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ARTICLE INFO ABSTRACT

MSC: In this paper, we investigate a Smagorinsky model in a virtual element framework to simu-
35Q30 late convection-dominated Navier-Stokes equations. We conduct a two-dimensional numerical
65M22 investigation to assess the performance of the general order virtual element approximation in
76F25 this context. First, we examine numerically the convergence of the method with respect to the
Keywords: meshsize to certify the novel virtual element numerical discretization, which includes, for the
Navier-Stokes equations first time, a discretization of the Smagorinsky term. Moreover, we present a numerical study
Smagorinsky model

of a lid-driven cavity for different Reynolds numbers (up to 10000) and meshes (uniform,
anisotropic, and isotropic with hanging nodes). The results highlight the main advantage of
using the virtual elements method in this context: the isotropic refinement with hanging nodes
enhances the accuracy of the solution compared to the anisotropic mesh, uses fewer degrees
of freedom with respect to the uniform mesh, and yields the most stable behavior in terms of
convergence of the Newton solver.

Convection-dominated flows
Virtual element method

1. Introduction

The solution of the Navier-Stokes Equations (NSE) is an ubiquitous goal across a wide range of industrial and scientific fields.
The main challenges arise in the convection-dominated regimes, where the meshsize should comply with the Kolmogorov scale to
accurately capture the complex flow features [1,2]. However, this requirement yields prohibitively computational costs, and using
coarser meshes is not a practical alternative, as it might result in inaccurate simulations with spurious numerical oscillations or
failure of the Newton solver to converge. To address these problems, numerical stabilization has been classically employed: the NSE
model is modified according to the chosen stabilization strategy, allowing the use of a coarser mesh while still achieving accurate
results and yet reducing computational efforts. For a survey on numerical stabilization approaches, we refer to the monograph [3].
Moreover, the reader may refer to the following list for several works on numerical stabilization of convection-dominated flows
successfully applied in various contexts [4-7]. This contribution focuses on the Smagorinsky model, which can be traced back to
Joseph Smagorinsky [8] and was conceived for the numerical simulation of turbulence in weather forecasting. It is known to be
the basic Large Eddy Simulation (LES) model [9,10] to simulate turbulence and has been applied in numerous settings due to its
simplicity [11-19].
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Specifically, we propose and analyze a discrete Smagorinsky model in a virtual element framework. Virtual Element Methods
(VEM) were introduced in 2013 with the seminal works [20,21] to solve linear diffusion problems. It is nowadays considered and
popularized as an extension of the Finite Element Methods (FEM) to more general polytopal meshes. The cornerstone of this method
is the ability to build shape functions for general polygons, which is a key aspect to constructing a robust method that accommodates
arbitrary shapes and orders. The use of the virtual label arises due to the presence of non-polynomial shape functions, whose point-
wise values and closed-form expressions are not explicitly known. Computations are possible through local projection operators
and suitable degrees of freedom. A non-exhaustive list of VEM applications across various fields follows [22-29]. Moreover, a
comprehensive documentation discussing the research developed over the last decade was recently published [30].

In the realm of fluid dynamics, virtual element discretizations were first devised for the Stokes problem [31,32] and later extended
to the Navier—Stokes equation in [33]. In the latter, the authors introduced the enhancement condition in the divergence-free virtual
setting. Namely, a condition that allows L2-projectors to be computable for higher orders. The key novelty of this VEM family lies
in the divergence-free property, which is usually only weakly preserved in conventional discretization techniques. In this work, we
take advantage of both this important feature and the versatility of VE meshes, which have great potential to accurately solve fluid
dynamics problems in convection-dominated settings.

We propose a standard convergence analysis of the VEM approximation to the exact solution of the Smagorinsky model to certify
the novel VEM discretization. Moreover, we test the remarkable properties of VEM in a lid-cavity problem with Reynolds numbers
up to 10000, comparing three types of meshes: (i) uniform, (ii) anisotropic, and (iii) isotropic with hanging nodes, i.e., points
between two consecutive aligned edges of the tessellation. The ease in using hanging nodes on general meshes is a peculiarity of
polygonal approximations, and in our tests, the isotropic mesh with hanging nodes proved to be the best option in terms of accuracy,
computational efficiency, and robustness with respect to the Newton solver convergence. All numerical tests have been performed
for two-dimensional spatial domains.

The main novelties of this contribution are as follows:

« the discretization of the Smagorinsky model via general order VEM approximation with numerical validation through several
convergence tests;

 the exploitation of the advantageous general polygonal VEM meshes in convection-dominated regimes combined with
Smagorinsky stabilization in comparison with other mesh choices representing the state of the art in the literature.

The rest of the paper is organized as follows. The model problem is presented in its continuous form in Section 2. Section 3 is
devoted to the virtual element setting. Finally, in Section 4, we present the numerical results. We close the paper by drawing some
conclusions in Section 5.

2. Problem formulation

We introduce the notation that will be used throughout the manuscript. We use the notation (-, -)o to denote the L?-scalar product
for any domain' © c R2. Although the presented VEM methodology applies to a general framework that also accommodates © C R3,
we restrict the presentation to the bidimensional case. In addition, let | - |,» represents the Euclidean nOfm for vectors, and, with a
slight abuse of notation, let also denote the Frobenius norm defined for all y € R as |y|,. := (y : y)2. We indicate with (1 : n)
the ordered set of natural numbers from 1 to any integer n > 0. Regarding physical notations, we use the dimensionless Reynolds
number Re := UL/v, where v > 0, U, and L denote the kinematic viscosity, the characteristic velocity, and the characteristic length
of the problem at hand, respectively. This dimensionless number describes the flow regime. For example, a large Reynolds number
indicates a convection-dominated flow and turbulent behavior.

2.1. The incompressible Navier-Stokes equations

We aim to find the velocity u and the ratio between the fluid pressure and its density p on the domain £ c R?, such that
-V -(wVu)+ (Vo)u+ Vp=f in Q,
Vau=0 in Q,
(€8]
u=0 on I'p,
n-[pl—vVu] =0 on I'y,

with f an external forcing term per unit mass [34]. For the sake of simplicity, we refer to p and f as the pressure variable and
the forcing term, respectively. We apply homogeneous Dirichlet and Neumann boundary conditions in the distinct portions of the
domain boundary 0£2, denoted I'j, and I'y, respectively, with I'y # @ and I'y := 022\ I'y. For simplicity, we will consider I', = 02
and I'y =@ from now on. Naturally, other possible boundary conditions can be employed.

We define the velocity and pressure spaces as

U:=[Hy@F and Q:=Li)={g€L* Q) |(g D=0},

1 Specifically, considering a discrete spatial domain 2, @ may represent the whole domain, an element of the discretization, or even the boundary of the
element.
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and equipped with the norm ||v|ly = [v| 1) for all v € U and |iqllg := llgll;2(q) for all ¢ € Q. We remark that if I'y # @, then
Q := L%*(Q). Thus, the weak formulation of the model problem (1) reads as follows: find (u, p) € U x Q such that:
va(u,v) + c(u,u,v) + b(v, p) =(f,v)o VwelU, @

b(u, q) =0 Vg € Q,

with f € [L2(2)]?, and with bilinear forms ¢ : UxU - R, b : Ux Q — R, and trilinear form ¢ : Ux U x U — R defined as

a(w,v) = (Vw,Vv),,
b(w,q) 1= —(q,V W),
c(w,z,v) = (VZ)w,v)q,

for every w,v,z € U and q € Q.
2.2. The Smagorinsky turbulence model

The Smagorinsky model introduces an artificial diffusion to the NSE, acting as a general stabilizing term for convection-dominated
flows. The key feature of this model is that it approximates the stresses of the unresolved subgrid scales (due to turbulence) by a
relation between the strain-rate and an Eddy viscosity. This model is inherently discrete, and we delay the discussion of the discrete
Smagorinsky model until Section 3.7. Building up on the ideas in [35], the Smagorinsky model can be reinterpreted as the discretized
version of the following continuous problem: given a spatial domain €, find (u, p) such that

-V ((v+vs) Vu) + (Vuu+Vp=f  inQ,
Vu=0 in Q, 3)
u=0 on 09.

Namely, compared to the strong formulation of NSE in (1), an Eddy viscosity term vg(u) is added. Let 7 denote a tessellation of
the domain 2, decomposed in elements denoted by T with diameter h;. Thus, the Eddy viscosity term in the Smagorinsky model
is defined as vg : U — R such that

vsw=C§ Y A |Vuy,
TeT,

s XT> ()]

where y; is the characteristic function over the tessellation element, while Cy is the Smagorinsky constant [36], which is classically
set (guided by numerical experiments [37]) as Cg = 0.1: in this paper we follow this standard choice. The Smagorinsky term (4)
is strictly related to the discretization of the space. We remark that for h; — 0, the Eddy viscosity term vg(u) — 0. This totally
complies with the Kolmogorov scale turbulence description: a refined mesh can capture the complex behavior of the flow and does
not need stabilization, which is needed for a larger meshsize. In the next section, we specify the approximation by employing the
VEM numerical discretization.

3. VEM approximation

We briefly present the enhanced formulation for the divergence-free VEM introduced in [33]. We first give some preliminaries
regarding the mesh assumptions and the discrete setting.

3.1. Mesh assumptions

Let (7},), denote a h-refined mesh sequence of €2, with 7, being a decomposition into a tessellation with mesh elements denoted
by T. The boundary and faces of the element are denoted by oT and F, respectively. We remark that in this paper, we use the word
face to denote the edges of the polygon. The notation A; and A stands for the elemental and the face diameter, respectively. We
define the global meshsize h := maxyey, hp. Furthermore, we assume that there exists a real number p > 0, such that:

1. for all 7, in the sequence, for all T € T,,, T is star-shaped with respect to a ball of radius rgz > ph, (star-shaped property);
2. for all T € 7;, and for any face F of T, hp is comparable with h; as php < hyp < hy (shape regularity property).

Alternatively, relaxed mesh assumptions can be adopted; we refer the reader to [38,39] for further details.
3.2. Polynomial decomposition

Let P¥(©) denote the space of polynomials on a domain © of degree up to k. A key idea in devising projectors in VEM for the
vector formulation is to decompose vector polynomials over a cell T into a gradient component and their orthogonal component.
Thus, polynomial decomposition reads as

[P*(T)]? = GKT) ® ¢HH(D),
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where GX(T) := VP*!(T) and GY¥(T) := x1[P*~1(T)] with x* := (y, —x) [40]. Namely, by the multiplication action of x', we build
the orthogonal component to the gradients. The scalar scaled monomial m, € P¥(T) with |a|, < k is defined as:

x; —xT\“
Mg :=H( ’h ! > R 5)
i=1 T

where we use the classic notation of the multi-index & := (a,,a,) and we denote with x” the ith coordinate of the barycenter of 7.
Vector scaled monomials are defined as Mg a,) = (Mg .My ) € [P*(T)12.

Remark 1 (Vector Monomial Decomposition and Scaling). Explicit closed forms of the polynomial decomposition can be obtained for
vector scale monomials, see [40] for a complete presentation. For the sake of completeness, we recall the 2D case: let B := (f,, ),
be a vector gathering the coefficients 4., §, for each direction, then

hy By

mpo) = (Bl + 1) (ﬂx+lvﬁy (1Bl + 1) Mp,.p,—1)°
hr By

Mo.B) = (Bl + 1) Mppy+1) ~ (Bl ,» + 1) MB=1.6))"

See also [40] for detailed guidelines on how to build VEM. Moreover, a recent review on the proper scaling of normalized monomials
and its influence on the conditioning was reported in [41].

A monomial scalar and vector basis are denoted as M*(T) := {ma Calpe £ k} and [M*(T)]?, respectively.
3.3. Local spaces

Let a polynomial of degree k > 2 be fixed. The local virtual element space introduced originally in [31] is

={ve[H'DP| () vyr € BYD
(i) —Av—Vq e GYK(T) for some g € LX(T),
(i) V-vePi(m),
where the first condition in the virtual space concerns the conformity prescription on the boundary with
B(T) := {v € C°0T)|v € PK(F),VF C oT}.
Then, the enhanced local virtual space introduced in [33] is defined as
= {ve Uf|(v—ITv.g")r = 0,Vg" € GVX(T) \ GH(1)}. (6)

The enhancement uses an additional condition, formulated in terms of the VE projector IT kv , that enables the computation of
higher-order projectors, e.g., the L?-projector of order k, H,?vh. The definition of the local projectors is postponed to Section 3.5.

Let { ¢'}, <i<dim(VE) be a basis of V; made of virtual functions which are not explicitly known. One property of V; is the polynomial
inclusion [PX(T'))? € V.

3.4. Degrees of freedom (DoFs)

Let Ny, 1= dim(v#) denote the local number of degrees of freedom. Let NV denote the number of vertices in a polygon T and
N° = 2NV be the number of DoFs related to the vertices. Let N~ := 2N?(k — 1) denote the number of DoFs set on 9T, excluding
vertices, let N° := N° 4+ N~ denote the total DoFs on 0T. Moreover, let NV" and N4 denote the number of DoFs related to the
divergence and the Laplacian operators, respectively. The latter two are integrals evaluated inside the element acting as DoFs. The
velocity local degrees of freedom function do{f,T : V# — RNwos is defined as:

V(x5,) s PE AN, 1= 1IN - D,

V(X7 ) 4 ied: N, 1= iN"(d - D+N°+i,
dof](v) = (1) ( - ) 2 (d -1

(V-v,m)r, ie(:NY), I=N+i,

(v,m;)r, ie(:NY, I=N°+NV +i,

where <« € {1,2} denotes the vector component index, for all m; € M*I(T)\ {1} and i € (1 : NV"), for all m; € x* M*=3(T") and
i€(l: N4, and forallve vk and / € (1 : Ny, ), with x37., the ith vertex of the polygon T and x;., the ith edge point, usually a
Gauss-Lobatto quadrature pomt (excluding vertices) located at the edge. The advantage of directly usmg the values at the quadrature
rule points as DoFs is the ease of computing the integrals. An important feature of the virtual basis is that dof” (@) =6,
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3.5. Local projectors

For all T € 7, the H'-projection operator IT kv : VK = [PK(T))? is defined such that, for all v;, € VX,

{(szZ Vi VD) = (Vv Vp)r ¥ p € [PXD) \ [P, .

1) vy Por = (Vi Por v p € [P'(D))%.

In a similar fashion, the L2-projection operator IT) : V¥ — [PX(T)]? is obtained by solving the following problem: for all v,€ VX,

TV, P)r = ViP)r ¥ p € P ®
Finally, we define the L2-projector for tensors, specifically for the velocity gradient, I19_ V : V£ — [P¥=1(T)1>?2 such that, for all

k
vy € V5

1Y Vvt = (Vv 0y Vo e [P, (9

3.6. Discrete global weak formulation

Let k > 1 be the order of VEM, then the global enhanced spaces are defined as follows
Vi = {v, € [HY( QP |V € VET €T,}.
P! =gy, € L3(D)lqyr € PKN(T)VT € T,).

Notice that the conformity prescription is only applied to the discrete velocity, while the discrete global pressure is a piecewise
polynomial that can jump. The discrete version of the weak problem reads as: find (u,, p,) € V¥ x Pf~! such that

{vah(uh,vh)ﬂh(uh,uh,vh) + bV pp) = 14V, Vv, € VK, a0

by gp) = 0, Vay € B,
for the global linear form /,, : V}’: — R formulated as
lyvg) i= Y (6 TV,
TET),
and the global bilinear forms a, : VF x Vf — R and b, : V§ x Pf~' — R consisting of the collection of local contributions as

ay Wy Vi) 1= Y (VITY Wy, VITI V) + 54(W5, V),
TeT),

bp(Vp,qy) 1= — z @n>V - V)7
TeT,

The stabilization term s, is needed to ensure coercivity in the discrete system. We use the standard dofi-dofi stabilization s, :
VEx VE - R defined as

Naoy

Sp(Wpo V) 1= Z Z dof] (- I ywy)dof] (T-I1))vy),
TeT, |

where I denotes the identity matrix. The trilinear form related with the nonlinear term ¢, : Vh" X V;l‘ X V”: — R is defined such that,

for all (wy,, Xy, V) € V§ X Vi X VY,

Cn(WpXpo Vg) i= Y (T VX)W, TTV,)r an
TeT,

Different configurations of linear forms can arise from the various available projectors. We use here the original setting presented
in [33].

3.7. The discrete Smagorinsky model

The discretized Smagorinsky form a; : V¥ x VE x V¥ - R, in a VEM framework, is written as follows

af(wh;xh,vh) = z (v;?(wh)VHkah,VHvah)T,
TeT,

where we have also introduced the discrete version of the Smagorinsky viscosity adapted to VEM and defined as v;? : V;l‘ — R such
that

Va(wy) 1= C3 Y R YWyl 2z a2
TeT),
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The global problem, including the Smagorinsky diffusive term, has the following form: find (u,, p,) € V;l‘ X Pp’:“ such that

{vah(uh, Vi) + ad sy, Vi) + (W V) + by (v p) = 1,(v,) VY, € VK, a3)

by(uy, ) = 0 vq, € PFL
We use the shorthand notation FhN s (uy, pp) = 0 for the Navier-Stokes problem (10) and F,(u,, p,) = 0 for the global problem
including the Smagorinsky term (13). To solve the nonlinear global problem, we use the Newton scheme detailed in Algorithm 1.

For completeness, we write the directional derivative of the Smagorinsky term along the direction éu,,, readily verified to be of the
following form:

O, @ Wi wy, VIBW,] = Y (VE)VITY 8, VIV, )+ €5 ) b (6,(VIL wy  VITYvy)
TeT, TeT,

with t = (19_ Vu, : 10 Véu,)/|T0_ Vu,| .

Algorithm 1 The Newton solver for the Smagorinsky model

: Choose U?I = (uho,pg)
: Choose € >0, set R, =0 and m=0
while [|R,]|| > e do
Seek &), := (8uy, 5py) solving for all (v;.q;) € V¥ x Pf~! such that

aU,, Fplépl =-Fy,
or explicitly written
{auhr,fjs[ah] + 0y, a3 (W, u, " vy[8,] = —R3(UD),
9,,F ) 51841 =—R,(Up),
where the residual is defined as R, := (R‘i(Uh), R,(U,)) and
Ri(Uy) 1= R(Uy) + @) (uy;uy. vp),
R (Uy) = cp(uy,uy,,vy) + a,(uy, vy) + by (v, pp) — 1,(vy),
R,(Uy,) = by(uy, qp).

5:  Update the solution U;an =0+,
6: m=m+1
7: end while

4. Numerical results

In this section, we illustrate numerical results for the Smagorinsky model combined with the VEM approximation. We will
show that the Smagorinsky model is necessary to simulate these Reynolds numbers on coarse meshes. Indeed, we conducted some
numerical tests solving the standard NSE using either VEM (employing an in-house code based on [42]) or FEM (employing the
FEniCS library [43]) and the Newton solver did not converge in the Reynolds number range 1000 < Re < 2000.

We consider first some test cases assessing the accuracy of the model against manufactured or analytical solutions, and second,
we consider the benchmark of the lid-driven cavity for increasing Reynolds numbers (up to Re = 10000). All problems are solved in
the unitary square Q. The following metrics will be used for the computation of the errors for the virtual element approximation of
velocity and pressure

[Vu—11)_ Vuyl7, :

0 2
TEZT VU= I VUil e | -
h

1
2

0 o _ g0, 12
Il = 0wy ll7, = | 3 M= w2 o |

TET,

1

2

. 2

lp=pallz, =| X = a2,

TET,

4.1. Accuracy tests

We consider two test cases here labeled as the irrotational force test and the polynomial P2P1 test. Let us detail the data of the
two experiments:

963



S. Berrone et al. Mathematics and Computers in Simulation 249 (2026) 958-972
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Fig. 1. Irrotational force test. Pressure errors ||p — Ph”n for Re=1 and k € {2,3}.

Table 1
Polynomial P2P1 test. Errors and convergence rates using the discrete Smagorinsky
model, Re = 10000 and k = 2.

h Velocity Pressure
|\Vu—H271Vuh\|n rate lu— Hk’uhHTh rate ”p_ph”T/. rate

0.100 7.3571E-03 4.3530E-04 3.8144E-05

0.050 1.7860E-03 2.043 4.1754E-05 3.382 6.5666E—-06 2.539

0.025 4.8040E-04 1.894 5.7269E-06 2.866 1.7309E-06 1.924

1. Irrotational force test: let (u, p) € [P2(22)]* x P3(R2) with velocity u(x) = (—y, x), pressure p(x) = Ax> + 0.5(x> + y*) — 1/3 — 1/4,
force f(x) = (34x%,0) and 4 > 0. We also set the parameter 1 = 10 and the viscosity v = 1. The velocity gradient is constant
throughout the domain.

2. Polynomial P2P1 test: let (u,p) € [P?(2)]*> x P'(2) with velocity u(x) = (—x + y*,y — x2), pressure p(x) = 2x — 2y and the
corresponding f(x) obtained inserting the expression in Eq. (3) for Re = 10000.

For clarity in the results analysis, we briefly recall the error estimates from [33] for the norms defined in Section 2.1: assuming
uf € [H(Q)]?, with 0 < s < k, then

u—w,ll; <A T@v)+ PHE, V), 14)
hllU
= Pullg < ChIpl sy + CH P IE st gy + Ch* K3 v), (15)

with the functions J, H, K, and the constant C independent of the meshsize. In particular, J and H depend on [ul g1 @2 and
|£] s+1(q)2> Tespectively. In the Irrotational Force Test, where both the velocity field and the forcing term are polynomials of degree
less than or equal to k, we expect the discrete velocity to be reproduced exactly. On the other hand, this property is not expected in
the Polynomial P2P1 Test due to the presence of the Smagorinsky term. Finally, we remark that, in these convergence examples,
we employ the estimates for the Navier-Stokes equations proposed in [33], since the Smagorinsky term vanishes for sufficiently
small meshsize.

We consider uniformly refined mesh sequences. At each recurrence of the mesh refinement, the forcing term can be obtained
from the analytical solution using the Smagorinsky model in its strong form (3).

Therefore, for each mesh, we compare the corresponding manufactured analytical solution and the numerical solution. Since
we expect the Smagorinsky term to vanish as the mesh size tends to zero due to (12), we also expect the error to converge to the
physical analytical solution as in (14). In the irrotational force test, provided that uniform meshes are used, and since the velocity
gradient is constant, vg remains constant. Since the Laplacian and the gradient of v¢ vanish, the force balances only with the pressure
gradient and the convective term. This implies that the physical solution and the manufactured problem coincide, with the latter
being independent of h;.

In Fig. 1 and Table 1, we report the errors and rates of convergence for the irrotational force test and the polynomial P2P1 test
cases, respectively. In the irrotational case, we solve using degree k € {2,3,4}, but we show pressure errors only for k = 2 and
k = 3, as errors for k = 4 were close to machine precision, as expected. For the same reason, velocity errors for all degrees were
omitted. We recall that VEM approximates exactly pressures in P¥~!(£), which for k = 4 it coincides with the polynomial space of
the exact pressure. On the other hand, in the second case, the force f includes non-polynomial components due to the derivative
of the Smagorinsky term. This explains the higher velocity errors, although velocity is a polynomial in [P2(£2)]?. This is consistent
with (14) and (15).
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Fig. 2. Lid-driven cavity flow. Mesh visualization: 31 x 31 USM (left), 31 x 31 ARM (center), and IMH based on a 22 x 22 USM (right).

4.2. Lid-driven cavity flow

For this test case, we focus on a more applied yet established test case in the turbulence model community. The main goal is to
provide a first numerical investigation on how VEM approximation performs in a turbulent setting for several Reynolds numbers,
highlighting its effectiveness and strengths.

In this cavity flow test, no-slip boundary conditions are prescribed in £ for the vertical and the bottom walls, while on the
top wall a unitary horizontal velocity is imposed. The external body force is set as f = 0. The transition regime from laminar to
turbulent is “expected” in the range 6000 < Re < 8000, see [44] and the references therein. To illustrate the benefits of using VEM,
we consider k = 2 and three different families of meshes: the Uniform Square Meshes (USM), Anisotropic Rectangular Meshes (ARM),
and Isotropic Meshes with Hanging nodes (IMH). These families are depicted in Fig. 2, while their description at each refinement
level is listed in Table 2. We remark that the comparison among families is conducted by maintaining a comparable number of DoFs
at each refinement level (labeled as Coarse, Medium, and Fine). On one hand, the ARMs are obtained by partitioning each side of
the domain according to the following function, as in [45]:

tanh(4& — 2)
tanh(2)

On the other hand, the IMHs refinement is based on sequences of meshes (7;),,, generated iteratively thanks to the following strategy:
let 7, be a uniform squared mesh generated by a discrete parameter A, € (0, 1]. We generate the coarsest mesh with hanging nodes of
the sequence 7; by splitting by four all the squares whose maximum distance to the boundary in normal direction is &, € [, 0.5—Ay).
For our experiments we use § = 0.175. The consecutive meshes for 7, are generated using § = §,/2'. The transitions from fine to
coarse cells are obtained by using hanging nodes. This approach allows for varying mesh sizes without unnecessarily propagating
the refinement throughout the domain, as in the uniform case. We remark that the hanging nodes in the IMHs are easily amenable
to VEM, which does not require special treatments. More precisely, the original face is just treated as two collinear faces divided
by the hanging node, which is treated as another vertex carrying DoFs. Here, we mainly use the first level for three different initial
meshes, see Table 2 for more details.

In the literature, the ARMs are commonly used to achieve higher accuracy near the domain walls, where high gradients and
small scales are expected as the Reynolds number increases. However, as one can observe from the middle plot of Fig. 2, some
elements are much stretched, and this anisotropy of the elements near the boundary of the domain might foster the overestimation
of the Smagorinsky viscosity near the walls. Indeed, the Smagorinsky model can be defined as isotropic: the model’s scaling A does
not take into account the element anisotropy, treating every direction of the cell similarly. In this specific boundary layer, the cell
diameter h; of each element of the layer is, roughly speaking, comparable to the measure of its largest face. This phenomenon
is visible in Fig. 3, where we plot the x- and y- components of the velocity. The ARM solution (blue solid and blue dotted lines)
does not match the Erturk et al. reference values (green stars) [44] for Re = 1000 (coarse mesh), Re = 2500 (medium mesh), and
Re = 3200 (fine mesh). We show the highest Reynolds number that each mesh can resolve, and for which reference data is available
for comparison. We conclude that ARMs are not practical in this setting. Alternatively, uniform meshes, as USM, would require a
significantly high number of elements to adequately resolve localized features such as sharp gradients and boundary layers, leading
to unnecessary computational cost. Instead, a non-uniform mesh allows for targeted refinement in critical areas, improving accuracy
while maintaining overall efficiency. Thus, to assess the turbulent model without the influence of the mesh anisotropy and focusing
on the boundary layer refinement, we use the IMH family of meshes.

From Fig. 3, we observe that IMH results (red solid and red dotted lines) better match the reference values with respect to ARM
results. We do not report the results for USM since they were comparable to IMH in terms of accuracy. This is expected since the
uniform mesh has a good description of the boundary layer, but increases the number of DoFs, more than twice with respect to the
finer mesh, i.e., IMH presents 31887 DoFs, while USM presents 69763 DoFs. This is caused by a non-necessary refinement on the
central region of the domain.

In Fig. 4, we show the streamlines for a laminar case with Re = 3200 and the finest mesh for each mesh family. We qualitatively
compare the results and observe that in the case of ARM, it shows the biggest displacements of the vortices with respect to the

f(©)=05 <1 + (16)
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Fig. 3. Lid-driven cavity flow. Velocity profiles with various Reynolds numbers: Re = 1000 using coarse meshes (left), Re = 2500 using medium
meshes (center), and Re = 3200 using fine meshes (right). The solid and dotted lines represent the x- and y-components of the velocity, respectively.
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Fig. 4. Lid-driven cavity flow. Streamlines for Re = 3200 with the Smagorinsky model using the three fine meshes, and the USM 100 x 100 with

NSE for comparison (top left).
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Table 2

Lid-driven cavity flow. Mesh setting description, where N
denotes the number of segments into which the domain is
partitioned in each direction.

IMH USM/ARM

NxN # DoFs N XN # DoFs
Coarse 22 x 22 10399 31 x 31 10526
Medium 28 x 28 15235 38 x 38 15583
Fine 40 x 40 31887 54 x 54 31647

Table 3

Lid-driven cavity flow. Relative L’-errors for the velocity
variable against the numerical reference solution varying
the Re and considering USM.

Mesh Re
5000 7500 10000
Coarse 3.071E-01 - -
Medium 2.490E-01 3.264E-01 -
Fine 1.809E-01 2.433E-01 2.941E-01
Table 4

Lid-driven cavity flow. Relative L?-errors for the velocity
variable against the numerical reference solution varying
the Re and considering IMH.

Mesh Re

5000 7500 10000
Coarse 1.853E-01 2.399E-01 -
Medium 1.449E-01 1.942E-01 2.351E-01
Fine 1.048E-01 1.495E-01 1.868E-01

reference, which are twice and even three times the displacements shown by the IMH or USM. In addition, there is a spurious
vortex in the bottom-right corner. In Fig. 5, we show the streamlines plot for Re € {5000,7500, 10000}, using the fine IMH for
the Smagorinsky model in comparison with reference solutions based on the standard Navier-Stokes problem solved on a USM
100 x 100 with 109203 DoFs. We observe that the Smagorinsky model solution accurately represents the feature of the turbulent
flow, and we only see a slight displacement of the vortices of the order of the cell diameter of the reference mesh.

To quantitatively assess the convenience of exploiting IMH in this setting, we compute the L?-errors of the velocity with respect
to the reference configuration for Re € {5000,7500,10000}. In Tables 3 and 4, we report the relative errors for the Smagorinsky
model applied to the USM and IMH families, respectively. Henceforth, the hyphen symbol “-” in the tables indicates a failure of
the Newton solver to converge. The IMH family presents smaller errors compared to the USM family and is more robust in terms of
the Newton solver convergence: we reach convergence for all the Reynolds numbers and meshes considered, except for Re = 10000
with the coarse mesh. In contrast, the USM family encounters more convergence issues (Re € {7500, 10000} with the coarse mesh
and Re = 10000 with the medium mesh). We will further comment on the convergence of the Newton solver later in this section.

In addition, in Fig. 6, we show the velocity profiles along the vertical and horizontal middle axes for laminar and turbulent
(including transitional) flow, respectively. The numerical results are compared with those reported by Erturk et al. [44]. We prefer
it compared to Ghia et al. [46] since it privileges data points close to walls, where sharp gradients are especially steep, and gives
more relevant information about how well the refinement captures them.

We now propose a quantitative analysis based on the relative #2-error against the Erturk et al. [44] values for USM meshes, IMH
meshes, and ARMs with Re € {1000, 2500, 5000, 7500, 10000}. The results are collected in Tables 5, 6, and 7, respectively. Notice that
the precision of the error is limited by the precision of the reported reference data in [44,46], i.e., five significant digits. It is clear
that the IMH family offer the best performance in terms of accuracy, providing smaller or, in the worst case, comparable errors
with respect to USM or ARM, when a comparison is possible, i.e., only when the Newton solver converges for the two considered
meshes.

Specifically, we solve the nonlinear system using the Newton solver without preconditioning or relaxation techniques. The
Newton solver is well known for exhibiting quadratic convergence, provided that a sufficiently good initialization is supplied.
We noticed that, under the same initial guess condition for the solver, the IMH family are the most robust choice and allow for
simulations for large Reynolds, up to Re = 10000. On the contrary, ARMs family yield convergence issues. In Fig. 7, we show the
convergence process for the three coarse meshes for different representative Reynolds. From the plot, we observe that for Re = 2000,
IMH and USM converge in the same number of iterations, while the ARM already diverges. When we increase the Reynolds number
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Fig. 6. Lid-driven cavity flow. Velocity profiles using the fine IMH for Re = 7500 (left) and Re = 10000 (right). The solid and dotted lines represent
the x- and y-components of the velocity, respectively.

Table 5
Lid-driven cavity flow. Relative #*-errors for the velocity variable against Erturk et al.
[44] varying the Re and considering USM.

Mesh Re
1000 2500 5000 7500 10000
Coarse 9.365E-02 1.538E-01 2.399E-01 - -
Medium 7.502E-02 1.195E-01 1.859E-01 2.444E-01 -
Fine 5.303E-02 7.594E-02 1.229E-01 1.638E-01 1.993E-01
Table 6

Lid-driven cavity flow. Relative #?-errors for the velocity variable against Erturk et al.
[44] varying the Re and considering IMH.

Mesh Re
1000 2500 5000 7500 10000
Coarse 7.307E-02 1.018E-01 1.445E-01 1.782E-01 1.104E-01
Medium 5.913E-02 7.813E-02 1.104E-01 1.385E-01 1.626E-01
Fine 4.173E-02 5.194E-02 7.070E—-02 9.266E—-02 1.133E-01
Table 7

Lid-driven cavity flow. Relative #?-errors for the velocity variable against
Erturk et al. [44] varying the Re and considering ARM.

Mesh Re

1000 2500 5000 7500 10000
Coarse 9.429E-02 - - - -
Medium 6.972E-02 1.602E-02 - - -
Fine 1.054E-02 1.054E-02 - - -

to Re = 6900, the USM diverges. The IMH converges in few iterations not only for Re = 6900 but also for large Reynolds numbers,
up to Re = 10000.

Remark 2 (Anisotropic Scaling). Let T € T, be an element of the mesh. We recall that h’; = Pgrclidn hp denotes the smallest face
diameter of 7. In the numerical investigation we carried out, choosing 4, in the Smagorinsky model for ARMs led to overdiffusive
results due to the anisotropic nature of the mesh. For this reason, we tried 4} as an alternative scaling factor and we compared
the two approaches for Re € {100,400, 1000,2500,3200}. For this test, we cover a range of Reynolds numbers only in the laminar
regime for the mere purpose of comparison with the 4, scaling in terms of flow accuracy: indeed, the anisotropic scaling lacks
convergence in the Newton solver for higher Reynolds numbers (see Table 7). We report in Tables 8 and 9 the relative #>-errors for
low Reynolds numbers with anisotropic meshes using the scaling 4% and hr, respectively. We compare with Ghia et al. [46] and
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Fig. 7. Lid-driven cavity flow. The Newton solver convergence for various Re and the three mesh families.

Table 8
Lid-driven cavity flow. Relative #>-errors for the velocity variable with various Re and ARM with scaling
h7y.. We compare with Ghia et al. [46] and Erturk et al. [44] depending on the available data.

Scale Re
100 [46] 400 [46] 1000 [46] 1000 [44] 2500 [44] 3200 [46]
Coarse 1.016E-02 8.209E-02 1.659E-02 2.720E-02 - -
Medium 1.078E-02 8.275E-02 1.324E-02 2.049E-02 - -
Fine 1.150E-02 8.4074E-02 1.330E-02 1.267E-02 1.970E-02 3.562E-02
Table 9

Lid-driven cavity flow. Relative ¢>-errors for the velocity variable for various Re and ARM with scaling
hr. We compare with Ghia et al. [46] and Erturk et al. [44] depending on the available data.

Scale Re
100[46] 400[46] 1000[46] 1000[44] 2500[44] 3200[46]
Coarse 1.449E-02 8.577E-02 1.178E-01 9.429E-02 - -
Medium 1.363E-02 8.413E-02 8.823E-02 6.972E-02 1.602E-02 -
Fine 1.288E-02 5.055E-02 3.906E-02 1.054E-02 1.054E-02 1.118E-02

Erturk et al. [44] depending on the available data (we explicitly indicate them in the table). The use of h; shows better behavior
to reach the Newton convergence, caused by the overestimation of the Eddy viscosity. However, smaller errors are obtained using
h%, scaling in comparison with the results using the hr scaling, due the overdiffusion of the latter model. We do not exclude that
a more tailored guess choice would help the Newton convergence for the 47}, scaling; however, this investigation went beyond the
goal of the contribution.

5. Conclusions

We proposed the combination of the VEM with the discrete Smagorinsky model to solve convection-dominated NSE. We presented
successful numerical tests that show the method’s convergence to analytical solutions as the meshsize tends to zero. Moreover, we
performed lid-driven cavity tests with different mesh families to assess the potential of VEM approximation for the Smagorinsky
model. The IMH mesh, which is easily handled by the VEM, proved to be the best choice in terms of accuracy, efficiency, and
robustness of the nonlinear solver when compared to uniform and anisotropic meshes. We also apply a different anisotropic scaling
for the Smagorinsky term, i.e., based on the minimum face diameter. This variant was shown to be more accurate and to mitigate
overdiffusion. Nonetheless, the scarce convergence behavior of the Newton solver with anisotropic meshes did not improve.

We remark that, to the best of our knowledge, this is the first work dealing with VEM approximation in turbulence modeling. For
these reasons, many are the unexplored yet interesting paths of this research. For example, we aim at applying more problem-guided
mesh refinement, based on ad hoc a posteriori error estimator and/or based on the aspect ratio of the polygons.
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