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S. Brischetto * and D. Cesare 

Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Torino, Italy 

∗Corresponding author: salvatore.brischetto@polito.it 

Abstract 

A fully coupled hygro −electro −elastic ( HEE) formulation is developed to investigate the static response of 

smart plate and shell structures for aerospace applications. The proposed three-dimensional model is based 

on a system of five coupled second-order differential equations expressed in the orthogonal mixed curvilinear 

coordinate system (α, β, z) . Owing to a unified mathematical framework, spherical shells, cylindrical panels, 

cylinders, and flat plates can be analyzed under combined hygroscopic, electrical, and mechanical loadings. 

Simpler geometries are naturally recovered from the general spherical-shell formulation through appropri- 

ate assumptions on the curvature radii. The solution strategy combines Navier harmonic expansions along 

the in-plane directions with the exponential matrix technique through the thickness coordinate, leading to a 

closed-form three-dimensional solution. The formulation enables the direct evaluation of displacement and 

stress fields together with moisture content, moisture flux, electric potential, and electric displacement distri- 

butions. A layer-wise description is adopted across the thickness, ensuring an accurate representation of local 

three-dimensional effects for different thickness ratios and stacking sequences while preserving high com- 

putational efficiency. The accuracy of the proposed model is first assessed through comparisons with refined 

two-dimensional coupled HEE formulations available in the literature. Subsequently, a series of benchmark 

problems involving four structural geometries and three loading scenarios is presented to examine the static 

HEE behavior of curved smart structures and to highlight the influence of geometry, coupling effects, and 

loading conditions on the global and local responses. The proposed formulation investigates the mutual in- 

teraction among hygrometric, electrical, and mechanical fields in multilayered smart structures subjected to 

combined environmental and mechanical loading. Such coupling is relevant to aerospace smart structures 

employing electrically active materials, where moisture diffusion can modify the mechanical response and, 

consequently, the structural performance under environmental conditions. 

Keywords: hgro −electro −elastic interaction, three-dimensional shell formulation, multilayered smart structures, layer-wise descrip- 
tion, exact strong-form solution, exponential matrix technique 
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ties and facilitating the onset of delamination. Understanding 

these phenomena, especially when combined with other in- 

teracting physical fields, is essential for the development of 

future aerospace structures. As a consequence, the traditional 

design philosophy based solely on resistance to mechanical 

loads during service conditions is progressively evolving to- 

ward a multifield-oriented approach. Within this context, the 

hygrometric field becomes particularly relevant because air- 

craft, unmanned aerial vehicles, and spacecraft are routinely 

exposed to environments characterized by variable humidity 

levels. Therefore, the multifield design of advanced multilay- 
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1. Introduction 

erospace components are commonly manufactured as mul-

ilayered assemblies obtained by stacking several laminae ac-

ording to a prescribed lay-up sequence. Such structural con-

gurations have been extensively studied in the scientific lit-

rature with reference to bending behavior, fatigue phenom-

na, delamination mechanisms, and vibration characteristics.

hen hygrometric effects are considered, conventional mul-

ilayered aerospace structures may experience severe degra-

ation processes. Moisture can diffuse into the material mi-

rostructure, promoting the deterioration of material proper-
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Figure 1 Geometries, mixed curvilinear orthogonal reference system and middle reference surfaces �0 for assessments and benchmarks. 

Dotted lines indicates the middle reference surface �0 . The origin of the mixed curvilinear orthogonal reference system is indicated at the top 

left corner of each geometry. Spherical shell degenerates in simpler geometries. 
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ered aerospace structures requires the hygrometric field to

be investigated together with the other conventional physical

fields, namely thermal, electric, magnetic, and elastic ones. 

The interaction between hygrometric effects and elastic

and/or thermal fields has attracted considerable attention

over the years. Among the various multifield problems, the

hygro −elastic response of multilayered structures represents
one of the most fundamental cases. Brischetto et al . [ 1 ,

2 ] introduced a three-dimensional formulation, available in

both coupled and uncoupled forms, for multilayered and

functionally graded spherical shells. Their model enables

the evaluation of three-dimensional hygro −elastic phenom-
ena in advanced layered structures. Brauns and Rocers [ 3 ]

examined, for the first time, the influence of moisture on

wood-based composite materials. Huč et al. [ 4 ] carried out

a hygro −mechanical investigation of wooden specimens sub-
jected to mechanical actions and different relative humid-

ity conditions with the aim of predicting their long-term

rheological response. Moisture diffusion in polymer-matrix

composites reinforced with unidirectional fibers was ana-

lyzed by Jain and Mukherjee [ 5 ]. Nguedjio et al. [ 6 ] ex-

plored the effects of moisture-content gradients on the me-
hanical behavior of wood. Ožbolt et al. [ 7 ] investigated 

he relationship between load-induced damage in concrete 

nd time-dependent nonelastic deformations through a three- 

imensional meso-scale finite element framework. In [ 8 ], a 

oupled moisture–displacement finite element formulation 

as proposed to describe the viscoelastic mechano-sorptive 

esponse and the swelling/shrinkage behavior of timber com- 

onents reinforced with fibers and subjected simultaneously 

o long-term loading and variations in relative humidity. 

teinbrecher et al. [ 9 ] analyzed the role of hygro −mechanical 
oupling in the interlaminar failure of graphite–phenolic lam- 

nates. Wang and Cui [ 10 ] proposed a hygro −mechanical for- 
ulation for hollow glass bead/resin composites based on 

ick’s second diffusion law and validated the model through 

xperimental observations. 

It is well established that hygrometric and thermal 

elds are inherently interconnected, since temperature vari- 

tions influence humidity levels and, conversely, humid- 

ty changes may affect thermal conditions. Consequently, 

ygro −thermo −elastic formulations play a significant role in 
he bending analysis of advanced structures. Ali et al. [ 11 ] 

xamined the combined influence of moisture and tempera- 
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Table 1 Material data in terms of elastic, hygrometric, and electric 

properties employed in the two proposed assessments ( A1 and A2) . 

Adaptive wood 

[ 51 ] 

Soft adaptive 

wood [ 51 ] 

Elastic properties 

E1 [GPa] 154.32 77.16 

E2 [GPa] 154.32 77.16 

E3 [GPa] 142.83 71.415 

ν12 [-] 0.36564 0.18282 

ν13 [-] 0.40133 0.200665 

ν23 [-] 0.40133 0.200665 

G12 [GPa] 56.5 28.25 

G13 [GPa] 45.3 22.65 

G23 [GPa] 45.3 22.65 

Hygrometric properties 

η11 [ 10
−4 m3 /kg] 1.10 1.10 

η22 [ 10
−4 m3 /kg] 1.10 1.10 

η33 [ 10
−4 m3 /kg] 1.10 1.10 

D1 [ 10
−10 m2 ] 1.78 0.89 

D2 [ 10
−10 m2 ] 1.78 0.89 

D3 [ 10
−10 m2 ] 1.78 0.89 

Electric properties 

e15 [ C/m2 ] 11.6 5.8 

e24 [ C/m2 ] 11.6 5.8 

e31 [ C/m2 ] −4.4 −2.2 
e32 [ C/m2 ] −4.4 −2.2 
e33 [ C/m2 ] 18.6 9.3 

ε1 [ nF /m ] 0.08 0.04 

ε2 [ nF /m ] 0.08 0.04 

ε3 [ nF /m ] 0.0930 0.0465 

s3 [ Cm/kg] 0 0 

Table 2 Geometrical data and loading boundary conditions for the 

Assessment 1 ( A1) and the Assessment 2 ( A2) . 

A1 A2 

Geometrical data 

a [ m ] 2 1 
6 
πRα

b [ m ] 1 2 
9 
πRβ

Rα[ m ] ∞ 3 

Rβ[ m ] ∞ 3 

h [ m ] 0.1 0.1 

Loading boundary conditions 

P̄zt [ Pa ] −7 · 105 −7 · 105 
P̄zb [ Pa ] 3 · 105 3 · 105 
	̄t [ A ] 5 · 104 5 · 104 
	̄b [ A ] 5 · 103 1 · 104 
M̄t [ kg/m

3 ] 5 · 10−2 8 · 10−1 

M̄b [ kg/m
3 ] 2 · 10−2 6 · 10−1 

m 1 1 

n 1 1 

Overbar applied to maximum amplitudes means prescribed value. t and b

mean top and bottom of the structure, respectively. 

Table 3 Assessment A1, simply-supported three-layered Adaptive 

Wood / Soft Adaptive Wood / Adaptive Wood plate. 

ELDZL4 [ 51 ] 3D-u- M - φ

u [10−5 m ] ( ̃ z /h = 0 . 00 ) −1.10 −1.06 
v [10−5 m ] ( ̃ z /h = 0 . 50 ) −0.50 −0.50 
w [10−4 m ] ( ̃ z /h = 1 . 00 ) −1.22 −1.18 
φ [104 A ] ( ̃ z /h = 0 . 30 ) −1.14 −1.20 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 0.017 0.017 

σzz [10
5 Pa ] ( ̃ z /h = 0 . 50 ) −1.10 −1.11 

Dα [10
−4 C/m2 ] ( ̃ z /h = 0 . 50 ) −2.15 −2.14 

Dβ [10
−4 C/m2 ] ( ̃ z /h = 0 . 90 ) −3.26 −3.25 

Results are considered in the in-plane point ( 0 . 25 a , 0 . 25 b) and in specified 

thickness locations ˜ z /h . ˜ z /h goes from 0 ( bottom) to 1 ( top) . 

Table 4 Assessment A2, simply-supported three-layered Adaptive 

Wood / Soft Adaptive Wood / Adaptive Wood spherical shell. 

ELDZL4 [ 51 ] 3D-u- M - φ

u [10−5 m ] ( ̃ z /h = 0 . 00 ) −5.00 −4.70 
v [10−5 m ] ( ̃ z /h = 0 . 50 ) −3.00 −2.88 
w [10−4 m ] ( ̃ z /h = 1 . 00 ) −1.11 −0.98 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 0.348 0.348 

Eα [10
4 V/m ] ( ̃ z /h = 1 . 00 ) −4.92 −4.92 

Eβ [10
4 V/m ] ( ̃ z /h = 0 . 00 ) −0.76 −0.76 

σαz [10
5 Pa ] ( ̃ z /h = 0 . 70 ) −6.18 −6.73 

Results are considered in the in-plane point ( 0 . 25 a , 0 . 25 b) and in specified 

thickness locations ˜ z /h . ˜ z /h goes from 0 ( bottom) to 1 ( top) . 
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ture on the bending response of simply supported orthotropic

cylindrical shells. Hirwani et al. [ 12 ] addressed the nonlin-

ear time-dependent deflection behavior of delaminated com-

posite shell panels subjected to hygro −thermo −mechanical
loadings. Jouneghani et al. [ 13 ] investigated the bending

performance of functionally graded nanobeams with inter-

nal porosity under combined hygro −thermo −mechanical ac-
tions. Kundu and Han [ 14 ] analyzed buckling phenomena

and dynamic instabilities induced by hygrothermal stresses

resulting from environmental variations. The aeroelastic re-

sponse of smart composite plates operating in hygrother-

mal environments and subjected to aerodynamic loads was

studied by Mahato and Maiti [ 15 ]. Moleiro et al. [ 16 ,

17 ] proposed a coupled layerwise mixed formulation for

the static hygro −thermo −mechanical analysis of multilay-
ered and functionally graded plates exposed to multifield

loading conditions. Monge et al. [ 18 ] presented a three-

dimensional bending solution for doubly-curved shells un-

der mechanical and hygrothermal loads by incorporating

both Fourier’s heat conduction equation and Fick’s mois-

ture diffusion law. Penna et al. [ 19 ] investigated the dy-

namic behavior of porous functionally graded Bernoulli–Euler

nanobeams in hygrothermal environments through the lo-

cal/nonlocal stress gradient elasticity theory. Pham et al.

[ 20–22 ] presented vibration and static analyses of function-

ally graded porous nanobeams, sandwich nanoshells, and

curved beams by employing analytical formulations based
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Table 5 Elastic, hygrometric, and electric properties for material used 

in the new benchmarks B1, B2, B3, and B4. 

HEE material [ 38 ] 

Elastic properties 

E1 [GPa] 42.785 

E2 [GPa] 42.785 

E3 [GPa] 57.707 

ν12 [-] 0.4805 

ν13 [-] 0.2442 

ν23 [-] 0.2442 

G12 [GPa] 14.450 

G13 [GPa] 13.200 

G23 [GPa] 13.200 

Hygrometric properties 

η11 [10
−4 m3 /kg] 0.8 

η22 [10
−4 m3 /kg] 0.8 

η33 [10
−4 m3 /kg] 1.1 

D1 [10
−5 m2 ] 18.5 

D2 [10
−5 m2 ] 18.5 

D3 [10
−5 m2 ] 18 

Electric properties 

e15 [ C/m2 ] −0.138 
e24 [ C/m2 ] −0.138 
e31 [ C/m2 ] −0.16 
e32 [ C/m2 ] −0.16 
e33 [ C/m2 ] 0.347 

ε1 [ nF /m ] 0.0826 

ε2 [ nF /m ] 0.0826 

ε3 [ nF /m ] 0.0903 

s3 [10
−5 Cm/kg] −2.5 

Table 6 Geometrical data and half-wave numbers for the four new 

benchmarks ( B) . 

B1 B2 B3 B4 

a [m] 2 2 πRα
π

3 
Rα

π

3 
Rα

b [m] 1 10 10 π

3 
Rα

Rα [m] ∞ 10 10 10 

Rβ [m] ∞ ∞ ∞ 10 

m 1 2 1 1 

n 1 1 0 1 

 

 

 

 

 

 

 

 

 

 

 

 

Table 7 Benchmark B1, simply-supported multilayered rectangular 

plate in actuator configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 
	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

a/h 2 4 10 50 100 

u [10−5 m ] ( ̃ z /h = 0 . 00 ) 

7.0297 0.1495 −29.564 −183.93 −369.70 
w [10−4 m ] ( ̃ z /h = 0 . 75 ) 

3.0586 4.7426 6.3016 8.5132 10.919 

φ [106 A ] ( ̃ z /h = 0 . 25 ) 

6.6535 16.911 23.380 24.932 24.983 

M [ kg/m3 ] ( ̃ z /h = 0 . 25 ) 

0.2908 0.5463 0.7086 0.7483 0.7496 

σαβ [10
7 Pa ] ( ̃ z /h = 0 . 75 ) 

−1.3384 −1.9699 −3.7520 −17.006 −33.770 
σzz [10

6 Pa ] ( ̃ z /h = 0 . 75 ) 

12.920 2.8359 0.2196 0.0018 0.0002 

Dz [10
−2 C/m2 ] ( ̃ z /h = 1 . 00 ) 

−3.1042 −3.3419 −5.3519 −23.542 −46.878 
gz [10

−5 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−94.476 −90.646 −115.68 −455.32 −902.66 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

Table 8 Benchmark B1, simply-supported multilayered rectangular 

plate in sensor closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 

0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

a/h 2 4 10 50 100 

u [10−6 m ] ( ̃ z /h = 0 . 00 ) 

−7.7426 −7.6316 −7.2892 −0.7106 19.745 

w [10−5 m ] ( ̃ z /h = 0 . 75 ) 

2.0571 3.0626 5.5974 46.007 222.04 

φ [ A ] ( ̃ z /h = 0 . 25 ) 

−114.94 −403.09 31.600 1363.88 2803.8 

M [ kg/m3 ] ( ̃ z /h = 0 . 25 ) 

0.2908 0.5463 0.7086 0.7483 0.7496 

σαβ [10
6 Pa ] ( ̃ z /h = 0 . 75 ) 

−0.8749 −1.3684 −1.6549 −2.0172 −2.9479 
σzz [10

4 Pa ] ( ̃ z /h = 0 . 75 ) 

−1.3883 0.4406 0.8270 0.8437 0.8437 

Dz [10
−7 C/m2 ] ( ̃ z /h = 1 . 00 ) 

4.5228 8.0001 9.3561 9.5555 9.5612 

gz [10
−5 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−94.476 −90.646 −115.68 −455.32 −902.66 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 
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on Chebyshev polynomials combined with the Rayleigh–Ritz

method, the finite element method, and the generalized fi-

nite element method. Rao et al. [ 23 ] employed the linear

hygro −thermo −elastic theory for composites reinforced with
multidirectional ellipsoidal fillers of arbitrary aspect ratio

to predict the effective stiffness as well as the coefficients

of thermal and moisture expansion of fiber-reinforced com-

posites. A nonlinear hygro −thermo −mechanical formulation
for curved thin and moderately thick shallow functionally

graded panels was developed in [ 24 ]. Tocci Monaco et al.

[ 25 ] investigated vibration and buckling phenomena in thin

laminated composite nanoplates operating under hygrother-
al conditions. Tornabene et al. [ 26 ] analyzed the station- 

ry hygro −thermo −mechanical response of advanced lami- 
ated shell structures through an equivalent layer-wise two- 

imensional formulation. 

The consideration of hygrometric and thermal ef- 

ects becomes even more relevant in smart structures 

ncorporating piezoelectric and piezomagnetic layers. 

rshid et al. [ 27 ] investigated the vibration charac- 

eristics of three-layered cylindrical shells subjected to 
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Figure 2 Benchmark B1, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered plate in actuator 

configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for a/h = 4 . 
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ygro −magneto −electro −thermal loadings. Barati and

hariyat [ 28 ] derived an analytical solution for functionally

raded magneto −electro −hygro −thermo −elastic discs ex-
osed to different combinations of multifield actions. Dini

nd Abolbashari [ 29 ] carried out a theoretical investigation

f thick-walled cylinders made of functionally graded piezo-

lectric materials under hygro −thermo −electro −mechanical
oading conditions. In [ 30 ], a coupled nonlinear vibra-

ion formulation was introduced for composite cylindrical

hells consisting of a carbon-nanotube-reinforced core

nd piezoelectric/piezomagnetic outer skins while ac-

ounting for hygro −thermo −electro −magnetic effects.

brahimi et al. [ 31 ] proposed a nonclassical beam formu-

ation for the nonlinear vibration analysis of magneto–

lectro–hygro–thermal functionally graded piezoelectric

anobeams resting on an elastic foundation. Marzbanrad

t al. [ 32 ] employed the nonlocal beam theory to study

he hygro–electro–thermo–mechanical vibration response

f functionally graded nanobeams subjected to magnetic

elds and preload effects. In [ 33 ], the same authors de-

eloped a nonclassical formulation based on the extended

iezoelectricity theory to investigate the nonlinear free

ibration behavior of piezoelectric functionally graded

anobeams operating in hygro −magneto −electro −thermal
environments. Nie et al. [ 34–36 ] introduced the stable

node-based smoothed radial point interpolation method

for three distinct applications: the dynamic analysis of

hygro −thermo −magneto −electro −elastic coupled systems,
the static analysis of hygro −thermo −electro −mechanical
coupled problems involving functionally graded piezo-

electric structures in hygrothermal environments, and the

static and dynamic analyses of hygro −electro −mechanical
multifield problems. Raja et al. [ 37 ] performed active

stiffening and active compensation analyses to evalu-

ate the effects of active stiffness on the dynamic re-

sponse of piezo −hygro −thermo −elastic laminates. Tariq
et al. [ 38 ] derived a general solution of the three-

dimensional governing equations for transversely isotropic

hygro −thermo −magneto −piezoelectric media using the

potential theory approach. The same authors subsequently

presented, in [ 39 ], a general solution for the plane problem

of orthotropic hygro −electro −magneto −thermo −elastic
materials. Tornabene et al. [ 40 , 41 ] proposed an equiv-

alent layer-wise two-dimensional multifield formula-

tion for the analysis of laminated curved shells sub-

jected to hygro −thermo −magneto −electro −elastic and

hygro −thermo −electro −elastic couplings. Vinyas et al. [ 42 ]
employed the finite element method to evaluate the coupled
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Figure 3 Benchmark B1, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered plate in sensor closed 

circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for a/h = 4 . 
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static response of hygro −thermo −magneto −electroelastic
beams under hygrothermal loading conditions. Wang

et al. [ 43 ] obtained an exact solution for the

hygro −thermal −electro −elastic vibration problem of

functionally graded piezoelectric composite cylindrical

shells through a Hamiltonian-based framework. The mul-

tifield behavior of rotating functionally graded piezo-

electric/piezomagnetic hollow cylinders subjected to

magneto −electro −elasto −hygrothermal loadings was ex-
amined in [ 44 ]. Yang et al. [ 45 ] investigated buckling and

post-buckling responses of simply supported microplates

by considering elastic foundation effects together with

hygro −thermal −electro −mechanical coupled loadings.

Zenkour and Alghanmi [ 46 ] analyzed sandwich plates com-

posed of a functionally graded core and piezoelectric face

layers under sinusoidal hygrothermo −electro −mechanical
excitations. In [ 47 ], an analytical solution was employed

to investigate the interactions among electric potentials,

electric displacement components, and elastic deformations

in the hygrothermal response of inhomogeneous piezoelectric

hollow cylinders. Zhang et al. [ 48 , 49 ] presented isogeomet-

ric formulations for two coupled multiphysics scenarios,

namely hygro −mechanical −electrical interactions in piezo-
electric structures and hygro −thermo −electro −mechanical
oupling in functionally graded piezoelectric systems. Zhou 

t al. [ 50 ] studied a piezoelectric beam subjected to mul- 

iphysical hygro −thermo −electro −mechanical couplings 

hrough the node-based smoothed radial point interpolation 

ethod. 

From the literature survey discussed above, it emerges 

hat only a limited number of studies have addressed shell 

tructures involving the interaction of three or more physi- 

al fields, whereas most available contributions are devoted 

o beam and plate configurations. The availability of exact 

hree-dimensional formulations is even more restricted. To 

ontribute to this research area, the present work focuses on 

he coupling among hygrometric, electrical, and elastic fields 

nd introduces an exact three-dimensional layer-wise formu- 

ation for the hygro −electro −elastic ( HEE) analysis of mul- 
ilayered shells. In addition, the simultaneous consideration 

f hygrometric, electrical, and mechanical fields is relevant 

o aerospace smart structures incorporating electrically active 

aterials for sensing, actuation, or structural control, which 

ay operate under combined mechanical and environmen- 

al loads. In such conditions, moisture diffusion can induce 

ygrometric strains and modify the local mechanical state, 

hereby affecting the response associated with the electri- 

ally active constituents. Furthermore, two-dimensional plate 
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Figure 4 Benchmark B1, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered plate in sensor open 

circuit configuration ( P̄zt = 10000 Pa , P̄zb = 0 Pa , D̄zt = 0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for a/h = 4 . 
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r shell formulations generally cannot explicitly resolve the

hree-dimensional through-thickness distribution of moisture

overned by Fick’s diffusion equation, particularly in multi-

ayered structures characterized by different material proper-

ies and layer thicknesses. The proposed three-dimensional

ormulation therefore enables the through-thickness distri-

utions of moisture, electrical quantities, stresses, and dis-

lacements to be simultaneously resolved, providing infor-

ation that is not directly accessible from conventional two-

imensional descriptions. The governing system for the static

oupled HEE problem in spherical shells consists of five three-

imensional equations: three equilibrium equations, the di-

ergence equation for the electric displacement field, and the

ick diffusion equation governing the moisture content. These

quations are formulated within the orthogonal mixed curvi-

inear coordinate framework adopted for spherical shells.

hrough appropriate assumptions on the radii of curvature,

he same formulation naturally reduces to the correspond-

ng equations for plates, cylindrical panels, and cylinders. The

oupling among the governing equations is achieved through

uitable HEE geometrical and constitutive relationships. The

esulting three-dimensional problem is solved by combin-
ing Navier harmonic expansions in the in-plane directions

with the exponential matrix technique along the thickness

coordinate. This solution procedure accurately captures the

complete three-dimensional response through the thickness,

providing displacement, electric potential, moisture content,

stress, strain, moisture flux, and electric displacement distri-

butions. 

The remainder of the paper is structured as follows. The

present section provides a literature review on the hygromet-

ric field and its interactions with other physical fields in the

context of multilayered aerospace structures. Section 2 de-

scribes the proposed three-dimensional HEE shell formulation

together with the exponential matrix solution procedure im-

plemented within a layer-wise framework. Section 3 contains

both preliminary validation studies and newly generated re-

sults. The proposed formulation is assessed through compar-

isons with HEE models available in the literature. Further-

more, additional benchmark cases are presented by consider-

ing different thickness ratios, structural geometries ( spherical

shells, plates, cylindrical shells, and cylinders) , and loading

boundary conditions. Finally, Section 4 summarizes the main

findings and concluding remarks of the study. 
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Figure 5 Benchmark B2, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered cylinder in actuator 

configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 10 . 
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2. 3D multifield shell model 

This section introduces the proposed three-dimensional static

formulation for the coupled HEE analysis of spherical shells.

The first subsection outlines the governing equations of the

coupled problem within the mixed curvilinear orthogonal co-

ordinate system ( α, β, z) . Figure 1 illustrates the adopted ref-

erence system together with the middle reference surface �0 

for the four structural configurations considered in this work.

The second subsection presents the constitutive and geomet-

rical relations governing the HEE behavior using the same

coordinate framework. Finally, the solution strategy is de-

scribed by detailing the combination of Navier harmonic ex-

pansions and the exponential matrix technique employed to

obtain the strong-form solution of the three-dimensional gov-

erning equations. 

2.1. 3D multifield governing equations 

The static HEE problem for spherical shells is governed by five

coupled three-dimensional equations. These relations consist

of the three elastic equilibrium equations, the divergence

equation associated with the electric displacement field, and

the Fick diffusion equation governing moisture transport. All

equations are formulated within the mixed curvilinear orthog-
nal coordinate system ( α, β, z) adopted for spherical shell 

tructures ( see Fig. 1 ) . The resulting set of governing equa- 

ions is expressed as 

Hβσ k αα,α
+ Hασ k αβ,β

+ HαHβσ k αz,z 
+
(
2 Hβ

Rα

+ Hα

Rβ

)
σ k αz = 0 , ( 1) 

Hβσ k αβ,α
+ Hασ k ββ,β

+ HαHβσ k βz,z 
+
(
2 Hα

Rβ

+ Hβ

Rα

)
σ k βz = 0 , ( 2) 

Hβσ k αz,α
+ Hασ k βz,β

+ HαHβσ k zz,z −
Hβ

Rα

σ k αα − Hα

Rβ

σ k ββ

+ 

(
Hβ

Rα

+ Hα

Rβ

)
σ k zz = 0 , ( 3) 

1 

Hα

Dk 
α,α

+ 1 

Hβ

Dk 
β,β

+ Dk 
z,z 

= 0 , ( 4) 

Dk 1 
H2 

α

Mk 
,αα + Dk 2 

H2 
β

Mk 
,ββ + Dk 3 Mk 

,zz = 0 . ( 5) 

In Eqs. ( 1 ) –( 5 ) , σ k αα, σ
k 
αβ , σ

k 
αz , σ

k 
ββ , σ

k 
βz , and σ

k 
zz denote the 

ix stress components. The quantities Dk 
α, Dk 

β , and Dk 
z repre- 

ent the electric displacement components, whereas Mk iden- 

ifies the scalar moisture content. The parameters Dk 1 , D
k 
2 , and 

k correspond to the moisture diffusion coefficients along the 
3 
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Figure 6 Benchmark B2, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered cylinder in sensor 

closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 10 . 
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hree coordinate directions. The symbols , α, , β, and , z indi-

ate partial differentiation with respect to the corresponding

oordinates. The curvature parameters Hα and Hβ depend on

he shell geometry through the radii of curvature Rα and Rβ

valuated on the middle reference surface �0 : 

Hα = 

(
1 + z 

Rα

)
=
(
1 + ˜ z − h/ 2 

Rα

)
, 

Hβ = 

(
1 + z 

Rβ

)
=
(
1 + ˜ z − h/ 2 

Rβ

)
, Hz = 1 . ( 6)

The thickness coordinate z ranges from −h/ 2 to h/ 2 ,
hereas the coordinate ˜ z spans the interval [0 , h ] , with h de-

oting the total thickness of the structure. The origin of the

coordinate system is located at the upper-left corner of the

iddle surface �0 , while the origin associated with ˜ z is posi-

ioned at the corresponding point on the bottom surface. 

2.2. 3D multifield constitutive and geometrical 
equations 

he constitutive relations governing the coupled HEE re-

ponse are introduced to describe the orthotropic behavior

f each lamina. The corresponding material properties estab-

ish the coupling among the elastic, electric, and hygrometric
fields. For the generic k th layer, the constitutive equations are

expressed as 

σk = C 

k ε k − e kT E 

k − ξk Mk , ( 7)

D 

k = e k ε k + εk E 

k − s k Mk , ( 8)

g k = −D 

k (∇ Mk ) , ( 9)

where σk denotes the 6 × 1 stress vector ( see Section 2.1 ) ,

whereas D 

k represents the 3 × 1 electric displacement vector

introduced in the same section. The scalar quantity Mk iden-

tifies the moisture content, whose value ranges between 0 and

1. The superscript T denotes the transpose operator. Through-

out this work, each lamina is assumed to be orthotropic with

a fiber orientation equal to 0◦ or 90◦ with respect to the struc-
tural reference system. 

The elastic stiffness matrix is defined as 

C 

k =

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

Ck 11 Ck 12 Ck 13 0 0 0 

Ck 12 Ck 22 Ck 23 0 0 0 

Ck 13 Ck 23 Ck 33 0 0 0 

0 0 0 Ck 44 0 0 

0 0 0 0 Ck 55 0 

0 0 0 0 0 Ck 66 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. ( 10)
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Figure 7 Benchmark B2, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered cylinder in sensor 

open circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , D̄zt = 0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 10 . 
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The associated strain vector reads 

ε k =

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

εk αα

εk ββ

εk zz 
γ k βz 

γ k αz 

γ k αβ

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. ( 11) 

The piezoelectric coupling matrix is given by 

e k =
⎡ 

⎣ 

0 0 0 0 ek 15 0 

0 0 0 ek 24 0 0 

ek 31 ek 32 ek 33 0 0 0 

⎤ 

⎦ . ( 12) 

The electric field vector takes the form 

E 

k =
⎡ 

⎣ 

Ek α

Ek β

Ek z 

⎤ 

⎦ . ( 13) 

The hygro −elastic coupling vector is obtained as the prod-
uct of the elastic stiffness matrix C 

k and the hygrometric ex-
ansion coefficient vector ηk : 

ξk =

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

ξ k 11 
ξ k 22 
ξ k 33 
0 

0 

0 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

= C 

k ηk = C 

k 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

ηk 11 
ηk 22 
ηk 33 
0 

0 

0 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

. ( 14) 

The electric permittivity matrix is 

εk =
⎡ 

⎣ 

εk 11 0 0 

0 εk 22 0 

0 0 εk 33 

⎤ 

⎦ . ( 15) 

The hygro −electric coupling vector is defined as 

s k =
⎧ ⎨ 

⎩ 

0 

0 

sk 3 

⎫ ⎬ 

⎭ 

. ( 16) 

The moisture flux vector is expressed by 

g k =
⎧ ⎨ 

⎩ 

gk α
gk β
gk z 

⎫ ⎬ 

⎭ 

. ( 17) 
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Figure 8 Benchmark B3, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered cylindrical panel in 

actuator configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 50 . 
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The moisture diffusion coefficients are collected into the

iagonal matrix 

D 

k =
⎡ 

⎣ 

Dk 11 0 0 

0 Dk 22 0 

0 0 Dk 33 

⎤ 

⎦ . ( 18)

Finally, the gradient operator associated with the mixed

urvilinear orthogonal coordinate system is written as 

∇ =

⎡ 

⎢ ⎣ 

1 
Hα

∂ 
∂α

1 
Hβ

∂ 
∂β

∂ 
∂z 

⎤ 

⎥ ⎦ 

. ( 19)

The geometrical relations establish the kinematic connec-

ion between the strain field and the displacement compo-

ents, whereas the electric field is obtained from the gradient

f the electric potential according to 

ε k = 
u k , ( 20)

E 

k = −∇ φk , ( 21)

where φk denotes the scalar electric potential and 
 is the

 × 3 differential operator associated with the elastic field for
spherical shell geometries: 


 =

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 
Hα

∂ 
∂α

0 1 
HαRα

0 1 
Hβ

∂ 
∂β

1 
HβRβ

0 0 ∂ 
∂z 

0 ∂ 
∂z 

− 1 
HβRβ

1 
Hβ

∂ 
∂β

∂ 
∂z 

− 1 
HαRα

0 1 
Hα

∂ 
∂α

1 
Hβ

∂ 
∂β

1 
Hα

∂ 
∂α

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. ( 22)

The displacement field is represented by the vector 

u k =
⎡ 

⎣ 

uk 

vk 

wk 

⎤ 

⎦ . ( 23)

2.3. Strong-form solution procedure 

The solution strategy is based on the adoption of Navier har-

monic expansions in the in-plane coordinates α and β. Ac-

cordingly, the displacement components, the electric poten-

tial, and the moisture content are approximated through the

following harmonic representations: 

u (α, β, z)k = Uk (z) cos (ᾱα) sin (β̄β) , ( 24)

v(α, β, z)k = Vk (z) sin (ᾱα) cos (β̄β) , ( 25)
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Figure 9 Benchmark B3, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered cylindrical panel in 

sensor closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 50 . 
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(w(α, β, z)k , φ(α, β, z)k , M (α, β, z)k ) 

= (Wk (z) , 	k (z) , Mk (z)) sin (ᾱα) sin (β̄β) . ( 26) 

The ᾱ and β̄ scale factor for sine and cosine trigonometric

functions are defined as follows: 

ᾱ = mπ

a 
, β̄ = nπ

b 
( 27) 

where m and n are the half-wave number in the α and β

directions and a and b are the in-plane dimensions of the

geometry. 

Since the harmonic expansions defined in Eqs. ( 24 ) –( 26 )

are adopted over the in-plane domain, the corresponding

admissible boundary conditions are restricted to simply-

supported edges. These conditions can be written as: 

vk = 0 , wk = 0 , φk = 0 , Mk = 0 , σ k αα = 0 

for α = 0 , a, 

uk = 0 , wk = 0 , φk = 0 , Mk = 0 , σ k ββ = 0 

for β = 0 , b. ( 28) 

Substituting the harmonic expansions given by Eqs. ( 24 ) –

( 26 ) into the governing equations ( 1 ) –( 5 ) , together with
he constitutive relations ( 7 ) –( 9 ) and the kinematic relations 

 20 ) –( 21 ) , transforms the original system of coupled partial 

ifferential equations into a system of ordinary differential 

quations with respect to the thickness coordinate z. The 

nknown amplitudes are the displacement functions Uk (z) , 
k (z) , and Wk (z) , together with the electric potential am- 

litude 	k (z) and the moisture content amplitude Mk (z) , 

hich constitute the primary variables of the coupled HEE 

roblem. The resulting governing equations can therefore be 

ritten as 

( 
−HβC

k 
55 

HαR2 α
− Ck 55 
RαRβ

− ᾱ2 
Ck 11 Hβ

Hα

− β̄2 
Ck 66 Hα

Hβ

) 
Uk 

+
(
−ᾱβ̄Ck 12 − ᾱβ̄Ck 66 

)
Vk +

( 
ᾱ
Ck 11 Hβ

HαRα

+ ᾱ
Ck 12 
Rβ

+ ᾱ
Ck 55 Hβ

HαRα

+ ᾱ
Ck 55 
Rβ

) 
Wk 

+
( 
Ck 55 Hβ

Rα

+ Ck 55 Hα

Rβ

) 
Uk 

,z +
(
ᾱCk 13 Hβ + ᾱCk 55 Hβ

)
Wk 

,z 

+
(
Ck 55 HαHβ

)
Uk 

,zz +
( 
2ᾱ
ek 15 Hβ

HαRα

+ ᾱ
ek 15 
Rβ

) 
	k 

+
(
ᾱek 31 Hβ + ᾱek 15 Hβ

)
	k 

,z +
(
−ᾱξ k 11 Hβ

)
Mk = 0 , 

( 29) 
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Figure 10 Benchmark B3, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered cylindrical panel in 

sensor open circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , D̄zt = 0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for 

Rα/h = 50 . 
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( 

−HαC
k 
44 

HβR
2 
β

− Ck 44 
RαRβ

− ᾱ2 
Ck 66 Hβ

Hα

− β̄2 
Ck 22 Hα

Hβ

) 

Vk 

+
(
−ᾱβ̄Ck 12 − ᾱβ̄Ck 66 

)
Uk 

+
( 

β̄
Ck 44 Hα

HβRβ

+ β̄
Ck 44 
Rα

+ β̄
Ck 22 Hα

HβRβ

+ β̄
Ck 12 
Rα

) 

Wk 

+
( 

Ck 44 Hα

Rβ

+ Ck 44 Hβ

Rα

) 

Vk ,z 

+
(
β̄Ck 44 Hα + β̄Ck 23 Hα

)
Wk 

,z +
(
Ck 44 HαHβ

)
Vk ,zz 

+
( 

2β̄
ek 24 Hα

HβRβ

+ β̄
ek 24 
Rα

) 

	k 

+
(
β̄ek 32 Hα + β̄ek 24 Hα

)
	k 

,z +
(
−β̄ξ k 22 Hα

)
Mk = 0 , ( 30)
 

( 
Ck 13 
RαRβ

+ Ck 23 
RαRβ

− Ck 11 Hβ

HαR2 α
− 2 Ck 12 
RαRβ

− Ck 22 Hα

HβR
2 
β

− ᾱ2 
Ck 55 Hβ

Hα

− β̄2 
Ck 44 Hα

Hβ

) 
Wk 

+
( 

ᾱ
Ck 55 Hβ

HαRα

− ᾱ
Ck 13 
Rβ

+ ᾱ
Ck 11 Hβ

HαRα

+ ᾱ
Ck 12 
Rβ

) 
Uk 

+
( 

β̄
Ck 44 Hα

HβRβ

− β̄
Ck 23 
Rα

+ β̄
Ck 22 Hα

HβRβ

+ β̄
Ck 12 
Rα

) 
Vk 

+
(
−ᾱCk 55 Hβ − ᾱCk 13 Hβ

)
Uk 

,z +
(
−β̄Ck 44 Hα − β̄Ck 23 Hα

)
Vk ,z 

+
( 
Ck 33 Hβ

Rα

+ Ck 33 Hα

Rβ

) 
Wk 

,z 

+
(
Ck 33 HαHβ

)
Wk 

,zz +
( 

−ᾱ2 
ek 15 Hβ

Hα

− β̄2 
ek 24 Hα

Hβ

) 
	k 

+
( 

− ek 31 Hβ

Rα

− ek 32 Hα

Rβ

+ ek 33 Hβ

Rα

+ ek 33 Hα

Rβ

) 
	k 

,z 

(
ek 33 HαHβ

)
	k 

,zz +
( 

ξ k 11 Hβ

Rα

+ ξ k 22 Hα

Rβ

− ξ k 33 Hβ

Rα

− ξ k 33 Hα

Rβ

) 
Mk 

+
(
−ξ k 33 HαHβ

)
Mk 

,z = 0 , ( 31)
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Figure 11 Benchmark B4, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered spherical shell in 

actuator configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 10 . 
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ᾱ
ek 15 
H2 

αRα

Uk + β̄
ek 24 
H2 

βRβ

Vk + −ᾱ2 
ek 15 
H2 

α

− β̄2 
ek 24 
H2 

β

Wk 

+
( 

−ᾱ
ek 15 
Hα

− ᾱ
ek 31 
Hα

) 

Uk 
,z +

( 

−β̄
ek 24 
Hβ

− β̄
ek 32 
Hβ

) 

Vk ,z 

+
( 

ek 31 
HαRα

+ ek 32 
HβRβ

) 

Wk 
,z +

(
ek 33 

)
Wk 

,zz + 

+
( 

ᾱ2 
εk 11 

H2 
α

+ β̄2 
εk 22 

H2 
β

) 

	k −
(
εk 33 

)
	k 

,zz +
(
sk 3 

)
Mk 

,z = 0 , ( 32) 

( 

−ᾱ2 
Dk 11 
H2 

α

− β̄2 
Dk 22 
H2 

β

) 

Mk +
(
Dk 33 

)
Mk 

,zz = 0 . ( 33) 

To simplify the notation, all the coefficients appearing in

parentheses in Eqs. ( 29 ) –( 33 ) are collected into auxiliary co-

efficients. Consequently, the governing equations assume the

following compact form: 

Ak 1 U
k + Ak 2 V

k + Ak 3 W
k + Ak 4 	

k + Jk 1 M
k + Ak 5 U

k 
,z + Ak 6 W

k 
,z 

+ Ak 7 	
k 
,z + Ak 8 U

k 
,zz = 0 , ( 34) 
Ak 9 U
k + Ak 10 V

k + Ak 11 W
k + Ak 12 	

k + Jk 2 M
k + Ak 13 V

k 
,z + Ak 14 W

k 
,z 

+ Ak 15 	
k 
,z + Ak 16 V

k 
,zz = 0 , ( 35) 

Ak 17 U
k + Ak 18 V

k + Ak 19 W
k + Ak 20 	

k + Jk 3 M
k + Ak 21 U

k 
,z + Ak 22 V

k 
,z 

+ Ak 23 W
k 
,z + Ak 24 	

k 
,z + Jk 4 M

k 
,z + Ak 25 W

k 
,zz + Ak 26 	

k 
,zz = 0 , 

( 36) 

Ak 27 U
k + Ak 28 V

k + Ak 29 W
k + Ak 30 	

k + Ak 31 U
k 
,z + Ak 32 V

k 
,z 

+ Ak 33 W
k 
,z + Jk 5 M

k 
,z + Ak 34 W

k 
,zz + Ak 35 	

k 
,zz = 0 , ( 37) 

Jk 6 M
k + Jk 7 M

k 
,zz = 0 . ( 38) 

he compact system of second-order ordinary differential 

quations with respect to the thickness coordinate zmust now 

e transformed into a form suitable for the application of the 

xponential matrix technique. This procedure requires a first- 

rder differential system with constant coefficients. To satisfy 

he latter requirement, each physical layer is subdivided into 

 suitable number of mathematical sublayers, so that the cur- 

ature parameters Hα and Hβ can be assumed constant within 

ach sublayer. Consequently, all the coefficients Ak i and J
k 
i 

lso become constant. The order reduction is then performed 

y introducing the first derivatives of the primary variables 

s additional unknowns. Accordingly, the state variables of 
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Figure 12 Benchmark B4, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered spherical shell in 

sensor closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for Rα/h = 10 . 
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he problem are the amplitudes Uk , Vk , Wk , 	k , and Mk , to-

ether with their first derivatives with respect to z. The re-

ulting first-order system can be written as 

Ak 8 U
k 
,z = Ak 8 U

k 
,z , ( 39)

Ak 16 V
k 
,z = Ak 16 V

k 
,z , ( 40)

Pk 1 W
k 
,z = Pk 1 W

k 
,z , ( 41)

Pk 1 	
k 
,z = Pk 1 	

k 
,z , ( 42)

Jk 7 M
k 
,z = Jk 7 M

k 
,z . ( 43)

Ak 8 U
k 
,zz = −Ak 1 Uk − Ak 2 V

k − Ak 3 W
k − Ak 4 	

k − Jk 1 M
k − Ak 5 U

k 
,z 

−Ak 6 W
k 
,z + −Ak 7 	k 

,z , ( 44)

Ak 16 V
k 
,zz = −Ak 9 Uk − Ak 10 V

k − Ak 11 W
k − Ak 12 	

k − Jk 2 M
k 

−Ak 13 V
k 
,z − Ak 14 W

k 
,z + −Ak 15 	k 

,z , ( 45)

Pk 1 W
k 
,zz = −Pk 2 Uk − Pk 3 V

k − Pk 4 W
k − Pk 5 	

k − P Pk 1 M
k − Pk 7 U

k 
,z 

−Pk 8 Vk ,z − Pk 9 W
k 
,z + −Pk 10 	k 

,z − P Pk 2 M
k 
,z , ( 46)
 

Pk 1 	
k 
,zz = −Pk 12 Uk − Pk 13 V

k − Pk 14 W
k − Pk 15 	

k − P Pk 3 M
k 

−Pk 17 U
k 
,z − Pk 18 V

k 
,z − Pk 19 W

k 
,z + −Pk 20 	k 

,z − P Pk 2 M
k 
,z , 

( 47)

Jk 7 M
k 
,zz = −Jk 6 Mk . ( 48)

Thanks to the order-reduction procedure, the first deriva-

tives of the five primary variables, namely Uk 
,z (z) , V

k 
,z (z) ,

Wk 
,z (z) , 	

k 
,z (z) , and M

k 
,z (z) , are introduced as additional un-

knowns. Terms Pk i and P P
k 
i are a multiplication of A

k 
i terms

and Ak i with J
k 
i terms, respectively. Consequently, the final

state-space system consists of ten first-order differential equa-

tions. From this point onward, the formulation is referred to a

generic mathematical layer j. The resulting first-order system

can be conveniently expressed in the following matrix form: 

D 

j X 

j 
,z = A 

j X 

j ⇒ X 

j 
,z = A 

∗ j X 

j , 

where A 

∗ j = (
D 

j 
)−1 

A 

j . ( 49)

Here, X 

j denotes the 10 × 1 state vector, whereas X 

j 
,z is

its derivative with respect to the thickness coordinate z. The

matrices D 

j and A 

j are the corresponding 10 × 10 coefficient

matrices, while A 

∗ j is the resulting state matrix. Owing to its
constant coefficients within each mathematical layer, Eq. ( 49 )
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Figure 13 Benchmark B4, 3D- u - φ- M graphical trends along the thickness direction for the simply-supported multilayered spherical shell in 

sensor open circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , D̄zt = 0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) for 

Rα/h = 10 . 
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admits the exponential matrix solution 

X 

j (hj ) = A 

∗∗ j X 

j (0) =
[ 

N ∑ 

i =0 

(
A 

∗ j )i 
i ! 

h i j 

] 
X 

j (0) . ( 50) 

Eq. ( 50 ) establishes the relationship between the bottom sur-

face ( ̃ z j = 0 ) and the top surface ( ̃ z j = hj ) of the generic math-

ematical layer j. In order to accurately reproduce the three-

dimensional response of HEE smart structures, a layer-wise

description is adopted. This formulation enforces the conti-

nuity of the primary variables together with the continuity

of the transverse stress, electric displacement, and moisture

flux components across the interfaces separating two adjacent

mathematical layers ( j − 1 and j) . Accordingly, the following

interlaminar continuity conditions are imposed: 

u
j 

b 
= u

j−1 
t , v

j 

b 
= v

j−1 
t , w

j 

b 
= w

j−1 
t , φ

j 

b 
= φ

j−1 
t , 

M j 

b 
= M j−1 

t , ( 51) 

σ
j 

αzb = σ
j−1 

αzt , σ
j 

βzb 
= σ

j−1 
βzt 

, σ
j 
zzb = σ

j−1 
zzt , D j 

zb = D j−1 
zt , 

g
j 
zb = g

j−1 
zt . ( 52) 
The continuity conditions given by Eqs. ( 51 ) and ( 52 ) can 

e rewritten explicitly in terms of the state variables as 

U
j 

b 
= U

j−1 
t , ( 53) 

V
j 

b 
= V

j−1 
t , ( 54) 

W
j 

b 
= W

j−1 
t , ( 55) 

	
j 

b 
= 	

j−1 
t , ( 56) 

M
j 

b 
= M

j−1 
t , ( 57) 

C
j 
55 

H
j 
αb 

ᾱW
j 

b 
+ C

j 
55 U

j 
,zb −

C
j 
55 

H
j 
αb Rα

U
j 

b 
+ e

j 
15 

H
j 
αb 

ᾱ	
j 

b 

= +C
j−1 
55 

H
j−1 
αt 

ᾱW
j−1 
t + C

j−1 
55 U

j−1 
,zt − C

j−1 
55 

H
j−1 
αt Rα

U
j−1 
t 

+ e
j−1 
15 

H
j−1 
αt 

ᾱ	
j−1 
t , ( 58) 
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C
j 
44 

H
j 
βb 

β̄W
j 

b 
+ C

j 
44 V

j 
,zb −

C
j 
44 

H
j 
βb 
Rβ

V
j 

b 
+ e

j 
24 

H
j 
βb 

β̄	
j 

b 

= +C
j−1 
44 

H
j−1 
βt 

β̄W
j−1 
t + C

j−1 
44 V

j−1 
,zt − C

j−1 
44 

H
j−1 
βt 

Rβ

V
j−1 
t 

+ e
j−1 
24 

H
j−1 
βt 

β̄	
j−1 
t , ( 59)

− C
j 
13 

H
j 
αb 

ᾱU
j 

b 
+ C

j 
13 

H
j 
αb Rα

W
j 

b 
− C

j 
23 

H
j 
βb 

β̄V
j 

b 
+ C

j 
23 

H
j 
βb 
Rβ

W
j 

b 

− ξ
j 
33 M

j 

b 
+ C

j 
33 W

j 
,zb + e

j 
33 	

j 
,zb = −C

j−1 
13 

H
j−1 
αt 

ᾱU
j−1 
t + C

j−1 
13 

H
j−1 
αt Rα

W
j−1 
t 

− C
j−1 
23 

H
j−1 
βt 

β̄V
j−1 
t + C

j−1 
23 

H
j−1 
βt 

Rβ

W
j−1 
t − ξ

j−1 
33 M

j−1 
t + + C

j−1 
33 W

j−1 
,zt 

+ e
j−1 
33 	

j−1 
,zt , ( 60)

− e
j 
31 

H
j 
αb 

ᾱU
j 

b 
+ e

j 
31 

H
j 
αb Rα

W
j 

b 
− e

j 
32 

H
j 
βb 

β̄V
j 

b 
+ e

j 
32 

H
j 
βb 
Rβ

W
j 

b 
+ s

j 
3 M

j 

b 

+ e
j 
33 W

j 
,zb − ε

j 
33 	

j 
,zb = − e

j−1 
31 

H
j−1 
αt 

ᾱU
j 
t + e

j−1 
31 

H
j−1 
αt Rα

W
j 
t − e

j−1 
32 

H
j−1 
βt 

β̄V
j 
t 

+ e
j−1 
32 

H
j−1 
βt 

Rβ

W
j 
t + s

j−1 
3 M

j−1 
t + + e

j−1 
33 W

j−1 
,zt − ε

j−1 
33 	

j−1 
,zt , ( 61)

− D
j 
33 M

j 
,zb = −Dj−1 

33 M
j−1 
,zt . ( 62)

The interlaminar continuity conditions expressed by

qs. ( 53 ) –( 62 ) can be assembled into the following compact

atrix relation: 

X 

j 

b 
= T j, j−1 X 

j−1 
t , ( 63)

here the state vector at the bottom ( b) of the jth mathemat-

cal layer is related to the state vector at the top ( t) of the

djacent ( j − 1) th layer through the 10 × 10 transfer matrix

 

j, j−1 : 

T j, j−1 =

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 0 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 0 

0 0 0 0 1 0 0 0 0 0 

T1 0 T2 T3 0 T4 0 0 0 0 

0 T5 T6 T7 0 0 T8 0 0 0 

T9 T10 T11 0 τ1 0 0 T12 T13 0 

T14 T15 T16 0 τ2 0 0 T17 T18 0 

0 0 0 0 0 0 0 0 0 τ3 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

j, j−1 

. 

( 64)

By recursively combining Eq. ( 63 ) with Eq. ( 50 ) , from the

op surface ( ̃ zM 

= hM 

) of the last ( M-th) mathematical layer

o the bottom surface ( ̃ z1 = 0 ) of the first layer, the following

lobal relation is obtained: 

X 

M (hM 

) = A 

∗∗M T M,M−1 . . . T 2 , 1 A 

∗∗1 X 

1 (0) = H m X 

1 (0) , 

( 65)
where H m denotes the multilayered matrix , which incorporates

all the structural information associated with the multilay-

ered configuration, including the multifield material proper-

ties, the geometrical parameters, and the curvature effects

along the thickness coordinate z. Regardless of the number

of mathematical layers adopted to discretize the thickness,

the multilayered matrix H m always has dimensions 10 × 10 .

Consequently, the proposed formulation provides a compu-

tationally efficient solution while preserving the full three-

dimensional layer-wise description. 

At the final stage of the solution procedure, the boundary

conditions are enforced at the top and bottom surfaces of

the structure. Depending on the considered electromechan-

ical configuration, the prescribed quantities are expressed in

terms of transverse pressure, moisture content, and either

electric potential or transverse electric displacement. Three

different loading configurations are considered, namely the

actuator configuration, the sensor closed-circuit configura-

tion, and the sensor open-circuit configuration: 

σzz = 0 , σαz = 0 , σβz = 0 , M = M̄ , φ = φ̄ for z = ±h/ 2 
(actuator configuration) , ( 66)

σzz = p̄z , σαz = 0 , σβz = 0 , M = M̄ , φ = 0 for z = ±h/ 2 
(sensor closed-circuit configuration) , ( 67)

σzz = p̄z , σαz = 0 , σβz = 0 , M = M̄ , Dz = D̄z for z = ±h/ 2 
(sensor open-circuit configuration) , ( 68)

where the overbar denotes a prescribed boundary value. By

substituting the constitutive relations given in Eqs. ( 7 ) –( 9 ) to-

gether with the harmonic expansions defined in Eqs. ( 24 ) –

( 26 ) , the above boundary conditions can be rewritten in com-

pact matrix form as follows: 

B 

1 
b X 

1 (0) = P b , ( 69)

B 

M 

t X 

M (hM 

) = P t , ( 70)

where B 

1 
b and B 

M 

t denote the 5 × 10 boundary-condition ma-

trices associated with the bottom surface ( b) of the first layer

and the top surface ( t) of the last layer, respectively. Like-

wise, P b and P t are the corresponding 5 × 1 loading vectors

prescribed at the bottom and top surfaces of the multilayered

structure. By introducing Eq. ( 65 ) into Eq. ( 70 ) , the latter be-

comes 

B 

M 

t H m X 

1 (0) = P t . ( 71)

Combining Eqs. ( 71 ) and ( 69 ) yields the final linear alge-

braic system 

E X 

1 (0) = P , ( 72)

where 

E =
[
B 

M 

t H m 

B 

1 
b 

]
, P =

{
P t 
P b 

}
. ( 73)

Solving Eq. ( 72 ) provides the state vector at the bottom

surface of the multilayered structure, including the primary

variables and their first derivatives with respect to the thick-

ness coordinate z. The complete three-dimensional solution
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through the thickness is subsequently recovered by recur-

sively applying Eqs. ( 50 ) –( 63 ) . Consequently, the displace-

ment components, electric potential, and moisture content

distributions are directly obtained, whereas the correspond-

ing strains, stresses, moisture fluxes, and electric displace-

ment components are evaluated through the constitutive re-

lations in Eqs. ( 7 ) –( 9 ) . 

3. Results 

The numerical results presented in this section are used to

assess the accuracy and the predictive capabilities of the pro-

posed three-dimensional coupled HEE formulation. Compar-

isons with refined HEE models available in the literature are

first performed to validate the proposed approach. All the nu-

merical results have been obtained using an in-house Matlab

code implementing the formulation described in Section 2 .

Throughout this section, the proposed formulation is referred

to as the 3D- u - φ- M model, emphasizing its three-dimensional

nature and the adopted set of primary variables, namely the

displacement components ( u ) , the electric potential ( φ) , and

the moisture content ( M ) . 

The section is organized into two parts. First, a set of as-

sessemnts is considered to verify the accuracy of the pro-

posed 3D- u - φ- M model through comparisons with reference

solutions available in the literature. Subsequently, new HEE

benchmark problems are presented by considering different

structural geometries and loading boundary conditions. 

3.1. Assessments 

In the present subsection, two assessment cases are presented.

The first assessment deals with a multilayered plate, whereas

the second one considers a multilayered shell. Both structures

are simply supported along the four edges. The adopted stack-

ing sequence is Adaptive Wood / Soft Adaptive Wood / Adaptive

Wood , where each outer Adaptive Wood layer has a thickness

equal to 0 . 3 h , while the Soft Adaptive Wood core occupies the

remaining 0 . 4 h , with h denoting the total thickness of the

structure. 

The elastic, electric, and hygrometric material properties

adopted in the two assessment cases are reported in Ta-

ble 1 . The numerical results obtained with the proposed 3D-

u - φ- M model are computed by employing M = 300 mathe-

matical layers and an exponential matrix expansion of or-

der N = 3 . Convergence results attesting the correctness in

depicting all the possible three-dimensional effects by con-

sidering these two values are proposed in [ 52 ]. The refer-

ence solutions are extracted from the graphical results re-

ported in [ 51 ] at the in-plane position ( x = 0 . 25 a , y = 0 . 25 b) .

The comparison is performed against the Equivalent Layer-

wise fourth-order axiomatic HEE model ( ELDZL4) presented

in [ 51 ]. Since the hygrovelectric coupling coefficient is equal

to zero for both Adaptive Wood and Soft Adaptive Wood , the di-

rect hygro −electric coupling effect is absent in the considered
assessment cases. 

The first assessment ( A1) considers a multilayered simply-

supported plate. The geometrical parameters together with

the loading boundary conditions prescribed at the outer sur-
aces, in terms of mechanical pressure, electric potential, and 

oisture concentration, are summarized in the first column 

f Table 2 . The comparison between the ELDZL4 HEE model 

nd the proposed 3D- u - φ- M model is reported in Table 3 . An 

xcellent agreement is observed for the displacement compo- 

ents, electric potential, moisture concentration, transverse 

ormal stress, and in-plane normal electric displacement com- 

onents. The small discrepancies can be mainly attributed 

o two factors: the digitization of the graphical results re- 

orted in [ 51 ] and the comparison between an exact three- 

imensional formulation and a two-dimensional numerical 

odel. This assessment confirms the capability of the pro- 

osed formulation to accurately reproduce the coupled HEE 

esponse, including the effects associated with the thickness 

irection and the multilayered configuration for flat struc- 

ures. 

The second assessment ( A2) considers a multilayered 

imply-supported spherical shell. The corresponding geomet- 

ical parameters and the loading boundary conditions pre- 

cribed at the external surfaces are listed in the second col- 

mn of Table 2 . The assessment compares the predictions of 

he proposed 3D- u - φ- M formulation with those provided by 

he ELDZL4 HEE model presented in [ 51 ]. The comparison 

eported in Table 4 shows an excellent agreement for the dis- 

lacement components and the transverse shear stress com- 

onent, while an almost perfect correspondence is obtained 

or the moisture concentration and the in-plane normal elec- 

ric displacement components. The small differences observed 

re attributable to the same two factors discussed for the first 

ssessment ( A1) , namely the extraction of the reference data 

rom graphical results and the comparison between an exact 

hree-dimensional formulation and a two-dimensional numer- 

cal model. Therefore, the present assessment further confirms 

he capability of the proposed 3D formulation to accurately 

apture the coupled HEE response, including the thickness 

nd material layer effects in curved multilayered structures. 

The two assessment cases confirm that the selection of 

 = 300 mathematical layers and an exponential matrix ex- 

ansion of order N = 3 provides accurate results for both flat 

nd curved structures in the framework of the coupled HEE 

nalysis. Therefore, these two numerical parameters are kept 

nchanged in all the following four benchmark cases. 

3.2. New benchmarks 

his subsection presents four new two-layered benchmark 

ases involving simply-supported two-layered plates, cylin- 

ers, cylindrical panels, and spherical shells. The geometrical 

arameters together with the adopted reference system for 

ach structural configuration are illustrated in Fig. 1 . All the 

nalyzed structures are characterized by a two-layered 0◦/ 90◦

tacking sequence made of the HEE Material. Each HEE mate- 

ial laminae has a thickness equal to 0 . 5 h by considering as h 

he total thickness of the geometry. The corresponding elastic, 

lectric, and hygrometric material properties are reported in 

able 5 . The HEE Material was originally introduced by Tariq 

t al. [ 38 ]. For each benchmark case, three different loading 

oundary conditions are considered in order to reproduce ac- 

uator and sensor operating configurations. 
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Table 9 Benchmark B1, simply-supported multilayered rectangular 

plate in sensor open circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 

D̄zt = 0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

a/h 2 4 10 50 100 

u [10−6 m ] ( ̃ z /h = 0 . 00 ) 

−10.346 −9.5777 −7.7601 −0.7395 19.731 

w [10−5 m ] ( ̃ z /h = 0 . 75 ) 

1.0290 0.5478 −1.7183 8.2693 146.49 

φ [106 A ] ( ̃ z /h = 0 . 25 ) 

−0.3091 −1.3736 −4.5474 −24.057 −48.200 
M [ kg/m3 ] ( ̃ z /h = 0 . 25 ) 

0.2908 0.5463 0.7086 0.7483 0.7496 

σαβ [10
5 Pa ] ( ̃ z /h = 0 . 75 ) 

−4.7412 −8.6550 −11.229 −14.801 −24.106 
σzz [10

4 Pa ] ( ̃ z /h = 0 . 75 ) 

−41.399 −6.1965 0.5798 0.8432 0.8437 

Dz [10
−4 C/m2 ] ( ̃ z /h = 0 . 25 ) 

0.6737 1.6886 2.3361 2.4933 2.4984 

gz [10
−5 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−94.476 −90.646 −115.68 −455.32 −902.66 
Results obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) to 1 

( top) . 
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Table 10 Benchmark B2, simply-supported multilayered cylinder in 

actuator configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 	̄b = 

0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

v [10−3 m ] ( ̃ z /h = 0 . 25 ) 

−0.2523 −0.5148 −1.2021 −6.1592 −12.402 
w [10−4 m ] ( ̃ z /h = 0 . 75 ) 

10.945 19.142 46.446 221.76 438.19 

φ [107 A ] ( ̃ z /h = 0 . 25 ) 

1.7683 2.2886 2.4698 2.5001 2.5004 

M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.7303 0.9187 0.9862 0.9994 0.9999 

σββ [10
6 Pa ] ( ̃ z /h = 0 . 75 ) 

1.2840 1.8012 3.1278 3.7245 3.7496 

σzz [10
3 Pa ] ( ̃ z /h = 0 . 25 ) 

341.92 51.620 −8.5489 −1.9058 −0.8328 
Dz [10

−4 C/m2 ] ( ̃ z /h = 1 . 00 ) 

−31.813 −44.974 −97.326 −472.06 −943.15 
gz [10

−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.8440 −0.9967 −1.9159 −9.0234 −18.012 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 
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The actuator operating configuration is defined by the fol-

owing boundary conditions: 

P̄zt = 0 Pa, P̄zb = 0 Pa, 	̄t = 1 · 108 A, 	̄b = 0 A, 

M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 . ( 74)

The sensor closed-circuit operating configuration is charac-

erized by: 

P̄zt = 10000 Pa, P̄zb = 0 Pa, 	̄t = 0 A, 	̄b = 0 A, 

M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 . ( 75)

Finally, the sensor open-circuit operating configuration is

rescribed as: 

P̄zt = 10000 Pa, P̄zb = 0 Pa, D̄zt = 0 . 001 C/m2 , 

D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 . ( 76)

The subscripts t and b identify the top and bottom surfaces

f the multilayered structure, respectively. 

The first benchmark ( B1) focuses on a simply-supported

late. The corresponding geometrical parameters and half-

ave numbers are listed in the first column of Table 6 . Nu-

erical results for the displacement components u and w, the

lectric potential φ, the moisture content M , the stress com-

onents σαβ and σzz , the transverse electric displacement Dz ,

nd the moisture flux gz are reported in Tables 7 −9 for the
ctuator, sensor closed-circuit, and sensor open-circuit oper-

ting configurations, respectively. The results are presented

or different thickness ratios, ranging from thick ( a/h = 2 ) to

hin ( a/h = 100 ) plates, and at selected through-the-thickness

ositions ˜ z /h . 

The through-the-thickness distributions of the primary vari-

bles u , w, φ, and M are illustrated in Fig. 2 for the moder-

tely thick case ( a/h = 4 ) under the actuator operating config-

ration. The corresponding secondary variables σαβ , σzz , Dz ,
and gz are reported in Fig. 3 for the sensor closed-circuit con-

figuration and in Fig. 4 for the sensor open-circuit configura-

tion. 

For all the considered loading configurations, the charac-

teristic features of the coupled HEE response are clearly iden-

tified. The classical zigzag behavior appears as slope discon-

tinuities at the interface between the two laminae, while the

thickness and material layer effects are accurately captured

throughout the thickness. Moreover, the prescribed bound-

ary conditions are fully satisfied at the external surfaces of

the plate. The continuity requirements at the layer interface

are also fulfilled for all the loading configurations. This be-

havior is confirmed by the continuous through-the-thickness

distributions of all the reported variables, which do not ex-

hibit artificial jumps across the interface. Finally, the mutual

coupling among the hygrometric, electric, and elastic fields is

clearly highlighted, since all the corresponding field variables

exhibit nonzero distributions along the thickness direction. 

The second benchmark ( B2) examines a simply-supported

cylindrical structure. The corresponding geometrical param-

eters and half-wave numbers are reported in the second col-

umn of Table 6 . Numerical results for the displacement com-

ponents v and w, the electric potential φ, the moisture content

M , the stress components σββ and σzz , the transverse electric

displacement Dz , and the moisture flux gz are collected in Ta-

bles 10 −12 for the actuator, sensor closed-circuit, and sen-
sor open-circuit operating configurations, respectively. The

tabulated results cover thickness ratios ranging from thick

( Rα/h = 2 ) to thin ( Rα/h = 100 ) cylinders and are reported

at selected through-the-thickness positions ˜ z /h . 

The through-the-thickness distributions corresponding to

the actuator operating configuration are illustrated in Fig. 5 .

Figures 6 and 7 show the corresponding distributions for the

sensor closed-circuit and sensor open-circuit operating con-
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Table 11 Benchmark B2, simply-supported multilayered cylinder in 

sensor closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 	̄t = 

0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

v [10−4 m ] ( ̃ z /h = 0 . 25 ) 

−1.2800 −1.3559 −1.7374 −2.2125 −2.1559 
w [10−4 m ] ( ̃ z /h = 0 . 75 ) 

5.0427 7.3361 9.5085 10.545 11.823 

φ [104 A ] ( ̃ z /h = 0 . 25 ) 

5.7655 4.2709 −0.5075 −0.6472 −0.3586 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.7303 0.9187 0.9862 0.9994 0.9999 

σββ [10
5 Pa ] ( ̃ z /h = 0 . 75 ) 

3.5920 5.2405 −2.6691 −12.997 −13.954 
σzz [10

4 Pa ] ( ̃ z /h = 0 . 25 ) 

−8.4222 0.7757 3.7593 1.4082 0.8531 

Dz [10
−5 C/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.7221 −0.8735 −1.2186 −1.4782 −1.6857 
gz [10

−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.8440 −0.9967 −1.9159 −9.0234 −18.012 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

Table 12 Benchmark B2, simply-supported multilayered cylinder in 

sensor open circuit configuration ( ̄Pzt = 10000 Pa P̄zb = 0 Pa , D̄zt = 

0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

v [10−4 m ] ( ̃ z /h = 0 . 25 ) 

−1.3109 −1.0260 −0.7804 −1.2195 −1.6758 
w [10−4 m ] ( ̃ z /h = 0 . 75 ) 

2.5231 3.5354 6.2362 12.296 18.410 

φ [108 A ] ( ̃ z /h = 0 . 25 ) 

−0.1627 −0.4046 −1.0799 −5.4694 −10.944 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.7303 0.9187 0.9862 0.9994 0.9999 

σββ [10
6 Pa ] ( ̃ z /h = 0 . 75 ) 

0.2601 1.2524 1.7496 2.0409 2.7730 

σzz [10
5 Pa ] ( ̃ z /h = 0 . 25 ) 

−3.0261 −1.2511 −0.3129 −0.0032 0.0137 

Dz [10
−4 C/m2 ] ( ̃ z /h = 0 . 25 ) 

1.8403 2.3230 2.4798 2.5019 2.5013 

gz [10
−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.8440 −0.9967 −1.9159 −9.0234 −18.012 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

 

 

 

 

 

 

 

Table 13 Benchmark B3, simply-supported multilayered cylindrical 

panel in actuator configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 
	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

u [10−4 m ] ( ̃ z /h = 0 . 75 ) 

−7.7402 −10.028 −21.347 −238.92 −852.71 
w [10−4 m ] ( ̃ z /h = 0 . 50 ) 

8.7569 12.479 10.001 −429.13 −2002.9 
φ [107 A ] ( ̃ z /h = 0 . 25 ) 

1.8740 2.3175 2.4654 2.4931 2.4938 

M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.7708 0.9327 0.9886 0.9995 0.9999 

σαα [10
6 Pa ] ( ̃ z /h = 0 . 75 ) 

0.9786 0.3291 −1.3335 −11.757 −24.693 
σzz [10

4 Pa ] ( ̃ z /h = 0 . 25 ) 

5.5081 4.7792 8.4426 9.5868 9.6500 

Dz [10
−4 C/m2 ] ( ̃ z /h = 1 . 00 ) 

−27.651 −42.828 −95.975 −468.57 −936.41 
gz [10

−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.7094 −0.9315 −1.8926 −9.0193 −18.010 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 
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figurations, respectively. All the graphical results refer to the

moderately thick case Rα/h = 10 . 

The proposed results clearly highlight the main character-

istics of the coupled HEE response. The expected zigzag be-

havior is observed at the interface between the two laminae,

where slope discontinuities arise owing to the different ma-

terial properties. Moreover, the effects associated with both

the structural thickness and the multilayered configuration
re accurately captured, as expected for a moderately thick 

ylindrical shell. The prescribed loading boundary conditions 

re correctly satisfied for each operating configuration, while 

he interaction among the hygrometric, electric, and elastic 

elds demonstrates the fully coupled nature of the present 

ormulation. Finally, the interlaminar continuity conditions 

re fulfilled for all the reported variables ( v, w, φ, M , σzz , Dz , 

nd gz ) , as confirmed by the absence of artificial discontinu- 

ties across the layer interface. 

The third benchmark ( B3) considers a simply-supported 

ultilayered cylindrical panel. The corresponding geometri- 

al parameters are reported in the third column of Table 6 . 

ables 13 −15 summarize the numerical results obtained for 
hickness ratios ranging from Rα/h = 2 to Rα/h = 100 under 

he three loading boundary configurations. The variables u , 

, φ, M , σαα, σzz , Dz , and gz are reported at selected through- 

he-thickness positions ˜ z /h . 

Figure 8 illustrates the distributions of the secondary vari- 

bles σαα, σzz , Dz , and gz for the actuator configuration consid- 

ring the thickness ratio Rα/h = 50 . The corresponding dis- 

ributions of the primary variables u , w, φ, and M are pre- 

ented in Fig. 9 for the sensor closed-circuit configuration and 

n Fig. 10 for the sensor open-circuit configuration, both for 

he same thickness ratio. 

The proposed through-the-thickness distributions 

learly exhibit the expected zigzag behavior, charac- 

erized by slope discontinuities at the interfaces be- 

ween adjacent laminae. The influence of both the mul- 

ilayered configuration and the structural thickness is 

lso correctly reproduced. Furthermore, the prescribed 

oading boundary conditions are fully satisfied at the 

xternal surfaces for all the investigated operating 

onfigurations: φt = 1 · 108 A , φb = 0 A , Mt = 1 . 5 kg/m3 , 

b = 0 . 5 kg/m3 , and σzzt = σzzb = 0 Pa for the actuator con- 
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Table 14 Benchmark B3, simply-supported multilayered cylindrical 

panel in sensor closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 

0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

u [10−4 m ] ( ̃ z /h = 0 . 75 ) 

−3.7186 −3.2422 0.4398 152.83 1127.5 

w [10−4 m ] ( ̃ z /h = 0 . 50 ) 

1.7361 4.6083 16.729 489.59 3463.8 

φ [104 A ] ( ̃ z /h = 0 . 25 ) 

2.9344 1.2183 1.0034 4.4036 8.7686 

M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.7708 0.9327 0.9886 0.9995 0.9999 

σαα [10
5 Pa ] ( ̃ z /h = 0 . 75 ) 

0.4226 0.7309 3.8678 94.109 375.53 

σzz [10
4 Pa ] ( ̃ z /h = 0 . 25 ) 

−0.1561 −0.6221 −1.4060 −7.0060 −14.030 
Dz [10

−6 C/m2 ] ( ̃ z /h = 1 . 00 ) 

4.8192 3.3883 2.0328 1.2707 1.2670 

gz [10
−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.7094 −0.9315 −1.8926 −9.0193 −18.010 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

Table 15 Benchmark B3, simply-supported multilayered cylindrical 

panel in sensor open circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , 

D̄zt = 0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

u [10−3 m ] ( ̃ z /h = 0 . 75 ) 

−0.2902 −0.3258 1.2076 254.12 2081.1 

w [10−3 m ] ( ̃ z /h = 0 . 50 ) 

−0.2239 −0.0352 5.5615 793.76 6368.9 

φ [108 A ] ( ̃ z /h = 0 . 25 ) 

−0.1966 −0.4884 −1.3068 −6.6234 −13.254 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.7708 0.9327 0.9886 0.9995 0.9999 

σαα [10
6 Pa ] ( ̃ z /h = 0 . 75 ) 

−0.3285 0.2717 5.2108 170.90 703.63 

σzz [10
5 Pa ] ( ̃ z /h = 0 . 25 ) 

−0.6251 −1.2817 −2.9949 −13.863 −27.431 
Dz [10

−4 C/m2 ] ( ̃ z /h = 0 . 25 ) 

2.6651 2.7780 2.6541 2.5011 2.4449 

gz [10
−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.7094 −0.9315 −1.8926 −9.0193 −18.010 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

fi  

σ  

c  

M  

t

 

b  

s  

Table 16 Benchmark B4, simply-supported multilayered spherical 

shell in actuator configuration ( ̄Pzt = 0 Pa , P̄zb = 0 Pa , 	̄t = 1 · 108 A , 
	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

v [10−4 m ] ( ̃ z /h = 0 . 75 ) 

−3.5467 −4.0791 −4.5756 −4.0653 −3.9110 
w [10−4 m ] ( ̃ z /h = 0 . 50 ) 

9.2695 16.325 40.076 200.46 397.30 

φ [107 A ] ( ̃ z /h = 0 . 75 ) 

6.0500 7.0299 7.4229 7.4989 7.5004 

M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.6177 0.8728 0.9775 0.9991 0.9998 

σαβ [10
6 Pa ] ( ̃ z /h = 0 . 50 ) 

−1.3587 −1.9497 −1.8650 −1.0147 −0.8552 
σzz [10

5 Pa ] ( ̃ z /h = 0 . 75 ) 

12.598 3.0226 −0.7595 −0.4445 −0.2363 
Dz [10

−4 C/m2 ] ( ̃ z /h = 1 . 00 ) 

−35.073 −48.212 −99.007 −472.41 −943.31 
gz [10

−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.9768 −1.1267 −1.9839 −9.0385 −18.019 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 academ

ic.oup.com
/jom

/article/doi/10.1093/jom
/ufag025/8845483 by Politecnico di Torino user on 30 Septem

ber 2026
guration; φt = φb = 0 A , Mt = 1 . 5 kg/m3 , Mb = 0 . 5 kg/m3 ,

zzt = 10000 Pa , and σzzb = 0 Pa for the sensor closed-

ircuit configuration; Dzt = 0 . 001 C/m2 , Dzb = 0 C/m2 ,

t = 1 . 5 kg/m3 , Mb = 0 . 5 kg/m3 , and σzzt = σzzb = 0 Pa for

he sensor open-circuit configuration. 

Finally, the continuity conditions at the interfaces

etween adjacent layers are fully satisfied, as demon-

trated by the continuous through-the-thickness dis-
tributions of all the investigated variables, which do

not exhibit artificial discontinuities across the physical

interfaces. 

The fourth benchmark ( B4) investigates a simply-supported

multilayered spherical shell. The corresponding geometri-

cal parameters and half-wave numbers are reported in the

fourth column of Table 6 . Numerical results for the actua-

tor, sensor closed-circuit, and sensor open-circuit operating

configurations are collected in Tables 16 , 17 , and 18 , re-

spectively. The proposed results include the variables v, w,

φ, M , σαβ , σzz , Dz , and gz for both thick and thin spherical

shells. 

The through-the-thickness distributions corresponding to

the actuator configuration are presented in Fig. 11 for

the thickness ratio Rα/h = 10 . The analogous results for

the sensor closed-circuit and sensor open-circuit oper-

ating configurations are reported in Figs 12 and 13 ,

respectively. 

For all the investigated operating configurations, the char-

acteristic zigzag behavior is clearly observed through the

slope discontinuities occurring at the interfaces between adja-

cent laminae. The proposed results also demonstrate the cou-

pled HEE response, since the mechanical, electric, and hygro-

metric fields remain mutually coupled even when pressure

loads and/or electric potentials are not directly prescribed

at the external surfaces. Furthermore, the imposed loading

boundary conditions are accurately satisfied at both outer sur-

faces of the structure. Finally, the continuity conditions across

the material interfaces are correctly fulfilled, as confirmed by

the continuous through-the-thickness distributions of all the

reported variables, without artificial discontinuities at the in-

terface between the two layers. 
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Table 17 Benchmark B4, simply-supported multilayered spherical 

shell in sensor closed circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 

0 Pa , 	̄t = 0 A , 	̄b = 0 A , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

v [10−4 m ] ( ̃ z /h = 0 . 75 ) 

−1.3878 −1.4093 −0.6084 0.2257 0.5481 

w [10−4 m ] ( ̃ z /h = 0 . 50 ) 

2.2074 4.3665 7.7076 9.4795 10.532 

φ [104 A ] ( ̃ z /h = 0 . 75 ) 

5.3009 5.4227 0.9475 −0.5564 −0.3346 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.6177 0.8728 0.9775 0.9991 0.9998 

σαβ [10
5 Pa ] ( ̃ z /h = 0 . 50 ) 

−5.5382 −5.5421 −0.2371 3.1883 5.4277 

σzz [10
4 Pa ] ( ̃ z /h = 0 . 75 ) 

10.419 −0.5021 2.2275 2.6781 1.8492 

Dz [10
−5 C/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.3145 −0.5526 −1.0542 −1.4575 −1.6498 
gz [10

−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.9768 −1.1267 −1.9839 −9.0385 −18.019 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 

Table 18 Benchmark B4, simply-supported multilayered spherical in 

sensor open circuit configuration ( ̄Pzt = 10000 Pa , P̄zb = 0 Pa , D̄zt = 

0 . 001 C/m2 , D̄zb = 0 C/m2 , M̄t = 1 . 5 kg/m3 , M̄b = 0 . 5 kg/m3 ) . 

Rα/h 2 4 10 50 100 

v [10−4 m ] ( ̃ z /h = 0 . 75 ) 

−0.8834 −1.3180 −0.5362 4.6040 10.257 

w [10−4 m ] ( ̃ z /h = 0 . 50 ) 

−0.0560 1.2274 5.9653 22.288 39.518 

φ [107 A ] ( ̃ z /h = 0 . 75 ) 

−1.9380 −2.9710 −6.7295 −33.063 −66.102 
M [ kg/m3 ] ( ̃ z /h = 0 . 50 ) 

0.6177 0.8728 0.9775 0.9991 0.9998 

σαβ [10
5 Pa ] ( ̃ z /h = 0 . 50 ) 

−4.4642 −5.9699 3.2367 47.060 95.749 

σzz [10
4 Pa ] ( ̃ z /h = 0 . 75 ) 

−22.932 −15.462 −10.127 −1.1745 −0.1436 
Dz [10

−4 C/m2 ] ( ̃ z /h = 0 . 25 ) 

2.0732 2.5833 2.6238 2.5345 2.5179 

gz [10
−4 kg/m2 ] ( ̃ z /h = 1 . 00 ) 

−0.9768 −1.1267 −1.9839 −9.0385 −18.019 
Results are obtained via the 3D- u - φ- M model. ˜ z /h goes from 0 ( bottom) 

to 1 ( top) . 
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4. Conclusions 

A three-dimensional exact layer-wise formulation has been

presented for the static HEE analysis of smart multilayered

aerospace shell structures. The proposed model is based on

the complete coupling among the elastic, electric, and hygro-

metric fields through five three-dimensional governing equa-

tions, namely the three equilibrium equations, the divergence
quation for the electric displacement, and the Fick diffu- 

ion equation governing the moisture content. The governing 

quations are formulated in the mixed curvilinear orthogonal 

eference system, making the proposed approach suitable for 

pherical shells, cylindrical shells, cylinders, cylindrical pan- 

ls, and plates. The solution strategy combines Navier har- 

onic expansions in the in-plane directions with the exponen- 

ial matrix method along the thickness coordinate, providing 

n exact three-dimensional solution within the framework of 

he layer-wise approach. 

The accuracy of the proposed formulation has been demon- 

trated through two assessment cases involving both flat and 

urved multilayered structures. The comparison with existing 

EE solutions available in the literature shows a very good 

greement, confirming the capability of the present model to 

ccurately reproduce the coupled response. 

After the assessment stage, four new benchmark prob- 

ems have been presented by considering a 0◦/ 90◦ mul- 

ilayered configuration made of a HEE material. Simply- 

upported plates, cylinders, cylindrical panels, and spheri- 

al shells have been investigated over a wide range of thick- 

ess ratios under three different operating conditions, namely 

ctuator, sensor closed-circuit, and sensor open-circuit con- 

gurations. The proposed benchmark results include both 

abulated values and through-the-thickness distributions of 

he primary variables ( displacements, electric potential, and 

oisture content) and the secondary variables ( stress compo- 

ents, electric displacement components, and moisture flux 

omponents) . The numerical results clearly illustrate the fully 

oupled interaction among the hygrometric, electric, and elas- 

ic fields, together with the characteristic features of multi- 

ayered smart structures, including zigzag behavior, material 

ayer effects, and thickness effects. Furthermore, the imposed 

nterlaminar continuity conditions and the prescribed loading 

oundary conditions are correctly satisfied in all the investi- 

ated cases. 

The proposed three-dimensional HEE formulation provides 

 physically consistent framework for assessing multilayered 

erospace smart structures subjected to simultaneous envi- 

onmental and mechanical loading. By explicitly resolving 

he through-thickness diffusion of moisture and its interac- 

ion with the electrical and mechanical fields, the model pro- 

ides detailed information on local stress, deformation, and 

oupled-field distributions that can support the analysis and 

esign of smart structures operating in complex environmen- 

al conditions. The proposed formulation contributes to a 

eeper understanding of the static response of HEE aerospace 

tructures and provides a reliable three-dimensional reference 

olution for future developments of both analytical and nu- 

erical multifield models. The benchmark results presented 

n this work may also serve as useful reference data for the 

alidation of refined two-dimensional formulations and fully 

hree-dimensional computational approaches devoted to cou- 

led HEE analyses. 
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