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1 Introduction

In the study of AdS/CFT duality, solutions of Type IIB supergravity with spacetime geometry
AdS3 x S3 x My, where My is either T or K3, have played a special role for several reasons.
Such backgrounds can be supported purely by NSNS fields, and a worldsheet description
of superstring theory on them in terms of a SL(2,R) x SU(2)-WZW model is available and
has been extensively studied [1-5]. This makes it possible, in certain limits, to test the
holographic duality beyond the supergravity approximation [6, 7].

Moreover, this geometry locally describes the near-horizon limit of the so-called D1-D5
black holes, for which the first microscopic entropy counting within superstring theory was
achieved [8-10]. The 1+1 SCFT dual to Type IIB superstring theory on AdS3 x S3 x My is
a deformation of a sigma model on Sym’ (My), whose symmetry is the asymptotic symmetry
group of the AdS3 factor [11], namely the infinite-dimensional (Virasoro) x (Virasoro) extension
of the SL(2,R);, x SL(2,IR)pr isometry group of the same space.

Special deformations of these backgrounds are obtained by “warping” the AdSs factor
and/or the S one, the resulting spaces being denoted by WAdS3 and WS?, respectively. The
deformation of the former space leads to a dual field theory which is no longer conformal and
has been identified with a so-called dipole-theory, arising from a suitable irrelevant deformation
of the D1-D5 SCF'T. Despite the reduced amount of symmetry, certain backgrounds of the
form WAdS3 x WS3 x M, (with the warping on one of the first two factors or on both)
have been shown to describe integrable marginal deformations of the superstring theory



on the undeformed background [12-14]. The key to establishing this property is the fact
that some of these backgrounds can be obtained through a TsT duality. The latter is an
O(d, d) transformation, generalizing the O(d, d;Z) symmetry of the worldsheet theory on
AdS3 x S x My, that preserves the integrability of the model [15]. Other backgrounds of
the form WAdSs x WS? x My, some of which are supersymmetric, were recently constructed
in [16], without resorting to TsT transformations. The novel feature of these solutions is
their dependence on two independent parameters, which control the warping of the two
factors separately.

The existence of such solutions in Type IIB supergravity naturally raises the question
regarding their string-theoretic origin: can these geometries be described as an appropriate
near-horizon limit of some brane configuration, as in the standard D1-D5 brane system?
In this paper, we address this question by explicitly constructing doubly-deformed Type
IIB supergravity solutions, involving D1-D5 branes, standard D3 branes and NS5 branes.
These configurations interpolate between an asymptotically locally flat spacetime at radial
infinity and null-WAdSs; x WS3 x T* spacetime in the near-horizon region. Despite their
complexity, we find that the interpolating backgrounds, as well as their near-horizon limits,
are 1/8 BPS, thus preserving four supercharges. Interestingly, unlike in the standard D1-D5
case, these deformed solutions do not exhibit a symmetry enhancement in the near-horizon
limit. They are generated via double-TsT transformations from the D1-D5 solution; their
supersymmetry contradicts the expectation that double-TsT would break all supersymmetries
of the AdS3 x S3 x T* configuration [14], while this possibility was simply not considered
in [17], where the authors focused on spacelike WAdS3. Related constructions in Type
1IB supergravity, based on TsT transformations and dualities, were explored, for the case
M, = K3, in [18]. Remarkably, the interpolating solutions constructed here, all describe
Kundt spacetimes with a null Killing vector (to be referred to as Killing-Kundt), though
not pp-wave geometries. This is related to the corresponding TsT transformation being
made along a null direction of AdSs.

These new understandings suggest that all WAdSs x WS? x M solutions should arise as
the near-horizon limits of suitable brane configurations. However, constructing the explicit
brane setup is not always straightforward, particularly when the warping is spacelike or
timelike. The string theoretic origin of such configurations becomes even more relevant in
the presence of spacelike warpings, where the black hole configuration can be obtained, in
certain cases, by compactifying along appropriate directions. For this reason, we construct a
novel doubly-deformed, warped-AdS-black hole (warped black hole in short) solution, whose
brane interpretation is left for a future investigation.

The paper is organised as follows: in section 2, we review the main properties of the
standard D1-D5 system in the case My = T*, setting the stage for the results presented
in later sections. In section 3, we present the two doubly-deformed solutions describing
different brane configurations in Type IIB supergravity, study their geometrical properties,
their supersymmetry, and finally consider an appropriate near-horizon limit yielding a
WAdS3 x WS? x T* geometry. In section 4, we generate a warped black hole configuration
with two independent parameters and study its first law of thermodynamics. We end with
some concluding remarks in section 5. In appendix A, we review the conventions used for



Ty |z | r | Y1 | w2 |y |Y2|y3| ya

D1

D5 | x | X X | x| X | X

Table 1. In the above table, x indicates the directions along the D-branes, while empty spaces are
the transverse directions.

Type 1IB supergravity, whereas appendix B contains, for the reader’s convenience, a short
review of the TsT solution generating technique. Finally, appendices C and D are devoted to
the details about the derivation of the Killing spinors for two of the solutions we discuss.

2 Review of the D1-D5 brane system

Let us recall the well-known D1-D5 configuration of Type IIB supergravity, whose main
definitions and equations are listed in appendix A. The stack of overlapping D5 branes
shares one spatial direction with the D1 branes, while the other are wrapped on T*. Such a
solution can be expressed, in the string frame and in terms of [r, 2, z_, 9, p1, 02,y ¥, >, v*]
coordinates, as

r2 ) de dx_ H, -
ds? = /HiH; (dﬂ + 7 [dv? + sin® g + (dz - coswdmf]) - B

1. I
P = ~log -t
g log 77
Fy = 2ds sin ey A deg A dip + N4 pde A ds
3= 3% Y1 P2 23 H? - +
H3207 FlZO, F5:07
d;
Hi=1+ - 2.1
T (2.1)

where the ranges of the coordinates are:
TE]R-H T+ ERa ¢ € [07 7T]7 w1 € [07 27T]7 w2 € [07 47T)7 Y € [07 27T)7

yr (k = 1,2,3,4) being the coordinates of T*.

The Ramond-Ramond charges associated with F3 and its dual F; = — x F3 are given by
1
— Fs=d
2 3 3 5
1
— Fr=d 2.2
@)1 272 /ngT4 7=di, (2.2)

and are proportional to the number of D5 and D1 branes, respectively, while the brane
configuration is illustrated in table 1.



The solution preserves eight supercharges. Indeed, considering the following vielbein basis

d do_ dry —dx_
COZM’ 61:1'4-7531’ 62:(H1H5)%d7“,
2(1{1]{5)Z 2(1{1]{5)Z
r 1 r 1 . r 1
e = S(HHs)idy, e = (HHs)idpising, e® = o (HiHz)i(dipa — cospdipn),
1 1 1 1
H{\ 2 H{\ 2 H{\ % H{\ 2
6 1 7 1 8 1 9 1
=(—] d =(—1] d =—] d == d
‘ <H5> e <H5> . ‘ (H5) v ‘ <H5> e
(2.3)
the Killing spinor is given by
€= %e’%(ws’rm)e’%(FQS’FM)e%(F25+F34)P1P2P060 )
(4H1H5)§
1
Py = 5(132 ® 1+ TP ®0y),
1
Pl — 5(132 o F012345) ® 127
1
Py = 5(132 +I)®1s, (2.4)

with €p a constant spinor.
Finally, the near-horizon geometry of such a configuration is obtained by rescaling the
following coordinates simultaneously

Vdids Vdids
x —

r— Ar Ty — T_
) + )\ +7 )\

x_ (2.5)

and by subsequently considering the A\ — 0 limit. Let us emphasise the isotropy of such
rescaling, which acts on both z; and z_ in the same way. The resulting solution reads

V 2 1
ds? = # <dr2 — 4r?dz de_ + Z[dwz + sin? 1dy? + (dps — cos 1/)d<,01)2]> + \/§d§2 ,
r 5
1 dy
o= _log
2 %y

1

Fs = ds (27“d7“ ANdz_ Ndxy + 3 sinydy A depr A dcpg) )

Hs =0, F1 =0, F5=0. (2.6)
The metric describes an AdSs x S? x T geometry, with enhanced isometries and supersym-
metries with respect to the original D-brane system.

3 Lightlike double deformations of the D1-D5 brane system

In this section, we will generate Type IIB supergravity backgrounds through the TsT duality
generating solution technique [19-21], see appendix B for a concise review.! In the following,
(1, x2,v) will denote a TST duality with T along the coordinate direction x; and shift s

'For generalizations to non-abelian TsT transformations, see for instance [22, 23].



along xo, with parameter . Explicitly, this is given by the action, in the worldsheet theory,
of the O(d, d) element resulting from the following consecutive transformations:

T — I X9 —>332—'y:~cl, T — 21. (31)

In the following subsections, we will apply two distinct double TsT dualities on the D1-D5
brane configuration, thus introducing two free parameters, and study the resulting geometries.

3.1 Supersymmetric Killing-Kundt deformation
The solution obtained through a double TsT along (z,y4,71), (p2,ys3,72) reads

H H 2
ds? = /H, H; ldr + — (dl/)2+sm ¢ dep? + H%%Ag)] - ,/H5<A1dx++11A§>
1 1

| Hq Hy
+ Fs (dy% + dy% + Eemdyg + dyi) ,

7 Hsvar? o 20 _ 4H;

By = LA Adyy — —>—*®Ay Ad

2= M e e A, =
I 4d,

Fy = < ( dssinydpr A dgs A dy + 3H2drAdx Adzy Fi=0,

d 1 1
Fo= 1B A A ( sinAs A dys A der A dep + dr A dy; A dys A dy:a)
2 8 T3H5
’}/le H2 29
+ 5 —sinydy; Adys Adys Adpr Ady + H2€ A NAs Adr Aday Adys |,
(3.2)
where we defined the 1-forms
Al = do— )
Hs
Ay = dpy — cospdyp . (3.3)

They satisfy a Beltrami-like equation (see e.g. [24]) with non-constant mass, when restricted
to corresponding 3-dimensional subspaces. Indeed, we find

4
r(HyHs) 1\ /4 + 1293 Hy

where *("%%) and x(¥»#1.2) are the induced Hodge stars in the respective 3-dimensional spaces.

*(nxi)dAl _ 2(1 — H5)

S T A, *(¢7<P1,2)dA2 _
rH H

Ay, (3.4)

The solution depends explicitly on Ay, which is ill-defined at the poles of S? located at
1 = 0,m7. However, one can shift ¢y — @92 £ 1, yielding

Ay — AT =dipy — (costp F 1)dg (3.5)

where the upper and lower signs regularise the solution in the north and south poles,
respectively. The term in H3 depending on A, signals the presence of a source for an NS5

brane which is smeared over r.



The total solution (3.2) describes a D1-D5 system in the presence of NS5-branes and stan-
dard D3 branes. In particular, the space transverse to the D1-D5 branes system corresponds
to a four-dimensional space with a radial coordinate r. Differently from the D1-D5 system,
such a space is not flat, but it contains a squashed 3-sphere whose deforming parameter
depends on the radial coordinate.

The full 10-dimensional spacetime has no curvature singularities, as it is well behaved
in r = 0. Indeed, the Riemann tensor in the vielbein basis is everywhere finite in such a
limit. In the r — oo limit, the space is asymptotically locally flat, as the curvature in rigid

components vanishes and the dilaton field behaves as?
2
gs =e® = po o(r=3). (3.6)
The charges associated with the brane configurations are as follows
o [ Fo=ds.
W/ng(a By AdCY) = di
(27534” /(51)3Xs2(F5 _ByAFy) = % (3.7)

and are proportional to the corresponding quantised brane numbers. As the NS5-brane is
smeared over the radial coordinate, the associated charge will depend on r. To see this, let
us consider the terms in Hz that have a compact support

Hs = f(r)sinedy Adpp Adys +...=Hs +..., (3.8)

where we defined f(r) = —%62‘1’(7")7*215[5 and ... indicate forms with non-compact support.
Now let us consider the integral of the above expression on a domain X, = S?(¢, 1) x S*(y3)
at radius r. Let us define the charge as

NS5
T = [ A [ A= [ any
872 5, DR D
= / f/(r)sinedr Ady Adey Adys = / p(r,)Vol(D), (3.9)
D D

where D = (1, ¢1,y3) X [0,7] and Vol(D) is the induced volume four-form on D. The
explicit expression of the NS5 charge density is given by

1
62(1)H52 49 sin Y
2 )
rHj \/4+7“2 sin? ¢y2 Hy

p(r,) = (3.10)

and it is plotted, for different values of the deforming parameter 7o, in figure 1. The average
value of 7 defined by this density is given, for v2%0, by
dy 1

(ry=m §+7—22 (3.11)

2The limits r — oo and 72 — 0 do not commute. Taking the latter limit first, leads to a divergent dilaton,
whereas the former leads to a vanishing one.
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Figure 1. The charge density p(r,1) for different values of 72, given dy = 1.5, d5s = 1, ¢ = 7.

xy |z || ‘ 01| w2 | Y1 | Y2 | Y3 | Ya
D1 X X ‘
D5 | x | x ‘ X | x| x| x
D3 X X ‘ X
NS5 | x X ‘ X | x | x X

Table 2. In the above table, the x along the 5 direction actually indicates that the corresponding
extended objects is wrapped the S' dual to A,. The longitudinal directions for each extended object
are identified as the dual to the ones defining the corresponding charges.

From (3.9), one can see that the charge is finite for any value of r, including the limiting
value of r — oo, while the above figure shows that the corresponding density is localised. The
brane configuration is illustrated in table 2. The solution contains the brane configuration
illustrated in table 2.

Finally, let us observe that the solution discussed above can also be described within the
D =6, N = (1,1) supergravity considered in [16], by compactifing on T4/Zs. Interestingly,
notice that, on the deformed D1-D5 background, some of the SO(4,4)/SO(4) x SO(4) scalars
of the model evolve, just as for the solution of [18], toward the origin of the scalar manifold
in the IR.

Killing-Kundt class. The geometry appearing in (3.2) describes a Kundt spacetime. Indeed,
let us consider the following vectors

049, = =20, ,
1, |H
k0, = =~ | =0, — VH H50_
4"\ Hy
Ok, =-1, 0, =0,  k'k,=0, (3.12)



with ¢# geodesic, that is

V7 =0. (3.13)

The above vector fields allow us to define the following rank-8 projector
PH, =68 + k10, + Pk, . (3.14)
The twist, expansion and shear are defined as the irreducible components of the tensor field [25]
Ty = PP,V ol . (3.15)
For the solution under consideration, this tensor vanishes identically, which implies that the
spacetime is Kundt. Moreover, the null and geodesic vector field £ is also Killing, leading to
a further restriction of the Kundt class of spacetimes, which we refer to as Killing-Kundt.

Observe that this does not imply that ¢ is covariantly constant, since the change of ¢ in the
direction k, measured by k#V ,¢”, does not vanish.

Supersymmetry. The solution (3.2) preserves four out of the initial eight supercharges.
Indeed, given the vielbein basis:

do_ H. 1 dz H.
0 5 1 B 2 5
— bt — dr(H: H —
€ d$++4H5 (71‘1‘ H1>7 e =dr(H Hs5)1, e? d$++4H (7 H1>
3
3_ T 1 o — 1 5__ T <1>H5
e’ = —dy(HHs)4, — sm Wwde1(H1Hs)? e’ = — - (dgg — cospdey),
2 2 2 H4
1
Hy\ i Hy\ i Hs\ i Hy\ i
4
66 = <H1> dyl ) 67 = <H1> dy2) 68 = <H5> e(bdy:;a 69 = (Hl) dy47
5 5 1 5
(3.16)
the Killing spinor reads
1
1 dy + 212 wF13 _ #1154,
= - —a_T'y)(1-T1)P PP 3.17
) 2<8+(d1+2r2h§> “ 2 Moy — Do) =T PR, (3.17)
where
\/8 + d173 + 2r243 \/8 + d173 + 2r243
1 +x(r) 1 02 1 6789
= P=-(1-T P,=—(1 T . 3.18

We refer the reader to appendix C for a detailed of derivation of eq. (3.17).



Near-horizon geometry analysis. Let us finally analyze the near-horizon geometry of
this solution. To this end, let us rescale the coordinates as

r=A\r, x_=E&i_. (3.19)

We then fix £ in terms of A so that, in the A — 0 limit, A; does not vanish. Explicitly, we have

=~ 2
A o ST 20

~2 1~
= rdr_ 3.20
(i 20

which requires €\? = dsk. Let us remark here that, differently from the near-horizon limit
considered in (2.5) for the D1-D5 system, the above rescaling is “non-relativistic”, as it only
involves x_, while x4 is unaffected. Such chiral rescaling is deeply related to the nature
of the resulting geometry, which, as we will see, features a WAdS3 factor. The latter is
indeed a chiral deformation of AdSs3, which breaks one of the two SL(2,IR) factors in the
AdSs3 isometry to U(1).

If we relabel 7 = r, Z_ = x_, rescale 79 — 879, choose k = dids and define the near
horizon 1-forms as

A =ride_
Ay = Ay, (3.21)
the solution reduces to
V 2 1
ds? = % (d?; —4r?dr_dxy + 1[d¢2 + sin? 1dep? + (deps — cos wdcpl)2]>
T

d d
— Vdids (d177AT + dsn3 e AT ) + s (dy% +dys + e dyf + dyZ) :

1 dy
By = v1d1A1 A dy? — dsyee?®Ag A dy? d=-log——,
2 = 71a1A1 Y 572 2 Y 9 gd5(1+8d17§)

1
Fy = §d5 sinydy; Adps Ady + 2dsrdr Adx— Adxy, F1=0,

d 2
Fs =vdiA A (85 sin A A dy* A dpy A dy + ;dr Adyt Ady? A dyg)

2dsA; Adr Adzy Ady3A d
+ dsy0e%?® (— SR A G " T+ NGy + d—le_Q(Ddy1 A dy? A dy* A d) A,  (3.22)
5

The total metric describes a lightlike-WAdS3 x WS? x T* spacetime, where both AdS; and S?

factors of the near-horizon geometry of the D1-D5 system have been warped.? The WAdS3
1

and WS? radii coincide and are given by L = (%e‘q’) * . Interestingly, this explicit value

depends on one of the warping parameters, 7.

The 1-forms in (3.21) satisfy Beltrami-like equations with constant mass parameters, the
sign of the latter determining the chirality of the deformation, that is which of the left/right

3We refer the reader to section 3 of [16] for a concise, unifying review of the WAdSs and WS3 spaces and
for the definition of the notations used here for their description. In particular their characterization in terms
of the 1-forms Ai, As.



SL(2,IR) and SU(2) factors of the undeformed configuration are broken to U(1). The total
isometry group is therefore given by (SL(2,RR) x U(1)) x (SU(2) x U(1)) x U(1)*. This
finally shows that the warped AdS geometry arises as a non-relativistic near-horizon limit
of the locally asymptotically flat solution given in (3.2). The latter therefore interpolates
between WAdS3 x WS? x T* and an asymptotically locally flat spacetime, which is realised
in perturbative string theory. This provides us with a valuable handle on the microscopic
description of this background and of its dual theory.

Finally, let us comment on the supersymmetry of the obtained solution: interestingly, (3.22)
does not feature a supersymmetry enhancement, contrary to the undeformed D1-D5 case, as it
preserves four supercharges, as the starting configuration (3.2). Given the following vielbein,

Vadir? (dvds)7 dr

1/2 1/2
60:d$++ 2 .’L'_(d5/ +d1/ 7%), 61 — \/i 7’
d 2
N Y e

1 3
dids)4 d2
4= (dids ) siny¥des , e’ = 5

dids)
63 = ( 175 dwa e = - 1 eCD(d(lOQ — COs wd(pl)’ (323)
212 2v2 2v/2d}

1 1 1 1
d 1 d 1 d 1 d 1
6 1 1 7 1 2 8 5 P13 9 1 4
—(%)'q — (%) "a = (%) ed = (<) "a
c (ds) vooe (d5> vooc <d1> e <d5> v

the Killing spinor indeed reads

[

E(w, (,01) =e2 Fwef%rmal P P, P3eg,
1
P =-(1-T%),
2
1 [} 5 d5 8 679
P2:§ 1+4+e —\/8d5’}/2r o3 + dfl—‘ T s
1
1
Py=(1+ o 10789 | (3.24)

where €y is a constant spinor, as usual. The near-horizon configuration presented above
provides an example of a supersymmetric double deformed solution, i.e. with two independent
parameters, obtained through two TsT dualities.

3.1.1 A larger class of solutions

Since the near horizon configuration (3.22) remains solution to the six-dimensional half-
maximal model in [16], it can be generalised to make it covariant with respect to the residual
SO(4) global symmetry, once we fix the SO(4,4)/SO(4) x SO(4) scalars to the origin. In
carrying out this procedure, one quickly realises that additional solutions exist which differ

,10,



only in their flux configurations and yet remain physically distinct, as they preserve different
amounts of supersymmetry. Let us start by considering the following ansatz:

dr? 1
ds® = ¢ (:2 —r?dz_dz, + Z[ddﬂ +sin? @Z}dgpﬂ) — 1A oA 4 dyd - dy +dy3 +dy?
Hs = ki dA AW -dj+ ko dAs A X -df, @ =py,
Fg,:plrdmdx,Adm—%sim,z}dwdgomdw, FL=0,
F5 =G5 +*G5,

. 1 .
Gs :rdr/\daj,/\dx+/\Ag/\X-dgj—Z sinydy Adp; Adpa AAL AW -dyf,

1
(dA; WO +dA; X %) 31 Cabed dy? Ady° Ady? (3.25)

1
*G5 = —
2,/0002

where A; = r?dz_, Ay = dpo — cosydyp;. The vectors W, X are constant SO(4)-vectors: by
fixing the SO(4) symmetry of the torus, we can always bring such vectors to the following
normal form:

W = {070707W4}7 X = {anaX?n X4}7

with a residual SO(2)-symmetry. Let us distinguish the possible solutions, according to
the scalar product X W

e X WER
1 1 = C1 = 60—402
ki=—k = —py=— = = log(4cocak? W2 == 2 3.26
1 2 DN P2 Ty Po B og(4coczky), |W| k%’ | X 414:% , ( )
. )?-W:()
1 1 =3 C1 = 00—462
ki=k =py=— = Zlog(4cocak? W2== 2 3.27
1 2 P1 D2 k?27 Po 2 Og( CoC2 2)7 | | k%) ’ ‘ 4k§ ( )

Both solutions depend on four free parameters, ¢y, c1, ¢co and ko: the first one could in principle
be removed by trombone symmetry, and it is related to the AdS radius, whereas ¢; and co are
responsible for deforming the AdS3 and S? geometries, respectively. Finally, the parameter ko
determines the charge of F3. In both cases, the total metric belongs to the Killing-Kundt class.

The first solution, which preserves four supercharges for any value of X W, corresponds
to the SO(4)-covariant generalisation of (3.22) for a vanishing value of such scalar product.
The second solution, despite only differing by two signs, describes a truly independent
configuration, as it preserves eight supercharges. Details on the derivation of the Killing
spinor are given in appendix D.

3.2 Supersymmetric Killing-Kundt solution with 6D Kaluza-Klein vector

Let us now consider a different brane configuration, obtained through the following two
subsequent TsT dualities (24, p2,71), (¥2,Y4,72). The solution is written in terms of the
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following 1-forms

A =rida_,
Ay = dypy — cospdy (3.28)
and it reads
ds? = /H Hs |dr? + ﬁ <d¢2—i—sin2@bdg02 + HSqu)A2> o Adx, + ﬁA2
4 'l 2 r2/H, Hs T
H, 2 2 o Hs 2q>< Y172 2))
— — ——ZA
+ \/;5<dy1 +dy; +dy; + joh e dyq 3 1) ,
62(I)H5 4H1
By = A1 ANAy—2vr?Hi Ay Ad 20 —
2 8I, (71 1 2 Y2r i1 A y4), € (4+r2722H1)H5’

1 4d
Fs= 8(d5sin¢d¢1 Adpa Adp+ @dr/\dx/\d%r)’ F1=0,
1

Fo_ 20 d172H3 di7y2
PO RH?

The solution is everywhere regular, as all components of the Riemann tensor, in the rigid

sinydp; AdyY Ady; Adya Adys.  (3.29)

(AyAdrAdzy AAg Adyy) +

basis, are finite. The explicit appearance of Ay implies, as in the previous case, that the above
expression is only valid in a single patch of S?. Differently from the previous TsT generated
solution, (3.29) features a Kaluza-Klein vector in d = 6, proportional to A: for this reason
it cannot be described within the d = 6, N' = (1, 1) consistent truncation considered in [16].

The total solution describes a D1-D5 system in the presence of NS5-branes and standard
D3-branes, whose associated conserved charges are given by (3.7), (3.9). Moreover, despite
the presence of a Kaluza-Klein vector, the spacetime is again Killing-Kundt, with null vectors
as in (3.12). Finally, one can show that the solution is supersymmetric and that it preserves
four supercharges. The explicit form of the Killing spinor can be derived by following the
derivation in appendix C.

Near horizon geometry analysis. Let us now study the near horizon region of the above
solution, by performing, as in the previous case, the non-relativistic rescaling in (3.19). The
solution is again written in terms of the contact structures (3.28) as

V 2 1
ds? = d21d5 <d7; — 4r*dz_dzy + Z[dd}Q + sin® ¢dg] + (dpa — cos Zbd@l)z])
r
Vdid d
4 YOI (—dldwa% + (624’5 - 1>A§>
8 dq
ﬂ d 2 d 2 d 2 % 20 d d d A 2
+ ds Yy +dy; + ?Js+d1€ (dys — didsy172A1)7 ),
€2<I>d5 dl
By = dsA1 A Ay — 8v2As Ad w____ -
2 3 (71d5A1 A Ay — 8v2Az Adyy), e 0T shD)
d
Fs = g(sin dpr Adpa Adyp + 16rdr Ade— Adxy), Fi1 =0,

2d2
Fs = e2<1>%72(A1 Adr Adzy AAg Adyg) 4 diyesinabdey Ady Adyy Adys Adys. (3.30)

— 12 —



From a 6-dimensional point of view, the solution describes a WAdSz x WS? geometry, in the
presence of a null Kaluza-Klein vector, two vectors coming from the Kalb-Ramond and Cy
fields, two 2-form potentials descending from Co, By. This shows that the solution (3.29)
interpolates between a locally flat spacetime in the asymptotic region and a space with geom-
etry WAdS; x WS3 x T*, where the torus is fibered over WAdS3. As in the previous case, the
near-horizon limit does not feature a supersymmetry enhancement, as the configuration (3.30)
still preserves four supercharges. In particular, given the vielbein

Vdidsr? Vdids (dyds)T dr
eV =dry + 5 do_ S YiF1], el= 72 P
2 ST
e =dx, + dids dx_ < ids - 1) )
2 8
(dyds)’} (dyds)’} :

e =15 dv, et = Lsinwdtpl , e’ = —2 1 e®(dpy —costpdypr ), (3.31)

2V/2 2V/2 1

2+/2d]

1 1 1 1
o (WY (Bt oo (DY o () i,

the Killing spinor reads

(i, 1) = egrlse_%rlsmﬂ%%%eo,

1

P ==(1-1%),
2
1 ® 5 ds 9\ 1678

P2=§ 1+e” [ 8ds5yelPo3 — ar r ,
1

Py=o(1+ o1 16789) (3.32)

4 Doubly-deformed black hole from TsT

The warped near-horizon geometries obtained so far, (3.22), (3.30), could be obtained by
performing the corresponding TsT dualities directly on the AdSz x S3 x T* solution. This
indicates that, at least in the null case, the near-horizon limit commutes with the TsT dualities.
The same cannot be claimed a priori for TsT’s along spacelike coordinates, which in turn
hinders the interpretation of spacelike WAdS3 spaces as resulting from the near-horizon limit
of certain brane configurations. Nonetheless, TsT dualities along spacelike directions were
essential to derive warped black hole configurations, free of closed timelike curves, from the
AdSs x S? x T* solution [26]. In this section, we will provide a generalisation of such black
holes, featuring a warping of both AdSs and S3, leaving the conjectured brane interpretation
to a future endeavour. Other black hole configurations obtained through TsT dualities can
be found in [27, 28]. To this end, and to make contact with the notation of [26], let us
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rewrite the undeformed configuration as®

dR2
A(R? — AT2T2)

1
+ 4 [d0? + sin® Yt + (dipp — cosgden)’] + dy?,

ds® = + T2dU? + RAUAV + dV2T?

1 1
Hy = AR AU AQV + sinddgy Adgp Adyp, @ =0,
Fil=F3=F5=0 (4.1)

Here U,V are both spacelike coordinates, that describe, together with R, an AdSj3 space,
while T, T, are integration constants. Let us now consider the following double TsT duality
(ya, ViV A = 1/T0), (ys3, 02,2V A — 1). The total solution in the Einstein frame is rewritten as

ds? = e~ 2ds®(WAdSs) + e 2 ds2(WS?) + (dys + A1)? + (dys + A9)? + dy? + dy2 ,

1 1 \
Hs = rdRAAU AV + o singdpy Adpa Adi + e2dA; Adys +e2dAs A dys,
1
20
e = qA (4.2)
with
dR? RAU AT?2 A-1 T2
ds?(WAdS;) = dV +dU u o R dv?=x
s )= a7 A - < R~ ATZ ) T
1
dsQ(WS‘Q’) = Z[d¢2 + sin? ¢dtp% + A_l(d(pg — cos wdgal)z] ,
P P
ez [A-1 e 7 |[A-1
A= o7, TRdU, Ay = 5 A cos depy (4.3)

after a rescaling of the torus coordinates, y; 2 — e‘I’/A‘yl,g, ys — —VAe® tys, ys — VAe® 1y,

Black hole solutions are usually obtained through a suitable compactification of an
asymptotically spacelike coordinate. However, warped black holes in superstring theory are
rare, compared to three-dimensional, higher derivative gravity theories, like Topologically
Massive Gravity. Indeed, the compactification of a spacelike coordinate usually introduces
closed timelike curves [29]. As already noticed in [26], the presence of a mixing term between
WAdS3 and the torus is the key ingredient that allows for consistent black holes. Indeed,
let us consider the following change of coordinates

U=-T+¢, V=T+op. (4.4)

The full solution is then described in terms of T', ¢, r, ¥, v1, ©2, Y1, Y2, Y3, Y4, where T" and ¢
are timelike and spacelike at radial infinity, respectively. For this reason, the latter can be

*The configuration below is obtained from (3.22) by first setting y1 =2 =0, 7 — %, di = d5 = 2, then
performing the following change of coordinates

g — 2TuU R—-2T,T, P 1 R-2T,T, y = o~ TuU-TV R+ 2T,T,
T R+2T,T,’ - R+ 2T,T,’ - AT, T,

followed by an SO(2) rotation exchanging Fs and Hs.
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identified as ¢ ~ @27, which corresponds in the U, V' coordinates to U ~ U+27w, V ~ V +27.
Such quotient introduces a causal singularity at R = —T2A — T2, where the Killing vector
K, would become null, while R = Ry = 2T, T, is the corresponding event horizon.

We end this section by showing that the above black hole solution satisfies the first
law of thermodynamics. To this end, let us compute the temperature T by means of the
Bardeen-Hawking-Carter formula [30]. By defining

Jh—ﬂﬁ 2T, T,n/A —1 AL/8

o, =0r + ——+ 4.5
w=Ort T Gt T T, AR e (4:5)
VRZ +4RT? + ATY — RZA + 4T2T2A
dat = —dT — 2 L v dR 4.6
e AT, (R? — AT2T2) ’ (46)
such that ¢#¢,|p—r, = 0, n*n, = 0 and ¢#n, = —1, the temperature is given by 27T =

ntV,£,0". The entropy can instead be computed in terms of the Bekenstein-Hawking
formula. Temperature and entropy explicitly read

T_ 21,71,
C m(T+Ty)’
Area 1677
S = =—(Ty,+7T,).

The conserved charges associated with the Killing vectors can be computed in the covariant
phase space formalism, see [31] for an extensive introduction. In particular, we have

87O(T2A + T?)
GA ’
8mO(T2A — T?)
GA ’
16757, v/A — 1
A1/8A5/8

M = K|[or] =
Jo = K[-0,] =
Jy4 = K[_28y4] ==

Finally, the angular velocity can be read from the components of ¢ as

T,-T, 2T, T,WA—1TAYE
T, +T, e T+ T, A3/

The quantities obtained above satisfy the first law of thermodynamics:
OM = T6S + Q,0J, + Qy, 0y, , (4.9)
which can be integrated to give the following Smarr relation

2M =TS +2QuJ, + Qy, Jy, - (4.10)

5 Conclusions

In this work, we constructed, by applying the TsT generating technique to the D1-D5 system,
novel Type IIB supergravity backgrounds, interpolating between an asymptotically locally
flat spacetime at radial infinity and null-WAdSs x WS? x T* in the near-horizon region.
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A distinctive aspect of our construction is the choice of a null coordinate as one of the
T-duality directions. Since null-WAdS3 does not require a Hopf-fibration description and
its contact structure is null, the TsT transformation can be implemented directly along
this direction. This greatly simplifies the procedure and makes the construction technically
natural. What is particularly interesting is that this choice continues to work smoothly
for the full interpolating backgrounds, not only in the near-horizon limit. The latter, in
contrast to the standard D1-D5 system, is intrinsically non-relativistic: this difference is
not accidental, but deeply connected to the structure of the dual field theories. Indeed,
the conjectured dual theories to warped AdSs backgrounds are Warped Conformal Field
Theories (WCFTs), which are non-relativistic in the precise sense that their symmetry
algebra is not the (Virasoro)x (Virasoro) algebra of a 2d CFT, but the (Virasoro)xU(1)-
Kac-Moody algebra. The presence of only a single copy of the Virasoro algebra reflects the
absence of full Lorentz invariance, and the U(1) Kac-Moody factor captures the preferred
null direction along which the system is warped. The choice of a lightcone coordinate
also plays a fundamental role in preserving supersymmetries, as the corresponding 1-forms
A1, Ay, proportional to dx_ are both null, leading to simplifications of the corresponding
integrability equations.

Overall, our results support the idea that warped WAdS; x WS3 x Ty backgrounds
generally admit a brane construction, paving the way for a systematic characterization
of their brane origins. What makes this task particularly challenging is the fact that, to
generate spacelike and timelike warpings in the near-horizon, one needs to write AdSs in
the Hopf-fibration form. The change of coordinate between the Poincaré patch and the
Hopf-fibration necessarily mixes all coordinates, which makes the harmonic functions Hy, Hs
depend on all AdSs, hindering the application of the TsT generating technique. Nonetheless,
extending this level of understanding, particularly to the spacelike-warped case, would be
highly desirable. Indeed, it would allow us to shed more light on the microscopic construction,
within superstring theory, of the class of TsT-generated black hole solutions, of which we
provided an example. These are the only consistent Type IIB supergravity warped black
hole configurations known to the authors, see also [26].

It would also be interesting to understand if the whole family of supersymmetric solutions
discussed in subsection 3.1.1, covariant with respect to the O(4) global symmetry group in
the D = 6 N/ = (1,1) consistent truncation, originate from a TST transformation and to
study the orbit of the 1/4 BPS solution (3.27). This class of backgrounds is characterised by
two O(4) vectors X , W and also contains, besides the solutions discussed earlier, for which
the condition X - W =0 holds, solutions in which the two constant vectors are parallel [16],
whose possible origin as the result of a TsT transformation of the undeformed background

—

X = W = 0 is not clear.

Finally, in doubly-warped WAdSs x WS? x Ty backgrounds with spacelike or timelike
warping, supersymimetry is broken by continuous deformations and is restored if the warp-
ing on either factor is set to zero [16]. This suggests that, though non-supersymmetric,
these backgrounds may still be perturbatively stable, at least within a certain range of
the two continuous parameters. Assessing this stability issue is the subject of an ongoing
investigation [32].
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A Conventions on Type IIB supergravity

Throughout the text, we will follow the conventions presented in [33]. We will use Greek
letters to denote ten-dimensional curved indices, while the latin alphabet will label rigid
indices. The signature will be mostly plus.

For any p-form in 10 dimensions F,, we define

1 1
2 __ 2 Vl...Vp—
Fpl” = EFM._MF’“ e IFplyu = MFWL..%4 F 0=t (A
— V4 U1 D — V1.V
= o i T s F (A.2)
with €19 p = —e!2D = 1. Moreover, we define the 10-dimensional volume element as
dgto-to — _gho--po 10,

In these conventions, the bosonic pseudo-action of Type IIB supergravity in the string
frame reads

1 10 —2¢ 1 2 1 2 1 2 1 2
ip = 55 [ 40y=g|e 2 (R+40,00°0 — JHaP?) — S = JIFaf = JIFsP |+

—$/04/\F3/\H3, (A.3)
where
Fi1 =dCy, Fs =dCy — Cyp A Hs, Fs =dCy — Co AHg, (A.4)
and F5 is required to be self-dual:
Fs5 = *F5.
The bosonic equations of motion are

0=dxF +HsAxFs, O0=dxFs+HsAF5, 0=dFs—HyAFs,

0=d(e ?® xHs) +F5AF3—F; AxF3,

0=2R — |H3|> = 8?VHV e, (A.5)
1 2 e*® 2 2 Lo 1 2 2

0= Ry + 2V, 9,8 — s, — - [IF12, + Fsl2, + S5, — som (R + Fsf?)|

The fermionic fields of Type IIB supergravity are given by two gravitini ¥, = ( gA)

and two spin 1/2 fields A = (A*4), with o = 1,...32 and A = 1,2 a SO(2) doublet index.
They are both Majorana-Weyl spinors, that is they satisfy

[ol¥, =¥, ¥ =0Cal,,
I ® 1A =—X, A=ATC®1,. (A.6)

,17,



Here T, is the chirality matrix, defined in terms of the Dirac matrices I'* as I'y, = I'09,
whereas 12 acts on the suppressed R-symmetry index.

The supersymmetry variations of the spinorial fields, expressed in terms of a fermionic
parameter €, are given by

1 1
O = dPe — §H3036 —e® <F1i02 + 2F301> €, (A.7)
/
oW, = dy,e+ W e, (A.8)
1w 1 " e 1_ .
W’u = —-w #Fabﬁ — —HM,UFP o3€ + — | F1iog + Fgo1 + =Fsiog FHG, (Ag)
4 4-2 8 2 /

where 0123 are the Pauli matrices, Py = %(132 +T.) ® 13 and the slash operation is defined
for any p-form F, as

Fo=(Fp)) = < Fuy g L7 (A.10)

1
p!
B The general TsT transformation

Let us consider a solution of Type II supergravity, with d cyclic coordinates z*, i.e. coordinates
associated with a translational isometry 2! — 2! + &. Denoting by 2 the remaining
coordinates, we can write the metric in the following general form

ds? = gap dz®da? + Gyj(da’ + AY)(da? + A7), (B.1)

We choose the cyclic coordinates z* so that the metric and the Kalb-Ramond field have no
off-diagonal components g;o, Bia, namely so that A = A? dz® = B;, = 0.

B.1 Transformation of NS-NS fields

Let us consider the O(d,d) transformation on the worldsheet theory [34], acting on the
pseudo-orthogonal vector (x37) = (4, #°) through the following matrix:

A B
A €0O(d,d A= =A™ AT T A=
€ 0(d.d). (C D) (Aar™) ,
A= (aij) ) B = (bl_]) ’ C= (Cij) ) D = (dzj) > (BZ)
01} . . . . . . .
where J = 10 the O(d, d)-invariant matrix. The corresponding action on the metric

and Kalb-Ramond moduli G;, B;; is conveniently described in terms of the following matrix
Eij = Gz'j + B,‘j , (B3>
with G = (G};) being the internal metric in the string frame. The action of A on E = (E;;) is

E - E = (AE + B) (CE+ D)™, (B.4)
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from which we deduce the transformation property of the metric:

G =(CE+D)TG(CE+D). (B.5)
The dilaton transforms as follows:
. 020
_ B.
¢ T dtCELD)’ (B-6)

so that we can define a O(d, d)-invariant dilaton as

A

1
o= — 1 log(det G) . (B.7)

L 22 and

The TsT transformation, denoted by (z!,22,7) involves d = 2 cyclic directions x
is implemented by the element of O(2,2) which results from the following consecutive

transformations:

0010
ol o # r— V1001
1000

0001

14 0 0
22 52t —~3, s= 0100 ,
00 10
00 —1

0010

0100

i — T= (B.8)
1000

0001

The total transformation explicitly reads
10 i 0 v
Apgr=T-s-T= , =) = . B.9
we=tosr= (1) o= () (B.9)
B.2 Transformation of RR fields

Let us now describe the action of an SO(d, d)-transformation on RR fields. We shall mainly
follow the review [35].5
Let us start by constructing the spinorial representation of Spin(d,d): to this end let

Cp be the RR p-form potentials and let us define

Do = Co,

Dy =Cy,,

Dy =C2 —Ba A Cp,

D3 =C35—-ByACq,

1 1
D4:C4—§BQ/\CQ+§BQ/\BQACU,

5Our notation differs from that of [35] in the sign of the Kalb-Ramond 2-form Bs.
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whose field strengths are

F, = dDy,
Fy = dDy,

F3 = dDy + By AdDy,
Fy = dD;3 + By AdDy,

1
F5:dD4+BQ/\dD2+§BQ/\BQ/\dDO.

The Bianchi identities satisfied by the above field strengths are dF;, = Hs A F;_5. Extending
the definition of the field strengths with the Hodge dual

FgZ*Fl, F8:—*F2,
Fr=—xF3,  Fe=xF4,
F5 = *F5 s
we define the polyforms
8 9
D=>D,, F=)> Fs. (B.10)
p=0 k=1
We can show that
F=eBAdD — dF =H3AF. (B.11)

Under the action of Spin(d, d), both D and dD transform in the spinorial representation,
which can be constructed using creation/annihilation operators 91, 1; of d fermions harmonic
oscillators

(o oVy =d,  {9" 0V} = gy} =0. (B.12)
The spinorial representation is described by the vectors
ja) = T gpfte|0) (B.13)

with the condition ;|0) = 0,Vi = 1,...,d. By defining

ti
g = (Y ;o {eM ey = gMN (B.14)
i
the spinorial representation of a generator Thsny = —Tns of Spin(d, d) can be written as

1 1
S(Tun) = ST V" = S (s = Ty i) 80" = JypJngW™09,  (B.15)
where we have used the fundamental representation of the O(d, d)-generators Thsn:

(Trs) k™ = Jik 85 — Jikor - (B.16)
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One can verify that the (B.15) generators close indeed the O(d, d)-commutation relations:
[S(Tr,1,), S(Trs1,)) = I, S(Trn) + J5(Thn) — IS Tnr) — JonS(Thn), (B.17)

by using the identity
[AB,CD] = A{B,C}D — AC{B,D} — C{A,D}B + {A,C}DB, (B.18)

A, B, C, D being fermionic operators.® Due to the isomorphism between the space of spinors
and that of differential forms, that is

iy ... i) = o pT%]0) & dat A--- A dath (B.19)
the action of ¥ and ; is equivalent to the wedge and contraction operation, respectively

O iy i) = [idy ... i) & daf A (da A - A datr), (B.20)
Yilin .. i) = kél[“ lig. .. Zk}> > Ly (dCEil VANRIRAN dx““) . (B.21)

A polyform D can then be described as an O(d, d)-spinor transforming as follows:

A=ex"SUuN) . D 5 D'=A-D. (B.22)
TsT transformation of RR fields. The transformation law of the RR fields under the
action of an O(d,d) element is then derived by extracting the dD polyform from the RR
field strength polyform:

dD =e B2 F,

and transforming dD under (B.22).
In the case of a TST transformation, d = 2 and the O(2,2) transformation is given
in (B.9), so that:

At =e2 5T . 4D s dD' = e2 5T . 4D,

ez ST = g377 g = 1 4 Y Ao (B.23)
The transformed field strength polyform is then given by

F'=¢BdD’. (B.24)

50ne can also verify that Uy, transforms as a pseudo-orthogonal vector

1
[S(Trs), k] = §T,J‘pQ[\1/P@Q,pr} = Tk Up.
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C Proof of equation (3.17)

In order to prove supersymmetry of such background, one needs to solve the Killing equa-
tions (A.8). Integrability implies the following set of equations

0=(1-P)e,
0= (1-Py)e,
1
0=(1-P3)e= 5(1 +x(r)T'1 +y(r)T2)e, (C.1)
where
2v/2 V2r? +d
Fl =01, ]-‘2 = 1’15810_2’ X(T) = - f ) y(r) = rr L .
V8 + din3 + 2r293 VB + din3 + 2r293
The Killing spinor equations then reduce to
0= 0.+ We, (C.2)
0=0, €+ Wy, (C.4)
where
&r 2V/2r
W, =-— 5 + o1, (05)
(dy+2r%)(8 + div3 +2r293) (g, 4 2r2)\/8 + d173 + 2293
1
W, = —51“13 : (C.6)
1 1 1
Wy, = §F1501(coszp + T sine) = §F15O'1(COSTZJ —TBsingy) = §F15aleﬂwl3 , (C.7)

thanks to equation (C.1). Equations (C.6), (C.7) are solved by
€= e%FBe*%Fls"ln(r) . (C.8)

This leaves the equation for the radial dependence, which can be rewritten as

' = [a(r) + b(r)T1 + c(r)T2]n (C.9)
with
_ 8r
)= e BT g F 20y
b(r) = — 2Var (C.10)

(dv + 2r2)\/8 + d1y2 + 2122

Since the following equations are satisfied,

dx

ot 2by? =0, (C.11)
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the solution for the radial dependence can be obtained following [36] and is given by

1/4
1 d1+27'2
=5 —a_Ty)(1 -T1)P P C.12
K 2<8+(d1+2r2)7§> (o = a-T2)( 1)P1Paco, (C.12)

1 Ex(r)
oy = Ol (C.13)

where € is a constant spinor. The full solution then reads

1/4
1 dy + 22 Y13 _e1pis,,
== g —a_TI'9)(1 —-T1)Pi Py Pyeg . C.14
‘ 2<8+(d1+2r2)’)’22> ex e THar —a-To)(l =Ty ARk, (C14)

D Solving the Killing spinor equation for (3.27) background

Let us consider the following vielbein basis

0 r? 2 1 dr 2 r? 2
e =dry +-—dr_(der +¢f), e =+lco—, e =dry+——dr_(4de1 —cp),
4cg T 4dcg

S =V, = Y Gngder, = (e — costiden), (D.1)
b =dy', el = dy?, e® = dy?, e = dy*.

The integrability equations

(AW +W AW)e=0, (D.2)
together with (A.7), are solved by the following projectors
Pr==(1 - +1)w.-r ——(X -l — =i/ — D.3
! 2< s T W eI DTS a Ty ) B9
1 6789
Py = 5(1 + T, ), (D.4)

where [ = {I5, 17,18 T%}. The non-zero components of W are given by

C2rus k2 4oz
=\ e (X-I)®os
1 k 2 =
We, = —5(3051/11“34—1 /zsinwF35+¢%sin¢F3( T)®os,

1 2k = 1
W, =— <—r02+2(r2—r0)(w-r)®03) = —w,,
r Cco r

W,_ =r?1% {cur—{—aF02—|—(b+—|—bF02)F5)2-f®102+c(3fo+r2)W-f®03+(d+—|—dF02)®01

=rlwe., (D.5)
with
20c1 + 33 2 4ey )k k 2y
w=-Ratde o _ ¥k ko, GFl)ve
16¢¢ 8¢; 4,/co 82
(D.6)
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The r, ¥, ¢1 components of the Killing Spinor equation are solved by
e=e ¥We e%w‘le_logm’”eg(x,) . (D.7)

Finally, for the remaining x_ component of the Killing Spinor equation, we use that

_ i34 _ _ P1734
W, e ¥Woez I gmlogrwr — =Wy o 51 o= logrwry, (D.8)

so that the full solution is given by
¢ = e W T T o—logrurg—2-we_ p p Preg (D.9)
where €y is a constant spinor.
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