycentric linear formulation and the efficient
conjugate gradient (CG) solver utilized within each subpro-
cess. Third, we present the comprehensive BL-SRAFL+BA
implementation pipeline, integrating these subprocesses into a
cohesive localization framework, with an optional BA refine-
ment step to further enhance localization accuracy. Fourth, we
analyze the computational complexity and memory footprint
of our approach, establishing its theoretical scaling for online
estimation on resource-constrained platforms.

A. Method Overview

This subsection introduces the general structure of our
proposed SRAFL approach and briefly outlines its key com-
ponents. The localization process begins with an initialization
procedure to determine four localized features, whose global
coordinates serve as initial spatial references. Using these
localized features, the robot iteratively localizes itself and
other unknown features as it traverses the environment.

During navigation, the robot acquires bearing angle mea-
surements of environmental features from successive positions,
identifying overlapping observed features between viewpoints.
At each step, these bearing angle measurements are trans-
formed into a linear system using barycentric coordinate
representation. This linear system is efficiently solved via a CG
method, rapidly yielding accurate estimates for the previously

e ]
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Construct barycentric linear equations
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’ Add newly estimated features to localized features

Robot finished moving?

’ Optional BA refinement ‘

1

’Output final localization results‘

1

| - |

Fig. 2. Workflow of the proposed SRAFL approach. The lightweight BL-
SRAFL provides online estimates, while an optional BA back-end refines the
solution offline when higher accuracy is required.

unknown features as well as updating the robot’s own position.
Newly estimated features are incrementally added to the
localized feature set, thereby improving the localized feature
distribution for subsequent localization steps. This iterative
process continues until the robot completes its movement.

Optionally, after completing the linear localization proce-
dure, a nonlinear BA refinement step may be performed to
minimize residual reprojection errors, further improving the
localization precision, especially in the presence of noise.
Integrating the BA step yields BL-SRAFL+BA, in which
BL-SRAFL provides efficient and globally consistent initial
estimates, while BA serves as a back-end refinement module.

Fig. 2 summarizes our approach, illustrating the method’s
progression from linear localization to the optional BA refine-
ment step. Our proposed approach contributes to addressing
the SRAFL problem in three significant ways: firstly, it in-
troduces a linear barycentric formulation for computational
efficiency; secondly, it employs an efficient CG-based solver
guaranteeing rapid global convergence; third, an optional BA
refinement step integrated into a cohesive BL-SRAFL+BA
pipeline, providing enhanced accuracy in practical scenarios.
Each component will be discussed in the following.

B. Barycentric Linear Formulation

Here, we detail the conversion of bearing angle measure-
ments into a linear equation system using barycentric coordi-
nates, laying the foundation for efficient solution algorithms.

1) Bearing Angle Measurements Acquisition: Within the
sensing graph G(t), the bearing angle measurements by,
defined in (3), are obtained directly from pixel observations

captured by the monocular camera. Let x}' = [u}, v}, 17
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represent the homogeneous pixel coordinates of feature f ob-
served in the image acquired at r;. Given a calibrated intrinsic
camera matrix K € R3*3, each bearing angle measurement is
computed as
K—l
Tt
Pt =R ©

Similarly, bearing angle measurements at 7,_; are obtained
using the corresponding pixel coordinates of its image.

To determine the bearing angle measurement by, and
the relative rotation matrix R,, ,,,, which maps vectors from
¥T-1 to X7, we utilize a set of previously localized features
Vi(t) € V'™ (t — 1). This rotation is necessary because
bearing vectors observed at different times are expressed in
different camera frames; they must be represented in a com-
mon frame before the barycentric relations can be constructed.
Specifically, we first compute the local coordinates p;*~" of
each localized feature [ € V,;(¢), expressed in the robot’s local
coordinate system X"¢-'. Given the global coordinates p; and
the robot’s global position p,, ,, both previously estimated
by the BL-SRAFL at time frame ¢ — 1, the local coordinates
are computed through p;""' = Ry, (pi — Pr,_,). Here,
the global-to-local rotation matrix R,,r, , of the robot at
time frame ¢t — 1 is recursively updated from previously
estimated relative rotation matrices as follows: R, ., ,
Ry, .r, Rror, o, with R, .., | representing the relative
rotation from X7t-2 to X"~ Utilizing these local coordinates
p,"" together with the corresponding homogeneous pixel
coordinates x;* directly observed from X", the estimation
of the relatlve rotation matrix R,, ,,, and translation matrix
T can thus be formulated as a Perspective-n-Point (PnP)

Ttrt—
optlmlzation problem:
min

P e

TE—1Tt T Tt — 1ley, (t)

w{K Ry, T, ][p’l})HQ ™

where 7(-) denotes the perspective projection operation. Under
the adopted coordinate convention, the rigid transformation
satisfies p;* = R,,_ mp? ' 4+ 1. .. Hence, the 3 x 1
translation matrix 7).  represents the displacement from
the current camera center 7; to the previous camera center
ri—1, expressed in X"t. To efficiently solve (7), we employ
the Efficient Perspective-n-Point (EPnP) algorithm [36], which
parametrizes each three-dimensional point with four virtual
control points. This reformulation transforms the original
nonlinear optimization into a linear system solvable by Sin-
gular Value Decomposition (SVD), followed by a Gauss-
Newton iteration. Notably, the EPnP algorithm inherently
requires a minimum of four localized feature correspondences
(Wi(t)] > 4) to ensure a unique and robust solution, a
condition explicitly guaranteed by Assumption 1. Therefore,
normalizing the resultant displacement removes its magnitude
and yields exactly the inter-frame bearing direction illustrated
in Fig. 1:

Tt

TtTt—1
e ®)
”TTtTt 1 H

These rigorously derived normalized vectors explicitly re-
late the raw camera measurements to geometric constraints,

bl

TeTE—1

wob’t

ri—1f

bl

TtTt—1 Tt-1

Tt Tt—1

(a) Sensing subgraph gé@ (b) Vector relationships

Fig. 3. Illustrations of the barycentric linear formulation.

constituting essential input data for subsequent computational
steps within the BL-SRAFL.

2) Barycentric Coordinates Computation: With the bearing
angle measurements obtained, we proceed to compute the
barycentric coordinates within the sensing graph G(t), which
enables the formulation of linear constraints among the robot
and feature positions.

As described in Subsection III-C, the sensing graph G(t)
comprises two consecutive robot positions 7; and 7,1, to-
gether with a set of simultaneously observed features V(). To
facilitate the calculation of barycentric coordinates for all un-
localized nodes in V. (t), we partition the entire sensing graph
G(t) into smaller subsets termed sensing subgraphs. Given that
edges within G(¢) exist exclusively between robot positions
and features (without any direct edges among features them-
selves), each sensing subgraph must contain at least five nodes
to ensure valid barycentric coordinate computations. Hence,
we define each sensing subgraph G{” = (V{9 £!)) € g(¢)
with exactly five nodes: the two consecutive robot positions
r¢ and r_; and any common features {i,j,k} € Vf(t)
(see Fig. 3a). The superscript (¢) denotes the index of each
specific sensing subgraph. Hence, we first compute barycentric
coordinates individually within each sensing subgraph and
then merge these to form a comprehensive representation.

To determlne barycentric coordinates for each sensm sub-
graph 95 , we construct an auxiliary framework ( 2 “ as),
which is similar to the actual spatial framework (G ),p5).
Due to this similarity, the barycentric coordinates of both
frameworks coincide. Thus, computing the barycentric co-
ordinates of the auxiliary coordinates qs directly yields
those of the actual coordinates ps. Specifically, ps =
p..p), .p;.p;,p.]" and qs is structured as q; =
[a/),,q), ,,a],q;,9.]". We begin by setting q,, = 03
and q,,_, = by, . For each feature f € {i,j,k}, we
then transform the bearing angle measurement observed at
r¢—1 from its original coordinate system X"¢-!' into X't
via the rotation matrix: b;! . Ry, _yr, by~ 1+ Due to
the coplanarity of vectors bjjmil,b ‘s and bl (see
Fig. 3b), there exist positive scalar parameters w1, wsy sat-
isfying wiby!, = b, |+ wob’ . which presents an
overconstrained equation; hence the least squares formula

. 2 .
Jmin |wiby! s —(byt,, | +waby!  )[|* is used to compute

wi and wo. The auxiliary coordinates qy are subsequently
calculated as either qy = wlb:if orqr=by,  +wb e

TtTt—1
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Repeating this procedure for all features f € {i,j, k}, we
finally determine qs. Consequently, with qs, the barycentric
coordinates any) for each unlocalized node =z € Véc) are
specifically determined using (2), where each y ranges over
all nodes in Véc) \ {z}. Since (g§C>,p5) ~ ( éc),q5), these
barycentric coordinates directly apply to the actual positions,
resulting in the linear constraint p, = Zy VN [} a&é Py-
In practice, nearly degenerate sensing subgraphs are excluded
during implementation to improve numerical robustness.

In general, each unlocalized node = € V,(t) may be
involved in multiple sensing subgraphs. Let ¢, denote the
total number of sensing subgraphs containing node x. The
corresponding barycentric coordinates are aggregated using
nonnegative weights {7.} satisfying > o, 7. = 1. Unless
otherwise specified, uniform weights, ie., 7. = 1/¢,, are
adopted throughout this paper. Accordingly, the weighted
barycentric coordinates a,, are obtained by aggregating the
barycentric coordinates from all involved sensing subgraphs,
ie, Gzy = Zzil fyca%) . Consequently, the final weighted
barycentric coordinate representation for each unlocalized
node = € V,(t) is thus expressed as:

Pz = ZyEU Vi QzyPy; )

where the summation includes all nodes y € V(t) sharing at
least one sensing subgraph with unlocalized node z.

3) Linear System Assembly: After obtaining the weighted
barycentric coordinate representation for r; and r,_;, and
all unlocalized features w € V,(t), we write the linear
equation constraints (9) into a matrix representation, yielding
the following set of equations:

pi(t) ]| pi(t)
Pu(t) | = (Bo(t) ® I3) | pult) |, (10)
p(t) | | pr(t)
which are reformulated as
pi(t) | [ pu(t)
— (Bo(t) @ I , 1
p.(t) | =B O L) | 5 (an
where the matrix By(t) is defined as
1, if i € Vi(t) and i = 7,
[Bo(t)]ij =40, if i € Vi(t) and 7 # j, (12)
gy if i € Vz(t).

To further simplify the linear system, we define B(t) = I,,+)—
By(t), where n(t) = ny(t) + n,(t), and partition it based on
V,(t) and V. (t), it takes the following form:

Om(t)xnl(t) Onl(t) X le(t)

B(t) = B (t) B, (t) » (13)
Combining (11) and (13), we get
(B:(t) ® I3) p=(t) = — (Bi(t) @ I3) pu(t), (1)

where we refer to B, (t) and B (t) as the BL-SRAFL matrices,
which serves as the essential input for the CG-based solver.

C. Efficient Conjugate Gradient Solver

Building upon the linear formulation derived above, we
introduce an efficient CG-based solver tailored for sparse lin-
ear systems arising from barycentric coordinate representation,
ensuring global convergence. We first discuss the solvability
conditions, then detail the CG-based BL-SRAFL solver, and
finally analyze its robustness to measurement noise.

1) Solvability Guarantees: We begin by establishing theo-
retical conditions for solvability based on the linear system in
(14). Two lemmas provide the necessary framework.

Lemma 1: The positions of the robot r, € V,.(t) and
unlocalized features v € V,,(t) are uniquely solvable iff matrix
B, (t) is nonsingular, i.e., rank(B,(t)) = n,(t).

Proof: The solvability of (14) for p.(¢) directly hinges
on the invertibility of the matrix B, (¢). Therefore, achieving
unique positions necessitates that B, (t) be of full rank, as
established by standard linear algebra principles [37]. [ ]

Lemma 2: Under Assumption 1, the BL-SRAFL matrix
B, (t) is always nonsingular, i.e., rank(B,(t)) = n,(¢).

Proof: Based on the barycentric coordinate representation
detailed in Subsection IV-B2, we define the barycentric coor-
dinate induced graph G(t)’ associated with the matrix By(t),
such that an edge (¢, ) exists within G(¢)’ if and only if the
corresponding entry [By(t)];; is nonzero. According to (12),
each nonzero entry of By(t) for ¢ € V,(¢) is equal to the
weighted barycentric coordinates a;;, obtained by aggregating
the barycentric coordinates al(;) derived from multiple sensing
subgraphs. Hence, to illustrate the construction of G(t)’, we
consider an arbitrary sensing subgraph Qéc) € G(t) consisting
of two robot positions r; and 7;_1, and an arbitrary triple
of observed features {4, 7, k}. Within such a subgraph, the
barycentric coordinates of an unlocalized feature (e.g., feature
i) are given by p; = ale)p,, +ale)_ Pr,_, +aip; + aly pr.
indicating the presence of edges connecting ¢ with ry, 141,
7, and k. These edges form a barycentric coordinate induced
subgraph, denoted G.. The complete barycentric coordinate
induced graph G(t)’ is then formed as the union of all
such induced subgraphs across every possible combination
of features (over all c). Given Assumption 1, at least four
previously localized features are guaranteed to exist within
V¢(t). Consequently, every unlocalized node in V,(¢) (includ-
ing robot positions and unlocalized features) is connected to
these previously localized features within G(¢)’. Such con-
nectivity ensures the existence of at least four vertex-disjoint
paths linking the known localized feature set V;(t) to each
unlocalized node in V,(t). This condition, in line with the
Lemma 4.1 from [38], assures that rank(B, (¢)) = n,(t), hence
is nonsingular. [ ]

Lemmas 1 and 2 immediately give the following result.

Theorem 1: The robot trajectory and the unlocalized feature
positions at time frame ¢ are uniquely determinable under
Assumption 1.

Proof: We rephrase the claim as follows: The positions
of robot r; € V,(t) and unlocalized features u € V,(t) are
achievable iff there are at least four localized features in G(¢).
The proof is a straightforward consequence of Lemmas 1
and 2. [ ]
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2) CG-based Solver: Based on Theorem 1, we present
an efficient solver based on the CG method. First, define
By(t) = By(t) ® I3 and B, (t) = B.(t) ® I3. By multiplying
the transpose matrix of B, (t) in both sides of (14), we obtain

B.()"B.(t)p-(t) = —B.(t) ' Bi(t)pi(t).  (15)

Since B, (t) is nonsingular (Lemma 2), B, ()" B, (t) is sym-
metric positive definite (SPD), enabling CG-based solutions.
The detailed implementation of the CG-based BL-SRAFL
solver is summarized in Algorithm 1. Given an arbitrary
initial estimate of p,(¢)[0] and a predefined small tolerance
threshold ¢ > 0, this algorithm converges to the global
solution, avoiding local minima issues typically encountered in
nonlinear approaches. Specifically, during the iteration phase,
the scalar step size alk] is determined to ensure orthogo-
nality of residuals r[k + 1], satisfying r[k] " r[k + 1] = 0.
In addition, step size (B[k] ensures conjugacy of direction
vectors d[k + 1], fulfilling d[k]" B, (¢) " B.(t)d[k + 1] = 0.
These crucial properties guarantee fast and stable convergence
to the exact solution within a finite number of iterations,
typically significantly fewer than n,(t) steps [39]. We formally
summarize these guarantees in the following theorem.

Algorithm 1 CG-based BL-SRAFL Solver

Input: BL-SRAFL matrices B.(t) and B;(t), localized feature po-
sitions p;(t), and small tolerance threshold € > 0
Output: Estimated robot positions p-(t) and feature positions pu (t)
1: Set matrix: B, (t) + B.(t) ® Is.

2: Set matrix: B (t) + Bi(t) ® I.

3: Compute initial residual: r[0] <« —B.(t) Bi(t)pi(t) —
B.(t) "B:(t)b- (t)[0].

4: Set initial direction: d[0] < r[0].

5: Initialize iteration count: k < 0.

6: repeat

7. Compute step size: afk] < 3 k]T;[(l);gi(t)

8:  Update estimate: p. (¢)[k + I]K — po(t)[k] + [ ]d[k]

9:  Update residual: r[k + 1]<r[k] —a[k] B, (t) "B.(t)d[k].

10:  Compute step size: B[k] k}”k :[kﬂ]

11:  Update direction: d[k + 1] < r[k + 1} + Blk]d[k].
12:  Increase iteration count: k <— k + 1.

13: until [rk+ 1| <e

14: Extract solution: [p,(t) T, pr(t)T ]
15: return p,(t) and p.(¢)

T p.(t)[k+1].

Theorem 2: Under a noise-free scenario, the robot and
feature positions p,.(t) and p,,(t) estimated with Algorithm 1
converge to their true positions p,.(t) and p,(t), uniquely
determining the robot trajectory and feature positions in G(t).

Proof: Since residuals r are mutually orthogonal and
direction vectors d remain mutually conjugate, the iterates
p.(t)[k] effectively represent the projection of the true so-
lution p,(¢) onto the Krylov subspace. Thus, under noise-free
conditions, convergence to the exact solution occurs within a
finite number of iterations, as demonstrated in [39]. [ |

3) Robustness Analysis: We investigate the impact of noise
measurement perturbations on the solver’s performance and
establish sufficient conditions ensuring global convergence
while providing an approximate optimal solution.

In the presence of noise, the BL-SRAFL matrices B, (t) and
By(t) are perturbed to B, (t) and B(t), respectively. Accord-

ingly, B.(t) and By(t) are perturbed to B.(t)
and By(t) = By(t) ® I3, transforming (15) into:

(t) = —B.(t)  Bi(t)pa(t).

Provided that the perturbed matrix éz (t)Téz (t) remains full
rank, Algorithm 1 solves the least squares problem

=B.(t)® I3

B.(t)T B.(t)p. (16)

ming_ ) || B2 (t) B (6)p: () + B.(t) T Bi()pu(t)[|%, (17)
whose solution is explicitly given by:
p.(t)* = —(B.()TB.(t)) 'B.(t)  Bi(t)pu(t).  (18)

This solution is the unique least-squares solution of the per-
turbed linear system.

Next, we define the perturbation matrix as AB,(t) =
B.(t) — B.(t), and derive a spectral norm bound to guarantee
algorithm convergence.

Theorem 3: Algorithm 1 converges to the least squares
solution (18), if the perturbation |AB,(t)|| < omin(B:(t)),
where onin (B, (t)) is the smallest singular value of B, (t).

Proof: According to Mirsky’s theorem [40], we have
that \omin(Bz(t)) — omin(B:(t))| < ||AB,(t)||. Under the
stated bound, it immediately follows that amin(Bz(t)) >
Omin(B:(t)) — ||AB.(t)|| > 0, which indicates that B, (t)
retains full column rank. Consequently, B.(t)TB.(t) is SPD,
and thus, the matrix B (t) = B.(t) ® I is likewise SPD.
Therefore, Algorithm 1 reliably converges to (18). [ ]

The condition in Theorem 3 directly relates to the geometric
arrangement of robot and feature positions. Specifically, the
smallest singular value o, (B, (t)) quantifies geometric de-
generacy. When this singular value approaches zero, the geo-
metric configuration becomes nearly degenerate (e.g., features
are collinear or coplanar), significantly amplifying the effect
of measurement noise. Therefore, the eigenvalue criterion
serves as a geometric identifiability constraint, ensuring the
localization problem remains well-conditioned.

Remark 2: The conditions specified in Theorem 3 provide
sufficient criteria to ensure bounded geometric error. However,
even if the noise magnitude exceeds these bounds, as long as
the matrix B, (t) B.(t) remains SPD, Algorithm 1 will still
converge monotonically to the unique least squares solution
(18) of the corresponding linear system (16). Practically, in
scenarios of higher noise levels, geometric errors tend to
increase proportionally with the system’s condition number,
resulting in slower numerical convergence.

In summary, the CG-based BL-SRAFL solver maintains
global convergence and converges to the unique least-squares
solution under realistic measurement noise, provided the ge-
ometric configuration is sufficiently non-degenerate and mea-
surement perturbations remain within the established spectral
bound.

D. BL-SRAFL+BA Implementation Pipeline

Building on the workflow outlined in Fig. 2 and the contents
of above subsections, this subsection presents the detailed
implementation of the BL-SRAFL+BA pipeline.
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1) Initialization: This subsection describes a systematic
initialization procedure which aims to establish at least four
localized features in a three-dimensional space. Given the
intrinsic calibration matrix K of the monocular camera, a
known metric baseline length b between the first two time
frames ¢ = 0 and ¢ = 1 (e.g., obtained from odometry or a
calibrated motion), and four reliable feature correspondences
that are simultaneously observed at ¢ = 0,1,2, we adopt
the minimal 4-point-in-3-view (4p3v) solver [41] to jointly
estimate the relative rotation matrices R, and R, ., along
with the associated unscaled translation matrices ngrl and
170, The inherent scale ambiguity of monocular vision is
resolved by a single global scale factor s = b/[|T}9,. |,
yielding the scaled translation matrices 77°. = s, and
1o, = sT79,,. The camera projection matrices for the three
viewpoints are therefore defined as P., = [K | 0], P, =
[KRTOH | _KRT’OHTTT(?T_[]_LPQ = [KRT0T2 ‘ _KRTOTzT:(?rz]'
Let x' = [u},v}",1]" represent the homogeneous pixel
coordinates of feature f in X", and X; = [X,Y, Z,1]" the
corresponding homogeneous coordinates in three-dimensional
space. For each feature f, three-view geometry provides a

linear homogeneous system:

[xf X+ ro
ApXyp =0, Ap= |[X/]xPr |, (19)
(X} ]x Pry

solved by SVD. De-homogenizing the resulting X gives the
global coordinates p;, for [ € {1,...,4}, serving as the
initial localized feature set. Consequently, the scaled trans-
lation matrices obtained from the 4p3v initialization directly
yield the first two robot positions in %9, p,, = T, and
pPr, = T70.,. Together with R;,.,, these initial estimates
provide all necessary inputs for the BL-SRAFL front-end.

2) BL-SRAFL Front-End: With the initialization procedure
completed, we iteratively execute the BL-SRAFL front-end,
performing incremental localization at each subsequent time
frame. Specifically, at every time frame ¢, the sensing graph
G(t) is updated by incorporating currently localized features
and newly observed, unlocalized features. Although the global
coordinates of the robot position r,_; have been previously
estimated at time frame t — 1, we still include it in the
unknown node set V,(t) at the current iteration. This repeated
estimation allows the solver to integrate additional available
measurements from the current time frame, effectively reduc-
ing cumulative errors and mitigating drift that would otherwise
accumulate if r;_1 were treated as a fixed localized node. After
solving the localization problem at time ¢, the newly updated
estimate of 7,_; replaces the previous value. Subsequently,
the essential bearing angle measurements are acquired, and
the associated weighted barycentric coordinates are computed
according to the methods outlined in Subsection IV-B. These
weighted barycentric coordinates are assembled systematically
into a sparse linear system, as previously detailed. Next, the
CG-based BL-SRAFL solver, presented in Subsection IV-C,
efficiently solves this linear system, estimating the positions
of the unlocalized features and updating the robot’s positions.
Newly estimated features are promptly incorporated into the
localized feature set, progressively refining the spatial ref-

erences. This iterative localization process continues as the
robot navigates the environment and terminates upon the
robot’s cessation of movement or when all features have been
localized.

3) Optional BA Back-End: Although BL-SRAFL provides
globally consistent estimates under ideal conditions, real-world
measurement noise and disturbances may degrade estimation
accuracy. Moreover, because BL-SRAFL operates sequen-
tially, estimation errors may propagate across successive steps
and accumulate along the trajectory. The finite-step conver-
gence of the CG solver applies to each individual linear
system and therefore does not guarantee drift-free estimation
over the entire trajectory. To further improve precision, we
optionally apply a single offline BA refinement, utilizing the
BL-SRAFL results as initial estimates. This BA step employs a
sparse Levenberg-Marquardt solver [42] to minimize residual
reprojection errors, improving localization performance at the
cost of additional offline computation.

Remark 3: In this work, we adopt a global BA refinement
executed once after completing the entire trajectory estimation.
Although incremental or sliding-window BA approaches could
further reduce drift accumulation, they significantly increase
computational overhead per step. Consequently, the online
latency is determined by the BL-SRAFL front-end, whereas
the global BA is enabled only when the available offline com-
putational budget and accuracy requirements justify its cost.
Nevertheless, BL-SRAFL can be straightforwardly integrated
with a sliding-window BA scheme if further drift mitigation is
required and sufficient computational resources are available.

4) End-to-End Algorithm: Algorithm 2 provides detailed
pseudocode illustrating the full BL-SRAFL+BA pipeline. It
clarifies the seamless integration between the computation-
ally efficient linear localization front-end and the precision-
enhancing nonlinear BA back-end. The pseudocode defines
computational procedures, parameter definitions, and algorith-
mic flow, facilitating straightforward and efficient implemen-
tation of the pipeline in practical tasks.

In summary, BL-SRAFL+BA combines the computational
efficiency and rapid global convergence of the BL-SRAFL
front-end with the enhanced accuracy and robustness of the
BA back-end, ensuring robust and precise performance even
in the presence of noise.

E. Computational Complexity and Memory

Building upon the complete BL-SRAFL+BA pipeline de-
veloped in the previous subsection, this subsection analyzes
its computational complexity and memory requirements.

The initialization stage employs the minimal 4p3v solver
exactly once, which involves assembling a constant-size matrix
and solving a fixed-degree polynomial equation. Subsequently,
it performs linear triangulation for four initial features, each
requiring a SVD of constant dimension. Consequently, the
entire initialization procedure has constant computational com-
plexity, i.e., O(1). This initial overhead remains negligible
compared to the computational demands of subsequent iter-
ative BL-SRAFL operations. Additionally, the optional BA
refinement employs a sparse Levenberg—Marquardt solver with
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Algorithm 2 BL-SRAFL+BA Implementation Pipeline

Input: Image sequence, intrinsic matrix K, baseline length b

Output: Cumulative robot trajectory ps"™(n:) and cumulative un-

localized feature positions pg™™ (n:)

1: Solve initial global rotation and unscaled translation matrices
Rrgry, Rrgrs, ngm and ng’rz at t = 0,1, 2 using 4p3v solver.

2: Initialize cumulative robot position set and compute correspond-
ing coordinates with baseline length b: V"™ (2) < {ro, 71,72},
P (2) < [Prys Py Py

3: Initialize cumulative localized feature set and compute cor-
responding coordinates via (19): V/'™(2) « {1,2,3,4},
pi™(2) < [P1,P3.Ps P4 )"

4: Set initial time frame: ¢ = 3.

5: repeat

6:  Extract matched feature sets F,,_, and F, from consecutive
images captured at time frames ¢ — 1 and ¢.

7. Update sensing graph G(t) with the robot position set and
feature set: V. (t) «—{ri—1,7¢}, Vi(t)«Fr,_  NFr,.

8:  Identify the localized feature set and extract their coordinates:
Vi) < Vi) NV (E = 1), pult) = [P (¢ — Dy, o)

9:  Identify the unlocalized feature set and update the cumulative
unlocalized set: Vo, (t) <= Vi (£)\Vi(t), Vi (t) < V'™ (t—
1) U Vu(t).

10: Compute relative rotation and translation matrices R, -, and
Tyt , using the EPnP algorithm in Subsection IV-B1.

11: Update global-to-local rotation matrix:  Ryqr, —
R"‘t—lrtRTOTt—l' r

12:  Acquire bearing angle measurements b:: 5 and br;: 7 via (6),
and compute b, . through (8).

13:  Compute weighted barycentric coordinates a., for each unlo-
calized node = €V, (t) following Subsection IV-B2.

14:  Construct BL-SRAFL matrices B (t) and B;(t) according
to (12) and (13).

15:  Solve (15) for robot positions p,(t) and unlocalized feature
positions p.,(t) using Algorithm 1.

16:  Update cumulative robot position set and corresponding co-
ordinates: VU (t) < ViUm(t — 1) U Vi(t), pii™(t) <«
[[pium(t _ 1)}\}7‘:“]“](11_1)\{’”71 1 pT(t)T T.

17:  Update cumulative localized feature set and corresponding
coordinates: V7™ () <= VUM (¢ — 1) U Vu(t), pi™(t) «
[yt — 1), pu() ]

18:  Increment time frame: ¢ < ¢ + 1.

19: until Robot stops moving (¢t = n; + 1)

20: Update cumulative unlocalized feature coordinates: pg"™ (n:) <

[P5"™ (ne) [y (-

21: if Optional BA refinement is enabled then

22:  Initialize BA solver with cumulative robot position coordinates
p;"™ (n¢) and unlocalized feature coordinates pg, ™ (1¢).

23:  Refine positions by minimizing residual reprojection errors
using sparse Levenberg—Marquardt optimization.

24:  Update cumulative robot trajectory p;"™(n:) and cumulative
unlocalized feature positions p;'™ (n¢).

25: end if

26: return p;"™(n:) and pg ™ (ny)

complexity typically between O((3n)*®) and O((3n)?) per
iteration, where n = n§""(n;) + n; is the number of un-
knowns. Given that BA is performed offline and converges in a
limited number of iterations, the complexity analysis presented
following focuses on the online BL-SRAFL front-end.
Theorem 4: Given a fixed maximum iteration cap kpax
for Algorithm 1, the cumulative computational complex-
ity over the entire trajectory scales linearly as Tio =
O(kmax Yt ns(t)).
Proof: Consider first the bearing angle measurement

acquisition. Each consecutive pair of time frames invokes
the EPnP algorithm once to compute the relative rotation
and translation matrices, incurring a complexity of O(n;(t)).
Constructing the corresponding bearing angle measurements
involves traversing all matched features with O(ns(t)). Next,
computing barycentric coordinates for unlocalized nodes at
each time step involves solving a fixed-size least squares prob-
lem, resulting in O(n,(t)) scalar operations. Under typical
visual geometric constraints, n;(t),ns(¢), and n,(t) remain
asymptotically of the same order, thus these linear-time com-
plexities are naturally subsumed within the overall complexity
bound. The sparse linear system formulated in (15) has a di-
mension of 3n,(t), whose sparsity is determined by the under-
lying barycentric coordinate induced graph structure. Specifi-
cally, each row of B, (t) corresponds to an unlocalized node,
with nonzero entries located exclusively at columns indexed by
neighboring nodes in the barycentric coordinate induced graph
and at the diagonal. Hence, the number of nonzero elements
in B,(t) is given by nnz (B, (t)) = Z?;gt) (d;(t)+1) =
2m(t) + n.(t), where d;(t) is the node degree and m.(t)
the edge count of the induced graph. Typical geometric
constraints, such as limited fields of view and occlusions,
naturally keep the average node degree bounded, implying
nnz(B.(t) = O(n.(t)) and nnz(B.(t)'B.(t) = O(n.(t)).
Constructing matrices B, (¢) and their Kronecker expansion
B.(t) = B.(t) ® I3 requires traversing every nonzero entry
exactly once, contributing another O(n.(t)) complexity per
step. But it is of the same order as other linear terms and
also absorbed within the total bound. Algorithm 1 involves
two sparse matrix-vector multiplications per iteration, resulting
in complexity of © (nnz(B,(t))) = © (n.(t)). Hence, with
the fixed iteration limit kp,,x, the complexity per step is
O (kmaxn+(t)), and summing across all steps yields the total
complexity Tio as claimed. |

Theorem 5: The peak memory usage per localization step
scales a8 Mpeak (t) = O(n.(t) +nf™ (t — 1) + nf™™(t — 1)).

Proof: Each localization step involves storing three pri-
mary data blocks. Firstly, the sparse matrix B, (t) requires
storage for 3nnz(B.,(t)) floats. Secondly, Algorithm 1 main-
tains five working vectors (residual, search direction, interme-
diate product, current solution estimate, and constant right-
hand side), each of dimension 3n.(t), totaling approximately
15n,(t) floats. Lastly, coordinates of already localized fea-
tures and robot positions are persistently stored, requiring
3(ng"™(t — 1) + nt"™ (¢t — 1)) floats. The computation of
barycentric coordinates introduces only a constant-size tempo-
rary storage per sensing subgraph, and thus contributes neg-
ligibly to the overall memory footprint. Therefore, combining
these factors and ignoring constant terms, the peak memory
requirement scales as described in Theorem 5. [ ]

In summary, the computational complexity and memory
analysis demonstrate that the proposed BL-SRAFL method
achieves linear scalability in terms of both computational effort
and memory usage. These characteristics support its theoreti-
cal scalability for online localization on resource-constrained
embedded platforms.
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Fig. 4. Plots illustrating the evolution of the dynamic sensing graph G(t) for the five moves of the robot. Localized features are represented in red, unlocalized

features in blue, and the robot in green.

V. VALIDATION

This section validates the proposed approach through nu-
merical simulations and real-world experiments, comple-
mented by a comparison of iterative linear solvers.

A. Simulation Studies

We start by conducting numerical simulations to validate the
BL-SRAFL in an idealized, noise-free scenario. Specifically,
we consider an environment consisting of 44 features ran-
domly distributed in a three-dimensional 100mx 100m x 100m
domain. Among these features, 4 of them are initially lo-
calized, while the remaining 40 are unlocalized and their
positions are unknown. A mobile robot performs 5 sequential
moves after initialization, and we execute Algorithm 1 to
iteratively estimate the positions of both the 40 unlocalized
features and the robot step by step.

Fig. 4 illustrates the plots of the dynamic sensing graph
G(t) as the robot moves. These plots visually represent the
changes in the graph topology. It can be seen that certain
edges vanish, while new ones are formed as the robot moves,
based on the visibility determined by the robot’s field of
view. Additionally, we observe how previously unlocalized
features become localized through earlier estimation steps,
subsequently acting as localized features in subsequent steps.
This iterative process gradually increases the localized feature
set.

All subprocess convergence procedures are shown in Fig. 5,
where each plot illustrates the estimated positions at the end
of the iterations using Algorithm 1 compared to the exact

positions. It should be emphasized that each panel in Fig. 5
shows the convergence result for the nodes contained in
the corresponding sensing graph G(t). At each robot move,
Algorithm 1 estimates the robot position and the unlocalized
feature positions associated with the current sensing graph,
after which the newly estimated features are added to the
cumulative localized feature set. Consequently, the number of
localized features increases progressively from G(3) to G(7).
After the estimation associated with G(7) is completed, all
40 initially unlocalized features have been incorporated into
the cumulative localized feature set, and the robot motion
terminates. The comprehensive results of the SRAFL process
are depicted in Fig. 6, where successive estimated robot
positions are connected by line segments to illustrate the
estimated trajectory. As shown, BL-SRAFL jointly estimates
the robot trajectory and the positions of the environmental
features.

To evaluate the numerical convergence of Algorithm 1,
Fig. 7 plots the normalized iterative error |p.(¢)[k] —
p:(t)]|/1|D=(t)[0] —p.(t)]| over the iterations for each sensing
graph G(t). These plots confirm the fast global convergence of
the proposed method, validating our earlier claims regarding
the computational complexity. Note that the convergence speed
varies across different sensing graphs G(t) because each graph
yields a different linear system as the observed feature set and
sensing geometry evolve. Therefore, the faster convergence
observed in some later steps is specific to this simulation and
is not expected to occur monotonically for every trajectory.

Overall, our simulation results show that BL-SRAFL
achieves accurate simultaneous localization of the robot and
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Fig. 5. Plots illustrating the convergence results of Algorithm 1 for the five moves of the robot. Blue circles and green squares are positions of features and
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Fig. 6. Illustration of the final three-dimensional robot trajectory and feature
positions generated by BL-SRAFL for the case study in Subsection V-A.

environmental features. The method effectively manages dy-
namic topology changes and incrementally incorporates newly
localized features into the existing localized set, ensuring
estimation performance throughout the robot’s trajectory.

B. Real-world Experiments

We evaluate the robustness of the proposed approach by
conducting a real-world experiment using a vertically-oriented
handheld monocular camera, emulating the motion of a mobile
robot traveling at a constant height. Ten reflective spheres are
mounted at varying heights on brackets in a 1.5mx1.5mx 1.5m
domain, four of which serve as the initial localized features,
while the remaining six require localization. In the visual
front-end, the reflective spheres are detected from their appear-

ance and geometric properties, and correspondences between
consecutive frames are established by matching the detected
sphere centers in the image plane. Ground-truth positions are
captured by an OptiTrack Motion Capture system. Localiza-
tion accuracy is evaluated by the Euclidean position errors
between the estimated and ground-truth positions of the robot
and unlocalized features.

Experimental results through BL-SRAFL are presented in
Fig. 8. Specifically, Fig. 8(a) illustrates the three-dimensional
visualization of the estimated robot trajectory and feature po-
sitions, while Fig. 8(b) offers a complementary top-down XY-
plane projection of the estimated robot trajectory. These results
clearly indicate that our BL-SRAFL effectively captures both
the robot’s trajectory and the feature positions even in the
presence of noise and limited visual cues. However, due to
these practical constraints, the localization estimates naturally
exhibit certain discrepancies. Quantitatively, as depicted in
Fig. 8(c), the Euclidean position errors along the robot tra-
jectory generally range from approximately 0.05m to 0.17m,
with some unlocalized features exhibiting slightly larger errors
up to around 0.2m.

Fig. 9 illustrates the experimental localization results of BL-
SRAFL+BA. The effectiveness of BA is evident from Fig. 9(a)
and Fig. 9(b), showing substantially improved accuracy and
smoothness in both three-dimensional and XY-plane represen-
tations of the robot’s trajectory and feature positions. From a
quantitative perspective, Fig. 9(c) clearly illustrates a signifi-
cant reduction in localization errors after BA optimization: the
robot trajectory’s maximum Euclidean position error decreases
substantially from about 0.17m to less than 0.09m, while



JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021

Gg(3)

Gg(4)

G(5)

G(6)

g(7)

Fig. 7. Plots illustrating the temporal evolution of the normalized error ratio for the five moves of the robot.
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Fig. 8. Illustration of the experimental localization results of BL-SRAFL for the case study in Subsection V-B.
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Fig. 9. Illustration of the experimental localization results of BL-SRAFL+BA for the case study in Subsection V-B.

the Euclidean position errors of the unlocalized features also
decrease from an initial maximum of around 0.2m to under
0.1m. This demonstrates the effectiveness of BL-SRAFL+BA,
where the lightweight linear front-end estimator combined
with the classical nonlinear BA back-end yields enhanced
accuracy and robustness for practical localization tasks.

Overall, these experimental results underscore the practical
robustness and utility of the proposed BL-SRAFL and BL-
SRAFLA+BA, particularly highlighting the significant accuracy
gains achieved through the integrated BL-SRAFL+BA strategy
under realistic measurement conditions.

C. Comparison of Linear Solvers

To further evaluate the CG-based BL-SRAFL solver, we
compare it with several representative iterative linear solvers,
including Jacobi Under-Relaxation (JURI) [28], classical Ja-
cobi (JACOBI), Successive Over-Relaxation (SOR) [43], and

LSQR [44]. All methods are applied to the same BL-SRAFL
linear systems generated from the local five-node construction
described in Subsection IV-B2, with four localized features
and n,(t) = 20 or 50 unknown nodes. This setting al-
lows the comparison to focus specifically on the numeri-
cal solution of the resulting linear systems. Consistent with
the solvability analysis in Subsection IV-C1, the BL-SRAFL
systems considered here have full-rank coefficient matrices
and therefore admit unique solutions. For a consistent com-
parison, all solvers are evaluated using the relative residual
of the original BL-SRAFL linear system in (14), defined
|| B ()P (1) +Bi(t)p: (1) |
(| Bi()pi(0)]|
terion, p < 107%, and the same maximum iteration limit,
max(100, 3n(t)), are used for all solvers. A solver is regarded
as converged if the prescribed relative residual tolerance is
reached within this common iteration budget.

as p = . The same convergence cri-
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TABLE I: Comparison of linear solvers on the same full-rank BL-SRAFL
systems. Each run terminates when p < 10~8 or the common iteration limit
max(100, 3n.(t)) is reached. Runtime is reported as the median over five
repetitions.

n(t) Solver  Iterations  Time (ms) Relative residual ~ Converged
20 CG 29 0.68 1.8 x 1079 Yes
20 JURI 100 24.19 3.2x 1073 No
20 JACOBI 100 24.11 3.7 x 1013 No
20 SOR 100 551.94 6.4 x 104 No
20 LSQR 50 231 1.2 x 1078 No
50 CG 111 1.97 7.0 x 107? Yes
50 JURI 150 29.98 2.9 x 1014 No
50 JACOBI 150 29.02 3.6 x 1038 No
50 SOR 150 1999.55 4.7 x 1074 No
50 LSQR 150 6.55 1.5 x 10~4 No

As shown in Table I, CG is the only solver that reaches the
prescribed relative-residual tolerance for both system sizes,
requiring 29 iterations for n,(t) = 20 and 111 iterations for
n,(t) = 50. For the smaller system, LSQR approaches the
prescribed tolerance with a relative residual of 1.2 x 10~8, but
does not satisfy the convergence criterion within the iteration
limit. For the larger system, its residual remains at 1.5 x 10~*
after 150 iterations. SOR also reduces the residual for both
system sizes but does not reach the prescribed tolerance and
incurs substantially higher computational time. In contrast,
JURI and JACOBI exhibit unfavorable convergence behavior
on the tested systems, with their residuals increasing markedly
for n,(t) = 50. Overall, CG achieves the prescribed accuracy
for both system sizes while requiring substantially less runtime
than the stationary iterative methods considered here. Together
with the SPD structure established in Subsection IV-C2, these
results support the use of CG as the linear solver for BL-
SRAFL.

VI. CONCLUSION AND FUTURE WORK

We proposed a barycentric linear method for the SRAFL
problem in a three-dimensional space, relying solely on
angle-based sensing. By reformulating the nonlinear SRAFL
problem into a linear framework, the proposed BL-SRAFL
achieves linear scalability in computational and memory com-
plexity with respect to the number of unknown nodes. This
innovation enables efficient localization suitable for resource-
constrained embedded platforms. Furthermore, we have de-
veloped a CG-based solver designed for the sparse linear
system, which guarantees global convergence under realistic
observability conditions. To further enhance the localization
accuracy, especially in noisy real-world conditions, an optional
single BA refinement step complements the linear front-end
offline at additional offline computational cost. Theoretical
analyses supported by simulations and experiments validate
the proposed approach. Although the proposed framework is
developed using a monocular camera, the underlying barycen-
tric formulation is not restricted to this sensing modality. It
only relies on local bearing or relative-direction constraints
together with metric scale information, and is therefore ap-
plicable to other sensing modalities capable of providing
equivalent geometric measurements.

Future work will extend this approach to address more
complex and challenging environments, including dynamic
scenarios with moving features and more detailed modeling
and propagation of measurement noise. Furthermore, real-
time online implementation on embedded hardware platforms
will be explored to facilitate practical deployment, alongside
integration into broader robotic perception and navigation
frameworks.
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