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 A B S T R A C T

This work aims at presenting a novel Stabilization-free Virtual Element method for 3D problems. 
In particular, we focus on the discretization of the linear elastic equation, but the new 
projection operator introduced can be applied to derive a self-stabilized formulation also for 
general scalar elliptic equations. The method is introduced in its lowest order formulation 
and for the analysis we consider the class of polyhedra with triangular faces, typically called 
deltahedra. We provide a sufficient condition on the polynomial projection space that implies 
the well-posedness. Several numerical tests assess the robustness of the method and confirm 
the theoretical convergence rates. Furthermore, we test the proposed method on a nonlinear 
elasticity problem, to show the robustness of the proposed self-stabilized formulation for solving 
nonlinear problems.

. Introduction

In recent years, numerical methods for the approximation of partial differential equations on polygonal and polyhedral meshes 
ave attracted considerable attention within the scientific community, thanks to their great flexibility in handling highly complex 
eometries. Among the various approaches proposed in this framework, the Virtual Element Method (VEM) represents one of the 
ost widely used families of polytopal discretization techniques. Since its introduction in the seminal work [1], VEMs have been 
xtensively applied to a wide range of engineering applications. The key feature of virtual elements lies in the use of implicitly 
efined basis functions, which are not explicitly computed, together with a suitable set of degrees of freedom from which polynomial 
rojections can be constructed. In classical VEM formulations, these projections are involved in the definition of the discrete 
ilinear forms, requiring the addition of an arbitrary non-polynomial stabilizing term, to ensure the coercivity of these forms. The 
tabilization term requires to be tuned according to the problem under consideration, which constitutes a limitation, especially for 
roblems characterized by strong anisotropies and nonlinearities.
To overcome this drawback, novel VEM formulations that do not require a stabilization term, referred to as Stabilization-Free 

EM (SFVEM), have been recently introduced [2–6] and have attracted considerable attention within the scientific community. 
hese novel formulations allow for the definition of self-stabilized bilinear forms, relying only on consistent and stable polynomial 
rojections, preserving the structure of the underlying operator. These methods have been applied in various contexts, including 
roblems characterized by anisotropy and convection-dominated regimes [7,8], problems of interest in computational mechanics [9–
1], as well as the development of a posteriori error estimators [12]. However, only a few contributions address three-dimensional 
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applications [13–15], and the theoretical development of three-dimensional formulations is still in its early stages. Meanwhile, we 
also mention other approaches that aim to overcome some issues related to the stabilization of polygonal methods, such as [16], 
where a reduced-basis method is proposed to design the stabilization term, [17–19], where bounds for the stability terms used in the 
a posteriori error analysis are presented, [20], where neural networks are integrated to approximate the basis functions, and [21,22], 
where other stabilization-free approaches are proposed in the context of Hybrid High-Order methods.

In this work, we propose a new framework for the development of SFVEM on three-dimensional meshes, extending the approach 
based on divergence-free projections developed for the 2D case in [23,24]. We consider the linear elasticity equation in primal 
form and investigate the stability of a new projection operator, that applies from the space of gradients of 3D VEM functions to 
the space of divergence-free polynomials. As a preliminary step for the analysis, we consider the class of polyhedra with triangular 
faces, typically called deltahedra, and a low order formulation. We identify a sufficient condition on the local polynomial projection 
space that ensures the coercivity of the new gradient projection. Then, we show that applying the proposed polynomial projection 
to the discretization of the linear elasticity equation yields a well-posed formulation. We remark that the proposed approach can be 
straightforwardly applied to general second order elliptic equations. Since the polynomial degree of the proposed projection depends 
on the geometry of the polyhedron, we propose an algorithm based on an optimized QR decomposition, as already done for the 2D 
case in [23,24]. Then, we devise a wide campaign of tests on general deltahedra to numerically verify that the proposed scheme is 
stable and robust, together with standard convergence tests on different meshes, which confirm the expected rates of convergence. 
Furthermore, we apply the proposed method for solving nonlinear elasticity problems, with a comparison with the standard VEM 
discretization. The objective is to show that the proposed SFVEM method exhibits a stable convergence of the Newton method 
thanks to the definition of a self-stabilized and operator-preserving discretization. In particular, it displays the expected quadratic 
convergence, allowing the residual threshold to be reached in fewer iterations. Consequently, the proposed method results to be 
more robust for the solution of nonlinear problems, as it does not require the tuning of any non-physical parameter, and significantly 
reduces the computational cost and the overall efficiency.

This work is organized as follows. In Section 2 we state our model problem and in Section 3 we present the new projection 
operator and the discrete scheme. The well-posedness of the discrete formulation is discussed in Section 4 and Section 5 shows the 
computation of the new projector. Finally, Section 6 contains the numerical results discussed above.

2. Model problem

Let 𝛺 ⊂ R3 be a bounded open set. We are interested in solving the following problem: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

−∇ ⋅ 𝝈(𝒖) = 𝒇 in 𝛺,
𝒖 = 0 on 𝜕𝛺.
𝝈(𝒖) = 𝐷𝜺(𝒖) = 2𝜇𝜺(𝒖) + 𝜆tr(𝜺(𝒖))𝑰 ,
𝜺(𝒖) = 1

2 (∇𝒖 + ∇𝒖⊺) ,

(1)

where 𝜇 and 𝜆 are the Lamé coefficients, 𝑰 represents the second order identity tensor, and 𝐷 is the fourth order elasticity tensor. 
For the sake of simplicity, we restrict our analysis to homogeneous Dirichlet boundary conditions. Extending the results to more 
general boundary conditions involves additional standard technicalities. We consider the following standard regularity assumptions 
for 𝜇 and 𝜆 (see for instance [25]): there exists 𝜇min, 𝜅min > 0 such that 

𝜇, 𝜆 ∈ L∞ (𝛺) , 𝜇(𝒙) ≥ 𝜇min , 𝜆(𝒙) + 2
3
𝜇(𝒙) ≥ 𝜅min ,  a.e. 𝒙 ∈ 𝛺. (2)

To obtain the variational formulation of problem (1), let 𝐕 ∶= [H1
0(𝛺)]3. Moreover, let 𝑎 ∶𝐕 × 𝑽 → 𝐑 such that, 

𝑎 (𝒖, 𝒗) = ∫𝛺
𝝈(𝒖)∶ 𝜺(𝒗) = ∫𝛺

𝐷𝜺(𝒖)∶ 𝜺(𝒗) ∀𝒖, 𝒗 ∈ 𝐕 . (3)

Notice that, under assumption (2), there exists 𝜂min > 0 such that for any suitable 𝒖

𝑎 (𝒖, 𝒖) ≥ 𝜂min ∫𝛺
𝜺(𝒖)∶ 𝜺(𝒖) = 𝜂min‖𝜺(𝒖)‖2L2(𝛺)

(4)

Then, given 𝒇 ∈ [L2 (𝛺)]3, the variational formulation of (1) is: find 𝒖 ∈ 𝐕 such that, 
𝑎 (𝒖, 𝒗) = (𝒇 , 𝒗)𝛺 ∀𝒗 ∈ 𝐕 , (5)

where (⋅, ⋅)𝛺 denotes the standard L2 scalar product.
Let 𝐕 be endowed with the norm

‖𝒗‖2𝐕 = ∫𝛺
∇𝒗∶∇𝒗.

It can be proved by suitable Korn’s inequalities that there exist two constants 𝑀,𝛼 > 0, depending on 𝛺, 𝜇, and 𝜆, such that
𝛼‖𝒗‖2𝐕 ≤ 𝑎 (𝒗, 𝒗) ≤ 𝑀‖𝒗‖2𝐕.

The above inequalities guarantee the well-posedness of problem (5).
2 
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3. Discrete formulation

In this section, we propose a stabilization-free virtual element discretization of (5) defined on polyhedral meshes with triangular 
faces. First, we introduce the scalar virtual space and the new projection operator, and then we embed it in a vector-valued 
framework. Let ℎ denote a conforming polyhedral decomposition of the domain 𝛺, and 𝐸 ∈ ℎ denotes a generic polyhedra. 
We assume that ℎ satisfies the following assumptions: there exists a positive constant 𝜌 such that

A.1 for all 𝐸 ∈ ℎ, 𝐸 is star-shaped with respect to a sphere of radius 𝜌 ≥ 𝜌ℎ𝐸 , where ℎ𝐸 is the diameter of 𝐸;
A.2 each face 𝑓 of 𝐸 is star-shaped with respect to a ball of radius 𝜂 ≥ 𝜌ℎ𝑓 , where ℎ𝑓  is the diameter of 𝑓 ;
A.3 for each face 𝑓 of 𝐸 and for each edge 𝑒 of 𝑓 , |𝑒| ≥ 𝜌ℎ𝑓 ≥ 𝜌2ℎ𝐸 .

For any given 𝜔 ⊂ 𝛺, let P𝑘(𝜔) denote the space of polynomials of degree up to 𝑘 defined on 𝜔. Hence, let 𝛱
∇,𝜔
1 ∶ H1(𝜔) → P1(𝜔)

be the H1(𝜔)-orthogonal projection defined up to a constant by the orthogonality condition: 

∀ 𝑢 ∈ H1(𝜔),
(

∇
(

𝛱∇,𝜔
1 𝑢 − 𝑢

)

,∇𝑝
)

𝜔
= 0 ∀ 𝑝 ∈ P1(𝜔) . (6)

In the following, for any 𝐸 ∈ ℎ and for any face 𝑓 ⊂ 𝜕𝐸, we use 𝛱∇,𝑓
1  and 𝛱∇,𝐸

1 , respectively. In order to define these projectors 
uniquely, we set 

∫𝜕𝑓
𝛾𝜕𝑓

(

𝛱∇,𝑓
1 𝑢

)

= ∫𝜕𝑓
𝛾𝜕𝑓 (𝑢) ∀𝑓 ⊂ 𝜕𝐸 and ∫𝜕𝐸

𝛾𝜕𝐸
(

𝛱∇,𝐸
1 𝑢

)

=
∑

𝑓⊂𝜕𝐸
∫𝑓

𝛱∇,𝑓
1 𝑢 . (7)

In the following, for the sake of simplicity we will omit the trace operator 𝛾  when it is clear from the integration domain. For any 
given 𝐸 ∈ ℎ, let 𝐸

ℎ,1 be the local scalar Virtual Element Space of order 1:

𝐸
ℎ,1 ∶= {𝑣ℎ ∈ H1(𝐸) ∶ 𝛥𝑣ℎ ∈ P1(𝐸) , 𝛾𝑓

(

𝑣ℎ
)

∈ 𝑓
ℎ,1 ∀ 𝑓 ⊂ 𝜕𝐸, 𝛾𝜕𝐸

(

𝑣ℎ
)

∈ 𝐶0(𝜕𝐸) ,
(

𝑣ℎ −𝛱∇,𝐸
1 𝑣ℎ, 𝑝

)

𝐸
= 0 ∀𝑝 ∈ P1(𝐸) } . (8)

where, for any face 𝑓
𝑓
ℎ,1 ∶= {𝑣ℎ ∈ H1(𝑓 ) ∶ 𝛥𝑣ℎ ∈ P1(𝑓 ) , 𝛾𝑒

(

𝑣ℎ
)

∈ P1(𝑒) ∀𝑒 ⊂ 𝜕𝑓 , 𝛾𝜕𝑓
(

𝑣ℎ
)

∈ 𝐶0(𝜕𝑓 ) ,
(

𝑣ℎ −𝛱∇,𝑓
1 𝑣ℎ, 𝑝

)

𝑓
= 0 ∀𝑝 ∈ P1(𝑓 ) } .

We recall that the degrees of freedom of 𝐸
ℎ,1 are the values of functions at the vertices of 𝐸 (see [26,27]). Now, let us prove a 

property, derived from [28], that will be useful in the following. 

Lemma 1.  There exists a positive constant 𝐶, independent of ℎ𝐸 , such that for any 𝑣ℎ ∈ 𝐸
ℎ,1

|

|

𝑣ℎ||
2
H1(𝐸) ≤ 𝐶ℎ𝐸

‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖

2

L2(𝜕𝐸)
, (9)

where ∧ denotes the cross product and 𝒏𝜕𝐸 , with a slight abuse of notation, denotes the outward-pointing unit normal vector to the boundary 
of 𝐸, i.e. it collects the different unit normal vectors 𝒏𝑓  associated with each face.

Proof.  Let us recall a known result for virtual functions [28]: ∀𝑣ℎ ∈ 𝐸
ℎ,1 we have 

|

|

𝑣ℎ||
2
H1(𝐸) ≲ ℎ−1𝐸

∑

𝑓⊂𝜕𝐸

‖

‖

‖

𝛱0,𝑓
0 𝑣ℎ

‖

‖

‖

2

L2(𝑓 )
+ ℎ𝐸

‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖L2(𝜕𝐸)

(10)

where ≲ denotes that there exists a constant independent of ℎ𝐸 and 𝛱0,𝑓
0  denotes the L2-orthogonal projector on P0(𝑓 ). Let 

P0(𝑣ℎ) ∶=
1

|𝜕𝐸|

∫𝜕𝐸 𝑣ℎ, applying (10), the continuity of the L2-orthogonal projector and a Poincaré inequality, we get

|

|

𝑣ℎ||
2
H1(𝐸) = |

|

𝑣ℎ − P0(𝑣ℎ)||
2
H1(𝐸) ≲ ℎ−1𝐸

∑

𝑓⊂𝜕𝐸

‖

‖

‖

𝛱0,𝑓
0 (𝑣ℎ − P0(𝑣ℎ))

‖

‖

‖

2

L2(𝑓 )
+ ℎ𝐸

‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖

2

L2(𝜕𝐸)

≲ ℎ−1𝐸 ‖

‖

𝑣ℎ − P0(𝑣ℎ)‖‖
2
L2(𝜕𝐸) + ℎ𝐸

‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖

2

L2(𝜕𝐸)
≲ ℎ𝐸

‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖

2

L2(𝜕𝐸)
. □ (11)

Let us propose a new projection operator for the gradient of a virtual function. To achieve this, for any given 𝐸 ∈ ℎ, let 
𝓁𝐸 ∈ N be given. We will discuss in the following how to choose 𝓁𝐸 . Now, we consider the following decomposition of 

[

P𝓁𝐸+1(𝐸)
]3

(see [29]) 
[

P𝓁𝐸+1(𝐸)
]3

= ∇P𝓁𝐸+2
(𝐸)⊕ ⟂𝓁𝐸+1(𝐸) , (12)

where 

⟂ (𝐸) = 𝒙 ∧
[

P (𝐸)
]3

. (13)
𝓁𝐸+1 𝓁𝐸

3 
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Notice that ∇P𝓁𝐸+2
(𝐸) is the kernel of the 𝐜𝐮𝐫𝐥  operator in 

[

P𝓁𝐸+1(𝐸)
]3
, hence 

𝐜𝐮𝐫𝐥
[

P𝓁𝐸+1(𝐸)
]3

= 𝐜𝐮𝐫𝐥⟂𝓁𝐸+1(𝐸) , (14)

where for any 𝒑 ∈
[

P𝓁𝐸+1(𝐸)
]3
, i.e. 𝒑 = (𝑝𝑥, 𝑝𝑦, 𝑝𝑧), 

𝐜𝐮𝐫𝐥𝒑 =
(

𝜕𝑝𝑧
𝜕𝑦

−
𝜕𝑝𝑦
𝜕𝑧

,
𝜕𝑝𝑥
𝜕𝑧

−
𝜕𝑝𝑧
𝜕𝑥

,
𝜕𝑝𝑦
𝜕𝑥

−
𝜕𝑝𝑥
𝜕𝑦

)⊺

. (15)

Let 𝛱̂0,𝐸
𝓁𝐸

∇∶H1(𝐸) → 𝐜𝐮𝐫𝐥⟂𝓁𝐸+1(𝐸) be the L2-projector of the gradient of functions in H1(𝐸) defined by the following orthogonality 
condition: ∀𝑢 ∈ H1(𝐸)

(

𝛱̂0,𝐸
𝓁𝐸

∇𝑢, 𝐜𝐮𝐫𝐥𝒑
)

𝐸
= (∇𝑢, 𝐜𝐮𝐫𝐥𝒑)𝐸 ∀𝒑 ∈ ⟂𝓁𝐸+1(𝐸) . (16)

Remark 1.  We remark that 

𝐜𝐮𝐫𝐥⟂𝓁𝐸+1(𝐸) = {𝒑 ∈
[

P𝓁𝐸 (𝐸)
]3

∶∇ ⋅ 𝒑 = 0} , (17)

holds true, based on the exactness – i.e. the image of every operator coincides with the kernel of the following one (see [30])– of the 
following sequence in three dimensions 

P𝓁𝐸+2
(𝐸)

∇
←←←←←←←←→

[

P𝓁𝐸+1(𝐸)
]3 𝐜𝐮𝐫𝐥

←←←←←←←←←←←←←←←←←←→
[

P𝓁𝐸 (𝐸)
]3 ∇⋅

←←←←←←←←←←→ P𝓁𝐸−1
(𝐸) , (18)

together with (14).

Remark 2.  Considering the previous relation, we can see that if 𝑢 ∈ P1(𝐸), then 𝛱̂0,𝐸
𝓁𝐸

∇𝑢 = ∇𝑢.

Moreover, applying the product rule for the divergence of the cross product of two vector fields in three dimensions, known 
results about De Rham diagrams in Sobolev spaces and the Green-Gauss formula, we get ∀𝑢 ∈ H1(𝐸) and ∀𝒑 ∈

[

P𝓁𝐸+1(𝐸)
]3

(∇𝑢, 𝐜𝐮𝐫𝐥𝒑)𝐸 = ∫𝐸
∇ ⋅ (𝒑 ∧ ∇𝑢) = ∫𝜕𝐸

(𝒑 ∧ ∇𝑢) ⋅ 𝒏𝜕𝐸 = ∫𝜕𝐸
(∇𝑢 ∧ 𝒏𝜕𝐸 ) ⋅ 𝒑 . (19)

Proposition 2.  Let 𝐸 be such that all the faces 𝑓 ⊂ 𝜕𝐸 are triangles. Then, 𝛱̂0,𝐸
𝓁𝐸

∇𝑣 is computable for any 𝑣 ∈ 𝐸
ℎ,1.

Proof.  For any 𝑓 ⊂ 𝜕𝐸, since 𝑓 is a triangle, then 𝑓
ℎ,1 ≡ P1(𝑓 ) and ∇𝑢 ∧ 𝒏𝑓 ∈

[

P0(𝑓 )
]3. Hence, considering (19) it is easy to see 

that the projector 𝛱̂0,𝐸
𝓁𝐸

∇ is computable. □

From this point onward, we restrict our analysis to the case in which ℎ consists only of polyhedra with triangular faces. Then, 
for any function 𝒖 = (𝑢𝑥, 𝑢𝑦, 𝑢𝑧) ∈ [H1(𝐸)]3, let 𝛱̂0,𝐸

𝓁𝐸
∇𝒖 be defined such that 

𝛱̂0,𝐸
𝓁𝐸

∇𝒖 =
(

𝛱̂0,𝐸
𝓁𝐸

∇𝑢𝑥 , 𝛱̂0,𝐸
𝓁𝐸

∇𝑢𝑦 , 𝛱̂0,𝐸
𝓁𝐸

∇𝑢𝑧
)⊺

, (20)

and the local discrete counterpart of 𝜺(𝒖), denoted by 𝜺𝐸ℎ (𝒖) is defined as 

𝜺𝐸ℎ (𝒖) =
1
2

(

𝛱̂0,𝐸
𝓁𝐸

∇𝒖 +
(

𝛱̂0,𝐸
𝓁𝐸

∇𝒖
)⊺)

. (21)

Let the local bilinear form 𝑎𝐸ℎ ∶ [H1(𝐸)]3 × [H1(𝐸)]3 → R be defined as 

𝑎𝐸ℎ (𝒖, 𝒗) ∶= ∫𝐸
𝐷𝜺𝐸ℎ (𝒖)∶ 𝜺

𝐸
ℎ (𝒗) ∀𝒖, 𝒗 ∈ [H1(𝐸)]3 , (22)

and the global bilinear form 𝑎ℎ ∶𝐕 × 𝐕 → R as 

𝑎ℎ (𝒖, 𝒗) ∶=
∑

𝐸∈ℎ

𝑎𝐸ℎ (𝒖, 𝒗) ∀𝒖, 𝒗 ∈ 𝐕 . (23)

Let 𝐸
ℎ,1 be the vector-valued virtual element space, i.e. 𝐸

ℎ,1 = [𝐸
ℎ,1]

3, then we can state the discrete problem as: find 𝒖ℎ ∈ ℎ,1, 
where 

ℎ,1 ∶= {𝒗 ∈ 𝐕∶ 𝒗
|𝐸 ∈ 𝐸

ℎ,1} , (24)

such that 
𝑎ℎ

(

𝒖ℎ, 𝒗ℎ
)

=
∑

(

𝒇 ,𝛱0,𝐸
1 𝒗ℎ

)

𝐸
∀𝒗ℎ ∈ ℎ,1 , (25)
𝐸∈ℎ

4 
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where, given the scalar L2-orthogonal projection operator on linear polynomials 𝛱0,𝐸
1 ∶ L2 (𝐸) → P1(𝐸), i.e. for each 𝑣 ∈ L2 (𝐸)

(

𝛱0,𝐸
1 𝑣 − 𝑣, 𝑝

)

𝐸
= 0 ∀ 𝑝 ∈ P1(𝐸) , (26)

computable by standard VEM techniques [31], the vector-valued counterpart is given by 

𝛱0,𝐸
1 𝒗ℎ =

(

𝛱0,𝐸
1 (𝑣ℎ)𝑥 , 𝛱0,𝐸

1 (𝑣ℎ)𝑦 , 𝛱0,𝐸
1 (𝑣ℎ)𝑧

)⊺
. (27)

4. Well-posedness

In this section, we want to prove the well-posedness of the discrete formulation stated in (25), defined on a general polyhedral 
mesh with triangular faces. To this end, we show some preliminary results on the scalar virtual space and the projection 𝛱̂0,𝐸

𝓁𝐸
∇

defined in (16). In particular, in Theorem  3 we show that the projector 𝛱̂0,𝐸
𝓁𝐸

∇ induces a seminorm on the local virtual space, 
equivalent with the local H1-seminorm. To prove it, the following assumption on 𝓁𝐸 is required.

H.1 𝓁𝐸 is such that there exists a set of degrees of freedom for 𝒑 ∈ ⟂𝓁𝐸+1(𝐸) which contains the integral mean 1
|𝑓 | ∫𝑓 𝒑 on each 

face 𝑓 ⊂ 𝜕𝐸

Theorem 3.  Under the assumption A.1, A.2, A.3 and H.1, if 𝐸 is such that all the faces 𝑓 ⊂ 𝜕𝐸 are triangles, then there exists a positive 
constant 𝛽𝐸∗ , independent of ℎ𝐸 , such that 

‖

‖

‖

𝛱̂0,𝐸
𝓁𝐸

∇𝑣ℎ
‖

‖

‖L2(𝐸)
≥ 𝛽𝐸∗ |

|

𝑣ℎ||H1(𝐸) ∀𝑣ℎ ∈ 𝐸
ℎ,1 . (28)

Proof.  Using the definition of the operator 𝛱̂0,𝐸
𝓁𝐸

∇𝑣, (19) and that for any face 𝑓 ⊂ 𝜕𝐸 𝑓
ℎ,1 = P1(𝑓 ), we get ∀𝑣ℎ ∈ 𝐸

ℎ,1

‖

‖

‖

𝛱̂0,𝐸
𝓁𝐸

∇𝑣ℎ
‖

‖

‖L2(𝐸)
= sup

𝒑∈⟂
𝓁𝐸+1(𝐸)

(

∇𝑣ℎ, 𝐜𝐮𝐫𝐥𝒑
)

𝐸
‖𝐜𝐮𝐫𝐥𝒑‖L2(𝐸)

= sup
𝒑∈⟂

𝓁𝐸+1(𝐸)

∫𝜕𝐸 (∇𝑣ℎ ∧ 𝒏𝜕𝐸 ) ⋅ 𝒑
‖𝐜𝐮𝐫𝐥𝒑‖L2(𝐸)

= sup
𝒑∈⟂

𝓁𝐸+1(𝐸)

∑

𝑓⊂𝜕𝐸 (∇𝑣ℎ ∧ 𝒏𝑓 ) ⋅ ∫𝑓 𝒑
‖𝐜𝐮𝐫𝐥𝒑‖L2(𝐸)

(29)

Under assumption H.1, we define 𝒑̃ ∈ ⟂𝓁𝐸+1(𝐸) such that its degrees of freedom are 

1
|𝑓 | ∫𝑓

𝒑̃ = ℎ2𝐸 (∇𝑣ℎ ∧ 𝒏𝑓 ) ∀𝑓 ⊂ 𝜕𝐸 (30)

and all other degrees of freedom of 𝒑̃ are zero. Since ⟂𝓁𝐸+1(𝐸) ∩ ker(𝐜𝐮𝐫𝐥 (⋅)) = {𝟎} (see (14)), ‖𝐜𝐮𝐫𝐥𝒑‖L2(𝐸) is a norm of ⟂𝓁𝐸+1(𝐸). 
Hence, applying the equivalence of norms between ‖𝐜𝐮𝐫𝐥𝒑‖L2(𝐸) and the 𝑙2-norm of the vector of degrees of freedom of 𝒑̃, the 
definition of 𝒑̃ and assumption A.3, we get the estimate 

‖𝐜𝐮𝐫𝐥 𝒑̃‖2
L2(𝐸)

≤ 𝐶2
𝑝ℎ𝐸

∑

𝑓⊂𝜕𝐸

(

1
|𝑓 | ∫𝑓

𝒑̃
)2

= 𝐶2
𝑝ℎ𝐸

∑

𝑓⊂𝜕𝐸

ℎ4𝐸
|𝑓 | ∫𝑓

(∇𝑣ℎ ∧ 𝒏𝑓 )2

≤
𝐶2
𝑝

𝜅2
ℎ3𝐸

‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖

2

L2(𝜕𝐸)
.

(31)

With the above definition of 𝒑̃, starting from (29) and applying (31), we obtain 

‖

‖

‖

𝛱̂0,𝐸
𝓁𝐸

∇𝑣ℎ
‖

‖

‖L2(𝐸)
= sup

𝒑∈⟂
𝓁𝐸+1(𝐸)

∑

𝑓⊂𝜕𝐸 (∇𝑣ℎ ∧ 𝒏𝑓 ) ⋅ ∫𝑓 𝒑
‖𝐜𝐮𝐫𝐥𝒑‖L2(𝐸)

≥ 𝜅
𝐶𝑝

ℎ2𝐸
‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖
‖

2
L2(𝜕𝐸)

ℎ
3
2
𝐸
‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖
‖L2(𝜕𝐸)

= 𝜅
𝐶𝑝

ℎ
1
2
𝐸
‖

‖

‖

∇𝑣ℎ ∧ 𝒏𝜕𝐸‖‖
‖L2(𝜕𝐸)

.

(32)

Finally, applying Lemma  1 we get the thesis. □

Remark 3 (Scalar Elliptic Problems). The result stated in Theorem  3 implies that the stabilization-free VEM discretization of the 3D 
Poisson problem: given 𝑓 ∈ L2 (𝛺), find 𝑢ℎ ∈ 𝐸

ℎ,1
∑

𝐸∈ℎ

(

𝛱̂0,𝐸
𝓁𝐸

∇𝑢ℎ, 𝛱̂
0,𝐸
𝓁𝐸

∇𝑣ℎ
)

𝐸
=

∑

𝐸∈ℎ

(

𝑓,𝛱0,𝐸
1 𝑣ℎ

)

𝐸
∀ 𝑣ℎ ∈ 𝐸

ℎ,1 (33)

is well-posed, applying the same techniques as in [23]. The proposed method can also be straightforwardly extended to the 3D 
diffusion–advection–reaction problem, following the approach described in [24,27].
5 
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In order to prove the continuity and the coercivity of the bilinear form 𝑎ℎ, we need to prove a discrete curl-type Korn’s inequality, 
stated in Proposition  5, for the space [⟂𝑠 (𝐸)]3𝑟, that denotes the space of tensors obtained patching row-vectors of ⟂𝑠 (𝐸), for any 
given degree 𝑠 ≥ 0. Hence, for any 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟 we apply row-wise the 𝐜𝐮𝐫𝐥  operator and we define the symmetric 𝐜𝐮𝐫𝐥  operator 
as 

𝐜𝐮𝐫𝐥 𝜋 ∶= 1
2
(

𝐜𝐮𝐫𝐥𝜋 + (𝐜𝐮𝐫𝐥𝜋)⊺
)

. (34)

To prove Proposition  5, we need the following preliminary result. 

Lemma 4.  The quantity ‖
‖

𝐜𝐮𝐫𝐥 𝜋‖
‖L2(𝐸) is a norm for any 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟.

Proof.  This proof is based on the argument presented in [32]. Assume that 𝐜𝐮𝐫𝐥 𝜋 = 0. Since 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟, by (14) 𝐜𝐮𝐫𝐥𝜋 = 0 if 
and only if 𝜋 = 0. Hence, 𝐜𝐮𝐫𝐥 𝜋 = 0 if and only if 𝐜𝐮𝐫𝐥𝜋 is an anti-symmetric matrix. Assume that 

𝐜𝐮𝐫𝐥𝜋 = 𝐴 (35)

where 

𝐴 =
⎡

⎢

⎢

⎣

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

⎤

⎥

⎥

⎦

(36)

for some 𝒂 = (𝑎𝑥, 𝑎𝑦, 𝑎𝑧) ∈
[

P𝑠−1(𝐸)
]3 . Since ∇ ⋅ 𝐜𝐮𝐫𝐥𝜋 = 0, then 

∇ ⋅ 𝐴 = −𝐜𝐮𝐫𝐥𝒂 = 0 . (37)

The previous relation, applying (14), is equivalent to 𝒂 = −∇𝑞 for some polynomial 𝑞 ∈ P𝑠(𝐸). A simple computation yields 
𝐜𝐮𝐫𝐥 (𝑞𝑰) = 𝐴 = 𝐜𝐮𝐫𝐥𝜋, thus 

𝜋 = 𝑞𝑰 . (38)

Since 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟, by (13) there exists 𝒑1,𝒑2,𝒑3 ∈ P𝑠−1(𝐸) such that 

𝜋 =
⎡

⎢

⎢

⎣

𝒙 ∧ 𝒑1
𝒙 ∧ 𝒑2
𝒙 ∧ 𝒑3

⎤

⎥

⎥

⎦

. (39)

Then, by (38), 
⎧

⎪

⎨

⎪

⎩

𝒙 ∧ 𝒑1 = (𝑞, 0, 0)
𝒙 ∧ 𝒑2 = (0, 𝑞, 0)
𝒙 ∧ 𝒑3 = (0, 0, 𝑞)

, (40)

Hence, 𝒙 has to be orthogonal to three linearly independent vectors. This is true if and only if 𝑞 = 0, and thus 𝜋 = 0. □

Proposition 5.  For any 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟 there exists 𝐶𝐸
∗ > 0, independent of ℎ𝐸 , such that 

𝐶𝐸
∗ ‖𝐜𝐮𝐫𝐥𝜋‖L2(𝐸) ≤

‖

‖

‖

𝐜𝐮𝐫𝐥 𝜋‖‖
‖L2(𝐸)

. (41)

Proof.  Let the space [⟂𝑠 (𝐸)]3𝑟 be endowed with the following two norms: for any 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟

‖𝜋‖1 ∶= ℎ−1𝐸 ‖𝜋‖L2(𝐸) + ‖𝐜𝐮𝐫𝐥𝜋‖L2(𝐸) . (42)

and ‖𝜋‖2 ∶= ‖

‖

𝐜𝐮𝐫𝐥 𝜋‖
‖L2(𝐸), as proved in Lemma  4. Then, it follows by equivalence of norms on finite dimensional spaces and a 

suitable scaling argument that there exists 𝐶 > 0 independent of ℎ𝐸 such that for any 𝜋 ∈ [⟂𝑠 (𝐸)]3𝑟

ℎ−1𝐸 ‖𝜋‖L2(𝐸) + ‖𝐜𝐮𝐫𝐥𝜋‖L2(𝐸) ≤ 𝐶‖

‖

‖

𝐜𝐮𝐫𝐥 𝜋‖‖
‖L2(𝐸)

. (43)

The thesis (41) follows immediately. □

Theorem 6.  The discrete bilinear form 𝑎ℎ defined by (23) satisfies that there ∃𝛼∗ independent of ℎ such that 

𝑎ℎ
(

𝒖ℎ, 𝒗ℎ
)

≤ 𝛼∗‖
‖

𝒖ℎ‖‖𝐕‖‖𝒗ℎ‖‖𝐕 ∀𝒖ℎ, 𝒗ℎ ∈ ℎ,1 . (44)

Then, assuming that H.1 is satisfied for each 𝐸 ∈ ℎ, there ∃𝛼∗ independent of ℎ such that 

𝑎ℎ
(

𝒗ℎ, 𝒗ℎ
)

≥ 𝛼∗‖‖𝒗ℎ‖‖
2
𝐕 ∀𝒗ℎ ∈ ℎ,1 . (45)
6 
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Proof.  The proof of (44) can be derived immediately applying the definition of 𝑎ℎ (23), the regularity assumption 𝜇, 𝜆 ∈ L∞ (𝛺) (2), 
the Cauchy–Schwarz inequality and the continuity of the operator 𝛱̂0,𝐸

𝓁𝐸
, that can be derived directly from its definition applying 

the Cauchy–Schwarz inequality, i.e. 

𝑎ℎ
(

𝒖ℎ, 𝒗ℎ
)

=
∑

𝐸∈ℎ
∫𝐸

𝐷𝜺𝐸ℎ (𝒖ℎ)∶ 𝜺
𝐸
ℎ (𝒗ℎ) ≤ 𝛼∗

∑

𝐸∈ℎ

‖

‖

‖

𝜺𝐸ℎ (𝒖ℎ)
‖

‖

‖L2(𝐸)
‖

‖

‖

𝜺𝐸ℎ (𝒗ℎ)
‖

‖

‖L2(𝐸)

≤ 𝛼∗
∑

𝐸∈ℎ

‖

‖

‖

𝛱̂0,𝐸
𝓁𝐸

∇𝒖ℎ
‖

‖

‖L2(𝐸)
‖

‖

‖

𝛱̂0,𝐸
𝓁𝐸

∇𝒗ℎ
‖

‖

‖L2(𝐸)
≤ 𝛼∗‖

‖

𝒖ℎ‖‖𝐕‖‖𝒗ℎ‖‖𝐕 . (46)

where 𝛼∗ = 2‖𝜇‖∞ + ‖𝜆‖∞.
Applying the definition of 𝑎ℎ (23) and noticing that (4) holds true for 𝑎ℎ, we get 

𝑎ℎ
(

𝒗ℎ, 𝒗ℎ
)

=
∑

𝐸∈ℎ

𝑎𝐸ℎ
(

𝒗ℎ, 𝒗ℎ
)

≥ 𝜂min
∑

𝐸∈ℎ

‖

‖

‖

𝜺𝐸ℎ (𝒗ℎ)
‖

‖

‖

2

L2(𝐸)
≥ 𝜂min𝐶∗

∑

𝐸∈ℎ

‖

‖

‖

𝛱̂0,𝐸
𝓁𝐸

∇𝒗ℎ
‖

‖

‖

2

L2(𝐸)
, (47)

where in the last step we apply Proposition  5 with 𝐶∗ = min𝐸∈ℎ
𝐶𝐸
∗ , noticing that for any 𝒗ℎ, by definition of 𝛱̂0,𝐸

𝓁𝐸
∇𝒗ℎ, there 

exists 𝜋𝒗ℎ ∈ [⟂𝓁𝐸+1(𝐸)]3𝑟 such that 𝛱̂0,𝐸
𝓁𝐸

∇𝒗ℎ = 𝐜𝐮𝐫𝐥𝜋𝒗ℎ . Hence, 𝜺𝐸ℎ (𝒗ℎ) = 𝐜𝐮𝐫𝐥  (𝜋𝒗ℎ ). Finally, applying Theorem  3, we get the thesis 
(45) with 𝛼∗ ∶= 𝜂min𝐶∗ min𝐸∈ℎ

𝛽𝐸∗ . □

Lastly, we remark that Theorem  6 implies that 𝑎ℎ defined in (23) satisfies the hypothesis of the Lax–Milgram theorem, hence 
the discrete problem (25) admits a unique solution. Then, we observe that 𝑎ℎ satisfies the assumptions of the abstract convergence 
theorem stated in [33]. Hence, the classical a priori error estimates hold true, as reminded in the following theorem. 

Theorem 7.  Let 𝒖 ∈ [H2(𝛺) ∩ H1
0(𝛺)]3 be the exact solution of (5). Then ∃𝐶 > 0 independent of ℎ such that the unique solution 𝒖ℎ ∈ ℎ,1

of (25) satisfies the following estimates:
‖

‖

𝒖 − 𝒖ℎ‖‖𝐕 ≤ 𝐶ℎ
(

|𝒖|2 + ‖𝒇‖L2(𝛺)
)

, (48)
‖

‖

𝒖 − 𝒖ℎ‖‖L2(𝛺) ≤ 𝐶ℎ2
(

|𝒖|2 + ‖𝒇‖L2(𝛺)
)

. (49)

5. Computation of the projection operator 𝜫̂𝟎,𝑬
𝓵𝑬

𝛁

Algorithm 1 Algorithm for the computation of 𝓁𝐸 and of the corresponding right-hand side 𝐵 on a given polyhedron.
Input: A polyhedron 𝐸 ∈ ℎ, a chosen threshold 𝑡𝑜𝑙
1: Let 𝓁𝐸 be the smallest number satisfying (53). 
2: Compute the matrix 𝐵 corresponding to 𝓁𝐸 defined by (50). 
3: Compute the factor 𝑅 of a QR decomposition of 𝐵. 
4: 𝑁 ← number of diagonal elements of 𝑅 whose absolute value is ≥ 𝑡𝑜𝑙. 
5: while 𝑁 < 𝑁𝐸 − 1 do 
6: 𝓁𝐸 ← 𝓁𝐸 + 1.
7: Compute 𝐵̃ such that 𝐵̃𝑖𝑗 =

∑

𝑓⊂𝜕𝐸
(

∇𝜑𝑗 ∧ 𝒏𝑓 ,𝒎𝑖
)

𝑓 ∀𝒎𝑖 basis of ⟂𝓁𝐸+1(𝐸) ∕⟂𝓁𝐸 (𝐸)
8: Using Givens rotations, update 𝑅 adding the rows of 𝐵̃. 
9: 𝐵 ←

[

𝐵 𝐵̃
]⊺. 

10: 𝑁 ← number of diagonal elements of 𝑅 whose absolute value is ≥ 𝑡𝑜𝑙.
11: end while
12: return 𝓁𝐸 , 𝐵.

In this section, we analyze the computation of the scalar projector 𝛱̂0,𝐸
𝓁𝐸

∇ defined by (16) and, following [23,24], we propose 
an algorithm that provides the polynomial projection degree ensuring stability. The algorithm is based on an incremental QR 
decomposition of the right-hand side of the linear system that needs to be solved to compute the matrix representing the projection 
operator. In particular, let 𝐸 ∈ ℎ be given, let 𝑁𝐸 be the number of vertices of 𝐸 and let {𝜑𝑗}

𝑁𝐸
𝑗=1 be the Lagrange basis of 𝐸

ℎ,1

with respect to the degrees of freedom. Furthermore, given any value 𝓁𝐸 ∈ N, let {𝒎𝑖}
dim⟂

𝓁𝐸+1(𝐸)

𝑖=1  be a basis of the polynomial space 
⟂𝓁𝐸+1(𝐸). See for instance [34] for a the construction of a particular basis. Let 𝐵 be the matrix given by 

𝐵𝑖𝑗 =
∑

𝑓⊂𝜕𝐸

(

∇𝜑𝑗 ∧ 𝒏𝑓 ,𝒎𝑖
)

𝑓 ∀𝑖 = 1,… , dim⟂𝓁𝐸+1(𝐸) , 𝑗 = 1,… , 𝑁𝐸 . (50)

Hence, the matrix 𝛱̂ representing the projection defined in (16) is the solution of the matrix equation 
𝐺𝛱̂ = 𝐵 , (51)

where 𝐺 is the mass matrix of the set {𝐜𝐮𝐫𝐥𝒎𝑖}
dim⟂

𝓁𝐸+1(𝐸)

𝑖=1 . In order to get a stable scheme, we need to ensure that the rank of 𝛱̂
is at least 𝑁 − 1, and since 𝐺 is symmetric and positive definite, this is guaranteed if the rank of 𝐵 is 𝑁 − 1. Following [23,24], 
𝐸 𝐸

7 
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Table 1
Regular Polyhedra. Values of 𝓁0

𝐸 and 𝓁𝐸 given by the necessary condition (53) and by Algorithm 1, 
respectively, and the corresponding scaled singular values.
 𝐸 𝑁𝐸 𝓁0

𝐸 𝓁𝐸 ℎ𝐸 𝜎max∕
√

ℎ𝐸 𝜎min∕
√

ℎ𝐸 
 Tet 4 0 0 1.41 ⋅ 100 5.77 ⋅ 10−1 2.89 ⋅ 10−1  
 Hexa 8 1 2 1.73 ⋅ 100 5.52 ⋅ 10−1 3.15 ⋅ 10−1  
 Octahedron 6 1 1 2.00 ⋅ 100 4.08 ⋅ 10−1 3.23 ⋅ 10−1  
 Icosahedron 12 1 2 2.00 ⋅ 100 3.98 ⋅ 10−1 3.79 ⋅ 10−1  
 Dodecahedron 20 2 3 2.00 ⋅ 100 4.40 ⋅ 10−1 1.20 ⋅ 10−1  
 UV sphere 30 3 3 2.00 ⋅ 100 4.22 ⋅ 10−1 1.04 ⋅ 10−3  

we employ an incremental Q-less QR decomposition of 𝐵, with increasing polynomial degrees, which is described in Algorithm 1. 
First, we recall that 

dim
[

P𝓁𝐸+1(𝐸)
]3

=
(𝓁𝐸 + 2)(𝓁𝐸 + 3)(𝓁𝐸 + 4)

2
, and dim∇P𝓁𝐸+2

(𝐸) =
(𝓁𝐸 + 4)(𝓁𝐸 + 5)(𝓁𝐸 + 6)

6
− 1 . (52)

Then, we set 𝓁𝐸 to be the smallest integer satisfying 

dim⟂𝓁𝐸+1(𝐸) ≥ dim∇𝐸
ℎ,1 ⟺ dim

[

P𝓁𝐸+1(𝐸)
]3

− dim∇P𝓁𝐸+2
(𝐸) ≥ dim∇𝐸

ℎ,1

⟺ (𝓁𝐸 + 1)(𝓁𝐸 + 2)(2𝓁𝐸 + 9) ≥ 6(𝑁𝐸 − 1) ,
(53)

which is a necessary condition for the injectivity of 𝛱̂0,𝐸
𝓁𝐸

∇. We then compute the 𝐵 matrix corresponding to 𝓁𝐸 and the factor 
𝑅 of an Householder QR-decomposition of 𝐵. The rank of 𝐵 is then computed as the number of diagonal elements of 𝑅 that are 
greater than a chosen threshold 𝑡𝑜𝑙 (that we chose equal to 10−10). If the rank is not large enough, we compute additional rows of 
the right-hand side corresponding to the basis of ⟂𝓁𝐸+1(𝐸) ∕⟂𝓁𝐸 (𝐸) and we update the 𝑅 matrix by using Givens rotations on the 
additional rows, until we reach the desired rank. Notice that the computational cost of the algorithm is equivalent to the one of 
computing the 𝑅 matrix of a QR decomposition of the final right-hand side. Applying Algorithm 1, we identify the minimum 𝓁𝐸
providing numerically the coercivity and the corresponding right-hand side 𝐵. Then, we compute the matrix 𝐺 and solve (51). 

Remark 4.  We emphasize that the value of 𝓁𝐸 depends only on the geometry of the considered polyhedron. Consequently, it 
can computed only once for each element 𝐸 ∈ ℎ. This feature becomes particularly advantageous when iterative procedures are 
adopted, since the associated computational cost is incurred only during the first iteration, hence significantly mitigating its impact 
on the overall computational effort (see, for example, the nonlinear framework discussed in Section 6.4). Furthermore, in the next 
section, we show through several polyhedral test cases that the numerical sufficient value required to guarantee local stability is 
consistently very close to the necessary value given by (53). In most cases, the two values coincide or the sufficient value exceeds 
the necessary one by only a single unit.

6. Numerical results

In this section, we investigate the performance of the proposed SFVEM method. We first carry out a numerical investigation of 
the local stability of the proposed method, applying Algorithm 1 on different set of polyhedra with triangular faces to discretize the 
local contribution of the scalar 3D Poisson problem, detailed in Remark  3. Then, we present a convergence test on a linear elastic 
problem to assess the robustness of the proposed method and confirm the expected theoretical convergence rates. Finally, we apply 
the proposed method to solve a nonlinear problem, comparing its behavior with a standard VEM discretization, proposed for 2D 
problems in [35]. All numerical results are obtained using the open-source C++ library PolyDiM, see [36].

6.1. Coercivity tests

We consider different polyhedra and we apply Algorithm 1 to compute the value 𝓁𝐸 and get a stable local discrete bilinear 
form. For each polyhedron, we build the local stiffness matrix 𝐴𝐸 related to the local discrete bilinear form of the scalar 3D Poisson 
problem, detailed in Remark  3, i.e. 

𝐴𝐸
𝑗,𝑘 =

(

𝛱̂0,𝐸
𝓁𝐸

∇𝜑𝑗 , 𝛱̂
0,𝐸
𝓁𝐸

∇𝜑𝑘

)

𝐸
, ∀𝑗, 𝑘 = 1,… , 𝑁𝐸 ,

where {𝜑𝑗}
𝑁𝐸
𝑗=1 is the Lagrange basis of 𝐸

ℎ,1 with respect to the degrees of freedom. In all the cases, we compute the square root of 
the largest and the second smallest singular value, denoted respectively by 𝜎max and 𝜎min. Since the matrix 𝐴𝐸 in 3D scales as ℎ𝐸 , 
we check if 𝜎 ∕ℎ  is well detached from zero, ensuring that the rank of the matrix is 𝑁 − 1.
min 𝐸 𝐸

8 
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Fig. 1. Regular polyhedra used for tests.

Fig. 2. Hexahedron case - different symmetries of faces triangulation.

Table 2
Hexahedron. Values of 𝓁0

𝐸 and 𝓁𝐸 given by the necessary condition (53) and by Algorithm 1, 
respectively, and the corresponding scaled singular values.
 𝐸 𝓁0

𝐸 𝓁𝐸 𝜎max∕
√

ℎ𝐸 𝜎min∕
√

ℎ𝐸 
 Hexa 1 2 5.52 ⋅ 10−1 3.15 ⋅ 10−1 
 Hexa asymm I 1 1 4.62 ⋅ 10−1 1.56 ⋅ 10−1 
 Hexa asymm II 1 1 4.55 ⋅ 10−1 1.52 ⋅ 10−1 
 Hexa asymm III 1 2 4.70 ⋅ 10−1 2.83 ⋅ 10−1 

6.1.1. Regular polyhedra
We first analyze the six polyhedra shown in Fig.  1, obtained from regular polyhedra by sub-triangulating each face without 

altering the total number of vertices. In Table  1 we report the computed singular values, together with 𝓁0
𝐸 and 𝓁𝐸 that are, 

respectively, the smallest value of 𝓁𝐸 satisfying the necessary condition (53) and the value of 𝓁𝐸 obtained applying Algorithm 
1, that ensures the local stability of the corresponding 𝐴𝐸 . We can see that 𝜎min∕ℎ𝐸 is significantly larger than machine precision 
for all the polyhedra considered.

Furthermore, we perform a second test on a regular hexahedron. Since the definition of the projector 𝛱̂0,𝐸
𝓁  is based on triangular 

faces, all the faces of the hexahedron are subdivided into triangles, taking care not to introduce new vertices. The choice of sub-
triangulation is not unique, in Fig.  2 we depict four different configurations. The configuration in Fig.  2(a) is the symmetric case, in 
which the same diagonal direction is chosen on opposite faces. In contrast, Figs.  2(b)–2(d) illustrate the asymmetric cases. Table  2 
reports the computed singular values together with 𝓁0

𝐸 and 𝓁𝐸 , as in the previous test. We observe that, although all four polyhedra 
share the same vertices and the same number of faces, the resulting values of 𝓁𝐸 that ensure the stability of the proposed method 
and the resulting singular values differ depending on the case. We remark that all the singular values reported are still significantly 
distant from machine precision. These results suggest that the presence of symmetries may influence the value of 𝓁𝐸 that ensure the 
stability. This possible dependence of the sufficient value of 𝓁𝐸 on the geometry and the symmetries is a behavior already observed 
in the two-dimensional case, see [5].
9 
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Fig. 3. Polyhedra of general shape.

Table 3
Convex polyhedra. Values of 𝓁0

𝐸 and 𝓁𝐸 given by the necessary condition (53) and by Algorithm 1, 
respectively, and the corresponding scaled singular values. The elements are ordered in descending 
order with respect to 𝜎min∕

√

ℎ𝐸 .
 𝐸 𝑁𝐸 𝓁0

𝐸 𝓁𝐸 ℎ𝐸 𝜎max∕
√

ℎ𝐸 𝜎min∕
√

ℎ𝐸 
 14 12 1 1 3.37 ⋅ 10−1 1.26 ⋅ 100 3.42 ⋅ 10−3  
 37 26 2 2 3.78 ⋅ 10−1 1.35 ⋅ 100 8.40 ⋅ 10−3  
 83 37 3 3 4.56 ⋅ 10−1 1.23 ⋅ 100 9.96 ⋅ 10−3  
 47 24 2 2 4.25 ⋅ 10−1 1.25 ⋅ 100 1.02 ⋅ 10−2  
 26 22 2 2 4.14 ⋅ 10−1 1.15 ⋅ 100 1.27 ⋅ 10−2  
 29 34 3 3 4.45 ⋅ 10−1 1.20 ⋅ 100 3.27 ⋅ 10−2  
 60 30 3 3 4.58 ⋅ 10−1 1.23 ⋅ 100 3.47 ⋅ 10−2  
 28 21 2 2 3.79 ⋅ 10−1 1.37 ⋅ 100 3.53 ⋅ 10−2  
 9 18 2 2 3.65 ⋅ 10−1 1.23 ⋅ 100 3.69 ⋅ 10−2  
 13 20 2 2 4.08 ⋅ 10−1 1.39 ⋅ 100 3.73 ⋅ 10−2  
 3 16 2 2 3.06 ⋅ 10−1 1.40 ⋅ 100 5.56 ⋅ 10−2  
 6 19 2 2 3.97 ⋅ 10−1 1.23 ⋅ 100 5.71 ⋅ 10−2  
 34 32 3 3 4.37 ⋅ 10−1 1.27 ⋅ 100 6.09 ⋅ 10−2  
 44 28 3 3 4.36 ⋅ 10−1 1.07 ⋅ 100 6.38 ⋅ 10−2  
 2 14 2 2 3.22 ⋅ 10−1 1.36 ⋅ 100 8.31 ⋅ 10−2  
 110 17 2 2 3.11 ⋅ 10−1 1.42 ⋅ 100 8.81 ⋅ 10−2  
 5 11 1 1 3.18 ⋅ 10−1 1.39 ⋅ 100 1.38 ⋅ 10−1  
 17 10 1 1 3.54 ⋅ 10−1 1.55 ⋅ 100 1.97 ⋅ 10−1  
 1 13 2 2 3.22 ⋅ 10−1 1.57 ⋅ 100 2.92 ⋅ 10−1  
 0 8 1 2 2.17 ⋅ 10−1 1.33 ⋅ 100 8.00 ⋅ 10−1  

6.2. Polyhedra of general shape

In this subsection we analyze polyhedra of more general shape. We consider two different cases, depicted in Fig.  3. First, we focus 
on generic convex polyhedra, selected from the second mesh of the random Voronoi dataset voro-Poisson introduced in [37], with an 
increasing number of vertices. Fig.  3(a) shows the selected polyhedra, highlighting the aligned triangular faces that we add without 
introducing new vertices. Each element is colored according to the final value of 𝓁𝐸 obtained. The index of each selected mesh 
element is reported in column 𝐸 of Table  3, together with the computed singular values and the values of 𝓁0

𝐸 and 𝓁𝐸 . The elements 
are ordered in descending order with respect to the computed value 𝜎min∕ℎ𝐸 . We observe that, despite the geometric complexity of 
the polyhedra and the high presence of aligned faces, the computed value of 𝓁𝐸 coincides with the minimum value 𝓁0

𝐸 required to 
satisfy the necessary condition for all elements except the last one, corresponding to 𝐸 = 0.
10 
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Table 4
Concave polyhedra. Values of 𝓁0

𝐸 and 𝓁𝐸 given by the necessary condition (53) and by Algorithm 1, 
respectively, and the corresponding scaled singular values. The elements are ordered in descending 
order with respect to 𝜎min∕

√

ℎ𝐸 .
 𝐸 𝑁𝐸 𝓁0

𝐸 𝓁𝐸 ℎ𝐸 𝜎max∕
√

ℎ𝐸 𝜎min∕
√

ℎ𝐸 
 3 17 2 2 2.12 ⋅ 10−1 1.32 ⋅ 100 1.03 ⋅ 10−1  
 5 17 2 2 2.02 ⋅ 10−1 1.35 ⋅ 100 1.05 ⋅ 10−1  
 0 17 2 2 2.08 ⋅ 10−1 1.39 ⋅ 100 1.09 ⋅ 10−1  
 6 16 2 2 1.97 ⋅ 10−1 1.44 ⋅ 100 1.33 ⋅ 10−1  
 4 16 2 2 2.15 ⋅ 10−1 1.38 ⋅ 100 2.27 ⋅ 10−1  
 1 15 2 2 2.00 ⋅ 10−1 1.39 ⋅ 100 3.12 ⋅ 10−1  
 2 16 2 2 2.06 ⋅ 10−1 1.44 ⋅ 100 3.57 ⋅ 10−1  
 7 15 2 2 1.80 ⋅ 10−1 1.56 ⋅ 100 6.41 ⋅ 10−1  

The second analysis focuses on generic concave polyhedra, shown in Fig.  3(b). We construct eight different concave polyhedra 
starting from a regular tetrahedral mesh by agglomerating all the tetrahedra sharing a randomly selected vertex. Table  4 reports 
the computed singular values and the values of 𝓁0

𝐸 and 𝓁𝐸 , again ordered in descending order with respect to 𝜎min∕ℎ𝐸 . Once more, 
despite the concavity and the variability in the number of faces and sizes of the polyhedra, all computed values of 𝓁 coincide with 
the minimum value 𝓁0 required to satisfy the necessary condition (53). Finally, also in these tests we observe that 𝜎min∕ℎ𝐸 is well 
detached from zero for all the considered elements.

6.3. Convergence test for the linear elastic case

We analyze the linear elasticity problem introduced in Eq.  (1) on the unit cubic domain 𝛺 = [0, 1]3, considering a material with 
constant coefficients 𝜆 = 3.0 and 𝜇 = 1.5. We impose non-homogeneous Dirichlet boundary conditions on 𝜕𝛺 and choose the body 
force 𝒇 such that the exact solution is given by

𝒖= [𝑢𝑥, 𝑢𝑦, 𝑢𝑧] = [𝑢, 1.1𝑢, 1.5𝑢]𝑇 , where 𝑢(𝑥, 𝑦, 𝑧) ∶= 64𝑥𝑦𝑧(1 − 𝑥)(1 − 𝑦)(1 − 𝑧) + 1.1.

In the following, we show the convergence curves of the L2 and H1 errors that we measure as 

𝑒𝑟𝑟L2 ∶= 1
‖𝒖‖L2(𝛺)

√

∑

𝐸∈ℎ

‖

‖

‖

𝒖 −𝛱0,𝐸
1 𝒖ℎ

‖

‖

‖

2

L2(𝐸)
,

𝑒𝑟𝑟H1 ∶= 1
‖∇𝒖‖L2(𝛺)

√

∑

𝐸∈ℎ

‖

‖

‖

∇𝒖 −𝛱0,𝐸
0 ∇𝒖ℎ

‖

‖

‖

2

L2(𝐸)

(54)

where 𝒖ℎ is the discrete solution to (25), obtained selecting locally 𝓁𝐸 as described previously.
Moreover, we solve the problem with the standard VEM method [35,38], where for any 𝒖ℎ, 𝒗ℎ ∈ 𝐸

ℎ,1 and given 

𝜺𝐸ℎ (𝒖ℎ) =
1
2

(

𝛱0,𝐸
0 ∇𝒖ℎ +

(

𝛱0,𝐸
0 ∇𝒖ℎ

)⊺)

, (55)

we have
𝑎𝐸ℎ

(

𝒖ℎ, 𝒗ℎ
)

∶= ∫𝐸
𝐷𝜺𝐸ℎ (𝒖ℎ)∶ 𝜺

𝐸
ℎ (𝒗ℎ) + 𝑆𝐸

(

(I −𝛱∇,𝐸
1 )𝒖ℎ, (I −𝛱∇,𝐸

1 )𝒗ℎ
)

and 𝑆𝐸 ∶ 𝐸
ℎ,1 × 𝐸

ℎ,1 → R denotes the local dofi-dofi stabilizing bilinear form 

𝑆𝐸 (

𝒖ℎ, 𝒗ℎ
)

=
∑

𝑖={𝑥,𝑦,𝑧}
𝜍𝐸 ℎ𝐸 dof𝐸

ℎ,1

(

𝒖ℎ
)

𝑖 ⋅ dof𝐸
ℎ,1

(

𝒗ℎ
)

𝑖 (56)

where 𝜍𝐸 is a problem-scaling constant, typically chosen for linear elastic problems as 2𝜇 for every 𝐸, and dof𝐸
ℎ,1

(

𝒗ℎ
)

𝑖 denotes the 
vector of degrees of freedom of the 𝑖th component of 𝒗ℎ.

We also apply the standard first-order Finite Element Method (FEM) for solving the considered problem on tetrahedral and 
hexahedral meshes. We remark that the measure of the L2 and H1 errors defined above in (54) simplify to the standard L2 and H1

error for finite element functions.
We consider three sequences of meshes for the convergence test. The first sequence is made by tetrahedral meshes generated 

using TetGen [39], the second sequence is a tessellation made by hexahedra built using an in-house developed code, and the third 
sequence is a Voronoi polyhedral mesh, named voro-Poisson, taken from the open-source dataset in [37]. For each mesh type, we 
consider four different and comparable cell sizes. Moreover, we remark that the faces of the polyhedra in both the hexahedral and 
the polyhedral meshes are sub-triangulated, as detailed in the previous section. In particular, for the hexahedral mesh we adopt 
the first face splitting configuration discussed in Section 6.1.1. For these meshes, we report below the results obtained using the 
proposed SFVEM, the standard VEM, and, where applicable, the standard FEM.

In particular, we report in Fig.  4 (solid lines) the computed L2 and H1 errors using (54). Clearly, the three methods behave 
equivalently on the family of tetrahedral meshes, confirming the validity of the in-house developed code. For all datasets, we observe 
11 
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Fig. 4. Convergence plots for the linear elastic case. Results on tetrahedral meshes (left), hexahedral meshes (center) and Voronoi meshes 
voro-Poisson (right). In the H1-error plots, the solid line refers to the related measure in (54), the dashed line to the measure (57).

that the results confirm the expected convergence rates, stated in Theorem  7. We observe that the proposed SFVEM method appears 
to provide a better approximation of the exact solution with respect to the standard VEM, particularly in the 𝐿2 norm, approaching 
the accuracy of FEM in the hexahedral case. Furthermore, we report in Fig.  4 (dashed lines) the computed H1 error using the 
following measure 

𝑒𝑟𝑟H1 ∶= 1
‖∇𝒖‖L2(𝛺)

√

∑

𝐸∈ℎ

‖

‖

‖

∇𝒖 − 𝛱̂0,𝐸
𝓁𝐸

∇𝒖ℎ
‖

‖

‖

2

L2(𝐸)
, (57)

that we propose as an alternative measure for the H1 error made by the proposed method, that do not require additional 
computational cost w.r.t the one in (54). In the legend of Fig.  4, SFVEM 𝛱0,𝐸

0  denotes the H1-error computed according to (54), 
whereas SFVEM 𝛱0,𝐸

𝓁𝐸
 denotes the corresponding error computed using (57).  As above, we remark that the error measure (57) 

simplifies to the standard H1 error for finite element functions. From Fig.  4 (dashed lines), we observe that this error measure 
gives an expected improved approximation of the exact solution gradients, comparable to that of FEM in the hexahedral case, while 
preserving an overall equivalence in behavior among all the considered methods.

Fig.  5 shows the distribution of the nodal error between the exact solution 𝒖 and the discrete solution 𝒖ℎ on the cross-section 
of the third hexahedral mesh defined by the plane passing through the point [0.55, 0.5, 0.5] with normal vector [1, 0, 0]. We observe 
that the FEM and SFVEM errors are of similar orders of magnitude, whereas the stabilized VEM errors are approximately one order 
of magnitude larger. While the error distributions do not match exactly across the considered methods, as expected, they exhibit 
similar overall trends.

Finally, we assess the impact of running Algorithm 1 on the overall assembly process for the finest hexahedral and polyhedral 
meshes. In our implementation, considering the hexahedral mesh, which consists of 19683 three-dimensional cells, the computation 
of 𝓁𝐸 accounts for approximately 18% of the total assembly time. On the other hand, considering the Voronoi mesh, which consists 
of 4941 cells, this percentage decreases to approximately 7%. We note that this cost can be significantly reduced for structured 
meshes such as the hexahedral mesh we use, where the projection matrix needs to be computed only once and can then be reused 
for all cells.

6.4. Nonlinear elasticity

In this section, we consider a nonlinear elastic problem. In particular, inspired by [35], we consider a benchmark problem, for 
which an analytical solution is available, given by: find 𝒖 ∈ 𝐕 such that, 

∫𝛺
𝝈(𝒖)∶ 𝜺(𝒗) = (𝒇 , 𝒗)𝛺 ∀𝒗 ∈ 𝐕 , (58)

where the constitutive law is given by 
𝝈(𝒖) ∶= 𝜇̂(𝜺(𝒖)) 𝜺(𝒖) (59)
12 
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Fig. 5. Distribution of the nodal error for the linear elastic case on the third refinement of the hexahedral mesh. We compute |
|

𝑢𝑖 − (𝑢ℎ)𝑖|| with 
𝑖 = 𝑥, 𝑦, 𝑧 on the cross-section defined by the plane through [0.55, 0.5, 0.5] with normal vector [1, 0, 0]. Each row corresponds to a considered 
method, and each column corresponds to a 𝑖th component of 𝒖.

and the scalar nonlinear function 𝜇̂ is given by
𝜇̂(𝜺(𝒖)) ∶= 3

(

1 + ‖𝜺(𝒖)‖22
)

⋅ 104

with ‖𝜺‖22 ∶=
∑

𝑖,𝑗 |𝜺𝑖𝑗 |
2.

The discrete variational formulation applying the proposed stabilization-free VEM method reads as: find 𝒖ℎ ∈ ℎ,1 such that 
∑

𝐸∈ℎ
∫𝐸

𝜇̂(𝜺𝐸ℎ (𝒖ℎ)) 𝜺
𝐸
ℎ (𝒖ℎ) ∶ 𝜺𝐸ℎ (𝒗ℎ) =

∑

𝐸∈ℎ

(

𝒇 ,𝛱0,𝐸
1 𝒗ℎ

)

𝐸
∀𝒗ℎ ∈ ℎ,1 , (60)

where 𝜺𝐸ℎ (𝒖) is given in (21).
On the other hand, the standard VEM discrete formulation reads as: find 𝒖ℎ ∈ ℎ,1 such that 

∑

∫ 𝜇̂(𝜺𝐸ℎ (𝒖ℎ)) 𝜺
𝐸
ℎ (𝒖ℎ) ∶ 𝜺𝐸ℎ (𝒗ℎ) + 𝑆𝐸 (

𝒖ℎ, 𝒗ℎ
)

=
∑

(

𝒇 ,𝛱0,𝐸
1 𝒗ℎ

)

𝐸
∀𝒗ℎ ∈ ℎ,1 , (61)
𝐸∈ℎ 𝐸 𝐸∈ℎ
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Fig. 6. Convergence plots for the Case 1 of the analyzed nonlinear elastic tests. Results on hexahedral meshes (left) and Voronoi meshes 
voro-Poisson (right). In the H1-error plots, the solid line refers to the related measure in (54), the dashed line to the measure (57).

Fig. 7. Behavior of the quantity 𝛥𝑢 in Case 1 of the analyzed nonlinear elastic tests. Newton tolerance is fixed to 𝜀 = 10−8 (dashed horizontal 
red line). Each column corresponds to a different family of meshes. Results on hexahedral meshes (left) and Voronoi meshes voro-Poisson (right). 
Top: comparison for all the methods and rate of convergence. Bottom: SFVEM compared with VEM with different values of 𝛼𝑓 .
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Fig. 8. Behavior of the quantity 𝛥𝑢 in Case 2 of the analyzed nonlinear elastic tests. Newton tolerance is fixed to 𝜀 = 10−8 (dashed horizontal red 
line). An adaptive loading-step procedure with an initial value 𝑁 = 5 is used. The starting iteration of each loading step is marked by dashed 
black vertical lines, indicating the corresponding load increment 𝜇𝑖. Top: FEM and SFVEM method are used. Bottom: VEM method is used.

where 𝜺𝐸ℎ (𝒖) is given in (55) and the stabilization term is the standard dofi-dofi defined in (56) with the problem-scaling parameter 
𝜍𝐸 set, as suggested in [35], as 

𝜍𝐸 (𝒗ℎ) = 𝛼𝑓
|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

𝜕𝜇̂(𝜺𝐸ℎ (𝒗ℎ))𝜺
𝐸
ℎ (𝒗ℎ)

𝜕∇𝒖

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

, (62)

where |||⋅||| is the norm of the fourth order tensor space defined by the maximum of the absolute values of all the entries, and 𝛼𝑓
is real a positive tuning parameter. To linearize the discrete problems introduced above, we employ the Newton–Raphson method, 
initialized with the zero solution 𝒖0(𝑥, 𝑦, 𝑧) = 𝟎 and a tolerance set to 𝜀 = 10−8.

As in the referenced work, we consider two analytical solutions in our analysis:
Case 1: 𝒖 = [𝑢, 𝑢, 𝑢]𝑇 , 𝑢(𝑥, 𝑦, 𝑧) ∶= 64 𝑥𝑦𝑧(1 − 𝑥)(1 − 𝑦)(1 − 𝑧) + 1.1;

Case 2: 𝒖 = [𝑢, 𝑢, 𝑢]𝑇 , 𝑢(𝑥, 𝑦, 𝑧) ∶= 640 𝑥𝑦𝑧(1 − 𝑥)(1 − 𝑦)(1 − 𝑧) + 1.1.

We observe that in Case 1, we adopt the same solution as in the linear problem considered in the previous section, and in Case 2, 
the magnitude of the load is increased to simulate larger deformations.

We solve Case 1 on the first three meshes of the families considered in the previous test. Fig.  6 illustrates the behavior of the 
SFVEM errors in 𝐿2 and 𝐻1 norms, compared with FEM and VEM on hexahedral meshes, and with VEM only on Voronoi meshes. 
Tetrahedral meshes are omitted, as all three methods exhibit the expected similar behavior. As in the linear case, the expected 
convergence rates are achieved by all the methods.

We report in Fig.  7 the Newton–Raphson discrete solution convergence for Case 1 at each iteration, using the finest hexahedral 
and Voronoi meshes in the dataset. Specifically, given the index 𝑛 corresponding to the 𝑛th iteration of the Newton–Raphson method, 
let 𝒖𝑛 denote the solution at the 𝑛th iteration. We measure the variation of the discrete solution at the (𝑛 + 1)th step of the method 
as 

𝛥𝑢 ∶=

‖

‖

‖

𝛱0,𝐸
1

(

𝒖𝑛+1 − 𝒖𝑛
)

‖

‖

‖L2(𝛺)
‖

‖

‖

𝛱0,𝐸
1 𝒖𝑛+1‖‖

‖L2(𝛺)

. (63)

We remark that the above measure simplifies to the standard L2 norm for the finite element functions. Moreover, we evaluate the 
standard Newton–Raphson residual based on the norm of the right-hand side of the system. Since these measure yields results fully 
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consistent with those obtained using the previously defined 𝛥𝑢 measure, the corresponding results are not reported. We report, in 
the upper right part of the plots in Fig.  7, a table containing the convergence rates measured at the last Newton iteration for each 
method considered, namely 𝑅FEM, 𝑅VEM, and 𝑅SFVEM. From these values, we observe that the proposed SFVEM exhibits the expected 
quadratic convergence of the Newton method, matching the behavior observed for the FEM solution on the hexahedral mesh, while 
behavior of the standard VEM (with the stabilization tuning parameter 𝛼𝑓  set equal to 1) is limited to linear convergence. The slower 
convergence of the standard VEM method is due to the presence of the stabilization term in the Newton–Raphson matrices, which 
strongly affects the Jacobian direction.

To further investigate this effect, we tune the parameter 𝛼𝑓 ∈ {1, 10−2, 10−4}, that scales the stabilization term, thereby reducing 
its magnitude. In the bottom part of Fig.  7, we show the 𝛥𝑢 convergence for varying values of 𝛼𝑓 . The plots indicate that the Newton 
convergence rate of VEM improves as the stabilization magnitude decreases. In particular, for the hexahedral mesh and 𝛼𝑓 = 10−4, 
the speed rate of VEM becomes close to quadratic. However, we emphasize that the parameter 𝛼𝑓  is non-physical and strongly 
depends on both the problem data and the discretization. Indeed, the same value 𝛼𝑓 = 10−4 cannot be used for the Voronoi mesh 
and is therefore not reported in the plots, as we observe that it leads to a loss of convergence of the Newton algorithm to the exact 
solution.

Finally, we consider the Newton–Raphson method applied to the Case 2. In Fig.  8, we present the 𝛥𝑢 convergence for Case 2 
on the finest hexahedral mesh. Due to the increased magnitude of the forcing load 𝒇 , a load-stepping strategy is employed in the 
numerical implementation, in line with the reference work [35]. Specifically, we apply an usual incremental loading procedure for 
the solution of the nonlinear discrete problem: given a positive integer 𝑁 , let the partial loadings 𝒇 𝑖 = 𝜇𝑖𝒇 𝑖, with 𝜇𝑖 = 𝑖∕𝑁 for all 
𝑖 = 1,… , 𝑁 .

First, we set 𝑁 = 5. At each loading step, up to 20 Newton iterations are performed. When convergence of the Newton scheme 
is not achieved, the next load increment 𝜇𝑖 is reduced by a factor of 0.5, effectively doubling the number of the remaining loading 
steps. This standard strategy is used to improve the convergence properties of the Newton–Raphson method, by constructing an 
initial guess that lies sufficiently close to the basin of attraction.

From the two plots in Fig.  8, we observe that only one reduction of a factor 0.5 of the increment is sufficient to achieve 
convergence for all the discrete methods. Even applying the loading step procedure, we observe that the proposed SFVEM method 
attains the expected quadratic convergence, similarly to the simulation employing FEM, whereas the standard VEM (with the 
stabilization tuning parameter 𝛼𝑓  set equal to 1) exhibits still linear convergence, as in the previous case. Hence, the behavior of the 
standard VEM method is strongly influenced by the presence of the stabilization term, even applying the loading step procedure. 
Consequently, the total number of Newton’s iterations required by the standard VEM approach is approximately twice the one 
needed by the proposed SFVEM method, resulting in a significantly reduced computational cost and improved overall computational 
efficiency. Finally, we recall that the computation of the local projector for each polyhedron – and, consequently, the execution of 
Algorithm 1 – is required only once (see Remark  4).

Conclusions

In this work, we proposed a novel virtual element method for three-dimensional second-order elliptic equations and elasticity 
problems that does not require the use of an arbitrary non polynomial stabilization term. The proposed stabilization-free scheme is 
based on the definition of a local high-order polynomial projection of the gradient of the basis functions. We identified a sufficient 
condition for choosing the degree of the polynomial projection and we proved that the proposed method is well-posed if that 
condition is satisfied. Moreover, we proposed a local QR-based algorithm that provides the local polynomial projection degree 
ensuring stability, while discussing the computability of the projector. Numerical experiments on general polyhedral meshes show 
the local stability and robustness of the proposed scheme. In all tests, low polynomial projection degrees are achieved, even for 
polyhedra with a large number of vertices. Finally, we apply the proposed method to a nonlinear elasticity problem, showing that 
it achieves quadratic convergence of the Newton scheme independently of the problem data. We remark that the proposed method 
results to be more robust with respect to a standard VEM formulation for the solution of nonlinear problems, as it does not require 
the tuning of any non-physical parameter, and significantly reduces the computational cost and the overall efficiency.
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