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Abstract
We treat the optimal linear filtering problem for a sumof two second order uncorrelated
generalized stochastic processes. This is an operator equation involving covariance
operators. We study both the wide-sense stationary case and the non-stationary case.
In the former case the equation simplifies into a convolution equation. The solution
is the Radon–Nikodym derivative between non-negative tempered Radon measures,
for signal and signal plus noise respectively, in the frequency domain. In the non-
stationary case we work with pseudodifferential operators with symbols in Sjöstrand
modulation spaces which admits the use of its spectral invariance properties.

Keywords Second order tempered generalized stochastic processes · Optimal linear
filter · Additive uncorrelated noise · Modulation spaces

Mathematics Subject Classification Primary: 60G20 · 60G35 · 47A62 · 94A12 ·
47G30 · 47B65 · 42B35 · Secondary: 47A60

1 Introduction

The paper concerns zero mean second order generalized stochastic processes. These
are defined as linear continuous maps from a space of test functions defined on Rd

into a Hilbert space of finite variance random variables. Given a sum of two such
uncorrelated generalized stochastic processes we study the optimal filtering problem,
whose goal is to find the linear operator that recovers one of them with the minimum
mean square error.
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If u denotes the useful signal and w the uncorrelated noise, the equation for the
optimal linear operator F reads

Ku = F(Ku + Kw) (1.1)

where Ku and Kw are the covariance operators of u and w respectively. These are
non-negative continuous linear operators from C∞

c (Rd) to the distributions D ′(Rd).
If both generalized stochastic processes are wide-sense stationary then the covari-

ance operators are translation invariant which means that they are convolution
operators. Their covariance kernels are then Fourier transforms of non-negative tem-
pered Radon measures μu and μw respectively defined on Rd . It is then natural to
impose the operator F in (1.1) to be a convolution operator, that is F = f ∗.

Our first result is the determination of the optimal convolution operator in the wide-
sense stationary case. In the frequency domain it turns out to be the Radon–Nikodym
derivative

̂f = dμu

d(μu + μw)

which is a function in L∞(μu + μw) that satisfies 0 � ̂f � 1 almost everywhere.
This result generalizes and formalizes widely established engineering intuition for
the optimal filter for wide-sense stationary processes. The functional framework for
equation (1.1) in this case are Hilbert spaces F L2(μ), that is tempered distributions
with Fourier transforms that belong to L2

loc(μ) and are square integrable with respect
to a non-negative tempered Radon measure μ. In fact for wise-sense stationary gener-
alized stochastic processes the covariance operators act continuously on such spaces
for certain μ.

Secondlywe study equation (1.1) under the assumption that the generalized stochas-
tic processes are non-stationary which is a less well defined problem. We need
frameworks and restrictions to be able to formulate solutions.

As an intermediate step from wide-sense stationarity to non-stationarity we first
impose the restriction that the covariance operators Ku and Kw commute, which
holds in the former case, and are continuous and non-negative on a Hilbert space
of distributions on Rd . Then we may solve (1.1) using the spectral theorem and its
associated functional calculus as

F =
∫

C
f (z)d�(z) ∈ L (H )

where � is a projection-valued measure compactly supported in the first quadrant in
C, and where

f (z) = fu(z)

fu(z) + fw(z)
χsupp fu
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with

Ku =
∫

C
fu(z)d�(z), Kw =

∫

C
fw(z)d�(z).

Finally we relax the commutativity of Ku and Kw and study equation (1.1) as
an equation for pseudodifferential covariance operators of non-stationary generalized
stochastic processes. We work in the functional framework of modulation spaces for
the Weyl symbols of the operators and for the spaces on which operators act. Our goal
is to extend the analysis for the wide-sense stationary case. We show embeddings of
modulation spaces in the spacesF L2(μ). We also show that theWeyl symbols 1⊗μ,
where μ is a non-negative tempered Radon measure, of the covariance operators in
the wide-sense stationary case do belong to modulation spaces M∞,1

ω (R2d) for certain
weightsω defined onR4d . This implies that the corresponding operators map between
certain modulation spaces, which gives a functional framework for the equation (1.1).
The weight ω is however in general decreasing which is too weak for the exploitation
of the powerful methods based on Gröchenig’s and Sjöstrand’s results on the Wiener
property of the symbol class M∞,1

1⊗ω(R2d) where ω(X) = (1+ |X |)r for X ∈ R2d and
r � 0.

Imposing covariance operators to have Weyl symbols in M∞,1
1⊗ω(R2d) admits white

noise but excludes certain other wide-sense stationary generalized stochastic pro-
cesses, for example derivatives ofwhite noise. In this frameworkwe show the following
result which is a rather immediate consequence of results in [39]. IfKu andKw have
Weyl symbols inM∞,1

1⊗ω(R2d) for some r � 0 andKu +Kw is invertible as an operator
on L2(Rd), then the optimal filter F solving (1.1) is again a Weyl pseudodifferential
operator with symbol in M∞,1

1⊗ω(R2d). If r > 2d then the Gabor coefficients of the
Weyl symbols of F and Ku are related by a multiplication of an infinite matrix with
polynomial off-diagonal decay of order smaller than r/2 − d.

Finally we discuss a few operator theoretical observations concerning equation
(1.1) considered as an equation for bounded linear operators on a Hilbert space on
which Ku and Kw are non-negative, and Ku + Kw is allowed to be non-invertible.
Douglas’ lemma then says that there is a bounded linear operator F that solves (1.1),
with certain uniqueness properties, provided ranKu ⊆ ran(Ku + Kw).

The analysis in this work is second order, which explains the assumption that the
processes are uncorrelated rather than statistically independent.

The optimal filtering problem for (generalized) stochastic processes has a long and
eclectic history going back to Kolmogorov [25] and Wiener [42], cf. [11, 12, 19, 28,
38, 39, 41]. It has been studiedmostly under the assumption of wide-sense stationarity.
The time domain has been either Z or R, and the filter has often been subject to the
constraint to be causal. This means that the convolutor f has support on R+ and it
is natural in engineering applications. Usually the term Wiener filter refers to this
constraint. In this paper we do not restrict the supports of filter kernels. Therefore we
do not treat causal filters, neither in the wide-sense stationary nor in the non-stationary
case.
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The paper is organized as follows. Section 2 is quite long and contains notations, and
background material on Radon measures, Weyl pseudodifferential operators, modula-
tion spaces, andGabor frames. It also specifies the framework of generalized stochastic
processes. In Section 3 we deduce the equation (1.1) for the optimal filter operator, and
Section 4 treats its solution for wide-sense stationary generalized stochastic processes.

In Section 5 we study equation (1.1) for non-stationary generalized stochastic pro-
cesses. First we keep the feature of commutating covariance operators which holds in
the wide-sense stationary case. Then a solution to (1.1) may be determined using the
spectral theorem. Finally we relax the commutativity and study the equation (1.1) as
an equation for pseudodifferential operators with symbols in modulation spaces.

2 Preliminaries

2.1 Notations

The symbol Br denotes the ball in Rd with center at the origin and radius r > 0.
The notation K � Rd means that K is compact. We use R+ for the non-negative real
numbers, and χA is the indicator function of a subset A ⊆ Rd . We write f (x) � g(x)
provided there exists C > 0 such that f (x) � C g(x) for all x in the domain of
f and of g. If f (x) � g(x) � f (x) then we write f � g. The partial derivative
Dj = −i∂ j , 1 � j � d, acts on functions and distributions on Rd , with extension to

multi-indices as Dα = i−|α|∂α for α ∈ Nd . We use the bracket 〈x〉 = (1 + |x |2) 1
2 for

x ∈ Rd . The space of bounded linear operators on a Banach space X is denotedL (X),
and inclusions X ⊆ Y of Banach spaces understand embeddings, that is continuity.
Peetre’s inequality with optimal constant (cf. [30, Lemma 2.1]) is

〈x + y〉s �
(

2√
3

)|s|
〈x〉s〈y〉|s| x, y ∈ Rd , s ∈ R. (2.1)

If 1 � p � ∞ then the conjugate exponent p′ ∈ [1,∞] satisfies 1
p + 1

p′ = 1. The
normalization of the Fourier transform is

F f (ξ) = ̂f (ξ) = (2π)−
d
2

∫

Rd
f (x)e−i〈x,ξ〉 dx, ξ ∈ Rd ,

for f ∈ S (Rd) (the Schwartz space), where 〈 · , · 〉 denotes the scalar product on Rd .
We have for f , g ∈ S (Rd)

̂f ∗ g = (2π)
d
2 ̂f ĝ (2.2)

and this identity extends to f ∈ S ′(Rd) (the tempered distributions) and g ∈ S (Rd),
with the Fourier transform defined on S ′(Rd) as ( ̂f , ĝ) = ( f , g) for f ∈ S ′(Rd)

and g ∈ S (Rd).
The conjugate linear (antilinear) action of a distribution u on a test function φ

is written (u, φ), consistent with the L2 inner product ( · , · ) = ( · , · )L2 which is
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conjugate linear in the second argument. Translation of a function or a distribution f is
denoted Tx f (y) = f (y−x) for x, y ∈ Rd , and modulation as Mξ f (x) = ei〈x,ξ〉 f (x)
for x, ξ ∈ Rd .

2.2 RadonMeasures

Weuse non-negative Radonmeasures onRd [10]. By the Riesz representation theorem
[10,Theorem7.2], [32,Theorem2.14]wemay regard such ameasure either as a regular
non-negative Borel measure, that is a regular σ -additive function whose domain is the
Borel σ -algebra on Rd , denoted B(Rd), or equivalently we may regard it as a non-
negative linear functional on Cc(Rd)which denotes the space of compactly supported
continuous functions, with certain regularity properties. The latter description implies
that the measure μ satisfies an estimate of the form

|(μ, ϕ)| � CK sup
x∈Rd

|ϕ(x)|, ϕ ∈ Cc(K ),

with CK > 0 for each K � Rd , and the non-negativity means (μ, ϕ) � 0 when
ϕ � 0. We adopt the convention that μ is an antilinear functional, and then using the
former description of a non-negative Radon measure μ we may write

(μ, ϕ) =
∫

Rd
ϕ(x) dμ(x), ϕ ∈ Cc(K ).

If the measure μ is finite then it extends uniquely to an antilinear functional on the
space C0(Rd) which denotes the space of continuous functions that vanish at infinity
[10, Theorem 7.17]. The space C0(Rd) is the completion of Cc(Rd) with respect to
the uniform topology of L∞(Rd).

If
∫

Rd
〈x〉−s dμ(x) < ∞ (2.3)

for some s � 0 then the measure μ is said to be tempered. The space of non-
negative tempered Radon measures is denoted M+(Rd) ⊆ S ′(Rd). An example
is Lebesgue measure which is tempered for any s > d. A measure μ ∈ M+(Rd)

extends uniquely to a continuous antilinear functional on Cs,0(Rd) which denotes the
space of continuous functions f that vanish at infinity quicker than 〈·〉−s :

lim|x |→∞ | f (x)|〈x〉s = 0

equipped with the weighted supremum norm ‖ f 〈·〉s‖L∞(Rd ).
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If μ ∈ M+(Rd) then we define the Hilbert space F L2(μ) as the subspace of
f ∈ S ′(Rd) such that ̂f ∈ L2

loc(μ) and

‖ f ‖F L2(μ) =
(∫

Rd
| ̂f (ξ)|2 dμ(ξ)

) 1
2

< ∞.

It follows from [10, Proposition 7.1] thatC∞
c (Rd) ⊆ L2(μ) is a dense subspace. From

(2.3) we get the estimate for f ∈ S (Rd)

‖ f ‖L2(μ) =
(∫

Rd
| f (ξ)|2 dμ(ξ)

) 1
2

� sup
ξ∈Rd

〈ξ 〉 s
2 | f (ξ)|

for some s � 0, which implies that S (Rd) ⊆ L2(μ) is a continuous inclusion. It
follows that S (Rd) ⊆ F L2(μ) is a dense and continuous inclusion. Note however
that the inclusion S (Rd) ⊆ F L2(μ) is not guaranteed to be injective, since ̂f = 0
in F L2(μ) means that ̂f = 0 μ-a.e. but ̂f ∈ S (Rd) \ {0} may hold, for instance if
suppμ ⊆ Rd is compact.

The inclusionF L2(μ) ⊆ S ′(Rd) is likewise continuous and dense. In fact the den-
sity follows from thedensity ofS (Rd) ⊆ S ′(Rd) [29,CorollaryV.3.1]. The inclusion
F L2(μ) ⊆ S ′(Rd) is also injective, as opposed to the possible non-injectivity of
S (Rd) ⊆ F L2(μ). Nevertheless if suppμ ⊆ Rd has non-empty interior then the
possibly non-injective inclusion S (Rd) ⊆ F L2(μ) can be modified such that it
becomes injective, if the test function space is modified as

FC∞
c (suppμ) ⊆ F L2(μ).

We have H∞
s
2

(μ) ⊆ F L2(μ) provided (2.3) holds true, where

H∞
t (μ) = {ϕ ∈ S ′(Rd) : ϕ̂〈·〉t ∈ L∞(μ)}, t ∈ R,

is a scale of Sobolev spaces with respect to μ ∈ M+(Rd). If μ is Lebesgue measure
we write H∞

t (μ) = H∞
t (Rd). When t = 0 we have H∞

0 (Rd) = F L∞(Rd) which
is the space of pseudo-measures. It can be identified with the topological dual of the
Fourier algebra F L1(Rd) [23, 26].

The same conclusion holds for F L∞(μ) = H∞
0 (μ) if μ ∈ M+(Rd). In fact by

[10, Theorem 6.15] the dual (L1(μ))′ can be identified isometrically with L∞(μ) via
the duality

L1(μ) × L∞(μ) � ( f , g) �→
∫

Rd
f (x)g(x) dμ(x).

We can identify L∞(μ) ⊆ S ′(Rd) as a subspace as

( f , ϕ) =
∫

Rd
f (x)ϕ(x) dμ(x), f ∈ L∞(μ), ϕ ∈ S (Rd).
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The inclusion L∞(μ) ⊆ S ′(Rd) is continuous and injective. The Fourier transform
of f ∈ L∞(μ), considered as a tempered distribution f ∈ S ′(Rd), equals

( ̂f , ϕ̂) =
∫

Rd
f (x)ϕ(x) dμ(x), ϕ ∈ S (Rd).

It follows that ‖ f ‖F L∞(μ) = ‖ ̂f ‖L∞(μ) and F L∞(μ) = (

F L1(μ)
)′
, cf. [26, The-

orem 4.2.2]. The space H∞
0 (μ) = F L∞(μ) for μ ∈ M+(Rd) will play an essential

role in this paper.

2.3 Weyl Pseudodifferential Operators

If a ∈ S (R2d) is a Weyl symbol then the Weyl pseudodifferential operator [10, 20,
33] is defined as

aw(x, D) f (x) = (2π)−d
∫

R2d
ei〈x−y,ξ〉a

(

x + y

2
, ξ

)

f (y) dy dξ, f ∈ S (Rd),

(2.4)

and aw(x, D) : S (Rd) → S (Rd) is continuous. By the invariance of S ′(R2d)

under linear invertible coordinate transformations and partial Fourier transforms, the
Weyl correspondence extends to a ∈ S ′(R2d) in which case aw(x, D) : S (Rd) →
S ′(Rd) is continuous.

If a ∈ S ′(R2d) then

(aw(x, D) f , g) = (2π)−
d
2 (a,W (g, f )), f , g ∈ S (Rd), (2.5)

where the cross-Wigner distribution [10, 15] is defined as

W (g, f )(x, ξ) = (2π)−
d
2

∫

Rd
g(x + y/2) f (x − y/2)e−i〈y,ξ〉dy

= F2
(

(g ⊗ f ) ◦ T
)

(x, ξ), (x, ξ) ∈ T ∗Rd .

(2.6)

HereF2 denotes the partial Fourier transform with respect to the second Rd variable
in R2d , and T is the matrix

T =
(

Id
1
2 Id

Id − 1
2 Id

)

∈ R2d×2d . (2.7)

Conversely, by the Schwartz kernel theorem, for any continuous linear operator
K : S (Rd) → S ′(Rd) there exists a kernel k ∈ S ′(R2d) and a Weyl symbol
a ∈ S ′(R2d) such that

(K f , g) = (k, g ⊗ f ) = (2π)−
d
2 (a,W (g, f )), f , g ∈ S (Rd).
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From this we may extract the relation between the Schwartz kernel and the Weyl
symbol of a linear continuous operator K : S (Rd) → S ′(Rd):

k = (2π)−
d
2 (F−1

2 a) ◦ T−1 ⇐⇒ a = (2π)
d
2F2 (k ◦ T ) . (2.8)

2.4 The Short-Time Fourier Transform, Modulation Spaces and Gabor Frames

Let ϕ ∈ S (Rd) \ {0}. The short-time Fourier transform (STFT) of a tempered
distribution u ∈ S ′(Rd) is defined by

Vϕu(x, ξ) = (2π)−
d
2 (u, MξTxϕ) = F (uTxϕ)(ξ), x, ξ ∈ Rd . (2.9)

The function Vϕu is smooth and polynomially bounded [15, Theorem 11.2.3] as

|Vϕu(x, ξ)| � 〈(x, ξ)〉k, (x, ξ) ∈ T ∗Rd , (2.10)

for some k � 0. We have u ∈ S (Rd) if and only if

|Vϕu(x, ξ)| � 〈(x, ξ)〉−k, (x, ξ) ∈ T ∗Rd , ∀k � 0.

The inverse transform is given by

u = (2π)−
d
2

∫∫

R2d
Vϕu(x, ξ)MξTxϕ dx dξ (2.11)

provided ‖ϕ‖L2 = 1, with action under the integral understood, that is

(u, f ) = (Vϕu, Vϕ f )L2(R2d ) (2.12)

for u ∈ S ′(Rd) and f ∈ S (Rd), cf. [15, Theorem 11.2.5].
A weight on Rd is a positive function ω ∈ L∞

loc(R
d) such that 1/ω ∈ L∞

loc(R
d).

The weight ω is called v-moderate if there is a positive locally bounded function v

such that

ω(x + y) � Cω(x)v(y), x, y ∈ Rd , (2.13)

for some constant C � 1. The setP(Rd) consists of weights that are v-moderate for
a polynomially bounded weight, that is a weight of the form v(x) = 〈x〉s with s � 0.

Modulation spaces were introduced by Feichtinger 1983 and have been studied
thoroughly from many points of view. Gröchenig’s book [15] is an excellent source
for their basic properties.
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Definition 2.1 Let ω ∈ P(R2d), let p, q ∈ [1,∞] and let ϕ ∈ S (Rd) \ {0}. The
modulation space Mp,q

ω (Rd) is the Banach subspace ofS ′(Rd) defined by the norm

‖u‖Mp,q
ω

=
(

∫

Rd

(∫

Rd
|Vϕu(x, ξ)|p ω(x, ξ)p dx

)
q
p

dξ

)
1
q

= ‖(Vϕu)ω‖L p,q

(2.14)

when p, q < ∞ and the usual modifications otherwise. Here L p,q(R2d) is a mix-
normed Lebesgue space [15].

The modulation spaces are independent of ϕ ∈ S (Rd) \ {0} and increase with the
indices as

M1,1
ω ⊆ Mp,q

ω ⊆ Mr ,s
ω ⊆ M∞,∞

ω , 1 � p � r , 1 � q � s. (2.15)

We write Mp,p
ω = Mp

ω and Mp,q
ω = Mp,q if ω = 1. If ω(x, ξ) = 〈x〉t 〈ξ 〉s for x, ξ ∈

Rd and t, s ∈ R then we write Mp,q
ω (Rd) = Mp,q

t,s (Rd). Note that ω ∈ P(R2d),
where the polynomial moderateness is a consequence of (2.1). The spaces M2

ω(Rd)

are Hilbert spaces and M2(Rd) = L2(Rd).
The L2-inner product (·, ·) onS (Rd) ×S (Rd) extends uniquely to a continuous

sesquilinear form on Mp,q
ω (Rd) × Mp′,q ′

1/ω (Rd), and if p, q < ∞ then the dual space

of Mp,q
ω (Rd) may be identified with Mp′,q ′

1/ω (Rd) via the form [15, Theorem 11.3.6].

We will also use modulation spaces with domainR2d and weight functions defined
on R4d of the form

ω(x1, x2, ξ1, ξ2) = 〈x1〉τ1〈x2〉τ2〈ξ1〉ζ1〈ξ2〉ζ2 , x1, x2, ξ1, ξ2 ∈ Rd ,

with τ1, τ2, ζ1, ζ2 ∈ R. These spaces are denoted Mp,q
τ1,τ2,ζ1,ζ2

(R2d) and will be
used as symbols for Weyl pseudodifferential operators acting between modulation
spaces Mp,q

t1,s1(R
d) → Mp,q

t2,s2(R
d). In fact according to [18, Proposition 2.9] (cf. [36,

Theorem 4.2])

aw(x, D) : Mp,q
ω1

(Rd) → Mp,q
ω2

(Rd)

is continuous for all p, q ∈ [1,∞] if a ∈ M∞,1
ω (R2d), ω1, ω2 ∈ P(R2d), ω ∈

P(R4d), and

ω2(X − Y )

ω1(X + Y )
� ω(X ,−2J Y ), X ,Y ∈ R2d ,

where

J =
(

0 Id
−Id 0

)

∈ R2d×2d
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is the matrix which plays a fundamental role in symplectic linear algebra [10, 15].
It follows that

aw(x, D) : Mp,q
t1,s1(R

d) → Mp,q
t2,s2(R

d) (2.16)

is continuous for all p, q ∈ [1,∞] if a ∈ M∞,1
τ1,τ2,ζ1,ζ2

(R2d) and

〈x − y〉t2〈ξ − η〉s2〈x + y〉−t1〈ξ + η〉−s1 � 〈x〉τ1〈ξ 〉τ2〈η〉ζ1〈y〉ζ2 , x, ξ, y, η ∈ Rd .

(2.17)

A particular case is a ∈ M∞,1
1⊗ω(R2d) with ω(X) = 〈X〉r for X ∈ R2d with r � 0.

Indeed M∞,1
1⊗ω(R2d) ⊆ M∞,1

0,0, r2 , r2
(R2d) and hence we obtain from (2.1) and (2.17) that

aw(x, D) : Mp,q
t,s (Rd) → Mp,q

t,s (Rd) (2.18)

is continuous for all p, q ∈ [1,∞], and all t, s ∈ R such that max(|t |, |s|) � r
2 .

Consequently aw(x, D) is continuous on L2(Rd) = M2(Rd). Gröchenig’s spectral
invariance theorem [17, Theorem 4.6] says that if a ∈ M∞,1

1⊗ω(R2d) and aw(x, D) is

invertible on L2(Rd), then aw(x, D)−1 = bw(x, D) with b ∈ M∞,1
1⊗ω(R2d). This so

called Wiener property of M∞,1
1⊗ω(R2d) is a refinement of Sjöstrand’s original result

[35] which concerned the case when r = 0.
Thus (2.17) gives good mapping properties for operators with Weyl symbols in the

space M∞,1
τ1,τ2,ζ1,ζ2

(R2d) when τ1, τ2, ζ1, ζ2 � 0, and furthermore the Wiener property

holds. But we will need also symbols M∞,1
0,τ2,ζ1,ζ2

(R2d) with τ2 and ζ2 negative. If
τ1 = 0 and τ2, ζ2 < 0 � ζ1 then (2.17) holds if

〈x − y〉t2〈x + y〉−t1〈ξ − η〉s2〈ξ + η〉−s1〈ξ 〉−τ2〈y〉−ζ2 � 〈η〉ζ1 . (2.19)

From (2.1) it follows that

〈ξ − η〉s2〈ξ + η〉−s1〈ξ 〉−τ2 � 〈η〉ζ1

provided |s1| + |s2| � ζ1 and s2 � s1 + τ2, and then (2.19) reduces to

〈x − y〉t2〈x + y〉−t1〈y〉−ζ2 � 1. (2.20)

Writing y = 1
2 (x + y)− 1

2 (x − y) it follows again from (2.1) that (2.20) is fulfilled

provided t2 � ζ2 and t1 � −ζ2. We summarize: If a ∈ M∞,1
0,τ2,ζ1,ζ2

(R2d) with τ2, ζ2 <

0 � ζ1 then the operator (2.16) is continuous for all p, q ∈ [1,∞] provided

t1 � −ζ2, t2 � ζ2,

s2 � s1 + τ2, |s1| + |s2| � ζ1.
(2.21)
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Finally we discuss Gabor frames [15, 39] for L2(R2d) defined by the Gaussian
window function

�(X) = 2dπd/2 exp(−|X |2), X ∈ R2d . (2.22)

Here we denote by

�(X ,Y ) f (Z) = e2iσ(Y ,Z) f (Z − X), X ,Y , Z ∈ R2d , (2.23)

the composition of the translation operator and the symplectic modulation operator
f �→ e2iσ(Y ,·) f , defined using the symplectic form [10]

σ((x, ξ), (y, η)) = 〈y, ξ 〉 − 〈x, η〉, (x, ξ), (y, η) ∈ R2d .

If the parameters a, b > 0 satisfy ab < π then {�(an, bk)�}n,k∈Z2d is a Gabor
frame for L2(R2d) which means that

A‖ f ‖2L2 �
∑

�∈�

| ( f ,�(�)�) |2 � B‖ f ‖2L2 ∀ f ∈ L2(R2d),

for some 0 < A � B < ∞. Here� = {(an, bk)}n,k∈Z2d ⊆ R4d is a lattice determined
by a, b > 0. We denote elements in the lattice as

� = (�,�′) ∈ �, � = an, �′ = bk, n, k ∈ Z2d . (2.24)

The Gabor frame operator S = S(�,�), defined by

S f =
∑

�∈�

( f ,�(�)�)�(�)�,

is positive and invertible on L2(R2d). For any f ∈ L2(R2d) we have a Gabor
expansion

f =
∑

�∈�

( f ,�(�)˜�)�(�)�, f ∈ L2(R2d), (2.25)

with unconditional convergence [15]. Here ˜� = S−1� ∈ S (R2d) [15, 22] is the
canonical dual window.

Gabor theory has been generalized from the Hilbert space L2 to modulation spaces
by Feichtinger, Gröchenig and Leinert [8, 15, 16]. In fact if ω ∈ P(R4d) we have the
norm equivalence

C−1‖ f ‖Mp,q
ω (R2d ) �

(
∑

k∈Z2d

(
∑

n∈Z2d

|( f ,�(an, bk)˜�)|pω(an, bk)p
)

q
p
) 1

q
s

� C‖ f ‖Mp,q
ω (R2d ) (2.26)
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whereC > 0, for the whole scale 1 � p, q � ∞ of modulation spaces. The expansion
(2.25) holds with unconditional convergence if p, q < ∞, and in the weak∗ topology
of M∞

1/v(R
2d) otherwise for some v ∈ P(R4d).

2.5 Stochastic Processes and Generalized Stochastic Processes

Let � be a sample space equipped with a σ -algebra B of subsets of � and let P be
a probability measure defined on B. The space of C-valued random variables is the
Hilbert space L2(�) equipped with the inner product

L2(�) × L2(�) � (X ,Y ) �→ E(XY ) = (X ,Y )L2(�)

where

EX =
∫

�

X(ω)P(dω)

is the expectation functional (integral). We write X ⊥ Y if E(XY ) = 0. The Hilbert
subspace of L2(�) of zeromean random variables is denoted L2

0(�), and thusEX = 0
and E|X |2 < ∞ for each element X ∈ L2

0(�).
A second order zero mean stochastic process is a locally Bochner integrable map

f : Rd → L2
0(�). This space of stochastic processes is denoted L1

loc(R
d , L2

0(�)),
andC(Rd , L2

0(�)) ⊆ L1
loc(R

d , L2
0(�)) denotes the subspace of continuous stochastic

processes. The cross-covariance function of f , g ∈ L1
loc(R

d , L2
0(�)) is

k f g(x, y) = E( f (x)g(y)), x, y ∈ Rd .

The function k f = k f f is the (auto-)covariance function of f . By theCauchy–Schwarz
inequality in L2(�) we have

|k f g(x, y)|2 � k f (x, x) kg(y, y), x, y ∈ Rd ,

which implies that k f g extends to an element in D ′(R2d) [14] when f , g ∈
L1
loc(R

d , L2
0(�)). Defining the cross-covariance operator

(K f gϕ,ψ) = (k f g, ψ ⊗ ϕ)L2(R2d ), ϕ, ψ ∈ C∞
c (Rd),

yields a continuous linear cross-covariance operator K f g : C∞
c (Rd) → D ′(Rd).

Since Fubini’s theorem gives

(k f , ϕ ⊗ ϕ)L2(R2d ) = E

∣

∣

∣

∣

∫

Rd
f (x)ϕ(x) dx

∣

∣

∣

∣

2

� 0 ∀ϕ ∈ C∞
c (Rd),

it follows that k f is the kernel of a non-negative linear continuous covariance operator
K f = K f f : C∞

c (Rd) → D ′(Rd).
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We use Gelfand and Vilenkin’s concept of generalized stochastic process defined
as follows [14], cf. [9, 21, 24].

Definition 2.2 A second order zero mean generalized stochastic process (GSP) u ∈
L (C∞

c (Rd), L2
0(�)) is a conjugate linear continuous operator u : C∞

c (Rd) →
L2
0(�), written as (u, ϕ) ∈ L2

0(�) for ϕ ∈ C∞
c (Rd).

Thus for each K � Rd there exist C > 0 and k ∈ N such that

‖(u, ϕ)‖L2
0(�) � C

∑

|α|�k

sup
x∈Rd

|∂αϕ(x)|, ϕ ∈ C∞
c (K ).

As in ordinary distribution theory [13, 20] a GSP is always differentiable as

(Dαu, ϕ) = (u, Dαϕ), ϕ ∈ C∞
c (Rd), α ∈ Nd .

For u ∈ L (C∞
c (Rd), L2

0(�)) we denote by L2
u(�) ⊆ L2

0(�) the time domain [24] of
u, i.e. the linear subspace of the closure of its image:

L2
u(�) = closure {(u, ϕ), ϕ ∈ C∞

c (Rd)} ⊆ L2
0(�) (2.27)

Let u, v ∈ L (C∞
c (Rd), L2

0(�)). The cross-covariance distribution is defined by

(kuv, ϕ ⊗ ψ) = E((u, ϕ)(v, ψ)), ϕ, ψ ∈ C∞
c (Rd). (2.28)

For each pair K1, K2 � Rd there is C > 0 and k1, k2 ∈ N such that

|(kuv, ϕ ⊗ ψ)| � C
∑

|α|�k1

sup
x∈Rd

|∂αϕ(x)|
∑

|β|�k2

sup
x∈Rd

|∂βψ(x)|,

ϕ ∈ C∞
c (K1), ψ ∈ C∞

c (K2).

Thus kuv is a sesquilinear (conjugate linear in the first argument) continuous form on
C∞
c (Rd) × C∞

c (Rd). If we equip D ′(Rd) with its weak∗ topology then

(Kuvψ, ϕ) = (kuv, ϕ ⊗ ψ), ϕ,ψ ∈ C∞
c (Rd),

defines a linear continuous operator Kuv : C∞
c (Rd) → D ′(Rd), called the cross-

covariance operator. Note that (Kuvψ, ϕ) = (Kvuϕ,ψ). From the Schwartz kernel
theorem [20, Theorem 5.2.1] it follows that kuv ∈ D ′(R2d). If kuv ≡ 0 thenKuv = 0
and we say that u and v are uncorrelated. This means that

L2
u(�) ⊥ L2

v(�).

If v = u then we call ku = kuu ∈ D ′(R2d) the (auto-)covariance distribution
and Ku = Kuu ∈ L (C∞

c (Rd),D ′(Rd)) the (auto-)covariance operator of u. Then

123



   71 Page 14 of 41 Journal of Fourier Analysis and Applications            (2026) 32:71 

(ku, ϕ ⊗ ϕ) � 0 for all ϕ ∈ C∞
c (Rd) soKu � 0 is non-negative in the sense of

(Kuϕ, ϕ) � 0 ∀ϕ ∈ C∞
c (Rd).

Remark 2.3 In [14, Chapter 3 §2.3] and [40, proof of Proposition 8.1] it is shown that
any sesquilinear continuous form k on C∞

c (Rd)×C∞
c (Rd) which gives rise to a non-

negative continuous operator C∞
c (Rd) → D ′(Rd) is the auto-covariance distribution

of a Gaussian GSP u ∈ L (C∞
c (Rd), L2

0(�)) such that

E
(

(u, ϕ)(u, ψ)
)

= (k, ϕ ⊗ ψ),

E ((u, ϕ)(u, ψ)) ≡ 0, ϕ, ψ ∈ C∞
c (Rd).

Example 2.4 If p > 0 there exists a GSP u ∈ L (C∞
c (Rd), L2

0(�)) such that (ku, ϕ ⊗
ψ) = p(ψ, ϕ)L2 . This is a consequence of [14, Chapter 3 §2.3]. Then the covariance
operator equals a positive multiple of the identity:Ku = pI , and ku(x, y) = pδ0(x −
y). This GSP is called white noise with power p, and is an example of a GSP which
is not a stochastic process.

Example 2.5 Let p > 0, let u be a white noise GSP with power p, and let α ∈ Nd .
Then Dαu is a GSP with covariance distribution

(kDαu, ϕ ⊗ ψ) = E((u, Dαϕ)(u, Dαψ)) = (ku, D
αϕ ⊗ Dαψ)

= p(Dαψ, Dαϕ)L2 = p(D2αψ, ϕ)L2 , ϕ, ψ ∈ C∞
c (Rd),

where we integrate by parts. ThusKDαu = pD2α , and the covariance distribution is

kDαu = p
(

Dα ⊗ (−D)α
)

(

(1 ⊗ δ0) ◦ T−1
)

with the matrix (cf. (2.7))

T−1 =
( 1

2 Id
1
2 Id

Id −Id

)

∈ R2d×2d .

In fact ku = p(1 ⊗ δ0) ◦ T−1 according to Example 2.4.

A stochastic process f ∈ L1
loc(R

d , L2
0(�)) may be considered a generalized

stochastic process inL (C∞
c (Rd), L2

0(�)) by means of

C∞
c (Rd) � ϕ �→ ( f , ϕ) =

∫

Rd
f (x) ϕ(x)dx,

and then there is consistency between the covariance function and the covariance
distribution as

(k f , ψ ⊗ ϕ)L2(R2d ) =
∫∫

R2d
E

(

f (x) f (y)
)

ψ(x)ϕ(y)dx dy = E
(

( f , ψ)( f , ϕ)
)

.
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Remark 2.6 As in ordinary distribution theory [13, 20] a generalized stochastic process
may extend to the domain S (Rd) ⊇ C∞

c (Rd) and is then called tempered. If u is
a tempered GSP then u ∈ L (S (Rd), L2

0(�)) ⊆ L (C∞
c (Rd), L2

0(�)). The Fourier
transform of u can then be defined as (̂u, ϕ̂) = (u, ϕ) for ϕ ∈ S (Rd).

If u ∈ L (S (Rd), L2
0(�)) is a tempered GSP then the covariance operator is

continuous Ku : S (Rd) → S ′(Rd) and non-negative. Its Schwartz kernel ku ∈
S ′(R2d) is a tempered distribution, and its Weyl symbol is denoted au ∈ S ′(R2d).
The distributions ku, au ∈ S ′(R2d) are connected by (2.8).

3 Filtering and the Equation for the Optimal Filter

Suppose a stochastic process g is a noisy observation of a message stochastic process
f . A common assumption is the additive model

g = f + w,

wherew is a noise stochastic processwhich is uncorrelatedwith f , i.e.E( f (x)w(y)) =
0 for all x, y ∈ Rd . To recover f approximately from g we may try to filter g linearly
using a linear operator F with kernel function k to get an optimal approximation of
f , denoted fo, [11, 42] as

fo(x) = (Fg)(x) =
∫

Rd
k(x, y)g(y)dy. (3.1)

This integral makes sense e.g. if we assume k ∈ L2(R2d) and g ∈ L2(Rd , L2
0(�)).

The optimality of the approximation fo refers to the postulate to pick a filter kernel
k that minimizes the mean square error

E| f (x) − fo(x)|2 = ‖ f (x) − fo(x)‖2L2(�)

for all x ∈ Rd .
The idea of filtering can be extended from stochastic processes to generalized

stochastic processes as follows. Let u, v ∈ L (C∞
c (Rd), L2

0(�)) have auto-covariance
distributions ku, kv ∈ D ′(R2d), respectively, and cross-covariance distribution kuv ∈
D ′(R2d). These are sesquilinear continuous forms on C∞

c (Rd) × C∞
c (Rd).

Each of these kernels gives rise to continuous linear (auto-, cross-)covariance oper-
ators denoted Ku,Kv,Kuv : C∞

c (Rd) → D ′(Rd) respectively. Then Ku � 0 and
Kv � 0 on C∞

c (Rd).
We will assume that

F : C∞
c (Rd) → C∞

c (Rd) (3.2)

is a linear continuous operator, called filter. The adjoint F∗ defined by

(Fϕ,ψ) = (ϕ, F∗ψ), ϕ,ψ ∈ C∞
c (Rd), (3.3)
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is then a continuous linear operator C∞
c (Rd) → D ′(Rd). We assume continuity of

the adjoint:

F∗ : C∞
c (Rd) → C∞

c (Rd). (3.4)

Replacing ϕ ∈ C∞
c (Rd) with ϕ ∈ D ′(Rd), the formula (3.3) extends F uniquely to a

linear continuous operator on D ′(Rd), equipped with the weak∗ topology.
Given a linear operator F that satisfy (3.2), (3.4) and v ∈ L (C∞

c (Rd), L2
0(�))

we define the filtered generalized stochastic process uo ∈ L (C∞
c (Rd), L2

0(�)) as
uo = Fv, that is

(uo, ϕ) = (Fv, ϕ) = (v, F∗ϕ), ϕ ∈ C∞
c (Rd), (3.5)

which extends (3.1) from stochastic processes g ∈ L1
loc(R

d , L2
0(�)) to v ∈

L (C∞
c (Rd), L2

0(�)). To wit, if F has integral kernel k and v ∈ L1
loc(R

d , L2
0(�))

then (3.5) reduces to

∫∫

R2d
k(x, y)v(y)ϕ(x) dx dy.

Let u, v ∈ L (C∞
c (Rd), L2

0(�)). We assume that we have access to v but not to u.
The GSP v is assumed to be a noise corrupted version of u, and we want to recover
the latter with optimally small error using a filter F as in (3.5).

For a fixed arbitrary ϕ ∈ C∞
c (Rd) \ {0} we may derive an equation for the filter

operator F that is optimal in the sense of minimizing the mean square error

E|(u, ϕ) − (uo, ϕ)|2.

By (3.5) we have (uo, ϕ) ∈ L2
v(�) for any filter linear operator F that satisfies (3.2)

and (3.4). We may formulate optimality as follows.

Proposition 3.1 Let u, v ∈ L (C∞
c (Rd), L2

0(�)), let ϕ ∈ C∞
c (Rd) \ {0} be fixed, and

suppose F is a linear operator that satisfy (3.2) and (3.4). The filter F in (3.5) is
optimal for ϕ if and only if

(u − uo, ϕ) ⊥ L2
v(�). (3.6)

Proof We may uniquely decompose (u, ϕ) = X0 + X1 where X0 ∈ L2
v(�) and

X1 ∈ L2
v(�)⊥. By elementary Hilbert space theory X0 is the unique optimal vector

in L2
v(�) that satisfies

X0 = arg infX∈L2
v(�)‖(u, ϕ) − X‖L2(�), (3.7)

and ‖X1‖L2(�) = infX∈L2
v(�) ‖(u, ϕ) − X‖L2(�).
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Suppose (u − uo, ϕ) ⊥ L2
v(�). Then (u, ϕ) = (uo, ϕ) + Y1 where Y1 ∈ L2

v(�)⊥.
By (3.5) we have (uo, ϕ) ∈ L2

v(�), and it follows from the uniqueness of the decom-
position (u, ϕ) = X0 + X1 that Y1 = X1 and (uo, ϕ) = X0. By (3.7) it thus follows
that (uo, ϕ) is optimal.

On the other hand, suppose that (u − uo, ϕ) /∈ L2
v(�)⊥, i.e. (u, ϕ) = (uo, ϕ) +

Y0 + Y1 where Y0 ∈ L2
v(�), Y1 ∈ L2

v(�)⊥ and Y0 �= 0. Again by the uniqueness
of the decomposition (u, ϕ) = X0 + X1 we have (uo, ϕ) = X0 − Y0. There exists
ψ ∈ C∞

c (Rd) \ 0 such that ‖Y0 − (v, ψ)‖2
L2(�)

< ‖Y0‖2L2(�)
.

If F∗
0 is the linear continuous operator on C∞

c (Rd)

F∗
0 g = ‖ϕ‖−2

L2 (g, ϕ) ψ, g ∈ C∞
c (Rd),

then

F0g = ‖ϕ‖−2
L2 (g, ψ)ϕ, g ∈ C∞

c (Rd).

Thus F0 and F∗
0 are both continuous on C∞

c (Rd), and F∗
0 ϕ = ψ . We have

‖(u, ϕ) − (v, (F + F0)
∗ϕ‖2L2(�)

= ‖X1 + (Y0 − (v, ψ)‖2L2(�)

= ‖X1‖2L2(�)
+ ‖Y0 − (v, ψ)‖2L2(�)

< ‖X1‖2L2(�)
+ ‖Y0‖2L2(�)

= ‖(u − uo, ϕ)‖2L2(�)
,

which means that the filter F in (uo, ϕ) is not optimal. ��
Condition (3.6) generalized to all ϕ ∈ C∞

c (Rd) can be expressed with (2.28) as

(kuv, ϕ ⊗ ψ) = (kv, F
∗ϕ ⊗ ψ), ∀ϕ,ψ ∈ C∞

c (Rd).

Thus

(Kuvψ, ϕ) = (Kvψ, F∗ϕ) = (FKvψ, ϕ) ∀ϕ,ψ ∈ C∞
c (Rd),

which means that

Kuv = FKv (3.8)

as operators C∞
c (Rd) → D ′(Rd). Given the operators Kuv,Kv ∈

L (C∞
c (Rd),D ′(Rd)), this is an operator equation for the optimal linear filter F ,

which as noted above may be considered a continuous linear operator F : D ′(Rd) →
D ′(Rd).

Remark 3.2 In [39] the operator equation (3.8) is deduced in a different func-
tional framework. In fact we use L (M1(Rd), L2

0(�)) as the class of GSPs, and
the filters are pseudodifferential operators with symbols in modulation spaces. The
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space L (M1(Rd), L2
0(�)) of GSPs is studied more carefully in [9, 21, 24]. The

test function space is Feichtinger’s algebra M1(Rd) which is a Fourier invariant
Banach space of continuous integrable functions with integrable Fourier transform,
and S (Rd) ⊆ M1(Rd) is an embedding. This gives a smaller space of GSPs
than the space of tempered GSPs: L (M1(Rd), L2

0(�)) ⊆ L (S (Rd), L2
0(�)). If

u ∈ L (M1(Rd), L2
0(�)) then the covariance operator is continuousKu : M1(Rd) →

M∞(Rd) with M∞(Rd) equipped with its weak∗ topology.

By the Pythagorean theorem in L2(�) the optimal (minimal) mean square error for
ϕ ∈ C∞

c (Rd) is

J (ϕ) = E|(u − uo, ϕ)|2 = E|(u, ϕ)|2 − E|(uo, ϕ)|2 = E|(u, ϕ)|2 − E|(v, F∗ϕ)|2
= (ku, ϕ ⊗ ϕ) − (kv, F

∗ϕ ⊗ F∗ϕ)

= ((Ku − FKvF
∗)ϕ, ϕ) = ((Ku − KuvF

∗)ϕ, ϕ).

(3.9)

Suppose now the more specific model, common in engineering applications,

v = u + w (3.10)

where u, w ∈ L (C∞
c (Rd), L2

0(�)), u is considered a signal and w is considered as
noise uncorrelated to u, that is kuw ≡ 0. ThenKuv = Ku andKv = Ku +Kw, since
kv = ku + kw. The operator equation (3.8) is then

Ku = F(Ku + Kw) (3.11)

in the cone of non-negative continuous linear operators C∞
c (Rd) → D ′(Rd). The

minimal mean square error for ϕ ∈ C∞
c (Rd) is obtained from (3.9) and (3.11) as

J (ϕ) = J (ϕ) = (Ku(I − F∗)ϕ, ϕ) = (Kuϕ, (I − F∗)ϕ)

= ((I − F)Kuϕ, ϕ) = (FKwϕ, ϕ). (3.12)

As a tool to solve (3.11) we will use

Lemma 3.3 If T : S (Rd) → S ′(Rd) is a linear continuous operator then T = 0 if
and only if (T f , f ) = 0 for all f ∈ S (Rd).

Proof The claim is an immediate consequence of the polarization identity

(T ( f + g), f + g) − (T ( f − g), f − g)

+i
(

(T ( f + ig), f + ig) − (T ( f − ig), f − ig)
)

= 4(T f , g).

��
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4 The Optimal Filter for Wide-Sense Stationary Generalized
Stochastic Processes

4.1 Wide-Sense Stationary GSPs

A zero mean stochastic process f is said to be wide-sense stationary (WSS) if its
covariance function satisfies k f (x, y) = κ f (x − y) for a function κ f : Rd → C. This
means that the stochastic process is second order translation invariant. The function
κ f is non-negative definite in the following sense:

n
∑

j,k=1

κ f (x j − xk)z j zk � 0 ∀{x j }nj=1 ⊆ Rd , {z j }nj=1 ⊆ C, n ∈ N \ 0.

Bochner’s theorem [23, 31] says that a function κ : Rd → C is continuous and
non-negative definite if and only ifμ = Fκ is a non-negative boundedRadonmeasure
on Rd .

Let u ∈ L (C∞
c (Rd), L2

0(�)) be a GSP. Then ku ∈ D ′(R2d) as explained in
Section 2.5. We call u WSS if its covariance distribution ku is translation invariant:

(ku, Txϕ ⊗ Txψ) = (ku, ϕ ⊗ ψ) ∀ϕ,ψ ∈ C∞
c (Rd) ∀x ∈ Rd ,

cf. [14, Chapter 3, §3]. This means that the covariance operator is translation invariant
as TxKu = KuTx for all x ∈ Rd . Under the assumptionWSS there exists κu ∈ D ′(Rd)

such that

(ku, ϕ ⊗ ψ) = (κu, ϕ ∗ ψ∗) ∀ϕ,ψ ∈ C∞
c (Rd),

where ψ∗(x) = ψ(−x), see [14, Chapter 2, §3.5] and [20, Theorem 3.1.4′]. By the
Bochner–Schwartz theorem [14, Chapter 2, §3.3, Theorem 3] there exists a spectral

non-negative tempered Radon measure μu = (2π)
d
2 κ̂u ∈ M+(Rd) that satisfies (2.3)

for some s � 0. Hence (cf. (2.2))

(κu, ϕ ∗ ψ∗) =
∫

Rd

̂ψ(ξ) ϕ̂(ξ) dμu(ξ).

This gives for ϕ,ψ ∈ C∞
c (Rd)

E
(

(u, ϕ)(u, ψ)
)

= (ku , ϕ ⊗ ψ) = (Kuψ, ϕ) = (κu , ϕ ∗ ψ∗) = (ψ, ϕ)F L2(μu)
(4.1)

and in particular

‖(u, ϕ)‖2L2(�)
=

∫

Rd
|ϕ̂(ξ)|2 dμu(ξ). (4.2)
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Let u ∈ L (C∞
c (Rd), L2

0(�)) be WSS and denote by μu ∈ M+(Rd) the corre-
sponding spectral non-negative tempered Radon measure. The identity (4.1) implies
that the linear map C∞

c (Rd) � ϕ �→ (u, ϕ) extends uniquely to a unitary operator
between Hilbert spacesF L2(μu) → L2

u(�) (cf. (2.27)), andKu extends uniquely to
the identity operator onF L2(μu). Alternatively wemay regardKu as the convolution
operator

Ku f = κu ∗ f (4.3)

and we may extend the domain to f ∈ S (Rd). (Note that κu ∈ S ′(Rd).) This yields
a continuous operator

Ku : S (Rd) → (

C∞ ∩ S ′) (Rd). (4.4)

Remark 4.1 For any given μ ∈ M+(Rd) there exists a WSS GSP u such that μu = μ.
This is a consequence of Remark 2.3.

Remark 4.2 If u is a WSS GSP then from Remark 2.6 and S (Rd) ⊆ F L2(μu) it
follows that u is tempered, possess a Fourier transform û : L2(μu) → L2

u(�) such
that ϕ �→ (̂u, ϕ) is unitary, and supp û = suppμu .

Remark 4.3 If u is a WSS GSP and α ∈ Nd then (4.1) gives

(

kDαu, ϕ ⊗ ψ
) = (ku, D

αϕ ⊗ Dαψ) =
∫

Rd

̂ψ(ξ) ϕ̂(ξ)ξ2α dμu(ξ).

Thus Dαu is WSS and its spectral measure is dμDαu = ξ2α dμu .

Remark 4.4 Consider the framework L (M1(Rd), L2
0(�)) with test functions in

Feichtinger’s algebra, cf. Remark 3.2. If u ∈ L (M1(Rd), L2
0(�)) is WSS then its

spectral non-negative measureμu is translation bounded [9, Corollary 6] whichmeans
that

sup
x∈Rd

|(μu, Txϕ)| < ∞ ∀ϕ ∈ Cc(Rd).

Remark 4.5 If s = 0 in (2.3) then themeasureμu ∈ M+(Rd) is bounded. This implies
that

κu(x) = (2π)−d
∫

Rd
ei〈x,ξ〉dμu(ξ) = (2π)−

d
2F−1μu(x) (4.5)

is a function in (C ∩ L∞)(Rd). In turn this means that the initial assumption u ∈
L (S (Rd), L2

0(�)) canbe strengthened tou ∈ C(Rd , L2
0(�)), that isu is a continuous

stochastic process.
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Remark 4.6 If the measure μu ∈ M+(Rd) is absolutely continuous with respect to
Lebesgue measure then we may write dμu(ξ) = fu(ξ)dξ where fu ∈ L1

loc(R
d) [10].

If further fu ∈ L1(Rd) then μu ∈ M+(Rd) is finite. By (4.5) κu = (2π)− d
2F−1 fu ∈

C0(Rd).

Suppose u is a WSS GSP with spectral measure μu ∈ M+(Rd), and suppose
μ ∈ M+(Rd) satisfies μ � μu . From (4.1) and the Cauchy–Schwarz inequality in
L2(μ) we get

|(ku, ϕ ⊗ ψ)| = |(Kuψ, ϕ)| = |(ψ, ϕ)F L2(μu)
| � ‖ψ‖F L2(μ) ‖ϕ‖F L2(μ). (4.6)

Thus ku extends to a sesquilinear form on F L2(μ) × F L2(μ). From [29, Corol-
lary II.2] we get the following conclusion. There exists a uniqueTu,μ ∈ L (F L2(μ))

such that ‖Tu,μ‖L (F L2(μ)) � 1 and

(Kuψ, ϕ) = (Tu,μψ, ϕ)F L2(μ), ψ, ϕ ∈ F L2(μ). (4.7)

If μ = μu then Tu,μ = Ku = idF L2(μu)
as already observed.

Example 4.7 For the white noise GSP u in Example 2.4 we have (ku, ϕ ⊗ ψ) =
p(ψ, ϕ)L2 = p(̂ψ, ϕ̂)L2 by Plancherel’s theorem. The corresponding spectral tem-
pered measure is therefore a positive multiple of Lebesgue measure dμu = p dξ on
Rd .

Example 4.8 Let u be white noise with power p > 0 as in Example 2.4 and let α ∈ Nd .
Remark 4.3 combined with Example 4.7 gives μDαu = p ξ2αdξ , and the covariance
operator isKDαu = pD2α . This example reveals that although the covariance operator
Ku of a WSS GSP u always extends to the identity operator on F L2(μu), it may
happen that Ku fails to be continuous on L2(Rd). In fact in this example Ku is
unbounded considered as an operator in L2(Rd), equipped with domain S (Rd).

Remark 4.9 In general it is not possible to consider Ku as an unbounded operator in

L2(Rd). In fact suppose μu = δ0 ∈ M+(Rd). Then κu = (2π)− d
2F−1μu = (2π)−d

which implies thatKu f (x) = κu∗ f (x) = (2π)−d
∫

Rd f (y)dy. ThusKu f ∈ L2(Rd)

can happen only for functions f with integral zero, and then Ku f = 0. There is
no interesting function space (domain) for f for which Ku f ∈ L2(Rd) \ {0}. For
the stochastic process u ∈ C(Rd , L2

0(�)) that corresponds to μu = δ0 we have
E|u(x) − u(0)|2 = 0 so u(x) = u0 ∈ L2

0(�) is constant for all x ∈ Rd .

Example 4.10 We return to Example 4.8 and investigate the corresponding space
F L2(μu). If p = d = 1 and n ∈ N then μ = μDnu = |ξ |2ndξ , and hence

‖ f ‖2F L2(μ)
=

∫

R
| ̂f (ξ)|2|ξ |2ndξ.

This is the square norm of the homogeneous Hilbert Sobolev space Ḣ2
n (R) [1]. If

s ∈ R then by Remark 4.1 there exists a WSS tempered GSP u on Rd such that
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μu = 〈ξ 〉2sdξ . In this case F L2(μ) = H2
s (Rd) which denotes the usual Hilbert

Sobolev space [1].

4.2 Filtering ofWSS GSPs

Let v ∈ L (C∞
c (Rd), L2

0(�)) be WSS so that C∞
c (Rd) � ϕ �→ (v, ϕ) extends to a

unitarymapF L2(μv) → L2
v(�)whereμv ∈ M+(Rd) is the spectral Radonmeasure

corresponding to v. Let f ∈ F L∞(μv). If ϕ ∈ F L2(μv) then ̂f ϕ̂ ∈ L2(μv), that is
F−1( ̂f ϕ̂) ∈ F L2(μv). Defining a linear filter operator F as the convolution

Fϕ = (2π)−
d
2 f ∗ ϕ = F−1( ̂f ϕ̂), ϕ ∈ F L2(μv), (4.8)

cf. (2.2), gives a translation invariant continuous operator on F L2(μv). In fact

(2π)−
d
2 ‖ f ∗ ϕ‖F L2(μv)

� ‖ f ‖F L∞(μv)‖ϕ‖F L2(μv)
. (4.9)

If ϕ,ψ ∈ F L2(μv) then we have, using ̂f ∗ = ̂f ,

(Fϕ,ψ)F L2(μv)
=

∫

Rd

̂f (ξ) ϕ̂(ξ) ̂ψ(ξ) dμv(ξ)

=
∫

Rd
ϕ̂(ξ) ̂f ∗(ξ) ̂ψ(ξ) dμv(ξ)

= (2π)−
d
2 (ϕ, f ∗ ∗ ψ)F L2(μv)

which means that the adjoint of F with respect to (·, ·)F L2(μv) is

F∗ϕ = (2π)−
d
2 f ∗ ∗ ϕ. (4.10)

We may hence define a filtered GSP uo ∈ L (C∞
c (Rd), L2

0(�)), cf. (3.5), as

(uo, ϕ) = (2π)−
d
2 (v, f ∗ ∗ ϕ), ϕ ∈ F L2(μv). (4.11)

The filtered GSP uo is WSS. Indeed since convolution is translation invariant as g ∗
Txϕ = Tx (g ∗ ϕ), and v is assumed to be WSS, we have for any x ∈ Rd and
ϕ,ψ ∈ C∞

c (Rd)

(kuo , Txϕ ⊗ Txψ) = E
(

(uo, Txϕ)(uo, Txψ)
)

= (2π)−d E
(

(v, f ∗ ∗ Txϕ)(v, f ∗ ∗ Txψ)
)

= (2π)−d E
(

(v, f ∗ ∗ ϕ)(v, f ∗ ∗ ψ)
)

= (kuo , ϕ ⊗ ψ).
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4.3 The Optimal Filter forWSS GSPs

The next lemma will be needed in the proof of Theorem 4.12.

Lemma 4.11 Let μ ∈ M+(Rd). If f ∈ L1
loc(μ) is real-valued then

∫

A
f (x) dμ � 0 ∀A ∈ B(Rd) �⇒ f (x) � 0 for μ-a.e. x ∈ Rd .

Proof Set N = {x ∈ Rd : f (x) � 0} ∈ B(Rd). Then

0 �
∫

N
f (x) dμ � 0

that is
∫

N f (x) dμ = 0. Now [32, Theorem 1.39 (a)] implies f (x) = 0 for μ-a.e.
x ∈ N . ��

The following result is the main statement of this section. It reveals that the optimal
filter for the uncorrelated additive noise problem for WSS GSPs is a Radon–Nikodym
derivative in the frequency domain. It formalizes the well established convention in
engineering to think of the Wiener filter in the frequency domain as a fraction of
spectral densities [11, 38, 41, 42].

Theorem 4.12 Suppose that u, w ∈ L (C∞
c (Rd), L2

0(�)) are two uncorrelated
WSS generalized stochastic processes, let the corresponding spectral tempered non-
negative Radon measures be denoted by μu, μw ∈ M+(Rd) respectively, and let
v = u + w.

The unique convolution filter f ∈ F L∞(μu + μw) that applied to v as in (4.11)
which is mean square error optimal to recover u is f = F−1

̂f ∈ S ′(Rd) where ̂f
is the Radon–Nikodym derivative given by

μu = ̂f (μu + μw). (4.12)

We have 0 � ̂f (ξ) � 1 for (μu + μw)-a.e. ξ ∈ Rd ,

ess supp ̂f = suppμu, (4.13)

and the minimal error for ϕ ∈ F L2(μu + μw) is

J (ϕ) = E |(u − uo, ϕ)|2 =
∫

Rd

̂f (ξ) |ϕ̂(ξ)|2 dμw =
∫

Rd

(

1 − ̂f (ξ)
) |ϕ̂(ξ)|2 dμu . (4.14)

Proof We denote the auto-covariance operators for u and w by Ku and Kw respec-
tively, and we set μ = μu + μw with domain B(Rd). The measures μu , μw and μ

satisfy (2.3) for some common s � 0. All three measures being non-negative entails

F L2(μ) ⊆ F L2(μu)
⋂

F L2(μw).
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From (4.2) it follows that for ϕ ∈ C∞
c (Rd) we have

‖(u, ϕ)‖L2(�) � ‖ϕ‖F L2(μ), ‖(w, ϕ)‖L2(�) � ‖ϕ‖F L2(μ),

which implies that u andw restricts to continuous linear maps u : F L2(μ) → L2
u(�)

and w : F L2(μ) → L2
w(�), respectively. From (4.6) we obtain

|(Kuψ, ϕ)| � ‖ψ‖F L2(μ) ‖ϕ‖F L2(μ),

|(Kwψ, ϕ)| � ‖ψ‖F L2(μ) ‖ϕ‖F L2(μ), ϕ, ψ ∈ F L2(μ),

and by (4.7) and the preceding discussion we may regard Ku = Tu,μ and Kw =
Tw,μ as bounded operators on F L2(μ) with operator norm upper bounded by one.
Defining F by (4.8) for f ∈ F L∞(μ)we know by (4.9), (4.10) that ‖F‖L (F L2(μ)) �
‖ f ‖F L∞(μ) and ‖F∗‖L (F L2(μ)) � ‖ f ‖F L∞(μ).

These considerations lead to the conclusion that we may consider the operator
equation (3.11), that isKu = F(Ku +Kw), for the optimal filter F as an equation for
bounded operators onF L2(μ). By Lemma 3.3 and (4.10) this equation is equivalent
to the equality

∫

Rd
|ϕ̂(ξ)|2 dμu(ξ) = (Kuϕ, ϕ) = (F(Ku + Kw)ϕ, ϕ) = (2π)

− d
2 ((Ku + Kw)ϕ, f ∗ ∗ ϕ)

= (2π)
− d

2
(

(Kuϕ, f ∗ ∗ ϕ)F L2(μu ) + (Kwϕ, f ∗ ∗ ϕ)F L2(μw)

)

= (2π)
− d

2

∫

Rd
ϕ̂(ξ) ̂f ∗ ∗ ϕ(ξ) dμ(ξ)

=
∫

Rd
|ϕ̂(ξ)|2 ̂f (ξ) dμ(ξ)

(4.15)

for all ϕ ∈ S (Rd). Due to the density of FC∞
c (Rd) in S (Rd), the equation (4.15)

for all ϕ ∈ S (Rd) is equivalent to the same equation for all ϕ ∈ FC∞
c (Rd).

Again the equation (4.15) for all ϕ̂ ∈ C∞
c (Rd) is equivalent to the same equation

with |ϕ̂(ξ)|2 replaced by any non-negative function g ∈ Cc(Rd). In fact let ψ ∈
C∞
c (Rd) fulfill suppψ ⊆ B1,ψ � 0,

∫

ψdx = 1, setψn(x) = ndψ(xn) for n ∈ N\0,
let χ ∈ C∞

c (Rd) satisfy 0 � χ � 1, χ |supp g ≡ 1, and set

gn = χ

√

g ∗ ψn + 1

n
∈ C∞

c (Rd), n ∈ N \ 0.

Then

sup
ξ∈Rd

∣

∣

∣|gn(ξ)|2 − g(ξ)

∣

∣

∣ → 0, n → ∞,

which implies that (4.15) holds for all ϕ ∈ FC∞
c (Rd) if and only if

∫

Rd
g(ξ) dμu(ξ) =

∫

Rd
g(ξ) ̂f (ξ) dμ(ξ)
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holds for all non-negative functions g ∈ Cc(Rd). Thismeans that the operator equation
(3.11) reduces to the equation for tempered measures

μu = ̂f μ = ̂f (μu + μw) . (4.16)

Sinceμu, μw are non-negativemeasures, it follows thatμu is absolutely continuous
with respect to μ. By the Radon–Nikodym theorem [10, Theorem 3.8] there exists a
μ-measurable function ̂f � 0 μ-a.e., with ̂f ∈ L1

loc(μ), uniquely determined μ-a.e.,
such that (4.16) is satisfied in the sense of

μu(A) =
∫

A

̂f (ξ) dμ(ξ), A ∈ B(Rd). (4.17)

We have now shown (4.12).
If A ∈ B(Rd) then

∫

A
dμ(ξ) �

∫

A
dμu(ξ) = μu(A) =

∫

A

̂f (ξ) dμ(ξ)

that is

∫

A
(1 − ̂f (ξ))dμ(ξ) � 0, A ∈ B(Rd).

An application of Lemma 4.11 yields ̂f (ξ) � 1 μ-a.e. It follows that ̂f ∈ L∞(μ),
that is f ∈ F L∞(μ). Thus the Radon–Nikodym derivative ̂f is indeed the unique
solution inF L∞(μ) to (4.16).

In order to show (4.13) let� ⊆ Rd \ess supp ̂f be open. Then ̂f
∣

∣

�
= 0 μ-a.e. [27]

which implies μu(�) = 0 by (4.17), and thus � ⊆ Rd \ suppμu . This shows

ess supp ̂f ⊇ suppμu . (4.18)

If instead � ⊆ Rd \ suppμu is open then μu(�) = 0. Again from (4.17) combined
with [10, Proposition 2.16] it follows that ̂f

∣

∣

�
= 0 μ-a.e. Hence� ⊆ Rd \ess supp ̂f

and we have shown

ess supp ̂f ⊆ suppμu . (4.19)

Now (4.13) is a consequence of (4.18) and (4.19).
Finally we obtain from (3.12) for ϕ ∈ F L2(μ), using (3.11), (4.1), (4.10) and

(4.16)

J (ϕ) = ((I − F)Kuϕ, ϕ) = (Kuϕ, (I − F∗)ϕ) = (ϕ, (I − F∗)ϕ)F L2(μu)

=
∫

Rd

(

1 − ̂f (ξ)
) |ϕ̂(ξ)|2 dμu
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=
∫

Rd

̂f (ξ)|ϕ̂(ξ)|2 dμw

which proves (4.14). ��
Remark 4.13 Note that J (Txϕ) = J (ϕ), that is J is translation invariant. This feature
is an intuitively natural consequence of the WSS assumption. The frequency support
of ϕ ∈ FCc(Rd) ⊆ F L2(μ) affects the minimal error as follows:

supp ϕ̂ ∩ suppμw = ∅ �⇒ J (ϕ) = 0,

supp ϕ̂ ∩ suppμu = ∅ �⇒ J (ϕ) = 0.

The following consequence of Theorem 4.12 states a sufficient condition for perfect
reconstruction (zero error) of the GSP u.

Corollary 4.14 Under the assumptions of Theorem 4.12, and

suppμu ∩ suppμw = ∅

we have ̂f = χsuppμu and J (ϕ) = 0 for all ϕ ∈ F L2(μ).

Proof By (4.13) we have ess supp ̂f = suppμu and (4.14) then yields J (ϕ) = 0 for all
ϕ ∈ F L2(μ). The claim ̂f = χsuppμu follows from (4.12) and ess supp ̂f ∩suppμw =
∅. ��
Example 4.15 Suppose as in Remark 4.6 that the measure μu is absolutely continuous
with respect to Lebesgue measure onRd , that is dμu = fudξ for some fu ∈ L1

loc(R
d).

If the GSP w is white noise with power p > 0 then by Theorem 4.12 and Example
4.7 the optimal filter is

̂f (ξ) = fu(ξ)

fu(ξ) + p
, ξ ∈ Rd .

If the GSP w is white noise with power p > 0 differentiated to order α ∈ Nd as in
Example 4.8 then

̂f (ξ) = fu(ξ)

fu(ξ) + pξ2α
.

So if fu has slower growth that ξ2α then the optimal filter will attenuate high
frequencies (“low-pass filter" [38]).

4.4 The Optimal Error forWSS Stochastic Processes

When the WSS GSPs u and w in Theorem 4.12 can be identified with stochastic pro-
cesseswe get an error that does not depend on a test function, under certain restrictions.
As we will see the error is in fact constant with respect to x ∈ Rd .
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Let u ∈ C(Rd , L2
0(�)) be a continuous WSS stochastic process with covariance

function ku(x, y) = E
(

u(x)u(y)
)

= κu(x − y), x, y ∈ Rd . By Bochner’s theorem

μu = (2π)
d
2Fκu is a non-negative bounded Radon measure. Thus

κu(x) = (2π)−d
∫

Rd
ei〈x,ξ〉 dμu(ξ), x ∈ Rd , (4.20)

and κu ∈ (C ∩ L∞)(Rd).
Let f ∈ FC∞

c (Rd) and define the convolution

uo(x) = (2π)−
d
2

∫

Rd
f (x − y)u(y) dy, x ∈ Rd . (4.21)

Then

‖uo(x)‖2L2(�)
= (2π)−d

∫∫

R2d
f (x − y) f (x − z) κu(y − z) dy dz

= (2π)−d( f ∗ κu, f ) = (2π)−d
∫

Rd
| ̂f (ξ)|2dμu

(4.22)

for any x ∈ Rd . Thus the convolution (4.21) extends to a well defined stochastic
process uo ∈ L∞(Rd , L2

0(�)) when f ∈ F L∞(μu), and ‖uo(x)‖L2(�) does not
depend on x ∈ Rd . The filtered stochastic process uo is thus well defined for f ∈
F L∞(μu). Note thatF L∞(μu) ⊆ F L2(μu) since the measure μu is bounded. We
have

‖uo(x + y) − uo(x)‖2L2(�)

= (2π)−d
∫∫

R2d
f (z) f (w) (u(x + y − z) − u(x − z), u(x + y − w) − u(x − w))L2(�) dz dw

= (2π)−d
∫∫

R2d
f (z) f (w)

(

2κu(w − z) − κu(w − z + y) − κu(w − z − y)
)

dz dw

= (2π)−d
∫

Rd

(

2 f ∗ κu(w) − f ∗ κu(w + y) − f ∗ κu(w − y)
)

f (w) dw

= (2π)−d
(

2̂f ∗ κu − My ̂f ∗ κu − M−y ̂f ∗ κu , ̂f
)

L2

= (2π)−d
∫

Rd
| ̂f (ξ)|2

(

2 − ei〈y,ξ 〉 − e−i〈y,ξ 〉) dμu

= 2(2π)−d
∫

Rd
| ̂f (ξ)|2 (1 − cos(〈y, ξ〉)) dμu

so it follows from dominated convergence that uo ∈ C(Rd , L2
0(�)) if f ∈ F L∞(μu).

Let v = u + w where u, w are uncorrelated continuous stochastic processes. We
pick f ∈ F L∞(μu + μw) in (4.21) in order to minimize the mean square error
E|uo(x) − u(x)|2 where uo is defined by (4.21) with u replaced by v. This is a
particular case of Theorem 4.12, and hence ̂f ∈ L∞(μu + μw) is to be chosen as the
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Radon–Nikodym derivative, that by definition satisfies

μu = ̂f (μu + μw). (4.23)

Using (4.20), (4.21), (4.22) with μu replaced by μv = μu + μw, (4.23), κ∗
u = κu

and ̂f � 0 we obtain the minimal mean square error as

‖uo(x) − u(x)‖2L2(�)
= ‖uo(x)‖2L2(�)

+ ‖u(x)‖2L2(�)
− 2Re (uo(x), u(x))L2(�)

= (2π)−d
∫

Rd
| ̂f (ξ)|2(dμu + dμw) + κu(0) − 2(2π)− d

2 Re ( f , κu)L2

= (2π)−d
∫

Rd

(

̂f (ξ) + 1 − 2̂f (ξ)
)

dμu

= (2π)−d
∫

Rd

(

1 − ̂f (ξ)
)

dμu = (2π)−d
∫

Rd
̂f (ξ) dμw

independently of x ∈ Rd , as claimed.

Remark 4.16 Writing

J = 2(2π)d‖uo(x) − u(x)‖2L2(�)
=

∫

Rd

(

1 − ̂f (ξ)
)

dμu +
∫

Rd
̂f (ξ) dμw = J1 + J2

we split the total error as J = J1+ J2 where the bargain of the optimal filter ̂f becomes
visible. In fact, recalling 0 � ̂f (ξ) � 1, ̂f should be close to 1 at the frequencies
where the signal in μu is strong in order to minimize J1. On the other hand ̂f should
be close to zero at the frequencies where the noise in μw is strong in order to attenuate
J2. The compromise may give a small error if suppμu ∩ suppμw is small.

Remark 4.17 For a WSS generalized stochastic process the minimal error depends on
the test function ϕ ∈ F L2(μ) according to (4.14). Also in this case we may split the
minimal error as

2J (ϕ) =
∫

Rd

(

1 − ̂f (ξ)
) |ϕ̂(ξ)|2 dμu +

∫

Rd

̂f (ξ) |ϕ̂(ξ)|2 dμw.

This admits a similar interpretation as for a stochastic process (Remark 4.16), with
the modification of the test function frequency weight |ϕ̂(ξ)|2 in the integrals.

5 Optimal Filtering of Non-stationary Generalized Stochastic
Processes

Let u, w ∈ L (C∞
c (Rd), L2

0(�)) be uncorrelated generalized stochastic processes. In
this section we do not assume that u and w are WSS. We return to the model (3.10)
and the corresponding non-stationary operator equation (3.11)

Ku = F(Ku + Kw) (5.1)

123



Journal of Fourier Analysis and Applications            (2026) 32:71 Page 29 of 41    71 

in the space of continuous linear operators C∞
c (Rd) → D ′(Rd). Recall thatKu � 0,

Kw � 0, and that F is assumed to be a continuous linear operator on C∞
c (Rd) which

extends uniquely to a continuous linear operator on D ′(Rd).
The equation (5.1) when u or w or both are not WSS is more cumbersome to

handle than the case when both are WSS. In the latter case we could in Section 4
for a given WSS u ∈ L (S (Rd), L2

0(�)) choose a Hilbert subspace F L2(μu) ⊆
S ′(Rd) where μu ∈ M+(Rd) is the spectral measure corresponding to u, such
that the covariance operator Ku extends to the identity operator on F L2(μu). Note
that the space F L2(μu) is adapted to the specific u ∈ L (S (Rd), L2

0(�)). In the
non-stationary case, without further restrictions, there is no natural space on which a
covariance operator is continuous.

The covariance operators K for WSS GSPs are translation invariant as KuTx =
TxKu for all x ∈ Rd , that is they are convolution operators. Moreover the space
F L2(μu) is also translation invariant (more precisely translation isometric).

5.1 Commuting Covariance Operators

In this subsectionwe start from the observation that the operatorsKu andKw commute
when u and w are WSS GSPs, since Ku and Kw are convolution operators then.

We let u, w ∈ L (S (Rd), L2
0(�)), assume they are uncorrelated as before, allow

them to be non-stationary, but we keep the restriction thatKu andKw commute. We
also assume that Ku,Kw ∈ L (H ), Ku � 0 and Kw � 0 where H is a Hilbert
space of distributions defined on Rd . This framework is realized e.g. with modulation
spaces if H = M2

t,s(R
d) and the covariance operators are Weyl pseudodifferential

operators with symbols in M∞,1
0,0,|s|,|t |(R2d) for any t, s ∈ R as we discussed in Section

2.4, cf. (2.18).
Then we may use the powerful methods that are based on the spectral theorem.

The spectral theorem (cf. [3, Theorem IX §2.2.2] and [37, Theorem 9.14]) concerns a
normal operator N ∈ L (H ) which by definition satisfies N∗N = NN∗. For such an
operator there exists ameasure�with domainB(σ (N ))whereσ(N ) � C denotes the
spectrum of N , and values in the projections inL (H ), such that N can be spectrally
decomposed as

N =
∫

σ(N )

zd�(z).

By [3, Theorem IX §2.2.3] or [37, Theorem 9.8] there exists a bounded functional
calculus defined by

f (N ) =
∫

σ(N )

f (z)d�(z) ∈ L (H )

for f ∈ L∞(σ (N ),�) (cf. [37, Proposition 9.11]) which is a ∗-homomorphism and
an isomorphism. If N is selfadjoint then supp� ⊆ R and if N � 0 then supp� ⊆ R+
(cf. [37, Corollary 9.18]).
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We use von Neumann’s result [37, Theorem 9.24] which depends on the spectral
theoremfor normal operators on aHilbert space.This theoremconcerns in fact themore
general assumption of two commuting self-adjoint operators. Adapted to our setup of
commuting non-negative operators, the theorem and its proof says the following. There
exists a measure � with domainB(C), compactly supported in the first quadrant, i.e.
supp� � {x + iy ∈ C : x � 0, y � 0} := C+, which is projection-valued in
L (H ), and there exists a normal operator N ∈ L (H ) with spectral decomposition

N =
∫

C+
zd�(z).

Moreover there exist two functions fu, fw ∈ Cc(C+) such that fu, fw � 0, and Ku

and Kw can be simultaneously spectrally decomposed with respect to � as

Ku =
∫

C+
fu(z)d�(z), (5.2)

Kw =
∫

C+
fw(z)d�(z). (5.3)

If we set

f (z) = fu(z)

fu(z) + fw(z)
χsupp fu (5.4)

then f : C+ → R+ is a well defined bounded measureable function. The functional
calculus of the operator N hence yields that

F =
∫

C+
f (z)d�(z) ∈ L (H ) (5.5)

is an operator that solves (5.1). The solution F is unique in the bounded functional
calculus of N . The fact that f � 0 implies by [37, Theorem 9.8] that F is non-negative.

We have shown the following result.

Theorem 5.1 Let u, w ∈ L (S (Rd), L2
0(�)) be uncorrelated. Suppose that the

covariance operators satisfy Ku,Kw ∈ L (H ) where H is a Hilbert space of
distributions defined on Rd , Ku � 0,Kw � 0 and KuKw = KwKu.

Then there exists a Borel measure �, compactly supported on C+, with values in
the projections in L (H ), such that Ku and Kw can be expressed as (5.2) and (5.3)
respectively, with non-negative fu, fw ∈ Cc(C+), and the solution to (5.1) is given by
(5.4) and (5.5). The solution satisfies F � 0 and is unique in the bounded functional
calculus of �.

5.2 Pseudodifferential Operators

In this subsection we relax both the conditions that u, w are WSS and that Ku and
Kw commute. The covariance operators are allowed to be pseudodifferential operators
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rather than convolution operators as in Section 4. We use the functional framework of
Section 2.4, that is operators with symbols inmodulation spaces, acting onmodulation
spaces. In an effort to extend the analysis in Section 4 we try to choose a framework
that contains the WSS case as far as possible.

First we deduce an inclusion of modulation spaces into the spaces on which WSS
covariance operators act in Section 4. This gives a relation between spaces used in
Section 4 and spaces used in this section.

Proposition 5.2 Let 1 � p, q < ∞ and let μ ∈ M+(Rd) with s � 0 chosen such that
(2.3) is satisfied. If ε > 0 and

ω(x, ξ) = 〈x〉 1
p′ (d+ε)〈ξ 〉 s

2+ 1
q′ (d+ε)

then

M p,q
ω (Rd) ⊆ F L2(μ). (5.6)

Proof Let f ∈ S (Rd) and let ϕ ∈ S (Rd) satisfy ‖ϕ‖L2 = 1. We use (2.11) which
gives

̂f = (2π)−
d
2

∫∫

R2d
Vϕ f (x, ξ)Tξ M−x ϕ̂ dx dξ.

Using (2.1) and Hölder’s inequality we obtain for all η ∈ Rd

〈η〉 s
2 | ̂f (η)| �

∫∫

R2d
|Vϕ f (x, ξ)| |ϕ̂(η − ξ)|〈η〉 s

2 dx dξ �
∫∫

R2d
|Vϕ f (x, ξ)|〈ξ 〉 s

2 dx dξ

=
∫∫

R2d
|Vϕ f (x, ξ)| ω(x, ξ) 〈x〉− 1

p′ (d+ε)〈ξ 〉− 1
q′ (d+ε)

dx dξ

�
∫

Rd
‖Vϕ f (·, ξ) ω(·, ξ)‖L p(Rd )〈ξ 〉− 1

q′ (d+ε)
dξ

� ‖(Vϕ f )ω‖L p,q (R2d ) = ‖ f ‖Mp,q
ω (Rd ).

From (2.3) it hence follows that

‖ f ‖F L2(μ) =
(∫

Rd
| ̂f (η)|2dμ(η)

) 1
2

� sup
η∈Rd

〈η〉 s
2 | ̂f (η)| � ‖ f ‖Mp,q

ω (Rd ). (5.7)

The inclusion (5.6) now follows from the density of S (Rd) in Mp,q
ω (Rd) [15,

Proposition 11.3.4]. ��
Remark 5.3 The space F L2(μ) is translation invariant, and in fact also translation
isometric. The modulation spaces Mp,q

ω are translation invariant but in general not
translation isometric [15].
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Remark 5.4 From (2.10) it follows

S ′(Rd) =
⋃

t∈R
Mp,q

ωt
(Rd) (5.8)

for any p, q ∈ [1,∞] with ωt (X) = 〈X〉t and X ∈ R2d . From Section 2.2 we know
that the inclusions

S (Rd) ⊆ F L2(μ) ⊆ S ′(Rd) (5.9)

are continuous and dense but the left inclusion is in general not injective if μ ∈
M+(Rd). Combining (5.8) and (5.9) we obtain the injective inclusion

F L2(μ) ⊆
⋃

t∈R
Mp,q

ωt
(Rd)

which may be seen as an upper inclusion opposite to (5.6).
However we cannot get continuous inclusions in individual modulation spaces of

the form F L2(μ) ⊆ Mp,q
ω (Rd) in general, that is an estimate of the form

‖ f ‖Mp,q
ω

� ‖ f ‖F L2(μ).

Indeed suppose suppμ � Rd , take f ∈ S (Rd) \ {0} such that ̂f = 0 in L2(μ). Then
f �= 0 in Mp,q

ω (Rd) for any p, q ∈ [1,∞] and any ω ∈ P(Rd).

The covariance operatorKu of aWSS GSP u can be seen as a convolution operator

as in (4.3) and (4.4), where κu = (2π)− d
2F−1μu ∈ S ′(Rd) and μu ∈ M+(Rd).

From (2.4) we may identify the Weyl symbol of Ku = aw
u (x, D) as au = 1 ⊗

μu ∈ M+(R2d). Since we want to include the WSS case we need to work with
pseudodifferential operators with symbols that are not smooth, as opposed to the
generic frameworks for pseudodifferential operators when they are applied to PDEs
[10, 20, 33]. In fact we need spaces of non-regular symbols, including elements of the
form 1⊗μ ∈ M+(R2d)withμ ∈ M+(Rd). The next result shows that 1⊗μ belongs
to a modulation space when μ ∈ M+(Rd).

Proposition 5.5 Suppose μ ∈ M+(Rd) and let s � 0 be chosen so that (2.3) is
fulfilled. Then for any n ∈ N and any ε > 0 we have 1 ⊗ μ ∈ M∞,1

ω (R2d) with

ω(x1, x2, ξ1, ξ2) = 〈x2〉−s〈ξ1〉n〈ξ2〉−d−ε, x1, x2, ξ1, ξ2 ∈ Rd . (5.10)

Proof Let ϕ ∈ S (Rd) \ 0. We have

Vϕ⊗ϕ(1 ⊗ μ)(x1, x2, ξ1, ξ2) = Vϕ1(x1, ξ1)Vϕμ(x2, ξ2)
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and Vϕ1(x1, ξ1) = e−i〈x1,ξ1〉ϕ̂(−ξ1). Using (2.1) and (2.3) this gives for any n ∈ N
and any ε > 0

∣

∣Vϕ⊗ϕ(1 ⊗ μ)(x1, x2, ξ1, ξ2)
∣

∣ = (2π)−
d
2 |ϕ̂(−ξ1)|

∣

∣

∣

∣

∫

Rd
e−i〈ξ2,y2〉ϕ(y2 − x2)dμ(y2)

∣

∣

∣

∣

� 〈ξ1〉−n−d−ε

∫

Rd
〈y2 − x2〉−sdμ(y2)

� 〈ξ1〉−n−d−ε〈x2〉s .

It follows that
∣

∣

(

Vϕ⊗ϕ(1 ⊗ μ)ω
)

(x1, x2, ξ1, ξ2)
∣

∣ � 〈ξ1〉−d−ε〈ξ2〉−d−ε which implies

‖1 ⊗ μ‖M∞,1
ω (R2d )

=
∫

R2d
sup

X∈R2d

(

∣

∣

(

Vϕ⊗ϕ(1 ⊗ μ)ω
)

(X , �)
∣

∣

)

d� < ∞.

��
With the notation of Section 2.4, Proposition 5.5 says that 1 ⊗ μ ∈

M∞,1
0,−s,n,−d−ε(R

2d) for any n ∈ N, any ε > 0, and some s � 0. From (2.21) and
the preceding discussion we get the following consequence.

Corollary 5.6 Suppose μ ∈ M+(Rd), let s � 0 be chosen so that (2.3) is fulfilled, set
a = 1 ⊗ μ, let p, q ∈ [1,∞], and let t j , s j ∈ R for j = 1, 2 satisfy for some ε > 0

t1 � d + ε, t2 � −d − ε, and s2 � s1 − s. (5.11)

Then aw(x, D) : Mp,q
t1,s1(R

d) → Mp,q
t2,s2(R

d) is continuous.

Remark 5.7 Since t2 < t1 and s2 � s1 in the assumptions (5.11) we haveMp,q
t1,s1(R

d) �

Mp,q
t2,s2(R

d). Corollary 5.6 does therefore not give a common space for domain and
range of the operator.

Proposition 5.5 gives evidence that M∞,1
ω (R2d) for certain weights ω ∈ P(R4d)

may be an interesting class for covariance operators of non-stationary GSPs that con-
tains the covariance operators forWSSGSPs.Corollary 5.6 says that the corresponding
WSS covariance operators act continuously between certain modulation spaces, and
Proposition 5.2 relates modulation spaces to the spaces F L2(μ) used in Section 4.

Nevertheless we need to introduce some restrictions in order to proceed. In fact we
want to use the spectral invariance results for modulation spaces discussed in Section
2.4. The spaceM∞,1

ω (R2d)with theweight (5.10) is not quite good enough as a symbol
class. We need instead M∞,1

1⊗ω(R2d) with ω(X) = 〈X〉r for r � 0.
For the Weyl symbols of covariance operators of WSS GSPs this leads to the

following criterion.

Lemma 5.8 Let f ∈ S ′(Rd), r � 0, ω1(ξ) = 〈ξ 〉r for ξ ∈ Rd , and ω2(X) = 〈X〉r
for X ∈ R2d . Then 1 ⊗ f ∈ M∞,1

1⊗ω2
(R2d) if and only if f ∈ M∞,1

1⊗ω1
(Rd).
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Proof Let ϕ ∈ S (Rd) \ 0. As in the proof of Proposition 5.5 we have

|Vϕ⊗ϕ(1 ⊗ f )(x1, x2, ξ1, ξ2)| = |ϕ̂(−ξ1)| |Vϕ f (x2, ξ2)|.

This gives, using (2.1),

|ϕ̂(−ξ1)| |Vϕ f (x2, ξ2)|〈ξ2〉r � |Vϕ⊗ϕ(1 ⊗ f )(x1, x2, ξ1, ξ2)|〈(ξ1, ξ2)〉r
� |ϕ̂(−ξ1)|〈ξ1〉r |Vϕ f (x2, ξ2)|〈ξ2〉r

and it follows that

‖ϕ̂‖L1‖ f ‖M∞,1
1⊗ω1

(Rd )
=

∫

R2d
|ϕ̂(−ξ1)|

(

sup
x2∈Rd

|Vϕ f (x2, ξ2)|
)

〈ξ2〉rdξ1dξ2 � ‖1 ⊗ f ‖M∞,1
1⊗ω2

(R2d )

�
∫

Rd
|ϕ̂(−ξ1)|〈ξ1〉rdξ1

∫

Rd

(

sup
x2∈Rd

|Vϕ f (x2, ξ2)|
)

〈ξ2〉rdξ2

� ‖ f ‖M∞,1
1⊗ω1

(Rd )
.

��
The requirement μ = f ∈ M∞,1

1⊗〈·〉r (Rd) for some r � 0 on the spectral measure

μ ∈ M+(Rd) for a WSS GSP is hence equivalent to its covariance operator having a
Weyl symbol in M∞,1

1⊗ω(R2d) with ω(X) = 〈X〉r .
The condition μ ∈ M∞,1

1⊗〈·〉r (Rd) is satisfied for white noise for any r � 0.
Indeed then we have μ = p dξ for a constant p > 0, cf. Example 4.7, and it
follows from the proof of Lemma 5.8 that 1 ∈ M∞,1

1⊗〈·〉r (Rd) for any r � 0. But

if u ∈ L (S (Rd), L2
0(�)) is white noise of power p = 1 then Dαu has spec-

tral measure μDαu = ξ2αdξ if α ∈ Nd , cf. Example 4.8. The Weyl symbol of the
covariance operator KDαu is therefore 1 ⊗ ξ2α . This Weyl symbol does not belong
to M∞,1

1⊗ω(R2d) with ω(X) = 〈X〉r for X ∈ R2d , for any r � 0 if α �= 0. In fact

M∞,1
1⊗ω(R2d) ⊆ M∞,1(R2d) ⊆ (C ∩ L∞)(R2d) [34]. Thus white noise is included

but its derivatives are excluded when we work with the symbol classes M∞,1
1⊗〈·〉r (R2d)

for some r � 0. Furthermore μ ∈ M∞,1
1⊗〈·〉r (Rd) ⊆ (C ∩ L∞)(Rd) implies that μ is

absolutely continuous with respect to Lebesgue measure.

Remark 5.9 Let u ∈ L (S (Rd), L2
0(�)) and assume that its covariance operator sat-

isfies Ku = aw
u (x, D) with au ∈ M∞,1

1⊗ω(R2d) with ω(X) = 〈X〉r for some r � 0.
By (2.18) and the surrounding discussion it follows that Ku ∈ L (M1(Rd)). Using
(M1)′ = M∞ and (2.15) this gives for ψ, ϕ ∈ M1(Rd)

|(Kuψ, ϕ)| � ‖Kuψ‖M1(Rd )‖ϕ‖M∞(Rd ) � ‖ψ‖M1(Rd )‖ϕ‖M1(Rd )

and it follows that u ∈ L (M1(Rd), L2
0(�)), cf. Remark 3.2. The assumption au ∈

M∞,1
1⊗ω(R2d) hence implies that the corresponding class of GSPs is a subspace of the

class studied in [9, 21, 24, 39] with test function space Feichtinger’s algebra.
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As preparation for the next result on non-stationary filters we will discuss operators
K ∈ L (L2(Rd)) that satisfy an assumption of the form

(K f , f ) � ε‖ f ‖2L2(Rd )
, f ∈ L2(Rd), (5.12)

for some ε > 0. This assumption is a strengthening ofK � 0 on L2(Rd).

Lemma 5.10 If K ∈ L (L2(Rd)) satisfies K � 0 then K is invertible on L2(Rd)

if and only if (5.12) is satisfied for some ε > 0.

Proof Suppose (5.12) is satisfied for some ε > 0. Since (K f , f ) = ‖K 1
2 f ‖2

L2

it follows that kerK
1
2 = {0}, ranK 1

2 is closed in L2, and hence ranK
1
2 =

(

kerK
1
2

)⊥ = L2(Rd). By the open mapping theorem K
1
2 is invertible on L2 and

hence K −1 =
(

K − 1
2

)2 ∈ L (L2).

Suppose on the other hand that (5.12) is not satisfied for any ε > 0. Then there
exists a sequence { fn}n�1 ⊆ L2(Rd) such that ‖ fn‖L2 = 1 for all n � 1 and
limn→∞(K fn, fn) = 0. It follows that

lim
n→∞ ‖K 1

2 fn‖L2 = 0. (5.13)

If we assume that K is invertible on L2 then K −1 � 0 and hence K − 1
2 ∈ L (L2)

is a well defined operator. Combined with (5.13) this gives fn = K − 1
2K

1
2 fn → 0

in L2 which contradicts the assumption ‖ fn‖L2 = 1 for all n � 1. Hence K cannot
be invertible on L2. ��

The following theorem is the main result on the operator equation (5.1) for non-
stationary GSPs with non-commuting covariance operators. It is formulated in terms
of Weyl symbols of covariance operators, using the relation (2.8) between Schwartz
kernels and Weyl symbols for operators (cf. Remark 2.6). The result has a short proof
since it is a consequence of results in [39], with clarified assumptions using (5.12) and
Lemma 5.10.

For Gabor expansions of a ∈ M∞,1
1⊗ω(R2d) we use the notation

a =
∑

�∈�

ga(�)�(�)�, ga(�) = (a,�(�)˜�) (5.14)

where {ga(�)}�∈� are the Gabor coefficients for a, � is the Gaussian (2.22), ˜� ∈
S (R2d) is its canonical dual window, and � = {(an, bk)}n,k∈Z2d ⊆ R4d is a lattice
determined by a, b > 0 that satisfy ab < π , cf. (2.25).

Theorem 5.11 Suppose u, w ∈ L (M1(Rd), L2
0(�)) are uncorrelated temperedGSPs

with covariance operators Ku,Kw : M1(Rd) → M∞(Rd). Suppose the Weyl sym-
bols of Ku and Kw satisfy au, aw ∈ M∞,1

1⊗ω(R2d) with ω(X) = 〈X〉r for some r � 0,
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and suppose

((Ku + Kw) f , f ) � ε‖ f ‖2L2(Rd )
, f ∈ L2(Rd), (5.15)

holds for some ε > 0. Then the following holds:

(i) The operator equation (5.1) is solved by

F = Ku(Ku + Kw)−1 = aw(x, D) (5.16)

where a ∈ M∞,1
1⊗ω(R2d), and aw(x, D) : Mp,q

t,s (Rd) → Mp,q
t,s (Rd) is continuous

for all 1 � p, q � ∞ and all t, s ∈ R such that max(|t |, |s|) � 1
2r .

(ii) The Gabor coefficients {ga(�)}�∈� of a can be expressed in those of au as

ga = M(gb) · gau (5.17)

where M(gb) is an infinite matrix defined on � × �, depending linearly on the
Gabor coefficients {gb(�)}�∈� of b ∈ M∞,1

1⊗ω(R2d) where bw(x, D) = (Ku +
Kw)−1.

(iii) If r > 2d then the matrix M(gb) has off-diagonal decay

|M(gb)(�,�)| � 〈� − �〉−t , �,� ∈ �, (5.18)

for any t < r/2 − d.

Proof The assumptions, (2.18) and the surrounding discussion imply that

Ku,Kw : Mp,q
t,s (Rd) → Mp,q

t,s (Rd)

are continuous for all p, q ∈ [1,∞], and all t, s ∈ R such that max(|t |, |s|) � 1
2r . In

particularKu andKw are continuous on L2(Rd) = M2(Rd), and henceKu +Kw is
continuous on L2. By the assumption (5.15) and Lemma 5.10 the operatorKu +Kw

is invertible on L2.
It follows from Gröchenig’s spectral invariance theorem [17, Theorem 4.6] that

(Ku+Kw)−1 = bw(x, D)where b ∈ M∞,1
1⊗ω(R2d). From the algebraic result [17, The-

orem 4.3] we get the conclusion that F = Ku(Ku +Kw)−1 = aw
u (x, D)bw(x, D) =

aw(x, D) with a ∈ M∞,1
1⊗ω(R2d). It again follows from (2.18) and the surrounding dis-

cussion that aw(x, D) : Mp,q
t,s (Rd) → Mp,q

t,s (Rd) is continuous for all 1 � p, q � ∞
and all t, s ∈ R such that max(|t |, |s|) � 1

2r . We have shown (5.16) and statement (i).
Statement (ii) follows from [39, Section 4] (cf. also [2]). Indeed let

{ga(�)}�∈�, {gb(�)}�∈�, {gau (�)}�∈�
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denote the Gabor coefficients defined as in (5.14) for for a, b, au , respectively. By [39,
Proposition 7] these Gabor coefficients are related as in (5.17), that is

ga(�) =
∑

�∈�

M(gb)(�,�) gau (�), � ∈ �,

where

M(gb)(�,�) =
∑

�∈�

M(�,�,�)gb(�), �,� ∈ �,

is a C-valued infinite matrix indexed by � × � ⊆ R8d depending linearly on the
Gabor coefficients {gb(�)}�∈� of b, and defined in terms of

M(�,�,�)

= (2π)dπ
d
2 exp

(

i
(

σ(� + �′ + � − �′,�′) + σ(�′ + �′,� + �)
)

)

× exp

(

−1

4

∣

∣� − �′ − � − �′∣
∣

2
)

× V
˜��

(

� − � + �′ + � − �′

2
,�′ − � + �′ − � + �′

2

)

,

�,�,� ∈ �,

with notation as in (2.24), and where

V
˜��(X ,Y ) = (2π)−d(�,�(X ,Y )˜�), X ,Y ∈ R2d ,

denotes a symplectic version of the STFT (2.9), cf. (2.23), with ˜� the canonical dual
window of �.

It remains to show statement (iii). The assumption r > 2d admits the use of [39,
Corollary 11] which says that the matrix M(gb) has off-diagonal decay as in (5.18)
for any t < r/2 − d. ��

The conclusion (5.17) with thematrixM(gb) having off-diagonal decay as in (5.18)
may be regarded as conceptually reminiscent of the conclusions in Theorem 4.12,
and in (5.4) and (5.5) respectively. In fact (5.17) can be seen almost as a pointwise
multiplication when the matrix has rapid off-diagonal decay, of the Gabor coefficients
of theWeyl symbol ofKu with amatrix that depends linearly on theGabor coefficients
of the Weyl symbol of bw(x, D) = (Ku + Kw)−1.

An engineering point of view for optimal filters for non-stationary signals is treated
in [19].

Remark 5.12 The assumptions of Theorem 5.11 and Parseval’s theorem imply that

((Ku + Kw) f , f ) � ‖ f ‖2L2 = ‖ ̂f ‖2L2 , f ∈ L2(Rd). (5.19)
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If u and w are WSS then by (4.1) we have

((Ku + Kw) f , f ) = ‖ ̂f ‖2L2(μu+μw)
, f ∈ L2(Rd). (5.20)

It follows from (5.19) and (5.20) that L2(μu + μw) = L2(Rd), and by the Radon–
Nikodym theoremwe haveμu+μw = f dx where f ∈ L∞(Rd) and f −1 ∈ L∞(Rd).
The measure μu + μw satisfies

C−1dx(A) � (μu + μw)(A) � Cdx(A), A ∈ B(Rd),

where C > 0 and dx denotes Lebesgue measure. The measure μu + μw is thus upper
and lower bounded by Lebesgue measure. We may conclude that u + w resembles
white noise in that all frequencies are supported in μu + μw, albeit with intensities
that are uniformly upper and lower bounded rather than constant.

Remark 5.13 Finally we extract an observation concerning the Gröchenig–Sjöstrand
space M∞,1

1⊗〈·〉r (Rd) for r � 0. If f ∈ M∞,1
1⊗〈·〉r (Rd) is real-valued and f (x) � ε > 0

for all x ∈ Rd , then 1/ f ∈ M∞,1
1⊗〈·〉r (Rd). Indeed by Lemma 5.8 we have a = 1⊗ f ∈

M∞,1
1⊗〈·〉r (R2d), and

(aw(x, D)g, g)L2 = ( f ĝ, ĝ)L2 � ε‖g‖2L2 , g ∈ L2(Rd),

so it follows from Lemma 5.10 that aw(x, D) is invertible on L2. The inverse has
Weyl symbol aw(x, D)−1 = bw(x, D) with b = 1 ⊗ 1/ f . By Gröchenig’s spectral
invariance theorem [17, Theorem4.6]we obtain b ∈ M∞,1

1⊗〈·〉r (R2d), and finally Lemma

5.8 yields the claim 1/ f ∈ M∞,1
1⊗〈·〉r (Rd).

5.3 Further Remarks on the Operator Equation

In this final subsection we make a few operator theoretical remarks on the operator
equation

Ku = F(Ku + Kw). (5.21)

We assume thatKu,Kw ∈ L (H ) for a Hilbert spaceH , andKu � 0 andKw � 0
on H (cf. Section 5.1), but we do not assume that Ku + Kw is invertible on H .
We seek a solution F ∈ L (H ) to (5.21), or equivalently, since K ∗

u = Ku and
K ∗

w = Kw, to the equation

Ku = (Ku + Kw)F∗. (5.22)

We have

ker(Ku + Kw) ⊆ kerKu ∩ kerKw. (5.23)
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In fact if (Ku + Kw) f = 0 for f ∈ H then

0 = ((Ku + Kw) f , f ) = (Ku f , f ) + (Kw f , f )

which implies

0 = (Ku f , f ) = ‖K
1
2

u f ‖2H and 0 = (Kw f , f ) = ‖K
1
2

w f ‖2H .

Thus Ku f = K
1
2

u K
1
2

u f = 0 so f ∈ kerKu , and likewise f ∈ kerKw, which
proves (5.23).

From (5.23) and (kerKu)
⊥ = ranKu (where X denotes the closure of a subspace

X ⊆ H ) we obtain

ranKu ⊆ ranKu ⊆ ran(Ku + Kw). (5.24)

If we assume the strengthened inclusion

ranKu ⊆ ran(Ku + Kw) (5.25)

then according to Douglas’ lemma [5–7], the inclusion (5.25) is equivalent to the
existence of F ∈ L (H ) that solves (5.22). The filter linear operator F is the unique
solution to (5.22) that satisfies

ran F∗ ⊆ ran(Ku + Kw),

ker F∗ = kerKu,

‖F‖ = sup
‖ f ‖=1

‖Ku f ‖
‖(Ku + Kw) f ‖ .

(5.26)

We may summarize this as follows.

Proposition 5.14 LetH be a Hilbert space, supposeKu,Kw ∈ L (H ),Ku,Kw �
0 on H , and (5.25). Then there exists F ∈ L (H ) that solves (5.21). The operator
F is the unique solution that satisfies (5.26).

Note that we do not have to assume thatKu+Kw is invertible, aswe did in Theorem
5.11.

Under the assumptions of Proposition 5.14 it follows from [6, Corollary 1] and
(5.23) that F is invertible as an operator inL (H ) if and only if (5.25) is strengthened
into

ranKu = ran(Ku + Kw)

and kerKu ⊆ kerKw.

Remark 5.15 If we assume that ran(Ku+Kw) is closed then (5.25) is a consequence of
(5.24). Then theMoore–Penrose pseudo-inverse (Ku+Kw)+ ∈ L (H ) forKu+Kw

is well defined [4]. A solution to (5.21) is then F = Ku(Ku + Kw)+.
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