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1. Introduction

Let N be a group of Heisenberg type (H-type in short), in the sense of Kaplan [24]. In 
other words, N is a connected, simply connected 2-step nilpotent Lie group, whose Lie 
algebra 𝔫 is equipped with an inner product such that, if 𝔳 is the orthogonal complement 
of the centre 𝔷 of 𝔫, and 𝔷∗ is the dual of 𝔷, then

|μ[x, ·]| = |μ| |x| ∀x ∈ 𝔳 ∀μ ∈ 𝔷∗, (1.1)

where μ[x, ·] is thought of as an element of the dual 𝔳∗ of 𝔳 (see Section 2 for more 
details). The direct sum decomposition 𝔫 = 𝔳⊕ 𝔷 is a stratification of 𝔫, as [𝔳, 𝔳] = 𝔷; we 
shall denote by d1 and d2 the dimensions of the layers 𝔳 and 𝔷 of 𝔫, and set d := d1 + d2. 
The group N is equipped with a natural family (𝔡a)a∈ℝ+ of automorphic dilations, where 
ℝ+ = (0,∞), acting on the Lie algebra 𝔫 by

𝔡a(x, z) = (a1/2x, az) ∀(x, z) ∈ 𝔳⊕ 𝔷 ∀a ∈ ℝ+. (1.2)

Let S = N ⋊ ℝ+ be the one-dimensional semidirect extension of N obtained by 
letting the multiplicative group ℝ+ act on N by automorphic dilations. Equipped with 
the natural left-invariant Riemannian metric induced by the factors ℝ+ and N , the 
manifold S is also known as a Damek–Ricci space [10--12]. Damek–Ricci spaces are a 
class of Riemannian manifolds with exponential volume growth that include, but are 
not limited to, the rank-one Riemannian symmetric spaces of the non-compact type 
[2,7,8]. Actually, in order to include real hyperbolic spaces, one must extend the definition 
above, by admitting that, beside H-type groups, N may also be chosen among simply 
connected abelian Lie groups (namely, ``degenerate H-type groups'' where 𝔳 = {0} and 
thus N ∼ = ℝd); here, however, we shall mainly focus on the nondegenerate case, where 
N is nonabelian.

As the Riemannian metric on S is left-invariant, the corresponding Riemannian mea
sure is a left Haar measure on the group S. However, the group S is not unimodular, 
so any right Haar measure ρ on S differs from the Riemannian measure. In this pa
per, following [9,17,19,21,42,48] among others, we shall equip S with the left-invariant 
Riemannian metric and the right Haar measure ρ; in other words, we consider S as a 
weighted Riemannian manifold, where the weight is the modular function on S. In par
ticular, for all p ∈ [1,∞], we shall denote by Lp(S) the Lp space with respect to the 
right Haar measure ρ.

Let X0, . . . , Xd be an orthonormal basis of left-invariant vector fields on S. The so
called distinguished Laplacian Δ on S is the second-order elliptic differential operator 
on S defined by

Δ = −
d ∑︂

j=0 
X2

j , (1.3)
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which is left-invariant and essentially self-adjoint on C∞
c (S) ⊆ L2(S). The distinguished 

Laplacian Δ can also be written in divergence form as ∇∗∇, where

∇ = (X0, . . . , Xd) (1.4)

is the Riemannian gradient and ∇∗ is its adjoint with respect to the measure ρ. Notice 
that Δ differs from the Laplace–Beltrami operator on S, as the latter is self-adjoint with 
respect to the Riemannian measure on S.

In this paper, we study the boundedness of the first-order Riesz transforms associated 
with Δ on S, namely, the operators

ℛj = XjΔ−1/2, j = 0, . . . , d. (1.5)

Our main result reads as follows.

Theorem 1.1. For j = 0, . . . , d, the first-order Riesz transform ℛj is of weak type (1, 1)
and bounded on Lp(S) for any p ∈ (1,∞).

As a corollary of the above result, we recover the Lp-boundedness for p ∈ (1,∞) of the 
second-order Riesz transforms ℛjℛ∗

k = −XjΔ−1Xk for j, k = 0, . . . , d, which was proved 
in [17] for a certain class of Damek–Ricci spaces S. We point out that the convolution 
kernels of such second-order transforms are integrable at infinity; however, this is not the 
case for the first-order transforms ℛj, which constitutes one of the challenges in their 
analysis.

The Lp-boundedness of Riesz transforms associated with elliptic and sub-elliptic op
erators on Lie groups and manifolds has been studied by several authors in the past 
decades (see, e.g., [1,3,4,6,28,29] and references therein), and it is not possible for us to 
provide a complete literature review on the matter. We simply observe that many works 
in the literature are devoted to the case where the underlying metric measure space is 
doubling; this is not the case here, as the manifold S, equipped with the Riemannian 
metric and the measure ρ, has exponential volume growth, which creates several diffi
culties in the analysis of the Riesz transforms at infinity. One common technique to deal 
with the latter problem makes use of the fact that the Laplacian under consideration has 
a spectral gap on L2; however, this is not applicable here, as the distinguished Laplacian 
Δ on S has no spectral gap.

As already mentioned, the class of Damek–Ricci spaces S = N⋊ℝ+ is often extended 
to include the degenerate case where N ∼ = ℝd is abelian, i.e., to the case of the ax + b

groups ℝd
⋊ℝ+. In this degenerate case, the analogue of our main result was established 

in [19] for p ≤ 2 and in [35] for p > 2 (see also [18,44] for previous partial results); this 
is why here we stick to nonabelian, 2-step H-type groups N . While our approach follows 
by and large that of [19,35], a number of additional nontrivial difficulties arise when N
is nonabelian.

For p ∈ (1, 2], the proof of Theorem 1.1 follows a by now fairly standard scheme, 
based on gradient heat kernel estimates for Δ, combined with the Calderón–Zygmund 
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singular integral theory adapted to the non-doubling structure of S; the latter theory 
was developed by Vallarino [48] within the general framework established by Hebisch 
and Steger in [19].

More precisely, the proof that ℛj is of weak type (1, 1) and bounded on Lp(S) for 
p ∈ (1, 2] proceeds by showing that ℛj is a singular integral operator whose kernel 
satisfies a suitable integral Hörmander condition (see Section 4 for details). In turn, 
this integral Hörmander condition is established by subordinating the Riesz transforms 
to the heat semigroup e−tΔ, and exploiting the following weighted L1 estimates for 
its convolution kernel ht = ke−tΔ and the gradient thereof, which we prove here (see 
Section 3) and may be of independent interest.

Theorem 1.2. Let |𝒙| denote the Riemannian distance of 𝒙 ∈ S from the identity element. 
For all ε ∈ [0, 1) and all t > 0,

∫︂
S

|ht(𝒙)| eε|𝒙|2/4t dρ(𝒙) ≲ε 1, 
∫︂
S

|∇ht(𝒙)| eε|𝒙|2/4t dρ(𝒙) ≲ε t
−1/2. (1.6)

Here and in what follows, for any two nonnegative quantities A and B, we use the 
notation A ≲ B to indicate an inequality up to an unspecified multiplicative constant, 
and we write A ≃ B to mean that A ≲ B and B ≲ A; subscripted variants such as ≲ε

and ≃ε indicate that the constants may depend on a parameter ε.
A crucial feature of the estimates in Theorem 1.2 is the fact that they are global in 

time and space (local estimates of a similar flavour are known to be true for more general 
elliptic Laplacians on manifolds). The unweighted case ε = 0 of the estimates (1.6) was 
already established in [48], where it was used to prove a spectral multiplier theorem for 
the distinguished Laplacian Δ; much as in [48], key tools in our proof are the estimates 
for the Laplace–Beltrami operator on Damek–Ricci spaces from [2]. On ax + b groups, 
weighted estimates similar to (1.6) were proved in [19], though with weights of the form 
eκ|𝒙|/t1/2 for κ > 0, instead of the Gaussian-type weights eε|𝒙|2/4t; those weaker estimates 
were anyway enough to obtain the Lp-boundedness for p ≤ 2 of the Riesz transforms in 
that setting.

Proving that the Riesz transforms ℛj are bounded on Lp(S) for p ∈ (2,∞) is a more 
delicate problem, since the adjoint Riesz transforms ℛ∗

j do not satisfy the aforementioned 
integral Hörmander condition (this was established in [35,45] in the degenerate case N =
ℝd), and thus the method used for p ∈ (1, 2) is not applicable via duality considerations 
for p ∈ (2,∞). Actually, the local parts of the adjoint Riesz transforms ℛ∗

j (obtained 
by truncating the corresponding convolution kernels via compactly supported smooth 
cutoffs) are amenable to the aforementioned approach, i.e., their Lp-boundedness can also 
be derived via Calderón–Zygmund theory from appropriate localized weighted estimates 
of derivatives of the heat kernel ht. So, as may be expected, the main difficulty in tackling 
the ℛ∗

j comes from their parts at infinity.
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To address the latter problem, much as in [35], by means of subordination to the 
heat kernel, we obtain essentially explicit formulas and asymptotics for the convolution 
kernels kℛ∗

j
of the adjoint Riesz transforms (see Section 5), thus writing them as sums 

of appropriate ``main terms'' Kj (singular at infinity, but with simpler expressions) and 
remainders (integrable at infinity, or anyway with easily established Lp-boundedness 
properties). In this way, the Lp-boundedness of the ℛ∗

j is reduced to that of the convo
lution operators by the kernels Kj .

To deal with those kernels, in the degenerate case N = ℝd treated in [35], one key 
observation was the fact that the right Haar measure on S factorizes (in suitable coordi
nates) as the product of the Haar measures on ℝd and ℝ+, and therefore the Lebesgue 
spaces Lp(S) can be thought of as vector-valued Lebesgue spaces Lp(ℝd;Lp(ℝ+)). In 
addition, left-invariant operators on S = ℝd

⋊ℝ+ are also translation-invariant in the ℝd
coordinate; so they can be thought of as operator-valued Fourier multipliers on ℝd, whose 
Lp-boundedness can be established by means of an operator-valued Fourier multiplier 
theorem available in the literature [47,50]. The problem in [35] was thus reduced to check
ing that the operator-valued symbols Mj : ℝd → 𝔏(L2(ℝ+)), corresponding to the convo
lution operators with kernels Kj , satisfy the assumptions of the multiplier theorem of [47]; 
here with 𝔏(Z) we denote the space of bounded linear operators on a Banach space Z.

In the nondegenerate case studied in the present paper, where N is a (nonabelian) H
type group, it is still true that Lp(S) = Lp(N ;Lp(ℝ+)) and that left-invariant operators 
on S are also left-invariant in the N -variable. However, an operator-valued Fourier mul
tiplier theorem on N , analogous to that in [47] for ℝd, is not available in the literature 
(nor is it immediately clear what it would look like, given the complicated nature of the 
group Fourier transform on N , which is already operator-valued even when applied to 
scalar-valued functions).

Our workaround to the latter problem consists in considering, instead of Fourier 
multipliers, operator-valued spectral multipliers for the sub-Laplacian ℒ and the vec
tor of central derivatives −i∇z = (−i∂z1 , . . . ,−i∂zd2

) on the H-type group N . More 
specifically, we reduce the Lp-boundedness of the convolution operators f ↦→ f ∗Kj to 
that of three operators M0(ℒ,−i∇z), M𝔳(ℒ,−i∇z) and M𝔷(ℒ,−i∇z), belonging to an 
operator-valued joint functional calculus for ℒ and −i∇z, whose operator-valued sym
bols M0,M𝔳,M𝔷 : ℝ+ ×ℝd2 → 𝔏(L2(ℝ+)) we compute explicitly. We then deduce their 
Lp-boundedness from the following result (see Sections 7 and 8.1 for more details).

Theorem 1.3. Let κ ∈ (0, d1/2) and Ωκ := {(λ, μ) ∈ ℝ+ × ℝd2 : κ|μ| ≤ λ}. Fix an 
integer B > (d1 + 5d2)/2 + 3, and let p ∈ (1,∞). If M : ℝ+ × ℝd2 → 𝔏(L2(ℝ+)) is 
(weakly) of class CB and the family of operators

{︂
λ|α|∂α

(λ,μ)M(λ, μ) : α ∈ ℕ ×ℕd2 , |α| ≤ B, (λ, μ) ∈ Ωκ

}︂
is R-bounded on Lp(ℝ+), then M(ℒ,−i∇z) is bounded on Lp(S).



6 J. Liu, A. Martini / Journal of Functional Analysis 292 (2027) 111694 

The latter result is a particular instance of a more general operator-valued spectral 
multiplier theorem that we establish here and may be of independent interest. Namely, 
in Section 7 we prove a conditional result, essentially stating that, if for a system of 
commuting self-adjoint operators one has a scalar-valued Lp spectral multiplier theorem 
of Mihlin–Hörmander type, then such result can be upgraded to an operator-valued 
multiplier theorem. In the case of the system (ℒ,−i∇z) on L2(N), the scalar-valued 
counterpart to Theorem 1.3 is a corollary of results of [41].

A similar problem was encountered in [38], where the Lp-boundedness of the Riesz 
transforms associated with certain sub-Laplacians on extensions N⋊ℝ+ of Carnot groups 
N is proved; in that case, the problem was reduced to the Lp-boundedness of operator
valued spectral multipliers M(ℒ) of a single operator (the sub-Laplacian ℒ on N), for 
which one could apply the multiplier theorem from [37]. The operator-valued multiplier 
theorem that we prove in Section 7 can be thought of as a multivariate extension of that 
in [37].

To appreciate the difference between [38] and our set-up, notice that, in the case where 
N is an H-type group, the sub-Laplacian Δsub on N ⋊ℝ+ considered in [38] is obtained 
by restricting the sum in (1.3) to the vector fields in the directions of the factor ℝ+ and 
the first layer of N ; in other words, we can write

Δsub = −
d1∑︂
j=0 

X2
j = −(a∂a)2 + aℒ,

where a is the coordinate on the factor ℝ+ (see (2.1), (2.2) and (2.10) for details); thus, 
the Riesz transform relative to Δsub in the direction of X0 = a∂a can be written, at least 
formally, as

X0Δ−1/2
sub = (a∂a)

[︁
−(a∂a)2 + aℒ

]︁−1/2 = F (ℒ),

where the operator-valued symbol F : ℝ+ → 𝔏(L2(ℝ+)) is given by

F (λ) = (a∂a)
[︁
−(a∂a)2 + λa

]︁−1/2
.

However, in our case, we work with the elliptic Laplacian

Δ = Δsub −
d2∑︂
j=1 

X2
d1+j = −(a∂a)2 + aℒ+ a2 |−i∇z|2

on N⋊ℝ+; thus the Riesz transform relative to Δ in the direction of X0 can be written as

ℛ0 = X0Δ−1/2 = (a∂a)
[︂
−(a∂a)2 + aℒ+ a2 |−i∇z|2

]︂−1/2
= G(ℒ,−i∇z),

where the multivariate symbol G : ℝ+ ×ℝd2 → 𝔏(L2(ℝ+)) is given by
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G(λ, μ) = (a∂a)
[︁
−(a∂a)2 + λa + |μ|2a2]︁−1/2

.

This roughly explains why here we need to consider joint functions of multiple operators, 
and therefore the multiplier theorem of [37], which applies to the functional calculus for 
a single operator, is not enough for our purposes.

As previously mentioned, here we do not apply the operator-valued multiplier theorem 
directly to the ℛj , but to the operators Mℓ(ℒ,−i∇z) with ℓ ∈ {0, 𝔳, 𝔷}, which are related 
to the main terms Kj of the parts at infinity of the kℛ∗

j
. As a matter of fact, some of the 

operators f ↦→ f ∗Kj are not in the functional calculus for (ℒ,−i∇z) themselves, due 
to lack of radiality in the first-layer variable on N , and the reduction to the operators 
Mℓ(ℒ,−i∇z) is based on the known Lp-boundedness properties of first- and second-order 
Riesz transforms on N (see Section 6 and Remark 8.6 for details). Crucially, while the 
identification of the main terms Kj in Section 5 is done on the space side (i.e., in terms 
of coordinates on S), in Section 8.2 we manage, by exploiting some formulas from [43], to 
obtain relatively explicit expressions for the operator-valued symbols Mℓ on the spectral 
side (i.e., in terms of coordinates (λ, μ) in the joint spectrum of ℒ and −i∇z). Thanks 
to those expressions, in Section 8.3 we are eventually able to check that the Mℓ satisfy 
the assumptions of Theorem 1.3 and prove the claimed Lp-boundedness.

An interesting open problem remains about endpoint bounds at p =∞ for the Riesz 
transforms, and specifically, whether the adjoint Riesz transforms ℛ∗

j are of weak type 
(1, 1); indeed, the operator-valued multiplier approach does not seem to provide informa
tion on this. In the degenerate case N = ℝd, this weak type bound is known to be true 
for j > 0, i.e., for the adjoint Riesz transforms on S = N ⋊ ℝ+ in the direction of the 
factor N [18,35], but it is not known1 whether the same bound holds for ℛ∗

0. Similar open 
problems appear in the case of the Riesz transforms associated to the sub-Laplacians on 
extensions of Carnot groups considered in [38,40], as well as in the discrete setting of 
flow Laplacians on trees [19,27,39].

Notation

Here ℕ denotes the set of nonnegative integers (including 0), while ℕ+ = ℕ \{0}. For 
n ∈ ℕ+, we write ℝ̇n for ℝn \ {0}. The characteristic function of a set S is denoted by 
1S . For a real number a, we write a+ to denote its positive part max{a, 0}. We denote 
by ℜ𝔢 s the real part of a complex number s.

Acknowledgments

We would like to thank the anonymous referee for a very careful reading of the paper 
and for a number of suggestions that improved the presentation of the results.

1 Added in proof: this question for ℛ∗
0 has now been solved in the negative on ax + b groups, see [20].
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2. Preliminaries

As in the introduction, let N be a 2-step stratified Lie group, i.e., a connected, simply 
connected, nilpotent Lie group, whose Lie algebra decomposes as a direct sum 𝔫 = 𝔳⊕ 𝔷, 
where [𝔳, 𝔳] = 𝔷 and [𝔫, 𝔷] = {0}. We equip 𝔫 with an inner product compatible with the 
stratification, i.e., such that the layers 𝔳 and 𝔷 are orthogonal, and denote by | · | the 
corresponding norm. We assume that 𝔫 is an H-type Lie algebra, which means that (1.1)
holds, where 𝔳∗ and 𝔷∗ are equipped with the dual norms. Via the exponential map, we 
identify the group N with its Lie algebra 𝔫 by

𝔳⊕ 𝔷 → N

(x, z) ↦→ exp(x + z).

In these ``exponential coordinates'', the group law on N is given by

(x, z) ·N (x′, z′) =
(︃
x + x′, z + z′ + 1

2[x, x′]
)︃

for all (x, z), (x′, z′) ∈ N , with (0, 0) as the identity element, and moreover

(x, z)−1 = (−x,−z).

The group N is unimodular, and Lebesgue measure dx dz is a left and right Haar measure 
on N .

Let d1 and d2 denote the dimensions of 𝔳 and 𝔷, and let d := d1 +d2 be the topological 
dimension of N . A basis X♭

1, . . . , X
♭
d of left-invariant vector fields on N , obtained by 

extending an orthonormal basis e1, . . . , ed of 𝔫 = 𝔳⊕ 𝔷, is given by

X♭
j = ∂xj

+ 1
2[x, ej ] · ∇z for j = 1, . . . , d1,

X♭
d1+j = ∂zj for j = 1, . . . , d2.

(2.1)

The corresponding homogeneous left-invariant sub-Laplacian on N is defined by

ℒ := −
d1∑︂
j=1 

(X♭
j )2. (2.2)

Let S be the one-dimensional semidirect extension of N obtained by letting ℝ+ act 
on N via the automorphic dilations (𝔡a)a∈ℝ+ given by (1.2). Thus, S is a Lie group with 
the product law

(x, z, a) · (x′, z′, a′) =
(︃
x + a1/2x′, z + az′ + 1

2a
1/2[x, x′], aa′

)︃
= ((x, z) ·N 𝔡a(x′, z′), aa′),

(2.3)



J. Liu, A. Martini / Journal of Functional Analysis 292 (2027) 111694 9

for all (x, z, a), (x′, z′, a′) ∈ S; here the identity element is (0, 0, 1), while

(x, z, a)−1 = (−a−1/2x,−a−1z, a−1). (2.4)

We equip S with the right Haar measure ρ, given by

dρ(x, z, a) = dx dz da
a 
. (2.5)

If Q := (d1 + 2d2)/2 denotes the homogeneous dimension of N associated with the 
dilations (𝔡a)a∈ℝ+ , then the modular function of S is given by

δ(x, z, a) = a−Q. (2.6)

We point out that, in many references on H-type groups (and more general strati
fied Lie groups), the automorphic dilations are parametrized as (𝔡t2)t∈ℝ+ , and it is the 
quantity d1 + 2d2 that is called the homogeneous dimension of N . The definition of the 
homogeneous dimension Q that we use here is consistent with that used in many works 
on Damek–Ricci spaces, such as [2,11,12,48].

Group product and inversion have a counterpart in convolution and L1-isometric 
involution for functions on S, given by

f ∗ g(𝒙) =
∫︂
S

f(𝒙 · 𝒚−1) g(𝒚) dρ(𝒚), f∗(𝒙) = δ(𝒙) f(𝒙−1); (2.7)

the above formulas make sense for sufficiently well-behaved functions on S, but can be 
extended to more general functions, and also to distributions on S. Analogous formulas 
give convolution and involution for functions on the group N , where the modular function 
is identically 1.

Let D ′(S) denote the space of distributions on S, i.e., the dual of the LF-space C∞
c (S)

of test functions. By the Schwartz kernel theorem, any left-invariant, continuous linear 
operator T : C∞

c (S)→ D ′(S) can be represented as a convolution operator, i.e.,

Tϕ = ϕ ∗ kT ∀ϕ ∈ C∞
c (S),

for a suitable convolution kernel kT ∈ D ′(S); moreover, the convolution operator with 
kernel k∗

T is the formal adjoint of T . Analogous results are true for left-invariant operators 
T : C∞

c (N) → D ′(N), and we shall use the same notation kT for the corresponding 
convolution kernels.

The relation (2.3) between the product laws on S and N corresponds to the following 
relation between convolution ∗ on S and convolution ∗N on N :

(f ∗ g)[a] =
∫︂
ℝ+

f [a′] ∗N g
[a/a′]
(a′)

da′

a′
, (2.8)
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where we use the notation

f [a](x, z) := f(x, z, a), ϕ(λ)(x, z) := λ−Qϕ(𝔡1/λ(x, z)). (2.9)

A basis of left-invariant vector fields on S = N ⋊ℝ+ can be constructed by lifting the 
vector fields X♭

1, . . . , X
♭
d on N to left-invariant vector fields X1, . . . , Xd on S, and adding 

a vector field X0 in the direction of ℝ+. Namely,

X0 = a∂a,

Xj = a1/2
(︃
∂xj

+ 1
2[x, ej ] · ∇z

)︃
for j = 1, . . . , d1,

Xd1+j = a∂zj for j = 1, . . . , d2.

(2.10)

The corresponding gradient ∇ on S takes the form (1.4), while the distinguished Lapla
cian Δ = ∇∗∇ on S is given by (1.3).

We equip S with the Riemannian metric associated with ∇, i.e., such that X0, . . . , Xd

form an orthonormal frame. Then, for the Riemannian distance |𝒙| of a point 𝒙 =
(x, z, a) ∈ S from the identity element, from [2, eq. (2.18)] and [48, eq. (3)], we have the 
explicit formula

cosh2 |𝒙|
2 

=
(︃
a1/2 + a−1/2

2 
+ 1

8a
−1/2|x|2

)︃2

+ 1
4a

−1|z|2

= 1 
4a

[︄(︃
1 + a + |x|

2

4 

)︃2

+ |z|2
]︄
.

(2.11)

Notice that from (2.11) it follows that

cosh |𝒙|2 
≥ a1/2 + a−1/2

2 
= cosh log a

2 
, i.e., |𝒙| ≥ |log a| , (2.12)

see also [2, eq. (1.20)].
For b, c ∈ ℝ and r ∈ ℝ+, we shall use the notation

r[b,c] :=
{︄
rb if r ≤ 1,
rc if r ≥ 1.

The next lemma, which may be compared to [35, Lemma 3.3] and [37, Lemma 2.6], pro
vides integration formulas for nonnegative radial functions on S against certain weights, 
which we will use repeatedly.

Lemma 2.1. Let b, c, γ, γ̃ ∈ [0,∞) and s ∈ ℝ, and set

ϖ := (b, c, s, γ, γ̃), wϖ(𝒙) := as |log a|[γ,γ̃] |x|b |z|c (2.13)
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for 𝒙 = (x, z, a) ∈ S. For all measurable functions F : [0,∞)→ [0,∞),

∫︂
S

δ1/2(𝒙) F (|𝒙|) wϖ(𝒙) dρ(𝒙) ≃ϖ

∞ ∫︂
0 

F (r) ϕϖ(r) dr (2.14)

∫︂
{a≤e}

δ1/2(𝒙) F (|𝒙|) wϖ(𝒙) dρ(𝒙) ≃ϖ

∞ ∫︂
0 

F (r) ϕ−
ϖ(r) dr (2.15)

∫︂
{a≥1/e}

δ1/2(𝒙) F (|𝒙|) wϖ(𝒙) dρ(𝒙) ≃ϖ

∞ ∫︂
0 

F (r) ϕ+
ϖ(r) dr (2.16)

∫︂
{1/e≤a≤e}

δ1/2(𝒙) F (|𝒙|) wϖ(𝒙) dρ(𝒙) ≃ϖ

∞ ∫︂
0 

F (r) ϕ0
ϖ(r) dr, (2.17)

where

ϕϖ(r) :=

⎧⎨⎩r[d+b+c+γ,γ̃] e
(︂

Q
2 + b 

4+ c 
2+

⃓⃓
b 
4+ c 

2+s
⃓⃓)︂
r if b 4 + c 

2 + s ̸= 0,

r[d+b+c+γ,1+γ̃] e
(︂

Q
2 + b 

4+ c 
2

)︂
r if b 4 + c 

2 + s = 0,
(2.18)

ϕ−
ϖ(r) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
r[d+b+c+γ,γ̃] e

(︂
Q
2 −s

)︂
r if b 4 + c 

2 + s < 0,

r[d+b+c+γ,1+γ̃] e
(︂

Q
2 −s

)︂
r if b 4 + c 

2 + s = 0,

r[d+b+c+γ,0] e
(︂

Q
2 + b 

4+ c 
2

)︂
r if b 4 + c 

2 + s > 0,

(2.19)

ϕ+
ϖ(r) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
r[d+b+c+γ,γ̃] e

(︂
Q
2 + b 

2+c+s
)︂
r if b 4 + c 

2 + s > 0,

r[d+b+c+γ,1+γ̃] e
(︂

Q
2 + b 

4+ c 
2

)︂
r if b 4 + c 

2 + s = 0,

r[d+b+c+γ,0] e
(︂

Q
2 + b 

4+ c 
2

)︂
r if b 4 + c 

2 + s < 0,

(2.20)

ϕ0
ϖ(r) := r[d+b+c+γ,0] e

(︂
Q
2 + b 

4+ c 
2

)︂
r
. (2.21)

Proof. By (2.4), (2.11) and (2.13),

|𝒙−1| = |𝒙|, w(b,c,s,γ,γ̃)(𝒙−1) = w(b,c,−s−b/2−c,γ,γ̃)(𝒙);

so, by the change of variables 𝒙 ↦→ 𝒙−1, we see that (2.15) is equivalent to (2.16), and 
moreover (2.14) follows by summing (2.15) and (2.16). Therefore, we only need to prove 
(2.15) and (2.17).

Let ω : ℝ → [0,∞). From (2.11), by the change of variables a = eu and using polar 
coordinates in x ∈ ℝd1 and z ∈ ℝd2 , we see that
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S

δ1/2(𝒙) F (|𝒙|) ω(log a) |x|b |z|c dρ(𝒙)

≃
∫︂
ℝ 

e−Qu/2 ω(u)
∞ ∫︂
0 

∞ ∫︂
0 

F

⎛⎝2 arccosh

√︄(︃
cosh u

2 
+ s2

8eu/2

)︃2

+ t2

4eu

⎞⎠
× sb+d1 tc+d2

ds
s 

dt
t 

du

≃b,c

∫︂
ℝ 

e
(︁
b 
4+ c 

2
)︁
u ω(u)

∞ ∫︂
0 

∞ ∫︂
0 

F

(︄
2 arccosh

√︃(︂
cosh u

2 
+ s

)︂2
+ t

)︄

× s
b+d1

2 t
c+d2

2 ds
s 

dt
t 

du.

The change of variables s = cosh(y/2) − cosh(u/2), followed by t = cosh2(r/2) −
cosh2(y/2), then gives∫︂

S

δ1/2(𝒙) F (|𝒙|) ω(log a) |x|b |z|c dρ(𝒙)

≃b,c

∫︂
ℝ 

e
(︁
b 
4+ c 

2
)︁
u ω(u)

∞ ∫︂
|u| 

∞ ∫︂
0 

F

(︃
2 arccosh

√︃
cosh2 y

2 
+ t

)︃
t
c+d2

2 dt
t 

×
(︂
cosh y

2 
− cosh u

2 

)︂ b+d1
2 −1

sinh y

2 
dy du

≃b,c

∫︂
ℝ 

e
(︁
b 
4+ c 

2
)︁
u ω(u)

∞ ∫︂
|u| 

∞ ∫︂
y

F (r)
(︂
cosh2 r

2 − cosh2 y

2 

)︂ c+d2
2 −1

sinh r dr

×
(︂
cosh y

2 
− cosh u

2 

)︂ b+d1
2 −1

sinh y

2 
dy du

≃b,c

∞ ∫︂
0 

F (r) Dω,b,c(r) dr,

where

Dω,b,c(r) :=
r∫︂

0 

y∫︂
−y

e
(︁
b 
4+ c 

2
)︁
u ω(u)

(︂
cosh2 r

2 − cosh2 y

2 

)︂ c+d2
2 −1

sinh r

×
(︂
cosh y

2 
− cosh u

2 

)︂ b+d1
2 −1

sinh y

2 
du dy.

Notice now that, for r ≥ y ≥ 0, we have sinh r ≃ r[1,0] er and
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cosh2 r

2 − cosh2 y

2 
= cosh r − cosh y

2 

= sinh r + y

2 
sinh r − y

2 
≃ (r − y)[1,0] r[1,0] er,

(2.22)

whence also, for y ≥ |u|,

cosh y

2 
− cosh u

2 
≃ (y − |u|)[1,0] y[1,0] ey/2,

and therefore

Dω,b,c(r) ≃b,c r
[(c+d2)/2,0] e(c+d2)r/2

r∫︂
0 

(r − y)[(c+d2)/2−1,0] y[(b+d1)/2,0] e(b+d1)y/4

×
y∫︂

−y

(y − |u|)[(b+d1)/2−1,0] e
(︁
b 
4+ c 

2
)︁
u ω(u) du dy.

Now, in the case ω(u) = ω−
s,γ,γ̃(u) := esu |u|[γ,γ̃] 1{u≤1}, we get

Dω−
s,γ,γ̃ ,b,c

(r)

≃b,c r
[(c+d2)/2,0] e(c+d2)r/2

r∫︂
0 

(r − y)[(c+d2)/2−1,0] y[(b+d1)/2,0] e(b+d1)y/4

×
min{1,y}∫︂
−y 

(y − |u|)[(b+d1)/2−1,0] |u|[γ,γ̃] e
(︁
b 
4+ c 

2+s
)︁
u du dy

≃ϖ r[(c+d2)/2,0] e(c+d2)r/2
r∫︂

0 

(r − y)[(c+d2)/2−1,0] y[(b+d1)/2,0] e(b+d1)y/4

×
y∫︂

0 

(y − u)[(b+d1)/2−1,0] u[γ,γ̃] e−
(︁
b 
4+ c 

2+s
)︁
u du dy;

(2.23)

in the last step, we used the splitting 
∫︁ min{1,y}
−y

=
∫︁ 0
−y

+
∫︁ min{1,y}
0 and the fact that, for 

0 ≤ u ≤ min{1, y}, one has e±
(︁
b 
4+ c 

2+s
)︁
u ≃ϖ 1, so the second summand can effectively be 

absorbed into the first one via the change of variables u ↦→ −u.
It is not difficult to prove that, if α, β > −1, ν ≥ 0, σ ∈ ℝ, then, for all x ≥ 0,

x ∫︂
0 

(x− t)[α,0] t[β,ν] eσt dt ≃α,β,ν,σ

⎧⎪⎪⎨⎪⎪⎩
x[α+β+1,ν] eσx if σ > 0,
x[α+β+1,ν+1] if σ = 0,
x[α+β+1,0] if σ < 0.

(2.24)
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By applying (2.24) twice (first to the integral in u and then to that in y), we can estimate 
the expression in (2.23) and readily obtain that Dω−

s,γ,γ̃ ,b,c
(r) ≃ϖ ϕ−

ϖ(r), where ϕ−
ϖ(r) is 

as in (2.19), thus proving (2.15).
On the other hand, in the case ω(u) = ω0

s,γ,γ̃(u) := esu |u|[γ,γ̃] 1{−1≤u≤1}, we get

Dω0
s,γ,γ̃ ,b,c

(r)

≃b,c r
[(c+d2)/2,0] e(c+d2)r/2

r∫︂
0 

(r − y)[(c+d2)/2−1,0] y[(b+d1)/2,0] e(b+d1)y/4

×
min{1,y} ∫︂

−min{1,y}

(y − |u|)[(b+d1)/2−1,0] |u|[γ,γ̃] e
(︁
b 
4+ c 

2+s
)︁
u du dy

≃ϖ r[(c+d2)/2,0] e(c+d2)r/2
r∫︂

0 

(r − y)[(c+d2)/2−1,0] y[b+d1+γ,0] e(b+d1)y/4 dy,

and again an application of (2.24) gives that Dω0
s,γ,γ̃ ,b,c

(r) ≃ϖ ϕ0
ϖ(r), where ϕ0

ϖ(r) is as 
in (2.21), thus proving (2.17). □

Below we collect some consequences of Lemma 2.1 that we shall use later.

Corollary 2.2. For every measurable function F : [0,∞)→ [0,∞),

∫︂
S

a−
1
2

(︃(︃
1 + a + |x|

2

4 

)︃
|x|+ |x||z|

)︃
δ1/2(𝒙)F (|𝒙|) dρ(𝒙)

≃
∞ ∫︂
0 

F (r) r[d+1,0] e(Q+2)r/2 dr, (2.25)

∫︂
{a≤e}

a−
1
2

(︃(︃
a + |x|

2

4 

)︃
|x|+ |x||z|

)︃
δ1/2(𝒙)F (|𝒙|) dρ(𝒙)

≃
∞ ∫︂
0 

F (r) r[d+1,0] e(Q/2+3/4)r dr, (2.26)

∫︂
{ 1

e ≤a≤e}

|1− a−1|
(︃

1 + a + |x|
2

4 

)︃
δ1/2(𝒙)F (|𝒙|) dρ(𝒙)

≃
∞ ∫︂
0 

F (r) r[d+1,0] e(Q+1)r/2 dr, (2.27)
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∫︂
S

|1− a−1|
(︃

1 + a + |x|
2

4 

)︃
δ1/2(𝒙)F (|𝒙|) dρ(𝒙)

≃
∞ ∫︂
0 

F (r) r[d+1,0] e(Q+2)r/2 dr. (2.28)

Proof. Estimate (2.25) follows by summing the instances of (2.14) with (b, c, s, γ, γ̃)
equal to (1, 0,−1/2, 0, 0), (1, 0, 1/2, 0, 0), (3, 0,−1/2, 0, 0) and (1, 1,−1/2, 0, 0). Instead, 
estimate (2.26) follows by summing the instances of (2.15) corresponding to (b, c, s, γ, γ̃)
equal to (1, 0, 1/2, 0, 0), (3, 0,−1/2, 0, 0) and (1, 1,−1/2, 0, 0).

Finally, notice that

|1− a−1| ≃
{︄
|log a|[1,0] if a ≥ 1/e
|log a|[1,0] a−1 if a ≤ e.

Thus, (2.27) follows from summing the instances of (2.17) where (b, c, s, γ, γ̃) is 
equal to (0, 0, 0, 1, 0), (0, 0, 1, 1, 0) and (2, 0, 0, 1, 0). Instead, (2.28) follows by sum
ming the instances of (2.15) where (b, c, s, γ, γ̃) is equal to (0, 0,−1, 1, 0), (0, 0, 0, 1, 0)
and (2, 0,−1, 1, 0), together with the instances of (2.16) where (b, c, s, γ, γ̃) is equal to 
(0, 0, 0, 1, 0), (0, 0, 1, 1, 0) and (2, 0, 0, 1, 0). □
3. Heat kernel estimates

Let ht := ke−tΔ denote the heat kernel associated to Δ on S. The main purpose 
of this section is proving the weighted L1-estimates for ht and its gradient stated in 
Theorem 1.2. In the unweighted case ε = 0, the first estimate in (1.6) is a consequence 
of the general fact that ∥ht∥1 = 1 for all t > 0, while the second estimate is established 
in [48, Proposition 4.7]. We shall exploit several ideas from [48] to prove the estimates 
for arbitrary ε ≥ 0.

The operator Δ has a special relationship with the Laplace–Beltrami operator ΔLB
associated with the Riemannian structure of S, see [49, §IX.1], whence one obtains that

δ−1/2ht = eQ
2t/4ke−tΔLB ,

see also [48, Proposition 2.3]. From the formulas and estimates for ke−tΔLB obtained in 
[2] we can therefore deduce analogous results for δ−1/2ht, which we state here.

If a function f : S → ℂ is radial, with a slight abuse of notation we shall also write 
f(r) with r ≥ 0 to denote the value of f at any point 𝒙 ∈ S with |𝒙| = r.

Proposition 3.1. The function δ−1/2ht is smooth and radial on S. Moreover, when d2 is 
even,

(δ−1/2ht)(r) = 2−d1− d2
2 π− d

2 𝒟̇d2/2
r 𝒟̈d1/2

r hℝt (r), (3.1)
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where hℝt (r) := (4πt)−1/2 e−r2/4t is the heat kernel on ℝ, while

𝒟̇r := − 1 
sinh r

∂r, 𝒟̈r := − 1 
sinh(r/2)∂r; (3.2)

when d2 is odd, instead,

(δ−1/2ht)(r) = 2−d1− d2
2 π− d+1

2 
∞ ∫︂
r

𝒟̇(d2+1)/2
s 𝒟̈d1/2

s hℝt (s) dνr(s), (3.3)

where

dνr(s) := sinh s 
(cosh s− cosh r)1/2

ds.

In addition, for any d2, we have the following pointwise estimates:

(δ−1/2ht)(r) ≃ t−3/2 (1 + r)
(︃

1 + 1 + r

t 

)︃(d−2)/2

e−Qr/2−r2/4t, (3.4)

|∇(δ−1/2ht)|(r) ≃ t−3/2 r

(︃
1 + 1 + r

t 

)︃d/2

e−Qr/2e−r2/4t. (3.5)

Proof. Formulas (3.1) and (3.3) are consequences of [2, eq. (5.7) and (5.8)]. The estimates 
(3.4) and (3.5) are contained in [2, Theorem 5.9 and Corollary 5.49]. □

The pointwise estimates (3.4)-(3.5) are enough to establish the first estimate in (1.6)
for any t, as well as the second estimate for small t; in addition, we can obtain similar 
estimates with a faster decay for large t by restricting the integral to a bounded subset 
of S.

Proposition 3.2. Let ε ∈ [0, 1) and t0 > 0. Then∫︂
S

|ht(𝒙)| eε|𝒙|2/4t dρ(𝒙) ≲ε 1 ∀t > 0 (3.6)

and ∫︂
S

|∇ht(𝒙)| eε|𝒙|2/4t dρ(𝒙) ≲ε,t0 t−1/2 ∀t ∈ (0, t0]. (3.7)

In addition, for all compact subsets K ⊆ S,∫︂
K

[|ht(𝒙)|+ |∇ht(𝒙)|] eε|𝒙|2/4t dρ(𝒙) ≲ε,t0,K t−3/2 ∀t ∈ [t0,∞). (3.8)
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Proof. By the integration formula (2.14) and the pointwise bound (3.4), the integral in 
(3.6) is controlled by∫︂

S

|ht(𝒙)| eε|𝒙|2/4t dρ(𝒙)

≃
∞ ∫︂
0 

(δ−1/2ht)(r) eεr
2/4t r[d,1] eQr/2 dr

≃
∞ ∫︂
0 

t−3/2
(︃

1 + 1 + r

t 

)︃(d−2)/2

e−θr2/tr[d,2] dr =
r0∫︂
0 

+
∞ ∫︂

r0

for any r0 ∈ ℝ+, where θ := (1−ε)/4 > 0. In the integral for r ≥ r0, we use the estimate 
1 + 1+r

t ≲r0 1 + r2

t to obtain that

∞ ∫︂
r0

≲r0

∞ ∫︂
r0

t−1/2 r2

t 

(︃
1 + r2

t 

)︃(d−2)/2

e−θr2/t dr

≤
∞ ∫︂
0 

s2(1 + s2)(d−2)/2 e−θs2 ds ≲ε 1,

where we used the change of variables s = t−1/2 r. In the integral for r ≤ r0, instead, we 
have 1 + 1+r

t ≃r0 t[−1,0], so

r0∫︂
0 

≲r0

r0∫︂
0 

t[−(d+1)/2,−3/2] e−θr2/t rd dr ≲ε,r0 t[0,−3/2]; (3.9)

for the last estimate, when t is large one can simply bound the exponential term by 1, 
while when t is small one can use the change of variables s = t−1/2 r to obtain a uniform 
bound in t.

This completes the proof of (3.6); in addition, the decay t−3/2 obtained for r ≤ r0
and large t in (3.9) also proves the estimate for ht in (3.8).

We are left with proving the estimates for the gradient ∇ht. Here we observe that, 
from (2.6) and (2.10) it readily follows that

X0δ
1/2 = −Q

2 
δ1/2(𝒙), Xjδ

1/2 = 0 for j = 1, . . . , d (3.10)

thus |∇δ1/2| = Q
2 δ

1/2 and, by the Leibniz rule,

|∇ht| ≲ δ1/2|∇(δ−1/2ht)|+ |ht|. (3.11)
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Therefore, when proving the estimates for ∇ht in (3.7) and (3.8), we can effectively 
replace |∇ht| with δ1/2|∇(δ−1/2ht)|, as the estimates for the remaining part |ht| have 
already been proved.

Now, from (2.14) and the pointwise bound (3.5) we obtain that∫︂
S

δ1/2(𝒙) |∇(δ−1/2ht)(𝒙)| eε|𝒙|2/4t dρ(𝒙)

≃
∞ ∫︂
0 

|∇(δ−1/2ht)|(r) eεr
2/4t r[d,1] eQr/2 dr

≃
∞ ∫︂
0 

t−3/2 e−θr2/t

(︃
1 + 1 + r

t 

)︃d/2

r[d+1,2] dr =
r0∫︂
0 

+
∞ ∫︂

r0

.

In the part where r ≤ r0, arguing much as in (3.9), we obtain, for all t > 0,

r0∫︂
0 

≃r0

r0∫︂
0 

t[−(d+3)/2,−3/2] e−θr2/t rd+1 dr ≲ε,r0 t[−1/2,−3/2]. (3.12)

In the part where r ≥ r0, instead, if we additionally assume t ≤ t0 for some t0 ∈ ℝ+, 
then we can estimate e−θr2/t ≤ e−θr2/2t0e−θr2

0/2t and obtain

∞ ∫︂
r0

≲r0,t0 t−(d+1)/2e−θr0/2t
∞ ∫︂

r0

e−θr2/2t0 r(d+2)/2 dr ≲ε,r0,t0,M tM

for any M ∈ ℝ and t ∈ (0, t0]. Combining these two estimates with the previous ones for 
|ht| completes the proof of (3.7). Moreover, the extra decay t−3/2 for large t in (3.12), 
together with (3.9), also completes the proof of (3.8). □

In order to complete the proof of Theorem 1.2, in light of the estimates in Proposi
tion 3.2, it only remains to prove the weighted L1-estimate for the gradient |∇ht(𝒙)| for 
large t and 𝒙. The approach used in Proposition 3.2, based on (3.11), fails in this case, 
as ∥ht∥L1 does not decay for large t. Thus, in order to obtain the desired t−1/2 decay, 
we cannot simply rely on the pointwise estimates (3.4) and (3.5) as a black box, and we 
must exploit, much as in [48], some subtler cancellations between the two terms.

We start with recalling some technical estimates from [2].

Lemma 3.3. With the notation of Proposition 3.1, for any p, q ∈ ℕ such that p + q ≥ 1, 
we can write

𝒟̇q
r𝒟̈p

rh
ℝ
t (r) = αp,q r hℝt (r) 

t coshp+2q r
2

+ Zp,q
t (r), (3.13)
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where αp,q ∈ ℝ+, while the function Zp,q
t : ℝ→ ℝ satisfies, for any c ∈ (1,∞),

|Zp,q
t (r)|+ |∂rZp,q

t (r)| ≲p,q,c t
−1hℝct(r) e−(p+2q)r/2 ∀r, t ≥ 1. (3.14)

Proof. From [2, eqs. (5.23)-(5.24)] (see also [48, Lemma 4.4(ii)]) we see that

𝒟̇q
r𝒟̈p

re−r2/4t = e−r2/4t

⎡⎣ αp,q r 

t coshp+2q r
2

+
p+q ∑︂
j=1 

ap,q,j(r) t−j

⎤⎦ ,

where αp,q ∈ ℝ+, while, for all k ∈ ℕ and r ≥ 0,

|∂k
r ap,q,j(r)| ≲k,p,q

{︄
e−(p+2q)r/2 if j = 1,
(1 + r)j e−(p+2q)r/2 if j ≥ 2.

(3.15)

The identity (3.13) thus holds if we set

Zp,q
t (r) =

p+q ∑︂
j=1 

ap,q,j(r) t−j hℝt (r).

Now, by (3.15),

|ap,q,j(r) t−j hℝt (r)|+ |∂r[ap,q,j(r) t−j hℝt (r)]|
≲ [|ap,q,j(r)| (1 + r/t) + |∂rap,q,j(r)|] t−j hℝt (r)

≲p,q

⎧⎨⎩t−1 (1 + r/t) hℝt (r) e−(p+2q)r/2 if j = 1,

t−j (1 + r)j (1 + r/t) hℝt (r) e−(p+2q)r/2 if j ≥ 2.

If r, t ≥ 1, then 1 + r/t ≤ 1 + r/t1/2 and, for j ≥ 2,

t−j(1 + r)j ≃ t−jrj = t−j/2(r/t1/2)j ≤ t−1(1 + r/t1/2)j ;

thus, for any j ≥ 1,

|ap,q,j(r) t−j hℝt (r)|+ |∂r[ap,q,j(r) t−j hℝt (r)]|

≲ t−1 (1 + r/t1/2)1+j hℝt (r) e−(p+2q)r/2 ≲c t
−1 hℝct(r) e−(p+2q)r/2

and the estimate (3.14) follows. □
From the previous lemma and the formulas (3.1)-(3.3), we now derive another conve

nient representation for ht.
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Lemma 3.4. With the notation of Proposition 3.1, we can write

(δ−1/2ht)(r) = H0
t (r) 

coshQ r
2

+ H1
t (r), (3.16)

where, for any c ∈ (1,∞), the functions H0
t and H1

t satisfy

t−1/2 |H0
t (r)|+ |∂rH0

t (r)| ≲c t
−1 hℝct(r) ∀t, r ≥ 1, (3.17)

|H1
t (r)|+ |∂rH1

t (r)| ≲c t
−1 hℝct(r) e−Qr/2 ∀t, r ≥ 1. (3.18)

Proof. In the case d2 is even, by combining (3.1) and (3.13) for p = d1/2 and q = d2/2, 
we obtain that (3.16) holds true with

H0
t (r) =

αd1/2,d2/2

2d1+ d2
2 π

d
2 

r hℝt (r)
t 

, H1
t (r) = 1 

2d1+ d2
2 π

d
2 
Z

d1/2,d2/2
t (r);

in this case, (3.18) follows from (3.14), while (3.17) is immediate.
When d2 is odd, instead, by combining (3.3) and (3.13) for p = d1/2 and q = (d2+1)/2, 

we obtain that (3.16) holds true with

H0
t (r) =

αd1/2,(d2+1)/2 coshQ r
2

2d1+ d2
2 π

d+1
2 

∞ ∫︂
r

s hℝt (s) 
t coshQ+1 s 

2
dνr(s), (3.19)

H1
t (r) = 1 

2d1+ d2
2 π

d+1
2 

∞ ∫︂
r

Z
d1/2,(d2+1)/2
t (s) dνr(s). (3.20)

Now, from (2.22) we see that, for s ≥ r ≥ 1,

cosh s− cosh r ≃ es (s− r)[1,0], sinh s 
(cosh s− cosh r)1/2

≃ es/2(s− r)[−1/2,0],

whence, by (3.14) and (3.20), for all r, t ≥ 1,

|H1
t (r)| ≲

∞ ∫︂
r

|Zd1/2,(d2+1)/2
t (s)| dνr(s)

≲c

∞ ∫︂
r

t−1hℝct(s) e−(Q+1)s/2 es/2 (s− r)[−1/2,0] ds

≤ t−1hℝct(r) e−Qr/2
∞ ∫︂
r

e−Q(s−r)/2 (s− r)[−1/2,0] ds ≲ t−1hℝct(r) e−Qr/2,



J. Liu, A. Martini / Journal of Functional Analysis 292 (2027) 111694 21

where we used that hct is decreasing, and the change of variables u = s−r in the integral 
to obtain a uniform bound in r.

Recall now from [35, eq. (2.12)] that, for any smooth function g : ℝ+ → ℂ with 
sufficiently fast decay, and any ℓ ∈ ℕ and r > 0,

𝒟̇ℓ
r

∞ ∫︂
r

g(s) dνr(s) =
∞ ∫︂
r

𝒟̇ℓ
sg(s) dνr(s). (3.21)

In particular, by (3.20) and (3.21),

∂rH
1
t (r) = (− sinh r)𝒟̇rH

1
t (r)

= sinh r 

2d1+ d2
2 π

d+1
2 

∞ ∫︂
r

∂sZ
d1/2,(d2+1)/2
t (s) ds 

(cosh s− cosh r)1/2

and, much as before, by (3.14),

|∂rH1
t (r)| ≲ sinh r

∞ ∫︂
r

|∂sZd1/2,(d2+1)/2
t (s)| ds 

(cosh s− cosh r)1/2

≲c sinh r

∞ ∫︂
r

t−1hℝct(s) e−(Q+1)s/2 e−s/2 (s− r)[−1/2,0] ds

≲ t−1hℝct(r) e−(Q+2)r/2 sinh r

∞ ∫︂
r

e−(Q+2)(s−r)/2 (s− r)[−1/2,0] ds

≲ t−1hℝct(r) e−Qr/2.

Combining the above estimates for H1
t (r) and ∂rH1

t (r) proves (3.18).
It remains to prove (3.17). Much as in [48, proof of Lemma 4.6], notice that

1 

coshQ+1 s 
2

sinh s 
(cosh s− cosh r)1/2

= 1 

coshQ s 
2

√
2 sinh s 

2
(cosh2 s 

2 − cosh2 r
2)1/2

.

Therefore, by the change of variables v = cosh(s/2) 
cosh(r/2) , we can write

∞ ∫︂
r

s hℝt (s) 
t coshQ+1 s 

2
dνr(s) = 23/2

t coshQ r
2

∞ ∫︂
1 

h̃ℝt (2 arccosh(v cosh(r/2))) dv 
vQ(v2 − 1)1/2

where h̃ℝt (s) := s hℝt (s), and, by (3.19),
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H0
t (r) =

αd1/2,(d2+1)/2

2d1+ d2
2 π

d+1
2 

23/2

t 

∞ ∫︂
1 

h̃ℝt (2 arccosh(v cosh(r/2))) dv 
vQ(v2 − 1)1/2

. (3.22)

As h̃ℝt (s) ≲c t
1/2 hℝct(s), we thus see that

|H0
t (r)| ≲ t−1

∞ ∫︂
1 

h̃ℝt (2 arccosh(v cosh(r/2))) dv 
vQ(v2 − 1)1/2

≲c t
−1/2 hℝct(r),

where we also used the monotonicity of hℝct.
In addition, from the elementary estimate |∂sh̃ℝt (s)| ≲c h

ℝ
ct(s), we also see that

|∂r[h̃ℝt (2 arccosh(v cosh(r/2)))]|

= |(∂sh̃ℝt )(2 arccosh(v cosh(r/2)))|
v sinh r

2
(v2 cosh2 r

2 − 1)1/2

≃ |(∂sh̃ℝt )(2 arccosh(v cosh(r/2)))| ≲c h
ℝ
ct(2 arccosh(v cosh(r/2))) ≤ hℝct(r)

for r, v ≥ 1. Thus, by (3.22),

|∂rH0
t (r)| ≲ t−1

∞ ∫︂
1 

|∂r[h̃ℝt (2 arccosh(v cosh(r/2)))]| dv 
vQ(v2 − 1)1/2

≲c t
−1 hℝct(r),

and the proof of (3.17) is complete. □
When proving large time estimates for ∇ht, the first summand in (3.16) is the most 

problematic, due to the worse decay in t. To deal with that term, we need a more precise 
spatial estimate for its gradient, which is captured in the statement below and is implicit 
in the proof of [48, Lemma 4.5].

Lemma 3.5. For all 𝒙 = (x, z, a) ∈ S,

|∇[δ1/2(𝒙) cosh−Q(|𝒙|/2)]| ≲ δ1/2(𝒙) a1/4 e−
(︂

Q
2 + 1

4

)︂
|𝒙|

. (3.23)

Proof. Recall from (2.11) that

cosh(|𝒙|/2) = 2−1a−1/2 [︁(a + 1 + |x|2/4)2 + |z|2
]︁1/2

. (3.24)

Thus, by (2.6),

δ1/2(𝒙) cosh−Q(|𝒙|/2) = 2Q
[︁
(a + 1 + |x|2/4)2 + |z|2

]︁−Q/2
.

Consequently, by (2.10), we see that
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|X0[δ1/2(𝒙) cosh−Q(|𝒙|/2)]| ≲
a
(︁
a + 1 + |x|2/4

)︁
[(a + 1 + |x|2/4)2 + |z|2]Q/2+1 ,

|Xj [δ1/2(𝒙) cosh−Q(|𝒙|/2)]| ≲
a1/2 (︁a + 1 + |x|2/4 + |z|

)︁
|x| 

[(a + 1 + |x|2/4)2 + |z|2]Q/2+1 ,

|Xℓ+d1 [δ1/2(𝒙) cosh−Q(|𝒙|/2)]| ≲ a|z| 
[(a + 1 + |x|2/4)2 + |z|2]Q/2+1

for j = 1, . . . , d1 and ℓ = 1, . . . , d2. Combining the above estimates gives

|∇[δ1/2(𝒙) cosh−Q(|𝒙|/2)]| ≲ a1/2

(a + 1 + |x|2 + |z|)Q+1/2

≃ a1/2a−Q/2−1/4 cosh−Q−1/2(|𝒙|/2)

≃ a1/4δ1/2(𝒙) e−
(︂

Q
2 + 1

4

)︂
|𝒙|

,

where we used again (3.24) and (2.6). □
We can finally complete the proof of Theorem 1.2.

Proof of Theorem 1.2. In light of Proposition 3.2, it only remains to prove that, for any 
ε ∈ [0, 1), ∫︂

|𝒙|≥1

|∇ht(𝒙)| eε|𝒙|2/4t dρ(𝒙) ≲ε t
−1/2 ∀t ≥ 1.

Now, by (3.16), we can write

ht(𝒙) = δ1/2(𝒙) H0
t (|𝒙|) 

coshQ |𝒙|
2 

+ δ1/2(𝒙)H1
t (|𝒙|);

therefore, for any c ∈ (1,∞), by the Leibniz rule,

|∇ht(𝒙)| ≤ δ1/2(𝒙) cosh−Q(|𝒙|/2) |(∂rH0
t )(|𝒙|)|

+ |∇[δ1/2(𝒙) cosh−Q(|𝒙|/2)]| |H0
t (|𝒙|)|

+ δ1/2(𝒙) |(∂rH1
t )(|𝒙|)|+ |∇δ1/2(𝒙)| |H1

t (|𝒙|)|

≲c δ
1/2(𝒙) hℝct(|𝒙|)

[︂
t−1 e−Q|𝒙|/2 + t−1/2 a1/4 e−(Q/2+1/4)|𝒙|

]︂ (3.25)

for all r, t ≥ 1, where we used the estimates (3.10), (3.17), (3.18) and (3.23), and the 
fact that |∇[F (|𝒙|)]| = |(∂rF )(|𝒙|)| for a radial function F (|𝒙|).

Choose c > 1 such that 1/c > ε. Thus θ := (1/c − ε)/4 > 0. From the pointwise 
estimate (3.25) and the integration formula (2.14) we finally deduce that, for t ≥ 1,
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|𝒙|≥1

|∇ht(𝒙)| eε|𝒙|2/4t dρ(𝒙)

≲ε t
−3/2

∫︂
|𝒙|≥1

δ1/2(𝒙) e−θ|𝒙|2/t e−Q|𝒙|/2 dρ(𝒙)

+ t−1
∫︂

|𝒙|≥1

δ1/2(𝒙) e−θ|𝒙|2/t a1/4 e−(Q/2+1/4)|𝒙| dρ(𝒙)

≃ t−3/2
∞ ∫︂
1 

e−θr2/t r dr + t−1
∞ ∫︂
1 

e−θr2/t dr ≲ε t
−1/2,

as required. □
From Theorem 1.2 and Proposition 3.2 we can also derive some estimates for second

order derivatives of the heat kernel, which we record here. For simplicity we only present 
the unweighted version of the estimates, though a similar argument would also yield 
weighted variants.

Proposition 3.6. For all t > 0 and j, k = 0, . . . , d,∫︂
S

|Xj(Xkht)∗(𝒙)| dρ(𝒙) ≲ t−1; (3.26)

moreover, for all compact subsets K ⊆ S,∫︂
K

|XjXkht(𝒙)| dρ(𝒙) ≲ t−1. (3.27)

Proof. Notice that ht = ht/2 ∗ ht/2 and h∗
t = ht, so

Xj(Xkht)∗ = Xj(ht/2 ∗Xkht/2)∗ = (Xkht/2)∗ ∗ (Xjht/2)

and therefore, by Young’s inequality,

∥Xj(Xkht)∗∥1 ≤ ∥(Xkht/2)∗∥1∥(Xjht/2)∥1 = ∥Xkht/2∥1∥Xjht/2∥1 ≲ t−1,

where the last estimate follows from Theorem 1.2.
Moreover, for any smooth function f on S, from (2.7) one sees that

(Xjf)∗ = X•
j f

∗

for certain right-invariant first-order differential operators X•
j on S; as the latter are 

differential operators with smooth (thus, locally bounded) coefficients, we have
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|(Xjf)∗| ≲K

d ∑︂
ℓ=0 
|Xℓf

∗|+ |f∗| on K

pointwise for any compact subset K ⊆ S. As a consequence,

|(XjXkht)∗| ≲K

d ∑︂
ℓ=0 
|Xℓ(Xkht)∗|+ |(Xkht)∗| on K.

Therefore, if K−1 := {𝒙−1 : 𝒙 ∈ K}, then∫︂
K

|XjXkht(𝒙)| dρ(𝒙) =
∫︂

K−1

|(XjXkht)∗(𝒙)| dρ(𝒙)

≲K

d ∑︂
ℓ=0 
∥Xℓ(Xkht)∗∥1 +

∫︂
K

|Xkht(𝒙)| dρ(𝒙) ≲K t−1,

where we applied the estimates (3.26), (3.7) and (3.8). □
4. 𝑳𝒑-boundedness of the Riesz transforms for 1 < 𝒑 ≤ 2

From the heat kernel estimates proved in Section 3, we can now deduce the Lp
boundedness for p ∈ (1, 2] of the Riesz transforms ℛj given by (1.5).

The proof is based on the following criterion to deduce Lp-boundedness of singular 
integral operators on Damek–Ricci spaces. This result was established in [48], as a con
sequence of the fact that any Damek–Ricci space S with the right Haar measure ρ and 
the Riemannian distance d is a Calderón–Zygmund space in the sense of [19]. The state
ment below is actually a particular case of [48, Theorem 4.1], specialized to convolution 
operators (cf. [40, Theorem 2.3 and Remark 2.4]).

Proposition 4.1. Let T =
∑︁

n∈ℤ Tn be a linear operator bounded on L2(S), where:

(i) the series converges in the strong topology of L2(S);
(ii) every Tn is a convolution operator with kernel kn ∈ L1(S);
(iii) there exist positive constants A,B, ε and c ̸= 1 such that∫︂

S

|kn(𝒙)| (1 + cn|𝒙|)ε dρ(𝒙) ≤ A, (4.1)

∫︂
S

|∇k∗n(𝒙)| dρ(𝒙) ≤ Bcn. (4.2)

Then T extends from L1(S)∩L2(S) to an operator of weak type (1, 1) and to an operator 
bounded on Lp(S) for 1 < p ≤ 2.
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We can now prove the Lp-boundedness for p ∈ (1, 2] of the Riesz transforms. The 
proof follows closely that of [40, Theorem 1.1(i)].

Theorem 4.2. The first-order Riesz transforms ℛj = XjΔ−1/2 are of weak type (1, 1)
and Lp-bounded for 1 < p ≤ 2 and j = 0, . . . , d.

Proof. The L2-boundedness of ℛj = XjΔ−1/2 is an immediate consequence of the fact 
that, for any f ∈ C∞

c (S),

∥Xjf∥L2(S) ≲ ∥|∇f |∥L2(S) =
⃦⃦⃦
|Δ1/2f |

⃦⃦⃦
L2(S)

(cf., e.g., [40, Proposition 4.1]). To prove the remaining boundedness properties of ℛj, 
we shall apply Proposition 4.1. For this, we decompose

√
πℛj =

√
πXjΔ−1/2 =

∑︂
n∈ℤ

2n+1∫︂
2n

t−1/2Xje
−tΔ dt =:

∑︂
n∈ℤ

Tn, (4.3)

where the series converges in the strong operator topology on L2. Each Tn is a convolution 
operator with kernel

kn =
2n+1∫︂
2n

t−1/2 Xjht dt.

Thus, to establish the weak type (1, 1) and Lp-boundedness of this operator for 1 < p ≤ 2, 
it suffices to verify the kernel estimates (4.1) and (4.2), as stated in Proposition 4.1; in 
what follows, we verify these estimates with c = 2−1/2.

First, from Theorem 1.2 we deduce that, for any ε > 0,

∫︂
S

|kn(𝒙)| (1 + 2−n/2|𝒙|)ε dρ(𝒙)

≲ε

2n+1∫︂
2n

t−1/2
∫︂
S

|Xjht(𝒙)| (1 + t−1/2|𝒙|)ε dρ(𝒙) dt

≲ε

2n+1∫︂
2n

t−1/2
∫︂
S

|∇ht(𝒙)| e|𝒙|2/8t dρ(𝒙) dt ≲
2n+1∫︂
2n

t−1 dt ≲ 1.

(4.4)

Next, from Proposition 3.6,
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∥|∇k∗n|∥L1(S) ≤
d ∑︂

ℓ=0 
∥Xℓk

∗
n∥L1(S) ≤

d ∑︂
ℓ=0 

2n+1∫︂
2n

t−1/2|Xℓ(Xjht)∗(𝒙)| dρ(𝒙) dt

≲
2n+1∫︂
2n

t−3/2 dt ≃ 2−n/2.

This verifies conditions (4.1) and (4.2), as required. □
We cannot use the same approach to prove the Lp-boundedness of the ℛj for p > 2, 

i.e., that of the adjoint Riesz transforms ℛ∗
j for p < 2, due to the lack of global, large 

time estimates for second derivatives XjXkht of the heat kernel analogous to (3.26). 
Thanks to the localized estimates (3.27), however, we can prove the Lp-boundedness of 
the ``local parts'' of the adjoint Riesz transforms ℛ∗

j .

Theorem 4.3. Let ζ ∈ C∞
c (S). Then, for j = 0, . . . , d, the convolution operators with 

kernels ζkℛj
and ζkℛ∗

j
are of weak type (1, 1) and bounded on Lp(S) for all p ∈ (1,∞).

Proof. Notice first that (ζkℛj
)∗ = ζ̌kℛ∗

j
, where ζ̌(𝒙) := ζ(𝒙−1) is also in C∞

c (S). So, by 
duality, it is enough to establish Lp-boundedness for p ≤ 2.

To prove this theorem, we apply Proposition 4.1. Note that ℛj is L2-bounded, and 
so is its adjoint ℛ∗

j . Thus, by [35, Lemma 4.1], the convolution operators with kernels 
ζkℛj

and ζkℛ∗
j

are L2-bounded too. We shall now apply Proposition 4.1 to obtain the 
remaining boundedness properties. We only present the argument for ζkℛ∗

j
, as that for 

ζkℛj
is entirely analogous.

From the subordination formula (4.3), we deduce that

√
π kℛ∗

j
=

∑︂
n∈ℤ

2n+1∫︂
2n

t−1/2(Xjht)∗ dt =:
∑︂
n∈ℤ

un.

According to Proposition 4.1, it is enough to verify that (4.1) and (4.2) hold for the 
kernels kn = ζun with constant c = 2−1/2. For all ε > 0 and n ∈ ℤ, we have∫︂

S

|(ζun)(𝒙)| (1 + 2−n/2|𝒙|)ε dρ(𝒙) ≲
∫︂
S

|un(𝒙)| (1 + 2−n/2|𝒙|)ε dρ(𝒙)

=
∫︂
S

|u∗
n(𝒙)| (1 + 2−n/2|𝒙|)ε dρ(𝒙) ≲ε 1,

where the last inequality is given by (4.4). Moreover, (ζun)∗ = ζ̌u∗
n for some ζ̌ ∈ C∞

c (S); 
thus, by the Leibniz rule, if we set K = supp ζ̌, then
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∥∇(ζun)∗∥L1(S) ≲ ∥u∗
n1K∥L1(S) + ∥∇(u∗

n)1K∥L1(S)

≤
2n+1∫︂
2n

t−1/2
∫︂
K

|Xjht(𝒙)| dρ(𝒙) dt

+
d ∑︂

ℓ=0 

2n+1∫︂
2n

t−1/2
∫︂
K

|Xℓ(Xjht)(𝒙)| dρ(𝒙) dt

≲
2n+1∫︂
2n

t−3/2 dt ≃ 2−n/2,

where we used the estimates from Propositions 3.2 and 3.6. □
In order to complete the proof of the Lp-boundedness for p < 2 of the adjoint Riesz 

transforms ℛ∗
j , we can therefore concentrate on their ``parts at infinity'', which shall be 

the focus of the rest of the paper.

5. Kernel asymptotics for the Riesz transforms

Starting from the formula for the heat kernel ht = ke−tΔ in Proposition 3.1, and 
arguing much as in [35, Proposition 2.2], by subordination we can obtain an explicit 
formula for the convolution kernel of Δ−1/2.

Proposition 5.1. The distribution kΔ−1/2 coincides with a smooth function away from the 
origin, and δ−1/2kΔ−1/2 is radial. Moreover, for all r > 0, if d2 is even, then

(δ−1/2kΔ−1/2)(r) = 2−d1− d2
2 π− d+2

2 𝒟̇d2/2
r 𝒟̈d1/2−1

r

(︃
1 

r sinh(r/2)

)︃
, (5.1)

while, if d2 is odd, then

(δ−1/2kΔ−1/2)(r) = 2−d1− d2
2 π− d+3

2 
∞ ∫︂
r

𝒟̇(d2+1)/2
s 𝒟̈d1/2−1

s

(︃
1 

s sinh(s/2)

)︃
dνr(s)

= 2−d1− d2
2 π− d+3

2 𝒟̇(d2+1)/2
r

∞ ∫︂
r

𝒟̈d1/2−1
s

(︃
1 

s sinh(s/2)

)︃
dνr(s).

(5.2)

Proof. Notice that, at least formally,

kΔ−1/2 = 1 √
π

∞ ∫︂
0 

ht
dt 
t1/2

. (5.3)
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Assume first d2 even. Substituting the formula (3.1) into the expression (5.3), we 
obtain

(δ−1/2kΔ−1/2)(r) = 2−d1− d2
2 π− d+1

2 
∞ ∫︂
0 

𝒟̇d2/2
r 𝒟̈d1/2

r hℝt (r) dt 
t1/2

. (5.4)

As d1 is always even, we have d1/2 ≥ 1. In particular, much as in [35, fourth display 
equation on p. 9], for all r > 0,

∞ ∫︂
0 

𝒟̈rh
ℝ
t (r) dt 

t1/2
= 1 

4
√
π

r

sinh(r/2)

∞ ∫︂
0 

e−r2/4t dt
t2

= 1 √
π

1 
r sinh(r/2) . (5.5)

By exchanging differentiation and integration in (5.4) and using (5.5), we obtain the 
expression (5.1).

Now consider the case where d2 is odd. Plugging (3.3) into (5.3), we find

(δ−1/2kΔ−1/2)(r) = 2−d1− d2
2 π− d+2

2 
∞ ∫︂
0 

∞ ∫︂
r

𝒟̇(d2+1)/2
s 𝒟̈d1/2

s hℝt (s) dνr(s) 
dt 
t1/2

. (5.6)

Interchanging the order of integration in (5.6) and using (5.5) and (3.21), we finally 
obtain that

(δ−1/2kΔ−1/2)(r)

= 2−d1− d2
2 π− d+2

2 𝒟̇(d2+1)/2
r

∞ ∫︂
r

𝒟̈d1/2−1
s

∞ ∫︂
0 

𝒟̈sh
ℝ
t (s) dt 

t1/2
dνr(s)

= 2−d1− d2
2 π− d+3

2 𝒟̇(d2+1)/2
r

∞ ∫︂
r

𝒟̈d1/2−1
s

(︃
1 

s sinh(s/2)

)︃
dνr(s),

which is the second expression in (5.2); the first one follows by applying (3.21). □
A variant of the arguments in [35, Proposition 2.3] and [37, Proposition 6.3] now 

allows us to obtain precise asymptotics at infinity for the convolution kernel of Δ−1/2

and its derivatives.

Proposition 5.2. For all r > 0,

(δ−1/2kΔ−1/2)(r) = Cd1,d2Φd1,d2(cosh(r/2)), (5.7)

where
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Cd1,d2 := 2−d1−d2−1π− d1+d2+3
2 , (5.8)

while Φd1,d2 : (1,∞)→ ℝ+ is smooth and satisfies

Φd1,d2(X) =
Γ
(︁
d1
4 + 1

2
)︁
Γ
(︁
d1
4 + d2

2 
)︁

X
d1
2 +d2 logX 

(︃
1 + O

(︃
1 

logX

)︃)︃
as X →∞ (5.9)

and

− 1 
2X∂XΦd1,d2(X) = Φd1,d2+2(X). (5.10)

Proof. Under the change of variables

X = cosh(r/2),

we see that

sinh(r/2) =
√︁

X2 − 1, sinh r = 2X
√︁
X2 − 1, cosh r = 2X2 − 1,

and

r = 2 arccoshX = 2 log(X +
√︁

X2 − 1).

Consequently,

2 
r sinh(r/2) = 1 √

X2 − 1 log(X +
√
X2 − 1)

=: ϕ0(X), (5.11)

where ϕ0 is a smooth function on (1,∞).
Moreover, by the chain rule,

∂X = 2 
sinh(r/2)∂r,

whence, by (3.2),

2𝒟̇r = − 1 
2X∂X =: ℰ̇X , 2𝒟̈r = −∂X =: ℰ̈X . (5.12)

When d2 is even, from (5.1), (5.11) and (5.12) we obtain

(δ−1/2kΔ−1/2)(2 arccoshX) = 21−d1/2√π Cd1,d2 ℰ̇
d2/2
X ℰ̈d1/2−1

X ϕ0(X),

where Cd1,d2 is as in (5.8); when d2 is odd, from (5.2) and the change of variables 
Y = cosh(s/2) we derive
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(δ−1/2kΔ−1/2)(2 arccoshX) = 21−d1/2Cd1,d2

∞ ∫︂
X

ℰ̇(d2+1)/2
Y ℰ̈d1/2−1

Y ϕ0(Y ) 2Y 
(Y 2 −X2)1/2

dY. 

Thus, (5.7) holds true by setting

Φd1,d2(X) :=

⎧⎨⎩21−d1/2√π ℰ̇d2/2
X ℰ̈d1/2−1

X ϕ0(X), d2 even,

21−d1/2
∫︁∞
X
ℰ̇(d2+1)/2
Y ℰ̈d1/2−1

Y ϕ0(Y ) 2Y √
Y 2−X2 dY, d2 odd.

(5.13)

From the above expression, together with (3.21), it is clear that ℰ̇XΦd1,d2(X) =
Φd1,d2+2(X), whence (5.10) follows. In order to derive the asymptotics (5.9), we shall 
now study the behaviour of ℰ̇uX ℰ̈vXϕ0(X) as X →∞ for any u, v ∈ ℕ.

Our strategy is to expand ϕ0(X) into a double series in powers of 1/X and 1/ logX; 
namely, from [35, last display of p. 11], we know that there exist some coefficients cm,ℓ ∈
ℝ, with c0,0 = 1, such that

ϕ0(X) = 1 
X logX

∑︂
ℓ,m≥0

cℓ,m
1 
Xℓ

1 
logm X

, (5.14)

for sufficiently large X. Let us now study the action of the differential operators ℰ̇X =
− 1 

2X ∂X and ℰ̈X = −∂X on the series. We observe that

ℰ̈X
(︃

1 
X

)︃
= 1 

X2 , ℰ̈X
(︃

1 
logX

)︃
= 1 

X log2 X
.

Therefore, termwise differentiation of (5.14) yields that, for any v ∈ ℕ,

ℰ̈vXϕ0(X) = 1 
Xv+1 logX

∑︂
ℓ,m≥0

c0,vℓ,m

1 
Xℓ

1 
logm X

,

where the coefficients satisfy the recurrence relationh c0,v+1
0,0 = (v + 1)c0,v0,0. As c0,00,0 =

c0,0 = 1, we conclude that c0,v0,0 = v!. Similarly, for ℰ̇X , we compute

ℰ̇X
(︃

1 
X

)︃
= 1 

2X3 , ℰ̇X
(︃

1 
logX

)︃
= 1 

2X2 log2 X

and for any u ∈ ℕ,

ℰ̇uX ℰ̈vXϕ0(X) = 1 
Xv+2u+1 logX

∑︂
ℓ,m≥0

cu,vℓ,m

1 
Xℓ

1 
logm X

with recursive structure cu+1,v
0,0 = v+1+2u

2 cu,v0,0 . Using c0,v0,0 = v! = Γ(v+1), we can express 
the leading coefficient explicitly:
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cu,v0,0 = Γ(v/2 + u + 1/2)
Γ(v/2 + 1/2) Γ(v + 1) = π−1/22vΓ(v/2 + 1)Γ(v/2 + u + 1/2),

where the last equality follows from the duplication formula for the Gamma function 
[13, 5.5.5]. Putting everything together, we conclude that, for all u, v ∈ ℕ,

2−v
√
π ℰ̇uX ℰ̈vXϕ0(X) =

Γ
(︁
v+2
2 

)︁
Γ
(︁
v+2u+1

2 
)︁

Xv+2u+1 logX 

(︃
1 + O

(︃
1 

logX

)︃)︃
as X →∞.

Plugging the latter expression into (5.13) immediately gives (5.9) in case d2 is even. 
If instead d2 is odd, we obtain

Φd1,d2(X) =
2Γ

(︁
d1
4 + 1

2
)︁
Γ
(︁
d1
4 + d2+1

2 
)︁

√
π

∞ ∫︂
X

(Y 2 −X2)− 1
2 dY

Y
d1
2 +d2 log Y 

(︃
1 + O

(︃
1 

logX

)︃)︃
(5.15)

and it just remains to estimate the latter integral. Much as in [37, proof of Proposition 
6.3], we apply the binomial series expansion for α > 0 and ξ > η > 0:

(ξ − η)−α =
∑︂
k∈ℕ

(︃
α + k − 1

k

)︃
ξ−α−k ηk (5.16)

(notice that all summands in (5.16) are positive); thus,

∞ ∫︂
X

(Y 2 −X2)− 1
2 dY

Y
d1
2 +d2 log Y 

=
∑︂
k∈ℕ

(︃
k − 1

2
k

)︃
X2k

∞ ∫︂
X

dY 

Y 2k+ d1
2 +d2+1 log Y

=
∑︂
k∈ℕ

(︃
k − 1

2
k

)︃
X2k

∞ ∫︂
(2k+ d1

2 +d2) logX

dx 
x ex

=
∑︂
k∈ℕ

(︁k− 1
2

k

)︁
2k + d1

2 + d2

1 

X
d1
2 +d2 logX

(︃
1 + O

(︃
1 

logX

)︃)︃
,

(5.17)

as X → ∞, where we used that 
∫︁∞
A

dx 
x ex = 1 

A eA
(︁
1 + O

(︁ 1 
A

)︁)︁
for A > 0. Moreover, by 

[15, §1.4, eq. (2)],

∑︂
k∈ℕ

(︁k− 1
2

k

)︁
2k + d1

2 + d2
= 1

2
∑︂
k∈ℕ

(−1)k
(︁− 1

2
k

)︁
k + d1

4 + d2
2 

=
√
π Γ(d1

4 + d2
2 )

2Γ(d1
4 + d2+1

2 ) 
. (5.18)

Plugging (5.17) and (5.18) into (5.15) eventually yields (5.9) for d2 odd. □
By differentiating the expression for kΔ−1/2 in Proposition 5.2, we now derive expres

sions for the convolution kernels of the Riesz transforms ℛj = XjΔ−1/2.
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Proposition 5.3. With the notation of Proposition 5.2, for all 𝒙 = (x, z, a) ∈ S\{(0, 0, 1)}, 
if we set r = |𝒙| then

kℛ0−ℛ∗
0 (𝒙) = −1

2Cd1,d2a
−Q/2

(︃
1− 1 

a

)︃(︃
1 + a + |x|

2

4 

)︃
Φd1,d2+2(cosh(r/2)), (5.19)

and, for j = 1, . . . , d1,

kℛj
(𝒙) = −Cd1,d2

4 
a−(Q+1)/2

(︃(︃
1 + a + |x|

2

4 

)︃
xj + [x, ej ] · z

)︃
Φd1,d2+2(cosh(r/2)),

(5.20)
while, for j = 1, . . . , d2,

kℛj+d1
(𝒙) = −Cd1,d2

2 
a−Q/2zjΦd1,d2+2(cosh(r/2)). (5.21)

Proof. For j = 0, . . . , d,

kℛj
= XjkΔ−1/2 = (Xjδ

1/2) δ−1/2kΔ−1/2 + δ1/2Xj(δ−1/2kΔ−1/2). (5.22)

Now, (5.7) expresses δ−1/2kΔ−1/2 in terms of Φd1,d2 ; moreover, with the notation r = |𝒙|, 
from the chain rule and (5.10) we derive that

Xj(Φd1,d2(cosh(r/2)))

= Φ′
d1,d2

(cosh(r/2)) Xj(cosh(r/2))

= Φ′
d1,d2

(cosh(r/2)) 1 
2 cosh(r/2)Xj(cosh2(r/2))

= −Φd1,d2+2(cosh(r/2)) Xj(cosh2(r/2)).

(5.23)

In addition, from the formulas (2.6), (2.10) and (2.11), it is easily seen that

X0(cosh2(r/2)) = − cosh2(r/2) + 1
2

(︃
1 + a + |x|

2

4 

)︃
,

Xj(cosh2(r/2)) = a−1/2

4 

(︃(︃
1 + a + |x|

2

4 

)︃
xj + [x, ej ] · z

)︃
for j = 1, . . . , d1,

Xj+d1(cosh2(r/2)) = zj
2 

for j = 1, . . . , d2.

(5.24)
Thus, by combining equations (5.7), (5.22), (5.23), (3.10) and (5.24), we immediately 

obtain (5.20) and (5.21), together with
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kℛ0(𝒙) = −Q

2 
Cd1,d2 a

−Q/2Φd1,d2(cosh(r/2))

− 1
2Cd1,d2a

−Q/2
(︃

1 + a + |x|
2

4 
− 2 cosh2(r/2)

)︃
Φd1,d2+2(cosh(r/2)). (5.25)

Now, by using the fact that (δ1/2f)∗(𝒙) = δ1/2(𝒙)f(𝒙−1), we also get

kℛ∗
0 (𝒙) = k∗

ℛ0
(𝒙) = −Q

2 
Cd1,d2 a

−Q/2Φd1,d2(cosh(r/2))

− 1
2Cd1,d2a

−Q/2
(︃

1 
a
(1 + a + |x|

2

4 
)− 2 cosh2(r/2)

)︃
Φd1,d2+2(cosh(r/2)), (5.26)

and (5.19) follows by subtracting (5.25) from (5.26). □
We shall say that a function F ∈ L1

loc(S \ {(0, 0, 1)}) is integrable at infinity if F is 
integrable on the complement of any neighbourhood of the identity element.

We can now use the integration formulas from Lemma 2.1 and Corollary 2.2 to simplify 
the expressions for the kernels of the Riesz transforms obtained in Proposition 5.3, by 
identifying a main term and a remainder, where the latter is integrable at infinity. The 
following result may be compared to [35, Proposition 3.4].

For a function F : N → ℂ and λ > 0, as in (2.9), we shall use the notation

F(λ)(x, z) := λ−QF (𝔡1/λ(x, z)) = λ−QF (λ−1/2x, λ−1z).

This notation will be of convenience in presenting the following expressions.

Proposition 5.4. We can write

kℛ0−ℛ∗
0 = −C̃d1,d2(K̃0 + K0) + p0, (5.27)

kℛ∗
j

= −C̃d1,d2Kj + pj for j = 1, . . . , d, (5.28)

where

C̃d1,d2 := 21− d1
2 π− d1+d2+3

2 Γ
(︃
d1

4 
+ 1

2

)︃
Γ
(︃
d1

4 
+ d2

2 
+ 1

)︃
, (5.29)

the pj are integrable at infinity for j = 0, . . . , d, while

K̃0(𝒙) = r0(x, z) 
1{a≥e} + 1{a≤ 1

e }
log a 

, (5.30)

K0(𝒙) =
[︁
(r0)(a)(x, z)− r0(x, z)

]︁ 1{a≥e}
log a 

, (5.31)

Kj(𝒙) = rj(x, z) 
1{a≤ 1

e }
log a 

for j = 1, . . . , d, (5.32)
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and

r0(x, z) =
1 + 1

4 |x|2

H(x, z)Q+2
2 

, (5.33)

rj(x, z) = 1
2

(︁
1 + 1

4 |x|2
)︁
xj − [x, ej ] · z

H(x, z)Q+2
2 

for j = 1, . . . , d1, (5.34)

rj+d1(x, z) = zj

H(x, z)Q+2
2 

for j = 1, . . . , d2, (5.35)

and

H(x, z) :=
(︃

1 + 1
4 |x|

2
)︃2

+ |z|2. (5.36)

Proof. Recall that Q = d1
2 + d2 and notice that, by (5.8) and (5.29),

Cd1,d2Γ
(︃
d1

4 
+ 1

2

)︃
Γ
(︃
d1

4 
+ d2

2 
+ 1

)︃
= 2−Q−2C̃d1,d2 .

Thus, by Propositions 5.2 and 5.3, we obtain that, for j = 1, . . . , d2,

kℛj+d1
(𝒙) = −Cd1,d2

2 
a−Q/2zjΦd1,d2+2(cosh(r/2))

= − C̃d1,d2

2Q+3
δ

1
2 (𝒙) zj

coshQ+2 r
2 log cosh r

2
(1 + O(r−1)),

(5.37)

as r →∞, where we use the notation r = |𝒙|. From (2.14) we see that the contribution 
from the Big-O term in (5.37) is integrable at infinity, as

∫︂
r≥1

δ
1
2 (𝒙) |z| r−1

coshQ+2 r
2 log cosh r

2
dρ(𝒙) ≃

∞ ∫︂
1 

e−
Q+2

2 rr−2e
Q+2

2 r dr <∞.

Similarly, the main term in (5.37) for a ≤ e is integrable at infinity by (2.15):

∫︂
r≥1

1{a≤e}
δ

1
2 (𝒙) |z| r−1

coshQ+2 r
2 log cosh r

2
dρ(𝒙) ≃

∞ ∫︂
1 

e−
Q+2

2 rr−1e
Q+1

2 r dr <∞.

This proves that kℛj+d1
(𝒙) differs from

− C̃d1,d2

2Q+3
δ

1
2 (𝒙) zj

coshQ+2 r
2 log cosh r

2
1{a≥e} (5.38)
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by a term which is integrable at infinity.
Now, from (2.11), if a ≥ e, then

cosh r

2 = a
1
2

2 

⎡⎣(︄1 + a−1 + 1
4

⃓⃓⃓⃓
x 

a
1
2

⃓⃓⃓⃓2)︄2

+
⃓⃓⃓z
a

⃓⃓⃓2⎤⎦
1
2

= a
1
2

2 

⎡⎣(︄1 + 1
4

⃓⃓⃓⃓
x 

a
1
2

⃓⃓⃓⃓2)︄2

+
⃓⃓⃓z
a

⃓⃓⃓2
+ a−2 + 2a−1

(︄
1 + 1

4

⃓⃓⃓⃓
x 

a
1
2

⃓⃓⃓⃓2)︄⎤⎦
1
2

= a
1
2

2 
H(𝔡1/a(x, z))

1
2 (1 + O(a−1)),

(5.39)

where we are using the notation (1.2) and (5.36); additionally,

log cosh r

2 = 1
2 log a + 1

2 logH(𝔡1/a(x, z))− log 2 + O(a−1),

hence,

1 
log cosh r

2
= 1 

1
2 log a

−
1
2 logH(𝔡1/a(x, z))− log 2 + O(a−1)

1
2 log a log cosh r

2

= 1 
1
2 log a

(︃
1 + O

(︃1 + logH(𝔡1/a(x, z))
log a 

)︃)︃
;

(5.40)

here we have used the fact that, by (2.12), log cosh r
2 ≃ r ≥ log a ≥ 1 for a ≥ e. From 

(5.39) and (5.40) we obtain in particular that

1 

coshQ+2 r
2 log cosh r

2
= 2Q+3a−Q/2−1

H(𝔡1/a(x, z))
Q+2

2 log a

(︃
1 + O

(︃1 + logH(𝔡1/a(x, z))
log a 

)︃)︃
.

(5.41)
By using (5.41), the term (5.38) can be rewritten as

−C̃d1,d2

a−Q(zj/a) 
H(𝔡1/a(x, z))

Q+2
2 log a

1{a≥e}

(︃
1 + O

(︃1 + logH(𝔡1/a(x, z))
log a 

)︃)︃
. (5.42)

Now, the contribution from the Big-O item in (5.42) is integrable, as

∞ ∫︂
e 

∫︂
N

a−Q|z/a| 
H(𝔡1/a(x, z))

Q+2
2 log a

1 + logH(𝔡1/a(x, z))
log a 

dx dz da
a 

=
∞ ∫︂
1 

∫︂
N

|z|
u2

1 + log
(︂(︁

1 + 1
4 |x|2

)︁2 + |z|2
)︂

[︂(︁
1 + 1

4 |x|2
)︁2 + |z|2

]︂Q+2
2 

dx dz du <∞. 
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For the remaining part in (5.42), we take adjoints and obtain that kℛ∗
j+d1

= k∗
ℛj+d1

differs from

−C̃d1,d2

zj

H(x, z)Q+2
2 

1{a≤ 1
e }

log a 

by a term which is integrable at infinity. In light of (5.35), this proves (5.28) for j =
d1 + 1, . . . , d1 + d2.

When j = 1, . . . , d1, from Propositions 5.2 and 5.3, we obtain that

kℛj
(𝒙) = −Cd1,d2

4 
a−(Q+1)/2

(︃
(1 + a + |x|

2

4 
)xj + [x, ej ] · z

)︃
Φd1,d2+2(cosh(r/2))

= − C̃d1,d2

2Q+4

δ
1
2 (𝒙) a−1/2

(︂
(1 + a + |x|2

4 )xj + [x, ej ] · z
)︂

coshQ+2 r
2 log cosh r

2
(1 + O(r−1)).

(5.43)

From (2.25) we see that the contribution from the Big-O item in (5.43) is integrable at 
infinity, as

∫︂
r≥1

δ
1
2 (𝒙) a−1/2

(︂
(1 + a + |x|2

4 )|x|+ |z||x|
)︂

coshQ+2 r
2 log cosh r

2

1
r

dρ(𝒙) ≃
∞ ∫︂
1 

e−
Q+2

2 rr−2 e
Q+2

2 r dr.

Now, in the main term in (5.43), we split the factor (1 + a + |x|2
4 )xj + [x, ej ] · z as the 

sum of xj and (a + |x|2
4 )xj + [x, ej ] · z. The part corresponding to the first summand xj

is integrable at infinity by (2.14), as

∫︂
r≥1

δ
1
2 (𝒙) a−1/2|x| 

coshQ+2 r
2 log cosh r

2
dρ(𝒙) ≃

∞ ∫︂
1 

e−
Q+2

2 rr−1 e
Q+1

2 r dr.

As for the part corresponding to the second summand, by (2.26) it is integrable at infinity 
when restricted to a ≤ e, as

∫︂
r≥1

1{a≤e}
δ

1
2 (𝒙) a−1/2

(︂
(a + |x|2

4 )|x|+ |z||x|
)︂

coshQ+2 r
2 log cosh r

2
dρ(𝒙) ≃

∞ ∫︂
1 

e−
Q+2

2 rr−1e(Q
2 + 3

4 )r dr.

Gathering these facts together, we conclude that kℛj
(𝒙) differs from

− C̃d1,d2

2Q+4

δ
1
2 (𝒙) a−1/2

(︂
(a + |x|2

4 )xj + [x, ej ] · z
)︂

coshQ+2 r
2 log cosh r

2
1{a≥e}
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by a term that is integrable at infinity. By (5.41), the latter expression can be rewritten 
as

− C̃d1,d2

2 
a−QLj(𝔡1/a(x, z)) 

H(𝔡1/a(x, z))
Q+2

2 log a
1{a≥e}

(︃
1 + O

(︃1 + logH(𝔡1/a(x, z))
log a 

)︃)︃
, (5.44)

where

Lj(x, z) := (1 + |x|2/4)xj + [x, ej ] · z.

Now, the contribution from the Big-O item in (5.44) is integrable, as

∞ ∫︂
e 

∫︂
N

a−Q|Lj(𝔡1/a(x, z))| 
H(𝔡1/a(x, z))

Q+2
2 log a

1 + logH(𝔡1/a(x, z))
log a 

dx dz da
a 

≲
∞ ∫︂
1 

∫︂
N

(︁
1 + 1

4 |x|2
)︁
|x|+ |x||z|

u2

1 + log
(︂(︁

1 + 1
4 |x|2

)︁2 + |z|2
)︂

[︂(︁
1 + 1

4 |x|2
)︁2 + |z|2

]︂Q+2
2 

dx dz du <∞. 

For the remaining part in (5.44), we take adjoints and obtain that kℛ∗
j

= k∗
ℛj

differs 
from

− C̃d1,d2

2 

(︁
1 + 1

4 |x|2
)︁
xi − [x, ei] · z[︂(︁

1 + 1
4 |x|2

)︁2 + |z|2
]︂Q+2

2 

1{a≤ 1
e }

log a 

by a term which is integrable at infinity. In light of (5.34), this proves (5.28) for j =
1, . . . , d1.

In a similar way we can discuss the kernel kℛ0−ℛ∗
0 . From Proposition 5.3 and Propo

sition 5.2 we obtain that

kℛ0−ℛ∗
0 (𝒙) = − C̃d1,d2

2Q+3
δ

1
2 (𝒙) (1− a−1)(1 + a + |x|2

4 )
coshQ+2 r

2 log cosh r
2

(1 + O(r−1)).

From Corollary 2.2 (formulas (2.28) and (2.27)), we then see that kℛ0−ℛ∗
0 differs from

− C̃d1,d2

2Q+3
δ

1
2 (𝒙) (1− a−1)(1 + a + |x|2

4 )
coshQ+2 r

2 log cosh r
2

1{a≤ 1
e }∪{a≥e}, (5.45)

by a term which is integrable at infinity.
We first restrict our attention to the region where a ≥ e. If a ≥ e, then

(1− a−1)(1 + a + |x|
2

4 
) = a

(︄
1 + 1

4

⃓⃓⃓⃓
x 

a
1
2

⃓⃓⃓⃓2)︄
(1 + O(a−1));
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combined with (5.41), this allows us to rewrite the part of (5.45) where a ≥ e as

−C̃d1,d2

a−Q

(︃
1 + 1

4

⃓⃓⃓
x 
a

1
2

⃓⃓⃓2)︃
H(𝔡1/a(x, z))

Q+2
2 log a

1{a≥e}

(︃
1 + O

(︃1 + logH(𝔡1/a(x, z))
log a 

)︃)︃
.

The contribution from the Big-O item in the above expression is integrable, as

∞ ∫︂
e 

∫︂
N

a−Q

(︃
1 + 1

4

⃓⃓⃓
x 
a

1
2

⃓⃓⃓2)︃
H(𝔡1/a(x, z))

Q+2
2 log a

1 + logH(𝔡1/a(x, z))
log a 

dx dz da
a 

=
∞ ∫︂
1 

∫︂
N

1 + 1
4 |x|2
u2

1 + log
(︂(︁

1 + 1
4 |x|2

)︁2 + |z|2
)︂

(︂(︁
1 + 1

4 |x|2
)︁2 + |z|2

)︂Q+2
2 

dx dz du <∞. 

Thus, in the region where a ≥ e, kℛ0−ℛ∗
0 (𝒙) differs from

−C̃d1,d2

a−Q

(︃
1 + 1

4

⃓⃓⃓
x 
a

1
2

⃓⃓⃓2)︃
H(𝔡1/a(x, z))

Q+2
2 

1{a≥e}
log a 

by a term which is integrable at infinity. As k∗
ℛ0−ℛ∗

0
= −kℛ0−ℛ∗

0 , by taking adjoints we 
deduce that, in the region where a ≤ 1

e , kℛ0−ℛ∗
0 (𝒙) differs from

−C̃d1,d2

1 + 1
4 |x|2

H(x, z)Q+2
2 

1{a≤1/e}
log a 

by a term which is integrable at infinity. By summing the two expressions above, we 
finally deduce that kℛ0−ℛ∗

0 (𝒙) differs from

−C̃d1,d2

⎡⎢⎢⎣a−Q

(︃
1 + 1

4

⃓⃓⃓
x 
a

1
2

⃓⃓⃓2)︃
H(𝔡1/a(x, z))

Q+2
2 

1{a≥e}
log a 

+
1 + 1

4 |x|
2

H(x, z)Q+2
2 

1{a≤1/e}
log a 

⎤⎥⎥⎦
by a term which is integrable at infinity. In light of (5.31), (5.30) and (5.33), this proves 
(5.27). □
Proposition 5.5. The functions rj for j = 1, . . . , d from Proposition 5.4 can be rewritten 
as

rj = Q−1(X♭
jH

−Q/2)∗ (5.46)

where H is as in (5.36), and ∗ denotes involution on N .
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Proof. From (5.36) we see that

∇x[H(x, z)−Q/2] = −Q

2 
H(x, z)−(Q+2)/2

(︃
1 + 1

4 |x|
2
)︃
x,

∇z[H(x, z)−Q/2] = −Q

2 
H(x, z)−(Q+2)/2 2z.

So from (2.1) we deduce that

X♭
jH

−Q/2(x, z) = −Q
(︁
1 + 1

4 |x|2
)︁
xj + [x, ej ] · z

2 H(x, z)(Q+2)/2 for j = 1, . . . , d1,

X♭
j+d1

H−Q/2(x, z) = −Q zj
H(x, z)(Q+2)/2 for j = 1, . . . , d2.

By taking adjoints,

(X♭
jH

−Q/2)∗(x, z) = Q

(︁
1 + 1

4 |x|2
)︁
xj − [x, ej ] · z

2 H(x, z)(Q+2)/2 for j = 1, . . . , d1,

(X♭
j+d1

H−Q/2)∗(x, z) = Q
zj

H(x, z)(Q+2)/2 for j = 1, . . . , d2,

which, in light of (5.34) and (5.35), gives (5.46). □
6. Reduction to the parts at infinity

Remark 6.1. By formula (2.5), the measure space (S,dρ) is the product of the measure 
spaces (N, dx dz) and (ℝ+,da/a). In particular, we can think of the Lebesgue space Lp(S)
as Lp(N ×ℝ+). In addition, the change of variables a = eu is a Lie group isomorphism 
between ℝ+ (with multiplication) and ℝ (with addition), and can be used to identify 
the measure space (ℝ+,da/a) with (ℝ,du). These considerations will be central in what 
follows.

In this section, we shall show that the Lp-boundedness properties of the adjoint Riesz 
transforms ℛ∗

j can be reduced to analogous properties of the convolution operators with 
the kernels K̃0,K0,K1, . . . ,Kd introduced in Proposition 5.4.

Among those, the kernel K̃0 is the easiest to deal with (cf. [35, Proposition 4.4]).

Proposition 6.2. Let K̃0 be as in Proposition 5.4. Then the operator

f ↦→ f ∗ K̃0

is of weak type (1, 1) and bounded on Lp(S) for all p ∈ (1,∞).
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Proof. Recall from (5.30) that K̃0(𝒙) = r0(x, z)J(log a), where J(u) := 1{|u|≥1}
u . From 

(2.8) we then see that

(f ∗ K̃0)[a] =
∫︂
ℝ+

(f [a′] ∗N (r0)(a′)) J(log a− log a′) da
′

a′
.

In other words, if we use the notation (2.9) and

f[(x,z)](u) := f(x, z, eu),

then f ∗ K̃0 = ABf , where the operators A and B are given by

(Bf)[a] = f [a] ∗N (r0)(a), (Af)[(x,z)] = f[(x,z)] ∗ℝ J.

Now, from (5.33) we see that r0 ∈ L1(N), and the scaling F ↦→ F(λ) preserves the 
L1(N)-norm, thus from Remark 6.1 and Fubini’s theorem it readily follows that B is 
Lp(S)-bounded for all p ∈ [1,∞].

On the other hand, J is the truncation of a Calderón–Zygmund kernel on ℝ, thus 
the corresponding convolution operator is of weak type (1, 1) and bounded on Lp(ℝ) for 
p ∈ (1,∞), see [46, Chapter I, Section 7.1]. As a consequence (see Remark 6.1), A is of 
weak type (1, 1) and bounded on Lp(S) for p ∈ (1,∞). □

In light of the previous proposition and Theorem 4.3, we can now connect the Lp
boundedness properties of ℛj with those of the convolution with kernel Kj .

Proposition 6.3. Let p ∈ (1, 2] and j ∈ {0, . . . , d}. The convolution operator f ↦→ f ∗Kj

is Lp(S)-bounded if and only if ℛ∗
j is.

Proof. Consider first j ≥ 1. Let ζ ∈ C∞
c (S) be identically one on a neighbourhood of 

the identity element. Then we can decompose

ℛ∗
jf = f ∗ kℛ∗

j
= f ∗ (ζkℛ∗

j
) + f ∗ ((1− ζ)kℛ∗

j
).

Now, f ↦→ f ∗ (ζkℛ∗
j
) is Lp-bounded by Theorem 4.3. Moreover, by Proposition 5.4, we 

can write

−C̃−1
d1,d2

(1− ζ)kℛ∗
j

= Kj − ζKj − C̃−1
d1,d2

(1− ζ)pj ,

where C̃d1,d2 ∈ ℝ+ and Kj ∈ L1
loc(S), while pj is integrable at infinity. As ζ is compactly 

supported and 1 − ζ vanishes in a neighbourhood of the identity, we have −ζKj −
C̃−1

d1,d2
(1 − ζ)pj ∈ L1(S), thus the corresponding convolution operator is Lp-bounded. 

This shows that ℛ∗
j is Lp-bounded if and only if f ↦→ f ∗Kj is.
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In the case j = 0, we first notice that, as ℛ0 is Lp-bounded by Theorem 4.2, we have 
that ℛ∗

0 is Lp-bounded if and only if the difference ℛ0 −ℛ∗
0 is. So, much as before, we 

write

(ℛ0 −ℛ∗
0)f = f ∗ (ζkℛ0)− f ∗ (ζkℛ∗

0 ) + f ∗ ((1− ζ)kℛ0−ℛ∗
0 ).

Now, the Lp-boundedness of f ↦→ f∗(ζkℛ0) and f ↦→ f∗(ζkℛ∗
0 ) follows from Theorem 4.3. 

On the other hand, by Proposition 5.4,

−C̃−1
d1,d2

(1− ζ)kℛ0−ℛ∗
0 = K0 + K̃0 − ζ(K0 + K̃0)− C̃−1

d1,d2
(1− ζ)p0,

where p0 is integrable at infinity, while K0, K̃0 ∈ L1
loc(S); therefore −ζ(K0 + K̃0) −

C̃−1
d1,d2

(1− ζ)p0 ∈ L1(S) and the corresponding convolution operator is Lp-bounded. As 
f ↦→ f ∗ K̃0 is Lp-bounded by Proposition 6.2, we conclude that ℛ0−ℛ∗

0 is Lp-bounded 
if and only if f ↦→ f ∗K0 is. □

Recall from (5.32) and Proposition 5.5 that, for j = 1, . . . , d, the kernels Kj have the 
form

Kj(𝒙) = rj(x, z) 
1{a≤ 1

e }
log a 

, where rj = Q−1(X♭
jH

−Q/2)∗

and H is given in (5.36). We shall now reduce the Lp-boundedness properties for the 
corresponding convolution operators to that of two convolution operators defined in 
terms of the sub-Laplacian ℒ on N ; this reduction exploits the Lp-boundedness of the 
Riesz transforms associated with ℒ and may be compared to that in [38, Proposition 
3.5].

Proposition 6.4. Define

K𝔳(𝒙) := r𝔳(x, z) 
1{a≤ 1

e }
log a 

, where r𝔳 := ℒ1/2H−Q/2,

K𝔷(𝒙) := r𝔷(x, z) 
1{a≤ 1

e }
log a 

, where r𝔷 := ℒH−Q/2.

(6.1)

Let p ∈ (1,∞).

(i) If f ↦→ f ∗K𝔳 is Lp(S)-bounded, then the operators f ↦→ f ∗Kj are Lp(S)-bounded 
for j = 1, . . . , d1.

(ii) If f ↦→ f ∗K𝔷 is Lp(S)-bounded, then the operators f ↦→ f ∗Kj are Lp(S)-bounded 
for j = d1 + 1, . . . , d1 + d2.

Proof. Much as in the proof of Proposition 6.2, we can write f ∗Kj = A𝔫Bjf , f ∗K𝔳 =
A𝔫B𝔳f and f ∗K𝔷 = A𝔫B𝔷f , where
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(A𝔫f)[(x,z)] = f[(x,z)] ∗ℝ J𝔫, (Bjf)[a] = f [a] ∗N (rj)(a),

(B𝔳f)[a] = f [a] ∗N (r𝔳)(a), (B𝔷f)[a] = f [a] ∗N (r𝔷)(a),

and J𝔫(u) = 1{u≤−1}
u .

Now, for j = 1, . . . , d1,

Qrj = (X♭
jH

−Q/2)∗ = (X♭
jℒ−1/2ℒ1/2H−Q/2)∗ = (r𝔳 ∗N kℛN

j
)∗ = k∗

ℛN
j
∗N r𝔳,

where ℛN
j := X♭

jℒ−1/2 is a first-order Riesz transform relative to the sub-Laplacian ℒ
on N , and we used that r∗𝔳 = r𝔳 (as H∗ = H and ℒ is self-adjoint). As a consequence,

(QBjf)[a] = f [a] ∗N k∗
ℛN

j
∗N (r𝔳)(a) = ((ℛN

j )∗f [a]) ∗N (r𝔳)(a),

where we also used that (k∗
ℛN

j
)(a) = k∗

ℛN
j

by the 0-homogeneity of ℛN
j = X♭

jℒ−1/2.
In other words, for j = 1, . . . , d1, we can write

A𝔫Bj = Q−1A𝔫B𝔳((ℛN
j )∗ ⊗ id), (6.2)

where

((ℛN
j )∗ ⊗ id)f)[a] = (ℛN

j )∗f [a].

In much the same way, for j = d1 + 1, . . . , d1 + d2, we obtain that

A𝔫Bj = Q−1A𝔫B𝔷((ℛN
j )∗ ⊗ id), (6.3)

where ℛN
j := X♭

jℒ−1 is a second-order Riesz transform relative to ℒ on N ; indeed, as 𝔷 =
[𝔳, 𝔳], we can write X♭

j as a linear combination of products X♭
kX

♭
ℓ with k, ℓ ∈ {1, . . . , d1}.

Now, Riesz transforms on N of arbitrary order are known to be Lq(N)-bounded for 
all q ∈ (1,∞) [5,14,16,30]. Thus, if A𝔫B𝔳 is Lp(S)-bounded, from (6.2) we deduce that 
the operators A𝔫Bj for j = 1, . . . , d1 are Lp(S)-bounded too. Similarly, if A𝔫B𝔷 is Lp(S)
bounded, from (6.3) we deduce that the operators A𝔫Bj for j = d1 + 1, . . . , d1 + d2 are 
Lp(S)-bounded too. □

By Propositions 6.3 and 6.4, the problem of the Lp-boundedness for p ∈ (2,∞) of the 
Riesz transforms ℛj is thus reduced to that of the Lp-boundedness for p ∈ (1, 2) of the 
convolution operators by the kernels K0,K𝔳,K𝔷 from (5.31) and (6.1).

Crucially, the functions r0, r𝔳, r𝔷 on N appearing in the definition of K0,K𝔳,K𝔷 are 
radial in the first-layer variable x; so, as we shall see in Section 8, the convolution 
operators with kernels r0, r𝔳, r𝔷 on N are in the joint functional calculus for the sub
Laplacian ℒ and the central derivatives −i∇z on N .

This is essentially what will allow us to consider the convolution operators by 
K0,K𝔳,K𝔷 on S as belonging to an operator-valued joint functional calculus for 
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(ℒ,−i∇z), and eventually deduce their Lp-boundedness from a suitable operator-valued 
spectral multiplier theorem, which we prove in Section 7.

7. An operator-valued multiplier theorem for the joint functional calculus of a system 
of commuting self-adjoint operators

This section is devoted to proving a multivariable analogue to [37, Theorem 7.7]. 
Roughly speaking, we are going to prove that, if for a pairwise strongly commuting 
system of self-adjoint operators we have a scalar-valued spectral multiplier theorem of 
Mihlin–Hörmander type on Lp for some p ∈ (1,∞), then we also have an analogous 
operator-valued spectral multiplier theorem.

The present section is essentially self-contained and independent of the rest of the 
paper. In the next section, we shall apply the operator-valued spectral multiplier the
orem proved here to the system (ℒ,−i∇z) made of the sub-Laplacian and the central 
derivatives on the H-type group N . Our proof of the multiplier theorem, however, applies 
more generally to a system (L1, . . . , Ln) of commuting self-adjoint operators on L2(X)
for some measure space X, and we present the result in this greater generality.

Central to our discussion is the notion of R-boundedness for a family of operators, 
whose definition we recall here for the reader’s convenience, referring to [23, Definition 
8.1.1(1) and Remark 8.1.2] for additional details.

Definition 7.1. Let Z be a Banach space and let 𝒯 ⊆ 𝔏(Z). We say that the family 
of operators 𝒯 is R-bounded if there exists a constant C > 0 such that for any finite 
sequences (Tm)m̄m=1 in 𝒯 and (zm)m̄m=1 in Z,

1 ∫︂
0 

⃦⃦⃦⃦
⃦

m̄∑︂
m=1

εm(t)Tmzm

⃦⃦⃦⃦
⃦
Z

dt ≤ C

1 ∫︂
0 

⃦⃦⃦⃦
⃦

m̄∑︂
m=1

εm(t)zm

⃦⃦⃦⃦
⃦
Z

dt;

here (εm)m is an independent sequence of Rademacher functions on [0, 1]. The smallest 
constant C for which the above inequality holds is denoted by ℜZ(𝒯 ).

We recall the definition of the local scale-invariant Sobolev norm on ℝn that we shall 
use in our discussion. Namely, for F : ℝn → ℂ, s ≥ 0, q ∈ [1,∞], we set

∥F∥Lq
s,sloc

:= sup
t>0 
∥F (t·) ϕ∥Lq

s(ℝn) , (7.1)

where Lq
s(ℝn) is the Lq-Sobolev space of order s, while ϕ ∈ C∞

c (ℝ̇n) is a nonnegative 
cutoff such that 

⋃︁
t>0 t ·{x ∈ ℝn : ϕ(x) ̸= 0} = ℝ̇n. It is easily seen that different choices 

of the cutoff ϕ lead to equivalent norms, and moreover

∥F∥Lq
s,sloc

≲q,s,k max 
|α|≤k

sup 
ξ∈ℝ̇n

|∂α
ξ F (ξ)| ≲q,s′,k ∥F∥Lq

s′,sloc
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for any k ∈ ℕ and s, s′ ∈ [0,∞) with s ≤ k < s′ − n/q; for additional details, see, e.g., 
[31, Section 2.4].

We can now state our assumption on the system of operators (L1, . . . , Ln).

Assumption 7.2. L⃗ := (L1, . . . , Ln) is a pairwise strongly commuting system of self
adjoint operators on L2(X), where (X,μ) is a σfinite measure space. Moreover, for some 
p ∈ (1,∞) and ς ∈ [0,∞), the system of operators L⃗ admits a bounded L∞

s,sloc-functional 
calculus on Lp(X) for all s > ς: in other words, for all s > ς and for all bounded Borel 
functions F : ℝn → ℂ such that ∥F∥L∞

s,sloc
< ∞, the operator F (L⃗) = F (L1, . . . , Ln), 

initially defined on L2(X), extends to a bounded operator on Lp(X), and

∥F (L⃗)∥𝔏(Lp(X)) ≲L⃗,p,s ∥F∥L∞
s,sloc

. (7.2)

By applying (7.2) with F = 1{0}, we see that, under Assumption 7.2, the operators 
L1, . . . , Ln are jointly injective, i.e., the spectral measure of {0} in the joint spectrum of 
L1, . . . , Ln is zero. In particular, the operator F (L⃗) only depends on the restriction of 
F : ℝn → ℂ to ℝ̇n.

The existence of a L∞
s,sloc-bounded functional calculus on Lp for a system L⃗ of com

muting self-adjoint operators on L2 can often be deduced as a consequence of suitable 
“heat kernel bounds''; we refer, e.g., to [34, Section 6] for a more detailed discussion with 
examples and further references to the literature. For the clarity of the presentation, 
the definition in (7.1) of the scale-invariant Sobolev norm used here involves isotropic 
dilations on ℝ̇n; however, one could consider, as in [34, Theorem 6.1], more general 
nonisotropic dilations.

We now want to make sense of an operator-valued functional calculus for L⃗ =
(L1, . . . , Ln). To this purpose, we recall from [37, Definition 7.4] some definitions about 
operator-valued functions (in [37] they are presented for n = 1 only, but the multivariate 
extension is straightforward).

Throughout this section, we assume that (Y, ν) is a σfinite measure space which is 
separable, i.e., such that L1(Y ) (equivalently, any Lp(Y ) with p ∈ [1,∞)) is a separable 
Banach space.

Definition 7.3. Let U ⊆ ℝ̇n be open and let M : U → 𝔏(L2(Y )).

(a) We say that M is measurable if the matrix coefficients

ξ ↦→ ⟨M(ξ)f, g⟩ (7.3)

are measurable on U for all f, g ∈ L2(Y ). In this case, as L2(Y ) is separable, the 
function

ξ ↦→ ∥M(ξ)∥𝔏(L2(Y )) (7.4)
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is also measurable.
(b) We say that M is locally bounded if the function (7.4) is.
(c) We say that M is of class Ck for k ∈ ℕ, if the matrix coefficients (7.3) are of class 

Ck on U for all f, g ∈ L2(Y ). In this case, from the Banach–Steinhaus theorem, 
one can deduce that, for any ξ ∈ U and |α| ≤ k, there exist operators in 𝔏(L2(Y )), 
denoted by ∂α

ξ M(ξ), such that

⟨∂α
ξ M(ξ)f, g⟩ = ∂α

ξ ⟨M(ξ)f, g⟩ ∀f, g ∈ L2(Y ).

(d) We say that M is continuous if M is of class C0.
(e) We say that M is of class C∞ if it is of class Ck for all k ∈ ℕ.

The following lemma, which includes a multivariate version of [38, Remark 3.3], will 
be useful when checking that a given operator-valued function is of class Ck in the sense 
of Definition 7.3.

Lemma 7.4. Let U ⊆ ℝ̇n be open, k ∈ ℕ, and M : U → 𝔏(L2(Y )).

(i) If M is locally bounded, and moreover fm → f and gm → g in L2(Y ), then

⟨M(ξ)fm, gm⟩ → ⟨M(ξ)f, g⟩ locally uniformly in ξ ∈ U.

(ii) M is continuous if and only if M is locally bounded and there exists a dense 
subclass 𝒜 ⊆ L2(Y ) such that, for all f, g ∈ 𝒜, the matrix coefficients (7.3) are 
continuous on U .

(iii) M is of class Ck if and only if there exist, for all α ∈ ℕd with |α| ≤ k, continuous 
functions Mα : U → 𝔏(L2(Y )) and a dense subclass 𝒜 ⊆ L2(Y ) such that, for all 
f, g ∈ 𝒜, the matrix coefficients (7.3) are of class Ck on U and, for |α| ≤ k, there 
holds

∂α
ξ ⟨M(ξ)f, g⟩ = ⟨Mα(ξ)f, g⟩ ∀f, g ∈ 𝒜 ∀ξ ∈ U.

In this case, ∂α
ξ M(ξ) = Mα(ξ) for |α| ≤ k and ξ ∈ U .

Proof. (i). This simply follows from the estimate

|⟨M(ξ)fm, gm⟩ − ⟨M(ξ)f, g⟩|

≤ ∥M(ξ)∥𝔏(L2(Y ))

[︃
∥gm − g∥L2(Y ) sup

ℓ 
∥fℓ∥L2(Y ) + ∥fm − f∥L2(Y )∥g∥L2(Y )

]︃
. 

(ii). If M is continuous, then the local boundedness of (7.4) follows from that of 
the matrix coefficients (7.3) by the Banach–Steinhaus theorem. Conversely, if M is lo
cally bounded, and if moreover fm → f and gm → g in L2(Y ), then, by part (i), 
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⟨M(·)fm, gm⟩ → ⟨M(·)f, g⟩ locally uniformly on U . In particular, for any f, g ∈ L2(Y ), 
if we take approximants fm, gm ∈ 𝒜, then from the continuity of the ⟨M(·)fm, gm⟩ we 
deduce that of ⟨M(·)f, g⟩.

(iii). If M is of class Ck, then the functions Mα : ξ ↦→ ∂α
ξ M(ξ) with |α| ≤ k have the 

stated properties. Conversely, assume that continuous functions Mα : U → 𝔏(L2(Y ))
with the stated properties exist for |α| ≤ k. Then, by part (ii), the Mα are locally 
bounded. Thus, for all f, g ∈ L2(Y ), if we take fm, gm ∈ 𝒜 such that fm → f and 
gm → g in L2(Y ), then, by part (i), we see that

∂α
ξ ⟨M(ξ)fm, gm⟩ = ⟨Mα(ξ)fm, gm⟩ → ⟨Mα(ξ)f, g⟩

locally uniformly in ξ ∈ U . As the ⟨M(·)fm, gm⟩ are of class Ck on U , we deduce that 
their limit ⟨M(·)f, g⟩ is too, and that ∂α

ξ ⟨M(ξ)f, g⟩ = ⟨Mα(ξ)f, g⟩ for all ξ ∈ U and 
|α| ≤ k. □

Following [37, Section 7], we now define the operator-valued functional calculus for a 
system L⃗ = (L1, . . . , Ln) of operators satisfying Assumption 7.2. By the spectral theorem, 
there exist a measure space Ω, a measurable function ℓ : Ω → ℝ̇n, whose image is 
contained in the joint spectrum of L1, . . . , Ln, and a unitary operator Υ : L2(X) →
L2(Ω), such that for any bounded Borel function F : ℝ̇n → ℂ,

Υ(F (L⃗)f)(ω) = F (ℓ(ω))(Υf)(ω), f ∈ L2(X).

We can now make sense of M(L⃗) as a bounded operator on L2(X×Y ) for any measurable 
and bounded operator-valued function M : ℝ̇n → 𝔏(L2(Y )), where Y is a separable σ
finite measure space. Namely, by means of the unitary operator ˜︁Υ := Υ ⊗ id : L2(X ×
Y )→ L2(Ω× Y ), we define

˜︁Υ(M(L⃗)f)(ω, y) =
(︂
M(ℓ(ω))(˜︁Υf)(ω, ·)

)︂
(y), f ∈ L2(X × Y ). (7.5)

We refer to [37, Remark 7.6] for additional details on the above definition. We remark in 
particular that, in the case M(ξ) = F (ξ) id for some scalar-valued F , we have M(L⃗) =
F (L⃗)⊗ id; in this sense, the operator-valued calculus extends the scalar-valued one.

Under Assumption 7.2, we know that, for a bounded scalar-valued function F on 
ℝ̇n, the operator F (L⃗), initially defined on L2, extends to a bounded operator on Lp

under suitable smoothness conditions on F . The purpose of this section is establishing an 
analogous result, Theorem 7.7 below, for the operators M(L⃗) corresponding to operator
valued functions M . With a slight abuse of notation, we shall not distinguish between 
an L2-bounded operator and its Lp-bounded extension, when the latter exists.

The proof of Theorem 7.7 will make fundamental use of the two following lemmas. The 
first one is a Littlewood–Paley decomposition adapted to the joint functional calculus 
for L1, . . . , Ln; while the result below is likely well known to experts (cf., e.g., [25] for 
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the case of a single operator, or [33, Lemmas 5.5 and 5.6] for related results for multiple 
operators), we could not find a reference that we could directly cite, so we include a 
proof for the reader’s convenience.

Lemma 7.5. Under Assumption 7.2, if η ∈ C∞
c (ℝ̇n) is nonnegative and satisfies

∑︂
m∈ℤ

η(2mξ) ≃ 1

for ξ ∈ ℝ̇n, then there holds

∥f∥Lp(X×Y ) ≃L⃗,η,p

1 ∫︂
0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)(η(2mL⃗)⊗ id)f

⃦⃦⃦⃦
⃦
Lp(X×Y )

dt,

for all f ∈ Lp(X × Y ), where (εm)m∈ℤ is an independent sequence of Rademacher 
functions on [0, 1].

Proof. As p ∈ (1,∞), [22, Theorem 3.2.23] and Fubini’s theorem give that

1 ∫︂
0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)(η(2mL⃗)⊗ id)f

⃦⃦⃦⃦
⃦
Lp(X×Y )

dt

≃p

⎛⎝ 1 ∫︂
0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)(η(2mL⃗)⊗ id)f

⃦⃦⃦⃦
⃦
p

Lp(X×Y )

dt

⎞⎠
1 
p

=

⎛⎝∫︂
Y

1 ∫︂
0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)η(2mL⃗)f(·, y)
⃦⃦⃦⃦
⃦
p

Lp(X)

dt dy

⎞⎠
1 
p

.

Similarly,

∥f∥Lp(X×Y ) =

⎛⎝∫︂
Y

∥f(·, y)∥pLp(X) dy

⎞⎠
1 
p

.

So the estimate for arbitrary Y can be reduced to the particular case where Y = ℂ; 
namely, we need to prove that, for f ∈ Lp(X), there holds

∥f∥Lp(X) ≃L⃗,η,p

⎛⎝ 1 ∫︂
0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)η(2mL⃗)f

⃦⃦⃦⃦
⃦
p

Lp(X)

dt

⎞⎠
1 
p

. (7.6)
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The inequality ≳ in (7.6) follows immediately from the fact that

sup 
t∈[0,1]

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)η(2mL⃗)

⃦⃦⃦⃦
⃦
𝔏(Lp(X))

≲L⃗,η,p 1,

which in turn follows from Assumption 7.2 and the fact that

sup 
t∈[0,1]

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)η(2m·)
⃦⃦⃦⃦
⃦
L∞

s,sloc

<∞

for any s ≥ 0.
To prove the reverse inequality ≲ in (7.6), we notice that, under our assumptions, we 

have 
∑︁

m∈ℤ η2(2mξ) ≃ 1 for all ξ ∈ ℝ̇n, whence it readily follows that⃦⃦⃦⃦
1 ∑︁

m∈ℤ η2(2m·)

⃦⃦⃦⃦
L∞

s,sloc

<∞,

and therefore, by Assumption 7.2,

∥f∥Lp(X) ≲L⃗,η,p

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

η2(2mL⃗)f

⃦⃦⃦⃦
⃦
Lp(X)

. (7.7)

Moreover, by Fubini’s theorem and Khintchine’s inequality [22, Corollary 3.2.24],

⎛⎝ 1 ∫︂
0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)η(2mL⃗)f

⃦⃦⃦⃦
⃦
p

Lp(X)

dt

⎞⎠
1 
p

=

⃦⃦⃦⃦
⃦⃦⃦
⎛⎝ 1 ∫︂

0 

⃓⃓⃓⃓
⃓∑︂
m∈ℤ

εm(t)η(2mL⃗)f

⃓⃓⃓⃓
⃓
p

dt

⎞⎠
1 
p

⃦⃦⃦⃦
⃦⃦⃦
Lp(X)

≃p

⃦⃦⃦⃦
⃦⃦
(︄∑︂

m∈ℤ

⃓⃓⃓
η(2mL⃗)f

⃓⃓⃓2)︄ 1
2
⃦⃦⃦⃦
⃦⃦
Lp(X)

=
⃦⃦⃦⃦(︂

η(2mL⃗)f
)︂
m∈ℤ

⃦⃦⃦⃦
Lp(X;ℓ2)

.

(7.8)

Combining with (7.7), we are thus reduced to proving that⃦⃦⃦⃦
⃦∑︂
m∈ℤ

η2(2mL⃗)f

⃦⃦⃦⃦
⃦
Lp(X)

≲L⃗,η,p

⃦⃦⃦⃦(︂
η(2mL⃗)f

)︂
m∈ℤ

⃦⃦⃦⃦
Lp(X;ℓ2)

for all f ∈ Lp(X), which is a particular case of the estimate
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⃦∑︂
m∈ℤ

η(2mL⃗)fm

⃦⃦⃦⃦
⃦
Lp(X)

≲L⃗,η,p ∥(fm)m∈ℤ∥Lp(X;ℓ2) (7.9)

for all (fm)m∈ℤ ∈ Lp(X; ℓ2). By duality, (7.9) reduces to showing that⃦⃦⃦⃦(︂
η(2mL⃗)f

)︂
m∈ℤ

⃦⃦⃦⃦
Lp′ (X;ℓ2)

≲η ∥f∥Lp′ (X) (7.10)

for all f ∈ Lp′(X), where p′ is the conjugate exponent to p.
We now observe that, as L1, . . . , Ln are self-adjoint, for any F : ℝ̇n → ℂ,

∥F (L⃗)∥𝔏(Lp′ (X)) = ∥F (L⃗)∥𝔏(Lp(X)),

while ∥F∥L∞
s,sloc

= ∥F∥L∞
s,sloc

; thus, L⃗ also satisfies the analogue of Assumption 7.2 with 
p′ in place of p, and therefore all the previous estimates hold for the conjugate exponent 
p′ too. In particular, by applying (7.8) with p′ in place of p, we see that (7.10) reduces 
to ⎛⎝ 1 ∫︂

0 

⃦⃦⃦⃦
⃦∑︂
m∈ℤ

εm(t)η(2mL⃗)f

⃦⃦⃦⃦
⃦
p′

Lp′ (X)

dt

⎞⎠
1 
p′

≲L⃗,η,p ∥f∥Lp′ (X),

i.e., the p′ version of the already established inequality ≳ in (7.6). □
The second one concerns the R-boundedness of a family of operators in the joint 

functional calculus for L1, . . . , Ln. The proof is inspired, among others, by some ideas 
from [26, proof of Theorem 6.1].

Lemma 7.6. Let χ ∈ C∞
c (ℝ̇n). Set Ek(ξ) := χ(ξ) eik·ξ and Ek,m(ξ) := Ek(2mξ) for 

m ∈ ℤ, k ∈ ℤn. Under Assumption 7.2, if σ > n + 1 + ς, then

ℜLp(X){(1 + |k|)−σEk,m(L⃗) : m ∈ ℤ, k ∈ ℤn} <∞.

Proof. Let Sn−1 be the unit sphere in ℝn. If we define Hk : Sn−1 ×ℝ→ ℂ by

Hk(ω, s) := Ek(esω),

then Hk is smooth and compactly supported. By the Fourier inversion formula,

Hk(ω, s) = 1 
2π

∫︂
ℝ 

Ĥk(ω, u) eisu du,

where Ĥk(ω, ·) is the Fourier transform of Hk(ω, ·). Therefore, for all ξ ∈ ℝ̇n,



J. Liu, A. Martini / Journal of Functional Analysis 292 (2027) 111694 51

Ek(ξ) = Hk(ξ/|ξ|, log |ξ|) = 1 
2π

∫︂
ℝ 

Ĥk(ξ/|ξ|, u) |ξ|iu du.

Thus,

(1 + |k|)−σEk,m(L⃗) = 1 
2π

∫︂
ℝ 

2imu (1 + |k|)−σĤk(L⃗/|L⃗|, u) |L|iu du

=
∫︂
ℤn

∫︂
ℝ 

δkℓ 2imu (1 + |ℓ|)−σF (ℓ, u, L⃗) du2π d#(ℓ),

where F (ℓ, u, ξ) := Ĥℓ(ξ/|ξ|, u) |ξ|iu and d# is the counting measure on ℤn. By applying 
[23, Theorem 8.5.4] with S =

(︁
ℝ× ℤn, du

2π d#(ℓ)
)︁
, since

⃦⃦
(u, ℓ) ↦→ δkℓ 2imu

⃦⃦
L∞(S) ≤ 1 ∀k ∈ ℤn, m ∈ ℤ,

we can conclude that

ℜLp(X){(1 + |k|)−σEk,m(L) : m ∈ ℤ, k ∈ ℤn}

≲p

∫︂
ℤn

∫︂
ℝ 

(1 + |ℓ|)−σ∥F (ℓ, u, L⃗)∥𝔏(Lp(X))
du
2π d#(ℓ)

≲L⃗,p,s

∫︂
ℤn

∫︂
ℝ 

(1 + |ℓ|)−σ∥F (ℓ, u, ·)∥L∞
s,sloc(ℝn) du d#(ℓ)

(7.11)

for any s > ς, where the last inequality follows from Assumption 7.2.
In order to show that the last integral in (7.11) is finite, it remains to estimate 

∥F (ℓ, u, ·)∥L∞
s,sloc(ℝn). By the Leibniz rule,

∂α
ξ F (ℓ, u, ξ) =

∑︂
α′+α′′=α

Cα′,α′′

(︂
∂α′

ξ Ĥℓ(ξ/|ξ|, u)
)︂(︂

∂α′′

ξ |ξ|iu
)︂

(7.12)

for some Cα′,α′′ > 0, and clearly⃓⃓⃓
∂α′′

ξ |ξ|iu
⃓⃓⃓
≲α′′ (1 + |u|)|α′′||ξ|−|α′′|. (7.13)

On the other hand,

∂α′

ξ Ĥℓ(ξ/|ξ|, u) =
∫︂
ℝ 

∂α′

ξ (Eℓ(esξ/|ξ|)) e−isu ds,

so, by integrations by parts, for any r ∈ ℕ,
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(iu)r∂α′

ξ Ĥℓ(ξ/|ξ|, u) =
∫︂
ℝ 

∂r
s∂

α′

ξ (Eℓ(esξ/|ξ|)) e−isu ds.

As Eℓ(ζ) = χ(ζ)eiℓ·ζ and due to the support of χ,⃓⃓⃓
|u|r∂α′

ξ Ĥℓ(ξ/|ξ|, u)
⃓⃓⃓
≲ sup

s≲1 

⃓⃓⃓
∂r
s∂

α′

ξ (Eℓ(esξ/|ξ|))
⃓⃓⃓
≲α′,r |ξ|−|α′|(1 + |ℓ|)r+|α′|,

whence also, for any r ∈ ℕ,⃓⃓⃓
∂α′

ξ Ĥℓ(ξ/|ξ|, u)
⃓⃓⃓
≲α′,r |ξ|−|α′|(1 + |ℓ|)r+|α′|(1 + |u|)−r.

If we apply the last estimate with r + |α′′| in place of r, and combine it with (7.12) and 
(7.13), we conclude that

|ξ||α|
⃓⃓
∂α
ξ F (ℓ, u, ξ)

⃓⃓
≲α,r (1 + |ℓ|)r+|α|(1 + |u|)−r

for all α ∈ ℕn and r ∈ ℕ. By interpolation, we thus deduce that

∥F (ℓ, u, ·)∥L∞
s,sloc(ℝn) ≲s,r (1 + |ℓ|)r+s(1 + |u|)−r, (7.14)

for all s, r ∈ [0,∞).
By (7.14), the last integral in (7.11) is bounded by a multiple of

∑︂
ℓ∈ℤn

∫︂
ℝ 

(1 + |k|)−σ+r+s(1 + |u|)−r du,

which is finite whenever r > 1 and σ > n + r + s. In particular, for any σ > n + 1 + ς, 
we can choose appropriate values of r > 1 and s > ς and deduce from (7.11) the claimed 
R-boundedness. □

Thanks to Lemma 7.5 and Lemma 7.6, we can now follow closely the proof of [37, 
Theorem 7.7] to obtain the following result.

Theorem 7.7. Under Assumption 7.2, fix an integer B > 2n + 1 + ς. Let M : ℝ̇n →
𝔏(L2(Y )) be measurable and bounded. Assume that M is of class CB and

Cp,B(M) := ℜLp(Y ){|ξ||α|∂α
ξ M(ξ) : |α| ≤ B, ξ ∈ ℝ̇n} <∞. (7.15)

Then, M(L⃗) is a bounded operator on Lp(X × Y ) with

∥M(L⃗)∥𝔏(Lp(X×Y )) ≲B,p,L⃗ Cp,B(M).
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Proof. Fix a nonnegative cutoff η ∈ C∞
c (ℝ̇n) such that supp η ⊆ {ξ : 1/2 ≤ |ξ| ≤ 2}

and 
∑︁

m∈ℤ η(2m·) = 1 on ℝ̇n. If we set

Mm(ξ) := M(2−mξ)η(ξ), (7.16)

then we can decompose

M(ξ) =
∑︂
m∈ℤ

Mm(2mξ), ξ ∈ ℝ̇n,

with convergence in the weak operator topology of 𝔏(L2(Y )). Following the proof of [37, 
Theorem 7.7], using Lemma 7.5 in place of [37, Lemma 7.3], we obtain that

∥M(L⃗)∥𝔏(Lp(X×Y )) ≲p ℜLp(X×Y ){Mm(2mL⃗)}m∈ℤ.

To prove the R-boundedness of {Mm(2mL⃗)}m∈ℤ on Lp(X × Y ), we introduce the 
Fourier coefficients of the functions ξ ↦→ Mm(ξ), which are supported in supp η ⊆
(−π, π)n by construction. Namely, define M̂m(k) ∈ 𝔏(L2(Y )) for k ∈ ℤn by

M̂m(k) := 1 
(2π)n

π∫︂
−π

· · ·
π∫︂

−π

Mm(ξ) e−ik·ξ dξ.

Then, for k ∈ ℤn, integration by parts shows that

(ik)αM̂m(k) = 1 
(2π)n

π∫︂
−π

· · ·
π∫︂

−π

∂α
ξ Mm(ξ) e−ik·ξ dξ. (7.17)

Moreover, if χ ∈ C∞
c (ℝ̇n) is supported in (−π, π)n and such that χ = 1 on supp η, then 

we can write

Mm(ξ) =
∑︂
k∈ℤn

χ(ξ)eik·ξM̂m(k), ξ ∈ ℝ̇n,

with convergence in the weak operator topology of 𝔏(L2(Y )); therefore, if the functions 
Ek,m are defined as in Lemma 7.6, we obtain that

Mm(2mL⃗) =
∑︂
k∈ℤn

Ek,m(L⃗)⊗ M̂m(k)

in the weak operator topology of 𝔏(L2(X × Y )). Much as in the proof of [37, Theorem 
7.7], from this decomposition we deduce that

ℜLp(X×Y ){Mm(2mL⃗)}m∈ℤ

≲ε ℜLp(X){(1 + |k|)−σEk,m(L⃗)}m∈ℤ,k∈ℤn ℜLp(Y ){(1 + |k|)BM̂m(k)}m∈ℤ,k∈ℤn ,
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whenever B − σ = n + ε for some ε > 0 (here we are exploiting [23, Propositions 8.1.24 
and 8.1.19(3)] and the fact that 

∑︁
k∈ℤn(1 + |k|)−n−ε < ∞). As B > ς + 2n + 1 by 

assumption, we can take ε > 0 such that B = ς + 2n + 1 + 2ε, and correspondingly 
σ = ς + n + 1 + ε.

With this choice of σ, the R-boundedness of {(1+ |k|)−σEk,m(L⃗)}m∈ℤ,k∈ℤn on Lp(X)
follows from Lemma 7.5. To conclude, it only remains to show the R-boundedness of {(1+
|k|)BM̂m(k)}m∈ℤ,k∈ℤn on Lp(Y ), which is a consequence of the smoothness assumption 
(7.15) on M .

Indeed, arguing as in the proof of [37, Theorem 7.7], from (7.17) we deduce that

ℜLp(Y ){|kα|M̂m(k) : m ∈ ℤ, k ∈ ℤn} ≤ ℜLp(Y ){∂α
ξ Mm(ξ) : ξ ∈ ℝ̇n, m ∈ ℤ}

for all α ∈ ℕn, and therefore also

ℜLp(Y ){(1 + |k|)BM̂m(k) : m ∈ ℤ, k ∈ ℤn}
≲B ℜLp(Y ){∂α

ξ Mm(ξ) : ξ ∈ ℝ̇n, m ∈ ℤ, |α| ≤ B}
≲η,B ℜLp(Y ){|ξ||β|∂β

ξ M(ξ) : |β| ≤ B, ξ ∈ ℝ̇n} = Cp,B(M),

where the last inequality follows from the fact that, by (7.16),

∂α
ξ Mm(ξ) =

∑︂
β≤α

(︃
α

β

)︃
∂

(α−β)
ξ η(ξ)
|ξ||β|

(︂
|ξ||β|∂β

ξ M
)︂

(2−mξ),

and by the Kahane contraction principle [22, Proposition 3.2.10]. As Cp,B(M) is finite 
by (7.15), we are done. □

In the particular case where Y = ℝk with the Lebesgue measure for some k ∈ ℕ+, 
the smoothness condition (7.15) on the multiplier M in Theorem 7.7, which is expressed 
in terms of R-boundedness, can be replaced with a somewhat more concrete condition 
involving uniform weighted L2-boundedness with respect to weights in the Muckenhoupt 
class A2(ℝk). Let [w]A2 denote the A2-characteristic of a weight w ∈ A2(ℝk). The proof 
of the following corollary, based on [23, Theorem 8.2.6], is analogous to that of [37, 
Corollary 7.8].

Corollary 7.8. Under Assumption 7.2, fix an integer B > 2n + 1 + ς. Let M : ℝ̇n →
𝔏(L2(ℝk)) be measurable and bounded. Assume that M is of class CB and there exists 
a nondecreasing function ψ : [1,∞)→ [0,∞) such that, for all w ∈ A2(ℝk),

max 
α : |α|≤B

sup 
ξ∈ℝ̇n

⃦⃦⃦
|ξ||α|∂α

ξ M(ξ)
⃦⃦⃦
𝔏(L2(w))

≤ ψ([w]A2). (7.18)

Then, M(L⃗) is a bounded operator on Lp(X ×ℝk).
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The following remark discusses a weakening of the smoothness assumption on the mul
tiplier, in case additional information is available on the joint spectrum of (L1, . . . , Ln). 
Here a subset Γ of ℝ̇n is said to be conic if t · Γ ⊆ Γ for all t > 0.

Remark 7.9. Under Assumption 7.2, assume further that the joint L2-spectrum of 
(L1, . . . , Ln) is contained in {0} ∪ Γ for some closed conic subset Γ of ℝ̇n. Then, the 
smoothness conditions (7.15) and (7.18) can be replaced by analogous conditions, where 
ξ is restricted to some conic neighbourhood U ⊆ ℝ̇n of Γ. Indeed, if the operator-valued 
function M : U → 𝔏(L2(Y )) satisfies such a restricted smoothness assumption, then

M(L⃗) = M̃(L⃗),

where M̃(ξ) := ζ(ξ)M(ξ), while ζ ∈ C∞(ℝ̇n) is any 0-homogeneous cutoff with supp ζ ⊆
U and ζ|Γ ≡ 1. One can then apply Theorem 7.7 or Corollary 7.8 to M̃ in order to 
deduce the Lp-boundedness of M(L⃗).

8. Boundedness of the parts at infinity

8.1. Convolution operators as operator-valued spectral multipliers

As discussed in Section 6, the proof of Theorem 1.1 is now reduced to proving 
the Lp(S)-boundedness for p ∈ (1, 2) of the convolution operators with the ker
nels K0,K𝔳,K𝔷 from (5.31) and (6.1). To this purpose, we shall write those opera
tors as M0(ℒ,−i∇z),M𝔳(ℒ,−i∇z),M𝔷(ℒ,−i∇z) for suitable operator-valued functions 
M0,M𝔳,M𝔷, and deduce their Lp-boundedness from the operator-valued spectral multi
plier theorem of Section 7.

Let us first discuss how the theory of Section 7 applies to the joint functional calculus 
for (ℒ,−i∇z), thus proving Theorem 1.3.

Recall from Remark 6.1 that S = N ×ℝ+ as measure spaces, and that moreover the 
change of variables a = eu allows one to identify ℝ+ and ℝ; in particular, we can define 
the class of weights A2(ℝ+) on ℝ+ by ``transplanting'' the classical Muckenhoupt class 
A2(ℝ) via that change of variables.

In addition, if ℒ and ∇z denote, as before, the sub-Laplacian and the vector of central 
derivatives on N , then

(ℒ,−i∇z) = (ℒ,−i∂z1 , . . . ,−i∂zd2
)

is a commuting system of self-adjoint operators on L2(N), whose joint spectrum is con
tained in

{(λ, μ) ∈ ℝ×ℝd2 : λ ≥ d1
2 |μ|},
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see [41, Remark 2.1]. Furthermore, by [41, Corollary 2.4] (see also [33, Propositions 
3.9 and 4.1, and Theorem 4.6]) the system (ℒ,−i∇z) satisfies Assumption 7.2 for any 
p ∈ (1,∞) with ς = d/2.

Thus, for any bounded measurable function M : ℝ+ × ℝd2 → 𝔏(L2(ℝ+)), we can 
consider the operator M(ℒ,−i∇z) defined by (7.5) as a bounded operator on L2(S); 
moreover, from Theorem 7.7 and Remark 7.9, we deduce Theorem 1.3, giving a sufficient 
condition for the Lp(S)-boundedness of such operators M(ℒ,−i∇z). We shall actually 
use the following version of the result, corresponding to Corollary 7.8.

Corollary 8.1. Let κ ∈ (0, d1/2) and Ωκ := {(λ, μ) ∈ ℝ+ × ℝd2 : κ|μ| ≤ λ}. Fix an 
integer B > (d1 + 5d2)/2 + 3. If M : ℝ+ × ℝd2 → 𝔏(L2(ℝ+)) is of class CB and there 
exists a nondecreasing function ψ : [1,∞)→ [0,∞) such that

max 
α : |α|≤B

sup 
(λ,μ)∈Ωκ

⃦⃦⃦
λ|α|∂α

(λ,μ)M(λ, μ)
⃦⃦⃦
𝔏(L2(w))

≤ ψ([w]A2) ∀w ∈ A2(ℝ+),

then M(ℒ,−i∇z) is bounded on Lp(S) for all p ∈ (1,∞).

Now, from (5.31) and (6.1) we have

K0(𝒙) = [(r0)(a)(x, z)− r0(x, z)]J0(log a),

K𝔳(𝒙) = r𝔳(x, z)J𝔫(log a), K𝔷(𝒙) = r𝔷(x, z)J𝔫(log a)

for certain functions r0, r𝔳, r𝔷 on N and J0, J𝔫 on ℝ, where in particular

J0(u) =
1{u≥1}

u 
, J𝔫(u) =

1{u≤−1}
u 

. (8.1)

As we shall see, one can write

r0 = kF0(ℒ,−i∇z), r𝔳 = kF𝔳(ℒ,−i∇z), r𝔷 = kF𝔷(ℒ,−i∇z)

for suitable bounded smooth functions F0, F𝔳, F𝔷 : ℝ+ ×ℝd2 → ℂ (see Propositions 8.5
and 8.8 below). As a consequence, from (2.8) and (7.5) we see that, for ℓ ∈ {𝔳, 𝔷}, at 
least formally,

(f ∗Kℓ)[e
u] =

∫︂
ℝ 

f [eu
′
] ∗N (kFℓ(ℒ,−i∇z))(eu′ )J𝔫(u− u′) du′

=
∫︂
ℝ 

Fℓ(eu
′ℒ, eu′

(−i∇z))f [eu
′
]J𝔫(u− u′) du′

= (Mℓ(ℒ,−i∇z)f)[e
u],

where Mℓ(λ, μ) is the integral operator acting on functions ϕ : ℝ+ → ℂ by
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Mℓ(λ, μ)ϕ(eu) =
∫︂
ℝ 

Fℓ(eu
′
λ, eu

′
μ)J𝔫(u− u′)ϕ(eu

′
) du′. (8.2)

In a similar way, we see that

(f ∗K0)[e
u] =

∫︂
ℝ 

f [eu
′
] ∗N ((kF0(ℒ,−i∇z))(eu) − (kF0(ℒ,−i∇z))(eu′ ))J0(u− u′) du′

=
∫︂
ℝ 

(F0(euℒ, eu(−i∇z))− F0(eu
′ℒ, eu′

(−i∇z)))f [eu
′
]J0(u− u′) du′

= (M0(ℒ,−i∇z)f)[e
u],

where M0(λ, μ) is the integral operator acting on functions ϕ : ℝ+ → ℂ by

M0(λ, μ)ϕ(eu) =
∫︂
ℝ 

(F0(euλ, euμ)− F0(eu
′
λ, eu

′
μ))J0(u− u′)ϕ(eu

′
) du′. (8.3)

In order to check that M0,M𝔳,M𝔷 satisfy the smoothness assumptions of Corollary 8.1, 
we shall obtain sufficiently explicit expressions for the functions F0, F𝔳, F𝔷, allowing us 
eventually to derive suitable estimates for their derivatives.

8.2. Gelfand transform on H-type groups

We briefly recall some facts about the Gelfand transform of radial functions on H-type 
groups that we shall use in our discussion; for more details, we refer to [12,41].

A function f on the H-type group N is said to be radial if it has the form f(x, z) =
f̃(|x|, z) for some function f̃ and all (x, z) ∈ N . The space L1

rad(N) of integrable radial 
functions on N , with convolution and involution, is a commutative Banach ∗-subalgebra 
of L1(N).

The Gelfand transform 𝒢f of a function f ∈ L1
rad(N) is essentially given (up to a 

negligible set of characters) by

𝒢f(μ, ℓ) =
(︃
ℓ + d1

2 − 1
ℓ 

)︃−1 ∫︂
N

f(x, z) L
d1
2 −1
ℓ (|μ||x|2/2) e−|μ||x|2/4 e−iμ·z dx dz

for ℓ ∈ ℕ and μ ∈ ℝ̇d2 , where

La
ℓ (t) := 1 

ℓ! et t−a dℓ

dtℓ
(e−t tℓ+a), t ∈ ℝ,

is the Laguerre polynomial of type a > −1 and degree ℓ. For the Gelfand transform we 
have a Plancherel formula (see [41, eq. (1.1)]),
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∥f∥2L2(N) = (2π)−Q

∫︂
ℝ̇d2

∑︂
ℓ∈ℕ
|𝒢f(μ, ℓ)|2

(︃
ℓ + d1

2 − 1
ℓ 

)︃
|μ|

d1
2 dμ, (8.4)

valid at least for radial f ∈ L1 ∩ L2(N), by means of which 𝒢 extends to an isometric 

isomorphism from L2
rad(N) to L2(ℝ̇d2 ×ℕ, (2π)−Q

(︁ℓ+ d1
2 −1
ℓ 

)︁
|μ| d1

2 dμ d#(ℓ)); correspond
ingly, we have an inversion formula (see [41, eq. (1.2)]),

f(x, z) = (2π)−Q

∫︂
ℝ̇d2

∑︂
ℓ∈ℕ
𝒢f(μ, ℓ) L

d1
2 −1
ℓ (|μ||x|2/2) e−|μ||x|2/4 eiμ·z |μ|

d1
2 dμ,

valid at least for f ∈ L1
rad(N) in the Schwartz class.

Radial functions on N are intimately related with the joint functional calculus for 
(ℒ,−i∇z); indeed, the convolution kernel kF (ℒ,−i∇z) of an operator F (ℒ,−i∇z) in the 
joint functional calculus is radial, and

𝒢kF (ℒ,−i∇z)(μ, ℓ) = F ((2ℓ + d1/2)|μ|, μ), (8.5)

see [41, eq. (2.1)]. In light of this, the Plancherel formula (8.4) corresponds to that for the 
joint functional calculus for (ℒ,−i∇z) [32, Theorem 3.10 and Section 5.3]. In addition, 
we recall from [41, eq. (5.2)] the effect on the Gelfand transform of multiplication by the 
weight |x|2:

𝒢[(x, z) ↦→ |x|2f(x, z)](μ, ℓ)

= 2 
|μ|

[︃(︃
2ℓ + d1

2 

)︃
𝒢f(μ, ℓ)− ℓ𝒢f(μ, ℓ− 1)−

(︃
ℓ + d1

2 

)︃
𝒢f(μ, ℓ + 1)

]︃
. (8.6)

We now exploit some formulas from [43] to obtain an explicit expression for the 
Gelfand transform of certain radial functions, which may be compared with the formula 
for the fundamental solution for ℒ [24]. Let S,T : ℝ → ℝ be the even, real analytic 
functions defined, for u ̸= 0, by

S(u) = u 
sinh u

, T(u) = u 
tanh u

. (8.7)

Lemma 8.2. Let H be given by (5.36), and let s ∈ ℂ be such that ℜ𝔢 s > −1. If

Ψs(x, z) := H(x, z)−(Q+s)/2,

then

Ψs = kΞs(ℒ,−i∇z), (8.8)

where
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Ξs(λ, μ) :=
2d1π

d
2 Γ

(︁
d1
4 + s 

2
)︁

Γ
(︂

Q+s
2 

)︂
Γ
(︁
d1
2 + s

)︁ ∞ ∫︂
0 

S(t|μ|)s+1 e−T(t|μ|)/t e−tλ t−s dt
t 
. (8.9)

In particular,

𝒢Ψs(μ, ℓ) = Ξs ((2ℓ + d1/2)|μ|, μ) . (8.10)

Remark 8.3. From the integral representation (8.9), one can check that, if σ := ℜ𝔢 s >

−1, then Ξs is a smooth function on the open set {(λ, μ) ∈ ℝ1+d2 : λ+ (1 + σ)|μ| > 0}, 
cf. Lemma 8.12 below.

Proof of Lemma 8.2. From the above definitions it readily follows that Ψs ∈ L2(N) and 
that the right-hand side of (8.10) is in

L2
(︃
ℝ̇d2 ×ℕ, (2π)−Q

(︃
ℓ + d1

2 − 1
ℓ 

)︃
|μ|

d1
2 dμ d#(ℓ)

)︃
whenever ℜ𝔢 s > −1 (cf. Lemma 8.12). So, by (8.5) and the Plancherel formula (8.4), 
both sides of (8.8) are in L2(N) for ℜ𝔢 s > −1, and they are (weakly) analytic in s. 
Hence, by analytic continuation, it is enough to prove (8.8) for s ∈ (0, 1).

For t > 0, let qt = ke−tℒ be the heat kernel associated to ℒ. We recall the well
known Mehler-type formula for the partial Fourier transform of qt along 𝔷 (see, e.g., [36, 
Proposition 4] or [43, eq. (3.4)]):∫︂

ℝd2

qt(x, z) e−iμ·z dz = (4πt)−d1/2 S(t|μ|)d1/2 e− 1
4T(t|μ|)|x|2/t

for x ∈ ℝd1 and μ ∈ ℝd2 . Much as in [43, eq. (3.5)], for t > 0 and s ∈ (0, 1), we consider 
functions pt,s : ℝd2 → ℂ whose Fourier transforms are given by

ˆ︁pt,s(μ) =
∫︂

ℝd2

pt,s(z) e−iμ·z dz = (4πt)−s−1 S(t|μ|)s+1 e− 1
4T(t|μ|)/t

for μ ∈ ℝd2 (notice that pt,s here corresponds to pt,s(1, ·) in [43]). By [43, eq. (3.6) and 
Corollary 3.6] applied with ρ = 1, we deduce that

Cd1,d2,s((1 + |x|2)2 + 16|z|2)−(Q+s)/2 =
∞ ∫︂
0 

∫︂
ℝd2

pt,s(w) qt(x, z − w) dw dt,

where

Cd1,d2,s = 4d2−1

πd/2+1+s

Γ(d1/2 + s) Γ((Q + s)/2)
Γ(d1/4 + s/2) .
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In other words,

Cd1,d2,s((1 + |x|2)2 + 16|z|2)−(Q+s)/2 =
∞ ∫︂
0 

(qt ∗N (δ0 ⊗ pt,s))(x, z) dt. (8.11)

As qt is the convolution kernel of e−tℒ, while δ0 ⊗ pt,s is the convolution kernel of ˆ︁pt,s(−i∇z) on N , the right-hand side of (8.11) is the convolution kernel of the operator

∞ ∫︂
0 

ˆ︁pt,s(−i∇z) e−tℒ dt.

Through the automorphic scaling (x, z) ↦→ 𝔡1/4(x, z) we thus obtain that

4−QCd1,d2,s((1 + |x|2/4)2 + |z|2)−(Q+s)/2 = kΘs(ℒ,−i∇z)(x, z),

where

Θs(λ, μ) :=
∞ ∫︂
0 

ˆ︁pt,s(4μ) e−4tλ dt

= 4−1π−s−1
∞ ∫︂
0 

t−s−1 S(t|μ|)s+1e−T(t|μ|)/t e−tλ dt.

This proves (8.8), and (8.10) follows from (8.5). □
Lemma 8.4. With the notation of Lemma 8.2, if ℜ𝔢 s > 1, then

(1 + |x|2/4)Ψs(x, z) = kΞ̃s(ℒ,−i∇z)(x, z),

where, for all (λ, μ) ∈ ℝ+ ×ℝd2 ,

Ξ̃s(λ, μ) := Ξs(λ, μ)− λΞ(2)
s (λ, μ)− d1

4 
Ξ(1)
s (λ, μ) (8.12)

and

Ξ(1)
s (λ, μ) :=

1 ∫︂
−1

∂λΞs(λ + 2v|μ|, μ) dv,

Ξ(2)
s (λ, μ) :=

1 ∫︂
−1

∂2
λΞs(λ + 2v|μ|, μ) (1− |v|) dv.

(8.13)
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Proof. Notice that, as here σ := ℜ𝔢 s > 1, for all (λ, μ) ∈ ℝ+ ×ℝd2 and v ∈ [−1, 1],

λ + 2v|μ|+ (1 + σ)|μ| ≥ λ + (σ − 1)|μ| > 0,

thus the expressions in (8.13) are well-defined, see Remark 8.3.
By (8.10) and (8.9), we can think of 𝒢Ψs(μ, ℓ) = Ξs((2ℓ+d1/2)|μ|, μ) as being defined 

for noninteger values of ℓ too. Thus, by (8.6) and the fundamental theorem of calculus, 
for all ℓ ∈ ℕ and μ ∈ ℝ̇d2 ,

|μ|
2 
𝒢(|x|2Ψs)(μ, ℓ)

= ℓ (𝒢Ψs(μ, ℓ)− 𝒢Ψs(μ, ℓ− 1)) +
(︃
ℓ + d1

2 

)︃
(𝒢Ψs(μ, ℓ)− 𝒢Ψs(μ, ℓ + 1))

= ℓ

1 ∫︂
0 

∂ℓ𝒢Ψs(μ, ℓ− 1 + w) dw −
(︃
ℓ + d1

2 

)︃ 1 ∫︂
0 

∂ℓ𝒢Ψs(μ, ℓ + w) dw

= −
(︃
ℓ + d1

4 

)︃ 1 ∫︂
0 

1 ∫︂
0 

∂2
ℓ𝒢Ψs(μ, ℓ− v + w) dw dv − d1

4 

1 ∫︂
−1

∂ℓ𝒢Ψs(μ, ℓ + w) dw

= −
(︃
ℓ + d1

4 

)︃ 1 ∫︂
−1

∂2
ℓ𝒢Ψs(μ, ℓ + u) (1− |u|) du− d1

4 

1 ∫︂
−1

∂ℓ𝒢Ψs(μ, ℓ + w) dw.

By plugging the expression 𝒢Ψs(μ, ℓ) = Ξs((2ℓ + d1/2)|μ|, μ) into the previous formula, 
we finally get, by (8.13),

1
4𝒢(|x|

2Ψs)(μ, ℓ) = −
(︃

2ℓ + d1

2 

)︃
|μ|

1 ∫︂
−1

∂2
λΞs((2ℓ + 2u + d1/2)|μ|, μ) (1− |u|) du

− d1

4 

1 ∫︂
−1

∂λΞs((2ℓ + 2w + d1/2)|μ|, μ) dw

=
[︃
−λΞ(2)

s (λ, μ)− d1

4 
Ξ(1)
s (λ, μ)

]︃⃓⃓⃓⃓
λ=(2ℓ+d1/2)|μ|

,

thus also, by (8.12),

𝒢((1 + |x|2/4)Ψs)(μ, ℓ) = Ξ̃s((2ℓ + d1/2)|μ|, μ),

and the conclusion follows by (8.5). □
Thanks to the previous lemmas, we can now write explicit expressions for the functions 

F0, F𝔳, F𝔷 discussed in Section 8.1.
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Proposition 8.5. We can write the functions r0, r𝔳, r𝔷 from (5.33) and (6.1) as

r0 = kF0(ℒ,−i∇z), r𝔳 = kF𝔳(ℒ,−i∇z), r𝔷 = kF𝔷(ℒ,−i∇z),

where, with the notation of Lemmas 8.2 and 8.4,

F0(λ, μ) = Ξ̃2(λ, μ), F𝔳(λ, μ) = λ1/2Ξ0(λ, μ), F𝔷(λ, μ) = λΞ0(λ, μ). (8.14)

Proof. From (5.33) we know that

r0(x, z) = (1 + |x|2/4)Ψ2(x, z),

so the expression for F0 is a direct consequence of Lemma 8.4. On the other hand, from 
(6.1) and Lemma 8.2 we have

r𝔳 = ℒ1/2Ψ0 = ℒ1/2kΞ0(ℒ,−i∇z) = kℒ1/2Ξ0(ℒ,−i∇z),

whence we deduce the expression for F𝔳, and a similar computation gives the expression 
for F𝔷. □
Remark 8.6. Arguing as in the proof of Proposition 8.5, from (5.46) one could also deduce 
that rj+d1 = kFj(ℒ,−i∇z), where Fj(λ, μ) = −Q−1iμjΞ0(λ, μ), for j = 1, . . . , d2. However, 
such representation is not possible for the rj with j = 1, . . . , d1, because they are not 
radial, see (5.34). The reduction in Proposition 6.4 is thus essential to treat the Riesz 
transforms ℛj for j = 1, . . . , d1 with our approach.

8.3. Estimates for the operator-valued symbols

On the basis of Proposition 8.5 and the discussion in Section 8.1, we can write the 
convolution operators with kernels K0,K𝔳,K𝔷 as the operator-valued spectral multi
pliers M0(ℒ,−i∇z), M𝔳(ℒ,−i∇z) and M𝔷(ℒ,−i∇z), whose operator-valued symbols 
M0,M𝔳,M𝔷 are given in (8.2) and (8.3), where the functions F0, F𝔳, F𝔷 are as in (8.14).

We are now ready to present the main result of this section, which concerns the 
weighted L2-boundedness of the integral operators M0(λ, μ),M𝔳(λ, μ),M𝔷(λ, μ) from 
(8.2) and (8.3), as well as their (λ, μ)-derivatives.

Proposition 8.7. The operator-valued functions M0,M𝔳,M𝔷 are of class C∞ on ℝ+×ℝd2 . 
Moreover, for all α ∈ ℕ1+d2 , κ ∈ ℝ+, w ∈ A2(ℝ+) and ℓ ∈ {0, 𝔳, 𝔷},

sup 
(λ,μ)∈ℝ̇1+d2

λ≥κ|μ|

⃦⃦⃦
λ|α|∂α

(λ,μ)Mℓ(λ, μ)
⃦⃦⃦
𝔏(L2(w))

≲α,κ,[w]A2
1. (8.15)
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Proof. We shall derive estimate (8.15) from [35, Proposition 5.6], combined with the 
bounds that we will prove in Proposition 8.8 below; we point out that the result in [35] 
applies to operators on L2(ℝ), so we must use the change of variables a = eu as in 
Remark 6.1 to apply it to the operators on L2(ℝ+) considered here.

Consider first the case where ℓ ∈ {𝔳, 𝔷}. In light of (8.2) and (8.1), by differentiating 
under the integral sign we see that, for all α ∈ ℕ1+d2 , (λ, μ) ∈ ℝ+ × ℝd2 , and ϕ, ψ ∈
Cc(ℝ+),

λ|α|∂α
(λ,μ)⟨Mℓ(λ, μ)ϕ, ψ⟩ = ⟨Mα

ℓ (λ, μ)ϕ, ψ⟩, (8.16)

where Mα
ℓ is the integral operator with kernel

(eu, eu
′
) ↦→ Fα

ℓ (eu
′
λ, eu

′
μ) 

1{u≤u′−1}
u− u′

and

Fα
ℓ (λ, μ) := λ|α|∂α

(λ,μ)Fℓ(λ, μ).

Notice that, as ϕ, ψ ∈ Cc(ℝ+), the differentiation under the integral sign that leads to 
(8.16) is simply justified by the fact that the integral kernel of Mℓ(λ, μ) is locally bounded 
on ℝ+×ℝ+ together with all its (λ, μ)-derivatives, locally uniformly in (λ, μ) ∈ ℝ+×ℝd2 . 
Notice also that from (8.16) we see that the matrix coefficients (λ, μ) ↦→ ⟨Mα

ℓ (λ, μ)ϕ, ψ⟩
are smooth on ℝ+ ×ℝd2 for all ϕ, ψ ∈ Cc(ℝ+).

From Proposition 8.8 below, it follows that, for some δ > 0 and all κ ∈ ℝ+,

|Fα
ℓ (λ, μ)| ≲α,κ min{λ, λ−1}δ when λ ≥ κ|μ|.

Hence, by [35, Proposition 5.6(ii)], for all w ∈ A2(ℝ+),

sup 
(λ,μ)∈ℝ̇1+d2

λ≥κ|μ|

∥Mα
ℓ (λ, μ)∥

𝔏(L2(w)) ≲α,κ,[w]A2
1. (8.17)

In particular, for all α ∈ ℕ1+d2 , the function (λ, μ) ↦→ ∥Mα
ℓ (λ, μ)∥

𝔏(L2(ℝ+)) is locally 

bounded on ℝ+ × ℝd2 . From (8.16) and Lemma 7.4 we then deduce that each Mα
ℓ :

ℝ+ ×ℝd2 → 𝔏(L2(ℝ+)) is continuous, in the sense of Definition 7.3, and that moreover 
Mℓ is of class C∞, with λ|α|∂α

(λ,μ)Mℓ(λ, μ) = Mα
ℓ (λ, μ). Thus, (8.15) for ℓ ∈ {𝔳, 𝔷} follows 

from (8.17).
In the case ℓ = 0, by arguing in a similar way, in light of (8.3) and (8.1), one can see 

that M0 is of class C∞ and that the operators λ|α|∂α
(λ,μ)M0(λ, μ) are integral operators 

with kernels

(eu, eu
′
) ↦→ [Fα

0 (euλ, euμ)− Fα
0 (eu

′
λ, eu

′
μ)] 

1{u≥u′+1}
u− u′ ,
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where

Fα
0 (λ, μ) := λ|α|∂α

(λ,μ)F0(λ, μ).

Indeed, by Proposition 8.8 below, we deduce that, for some δ > 0 and all κ ∈ ℝ+,

|Fα
0 (λ, μ)| ≲α,κ (1 + λ)−δ when λ ≥ κ|μ|,

|Fα
0 (λ, μ)− Fα

0 (λ′, μ′)| ≲α,κ |(λ, μ)− (λ′, μ′)|δ when λ ≥ κ|μ|, λ′ ≥ κ|μ′|,

which imply, by [35, Proposition 5.6(i)], the norm bound (8.15) for ℓ = 0. □
Proposition 8.8. Let F0, F𝔳, F𝔷 be as in (8.14). Let κ ∈ ℝ+ and c ∈ (0, 1). For any 
α ∈ ℕ1+d2 and (λ, μ) ∈ ℝ+ ×ℝd2 with λ ≥ κ|μ|, we have⃓⃓⃓

λ|α|∂α
(λ,μ)F𝔳(λ, μ)

⃓⃓⃓
≲c,κ,α λ1/2 log(e + 1/λ) e−2c

√︁
λ+|μ|,⃓⃓⃓

λ|α|∂α
(λ,μ)F𝔷(λ, μ)

⃓⃓⃓
≲c,κ,α λ log(e + 1/λ) e−2c

√︁
λ+|μ|

(8.18)

and

⃓⃓⃓
λ|α|∂α

(λ,μ)F0(λ, μ)
⃓⃓⃓
≲c,κ,α

⎧⎪⎪⎨⎪⎪⎩
e−2c

√︁
λ+|μ| if |α| = 0,

λ log(e + 1/λ) e−2c
√︁
λ+|μ| if |α| = 1,

λ e−2c
√︁

λ+|μ| if |α| ≥ 2.
(8.19)

In addition, for all ε ∈ (0, 1) and α ∈ ℕ1+d2 , the function (λ, μ) ↦→ λ|α|∂α
(λ,μ)F0(λ, μ) is 

ε-Hölder continuous on {(λ, μ) ∈ ℝ+ ×ℝd2 : λ ≥ κ|μ|}.

The proof of the above proposition will be presented after a few preliminary lemmas. 
The first one concerns differentiation of radial extensions of even functions, and will be 
useful to estimate μ-derivatives of expressions, such as (8.13), which also involve |μ|.

Lemma 8.9. Let n ∈ ℕ. Let f ∈ Cn(ℝ) be even, and define F : ℝd2 → ℂ by F (μ) =
f(|μ|), μ ∈ ℝd2 . Then F ∈ Cn(ℝd2). Moreover, for all μ ∈ ℝd2 and α ∈ ℕd2 with 
|α| ≤ n,

⃓⃓
∂α
μF (μ)

⃓⃓
≲d2,|α|

1 ∫︂
0 

|f (|α|)(s|μ|)| dμ|α|(s) ≤ sup 
s∈[0,1]

|f (|α|)(s|μ|)|, (8.20)

for some probability measure μ|α| on [0, 1], and more precisely

|∂α
μF (μ)| ≤ |f (|α|)(|μ|)| if |α| ≤ 1. (8.21)
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Proof. The case n = 0 is trivial, so we may assume n > 0.
Let us first prove that F ∈ Cn(ℝd2). As f is even, f (k)(0) = 0 for any odd k ≤ n. 

Thus we can write f = P + R, where

P (t) :=
∑︂

0≤k≤n
k even

f (k)(0)
k! tk

is the Taylor polynomial of f at 0 of order n, and the remainder R ∈ Cn(ℝ) satisfies 
R(k)(0) = 0 for k = 0, . . . , n. In particular,

R(k)(t) = o(tn−k) as t→ 0 for k = 0, . . . , n. (8.22)

Correspondingly, F (μ) = f(|μ|) = P (|μ|) + R(|μ|), where

P (|μ|) =
∑︂

0≤k≤n
k even

f (k)(0)
k! |μ|

k

is a polynomial in |μ|2, so μ ↦→ P (|μ|) is in C∞(ℝd2), and it just remains to show that 
μ ↦→ R(|μ|) is in Cn(ℝd2).

On the other hand, as | · | is smooth off the origin, R(| · |) ∈ C(ℝd2) ∩ Cn(ℝ̇d2). We 
now show that ∂α

μ [R(|μ|)] → 0 as μ → 0 whenever |α| ≤ n. When α = 0, this is clear 
from (8.22). On the other hand, if 1 ≤ |α| ≤ n, by the chain and Leibniz rules,

∂α
μ [R(|μ|)] =

|α| ∑︂
k=1

Qα,k(μ)R(k)(|μ|), (8.23)

for suitable functions Qα,k ∈ C∞(ℝ̇d2) homogeneous of degree k − |α|; thus, again by 
(8.22),

∂α
μ [R(|μ|)] =

|α| ∑︂
k=1

O(|μ|k−|α|) o(|μ|n−k) = o(|μ|n−|α|)→ 0 as μ→ 0.

This proves that μ ↦→ ∂α
μ [R(|μ|)] extends to a continuous function on the whole ℝd2 for 

any α ∈ ℕd2 with |α| ≤ n, and consequently R(| · |) ∈ Cn(ℝd2).
It remains to prove the estimates (8.20) and (8.21). Clearly they hold for α = 0, so we 

may assume |α| > 0, and moreover by continuity it is enough to check them for μ ̸= 0.
As ∂μj

F (μ) = μj

|μ|f
′(|μ|) for j = 1, . . . , d2, the estimate (8.21) is clear. To prove (8.20), 

let α ∈ ℕd2 be such that 1 ≤ m := |α| ≤ n, consider the polynomial

Pm(t) :=
∑︂

0≤k<m
k even

f (k)(0)
k! tk
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and set Rm := f−Pm. As before, Rm ∈ Cn(ℝ) and R(k)
m (0) = 0 for 0 ≤ k < m. Moreover 

P
(m)
m ≡ 0, thus R(m)

m = f (m). Therefore, for 0 ≤ k < m, the Taylor expansion of R(k)
m

with integral remainder at 0 of order m− k − 1 is given by

R(k)
m (t) = 1 

(m− k − 1)!

t ∫︂
0 

R(m)
m (u) (t− u)m−k−1 du

= tm−k

1 ∫︂
0 

f (m)(st) (1− s)m−k−1

(m− k − 1)! ds.

(8.24)

Now, F (μ) = f(|μ|) = Pm(|μ|) + Rm(|μ|), where Pm(|μ|) is a polynomial of degree less 
than m; so, as |α| = m,

∂α
μF (μ) = ∂α

μ [Rm(|μ|)] =
m ∑︂

k=1

Qα,k(μ)R(k)
m (|μ|),

where the Qα,k are smooth and (k − |α|)-homogeneous as in (8.23); combining this 
identity with (8.24) and the fact that R(m)

m = f (m), we conclude that

|∂α
μF (μ)| ≲d2,m

m ∑︂
k=1

|μ|k−m|R(k)
m (|μ|)|

≤
m−1∑︂
k=1 
|μ|k−m|μ|m−k

1 ∫︂
0 

|f (m)(s|μ|)| (1− s)m−k−1

(m− k − 1)! ds + |f (m)(|μ|)|

≲m

1 ∫︂
0 

|f (m)(s|μ|)| dμm(s),

as required, where μm is some probability measure on [0, 1]. □
Recall from (8.7) the definition of the even, real analytic functions S,T : ℝ→ ℝ. As 

these functions appear in the expression (8.9) for Ξs, it is useful to collect a few estimates 
for their derivatives.

Lemma 8.10. The functions μ ↦→ S(|μ|) and μ ↦→ T(|μ|) are real-analytic on ℝd2 , and

|∂α
μS(|μ|)| ≲α (1 + |μ|) e−|μ|, (8.25)

|∂α
μT(|μ|)| ≲α (1 + |μ|)1−|α| (8.26)

for all α ∈ ℕd2 and μ ∈ ℝd2 . In addition T ≥ 1 pointwise.
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Proof. As |tanhu| ≤ |u| for all u ∈ ℝ, we have T(u) ≥ 1 for all u ∈ ℝ. Moreover, as S
and T are even and real-analytic on ℝ, it is clear that S(| · |) and T(| · |) are real-analytic 
on ℝd2 , and the estimates (8.25)-(8.26) hold trivially for |μ| ≤ 1. It only remains to prove 
the estimates (8.25)-(8.26) for large |μ|.

It is easily checked by induction that, for all k ∈ ℕ,

∂k
u

(︃
1 

sinh u

)︃
= Pk(sinh u, cosh u)

sinhk+1 u 
,

where Pk is a two-variate homogeneous polynomial of degree k; consequently, as sinhu ≃
cosh u ≃ eu for u ≥ 1, we get⃓⃓⃓⃓

∂k
u

(︃
1 

sinh u

)︃⃓⃓⃓⃓
≲k e−u for u ≥ 1. (8.27)

As

S(k)(u) = k∂k−1
u

(︃
1 

sinh u

)︃
+ u∂k

u

(︃
1 

sinh u

)︃
,

from (8.27) we deduce that

|S(k)(u)| ≲k u e−u for u ≥ 1. (8.28)

Now, as

∂u coth u = − 1 

sinh2 u
,

by the Leibniz rule and (8.27) we deduce that, for u ≥ 1 and k ∈ ℕ,

|coth u| =
⃓⃓⃓⃓
cosh u

sinh u 

⃓⃓⃓⃓
≃ 1, |∂k+1

u coth u| =
⃓⃓⃓⃓
∂k
u

1 

sinh2 u

⃓⃓⃓⃓
≲k e−2u. (8.29)

Thus, much as above, from

T(k)(u) = k∂k−1
u coth u + u∂k

u coth u

and (8.29) we conclude that, for u ≥ 1 and k ∈ ℕ,

|T(k)(u)| ≲k

⎧⎪⎪⎨⎪⎪⎩
u if k = 0,
1 if k = 1,
u e−2u if k ≥ 2,

and in particular
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|T(k)(u)| ≲k u1−k for u ≥ 1. (8.30)

Finally, arguing as in (8.23), for all α ∈ ℕd2 and |μ| ≥ 1, from (8.28) and (8.30) we 
deduce that

|∂α
μS(|μ|)| ≲α

|α| ∑︂
k=1

|μ|k−|α||S(k)(μ)| ≲α |μ| e−|μ|,

|∂α
μT(|μ|)| ≲α

|α| ∑︂
k=1

|μ|k−|α||T(k)(μ)| ≲α |μ|1−|α|

as desired. □
Lemma 8.11. For all γ ∈ ℂ, μ ∈ ℝd2 , t > 0, α ∈ ℕd2 ,

|∂α
μ [S(t|μ|)γ ]| ≲α,γ t|α|(1 + t|μ|)ℜ𝔢 γ e−t|μ|ℜ𝔢 γ

while

|∂α
μ e−T(t|μ|)/t| ≲α e−T(t|μ|)/t

(︃
1 + t 

1 + t|μ|

)︃(|α|−1)+
.

Proof. Both estimates are trivial for α = 0, so we may assume |α| > 0.
By homogeneity, the estimate for S(t|μ|) reduces to the case t = 1; now, by the chain 

and Leibniz rules,

|∂α
μ [S(|μ|)γ ]| ≲α,γ

|α| ∑︂
P=1

S(|μ|)ℜ𝔢 γ−P
∑︂

α1+···+αP =α
|αj |≥1 ∀j

P∏︂
j=1
|∂αj

μ S(|μ|)|,

so the required estimate follows by (8.25) and the fact that S(|μ|) ≃ (1 + |μ|) e−|μ|.
As for the second estimate, by the Leibniz and chain rules, together with (8.26),

⃓⃓⃓
∂α
μ e−T(t|μ|)/t

⃓⃓⃓
≲α e−T(t|μ|)/t

|α| ∑︂
P=1

∑︂
α1+···+αP =α

|αj |≥1 ∀j

P∏︂
j=1

⃓⃓
∂αj
μ [T(t|μ|)/t]

⃓⃓

≲α e−T(t|μ|)/t
|α| ∑︂
P=1

∑︂
α1+···+αP =α

|αj |≥1 ∀j

P∏︂
j=1

t|αj |−1(1 + t|μ|)1−|αj |

≃α e−T(t|μ|)/t
|α| ∑︂
P=1

t|α|−P (1 + t|μ|)P−|α|

≃α e−T(t|μ|)/t
(︃

1 + t 
1 + t|μ|

)︃|α|−1

,
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as claimed. □
The previous lemmas allow us to obtain sufficiently precise estimates for the deriva

tives of the functions Ξs from (8.9).

Lemma 8.12. Let s ∈ ℂ, κ ∈ ℝ+ and c ∈ (0, 1), and assume that σ := ℜ𝔢 s > −1. For 
all α ∈ ℕ1+d2 and (λ, μ) ∈ ℝ̇1+d2 such that λ + (σ + 1)|μ| ≥ κ|μ|,

|∂α
(λ,μ)Ξs(λ, μ)| ≲s,α,c,κ

⎧⎨⎩(λ + (σ + 1)|μ|)−(|α|−σ)+ e−2c
√︁

λ+(σ+1)|μ| if |α| ̸= σ,

log
(︂
e + 1 

λ+(σ+1)|μ|

)︂
e−2c

√︁
λ+(σ+1)|μ| if |α| = σ.

Proof. Write α = (r, β), where r ∈ ℕ and β ∈ ℕd2 . Then, by formula (8.9) and 
Lemma 8.11,

|∂α
(λ,μ)Ξs(λ, μ)|

≲s,α

∑︂
β1+β2=β

∞ ∫︂
0 

|∂β1
μ [S(t|μ|)1+s]| |∂β2

μ [e−T(t|μ|)/t]| e−tλ tr−σ dt
t 

≲s,α

∞ ∫︂
0 

(1 + t|μ|)1+σ e−t[λ+(1+σ)|μ|] e−T(t|μ|)/t

×
∑︂

β1+β2=β

t|β1|+r−σ

(︃
1 + t 

1 + t|μ|

)︃(|β2|−1)+ dt
t 

≲s,α

∞ ∫︂
0 

(1 + t|μ|)1+σ e−t[λ+(1+σ)|μ|] e−1/t tr−σ(1 + t|β|) dt
t 

≲c,κ,s,α

∞ ∫︂
0 

e−ct[λ+(1+σ)|μ|] e−c/t t|α|−σ dt
t 

≃c,s,α (λ + (1 + σ)|μ|)(σ−|α|)/2 K|α|−σ(2c
√︁

λ + (1 + σ)|μ|),

where Kν is the modified Bessel function of the second kind [13, 10.32.10], and we used 
the fact that T ≥ 1, c ∈ (0, 1) and λ + (1 + σ)|μ| ≥ κ|μ|. The desired estimate thus 
follows from the known asymptotics for Kν with ν ∈ ℝ, namely

Kν(t) ≃ν

⎧⎪⎪⎨⎪⎪⎩
t−|ν| if ν ̸= 0, t ∈ (0, 1],
log(e + 1/t) if ν = 0, t ∈ (0, 1],
t−1/2 e−t if t ∈ [1,∞),
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see [13, 10.25.3, 10.27.3, 10.30.2, 10.30.3], by taking into consideration that, by slightly 
decreasing the value of c ∈ (0, 1), any power of λ + (1 + σ)|μ| can be absorbed by the 
exponentially decaying term e−2c

√︁
λ+(σ+1)|μ| when λ + (1 + σ)|μ| ≥ 1. □

Now we are in the position to present the proof of Proposition 8.8.

Proof of Proposition 8.8. We first prove (8.18). Let δ ∈ ℝ+. For any α ∈ ℕ×ℕd2 , when 
λ ≥ κ|μ|, by Lemma 8.12,⃓⃓⃓

λ|α|∂α
(λ,μ)[λδΞ0(λ, μ)]

⃓⃓⃓
≲δ,α

∑︂
α′≤α

λδ+|α′|
⃓⃓⃓
∂α′

(λ,μ)Ξ0(λ, μ)
⃓⃓⃓

≲α,c,κ λδ log(e + 1/λ) e−2c
√︁
λ+|μ|,

which, in light of (8.14), proves (8.18).
As for (8.19), recalling the definitions in (8.13), and setting

Ξ̃(1)
2 (λ, s, μ) :=

1 ∫︂
−1

∂λΞ2(λ + 2vs, μ) dv,

Ξ̃(2)
2 (λ, s, μ) :=

1 ∫︂
−1

∂2
λΞ2(λ + 2vs, μ) (1− |v|) dv,

we see that, for b = 1, 2, the function s ↦→ Ξ̃(b)
2 (λ, s, μ) is even and

Ξ̃(b)
2 (λ, |μ|, μ) = Ξ(b)

2 (λ, μ).

Take α = (r, β) ∈ ℕ ×ℕd2 ; then, by Lemma 8.9,

|∂α
(λ,μ)Ξ

(b)
2 (λ, μ)| ≲α

∑︂
β1+β2=β

sup 
u∈[0,1]

⃓⃓⃓⃓
∂r
λ∂

|β1|
s ∂β2

μ Ξ̃(b)
2 (λ, s, μ)

⃓⃓⃓
s=u|μ|

⃓⃓⃓⃓

≲α sup 
v∈[−1,1]

γ : |γ|=b+|α|

⃓⃓⃓
[∂γ

(λ,μ)Ξ2](λ + 2v|μ|, μ)
⃓⃓⃓
.

(8.31)

Notice now that, for v ∈ [−1, 1], we have (λ+ 2v|μ|) + 3|μ| ≥ λ+ |μ|. Hence from (8.31)
and Lemma 8.12 we conclude that, for all c ∈ (0, 1),

|∂α
(λ,μ)Ξ

(b)
2 (λ, μ)| ≲α,c

{︄
(λ + |μ|)−(|α|+b−2)+ e−2c

√︁
λ+|μ| if |α| ̸= 2− b,

log(e + 1/(λ + |μ|)) e−2c
√︁

λ+|μ| if |α| = 2− b.

We thus see that, for λ ≥ κ|μ|,
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⃓⃓⃓
λ|α|∂α

(λ,μ)[(d1/4)Ξ(1)
2 (λ, μ) + λΞ(2)

2 (λ, μ)]
⃓⃓⃓
≲α,c,κ

⎧⎪⎪⎨⎪⎪⎩
e−2c

√︁
λ+|μ| if |α| = 0,

λ log(e + 1/λ) e−2c
√︁
λ+|μ| if |α| = 1,

λ e−2c
√︁

λ+|μ| if |α| ≥ 2.

Similarly, from Lemma 8.12 we also deduce that

⃓⃓⃓
λ|α|∂α

(λ,μ)Ξ2(λ, μ)
⃓⃓⃓
≲α,c,κ

⎧⎪⎪⎨⎪⎪⎩
λ|α|e−2c

√︁
λ+|μ| if |α| ≤ 1,

λ2 log(e + 1/λ) e−2c
√︁
λ+|μ| if |α| = 2,

λ2 e−2c
√︁

λ+|μ| if |α| ≥ 3.

In light of (8.12) and (8.14), the estimate (8.19) follows.
From (8.19) we also deduce that

⃓⃓⃓
∇(λ,μ)[λ|α|∂α

(λ,μ)F0(λ, μ)]
⃓⃓⃓
≲c,κ,α

{︄
log(e + 1/λ) e−2c

√︁
λ+|μ| if |α| ≤ 1,

e−2c
√︁

λ+|μ| if |α| ≥ 2,

and the claimed Hölder continuity thus follows from Lemma 8.13 below. □
Lemma 8.13. Let κ,C ∈ ℝ+, ε ∈ (0, 1), and d2 ∈ ℕ+. Let Ω ⊆ {(λ, μ) ∈ ℝ+×ℝd2 : λ ≥
κ|μ|} be convex. Assume that F ∈ C1(Ω) satisfies

⃓⃓
∇(λ,μ)F (λ, μ)

⃓⃓
≤ Cλε−1 ∀(λ, μ) ∈ Ω. (8.32)

Then, F is ε-Hölder continuous, i.e.,

|F (λ, μ)− F (λ′, μ′)| ≲ε,κ C |(λ− λ′, μ− μ′)|ε ∀(λ, μ), (λ′, μ′) ∈ Ω.

Proof. Without loss of generality, we may assume C = 1. Via the fundamental theorem 
of calculus, and as Ω is convex, from (8.32) we deduce that

|F (λ, μ)− F (λ′, μ′)| =

⃓⃓⃓⃓
⃓⃓

1 ∫︂
0 

∇(λ,μ)F ((1− t)(λ′, μ′) + t(λ, μ)) · (λ− λ′, μ− μ′) dt

⃓⃓⃓⃓
⃓⃓

≤ |(λ− λ′, μ− μ′)|
1 ∫︂

0 

[(1− t)λ′ + tλ]ε−1 dt.

(8.33)

Notice now that

1 ∫︂
0 

[(1− t)λ′ + tλ]ε−1 dt ≃ε max{λ, λ′}ε−1. (8.34)
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Indeed, if λ ≃ λ′, then (1− t)λ′ + tλ ≃ λ ≃ λ′ ≃ max{λ, λ′}, and (8.34) trivially follows. 
If instead λ ≫ λ′ (the case λ ≪ λ′ is treated analogously), the change of variables 
u = (1− t)λ′ + tλ gives

1 ∫︂
0 

[(1− t)λ′ + tλ]ε−1 dt = 1 
λ− λ′

λ ∫︂
λ′

uε−1 du

= λε − (λ′)ε

ε(λ− λ′) ≃ε
λε

λ 
= λε−1 = max{λ, λ′}ε−1,

and (8.34) is proved.
From (8.33) and (8.34) we see that

|F (λ, μ)− F (λ′, μ′)| ≲ε |(λ− λ′, μ− μ′)|max{λ, λ′}ε−1

= |(λ− λ′, μ− μ′)|ε
(︃
|(λ− λ′, μ− μ′)|

max{λ, λ′} 

)︃1−ε

≲ε,κ |(λ− λ′, μ− μ′)|ε ,

as required; in the last step we used that

|(λ− λ′, μ− μ′)| ≲ |λ− λ′|+ |μ− μ′| ≤ λ + λ′ + |μ|+ |μ′| ≲κ max{λ, λ′},

for all (λ, μ), (λ′, μ′) ∈ Ω. □
8.4. Lp-boundedness of the Riesz transforms for p ≥ 2

We now have all the ingredients to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. By Theorem 4.2 we know that the Riesz transforms ℛj are of 
weak type (1, 1) and Lp-bounded for p ∈ (1, 2]. So, by duality, it only remains to prove 
that the adjoint transforms ℛ∗

j are Lp-bounded for p ∈ (1, 2] and, by Propositions 6.3 and 
6.4, we are reduced to showing that the convolution operators with kernels K0,K𝔳,K𝔷

are Lp-bounded.
From the discussion in Section 8.1, those convolution operators can be written as 

M0(ℒ,−i∇z),M𝔳(ℒ,−i∇z),M𝔷(ℒ,−i∇z). By Proposition 8.7, the operator-valued sym
bols Mℓ with ℓ ∈ {0, 𝔳, 𝔷} satisfy the smoothness assumptions of the multiplier theorem 
stated in Corollary 8.1, so by the latter result the corresponding operators Mℓ(ℒ,−i∇z)
are indeed Lp-bounded, as required. □
Data availability
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