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We treat the mechanics of point particles as a one-dimensional general-relativistic gauge
field theory, which may be referred to as mechanical field theory (MFT), exploiting the
bundle geometry of mechanical field space (MFS). The diffeomorphism covariance of
MFT encodes its relational character, arising—as in all general-relativistic physics—via
the conjunction of a hole and a point-coincidence argument. Any putative “boundary
problem,” meaning the claim that “spacetime” boundaries break diffeomorphism and gauge
symmetries, thereby dissolves. It is highlighted that the standard path integral (PI) on the
MFS, the exact analog of the PI used in gauge field theory, is conceptually and technically
distinct from the standard PI of quantum mechanics. We then use the dressing field method
to give a manifestly invariant and relational reformulation of MFT, which reproduces the
standard textbook formulation when a clock field is chosen as a (natural) dressing field. The
dressed, or basic, PI on the MFS, defining relational quantization—i.e., the quantization of
invariant relational degree of freedom—is shown to reproduce the standard PI of quantum
mechanics. This establishes the soundness of relational quantization as a general guiding
principle: We outline it for general-relativistic gauge field theories.

DOI: 10.1103/bttl-7rdd

I. INTRODUCTION

The paradigmatic insight of general-relativistic (GR) gauge field theory (gRGFT), encoded
in their local symmetries, is relationality: i.e., the fact that physical spatiotemporal and internal
field-theoretical degrees of freedom (d.o.f.) dynamically codefine each other. As articulated in
Ref. [1], this fact arises from combining the generalized hole argument and point-coincidence
argument. The default formalism of gRGFT is therefore manifestly covariant under its local
group of transformations, the semidirect product of diffeomorphisms and internal gauge groups
Diff (M ) �H, and tacitly relational. This makes for many apparent conceptual difficulties that
may lead to a priori puzzling and interrelated questions: most notably the determination of the
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physical d.o.f. and observables, the “boundary problem” or problem of subsystems in gRGFT, and
the “problem of time.” A relational (re)formulation of gRGFT, i.e., a reformulation that is manifestly
invariant under Diff (M ) �H, might dissolve some of these difficulties. In Ref. [2], we developed
in full detail such a relational formulation based on the dressing field method (DFM), a systematic
approach to the reduction of local symmetries (see Refs. [3–6] for applications to supersymmetric
field theory).

Our program aims at a relational, formally unified, and conceptually clear rewriting of funda-
mental physics. This must encompass quantum theory. In Ref. [2], we hinted that the next phase of
this program was to systematically develop the DFM-based notion of relational quantization (RQ):
i.e., the quantization of a dressed theory. It is in essence the claim that a sensible quantum theory
is one arising from the quantization of physical, relational, d.o.f. Applied to fields, it would lead
to relational quantum field theory (rQFT). If the core idea is not new, having a long branching
history, one important chapter is the quantization of constrained systems, with roots in the work of
Bergmann [7] and Dirac [8], another is the covariant phase space formalism, which in physics is
often traced back to Refs. [9–12] (but see Ref. [13] for a more complete history). Our approach is
closer in spirit to the latter insofar as it starts with the field space of a gRGFT. It is distinct in that
it systematically leverages the bundle geometry of field space—the DFM being a systematic way to
realize its basic cohomology. The goals of this paper are twofold: First, to establish a DFM-based
relational quantization a fruitful working hypothesis, then to outline it for gRGFT.

The first goal is aimed at by considering classical mechanics of point particles as a formal and
conceptual laboratory. Mechanics is often seen as a mere stepping stone toward the more “sophis-
ticated” topic of field theory (FT), especially gRGFT. Its well-established standard formulations,
Lagrangian and Hamiltonian/symplectic, did provide inspiration for analog treatments of FT. The
local symmetries of gRGFT introduce further conceptual and technical difficulties, necessitating
(apparently) modifications or refinements of the formalisms: gauge fixings (GF), constraints, etc. It
would thus seem that mechanics provides little insight into such more advanced subjects.

Likewise, standard quantum mechanics (QM) is certainly a stepping stone toward quantum field
theory (QFT), its standard formulations providing motivations for analog quantization schemes of
FT—notably, the Hamiltonian/canonical approach and the Dirac-Feynman path integral (PI), less
often the Schrödinger approach. Here again, the local symmetries of gRGFT introduced difficulties
that call for new notions and special tools: GF, ghosts, Becchi-Rouet-Stora-Tyutin (BRST) coho-
mology, anomaly cancellations, etc. [14]. So, aside from its singular interpretational challenges and
the occasionally made observation that QM is a one-dimensional (1D) QFT [15], it would appear
that QM sheds little light onto the technical and conceptual structure needed for the quantization of
gRGFT.

A few authors have argued that even simple nonrelativistic (NR) classical mechanics of point par-
ticles, revisited, still has something to teach us; this is notably the case via so-called “parametrized”
formulations [16–18], sometimes couched into the language of “partial vs complete observables”
(cf., e.g., Refs. [19–23]). We happened to find ourselves directionally in agreement, and we shall
here argue the case in the terms of the project mentioned above. First, in Secs. II and III we
will provide a detailed treatment of mechanics as a 1D gRGFT; for ease of reference, we shall
call this formulation “mechanical field theory” (MFT). For this, we will rely on the framework
of Ref. [2]; calling mechanical field space (MFS) the space of parametrized mechanical coordi-
nates (“mechanical fields”), we systematically exploit its bundle geometry, in particular, to handle
adequately its automorphism groups and to introduce the notion of “associated bundle of regions.”
This generalizes the “parametrized” approaches mentioned above, giving a complete mathematical
treatment paralleling exactly that of gRGFT. We shall stress that, as part of the gRGFT framework,
the relationality of mechanics arises in exactly the same way it does in general-relativistic physics.
Analogs of the problem of time and of the boundary problem arise in MFT, but are shown to dissolve
when its relational structure is understood—as they ought to do in gRGFT. We will spell out the
links to the standard approach to mechanics, also known as (a.k.a.) the “unparametrized” approach,
showing it to relate to the invariant relational d.o.f. encoded in the moduli base spaceM of the MFS
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TABLE I. List of abbreviations.

Acronym

Degrees of freedom d.o.f.
Dressing field method DFM
Field theory FT
Gauge field theory GFT
Gauge fixing GF
General-relativistic gauge field theory gRGFT
General relativity GR
Mechanical field space MFS
Mechanical field theory MFT
Nonrelativistic NR
Path integral PI
Quantum field theory QFT
Quantum mechanics QM
Quantum gravity QG
Relational quantization RQ
Relational quantum field theory rQFT
Relational quantum gravity RQG

bundle. Insights drawn may export to gRGFT. Considering next the issue of quantization of MFT,
we write the PI on MFS in exact analogy with the standard PI for GFT, stressing that it is not the
standard PI approach to QM. The latter is instead the functional integral onM, a first hint at RQ.

This general framework lays the ground to describe, in Sec. IV, how the DFM allows to realize
the basic cohomology of MFS, and how it therefore relates to the physical relational d.o.f. of MFT.
We then apply the DFM to give an explicit invariant relational reformulation of MFT: It is shown
to reproduce exactly the standard, unparametrized, formulation of mechanics when the dressing
field is the clock field—which echoes and recovers the partial/complete observables notions alluded
to above. This also shows in a technically clear way how apparent conceptual issues raised by
the local symmetries of MFT (e.g., the boundary problem) are dissolved by a relational, dressed,
reformulation. We also highlight how the DFM accounts for possible change of dressing field, i.e., of
clock in MFT: This naturally leads to a relational definition of a network of “good clocks,” consistent
with metrological practice. To then showcase RQ, we write the dressed PI on MFS, which is basic
(invariant), showing it to reproduce (to be) the textbook standard PI formulation of QM. In other
words, we indicate that QM is a 1D rQFT, giving a proof of concept that RQ, i.e., the quantization
of the relational invariant d.o.f., is a natural viable scheme. In Sec. IV C 3, we outline the basics of
RQ for gRGFT. We show, in particular, how the relational formulation automatically implements
anomalies cancellation mechanism, encompassing Wess-Zumino counterterms as a special case.

Section V contains closing remarks and hints at forthcoming and future developments, notably
regarding models of relational quantum gravity (RQG). For completeness, Appendix A also presents
the covariant phase-space formulation of MFT and its relation to the standard symplectic treatment
of (nonrelativistic) mechanics, thereby making explicit the connection of the present framework
with covariant phase-space methods, gauge reduction, and edge-mode constructions commonly
employed in gauge theories and generally covariant systems.

For the reader’s convenience, we summarize the abbreviations used throughout the paper in
Table I. The principal mathematical notations we adopt are collected in Table III.

II. GEOMETRY OF MECHANICAL FIELD SPACE �: KINEMATICS

We specialize the formalism detailed in Ref. [2] (see also Ref. [24]), developing the view
of mechanics as a model of the general-relativistic framework, thus generalizing the so-called
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“parametric approach” as discussed, e.g., in Refs. [18,25], which emphasizes conceptual aspects,
and in the nice classic by Lanczos [16], which offers a more systematic technical presentation. To
highlight the key conceptual structures, we focus here on mechanics of structureless point particles,
i.e., no rotation and no spin, but the generalization to particles with spin and to extended bodies with
d.o.f. poses no special challenges.

We shall consider the mechanics of N structureless point particles. It is the theory of fields on
a one-dimensional manifold I , φ = (x, t ) : I → T, τ �→ φ(τ ) = (x(τ ), t (τ )), where T is a target
space representing spatiotemporal d.o.f., and the clock field t is s.t. ṫ = dt

dτ > 0. The fields φ = (x, t )
represent a “parametrization” of a kinematical history of the set of N particles. In standard NR
mechanics, for N = 1, we have T = E3 × T, where E3 is the affine Euclidean space and T is the
affine “clock” timeline; for N > 1, typically but not necessarily, one uses a single clock field t
for all N spatial fields x = xN , so T = R3N × T(N ) and (x, t ) = (x1, . . . , xN ; t(N ) ). This naturally
generalizes to T = M3N × T(N ), where M3 is a 3-manifold; that is, the description of classical
particles in curved 3-space (which accommodates, e.g., Newton-Cartan theory). The framework
to be presented may generalize to special relativistic mechanics, but we shall limit ourselves here to
nonrelativistic mechanics for simplicity.

From the viewpoint of the manifold I , the target space T of the fields φ = (x, t ) is “internal,”
so that a natural transformation group H of T plays the role of rigid “internal group,” while maps
ξ : I → H form a “gauge group” H acting on fields as φ �→ φξ = (xξ , t ξ ) [26]. For nonrelativistic
mechanics, one may, e.g., consider the group of spatial translations H = R3N , so (xξ , t ξ ) = (x +
ξ, t ) (see, e.g., Ref. [27]). The fields φ are thus gauge fields on I . In addition, they naturally support
the action of Diff (I ), and so do elements of H, so that the full group of transformations acting on
φ is Diff (I ) �H, as befitting a general-relativistic gauge field theory as described in Ref. [2]. The
difference with mechanics is that not allH induces unphysical transformations. For this reason, but
more importantly to focus on key conceptual aspects, in the following we restrict our attention to
the sole action of Diff (I ), thus considering mechanics as a case of “general-relativistic” field theory:
We may call it MFT.

A. The mechanical field space and its natural transformation groups

The field space of MFT, we call it the MFS �, supports a natural right action by Diff (I ):

�× Diff(I ) → �,

(φ,ψ ) �→ Rψ φ := ψ∗φ =: φψ, (1)

((x, t ), ψ ) �→ Rψ (x, t ) := (ψ∗x, ψ∗t ) =: (x ψ, t ψ ).

Indeed, it satisfies Rψ ′Rψφ := ψ ′∗ψ∗φ = (ψ ◦ ψ ′)∗φ =: Rψ◦ψ ′φ. The MFS is fibered by this action,
the fiber through a point φ being its Diff (I )-orbit O(φ). The set of orbits, or moduli space of fields,
we denote byM := �/Diff(I ). The latter is closely related to the so-called extended configuration
(phase) space [19,25,28] (see the end of Sec. III C). So, the MFS is an infinite-dimensional principal
bundle with structure group Diff (I ),

�
π−→M, φ = (x, t ) �→ π (φ) = π (x, t ) =: [φ] = [x, t]. (2)

The projection π is s.t. π ◦ Rψ = π . The fiber over a point [φ] ∈M, π−1([φ]) = O(φ), is diffeo-
morphic to the structure group Diff (I ) as a manifold. A local section of the MFS over a subset
U ⊂M is a smooth map σ : U→ �|U, [φ] �→ σ ([φ]) := φσ = (xσ , tσ ), s.t. π ◦ σ = idU. Within
the region �|U overU, the image of the local section Im(σ ) intersects fibers once, thus selecting a
single representative φσ in each Diff (I )-orbit O(φ): i.e., a choice of local section σ is a gauge fixing.
Distinct local sections are related by σ ′ = Rψ ◦ σ = ψ∗σ , where ψ : U→ Diff(I ), [φ] �→ ψ([φ]),
is a transition function of �; meaning that gauge fixing is not a Diff (I )-invariant operation.
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As a manifold, � has a diffeomorphisms group Diff (�), but as a principal bundle its maximal
transformation group is its group of automorphisms

Aut(�) := {	 ∈ Diff (�) |	 ◦ Rψ = Rψ ◦	}, (3)

whose elements preserve the fibration structure and thus naturally induce diffeomorphisms of the
base, Diff (M). It contains a normal subgroup, the group of vertical automorphisms

Autv (�) := {	 ∈ Aut(�) | π ◦	 = π}, (4)

which is isomorphic to the gauge group of �:

Diff (I ) := {ψ : � → Diff(I ) | ψ(φψ ) = ψ−1 ◦ ψ(φ) ◦ ψ}. (5)

The isomorphism being given by 	(φ) = Rψ(φ) φ still, i.e., ψ ∈ Diff (I ) induces 	 ∈ Autv (�).
The equivariance of elements ψ of Diff (I ) implies that 	′ ◦	 ∈ Autv (�) is induced by ψ′ ◦ ψ ∈
Diff (I ): i.e., the composition operation ◦ in Autv (�) translates to the composition operation ◦ of
Diff (I ). Since Autv (�) is a normal subgroup of Aut(�), we have the short exact sequence (SES)

id� → Diff (I ) 	 Autv (�)
�−→ Aut(�) −→ Diff (M) → idM. (6)

The group Autv (�) 	 Diff (I ) embodies what may be called “field-dependent” gauge transforma-
tions, in this case field-dependent diffeomorphisms of I [29]. The structure group Diff (I ) then
supplies the notion of “field-independent” gauge transformations, i.e., field-independent diffeomor-
phisms of I . The linear version of Eq. (6) gives a SES of Lie algebras defining the Atiyah Lie
algebroid of the MFS �.

B. Differential structures

As a manifold, � has a tangent bundle T�, a cotangent bundle T 
�, and more generally a space
of forms �•(�). In considering these structures, it is important to distinguish the pushforward and
pullback on I and �: We use ∗ to denote these operations on I [as we did in Eq. (1)], and 
 for their
counterparts on �.

Tangent bundle and subbundles. Vector fields X : � → T� are sections of the tangent bundle,
X ∈ �(T�), and a Lie algebra under the bracket [ , ]�(T�) : �(T�) × �(T�) → �(T�). We write
a vector field at φ ∈ � as X|φ = d

ds
s(φ) |s=0, with flow 
s ∈ Diff (�) s.t. 
s=0(φ) = φ. As deriva-
tions of the algebra of functions C∞(�), we may write X = X(φ) δ

δφ
, where δ

δφ
is the functional

differentiation with respect to φ and X(φ) are the functional components.
The pushforward by the projection is π
 : Tφ� → Tπ (φ)M = T[φ]M. The pushforward by the

right action of ψ ∈ Diff(I ) is Rψ
 : Tφ� → Tψ∗φ�. In general, Rψ
X|φ �= X|ψ∗φ , i.e., a generic
vector field “rotates” as it is pushed vertically along fibers, so that π
X is not a well-defined vector
field on the moduli spaceM. This is not so for the Lie subalgebra of right-invariant vector fields

�inv(T�) := {X ∈ �(T�) | Rψ
X|φ = X|ψ∗φ}, (7)

which have well-defined projections on M as they do not rotate as they are pushed vertically.
Indeed, for X ∈ �inv(T�), we have π
X|ψ∗φ = π
Rψ
X|φ = (π ◦ Rψ )
X|φ = π
X|φ =: Y|[φ] ∈
T[φ]M. Then, π
X =: Y ∈ �(TM). The property of invariant vector fields implies that their flows
are automorphisms of �; the Lie subalgebra �inv(T�) is thus the Lie algebra of Aut(�):

aut(�) = (�inv(T�); [X,X′]aut := −[X,X′]�(T�) ). (8)

The vertical tangent bundle V� := ker π
 is a canonical subbundle of the tangent bundle T�.
Vertical vector fields are elements of �(V�) := {X ∈ �(T�) |π
X = 0}. Since V� is a subbundle,
�(V�) is a Lie ideal of �(T�). Fundamental vertical vector fields are generated by the action of
the Lie algebra diff(I ) of the structure group:

diff(I ) = (�(T I ); [X,Y ]diff(I ) := −[X,Y ]�(TI) ). (9)
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For X = d
dsψs|s=0 ∈ diff(I ) with flow ψs ∈ Diff(I ), the corresponding fundamental vector at φ ∈ �

is

X v
|φ := d

ds
Rψs φ

∣∣
s=0 = d

ds
ψ∗

s φ
∣∣
s=0 =: LXφ = (LX x,LX t ). (10)

The Lie derivative on I is as usual also given by the Cartan formula LX = [ιx, d] = ιX d + dιX , with
d = dτ ∂

∂τ
the de Rham exterior derivative on I . It is a degree 0 derivation of the algebra �•(I )

of forms on I , since ιX is of degree −1 and d is of degree 1. Also, since I is one dimensional,
�•(I ) = �0(I ) ⊕�1(I ). As φ ∈ �0(I ) and X = X (τ ) ∂

∂τ
, we have X v

|φ = ιX dφ = X [φ] = X (τ )φ̇,
i.e., X v

|φ = (ιX dx, ιX dt ) = (X [x],X [t]) = (X (τ )ẋ,X (τ )ṫ ).

Manifestly, fundamental vector fields satisfy π
X v ≡ 0, since π
X v
|φ = d

dsπ ◦ Rψsφ |s=0 =
d
dsπ (φ) |s=0. One shows that the map |v : diff(I ) → �(V�), X �→ X v , is a Lie algebra morphism:
i.e., ([X,Y ]diff(I ) )v = (−[X,Y ]�(TP))v = [X v,Y v]. The pushforward by the right action of Diff (I )
of a fundamental vertical vector field is

Rψ
X
v
|φ := d

ds
Rψ ◦ Rψsφ

∣∣∣∣
s=0

= d

ds
Rψs◦ψφ

∣∣∣∣
s=0

= d

ds
Rψs◦ψ Rψ−1◦ψ φ

∣∣∣∣
s=0

= d

ds
R(ψ−1◦ψs◦ψ ) Rψ φ

∣∣∣∣
s=0

= d

ds
R(ψ−1◦ψs◦ψ ) ψ

∗φ
∣∣∣∣
s=0

= : ((ψ−1)∗ X ◦ ψ )v|ψ∗φ. (11)

Therefore, fundamental vector fields generated by diff(I ) are not right invariant.
On the other hand, the vertical vector fields induced by diff(I ), the Lie algebra of the gauge

group Diff (I ), are right invariant. To ψs ∈ Diff (I ) corresponds X = d
ds ψs |s=0 ∈ diff(I ). By the

definition (5) of the gauge group, whose elements transform as R

ψψ = ψ−1 ◦ ψ ◦ ψ , we have

diff(I ) := {X : � → diff(I ) | R

ψX = (ψ−1)∗ X ◦ ψ }. (12)

This transformation property, which is also written as X (φψ ) = X (ψ∗φ) = (ψ−1)∗ X (φ) ◦ ψ , has
infinitesimal version given by the Lie derivative on � along the fundamental vector field corre-
sponding to ψ :

LX v X = X v (X ) = d

ds
R

ψs

X

∣∣∣∣
s=0

= d

ds

(
ψ−1

s

)
∗ X ◦ ψs

∣∣∣∣
s=0

=: LX X = [X,X ]�(TI) = [X ,X ]diff (I ).

(13)

A fundamental vector field generated by X ∈ diff(I ) is

X v
|φ := d

ds
Rψs (φ)φ

∣∣∣∣
s=0

= d

ds
(ψs(φ))∗φ

∣∣∣∣
s=0

=: LXφ. (14)

Its pushforward by the right action of Diff (I ) is

Rψ
X v
|φ := d

ds
Rψ ◦ Rψs (φ)φ

∣∣∣∣
s=0

= d

ds
R(ψ−1◦ψs (φ)◦ψ ) Rψ φ

∣∣∣∣
s=0

= d

ds
Rψs (ψ∗φ) ψ

∗φ
∣∣∣∣
s=0

=: X v
|ψ∗φ.

(15)

Furthermore, one shows that the “verticality map” |v : diff(I ) → �inv(V�), X �→ X v , is a Lie
algebra antimorphism: i.e., ([X ,Y ]diff(I ) )v = (−[X ,Y ]�(TP))v = −[X v,Y v]. Therefore, since the
Lie subalgebra of right-invariant vertical vector fields is the Lie algebra of the group Autv (�),
we have

diff(I ) 	 autv (�) = (�inv(V�); −[ , ]�(T�) ). (16)
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From the above, we obtain the infinitesimal version of Eq. (6), which is the SES describing the
Atiyah Lie algebroid of �,

0 → diff(I ) 	 autv (�)
|v−→ aut(�)

π
−→ diff(M) → 0. (17)

A splitting of this SES, i.e., a map aut(�) → diff(I ), or equivalently, a map diff(M) → aut(�),
allows to decompose a (right-invariant) vector field on � as a sum of a gauge element and a vector
field on M. Such a splitting is supplied by a choice of Ehresmann connection 1-form on �, the
definition of which we remind in Sec. II C.

Finally, we state a key result for the geometric definition of gauge transformations on �. The
pushforward by a vertical automorphism 	 ∈ Autv (�), induced by an element of the gauge group
ψ ∈ Diff (I ), is the map 	
 : Tφ� → T	(φ)� = Tψ∗φ�. For a generic vector field X ∈ �(T�), it is

	
X|φ = Rψ(φ)
X|φ + {ψ(φ)−1
∗ dψ|φ (X|φ )}v|	(φ)

= Rψ(φ)

(
X|φ + {dψ|φ (X|φ ) ◦ ψ(φ)−1}v|φ

)
. (18)

This relation can be used to obtain the result for repeated pushforward, i.e., iterated gauge transfor-
mations: e.g., to get the result for (	′ ◦	)
X|φ , one only needs to substitute ψ → ψ′ ◦ ψ above.

Differential forms. The de Rham complex of � is (�•(�); d ) with d the de Rham (exterior)
derivative on field space, which is s.t. d2 = 0 and defined via the Koszul formula. The exterior
product ∧ is defined on scalar-valued forms as usual, so that (�•(�,K),∧, d ) is a differential
graded algebra. The exterior product is also defined on the space �•(�,A) of forms with values in
an algebra (A, ·), using the product in A instead of the product in K. So, (�•(�,A),∧, d ) is again a
differential graded algebra [30]. The case of immediate interest to us is A = (�•(I ),∧) the algebra
of forms on I . We write a form α ∈ �•(�) evaluated at φ ∈ � as

α|φ = α(∧•dφ|φ ;φ), (19)

where dφ = (dx, dt ) ∈ �1(�) is the basis 1-form on � and α( ; ) is the functional expression
of α, alternating multilinear in the first arguments and with arbitrary φ dependence in the second
argument. For example, given a 0-form f we have d f = dφ δ

δφ
f = dx δ

δx f + dt δ
δt f .

The action by pullback of Diff (I ) on a form α ∈ �•(�) defines its equivariance, R

ψα. The action

by pullback of Autv (�) 	 Diff (I ) defines gauge transformations, which we write αψ := 	
α. We
have

R

ψα|φψ = α(∧•R


ψdφ|φψ ; Rψφ) = α(∧•R

ψdφ|φψ ; φψ ), for ψ ∈ Diff(I ),

α
ψ
|φ :=	
α|	(φ) = α(∧•	
dφ|	(φ); 	(φ)) = α(∧•	
dφ|φψ ;φψ ), for 	 ∈ Autv (�) ∼ ψ ∈ Diff (I ).

(20)

The infinitesimal equivariance and vertical transformations of α are given by its Lie derivative along
the elements of �(V�) generated respectively by diff(I ) and diff(I ) [31]:

LX vα = d

ds
R

ψs

α

∣∣∣∣
s=0

, with X ∈ diff(I ), LX vα = d

ds
	


sα

∣∣∣∣
s=0

, with X ∈ diff(I ). (21)

Notably for our purpose, the equivariance of a �•(I )-valued form α is R

ψα = ψ∗α, and infinites-

imally LX vα = LX α. There are forms of particular interest whose gauge transformations are read
directly from their defining properties.

First, equivariant forms are those whose equivariance assumes a simple form. Standard equiv-
ariant forms are valued in representations (ρ,V ) of the structure group Diff (I ) and s.t.

�•
eq(�,ρ) := {α ∈ �•(�,V ) | R


ψα|φψ = ρ(ψ )−1α|φ }. (22)
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Their infinitesimal equivariance property is LX vα = −ρ∗(X )α for X ∈ diff(I ). Cocyclic equivariant
forms [2,32] have equivariance controlled by a 1-cocycle for the action of Diff (I ) on �, i.e., a map

C : �× Diff(I ) → G, G some Lie group,

(φ,ψ ) �→ C(φ;ψ ), s.t. C(φ;ψ ′ ◦ ψ ) = C(φ;ψ ′) · C(φψ
′
;ψ ). (23)

In case G = U (1), we have C(φ;ψ ) = exp i c(φ;ψ ) and

c : �× Diff(I ) → R,

(φ,ψ ) �→ c(φ;ψ ), s.t. c(φ;ψ ′ ◦ ψ ) = c(φ;ψ ′) + c(φψ
′
;ψ ). (24)

Manifestly, φ-independent 1-cocycles are group morphisms, i.e., 1-cocycles are generalizations of
representations. Given a G-space V , one defines cocyclic equivariant forms as

�•
eq(�,C) := {α ∈ �•(�,V ) | R


ψα|φψ = C(φ;ψ )−1α|φ}. (25)

The properties (23) and (24) ensure compatibility with the right action: R

ψ ′R


ψ = R

ψ ′◦ψ . The

infinitesimal equivariance is LX vα = −a(X ;φ)α, where a(X, φ) := d
ds C(φ,ψs)|s=0 is a 1-cocycle

for the action of diff(I ) on �:

a : �× diff(I ) → g, g the Lie algebra of G,

(φ,X ) �→ a(X ;φ), s.t. X v · a(Y ;φ) − Y v · a(X ;φ) + [a(X ;φ), a(Y ;φ)]g

= a([X,Y ]diff(I );φ). (26)

The infinitesimal relation (26) ensures compatibility with the right action: [LX v ,LX v ] = L[X v ,Y v ] =
L([X,Y ]diff(I ) )v . Notice this is a non-Abelian generalization of the Wess-Zumino (WZ) consistency
condition for anomalies a(X ;φ). The WZ consistency condition being reproduced for Abelian G.

The subspace of invariant forms is those whose equivariance is trivial, and horizontal forms are
those vanishing on vertical vector field:

�•
inv(�) = {α ∈ �•(�) | R


ψα = α}, infinitesimally LX vα = 0,

�•
hor(�) = {α ∈ �•(�) | ιX vα = 0}. (27)

A form which is both equivariant and horizontal is tensorial. Standard tensorial forms are

�•
tens(�,ρ) := {α ∈ �•(�,V ) | R


ψα = ρ(ψ )−1α, & ιX vα = 0}. (28)

Similarly, cocyclic tensorial forms are

�•
tens(�,C) :={α ∈ �•(�,V ) | R


ψα = C(φ;ψ )−1α, & ιX vα = 0}. (29)

In both standard and cocyclic cases, we have �0
tens(�) = �0

eq(�). It is well known that the de Rham
derivative d does not preserve �•

tens(�)—horizontality being lost—which is why connections on
� are needed to define covariant derivatives on the spaces of tensorial forms. We come to this in
Sec. II C next.

Finally, forms that are both invariant and horizontal are called basic:

�•
basic(�) := {α ∈ �•(�) | R


ψα = α & ιX vα = 0}. (30)

This space is preserved by d, so (�•
basic(�), d ) is a subcomplex of the de Rham complex of �:

the basic subcomplex. The cohomology of (�•
basic(�), d ) defines the equivariant cohomology of �

[33]. Since [d, π
] = 0, it is isomorphic to the cohomology (�•(M), d ) of the base moduli space.
Therefore, basic forms can also be defined as

�•
basic(�) := {α ∈ �•(�) | ∃ β ∈ �•(M), s.t. α = π
β } = Im(π
). (31)
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The basic cohomology is especially important when it is impractical (or impossible) to work
concretely onM, as is generically the case in gRGFT. Observe that the analog of �inv(T�) for forms
is not �•

inv(�) but �•
basic(�). Only basic forms induce forms in �•(M), thus contain only physical

d.o.f. In Sec. IV A, we review a systematic method to build the basic version αu ∈ �•
basic(�) of a

form α ∈ �•(�): the DFM.
Gauge transformations. As seen above, the gauge transformation of a form α ∈ �•(�) is its

pullback by Autv (�) and expressible in terms of the elements of Diff (I ), hence the notation αψ :=
	
α. Concrete expressions are obtained by using the pullback/pushforward duality, together with
Eq. (18): For any (X, . . .) ∈ �(T�), one has

α
ψ
|φ (X|φ, . . .) = 	
α|	(φ)(X|φ, . . .) = α|	(φ)(	
X|φ, . . .)

= α|φψ(φ)

(
Rψ(φ)


(
X|φ + {dψ|φ (X|φ ) ◦ ψ(φ)−1}v|φ

)
, . . .

)
= R


ψ(φ) α|φψ(φ)

(
X|φ + {dψ|φ (X|φ ) ◦ ψ(φ)−1}v|φ, . . .

)
. (32)

From this, it is manifest that the gauge transformation of a form is controlled by its equivariance
and verticality properties. In particular, the vertical transformation of a tensorial form is controlled
simply by its equivariance:

For α ∈ �•
tens(�,ρ), αψ = ρ(ψ)−1α, for α ∈ �•

tens(�,C), αψ = C(ψ)−1α, (33)

where we introduce the simplified notation [C(ψ)](φ) := C(φ; ψ(φ)) for the 1-cocycle [34]. The
infinitesimal gauge transformations, under autv (�) 	 diff(I ), are given by the linearization of
Eq. (32),

LX vα = d

ds
R


ψs
α

∣∣∣∣
s=0

+ ι{dX}vα, (34)

with X = d
dsψs|s=0 [35]. For example, for a �•(I )-valued form α, this specializes to LX vα = LXα +

ι{dX}vα [36], while for tensorial forms it gives the infinitesimal versions of Eq. (33),

LX vα = −ρ∗(X )α, LX vα = −a(X )α, (35)

where we introduce the notation [a(X )](φ) := a(X (φ);φ) for the linearized 1-cocycle. Given their
definition, basic forms are gauge invariant:

For α ∈ �•
basic(�), αψ = α so LX vα = 0, (36)

as expected for forms containing only physical, Diff (I )-invariant, d.o.f. and inducing forms on the
moduli spaceM.

To illustrate, let us consider the example of the basis 1-form dφ = (dx, dt ) ∈ �1(�), which is
important since its gauge transformation dφψ := 	
dφ features in the general formulas (20) for the
gauge transformation of any form. The equivariance and verticality properties of dφ are given by
definition

R

ψdφ := ψ∗dφ and ιX v dφ := LXφ, (37)

the verticality property reproducing the diff(I ) transformation of the field φ = (x, t ). It is then
immediate that

dφψ := 	
dφ = ψ∗(dφ + Ldψ◦ψ−1φ). (38)

Similar results are arrived at in a heuristic way in the literature on covariant phase space of gRGFT
(see, e.g., Ref. [37]). In Ref. [2], it is derived from geometric first principles as we did here. The
linear version is LX v dφ = LX dφ + LdXφ, as is clear also from Eq. (34).

000126-9



J. T. FRANÇOIS AND L. RAVERA

C. Connections on mechanical field space

As reminded above, connections on the MFS � are necessary to define covariant derivatives
on �•

tens(�): For standard tensorial forms one needs an Ehresmann connection 1-form, while for
cocyclic tensorial forms one needs a generalization called cocyclic connection 1-form [2,27,32]. We
briefly review these two notions.

An Ehresmann connection ω ∈ �1
eq(�, diff(I )) on the mechanical field space � is defined by

two properties:

ω|φ
(
X v

|φ
) = X, for X ∈ diff(I ),

R

ψω|φψ = ψ−1

∗ ω|φ ◦ ψ. (39)

The infinitesimal equivariance, under diff(I ), is LX vω = d
ds R


ψs
ω |s=0 = d

ds ψ
−1
s ∗ ω ◦ ψs |s=0 =

[X,ω]�(TP) = [ω,X ]diff(I ). The space of connection C is an affine space modeled on the vector
space �1

tens(�, diff(I )): Given ω ∈ C and β ∈ �1
tens(�, diff(I )), we have that ω′ = ω + β ∈ C .

As foretold, ω induces a covariant derivative on standard tensorial forms via D : �•
tens(�,ρ) →

�•+1
tens (�,ρ), α �→ Dα = dα + ρ∗(ω)α. The curvature of ω is � ∈ �2

tens(�, diff(I )) and is given by
Cartan structure equation

� = dω + 1
2 [ω,ω]diff(I ), (40)

and thus satisfies the Bianchi identity D� = d� + [ω,�]diff(I ) ≡ 0. On tensorial forms, one shows
that D ◦ D = ρ∗(�).

Given the defining properties (39), using Eqs. (18) and (32) one finds that a connection gauge
transforms as

ωψ := 	
ω = ψ−1
∗ ω ◦ ψ + ψ−1

∗ dψ. (41)

Correspondingly, its autv (�) 	 diff(I ) transformation is LX vω = dX + [ω,X ]diff(I ). Similarly, the
finite gauge transformation of the curvature is �ψ := 	
� = ψ−1

∗ � ◦ ψ, and is a special case of
Eq. (33). Linearly, it is LX v� = [�,X ]diff(I ), as a special case of Eq. (35).

A cocyclic connection 1-form 	 ∈ �1
eq(�, g) is defined by the two following properties:

	|φ
(
X v

|φ
) = d

ds
C(φ;ψs)

∣∣∣∣
s=0

= a(X, φ) ∈ g, for X ∈ diff(I ),

R

ψ	|φψ = AdC(φ;ψ )−1 	|φ + C(φ;ψ )−1dC( ;ψ )|φ. (42)

The infinitesimal equivariance, under diff(I ), is thus given by LX v	 = d
dτ R


ψτ
	 |τ=0 = da(X ; ) +

[	, a(X ; )]g. The space of twisted connections C̄ is an affine space modeled on the vector space
�1

tens(�, g): Given ω ∈ C̄ and β ∈ �1
tens(�, g), we have that ω′ = ω + β ∈ C̄ . A cocyclic covariant

derivative is defined as the first-order linear operator D̄ : �•
tens(�,C) → �•+1

tens (�,C), α �→ D̄α :=
dα + 	α. The curvature 2-form of 	 is defined by

�̄ := d	 + 1
2 [	,	]g ∈ �2

tens(�, g). (43)

It thus satisfies the Bianchi identity, D̄�̄ = d�̄ + [	, �̄]g = 0. On cocyclic tensorial forms, we
have D̄ ◦ D̄ = ρ∗(�̄).

The gauge transformation of a twisted connection is, by Eq. (42) and Eqs. (18) and (32),

	ψ := 	
	 = AdC(ψ)−1 	 + C(ψ)−1dC(ψ), (44)

See Ref. [32] for a proof. Correspondingly, its transformation under autv (�) 	 diff(I ) is LX v	 =
da(X ) + [	, a(X )]g. Finite and infinitesimal general gauge transformations of the curvature are

given by �̄
ψ

:= 	
�̄ = AdC(ψ)−1 �̄ and LX v �̄ = [�̄, a(X )]g. These illustrate Eqs. (33) and (35).
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D. Associated bundle of regions and integration

We aim to define integration on I geometrically, as an operation on what we call the associated
bundle of regions. Bundles associated with a principal bundle are built from representations, or
spaces supporting the action, of its structure group. The associated bundle of region is built from
the “defining representation” of Diff (I ): the σ algebra of closed sets (intervals) of I , i(I ) := {i ⊂
I | i closed set } [38]. As usual, one first defines the right action of Diff (I ) on the direct product
space �× i(I ):

(�× i(I )) × Diff(I ) → �× i(I ),

((φ, i), ψ ) �→ R̄ψ (φ, i) := (ψ∗φ,ψ−1(i)). (45)

The associated bundle of regions is then defined as the quotient of the product space by this right
action:

R(I ) = �×Diff(I ) i(I ) := �× i(I )/∼ . (46)

It is a standard result of bundle theory that its space of sections �(R(I )) := {r̄ :M→ R(I )} is
isomorphic to

�0
tens(�, i(I )) := {r : � → i(I ), φ → r(φ) | R


ψr = ψ−1(r)}. (47)

A 0-form r(φ) = r(x, t ) may be understood as a “field-dependent” set of I , i.e., a region of I defined
in a “φrelative” and Diff (I )-equivariant way. By Eqs. (33)– (35), its gauge transformations, under
Autv (�) 	 Diff (I ) and autv (�) 	 diff(I ), are, respectively,

rψ = ψ−1(r) and LX v r = −X (r). (48)

Integration map. Integration on I may provide such an example of equivariant functional. For the
detailed elaboration of the viewpoint on integration on a manifold as an operation on the associated
bundle of region on field space (see Sec. 3.5.2 of Ref. [2]). Here, we go straight to the point.

We consider the “dual representation” �•(I ) of Diff (I ), i.e., dual to i(I ) with respect to the
Diff (I )-invariant integration pairing:

〈 , 〉 : �top(i) × i(I ) → R, (ω, i) �→ 〈ω, i〉 :=
∫

i
ω. (49)

The invariance property is

〈ψ∗ω,ψ−1(i)〉 = 〈ω, i 〉 →
∫
ψ−1(i)

ψ∗ω =
∫

i
ω. (50)

A familiar identity that upon linearization gives

〈LXω, i 〉 + 〈ω,−X (i)〉 = 0 →
∫

i
LXω +

∫
−X (i)

ω = 0. (51)

This may be understood as a continuity equation for the action of diff(I ). By Stokes theorem, the de
Rham derivative d on �•(I ) and the boundary operator ∂ on i(I ) are adjoint operators with respect
to the integration pairing:

〈dω, i 〉 = 〈ω, ∂i 〉 →
∫

i
dω =

∫
∂i
ω. (52)

Observe that integration of a 0-form, say φ, on zero-dimensional submanifolds τ ⊂ I is the evalua-
tion operation:

ev(φ, τ ) :=
∫
τ

φ = φ(τ ). (53)
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The banal notation φ(τ ) should not obscure the fact that this operation is Diff (I )-invariant by
definition; ev ◦ R̄ψ = ev.

Considering now α ∈ �•
eq(�,�top(i)), the field-dependent top forms on I , we define integration

on �× i(I ):

I(α|φ, i) = 〈α|φ, i 〉 :=
∫

i
α|φ. (54)

We may use the shorthand notation αi for the integral I(α, i) when no confusion is likely. We
have naturally dI(α, i) = I(dα, i) and ιXI(α, i) = I(ιXα, i) for X ∈ �(T�). The induced actions
of Diff (I ) and Diff (I ) 	 Autv (�) on such integrals (their “equivariance” and “gauge transforma-
tions”) are

R̃

ψI(α, )|(ψ∗φ, ψ−1(i)) := 〈R


ψα|ψ∗φ, ψ
−1(i)〉 =

∫
ψ−1(i)

R

ψα|ψ∗φ =

∫
ψ−1(i)

ψ∗α|ψ∗φ

=
∫

i
α|φ = I(α, )|(φ, i),

	̃
I(α, )|(	(φ), ψ−1(i)) := 〈	
α|	(φ), ψ−1(i)〉 =
∫

ψ−1(i)
	
α|	(φ). (55)

We may write the above as αi
ψ = 〈α, i〉ψ = αi and αi

ψ = 〈α, i〉ψ, respectively. Remark that, in the
latter case, acting with d will affect the transformed region ψ−1(i) due to the φ dependence of ψ.
We have indeed

d(	̄
〈α, i〉) = 〈d	
α,ψ−1(i)〉 + 〈	
α, dψ−1(i)〉
= 〈	
dα,ψ−1(i)〉 + 〈	
α,−ψ−1

∗ dψ ◦ ψ−1(i)〉
= 	̄
〈dα, i〉 − 〈Lψ−1

∗ dψ 	

α,ψ−1(i)〉,

or d(αi
ψ ) = (dαi )

ψ − 〈Lψ−1
∗ dψ 	


α,ψ−1(i)〉. (56)

The identity (51) has been used to conclude. Also, while we used the standard relation [

, d] = 0
holding on �—which means that d is, as is well known, a natural operator on �—this result
implies that on �× i(I ) we have [
̄


, d] �= 0—meaning that d is not a natural operator on �× i(I ).
Fortunately, the commutator is a boundary term, 〈ιψ−1

∗ dψ 	

α, ∂ (ψ−1(i))〉, since α is a top form on

i and by Eq. (52); a fact that will bear on our discussion of the relational variational principle for
MFT in Sec. IV B.

By linearization of Eq. (55), the actions of diff(I ) and diff(I ) 	 autv (�) are found to be

d

ds
R̃

ψs
I(α, i)

∣∣∣∣
s=0

= 〈LX vα, i〉 + 〈α, −X (i)〉 =
∫

i
LX α +

∫
−X (i)

α = 0,

d

ds
	̃


sI(α, i)

∣∣∣∣
s=0

= 〈LX vα, i〉 + 〈α, −X (i)〉 =
∫

i
LX vα +

∫
−X (i)

α. (57)

We may write the above, suggestively, as δX αi = δX 〈α, i〉 = 0 and δX αi = δX 〈α, i〉, respectively.
For α ∈ �•

tens(�,�
top(i)), we have that αψ = 	
α = ψ∗α, so that its integral is Diff (I )-invariant,

αi
ψ = αi. Linearly, the diff(I ) invariance of its integral implies

δXαi = 0 → 〈LX vα, i〉 + 〈α, −X (i)〉 = 0, X ∈ diff(I ),

〈LXα, i〉 + 〈α, −X (i)〉 = 0 →
∫

i
LXα +

∫
−X (i)

α = 0, (58)

which again can be interpreted as a continuity equation. Therefore, when α is tensorial, its integral
αi = I(α, i) is a well-defined object on the bundle of regions R(I ) = �× i(I )/∼. Since αi is
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constant along Diff (I )-orbits in �× i(I ), one may define a Diff (I )-equivariant i(I )-valued function
rI on �, using πi(I ) : �× i(I ) → i(I ), as

rI(φ) := πi(I )(φ, i)|I(α|φ,i)=cst ≡ i,

rI(ψ∗φ) := πi(I )(ψ
∗φ,ψ−1(i))|I(α|φ,i)=cst ≡ ψ−1(i). (59)

This map outputs intervals of I defined in a “φ-relative” and Diff (I )-equivariant way, i.e.,
rI ∈ �0

tens(�, i(I )). By the isomorphism �0
tens(�, i(I )) 	 �(R(I )), rI is equivalent to a sec-

tion of the bundle of regions, r̄I :M→ R(I ). The Diff (I ) invariance of αi also implies that
d(αi

ψ ) = dαi, i.e.,

d 〈ψ∗α,ψ−1(i)〉 = d〈α, i 〉 = 〈dα, i 〉 → d
∫

ψ−1(i)
ψ∗α = d

∫
i
α =

∫
i
dα. (60)

Finally, one proves the following identity:

〈dα, i〉ψ = 〈dα, i〉 + 〈Ldψ◦ψ−1α, i 〉, (61)

which will be important when discussing the variational principle in MFT.

III. MECHANICAL FIELD THEORY ON �: DYNAMICS

We develop MFT on � as a “general-relativistic” field theory. We illustrate the abstract frame-
work via the simplest, nonrelativistic, case. Its Diff (I ) covariance is shown to encode its relational
character.

The classical (i.e., nonquantum) dynamics is specified by a Lagrangian L ∈ �0
tens(�,�

top(i)),
with equivariance

R

ψL = ψ∗L, ψ ∈ Diff(I ),

LX v L = LX L = dιX L, X ∈ diff(I ). (62)

We may observe that this can be rewritten in terms of the (trivial Abelian) 1-cocycle c(φ,ψ ) :=
ψ∗L − L, easily shown to satisfy (24), as

R

ψL = L + c( _, ψ ), ψ ∈ Diff(I ),

LX v L = a(X ; _ ), X ∈ diff(I ), (63)

where a(X ;φ) = LX L is a (trivial Abelian) diff(I ) 1-cocycle: the classical diff(I ) anomaly. It
satisfies the Abelian version of Eq. (26), which reproduces the Wess-Zumino consistency condition:
X v · a(Y ;φ) − Y v · a(X ;φ) = a([X,Y ]diff(I );φ). As observed earlier, the gauge transformation of
tensorial forms is controlled by their equivariance. So, as a special case of Eqs. (33)–(35), the gauge
transformation of the Lagrangian is immediately found to be

Lψ = L + c( _,ψ) = ψ∗L, ψ ∈ Diff (I ),

LX v L = a(X ; _ ) = LX L, X ∈ diff(I ). (64)

Such a transformation [under Diff (I )] is known in the literature as the “field-dependent gauge
transformation” of L, while the equivariance [under Diff (I )] is then called “field-independent gauge
transformation.” The integral of the Lagrangian L over a region i ⊂ I is the action functional

S : �× i(I ) → R,

(φ, i) �→ S := 〈L, i〉 =
∫

i
L(φ). (65)

It is naturally invariant under the action of Diff (I ), as a special case of Eq. (55), and since the
Lagrangian L is tensorial, it is furthermore Diff (I )-invariant, Sψ = S. This is the first indication that
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mechanical field theory has a much larger covariance group than initially conceived, as we shall
shortly confirm in detail. The linear invariance of S is

δX S = 0 ⇒ 〈LX L, i〉 + 〈L, −X (i)〉 = 0, or
∫

i
LX L =

∫
X (i)

L, for X ∈ diff(I ), (66)

as a special case of Eq. (58). The same holds for X ∈ diff(I ). One may see it as a continuity
equation for the actions of Diff (I ) and Diff (I ). Since S is constant along Diff (I )-orbits in �× i(I ),
it is a well-defined section of the associated bundle of regions R(I ) = �× i(I )/∼, and induces a
Diff (I ) equivariant i(I )-valued function rS on � as in Eq. (59).

A. The variational principle for MFT and its covariance group

The relevant object for the variational principle, over a bounded region i ⊂ I with boundary ∂i =
{i0, i1} (the codimension 1, dim = 0, two points boundary), is dS = 〈dL, i〉, with dL = dφ δ

δφ
L =

dx δ
δx L + dt δ

δt L ∈ �1(�,�1(i)). From general considerations laid out in Sec. 5.1.3 of Ref. [2], we
can write the variational principle as

dS|φ =
∫

i
dL|φ = 0, with dL|φ = E |φ + dθ|φ = E (dφ;φ) + dθ (dφ;φ), (67)

with E ∈ �1(�,�1(i)) the field equations 1-form, and θ ∈ �1(�,�0(i)) is referred to as the
presymplectic potential current in the “covariant phase-space” approach to gRGFT (see Ap-
pendix A). The space of solutions is

S := {φ ∈ � | E |φ = 0}. (68)

A fundamental goal is to assess its stability under the action of the structure and gauge groups of
�. To do so, we shall consider the equivariance and gauge transformations of all objects involved in
Eq. (67).

First, observe that while L is tensorial, dL ∈ �1(�,�1(I )) is not since d does not preserve
tensoriality (as stressed in Sec. II C). The equivariance and verticality properties of dL are obtained
from the naturality of d, [R


ψ , d] = 0, and Eq. (62):

R
dL = ψ∗dL,

ιX v dL = a(X, φ) = LX L = dιX L. (69)

So, its gauge transformation is easily deduced geometrically, via Eq. (32), to be

(dL)ψ = ψ∗(dL + Ldψ◦ψ−1 L) = ψ∗(dL + dιdψ◦ψ−1 L). (70)

This is cross-checked by [	
, d] = 0 and Eq. (64). This immediately implies that

(dS)ψ =
∫

ψ−1(i)
(dL)ψ =

∫
i
dL + dιdψ◦ψ−1 L = dS + 〈 ιdψ◦ψ−1 L, ∂i 〉, (71)

which is indeed a special case of Eq. (61). This result indicates that S is stable under the action of
the gauge group Diff (I ). This we now establish explicitly by finding the gauge transformation of E.
And since it comes with no additional work, we also give that of the presymplectic potential θ. For
this, we first write their equivariance and verticality properties. The former are immediate,

R

ψE = ψ∗E and R


ψθ = ψ∗θ. (72)

To find their verticality properties, we first use Eqs. (67) and (69), from which follows the identity

ιX v E = d (ιX L − ιX vθ). (73)
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Then, using the identity derived in Eq. (318) in Ref. [2], according to which in gRGFT one has

ιX L − ιX vθ = E (ιXφ;φ) − dθ (ιXφ;φ), (74)

and observing that in MFT φ ∈ �0(I ) so that ιXφ = 0, we get

ιX v E = 0, and ιX vθ = ιX L. (75)

Therefore, the field equations are tensorial, E ∈ �1
tens(�,�

1(I )), not the presymplectic potential,
θ ∈ �1

eq(�,�1(I )). Their respective gauge transformations are thus immediately found to be

Eψ = ψ∗E and θψ = ψ∗(θ + ιdψ◦ψ−1 L). (76)

These are special cases of the gauge transformations of E[Eqs. (319)–(324) in Ref. [2] and θ

[Eq. (238) in Ref. [24]] in gRGFT.
The tensoriality of the field equations 1-form E on the MFS �, and its gauge transformation

above, imply that S is indeed stable under the action of Diff (I ). More precisely, Eqs. (72) and (76)
establish that the space of solution is a principal Diff (I ) subbundle of the MFS,

S π−→MS, (77)

with base MS the moduli space of solutions [its point [φ] = [(x, t )] are Diff (I ) classes], and
with gauge group Diff (I )|S 	 Autv (S). This means that the covariance group of MFT is not just
the (structure) group Diff (I ) (of field-independent diffeomorphisms) but the much bigger (gauge)
group Diff (I ) (of field-dependent diffeomorphisms). This is typical of gRGFT, as established in
full generality in Ref. [2]. To the best of our knowledge, this fact was first noticed in the case
of general relativity by Refs. [39,40], and later by Ref. [41], which considered metric-dependent
diffeomorphisms ψ(g) ∈ Diff(M ) with M the “spacetime” manifold [42].

B. The relationality of MFT: the hole and point-coincidence arguments

The local symmetries of a gRGFT encode the relational character of the physics it describes, as
reminded in Sec. I. MFT is no exception: Its Diff (I ) covariance signals that physical d.o.f. are best
represented as relations among the fields φ = {x, t}. This insight arises in exactly the same way as
in general-relativistic physics (GR, in particular), via the conjunction of a “hole argument,” raising
a problem, and a “point-coincidence argument,” that solves it. See Ref. [2] for a complete technical
treatment, and Ref. [1] for an in-depth conceptual analysis. For the sake of pedagogy and clarity, let
us spell out the logic in detail for MFT.

An a priori look at the kinematics of MFT may let one think that I is the physical timeline [43],
call it Time, parametrizing the evolution of both the fields x(τ ) = xa(τ ), with (internal) “spatial”
d.o.f., and of the clock field t (τ ). The situation appears congruent with Newton’s famous definition
of time in the Scholium of the Principia (1687):

“Absolute, true, and mathematical time, of itself, and from its own nature, flows equably without relation
to anything external, and by another name is called duration: [...]”

quoted from Ref. [44]. We may interpret this passage as referring to I . It is immediately followed
by

“[...] relative, apparent, and common time, is some sensible and external (whether accurate or unequable)
measure of duration by the means of motion, which is commonly used instead of true time; such as an
hour, a day, a month, a year.”

That would be (abstractly) the clock field t understood as a physical object. Yet, a challenge to
this simple view, based on a naive reading of the mathematical framework, arises from the Diff (I )
covariance of MFT, i.e., from the fact that the space of solutions is a Diff (I )-principal bundle S→
MS.
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This challenge is set by the “hole argument”: The Diff (I ) covariance of the field equa-
tions E |φ = E (dφ;φ) = 0 implies that if φ = (x, t ) is a solution, so is ψ∗φ for any ψ ∈ Diff(I ).
Now, considering two solutions φ, φ′ ∈ Oφ ⊂ S, i.e., φ′ = ψ∗φ, where ψ is a compactly supported
diffeomorphism whose support Dψ ⊂ I is the “hole,” we have that φ = φ′ on I/Dψ , but φ �= φ′
on the time interval Dψ . Therefore, E = 0 have an ill-defined Cauchy problem; i.e., the field
equations cannot uniquely determine time evolution, so that MFT seems to be badly undeterministic.
To avoid this, one has to admit that all solutions within the same Diff (I )-orbit Oφ represent the
same physical state. This implies that MFT, unable to physically distinguish between Diff (I )-related
solutions of E = 0, consequently cannot physically distinguish Diff (I )-related points of I either. In
other words, I is not Time, the physical timeline. But then, how are Time and deterministically
evolving mechanical d.o.f. encoded in MFT?

The solution comes from the “point-coincidence argument,” a term coined by John Stachel
to refer to Einstein’s 1915 conceptual breakthrough by which he understood the meaning of
diffeomorphisms covariance in GR. In MFT, it is the assertion that its physical content (thus its
observables) is exhausted by the set of coincidences between the “spatial” fields x and the clock
field t , and that the description of these coincidences is invariant under Diff (I ). The statement of the
Diff (I ) invariance of pointwise mutual relations R between the mechanical fields φ = {x, t} may be
formally written as

R : S× I → S× I/ ∼ 	−→ relational mechanical physical d.o.f.,

(φ, τ ) �→ (φ, τ ) ∼ (ψ∗φ,ψ−1(τ )) �→ R(φ; τ ) = R(ψ∗φ;ψ−1(τ )), (78)

where S× I/ ∼ is the quotient of the direct product space S× I by the equivalence relation
(φ, τ ) ∼ (ψ∗φ,ψ−1(τ )), i.e., an associated bundle to the bundle of solution S as defined in
Sec. II D—for which, see also Sec. 3.5 of Ref. [2]. Remark that the above is actually also true
on �, i.e., kinematically (off shell). The true physical mechanical d.o.f., subject to deterministic
Time evolution, are the coincidental relations between x and t—standardly denoted by x(t ). This
reciprocally implies that, in MFT, a point of physical time, a moment of Time, is defined by
the coincidence of the fields x and t . Time is thus relationally defined, encoded in the totality
of relations, actual (on shell) and potential (off shell), between the fields x and t as described by
Eq. (78). The manifold I drops out of the physical picture, precisely as does M in GR.

This has us revisit the above second part of the Newton quote: contra the idea that “common
time, is some sensible and external [...] measure of duration by the means of motion, which is
commonly used instead of true time” (our emphasis), it appears that in mechanics, true Time is
indeed defined “by the means of motion,” i.e., by physical mechanical d.o.f., and that there is no
need for an abstract notion of “mathematical time [...] without relation to anything external.” All
that is needed are clocks, which is indeed consistent with actual experimental practice [45]. The
Diff (I ) covariance of MFT thus encodes the relational codefinition of physical mechanical d.o.f.
and of Time.

The problem of time and the boundary problem. This relational core of MFT is fundamental
and provides an intuitive grasp on how the relational physics of the broader class of gRGFT may
alleviate, or outright dissolve, “problems” accepted as valid issues in the literature. Let us highlight
the two more prominently discussed.

The first is the “problem of time” in general-relativistic physics (and its ramifications for QG): It
is the concern that if time evolution is understood as time coordinate change on M, itself interpreted
as a special diffeomorphism, then observables cannot evolve in time since they must be Diff (M )-
invariant by definition. This is known as the “frozen formalism” or “frozen time” problem in GR
(see, e.g., Refs. [46–48]). Its analog in the context of MFT is that, interpreting I as the physical
Time and understanding Time evolution as change in the parameter τ , observables in mechanics
have trivial dynamics; they are “timeless,” since they are Diff (I )-invariant by definition.

We know this reasoning to be obviously incorrect in mechanics, where there is no such “problem
of time.” The correct understanding in MFT is as stated above, following the point-coincidence
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argument: The invariant mechanical d.o.f. (78) are the relations between the fields x and t , and
physical Time evolution is not defined by change of both with respect to τ ∈ I , but by change of
one with respect to the other; in that case, variation of the “spatial” field compared to variation of
the clock field t , as is expressed by the very familiar functional form x(t ). Said otherwise, physical
Time evolution is the change of the relational structure of the field φ = {x, t}, a Diff (I )-invariant
quantity that has a well-defined Cauchy problem for the field equations E = 0, i.e., a deterministic
Time evolution.

The same resolution in principle applies in general-relativistic physics and gRGFT—granted the
caveats by Kuchař in Sec. 3 of Ref. [47]—whereby relational invariant physical d.o.f. have well-
defined physical spatiotemporal evolution understood, not as variation of individual (mathematical)
fields across the manifold M (which disappears from the physical picture), but as the variation
of their relational structure. The relational understanding of gRGFT physics should defuse the
“problem of time” (at least its classical, i.e., nonquantum, variant).

The second problem, conceptually closely related, is the “boundary problem”: In the form often
encountered in the literature, it is the statement that “spacetime boundaries break local symmetries
(diffeomorphisms and/or gauge transformations)” [37,49–53]. It is sometimes followed, e.g., in
the covariant phase-space literature, by the claim that “Goldstone modes,” a.k.a. “edge modes,”
must arise at spacetime boundaries as a result of such symmetry breaking when studying gRGFT
over bounded regions. Further still, some claim that these boundary modes are key to a deeper
understanding of quantum gRGFT. The above statement, though, is flatly wrong.

What is actually meant by it is the similar yet nonequivalent statement that “boundaries ∂U of
bounded regions U ⊂M are not preserved by local symmetries,” which is trivially true but physi-
cally inconsequential, since it is logically equivalent to the hole argument. The point-coincidence
argument has us realize that the manifold of physical events (spacetime points) is not M, but
is represented by the Diff (M )-invariant relational structure among fields d.o.f. Boundaries of
spacetime regions are thus relationally defined in a Diff (M )-invariant way (see Ref. [54]).

In MFT, the implausibility of such “boundary problem” is transparent. It would imply to say that
Diff (I ) is “broken” at the boundary ∂i = {τ0, τ1} of an interval i ⊂ I over which we study MFT,
i.e., that boundary clock-time readings t0 = t (τ0) and t1 = t (τ1)—and boundary field configurations
x0 = x(τ0) and x1 = x(τ1)—are not Diff (I )-invariant. One would then claim that “edge modes”
need to be introduced, or arise as “Goldstone modes,” at ∂i as a result of this Diff (I ) breaking, and
perhaps that they are key to understand MFT on bounded regions i ⊂ I (i.e., mechanics in finite
time interval) and its quantization (i.e., quantum mechanics).

It is certainly clear enough that this logic is quite foreign to what we know to be the correct
understanding of both classical and quantum mechanics, where “time boundaries” are of no
particular physical consequence—aside from setting arbitrary boundary conditions—and there is
no need for extra d.o.f. at the initial and final instant of the Time interval considered. Again,
this “boundary problem” is logically equivalent to the hole argument, thus solved by the point-
coincidence argument that has us realize that Time, thus boundaries of Time intervals (which we
may write {x0[t0], x1[t1]}, suggestively), are relationally defined in a Diff (I )-invariant way.

C. Model of MFT: nonrelativistic mechanics

Let us consider, for concreteness, the simplest model of the MFT framework: The nonrelativistic
case in (flat) 3-space, where a single clock field is used. This example plays the role of the
fundamental concrete realization of the general framework developed in the present work. In
particular, it allows one to exhibit explicitly the parametrized theory, the clock dressing procedure,
and, consequently, the resulting dressed classical action and PI (see Secs. IV B 1 and IV C 1,
respectively), thereby providing a direct comparison with the standard deparametrization and
gauge-fixing treatments of parametrized mechanics—moreover, the link with the standard approach
in configuration spacetime is provided. The purpose is not merely to recover ordinary QM, but to
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show geometrically that its standard PI formulation already possesses an intrinsically relational and
dressed structure.

The construction of the Lagrangian requires a proper use of Cartan calculus on I and the structure
on the target space T of the fields (geometry), as well as simple dimensional analysis (physics). Let
us then start by further generalities about the former.

On I , the de Rham derivative of the fields φ = (x, t ) are

dφ = (dx, dt ) = dτ
∂φ

∂τ
=: φ̇ dτ = (ẋ, ṫ ) dτ ∈ �1(I ). (79)

Let us suppose we are in the case φ : I → T = E3(N ) × T, then this is

dx = dτ
∂x

∂τ
=: ẋ dτ ∈ �1(I,R3(N ) ) and dt = dτ

∂t

∂τ
=: ṫ dτ ∈ �1(I,R), (80)

where dt is the “clock 1-form field.” It has a natural dual, the “clock vector field,”

∂t ∈ �(T I ), s.t. ι∂t dt = 1, so ∂t = 1

ṫ

∂

∂τ
= 1

ṫ
∂τ . (81)

Remark that it is of the form X = X (φ) ∈ �(I ), i.e., it is a field-dependent vector field of I . The
action of Diff (I ) on Eq. (79) is, by the naturality of d , easily found to be

ψ∗dφ = dψ∗φ = (φ̇ ◦ ψ ) ψ̇ dτ. (82)

We shall denote φ′ := ψ∗φ, so dφ′ = ψ∗dφ. The action of Diff (I ) on the dual clock vector field
(81) is thus

∂t ′ = ∂ψ∗t :=
[
∂

∂τ
(t ◦ ψ )

]−1

∂τ = [(ṫ ◦ ψ ) ψ̇]−1∂τ

= (ṫ ◦ ψ )−1 ψ̇−1∂τ = (ṫ ◦ ψ )−1 [∂τ (ψ−1) ◦ ψ]∂τ = (ṫ ◦ ψ )−1 [(ψ−1)∗ ∂τ ◦ ψ]

= (ψ−1)∗ ∂t ◦ ψ. (83)

The first line being consistent with ιt ′dt ′ = ι∂ψ∗t
ψ∗dt = 1, the last showing the φ-dependent vector

field X (φ) = ∂t to have equivariance R

ψX = (ψ−1)∗ X ◦ ψ , thus to be an element of the gauge Lie

algebra of �, X (φ) = ∂t ∈ diff(I ). One defines the velocity and acceleration fields of x as

v := L∂t x = ∂t x = ẋ

ṫ
∈ �0(I,R3(N ) ), s.t. dx = vdt,

a := L∂t v = ∂tv = v̇

ṫ
∈ �0(I,R3(N ) ), s.t. dv = adt, (84)

where indeed, in terms of x, we have a = (ẍṫ − ẋẗ ) ṫ−3. Their transformation under Diff (I ) is, by a
well-known property of Lie derivatives and by Eq. (83),

v′ := ψ∗v = ψ∗(L∂t x) = L(ψ−1∗∂t ◦ψ )(ψ
∗x) = L∂t ′ x

′ = ∂t ′x′

= ẋ ◦ ψ
ṫ ◦ ψ = v ◦ ψ,

a′ := ψ∗a = ψ∗(L∂t v) = L(ψ−1∗∂t ◦ψ )(ψ
∗v) = L∂t ′ v

′ = ∂t ′v′

= v̇ ◦ ψ
ṫ ◦ ψ = a ◦ ψ. (85)

From this, we have dx′ = v′dt ′ and dv′ = a′dt ′, as one would heuristically expect.
The Lagrangian must be an R-valued top form L(φ) ∈ �1(I,R). And since I is considered

dimensionless, L must have the dimension of an action, mass × length2 × time−1, ML2T−1.
The dimensions of the spatial and clock fields are |x| = L and |t | = T, so that since again I
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is dimensionless, |dx| = L and |dt | = T. It follows that |∂t | = T−1. The only intrinsic physical
parameters associated with N point particles are their masses m = {m1, . . . , mN }. Thus, using
the standard scalar product 〈_ , _〉 on R3, we may write kinetic terms for the spatial fields:
m
2 〈ι∂t dx, dx〉 = m

2 〈v, dx〉 := �N
i=1

m
2 〈vi, dxi〉. Given a potential functional V = V (φ) with the dimen-

sion of an energy, ML2T−2, we may build a potential term V dt . The simplest Lagrangian we may
write is then

L(φ) = L(x, t ) = m

2

〈
ι∂t dx, dx

〉 − V (x, t ) dt ∈ �0
tens(�,�

1(I ))

=
(

m

2
〈ẋ, ẋ 〉 ṫ−1 − V (x, t ) ṫ

)
dτ

=
(

m

2
〈v, v 〉 − V (x, t )

)
dt . (86)

As we shall see shortly, this describes precisely the standard nonrelativistic particles with potential,
which shall next be understood within the dressed MFT framework. From this perspective, the usual
quantum-mechanical PI will arise as the dressed expression associated with the relational clock
sector, rather than from an ad hoc gauge-fixing prescription. The dressing of the classical theory is
provided in Sec. IV B 1—where we also remark the difference between dressing via the DFM and
gauge fixing—and its relational PI quantization presented and discussed in Sec. IV C 1.

By what precedes, the Diff (I ) covariance, or equivariance, of L is easily shown: ψ∗L(φ) =
( m

2 〈v′, v′〉 − V (x′, t ′)) dt ′ = L(φ′) = L(ψ∗φ), otherwise written as R

ψL = ψ∗L. Notice that we

cannot write a kinetic term for the clock field t : Only with the help of a physical constant with the
dimension of a velocity could we possibly write one. This is how, from the MFT perspective, one
arrives at relativistic mechanics; it hinges upon the introduction of what we should call the Einstein
constant c, s.t. |c| = LT−1 (a.k.a. the “speed of light”). This will be further elaborated elsewhere.

To write the variational principle (67) as geometrically as possible, i.e., by starting from the
first line of Eq. (86), let us write a useful lemma. Define the variation of the clock vector field by
∂dt := d∂t = (d ṫ−1) ∂τ = −(ṫ−2dt ) ∂τ . We have also that ṫ−1d ṫ = ṫ−1∂τ (dt ) = ∂t (dt ) = ι∂t d (dt ) =
L∂t (dt ). Then, we find that

ιdt dx = −ẋṫ−2d ṫ = −ẋṫ−1 ṫ−1d ṫ = vL∂t (dt ). (87)

From this, and by the observing that 〈ι∂t d (dx), dx〉 = 〈ι∂t dx, d (dx)〉—both terms giving
〈v, ∂

∂τ
(dx)〉 dτ—we find

dL = m

2

〈
ι∂dt dx, dx

〉 + m

2

〈
ι∂t d (dx), dx

〉 + m

2

〈
ι∂t dx, d (dx)

〉 − dV (x, t ) dt − V (x, t ) d (dt )

= −m

2
〈v, dx〉L∂t (dt ) + m

〈
L∂t dx, dx

〉 −
(
δV

δt
dt +

〈
δV

δx
, dx

〉)
dt − d (V (x, t ) dt ) + dV (x, t )dt

= −m

2
L∂t (〈v, dx〉dt ) + m

2
L∂t (〈v, dx〉)dt + mL∂t (〈dx, dx〉) − m

〈
L∂t dx, dx

〉 − · · ·

= −m

2
d
(〈
v, ι∂t dx

〉
dt

) + m

2
d
(〈
v, ι∂t dx

〉)
dt + m d

(〈
dx, ι∂t dx

〉) − m
〈
d
(
ι∂t dx

)
, dx

〉 − · · ·

= −
〈
d (mv) + δV

δx
dt, dx

〉
+

[
d

(
m

2
〈v, v〉 + V (x, t )

)
− δV

δt
dt

]
dt

+ d

[
〈mv, dx〉 −

(
m

2
〈v, v〉 + V (x, t )

)
dt

]

=: E (dx;φ) + E (dt ;φ) + d[θ (dx;φ) + θ (dt ;φ)] = E (dφ;φ) + dθ (dφ;φ) = E + dθ,

(88)
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where we used the fact that LXβ = dιXβ for β a 1-form on I . The presymplectic potential can be
rewritten as

θ = 〈px, dx〉 + pt dt = 〈〈pφ, dφ〉〉, (89)

where px := mv is the canonical momentum associated with the spatial fields x, i.e., the linear
momentum, while pt := −( m

2 〈v, v〉 + V (x, t )) is the canonical momentum associated with the clock
field t , i.e., the mechanical energy, and 〈〈_, _〉〉 denotes the scalar product on R3(N ) × R. Notice that
an identity holds between momenta:

pt + 1

2m
〈px, px〉 + V = 0, (90)

which is often called a Hamiltonian “constraint” in the canonical analysis. This relates to the fact
that, in the usual approach, mechanical energy is given by the standard Hamiltonian H (px, x) =

1
2m 〈px, px〉 + V (x, t ) = −pt .

It is then interesting to notice that the field equations E = 0 may be seen as continuity equa-
tions controlling the nonconservation of the canonical momenta—the gradient of the potential acting
as a source of momenta:

E = E (dφ;φ) = −
〈〈

d pφ + δV

δφ
dt, dφ

〉〉
= 0, ∀ dφ ⇒ d pφ = −δV

δφ
dt . (91)

Defining the force 1-form as Fdt := − δV
δx dt , and remembering that the 3-acceleration is a := ∂tv,

so that dv = dτ ∂τv = dτ ṫ ṫ−1∂τv = dt ∂tv = dt a, the field equation for the spatial field x is

E (dx;φ) = 0, ∀ dx ⇒ d px = Fdt, i.e., m ∂τv dτ = Fṫ dτ

↪→ F = m ṫ−1∂τv = m ∂tv = m a. (92)

The standard form of Newton’s equation is recognized. The field equation E (dt ;φ) = 0 for the
clock field t states that mechanical energy is not conserved for t-dependent potentials (i.e., noncon-
servative forces). It may be noticed that the field equations for x and t are not independent here;
E (dx;φ) = 0 implies E (dt ;φ) = 0 [55].

We can verify the properties (75) explicitly in the case at hand: First, we find that

ιX vθ = 〈px,LX x〉 + pt LX t = (〈px, v〉 + pt )LX t =
(

1

m
〈px, px〉 + pt

)
ιX dt = ιX L, (93)

where we use the fact that LX x = vLX t following from dx = vdt and Eq. (90). As we have seen
in Sec. III A, the property ιX vθ = ιX L is key to the tensoriality of the field equations by the identity
(73). We may also prove it directly, using the form (91) as well as Eq. (90):

ιX v E = −
〈
d px + δV

δx
dt,LX x

〉
+

[
d pt − δV

δt
dt

]
LX t

=
[
−

〈
d px + δV

δx
dt, v

〉
+ d

(
1

2m
〈px, px〉 + V (x, t )

)
− δV

δt
dt

]
LX t

=
[
− 1

m
〈d px, px〉 + 1

2m
d〈px, px〉 −

〈
δV

δx
, vdt

〉
− δV

δt
dt + dV (x, t )

]
LX t = 0. (94)

Either way, the tensoriality of the field equation 1-form, E ∈ �1
tens(�) so Eψ = ψ∗E, implies not

only that the space of solutions of Newtonian mechanics is a Diff (I ) bundle, S→MS , but that
its group of covariance is Diff (I ); i.e., Newtonian mechanics is covariant under field-dependent
reparametrization.

Link with standard approaches. The values of the fields φ(τ ) = (x(τ ), t (τ )) are coordinatizations
of a point p in the target space T = E3N × T, which is called in Ref. [27] the (nonrelativistic)
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FIG. 1. The configuration spacetime bundle C vs the standard configuration space Q.

configuration spacetime and noted C —also called “extended configuration space” or “space of
partial observables” in Refs. [19,25]. In Ref. [27], it is stressed as an essential fact that C is
furthermore a principal bundle over T—with structure group H = R3N when one considers, as we
do here, structureless particles whose only d.o.f. are their position. The fibers of C are isomorphic
to the configuration space Q of the standard approach to mechanics, which may then be called the
“typical fiber” of C . In a bundle coordinate system for C , we may write p = (q, t ) with q ∈ Q and
t ∈ T, i.e., indeed (q, t ) = (x(τ ), t (τ )) or p = φ(τ ). The standard “phase space” T ∗Q is thus seen
to be the isomorphic, at each time t , to the vertical cotangent to the fibers V ∗

p C for p = (q, t ), so that
the cotangent T ∗C is the “extended phase space” as mentioned, e.g., in Refs. [18,25]. The latter is
often closely associated with the so-called “parametric approach” [16], which MFT developed here
generalizes.

The mechanical fields φ = (x, t ) ∈ �, which are a point in the MFS �, are a parametric
coordinatization of a curve γ ∈ C . But since such a curve is an intrinsic geometrical object in
C , indifferent to parametrization, it corresponds to the full Diff (I )-orbit [φ] = [x, t] of φ: so that
γ = [φ]. Which means that the base spaceM of the MFS bundle � →M is exactly the space of
curves, or paths, P(C ) in the configuration spacetime C : M = P(C ). We may say that the latter
is a good coordinatization of the former. Curves γ ∈ P(C ) then “project” as curves in the standard
fiber Q, γq ∈ P(Q): Hence, the standard approach on Q is often said to be “deparametrized” or
“unparametrized” (see Fig. 1).

It is worth noting that the variational principle (67) of MFT, performed on �, is thus conceptually
distinct from those one may perform on either C or Q: In the latter cases, one is working on the
spaces P(C ) or P(Q) containing the Diff (I )-invariant kinematical physical d.o.f. only. In other
words, in the standard approaches one already works on the moduli spaceM = P(C ), representing
the relational d.o.f. among the mechanical fields φ = (x, t ). Therefore, the set of critical curves
γ c ∈ Pc(C ), or γ c

q ∈ Pc(Q), i.e., the physical histories, is the moduli space MS of the bundle of
solutions S→MS of MFT. This observation will motivate the notion of relational quantization,
and its implementation via the DFM.

000126-21



J. T. FRANÇOIS AND L. RAVERA

D. Quantization of MFT

As a 1D classical gRGFT, MFT can be quantized via the standard toolbox of QFT, yielding a
1D QFT of the bosonic fields φ = {x, t} on I . The latter’s relation to standard QM can then be
examined. It may be remarked that the idea of (nonrelativistic) quantum mechanics being a 1D QFT
is not new; it is, e.g., explicitly stated by Zee [15] to argue that the formalism of QFT naturally
extends standard QM: But it is the standard unparametrized version, without Diff (I ) covariance,
that is talked about. The parametrized version of the relativistic particle, the relativistic model of
MFT, is mentioned multiple times by Polchinski [56], but more as a motivational example for string
theory than as a full treatment. Typically, Lagrangian QFT uses PI quantization. The PI for an MFT
with action S(φ) = ∫

L(φ) is Z (φ) = ∫
Dφ ei/h̄ S(φ), where Dφ = DxDt is a (formal) measure on

� allowing to define integration.
Considering the PI as a functional Z : � → C, φ �→ Z (φ), the most general transformation

compatible with the right action of Diff (I ) on � is

R

ψZ = C( ψ )−1Z, i.e., Z (ψ∗φ) = C(φ;ψ )−1Z (φ), (95)

where C(φ;ψ ) = ei/h̄
∫

c(φ;ψ ) is a 1-cocycle for Diff (I ) as described in Eqs. (23) and (24). The latter
has to come from the lack of invariance of the measure, as the action S is Diff (I )-invariant, and its
linearization a(X ;φ) is a 1-cocycle for diff(I ), which is the theories’ diff(I )anomaly: Its defining
property (26) reduces, since u(1) is Abelian, to X v · a(Y ;φ) − Y v · a(X ;φ) = a([X,Y ]diff(I );φ) and
is otherwise known as the Wess-Zumino consistency condition. Meaning that, in general, a PI is a
cocyclic tensorial 0-form, Z ∈ �0

tens(�,C).
But, typically, for MFT the measure is also Diff (I )-invariant; the PI has trivial equivariance

R

ψZ = Z , i.e., it is invariant, and thus basic Z ∈ �0

basic(�,C). It therefore uniquely represents a
PI Z̃ ∈ �0(M,C) on the physical moduli spaceM, formally written as Z̃ ([φ]) = ∫

D[φ]ei/h̄ S([φ]).
Yet, approached the standard way, the PI Z (φ) on � would need to be gauge fixed. As stated in
Sec. II A, a gauge fixing is a choice of local section σ : U→ �|U. Concretely, it is specified by a
gauge condition taking the form of an algebraic and/or differential equation on the field variables,
C (φ) = 0, whose solutions constitute by definition the image of the local section σ : the gauge-
fixing slice is N := {φ ∈ � | C (φ) = 0} = σ (U) ⊂ � is the image of the local section σ [57]. The
gauge-fixed path integral is thus equivalent to integration of the pullback by σ of the integrand over
the preimage of N by σ , the regionU := σ−1(N) ⊂M containing only physical d.o.f.:

Z (φ) | GF :=
∫
N=σ (U)

Dφ ei/h̄S(φ) =
∫
U
σ ∗(Dφ ei/h̄S(φ) ) =

∫
U
D[φ]σ ei/h̄S([φ])σ =: Z̃ ([φ])σ |U.

(96)
Note that Z (φ) | GF depends on σ and it is not invariant. That is the conceptual picture. Practically,
the constraint C (φ) may be enforced via BRST methods, implying the introduction of a ghost
field ξ , Grassmann odd parameter placeholder for the gauge parameter X ∈ diff(I ), and of a BRST
differential s, s.t. sd + ds = 0 and generating the bigraded algebra: sφ = Lξφ = ιξdφ and sξ =
− 1

2Lξ ξ = − 1
2 [ξ, ξ ]. Clearly, it encodes the diff(I ) transformation of φ, and it is easily checked that

s2 = 0. The result is that Z (φ)|GF is expressed in terms of an effective action Seff(φ, ξ ) in the same
s-cohomology class as the original S(φ), and has thus the same observables (see, e.g., Sec. 4.2 of
Ref. [56]).

It is interesting and conceptually important to realize that the PI Z̃ ∈ �0(M,C) avoids these
technicalities needed for gauge fixing by directly defining quantization on the spaceM of relational
physical d.o.f. As observed above, the latter is precisely the space of paths in the configuration space-
time C ,M = P(C ), which indeed represents the invariant relational d.o.f. among the mechanical
fields φ. Therefore, Z̃ ∈ �0(P(C ),C) is the standard PI of QM, and represents the quantization of
the relational d.o.f. of MFT.

From this follows the first key message we want to convey: The PI typically used in GFT is
not the analog, neither conceptual nor technical, of the PI of standard QM; the former is defined
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on the field space � and is nonrelational, the latter is defined on the moduli space M and is
fundamentally relational. This, in our view, strongly suggests that the most natural quantization
scheme for (gR)GFT is what we shall call relational quantization.

Of course, the main issue is to find as good a representation (“coordinatization”) ofM as the one
existing in MFT, P(C ), whose points are relational variables (relational histories, actually). Indeed,
one argument often provided as to why to resort to gauge fixing in (gR)GFT is that one cannot
work with the moduli spaceM. This is where basic (or equivariant) cohomology of field space �
may play a key role: As observed in Sec. II B, it is isomorphic to the de Rham cohomology ofM,
�•

basic(�) 	 �•(M), and yet allows manipulation of fairly concrete expressions on �. Our main
concern then is this: Given objects (forms) on �, how can one extract its “basic component”? Or
rather, how to produce its “basic counterpart”? This is the question answered by the dressing field
method.

IV. DRESSING FIELD METHOD AND RELATIONAL QUANTIZATION

The DFM is a formal yet systematic algorithm to construct basic forms on the field space
�. In favorable situations, the elementary “dressed” variables it produces may be understood
to encode the invariant relations among the d.o.f. of the “bare” fields φ ∈ �, hence its natural
relational interpretation. It encompasses and generalizes various constructions of the literature,
e.g., edge modes [37,49,58–60] (see Appendix A for a brief explanation of their introduction in
covariant phase space), “gravitational dressings” [52,61–67], “dynamical reference frames” [68,69],
or “embedding fields” [53,59,70,71]. The most complete technical and conceptual presentation of
the DFM to date is provided in Ref. [2], and we draw from it the following simplified account giving
the minimum necessary to formulate next the dressed MFT and its relational quantization.

A. Building basic forms via dressing

The DFM involves a conditional proposition: If one can identify, or build, a dressing field from
the kinematics of a theory, i.e., its field space �, then it shows how basic forms on � can be built.
Let us then define the pivotal notion in the context under consideration. Given J a reference 1D
manifold, one defines the space of Diff (I )-dressing fields

Dr[J, I] := { υ : J → I | υψ := ψ−1 ◦ υ, with ψ ∈ Diff(I )} ⊂ Hom(J, I ). (97)

The linearization of their defining property is then δXυ := −X ◦ υ for X ∈ diff(I ). The dressing
map is defined as

|υ : � → �υ, φ �→ φυ := υ∗φ, (98)

where φυ = (xυ, tυ ) are the dressing of the bare fields φ = (x, t ). By definition, dressed fields
in �υ “live” on Im(υ∗) ⊂ J and are thus expected to be Diff (I )-invariant: explicitly, (υ∗φ)ψ :=
(υψ )∗(φψ ) = (ψ−1 ◦ υ )∗(ψ∗φ) = υ∗φ. We next define a field-dependent Diff (I )-dressing field as

υ : � → Dr[J, I], φ �→ υ(φ), s.t. R

ψυ = ψ−1◦ υ, i.e., υ(φψ ) = ψ−1◦ υ(φ). (99)

The infinitesimal equivariance is thus LX vυ = −X ◦ υ. Such φ-dependent dressing fields are thus
tensorial (equivariant) 0-form on �, therefore their Autv (�) 	 Diff (I ) and autv (�) 	 diff(I )
transformations are, respectively,

υψ := 	
υ = ψ−1 ◦ υ and LX vυ = −X ◦ υ. (100)

Now, a φ-dependent dressing field induces the map

Fυ : � →M 	 P(C ), φ �→ Fυ(φ) := φυ := υ(φ)∗φ ∼ [φ] 	 γ , s.t. Fυ ◦ Rψ = Fυ.

(101)
The constancy along Diff (I )-orbits is easy to show: Fυ(φψ ) = υ(φψ )∗(φψ ) = (ψ−1◦ υ(φ))

∗
ψ∗φ =

υ(φ)∗φ =: Fυ(φ), meaning that dressed fields φυ = υ(φ)∗φ indeed represent a whole Diff (I )-orbit
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[φ] ∈M of the bare fields φ ∈ �. The image of Fυ can thus be seen as a “coordinatization” ofM,
i.e., of the space of kinematical histories P(C ). Furthermore, φυ = φυ(φ) is explicitly a φ-dependent
coordinatization of the physical d.o.f. embedded in the bare fields φ. In other words, (kinematical)
physical d.o.f. [φ] 	 γ are represented in a manifestly relational way [72].

The map (101) is manifestly a φ-dependent realization of �’s projection, Fυ ∼ π , and thus in
principle it allows to build basic forms on � by �•

basic(�) = Imπ
 	 Im F 

υ . The basic counterpart

of a form α = α(∧•dφ;φ) ∈ �•(�) is built as follows: Consider first its formal functional analog
on the base space ᾱ = α(∧•d[φ]; [φ]) ∈ �•(M), and then define the dressing of α by

αυ := F 

υ ᾱ = α(∧•F 


υ d[φ]; Fυ(φ)) ∈ �•
basic(�). (102)

It is basic by construction, so it has trivial gauge transformation: (αυ )ψ = αυ for ψ ∈ Diff (I ) 	
Autv (�). Its concrete form depends on the expression of F 


υ d[φ], the dressing of dφ, and a basis
for basic forms, in terms of dφ and υ. It may be obtained via the pullback/pushforward duality
computing Fυ
 : Tφ� → TFυ (φ)M, X|φ �→ Fυ
X|φ , for which we direct the reader to Ref. [2]. The
result is

dφυ := F 

υ d[φ] = υ∗(dφ + Ldυ◦υ−1φ) ∈ �1

basic(�). (103)

The dressing of α may then be written as

αυ = α(∧•dφυ; φυ ) ∈ �•
basic(�). (104)

One may notice from the formal similarity between the action of vertical automorphism 	(φ) =
ψ(φ)∗φ and of the dressing operation Fυ(φ) = υ(φ)∗φ follows the analog expressions for dφψ (38)
and dφυ (103), and thus for αψ (20) and αυ [Eqs. (102)–(104)]. This grounds the DFM “rule of
thumb” to obtain the dressing of a form α on �: First, compute its gauge transformation αψ, then
substitute ψ → υ in the resulting expression to obtain αυ. We shall make systematic use of this
rule. It should be stressed, however, that despite this formal resemblance, dressings are not gauge
transformations (and thus not gauge fixings), since a dressing field υ is manifestly not an element
of the gauge group Diff (I ), and Fυ is clearly not a vertical automorphism of �.

Remark that a dressed (basic) form αυ on � can be seen as a form on the space of dressed fields
�υ. So when acting on them, the exterior derivative can, by Eq. (103), be written as d = dφυ δ

δφυ =
dxυ δ

δxυ + dtυ δ
δtυ . This is just a manifestation of its naturality [d,F 


υ ] = 0, and the fact that it is a
covariant derivative for basic forms.

A dressed form (104) is a relational representation on � of a form α̃ = α(∧•dγ ; γ ) ∈
�•(P(C )) on the space of physical kinematical histories P(C ) 	M: in particular, the variational
principle of mechanics involves exact forms in �1(P(C )), and we have dφυ 	 dγ , the variational
operator being the “dressed” version of d just mentioned. As noted below Fig. 1, the latter is distinct
from a variational principle on the space of bare fields �, which involves exact forms in �1(�),
and whose variational operator is the “bare” d = dφ δ

δφ
. This stresses again a theme of this paper,

i.e., that dressed, relational quantities and operations are the ones that are “standard” in textbook
mechanics, so that the latter are disanalogous to their counterparts on fields space �, which are the
ones typically used in gRGFT (thus in MFT): closer attention should be paid to these conceptual
and technical disanalogies.

1. Dressed regions and integrals

Dressed forms are defined above via ImF 

υ 	 Imπ
, i.e., as basic on �. One similarly defines

dressed integrals as being basic on �× i(I ), i.e., via Im π̄ 
 with π̄ : �× i(I ) → R(I ) and R(I ) the
associated bundle of regions of I defined by Eq. (46). The projection π̄ is realized as

F̄u : �× i(I ) → R(I ) 	 �υ × Imυ−1,

(φ, i) �→ F̄υ(φ, i) := (Fυ(φ),υ−1(i)) = (φυ, iυ ). (105)
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Remark that a dressed interval iυ := υ−1(i) is a map iυ : �× i(I ) → Imυ−1, (φ, i) �→ iυ(φ), so that
for ψ ∈ Diff(I ):

(iυ )ψ := R̄

ψ iυ = iυ ◦ R̄ψ = (R


ψυ)−1 ◦ ψ−1(i) = (ψ−1 ◦ υ)−1 ◦ ψ−1(i) = υ−1(i) =: iυ, (106)

where the action R̄ψ on �× i(I ) is defined by Eq. (45)—similarly for ψ ∈ Diff (I ) 	 Autv (�), so
that (iυ )ψ = iυ. In particular, a dressed point is also written via the invariant evaluation operation
(53): τ υ := υ−1(τ ) = ev(υ−1, τ ).

In Sec. III B, it was established that by the Diff (I ) covariance of MFT, and by conjunction of
the hole and the point-coincidence arguments, physical time is defined via the mechanical fields φ
themselves in a Diff (I )-invariant relational way. This relational notion of physical time, which we
denoted by Time, is only tacit in MFT but made explicit via the DFM: iυ is a formal implementation
of such a φ-dependent Diff (I )-invariant interval of Time, on which relationally defined and Diff (I )-
invariant fields φυ := υ∗φ “live,” and may then be integrated over [73]. In particular, it is clear that
the (zero-dimensional) boundary of a Time interval ∂ (iυ ) is Diff (I )-invariant, so that as advertized
in Sec. III B and made manifest via the DFM [54], there is no grip for a “boundary problem.”

Next, one defines the dressing operation on the space �•(�,�1(i)) × i(I ) by

F̃υ : �•(�,�1(i)) × i(I ) → �•
basic(�,�1(Imυ−1)) × Imυ−1,

(α, i) �→ F̃υ(α, i) := (F 

υ α,υ−1(i)) = (αυ, iυ ). (107)

Then, by the DFM rule of thumb, using Eq. (55), the dressing of an integral αi := 〈α, i〉 = ∫
i α is

(αi )
υ := 〈 , 〉 ◦ F̃υ(α, i) = 〈αυ, iυ〉 =

∫
iυ

αυ. (108)

We may then also write it as (αυ )iυ . It must be taken into account that the action of d on a dressed
integral will now affect the dressed, φ-dependent, region iυ: We have the analog of Eq. (56),

d
(
αi

υ
) = (dαi )

υ − 〈Lυ−1∗ dυ αυ, iυ〉. (109)

This result, [F̃ 

υ , d] �= 0, stems from the fact that d is not a natural operator on �× i(I ), and implies

that the Diff (I ) invariance of a dressed integral is not in general preserved by the action of d.
However, the commutator yields a boundary term, [F̃ 


υ , d] = 〈ιυ−1∗ dυ αυ, ∂iυ〉, a key fact to get a
well-behaved relational variational principle.

Now, for α ∈ �•
tens(�,�

1(i)) one has

(αi )
υ = 〈αυ, iυ〉 = 〈υ∗α, iυ〉 = 〈α, i〉 = αi, (110)

by the invariance property (50) of the integration pairing. Which means that, as one might ex-
pect, invariant bare “I integrals” (of tensorial integrand) are numerically equal to their dressed
(physical) counterparts “time integrals.” For such integrals we have thus, dαi = 〈dα, i〉 = d(αi )υ =
d〈υ∗α, iυ〉. This, combined with Eq. (109) (specialized for a tensorial α, so that αυ = υ∗α) yields
the dressed analog of Eq. (61):

〈dα, i〉υ = 〈dα, i〉 + 〈Ldυ◦υ−1α, i〉. (111)

This too is key to the relational variational principle we discuss next in Sec. IV B.

2. Residual transformations of the second kind

If a dressing field is defined for only a normal subgroup Diff (I )0 ⊂ Diff(I ), then one should
expect dressed fields φυ and dressed forms αυ to display transformations under the residual
group Diff (I )r := Diff(I )/Diff(I )0—idem for dressed integrals. These are usually called residual
transformations of the first kind in the DFM [2]. For example, one may take Diff (I )0 = Diff(I )c the
subgroup of diffeomorphisms with compact support, involved in the hole argument. But we shall
not pursue this further here, but rather focus on another type of residual transformations.
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Given the definition (97), two dressing fields may be related by the action of a smooth invertible
map on their source space, that is, there is a priori a right action of Diff (J ):

Dr[J, I] × Diff(J ) → Dr[J, I], (υ, ϕ) �→ υ ◦ ϕ = ϕ∗υ =: υϕ. (112)

The group Diff (J ) then parametrizes the “ambiguity” in the choice of the dressing field: This we
call the group of residual transformations of the second kind [2].

If it does not act on �, which we write φϕ = φ, then its action on dressed fields is

�υ × Diff(J ) → �υ,

(φυ, ϕ) �→ (φυ )ϕ := (υϕ )∗φ = (υ ◦ ϕ)∗φ = ϕ∗(υ∗φ) = ϕ∗φυ. (113)

The space of dressed fields would then be a priori a Diff (J ) bundle, �υ π−→ �υ/Diff(J ) =:Mu,
with SES

Diff (J ) 	 Autv (�υ ) → Aut(�υ ) → Diff (Mυ ), (114)

where Diff (J ) is the gauge group of �υ, acting on a dressed form αυ = α(∧•dφυ;φυ ) ∈ �•(�υ )
as

(αυ )ϕ = α(∧•(dφυ )ϕ; (φυ )ϕ ), (115)

in exact analogy with the action [Eqs. (20) and (38)] of the gauge group Diff (I ) on a bare form α.
Since (φυ )ϕ is Diff (I )-invariant for all ϕ ∈ Diff(J ), all representatives in the Diff (J )-orbit

ODiff(J )[φυ] of φυ are valid coordinatizations of [φ] ∈M. So, a priori ODiff(J )[φυ] 	 ODiff(I )[φ]
andMυ 	M. Such a situation, where little seems to be gained by dressing since Diff (J ) replaces
the eliminated Diff (I ), obtains notably (but not only) for φ-independent dressing fields υ, or ad hoc
dressing fields, introduced by fiat in a theory as new d.o.f. (thereby creating a distinct theory). We
direct the reader to the discussion in Sec. 5.2.5 of Ref. [2] for more on this point. In concrete and
favorable situations, the constructive process yielding a φ-dependent dressing field υ(φ) from the
fields φ of the theory may be such that the arbitrariness reflected by Eq. (112) is parametrized by
only a discrete subgroup of Diff (J )—e.g., just counting the restricted options for candidates dressing
fields presented by the list of fields φ—or even by the trivial group (implying the uniqueness of the
dressing field).

But there is another important case, overlooked in earlier presentations of the DFM and yet, as it
turns out, essential here—and important in gRGFT more generally (e.g., when the DFM reproduces
“scalar coordinatizations” of GR): The case when Diff (J ) acts on �, typically because one of the
fields in the collection φ = {φ0, . . . , φN } is itself the dressing field. Then, φϕ �= φ, and there is no
guarantee in general that (φυ )ϕ = ϕ∗φυ. Transformations (115) still hold, just with (φυ )ϕ computed
from the specifics of the situation at hands rather that defined by Eq. (113). For example, if the
dressing υ(φ) = υ(φi) is built from a field φi : I → J ∈ φ so that

φ
ϕ
j = φ j, for j �= i and φ

ϕ
i = ϕ−1 ◦ φi,

then
(
φυ

j

)ϕ = υ∗φυ
j , for j �= i and

(
φυ

i

)ϕ = ϕ−1 ◦ φυ
i ◦ ϕ. (116)

In either case, (φυ )ϕ = ϕ∗φυ or (φυ )ϕ �= ϕ∗φυ, Diff (J ) acts on dressed integrals 〈αυ, iυ〉 as

〈αυ, iυ〉ϕ :=
∫

ϕ−1(iυ )
(αυ )ϕ, (117)

in analogy with the action (55) of the gauge group Diff (I ) on bare integrals αi = 〈α, i〉. But in
the case (φυ )ϕ �= ϕ∗φυ, the dressed objects αυ do not a priori transform under Diff (J ) in a way
analogous to bare quantities α transforming under Diff (I ). This means that the residual transforma-
tions of the second kind can carry a physical meaning that the original Diff (I ) transformations did
not have. Indeed, covariance under Diff (J ) is not automatic, but may hold for some subgroup(s)—
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perhaps trivial—revealing nontrivial physical features of the theory: As they typically encode frame
transformations, requiring invariance/covariance distinguishes a special class of frames.

B. Basic classical mechanics

We now apply the DFM to obtain the basic, i.e., manifestly invariant and relational, version of
an MFT. First, naturally we write the dressed action integral

Sυ := 〈Lυ, iυ〉 =
∫

iυ
Lυ =

∫
υ−1(i)

υ∗L, (118)

involving the dressed Lagrangian Lυ(φ) = υ∗L(φ) = L(φυ ), i.e., the Lagrangian expressed in terms
of the dressed fields φυ, which, as observed earlier, “live on” (are parametrized by) the physical Time
interval iυ.

Since L ∈ �tens(�,�1(I )), we have that Sυ = S as a special case of Eq. (110), meaning that
the bare (I-integral) action is numerically equal to the dressed physical (time integral) action. It is
then tempting to think the variational principle remains unchanged, as dS = d(Sυ ). But we should
remind that [F̃ 


υ , d] �= 0 by Eq. (109) and stress that d(Sυ ) would not be Diff (I )-invariant. To get an
invariant, relational variational principle, we must correct the bare one, as indicated by Eq. (111), as

(dS)υ = dS +
∫

i
Ldυ◦υ−1 L = dS +

∫
∂i
ιdυ◦υ−1 L. (119)

This indicates that bare and dressed variational principles lead to equations of motion with the same
functional form, which we can flesh out right away. By Eq. (108), and by definition of the bare
variational principle (67), we have

(dS)υ :=
∫

iυ
(dL)υ =

∫
iυ

Eυ + d (θυ ), (120)

where Eυ = E (dφυ;φυ ) ∈ �1
basic(�) are the dressed equation of motion and θυ = θ (dφυ;φυ ) ∈

�1
basic(�) is the dressed symplectic potential. By the DFM rule of thumb, using their gauge

transformations (76) we find their expressions in terms of their bare counterparts,

Eυ = υ∗E and θυ = υ∗(θ + ιdυ◦υ−1 L). (121)

The relational equations of motion Eυ being Diff (I )-invariant, and manifestly implementing the
point-coincidence argument, they are immune to the hole argument (both discussed in Sec. III B)
and have thus a well-posed Cauchy problem. The space of dressed/relational solutions Sυ := {φυ ∈
�υ | Eυ = 0 } is thus a coordinatization of the base space MS of the bundle of bare solutions
S→MS, which—as discussed below Fig. 1—is itself isomorphic to the space Pc(C ) of physical
dynamical histories (critical curves) in configuration spacetime C —which, in turn, projects to the
space Pc(Q) of critical curves in the configuration space Q: we have Sυ 	MS 	 Pc(C ) → Pc(Q)
and φυ 	 [φ] 	 γ c → γ c

q .
Assessment of the presence and meaning of residual transformations of the second kind cannot

be made in general, beyond what was already said in Sec. IV A 2. But next, we shall flesh out the
case of non-relativistic (NR) MFT, where indeed they will show to relate to a notion of clock change
and allows to single out a class of “good” clocks.

1. Dressed nonrelativistic mechanics

Section III C started with considerations on the bare kinematics; we shall then start here with
the dressed kinematics. First, let us denote by dt̄ the basis 1-form of Im(υ−1) (⊂ J a priori) and ∂t̄

the dual vector basis, so that ι∂t̄ dt̄ = 1 and the exterior derivative on dressed fields is d = dt̄ ∂t̄ . We
have first

υ∗dφ = dυ∗φ = dφυ = (dxυ, dtυ ) = dt̄ ∂t̄ φ
υ = dt̄ (∂t̄ xυ, ∂t̄ tυ ). (122)

000126-27



J. T. FRANÇOIS AND L. RAVERA

So, analogous to Eq. (83), we have

∂tυ = ∂υ∗t := [∂t̄ tυ]−1∂t̄ = (ṫ ◦ υ)−1 (∂t̄υ)−1∂τ

= (ṫ ◦ υ)−1 [∂τ (υ−1) ◦ υ]∂τ = (ṫ ◦ υ)−1 [(υ−1)∗ ∂τ ◦ υ] = (υ−1)∗ ∂t ◦ υ. (123)

The result of the first line ensures that ι∂tυ
d tυ = 1, that of the second allows to cross-check using

Eq. (83) the Diff (I ) invariance of ∂tυ —which is first manifest from that of tυ. The dressed velocity
and acceleration are then

vυ := υ∗v = υ∗(L∂t x
) = L(υ−1∗∂t ◦υ)(υ

∗x) = L∂tυ
xυ = ∂tυ xυ

= ∂t̄ xυ

∂t̄ tυ
= ẋ ◦ υ

ṫ ◦ υ
= v ◦ υ,

aυ := υ∗a = υ∗(L∂t v
) = L(υ−1∗∂t ◦υ)(υ

∗v) = L∂tυ
vυ = ∂tυvυ

= ∂t̄ vυ

∂t̄ tυ
= v̇ ◦ υ

ṫ ◦ υ
= a ◦ υ. (124)

From which follows that dxυ = vυ dtυ and dvυ = aυ dtυ. Let us now consider next the dressed
dynamics.

Given the bare Lagrangian (86), the dressed Lagrangian is

Lυ(φ) = υ∗L(φ) = L(φυ ) = L(xυ, tυ ) =
(

m

2
〈vυ, vυ 〉 − V (xυ, tυ )

)
dtυ

=
(

m

2
〈∂t̄ x

υ, ∂t̄ x
υ 〉 (∂t̄ t

υ )−1 − V (xυ, tυ ) ∂t̄ t
υ

)
dt̄ . (125)

The relational variational principle (120) gives the dressed field equations 1-form:

Eυ = E (dφυ;φυ ) = E (dxυ; xυ, tυ ) + E (dtυ; xυ, tυ )

= −
〈
d (mvυ ) + δV υ

δxυ
dtυ, dxυ

〉
+

[
d

(
m

2
〈vυ, vυ〉 + V (xυ, tυ )

)
− δV υ

δtυ
dtυ

]
dtυ

=: −〈d pxυ − Fυdtυ, dxυ〉 −
[

d ptυ + δV υ

δtυ
dtυ

]
dtυ, (126)

where the dressed conjugate momenta pφυ = υ∗ pφ can also be denoted by (pφ )υ. The dressed
field equations have a functionally identical form as the bare ones [Eqs. (88)–(91)]; thus, as in
the bare case, E (dxυ; xυ, tυ ) = 0 implies E (dtυ; xυ, tυ ) = 0. By the above dressed kinematics, and
Eq. (103), one checks that Eq. (121) holds Eυ = E (dφυ;φυ ) = υ∗E. In particular, E (dxυ; xυ, tυ ) =
0 yields 0 = (maυ − Fυ ) dtυ = υ∗(ma − F ) ∂t̄ tυ dt̄ . From that same variational principle (120),
one finds the dressed presymplectic potential

θυ = θ (dxυ; xυ, tυ ) + θ (dtυ; xυ, tυ )

=
[
〈mvυ, dxυ〉 −

(
m

2
〈vυ, vυ〉 + V (xυ, tυ )

)
dtυ

]

=: 〈pxυ , dxυ〉 + ptυ dtυ. (127)

Again, by the dressed kinematics above and Eq. (103), it is easy to verify that Eq. (121) holds, i.e.,
θυ = υ∗(θ + ιdυ◦υ−1 L).

All this shows that the DFM rule of thumb applies, but still only formally. Indeed, as things stand
the dressing field υ is introduced by fiat: It is not constructively built from the existing mechanical
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fields φ = (x, t ), but added as a separate d.o.f. thereby extending the MFS � to �′ = �+ υ =
{x, t,υ}. Such are ad hoc dressing fields, as mentioned in Sec. IV A 2 (see Sec. 5.2.5 of Ref. [2]
for a discussion). As a matter of fact, the Diff (I )-invariant dressed Lagrangian (125) resembles the
textbook one, but is not quite it yet. To achieve fleshing out the physics of the dressed formalism,
the dressing field must be extracted from �.

2. Clock field as dressing field

The first thing to do to either identify or build a φ-dependent dressing field (99) is to inspect the
(bare) kinematics so as to check if a candidate stands out among the existing fields. In MFT, such a
natural candidate is none other than the clock field: Since tψ = Rψ t = t ◦ ψ , we have

υ(φ) =υ(x, t ) := t−1 : T→ I,

t̄ �→ [υ(φ)](t̄ ) =: υ(t̄ ), (128)

(R

ψυ)(φ) =υ(φψ ) := (tψ )−1 = ψ−1 ◦ t−1 = ψ−1 ◦ υ(φ).

In that case, we have thus J = T and t̄ is a reading of the clock field t . The corresponding dressed
fields are

φυ = (xυ, tυ ) = (x ◦ t−1, t ◦ t−1) = (x̄, idT), (129)

where x̄ := x ◦ t−1 : T→ R3N , t̄ �→ x̄(t̄ ), so that φυ(t̄ ) = (x̄(t̄ ), t̄ ) represents a point p in the
configuration spacetime (bundle) C 	 (R3N × T). It is then clear that the Diff (I )-invariant dressed
fields φυ represent a curve γ ∈ C , and also the graph of the function x̄, which is a curve γq ∈ Q 	
R3N .

The dressed kinematics of the previous section correspondingly simplifies somewhat. We get first

dφυ = (dxυ, dtυ ) = dt̄ (∂t̄ xυ, ∂t̄ tυ ) = dt̄ (∂t̄ x̄, 1) = (dx̄, dt̄ ), (130)

and the clock vector field (123) reduces to ∂tυ = [∂t̄ tυ]−1∂t̄ = ∂t̄ . The dressed velocity and acceler-
ations simplify as

vυ = ∂tυ xυ = ∂t̄ x̄ =: v̄ and aυ = ∂tυ vυ = ∂t̄ v̄ =: ā

= v ◦ t−1, = a ◦ t−1,
(131)

so dx̄ = v̄ dt̄ and d v̄ = ā dt̄ . Therefore, as expected, the Diff (I )-invariant dressed velocity vυ = v̄

is the variation of the Diff (I )-invariant dressed spatial field xυ = x̄ measured against the (value set
of the) dressed clock field tυ = idT.

The basic basis 1-form (103) is then dφυ = (d x̄, 0), seeing that d(idT) = 0, and basic forms
(104) are

αυ = α(∧•d x̄ ; x̄, idT) ∈ �0
basic(�,�1(T)) = �0(�υ,�1(T)),

or αυ = α(∧•d x̄ ; x̄(t̄ ), t̄ ). (132)

The exterior derivative thus acts on them as d = d x̄ δ
δx̄ , reflecting indeed the variational operation

d = dγ δ
δγ

on P(C ). The expression (132) highlights that we are now dealing with T dependent,

i.e., clock-time-dependent quantities. Dressed integrals (108) are thus T integrals: (αi )υ = 〈αυ, ī 〉,
with ī := iυ = υ−1(i) = t (i) ⊂ T [74].

The dressed action (118) is thus the standard clock-time integral

Sυ := 〈Lυ, ī 〉 =
∫

ī
L(φυ ) =

∫
ī
L(x̄, idT), (133)
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with the dressed Lagrangian (125)

L(φυ ) = L(x̄, idT) =
(

m

2
〈v̄, v̄ 〉 − V (x̄, idT)

)
dt̄ ∈ �0

basic(�,�1(T)),

or L(x̄(t̄ ), t̄ ) =
(

m

2
〈v̄, v̄ 〉 − V (x̄(t̄ ), t̄ )

)
dt̄, (134)

being precisely the standard textbook Lagrangian formulation of NR mechanics. The dressed
variational principle [Eqs. (119) and (120)], then involving varying x̄ via d = d x̄ δ

δx̄ , yields the
dressed field equation

Eυ = E (d x̄; x̄, idT) = −
〈
d (mv̄) + δV̄

δx̄
dt̄, d x̄

〉
∈ �0

basic(�,�1(T))

=: −〈d px̄ − F̄dt̄, d x̄〉, (135)

as a reduction of Eq. (126), which we may also denote by Eυ = E (d x̄ ; x̄(t̄ ), t̄ ). Clearly, Eυ = 0
is just the textbook form of Newton’s second law. The space of relational solutions is then Sυ :=
{φυ = (x̄, idT) ∈ �υ | Eυ = 0 }, and the isomorphisms and projection Sυ 	MS 	 Pc(C ) → Pc(Q)
discussed earlier, below Eq. (121), read then explicitly φυ = (x̄, idT) 	 [φ] 	 γ c → γ c

q 	 x̄. It
appears a part of the field equations is lost as dtυ = d idT = 0, but as noticed earlier, it is fortunately
already a consequence of E (dxυ; xυ, tυ ) = E (d x̄; x̄, idT) = 0 and is just a continuity equation for
the nonconservation of Diff (I )-invariant mechanical energy:

d pt̄ − δV

δt̄
dt̄ = d

(
m

2
〈v̄, v̄〉 + V (x̄, idT)

)
− δV̄

δt̄
dt̄ = 0. (136)

So, no information is lost by switching to the dressed/invariant formulation. Likewise, the dressed
presymplectic potential is the standard one:

θυ = θ (d x̄; x̄, idT) = 〈px̄, d x̄〉 = 〈mv̄, d x̄〉 ∈ �0
basic(�,�0(T)), (137)

as a reduction of Eq. (127), and may be denoted by θυ = θ (d x̄ ; x̄(t̄ ), t̄ ). It “lives,” or is evaluated
at, the invariant, physical zero-dimensional boundary ∂iυ = ∂ ī = {t̄0, t̄1} ∈ T, with t̄i := υ−1(τi ) =
t (τi ) = ev(t, τi )—where the bare (unphysical) boundary is ∂i = {τ0, τ1}. Which is just the initial
and final clock field readings (setting the boundary conditions {x̄(t̄0), x̄(t̄1)} for the physical spatial
field x̄) [75].

Remark on dressing versus gauge fixing. As alluded to in Sec. III C, the bare formulation of NR
mechanics in terms of φ(τ ) = (x(τ ), t (τ )) is often referred to as the “parametrized” formulation, by
opposition to the “deparametrized” (or “unparametrized”) standard formulation via x(t ), which we
obtain above as the dressed formulation in terms of φυ(t̄ ) = (x̄(t̄ ), t̄ ). It is almost as often said that
one may go from the former to the latter formulation via “gauge fixing”; by which it is meant that
the clock field may be required to satisfy the condition ṫ = 1, heuristically interpreted as identifying
t with the parameter τ , so that x(τ ) = x(t ).

While such a choice is of course allowed, one should notice that, as stressed in Sec. II A, like any
gauge fixing it is not Diff(I )-invariant: As if t satisfies ṫ = 1, tψ = t ◦ ψ would not. One may then
consider only the subgroup of Diff (I ) preserving the gauge-fixing condition; but since ∂τ (tψ ) = (ṫ ◦
ψ ) ψ̇ , this subgroup is trivial, ψ = idI . Meaning that by imposing this condition, we have “broken
by hand” the group Diff (I ). As a matter of general principles, it is thus conceptually incorrect to
state that the Diff (I )-covariant parametrized (bare) formulation can be “gauge fixed” to yield the
Diff (I )-invariant deparametrized (dressed) formulation.

We remark also that the condition lacks precise characterization, both mathematical and physical,
if we are to keep a clear conceptual distinction between the source and target spaces of the clock
field t—even acknowledging in practice the (non-canonical) isomorphisms I 	 R 	 T. Regarding
the physical aspect, we shall revisit it in the next section after discussing the notion of “good” clocks.
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Regarding the mathematical aspect, the kernel of truth contained in this condition is that, properly
understood, it allows to identify the clock field as dressing field.

Consider indeed the composite field φυ := φ ◦ υ, where υ is a smooth map with target space
I (it is not yet said that it is a dressing field). Now, imposing the condition ∂

∂ t̄ (tυ ) = 1, for ∂
∂ t̄ the

basis of vector fields on the target space T of t , implies that T is also the source space of υ. So,
υ : T→ I is not an element of Diff (I ), and tυ is not a gauge transform of t but a smooth map on T.
The condition—clearly not a gauge fixing—may then be written as

C (φυ ) := ∂

∂ t̄
(tυ ) − 1 = 0 ⇒ ∂

∂ t̄
υ − 1

ṫ ◦ υ
= 0. (138)

Solving for υ in terms of φ, one gets υ(φ) = t−1; consequently, one finds that υ(φψ ) = (tψ )−1 =
ψ−1 ◦ t−1 = ψ−1 ◦ υ(φ), i.e., υ(φ) := t−1 is a φ dependent dressing field [and manifestly not an
element of Diff (I )], our starting point of Sec. IV B 2. One has therefore finally that φυ = (xυ, tυ ) =
(x̄, idT) are Diff (I )-invariant dressed fields, satisfying Eq. (138) by construction, and furthermore
invariantly so.

We slightly belabor the point so as to highlight the important technical and conceptual distinction
between dressing, yielding an invariant formulation, and gauge fixing, which does not. This is a key
point of the DFM, and the above circumstance—whereby a “gauge-fixing condition” when solved
for the parameter (analog of υ) yields a field-dependent dressing field (instead of a field-dependent
gauge group element, analog of ψ), so that one ends-up building invariant fields instead of gauge-
fixed ones—has several echoes in the (gR)GFT literature: It, e.g., is the case of the Coulomb or
Lorenz conditions as well as for the “unitary gauge” in the electroweak model [76–78], and instances
are found in supersymmetric field theory [3,4].

3. Residual transformations of the second kind: clock change covariance and “good” clocks

In Sec. IV A 2, we have discussed the possible ambiguity in the choice of dressing field, and
established that it is parametrized by what we called the group Diff (J ) of “residual transformations
of the second kind”: υϕ = υ ◦ ϕ for ϕ ∈ Diff(J ). Two cases have been distinguished.

The first assumes that φϕ = φ, so that the group of second kind transformations acts on the
dressed field simply by pullback (113): (φυ )ϕ = ϕ∗φυ. If it is so, the whole dressed formulation
transforms under Diff (J ) exactly as the bare formulation transforms under Diff (I ).

This typically happens when the dressing field is ad hoc, i.e., introduced by hand as separate
d.o.f., so that indeed φϕ = φ follows: But in this case it is rather unclear what is gained by dressing,
seeing that one appears to just trade Diff (I ) for Diff (J ). The gain, if any, would seem to rest entirely
on some interpretive effort: For example, on the understanding that the Diff (I ) invariance of φυ

means that the dressed fields are physical d.o.f., one may think that Diff (J ) is a transformation
group somehow more directly “physical” than Diff (I ) (which was gauge) [79], and whose direct
significance is then tied to its interpretation as a physical operation.

Considering thus the dressing of NR mechanics of Sec. IV B 1, one would have that the dressed
Lagrangian (125) and field equations (126) are Diff (J ) covariant. Now, comes an attempt at
interpreting: Say one considers J to be the physical timeline, the action of Diff (J ) on the dressed
clock tυ, (tυ )ϕ = tυ ◦ ϕ, seems to plausibly instantiate a change of clock, which is then implemented
on the dressed spatial field by (xυ )ϕ = xυ ◦ ϕ. But then that would mean that NR mechanics
[Eqs. (125) and (126)] is covariant under arbitrary change of clocks. This conclusion is incongruent
with our usual understanding of classical mechanics.

Alternatively, one may counterargue that in such a case (ad hoc dressing field), at best, one has
actually simply traded a gauge symmetry [Diff (I )] for another, Diff (J ) [80]. And as a matter of
fact, the SES (114), being isomorphic to the SES (6), could be pressed in support of this alternative
view—as hinted at in the paragraph following Eq. (114). But then we are back to wondering what is
gained by dressing, in an ad hoc manner. This discussion highlights the danger of relying on sheer
formality and how it can lead to puzzling and/or wrongheaded physical conclusions [81].
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As previewed at the end of Sec. IV A 2, the second case whereby φϕ �= φ implies that covariance
of the dressed formalism under transformations of the second kind is not automatic, meaning that
they may have a distinctive interpretation and potentially encode relevant physical information.
This is just the case for the dressed NR mechanics of Sec. IV B 2. There, indeed, the clock field
being the dressing field, the group of residual transformations of the second kind is Diff (T), and
acts by definition as υϕ = ϕ∗υ = υ ◦ ϕ for ϕ ∈ Diff(T), i.e., tϕ = ϕ−1 ◦ t . In other words, residual
transformations of the second kind are quite clearly clock changes: t �→ t ′ = tϕ . We are indeed in
the case described in Eq. (116): The action of Diff (T) on the bare fields being φϕ = (xϕ, tϕ ) =
(x, ϕ−1 ◦ t ) �= φ, its action on the dressed fields φυ = (xυ, tυ ) = (x̄, idT) is thus

(φυ )ϕ = ( x̄ϕ, ϕ−1 ◦ idT ◦ ϕ) = ( ϕ∗x̄, idT) �= ϕ∗φυ. (139)

Defining t̄ ′ := ϕ(t̄ ), a reading (from the value set) of the new clock t ′ = tϕ , and x̄′ := ϕ∗x̄ = x̄ϕ ,
we then have that [(φυ )ϕ](t̄ ) = (x̄′(t̄ ), t̄ ) = (x̄(t̄ ′), t̄ ). This shows that we still keep track of the
old clock after the change t �→ t ′, allowing to compare the two. The relation (139) implies that the
dressed Lagrangian and field equations are not Diff (T) covariant:

(Sυ )ϕ =
∫

ϕ−1(ī)
(Lυ )ϕ �=

∫
ϕ−1(ī)

ϕ∗(Lυ ) =
∫

ī
Lυ = Sυ, s.t. (Eυ )ϕ �= ϕ∗(Eυ ). (140)

Meaning that NR mechanics is not covariant under arbitrary clock change, as we expect. Its possible
covariance under a subgroup Gc of Diff (T) would mean that Gc defines a distinguished class of
clocks: the “Good clocks.”

To ascertain the facts of the matter, one needs only to find the Diff (T) transformations of the
dressed kinematics. But first, for reference, let us take note that by Eq. (134) we have

ϕ∗(Lυ ) = ϕ∗
(

m

2
〈v̄, v̄ 〉 − V (x̄, idT)

)
ϕ∗dt̄ =

(
m

2
〈v̄′, v̄′〉 − V (x̄′, ϕ)

)
dt̄ ′, (141)

where v̄′ = v̄ ◦ ϕ can be defined via the dual clock vector field ∂t̄ ′ := (∂t̄ϕ)−1∂t̄ associated
with dt̄ ′ = (∂t̄ϕ) dt̄ , by v̄′ := L∂t̄ ′ x̄

′ = ∂t̄ ′ x̄′ = (∂t̄ϕ)−1∂t̄ (x̄ ◦ ϕ) = (∂t̄ϕ)−1 [(∂t̄ x̄ ◦ ϕ) ∂t̄ϕ] = v̄ ◦
ϕ —using Eq. (131) in the last equality—so that dx̄′ = v̄′dt̄ ′. Correspondingly, we define ā′ :=
L∂t̄ ′ v̄

′ = ∂t̄ ′ v̄′ = (∂t̄ϕ)−1∂t̄ (v̄ ◦ ϕ) = (∂t̄ϕ)−1 [(∂t̄ v̄ ◦ ϕ) ∂t̄ϕ] = ā ◦ ϕ —using Eq. (131) again—so
that d v̄′ = ā′dt̄ ′. Now, by Eq. (139) we have

(dφυ )ϕ := d (φυ )ϕ = d ( ϕ∗x̄, idT) = dt̄ ((∂t̄ x̄ ◦ ϕ) ∂t̄ ϕ, 1) = (dx̄′, dt̄ ), (142)

so that indeed (dφυ )ϕ �= ϕ∗dφυ = ϕ∗(dx̄, dt̄ ) = dt̄ ( (∂t̄ x̄ ◦ ϕ) ∂t̄ ϕ, ∂t̄ ϕ ) = (dx̄′, dt̄ ′). Corre-
spondingly, the Diff (T) transformation of the dressed clock field is indeed found to be

(∂tυ )ϕ := ∂(tυ )ϕ = [∂t̄ (tυ )ϕ]−1∂t̄ = ∂t̄ . (143)

The Diff (T) transformations of the dressed velocity v̄ and dressed acceleration ā (131) are then

v̄ϕ := L∂(tυ )ϕ
x̄ϕ = ∂t̄ x̄ϕ = (∂t̄ x̄ ◦ ϕ) ∂t̄ ϕ = (v̄ ◦ ϕ) ∂t̄ ϕ = v̄′ ∂t̄ ϕ,

āϕ := L∂(tυ )ϕ
v̄ϕ = ∂t̄ v̄ϕ = (ā ◦ ϕ) (∂t̄ϕ)2 + (v̄ ◦ ϕ) ∂2

t̄ ϕ = ā′ (∂t̄ ϕ)2 + v̄′ ∂2
t̄ ϕ. (144)

So, we have dx̄ϕ = v̄ϕ dt̄ (which is also equal to v̄′dt̄ ′ = dx̄′, as expected from x̄′ := x̄ϕ), and d v̄ϕ =
āϕ dt̄ . From this, we have the Diff (T) transformation of the dressed Lagrangian (134) is

(Lυ )ϕ := L((φυ )ϕ ) =
(

m

2
〈v̄′, v̄′〉 (∂t̄ ϕ)2 − V (x̄′, idT)

)
dt̄

=
(

m

2
〈v̄′, v̄′〉 (∂t̄ ϕ) − V (x̄′, idT) (∂t̄ ϕ)−1

)
dt̄ ′. (145)

Comparing Eqs. (145) and (141), one may identify the covariance subgroup Gc ⊂ Diff(T) of the
dressed formalism.
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The first thing we may notice is that if the potential is explicitly (clock-)time dependent, then
the covariance group reduces to the identity Gc = {idT}: Covariance thus singles out the clock field
t as a unique dressing field. This echoes the remarks made in Sec. IV A 2, pointing out that the
procedure of identification/construction of φ-dependent dressing fields may turn out to be s.t. their
arbitrariness is parametrized by a subgroup of transformations of the second kind that is discrete or
trivial.

When the potential is (clock-)time independent V̄ = V (x̄), we remark that mechanical energy
pt̄ = m

2 〈v̄, v̄〉 + V (x̄) is conserved by Eq. (136), and Eqs. (141)–(145) reduce to

ϕ∗(Lυ ) =
(

m

2
〈v̄′, v̄′ 〉 − V (x̄′)

)
dt̄ ′ and (Lυ )ϕ =

(
m

2
〈v̄′, v̄′ 〉 (∂t̄ ϕ) − V (x̄′) (∂t̄ ϕ)−1

)
dt̄ ′.

(146)

Notice the (dis)similarity with the expression of the bare Lagrangian (86). The covariance group is
then

Gc = {ϕ ∈ Diff(T) | ∂t̄ϕ = 1}. (147)

Now, from the defining relation t ′ = ϕ−1 ◦ t , or υ′ = υ ◦ ϕ, or equivalently, t = ϕ(t ′), we have that

∂t̄ϕ = υ′∗
(

ṫ

ṫ ′

)
, s.t. ∂2

t̄ ϕ = υ′∗((ẗ ṫ ′ − ṫ ẗ ′) (ṫ ′)−3). (148)

So, ∂t̄ϕ encodes in a Diff (I )-invariant manner the ratio of distinct clocks’ rates, and ∂2
t̄ ϕ is the

variation of this ratio. Both quantities are observables. It follows that the class of clocks defined by
the covariance group Gc (147), good clocks, are those whose relative rates are identical: Solving
∂t̄ϕ = 1 yields ϕ(t̄ ) = t̄ + s, with s a constant (shift), which translates as the relation among
clock fields: t = ϕ(t ′) = t ′ + s. NR mechanics (for time-independent potentials) is covariant under
exchanges of clocks thus related, i.e., it is invariant under “time translations”: We thus recover the
transformations of the time coordinate given by the Galilean (and Bargmann) group(s) [82].

The Diff (T) transformation of the field equation 1-form is (Eυ )ϕ = E (d x̄ϕ ; x̄ϕ, idT) = 〈( māϕ −
F̄ϕ ) dt̄, d x̄ϕ〉. Then, while in the free case (V̄ = 0 = F̄ ) Eυ = 0 yields mā = 0, by Eq. (144)
(Eυ )ϕ = 0 yields mā′ = mv̄′∂t̄ ((∂t̄ϕ)−1). Clocks defined by the covariance group Gc (147) are
thus those with which there are no “fictitious/kinematic forces.” This is analog to the (secondary)
characterization of inertial frames as those in which no “fictitious/inertial forces” arise: The good
clocks defined by Gc may then also be called suggestively inertial clocks [83].

On the definition of good clocks. In the bare formulation of MFT, we have called t a clock field.
But the rate ṫ of a clock is as important as its readings (its value set), and so does the change ẗ in its
rate (and so on). One could say that a clock is (at least) the 2-jet (t, ṫ, ẗ ).

On the intuition expressed in Newton’s Scholium cited in Sec. III B, according to which “Ab-
solute, true, and mathematical time, of itself, and from its own nature, flows equably [...]” (our
emphasis), and given an a priori understanding of I as representing this “Absolute, true, and math-
ematical time,” one may define a good clock as one “keeping Time accurately,” i.e., as one whose
rate is stable (in the metrological sense of the term): Meaning a good clock t is s.t. (t, ṫ = ρ, ẗ = 0),
with ρ �= 0 constant. The “gauge-fixing” condition mentioned at the end of Sec. IV B 2 could then
be interpreted as picking up a good clock: Setting ρ = 1 could be understood as specifying a choice
of time unit, which identifies I (Newton’s time) with the value set T of a good clock t . Then, any
other good clock t ′ would be so that (t ′, ṫ ′ = ρ, ẗ ′ = 0), so that the dimensionless ratio of their rates
is r = ṫ/ṫ ′ = 1.

The problem with this definition of good clocks within the bare formalism, echoing the relational
picture of Sec. III B, is that I is unobservable, so how would one operationally verify the condition
ṫ = ρ in the first place [84]? Relatedly, this definition is in tension with the requirement of Diff (I )
covariance of the bare MFT formalism (or with the notion that it is an important feature) as it
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trivializes it: As discussed in Sec. IV B 2, such a definition is obviously not Diff (I )-invariant, it is
preserved only by ψ = idI .

In contrast, the definition of “good clocks” arising from the dressed formalism via the covariance
group Gc (147) is Diff (I )-invariant, and essentially relational—in keeping with, but not identical
with, the relational structure of MFT discussed in Sec. III B. Indeed, it does not rely on unobservable
quantities: By Eq. (148), the (unobservable) “rates” of any two good clock fields ṫ and ṫ ′ can be
arbitrary as long as their ratio is one, ∂t̄ϕ = 1. This is in line with the actual (metrological) practice,
whereby one can never define a good, stable, physical clock in itself, in isolation, but only always as
part of a comparative network of clocks whose rates are defined with respect to each other’s. In other
words, one does not have to (actually cannot) start by defining one good clock to then propagate the
definition to others. Rather, one must define the whole relative network of (both actual and potential)
good clocks all at once, via the covariance group Gc itself. And a good clock is not detachable from
the network in which it partakes: Good clocks and their relations codefine each other; relata and
relations are coextensive [85].

C. Relational quantization

We are, at last, in position to flesh out the notion of relational quantization alluded to at the end of
Sec. III D. It shall be first defined in the context of MFT, specifically NR MFT as discussed above.
This will give the template to follow for the relational quantization for gRGFTs, which we outline
to conclude the section.

1. QM as the relational quantization of MFT

Let us consider first the case of nonanomalous quantum MFTs: Those defined by PI that are basic
Z ∈ �0

basic(�,C), i.e., R

ψZ = Z or Z (φψ ) = Z (φ), for Z (φ) = ∫

Dφ ei/h̄ S(φ), withDφ = DxDt is
a formal integration measure on �. By definition of a basic form, it must induce (or arise from the
pullback of) a corresponding 0-form Z̃ ∈ �0(M,C) on the moduli base spaceM of physical d.o.f.,
i.e., the space of paths (kinematical histories) in C , the configuration spacetime,M = P(C ). It is a
priori better to work with Z̃ that involves only physical relational d.o.f., instead of Z that involves
“gauge” d.o.f. Yet, as we observed in Sec. III D, typically in field theory one does not work onM
directly, but rather with a gauge-fixed version Z (φ) | GF(σ ) defined by Eq. (96) via a section σ :M→
�. The drawback is that this manifestly breaks Diff (I ) covariance. The choice ṫ = 1 discussed in
Sec. IV B 2 could be interpreted as such a section, via Im(σ ) = {φ = (x, t ) ∈ � | ṫ = 1}.

In contrast, the DFM yields a manifestly Diff (I )-invariant quantization scheme via the dressed
PI,

Zυ(φ) := Z (φυ ) =
∫
Dφυ ei/h̄ S(φυ ), ∈ �0

basic(�,C) = �0(�υ,C), (149)

with dressed action integral S(φυ ) = Sυ(φ) given by Eq. (118) andDφυ = DxυDtυ. Contrary to Z ,
Zυ is invariant not by virtue of its functional form but because it is built from invariant fields. As the
above indeed expresses already, the dressed PI can simply be seen as a functional on the space of
dressed fields, Zυ : �υ → C, withDφυ the integration measure on �υ. And, as the latter is a good
coordinatization of the moduli space, �υ ∼M 	 P(C ), we indeed have that Zυ 	 Z̃ . Furthermore,
since for a φ-dependent dressing field υ, φυ are explicitly relational variables, we may say that the
dressed PI (149) defines a relational quantization scheme.

Issues related to gauge reduction, boundary conditions, measure factors, and possible global
obstructions are naturally tied to the geometric structure underlying the MFT configuration space—
and to the covariant phase-space formulation discussed in Appendix A. In the present setting,
once the dressed PI is shown to reproduce the standard quantum-mechanical PI, these aspects
reduce correspondingly to their standard counterparts in ordinary QM. From this viewpoint, the
dressing procedure does not introduce additional structures in the quantization, but rather provides
a geometric organization of the underlying redundancy and its reduction, together with an automatic
anomaly cancellation mechanism, discussed in the following.
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This analysis also clarifies why the DFM becomes particularly powerful when extended beyond
the MFT setting to field-space constructions for gRGFTs, where the geometric organization of
gauge, relational, and anomaly structures become essential for the formulation of an invariant
relational PI quantization. In such contexts, physically meaningful information from anomalies is
not lost, but rather reappears through transformations of the dressing fields themselves, encoding
changes of physical reference frames (cf. Sec. IV C 3).

Considering NR MFT with Lagrangian L(φ) = L(x, t ) = ( m
2 〈v, v 〉 − V (x)) dt = ( m

2 〈ẋ, ẋ 〉 ṫ−1 −
V (x) ṫ ) dτ , then NR quantum MFT is given by the bare PI Z (φ) = Z (x, t ) as above. It is easy to see
that the condition ṫ = 1, viewed as a gauge fixing, leads to Z (φ) | GF(σ ), which much resembles the
standard Feynman-Dirac PI of NR QM. Yet it cannot truly be the same, as it is not defined on the
space of Diff (I )-invariant d.o.f. (paths)M = P(C ). We claim that the latter is actually reproduced
via DFM. Indeed, the dressed PI for NR MFT is given by Eq. (149) with the dressed Lagrangian

(125) L(φυ ) = L(xυ, tυ ) = ( m
2 〈vυ, vυ 〉 − V (xυ )) dtυ = ( m

2 〈∂t̄ xυ, ∂t̄ xυ 〉 (∂t̄ tυ )−1 − V (xυ ) ∂t̄ tυ ) dt̄ .
However, as we have seen, this formal result must be fleshed out by producing an explicit φ-
dependent dressing field [86]. This was done in Sec. IV B 2, by identifying the clock field as the
dressing field (128) through the condition (138), ∂t̄υ = 1.

One then gets the final result that the Diff (I )-invariant relational quantization of NR MFT is

Z (φυ ) = Z (x̄, idT) =
∫
Dx̄ ei/h̄ S(x̄,idT ) ∈ �0(�υ,C) 	 �0(P(C ),C), (150)

with the dressed Lagrangian (134) L(φυ ) = L(x̄, idT) = ( m
2 〈v̄, v̄ 〉 − V (x̄)) dt̄ : This is the textbook

PI for NR QM. As one might have expected, the relational structure of classical NR mechanics
carries over to the quantum theory.

Of course, the dressed PI (150) is not invariant under transformations of the second kind Diff (T),
i.e., arbitrary clock changes, since as we have seen in Sec. IV B 3 the dressed action Sυ = S(x̄, idT)
is not. Yet, the latter’s covariance group Gc ⊂ Diff(T) defines the relational network of good clocks.
It is interesting to inquire whether the Diff (T) transformation of the formal measureDx̄ concurs, or
gives additional information: One finds

Dx̄′ = Dx̄ϕ = Dx̄ exp

{
− 1

2

∫
ln(∂t̄ϕ) dt̄

}
. (151)

So, Zυ and Sυ have the same covariance group Gc. One may call the exponential term in Eq. (151)
a transformation of the second kind anomaly, not to be conflated with gauge anomalies, which are
automatically canceled via the DFM.

2. Automatic Diff (I)-anomaly cancellation via dressing

As observed in Sec. III D, the PI on the bare field space � is in general a cocyclic tensorial
0-form Z ∈ �0

tens(�,C) whose Diff (I ) equivariance is given by Eq. (95): R

ψZ = C( ;ψ )−1Z . If so

the PI is anomalous and the 1-cocycle C(φ;ψ ), satisfying Eq. (23), is the integrated Diff (I ) anomaly,
arising possibly from the noninvariance of the integration measure on�: The Diff (I ) anomaly being
a(X ;φ) = d

dsC(φ;ψs)|s=0, with ψs=0 = idI and X := d
dsψs|s=0 ∈ diff(I ), and satisfies the Abelian

version of the diff(I ) 1-cocycle property (26) [87].
Suppose that the 1-cocycle formally extends as C : �×Dr[J, I] → U (1), (φ,υ) �→ C(φ; υ ),

so that for a φ-dependent dressing field υ we introduce the notation C(υ) := C(φ; υ(φ)), so C(υ) :
� → U (1). By the defining 1-cocycle property (23) and the defining property of the dressing field
υ, we have that

C(ψ∗φ; υ(ψ∗φ)) = C(ψ∗φ;ψ−1 ◦ υ(φ)) = C(ψ∗φ;ψ−1)C(ψ−1∗
ψ∗φ; υ(φ))

= C(φ;ψ )−1C(φ; υ(φ)) ⇔ R

ψC(υ) = C(_ ;ψ )−1C(υ). (152)
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That is, C(υ) is a cocyclic dressing field. The linear version of its equivariance property is
LX vC(υ) = −a(X ;φ)C(υ). The dressed PI (149) for an anomalous theory is thus

Zυ(φ) = Z (φυ ) = C(υ)−1Z (φ), (153)

illustrating again the DFM rule of thumb. It is by construction Diff (I )-invariant, R

ψZυ = Zυ, or

LX v Zυ = 0, as can be easily checked. Meaning that in the dressed PI, anomalies are automatically
canceled via the cocyclic dressing field C(υ). This encompasses as a special case the construction
of so-called WZ counterterms, usually introduced by hand to cancel anomalies. See next section for
more on this.

We may observe that since Zυ ∈ �0
basic(�), the variation dZυ ∈ �1

basic(�) is geometrically well
defined, while dZ is not; as mentioned in Sec. II B, d is a covariant derivative for basic, not
tensorial, forms. Relatedly, remark that Eq. (152), together with its linearization, implies that
	0 := −dC(υ)C(υ)−1 is a flat cocyclic connection on � as defined by Eq. (42). Then, the cocyclic
covariant derivative of the anomalous PI is the twisted tensorial 1-form D0Z := dZ + 	0Z ∈
�1

tens(�,C). It is easy to see that (D0Z )υ = C(υ)−1D0Z = dZυ. This indicates a link between D0Z
and WZ counterterms.

Say one defines the anomalous effective quantum functional W := −i ln Z as well as c(_ ;ψ ) :=
−i ln C(_ ;ψ ) so that R


ψW = W − c(_ ;ψ ), or LX vW = a(X ;φ). Suppose we may similarly define
c(υ) := −i ln C(υ), which by Eq. (152) is an Abelian cocyclic dressing field: i.e., R


ψc(υ) = c(υ) −
c(_ ;ψ ) or LX v c(υ) = a(X ;φ). Then, D0Z = iZ d(W − c(υ)), and since Z and D0Z have identical
(twisted) equivariance, we have W υ := W − c(υ) ∈ �0

basic(�). This is (the DFM generalization of)
a version of the WZ construction: c(υ) cancels the anomaly of W . Clearly the horizontality condition
ιX v D0Z = 0 is equivalent to the diff(I ) invariance of the dressed (or WZ “improved”) effective
quantum functional, LX vW υ = 0. Again, dW υ ∈ �1

basic(�) is geometrically well defined, contrary
to dW .

3. Relational quantization of general-relativistic gauge field theories

Our premise has been to show that (NR) MFT is a special case of the broader framework of
gRGFT. In the latter, the field space � is generically made of fields φ = {ω,� = (A, e), ψ, ϕ, . . . }
comprising Ehresmann connection(s) ω (Yang-Mills type gauge potentials), Cartan connection �

(gravitational potential) made of A a spin-type connection and e the soldering (or vielbein) 1-form,
spinor field(s) ψ (matter), scalar field(s) ϕ, etc. The structure group of � as a principal bundle,
the covariance group of gRGFTs, is Diff (M ) �H withH an internal gauge group [e.g., SU(N ) or
SO(1, 3)] and Diff (M ) the diffeomorphism group of a manifold M representing spacetime [88]. The
right action of the structure group on � is R(ψ,γ )φ := ψ∗(φγ ) =: φ(ψ,γ ), with (ψ, γ ) ∈ Diff(M ) �

H and where φγ generically denote the gaugeH transformation of φ. This action induces a fibration
of field space � →M where the base M is the moduli space of fields, containing the invariant
physical d.o.f. The bundle geometry of the field space � of gRGFTs was studied in detail in
Ref. [2,89]—yielding the specialization to MFT described in Secs. II and III A—and general results
were derived on the transformations under the gauge group Diff (M ) �H (a.k.a. field-dependent
gauge transformations) of their Lagrangian, action, variational principle and field equations [90].

Now, the standard PI quantization of (gR)GFT is defined on � [91]: One writes Z (φ) :=∫
Dφ ei/h̄ S(φ), withDφ being a formal measure on �. From this, one derives the effective quantum

functional W (φ) := −i ln Z (φ). This is the textbook approach, which we followed in Sec. III D to
discuss quantization of MFT. As is well known, it is supplemented by gauge fixing, e.g., via the
BRST formalism. While Z (φ) above is often thought of as the direct analog of the standard PI of
(NR) QM, it should be clear that it actually is not: The latter [Eq. (150)] is the dressed PI defining a
case of relational quantization. The conceptual and technical landscape is summarized in Table II.

It is clear that the standard PI for GFT is the analog of the “bare” PI for MFT. To complete the
table and find the true analog of standard (NR) PI for gRGFT, one must define relational quantization
for the latter.

To do so, one should start from the relational formulation of classical gRGFT via DFM as detailed
in Ref. [2]: This presupposes that we have found (built) a dressing field (υ,u) = (υ(φ),u(φ)) for
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TABLE II. Bare vs dressed PI quantization.

NR MFT gRGFT

Quantization on field space �
√

(parametrized PI)
√

[standard PI for (gR)GFT]
Relational quantization onM 	 P(C )

√
(standard PI for QM) ?

the covariance group Diff (M ) �H, with u a dressing field for the internal gauge groupH, and that
we have defined the invariant dressed fields φ(υ,u) := υ∗(φu) which, in view of the φ dependence
of (υ,u), manifestly are relational variables. These then provide a relational coordinatization of the
moduli spaceM (or possibly only a region thereof), since φ(υ,u) maps to a Diff (M ) �H-class [φ] ∈
M. The dressed classical action is then S(υ,u) = ∫

U υ L(υ,u) = ∫
U υ υ∗L(φu), where U υ is a Diff (M )-

invariant, φ-dependent, region of physical spacetime [92]. One thus defines relational quantization
of gRGFTs via a dressed PI:

Z (υ,u)(φ) := Z (φ(υ,u) ) =
∫
Dφ(υ,u) ei/h̄ S(υ,u) ∈ �0

basic(�,C) = �0(�(υ,u),C) 	 �0(M,C),

(154)

with Dφ(υ,u) a formal measure on the space of invariant dressed fields �(υ,u). Clearly, Eq. (149) is
now seen as a special case (in 1D MFT, and no gauge groupH) of Eq. (154). We may observe that
this PI bypasses the notion of gauge fixing, which it does not need. In particular, BRST gauge fixing
is not only superfluous but cannot be implemented since the BRST transformations of the dressed
fields φ(υ,u), mimicking Diff (M ) �H transformations, are trivial [93].

The definition (154) applies to anomalous and non-anomalous theories alike. In the former
case, by definition, the PI transforms under Diff (M ) �H as R


(ψ,γ )Z = C(_ ; (ψ, γ ))
−1

Z , where

C : �× (Diff (M ) �H) → U (1), (φ, (ψ, γ )) �→ C(φ; (ψ, γ )), is a 1-cocycle of the (structure)
group Diff (M ) �H, i.e., functionally satisfying

C(φ; (ψ, γ ) · (ψ ′, γ ′)) = C(φ; (ψ, γ )) C(φ(ψ,γ ); (ψ ′, γ ′)), (155)

where on the left-hand side “·” stands for the semidirect product of Diff (M ) �H given by (ψ, γ ) ·
(ψ ′, γ ′) := (ψ ◦ ψ ′, γ (ψ−1∗γ ′)). The cocycle encodes the (integrated) combined diffeomorphism
and gauge anomaly a((X, λ);φ), with (X, λ) ∈ diff(M ) ⊕ LieH, from which it is obtained by
linearization. As usual, the nontrivial equivariance, yielding the 1-cocycle C, comes from the
noninvariance of the measure Dφ. This implies the gauge transformation Z (ψ,γ ) = C(ψ, γ )−1Z
for elements of the gauge group (ψ, γ ) ∈ Diff (M ) �H, where we have defined the notation
C(ψ, γ ) := C(φ; (ψ(φ), γ (φ))). For such an anomalous theory, we have that Eq. (154) is

Z (υ,u) = C(υ,u)−1Z (156)

by the DFM rule of thumb, where C(υ,u) is shown to satisfy R

(ψ,γ )C(υ,u) =

C(_ ; (ψ, γ ))
−1

C(υ,u) using the defining property of the dressing field, R

(ψ,γ )(υ,u) =

(ψ, γ )−1 · (υ,u), and Eq. (155) [see Eqs. (349)–(351) in Ref. [2] for a proof); it is thus a
cocyclic dressing field, and gauge transforms as

C(υ,u)(ψ,γ ) = C(ψ, γ )−1C(υ,u). (157)

The linearization of its equivariance is L(X,λ)vC(υ,u) = −a((X, λ);φ)C(υ,u). Manifestly, the
cocyclic dressing compensates for the transformation of the anomalous PI, so that Eq. (156) remains
fully invariant: i.e., the dressed PI of relational quantization has an in-built anomaly cancellation
mechanism.

A “linear” version of this applies to the effective quantum functional W := −i ln Z , which,
defining similarly c(_ ; (ψ, γ )) := −i ln C(_ ; (ψ, γ )), is s.t. R


(ψ,γ )W = W − c(_ ; (ψ, γ )), or in-

finitesimally L(X,λ)vW = −a((X, λ);φ) [94]. Writing c(υ,u) := −i ln C(υ,u) , we have by Eq.
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(156) (or by the DFM rule of thumb),

W (υ,u) := W − c(υ,u) ∈ �0
basic(�), (158)

where R

(ψ,γ )c(υ,u) = c(υ,u) − c(_ ; (ψ, γ )) or L(X,λ)v c(υ,u) = −a((X, λ);φ); i.e., the “linear”

cocyclic dressing field c(υ,u) compensates for the anomalous transformation of W .
The above encompasses as a special case the construction of WZ counterterms, which are

recovered as cocyclic dressing fields where (υ,u) = (υ, u) are ad hoc, introduced by hand in a
theory rather than built from its field content φ (see, e.g., Sec. 12.3 of Ref. [95], Chap. 15 of
Ref. [96], or the end of Chap. 4 of Ref. [97]).

Now, should transformations of the second kind (parametrizing the ambiguity in the choice of
dressing field)—such as described in Sec. IV A 2 in the context of MFT—be present, they might
have anomalies of their own, giving rise to what we may call suggestively an “anomaly seesaw
mechanism.”

Seesaw mechanism for anomalies. As detailed in Sec. 5.3.2 of Ref. [2], in the context of the DFM
for gRGFTs, transformations of the second kind may arise thus: Another dressing field has to be
(υ′, u′) = (υ ◦ ϕ, uζ ), for ϕ ∈ Diff(N ), with N = Im(υ∗) the source space of the Diff (M )-dressing
field υ, and ζ ∈ G := {ζ : M → G | ζ γ = ζ } with γ ∈ H and H (the target space of the dressing
field u) supporting a right action by G. This can be rewritten as

(υ′, u′) = (υ ◦ ϕ, u (υ−1∗ζ̄ )) =: (υ, u) · (ϕ, ζ̄ ), (159)

where ζ̄ := υ∗ζ ∈ Ḡ := {ζ̄ : N → G | ζ̄ γ = ζ̄ }, and the second equality defines the right action of
Diff (N ) � Ḡ on the space of (Diff (M ) �H)-dressing fields via a semidirect product structure [98].
Now, two cases are to be distinguished.

The first, (A), is if transformations of the second kind do not affect the bare fields, φ(ϕ, ζ̄ ) = φ.
Then, the dressed fields φ(υ, u) transform as (φ(υ, u) )(ϕ, ζ̄ ) := φ(υ′, u′ ) = ϕ∗[(φ(υ, u) )ζ̄ ], where (φ(υ, u) )ζ̄

has the same functional expression as the H transformation φγ of the bare fields. Analogously, the
cocyclic dressing transforms as

C(υ, u)(ϕ, ζ̄ ) := C(φ; (υ′, u′)) = C(φ; (υ, u) · (ϕ, ζ̄ )) = C(φ; (υ, u)) C(φ(υ,u); (ϕ, ζ̄ )), (160)

using again the defining property (155) of the cocycle C. Correspondingly, the linear cocycle c(υ,u)
transforms as c(υ, u)(ϕ, ζ̄ ) = c(υ, u) + c(φ(υ,u); (ϕ, ζ̄ )). Infinitesimally, this yields δ(Y,ξ̄ ) c(υ,u) =
−a((Y, ξ̄ );φ(υ,u) ), for (Y, ξ̄ ) ∈ diff(N ) ⊕ LieḠ, which is the anomaly for transformations of the
second kind. The term C(φ(υ,u); (ϕ, ζ̄ )) is thus its “integrated,” or global, version. From all this
follows that the dressed PI (156) and effective functional (158) transform as

Z (φ(υ,u) )(ϕ,ζ̄ ) = C(φ(υ, u); (ϕ, ζ̄ ))−1 Z (φ(υ,u) ),

W (φ(υ,u) )(ϕ,ζ̄ ) = W (φ(υ,u) ) − c(φ(υ, u); (ϕ, ζ̄ )). (161)

Infinitesimally, this gives, in particular, δ(Y,ξ̄ ) W (φ(υ,u) ) = −a((Y, ξ̄ );φ(υ,u) ), i.e., the anomalous
Ward Identity for the dressed effective functional. Remark that the anomaly for transformations of
the second kind has the same functional expression as the initial anomaly of Diff (M ) �H, dressed
fields replacing bare ones and the parameters (Y, ξ̄ ) replacing the gauge parameters (X, λ).

The second case, (B), is if transformations of the second kind do indeed affect bare fields,
φ(ϕ, ζ̄ ) �= φ. Then, the transformations of dressed fields, (φ(υ, u) )(ϕ,ζ̄ ), have to be computed on a
case by case basis; no shortcut can a priori be given to find the (Diff (N ) � Ḡ) transformation of the
dressed PI and/or effective functional. Generically, one should find

Z (φ(υ,u) )(ϕ,ζ̄ ) = C̄(φ(υ, u); (ϕ, ζ̄ ))−1 Z (φ(υ,u) ),

W (φ(υ,u) )(ϕ,ζ̄ ) = W (φ(υ,u) ) − c̄(φ(υ, u); (ϕ, ζ̄ )), (162)

where C̄, or c̄, is a 1-cocycle for the group (Diff (N ) � Ḡ), distinct from C, or c. Infinitesimally,
we get, in particular, δ(Y,ξ̄ ) W (φ(υ,u) ) = −ā((Y, ξ̄ );φ(υ, u) ); i.e., the anomaly for transformations of
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the second kind has a functional expression a priori distinct from that of the initial (Diff (M ) �H)
anomaly.

The clock change transformations of Sec. IV B 3, with anomaly given in relational quantization
of MFT by Eq. (151), may be seen as an example of case (B). A famous example of case (A) is none
other than the shift, achieved via the Bardeen-Zumino term, between Lorentz and Einstein anomalies
in theories S(φ) = S(ψ,A, e) of chiral fermions ψ coupled to the gravitational field; the (so(1, 3) ⊕
R4)-valued Cartan connection Ā = (A, e), with A the spin connection and e = ea

μ dx μ =: e · dx the
soldering form. The effective functional is W = W (e), the fermions being integrated and A = A(e)
being taken torsion-free (see, e.g., Chap. 12 of Ref. [97] and Chap. 15 of Ref. [96]).

The framework above can indeed specialize to H = SO(1, 3) the Lorentz gauge group and
Ḡ = GL(4) the group of local coordinate changes [or Ḡ = Diff(M )]. The φ-dependent (i.e., non ad
hoc) dressing field is the tetrad field, u(φ) := e = ea

μ : M → GL(4), satisfying indeed the dressing
field defining property eγ = γ−1e for γ ∈ SO(1, 3), and also subject to transformations of the
second kind eζ̄ := eζ̄ , where ζ̄ ∈ GL(4) is the Jacobian of a coordinate change (or of a diffeomor-
phism). The bare fields of the theory φ = {ψ,A, e}, being forms, are all GL(4)-invariant; φζ̄ = φ,
showing that we are indeed in case (A) [99]. The bare gravitational field Ā = (A, e) thus gets
dressed as Āu = (Au, eu) := (e−1Ae + e−1de, e−1e) =: (�, dx), yielding SO(1, 3)-invariant fields,
(Āu)γ = Āu, but supporting transformations of the second kind by GL(4); (Āu)ζ̄ = (�ζ̄ , dxζ̄ ) =
(ζ̄−1�ζ̄ + ζ̄−1d ζ̄ , ζ̄−1dx). We may add that et := eT η = dx · eT η, with η the Minkowski metric
and “(_)T ” the matrix transpose, SO(1, 3) transforming as (et )γ = etγ , is dressed as (et )u :=
et e = dx · eT ηe := dx · g, where g is a metric on M. If A = A(e)—i.e., if the Cartan connection
is normal [100–104] — then � = �(g). Of course, the fermions cannot be dressed via u = e, as
“ψu := ρ(e)−1ψ ,” since GL(4) has no (finite) spinor representation [105], but they are integrated
out so that in the analysis of the transformation of the effective functional W only the gravitational
field contributes. The SO(1, 3) anomaly is LλvW (e,A) = −a(λ; A(e)), with λ ∈ LieSO(1, 3), and
explicit computation shows it to relate to an antisymmetric part for the effective energy-momentum
tensor 〈Tab〉. The integrated version is R


γW = W − c(_; γ ). Specializing Eq. (158), one has the
dressed effective functional

W u(e,A) = W (g, �) := W (e,A) − c(u) ∈ �0
basic(�), (163)

where the linear cocyclic dressing c(u) = c(φ; u(φ)) = c(Ā; e) is the Bardeen-Zumino term, which
by (the linear and infinitesimal versions of) Eqs. (157) and (160) satisfies

Lλv c(u) = −a(λ; e,A) and δξ̄ c(u) = −a(ξ̄ ; g, �), (164)

where ξ̄ ∈ LieGL(4) is the Jacobian of an infinitesimal coordinate change (or diffeomorphism);
we can denote ξ̄ = ∂ξ = ∂μξ

α (itself noted vξ in Chap. 12 of Ref. [97], or 	 in Chap. 15 of Ref.
[96]). The first relation above shows that c(u) cancels the Lorentz anomaly of the bare effective
functional W = W (e,A), while the second relation implies, by (linear, infinitesimal version of) Eq.
(162), that the transformation of the second kind of dressed effective functional W u = W (g, �)
is δξ̄W (g, �) = −a(ξ̄ ;�(g)), which is just the Einstein anomaly; explicit computation shows it to
relate to the nonconservation the effective EM tensor, ∇μ〈T μν〉 �= 0. We see the anomaly seesaw
mechanism at play [106]. Compare Eqs. (163) and (164) to Eqs. (12.469), (12.470), and (12.473)–
(12.475) in Ref. [97], and to Eqs. (15.49)–(15.64) of Ref. [96].

Let us observe that the DFM extension to higher gauge theories features the same logic regarding
anomaly cancellation and seesaw mechanism; we shall detail this in a forthcoming work [107]. Let
us further mention that we have recently presented the formal development of invariant path-integral
quantization in the full gRGFT setting, together with the corresponding automatic anomaly cancel-
lation mechanism and the seesaw mechanism for anomalies, in Ref. [108], to which we refer the
interested reader for further details. These results provide further support for the general framework
based on the DFM advocated here.

We conclude the present work with perspectives on further developments and applications.

000126-39



J. T. FRANÇOIS AND L. RAVERA

V. CONCLUSION

In line with the program developed in Ref. [2], we have motivated the notion of relational
quantization, achieved via the DFM, by analyzing the case of (NR) mechanics: Framing it as a
1D gRGFT, MFT, thereby generalizing the so-called “parametrized” approach, we showed that its
dressed, relational reformulation yields the well-known formulation when the clock field assumes
the role of a dressing field. It follows that standard QM is a case of dressed, relational quantization
of MFT. Having ended with the above general outline of relational quantization for gRGFTs, in
subsequent works we shall stress test it via applications to diverse models. As a simplest case,
we shall perform first the relational quantization of scalar electrodynamics, then of the Abelian
Higgs model. It shall be a stepping stone to the relational quantization of the electroweak (EW)
model, which shall make contact with (and perhaps encompass) a closely related approach known as
the Fröhlich-Morchio-Strocchi (FMS) mechanism [109–112]: Both the DFM and FMS approaches
bypass the notion of spontaneous symmetry breaking [77,78]. This invites the analysis of the issue
of the interactions between relational quantization and renormalization (e.g., Ref. [113] for the EW
model), which will be a separate contribution.

Relational quantum gravity. The latter is a key input to our main goal of developing RQG, at first
phenomenologically. Indeed, the PI (154) could at least be applied to effective general-relativistic
theories, notably models where gravity couples with matter modeled as a dust fluid. There, we will
make contact notably with the literature on “scalar coordinatization” of GR, e.g., Refs. [47,114–
119]—which we have shown to be a special case of the DFM in Refs. [2,54] (and where we derive
“relational Einstein equations,” applied to galaxy rotation curves in Ref. [120])—as well as with
FMS approaches to QG [121]. Models with matter as dust notably apply to cosmology, so we
shall tackle relational quantum cosmology: It will be a case of relational MFT developed here, the
relational minisuperspace being a case of dressed MFS �υ. RQG, in a more fundamental guise,
including fermionic matter—thus approached via Cartan geometry [104]—will be investigated
next.
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APPENDIX A: COVARIANT PHASE-SPACE FORMALISM FOR MFT

This Appendix makes explicit the relation between the present formulation of MFT and the
covariant phase space and edge-mode frameworks commonly used in gauge theories and generally
covariant systems.

In the “covariant phase-space” formalism for gRGFT, alluded to in the main text, one key
objective is to define a symplectic phase space for field theory that is invariant under the local
symmetries (diffeos and gauge groups)—This is the explicit intent of the original literature [see,
e.g., Refs. [9–12], also Ref. [13] for a review and discussion of related formalisms (Hamiltonian,
multisymplectic, etc.)].
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The role of the symplectic manifold, the phase space, is played byMS, which then needs to be en-
dowed with a symplectic 2-form. To obtain the latter, one first defines the presymplectic potential as
the integral of the presymplectic current over a codimension 1 submanifold � ⊂ M, with dimM =
n: θ� := 〈θ, �〉 ∈ �1(�,R). Then, one defines the d-closed 2-form � := dθ ∈ �2(�,�n−1(M )),
and the corresponding �� = 〈�, �〉 = dθ� ∈ �2(�,R). Both θ� and �� are then considered
restricted on the subbundle S. The 2-form is a presymplectic form if ker �� = �(VS), i.e.,
if �� ∈ �2

basic(S), in which case it induces (comes from) a form �̃� ∈ �2(MS,R)—so that
�� = π
�̃� . The latter is d-closed by naturality of d, [d, π
] = 0, and s.t. ker �̃� = 0, so it is
symplectic: One ends up with the covariant phase space (MS, �̃� ) for the field theory over the
region �.

This program encounters obstruction the moment �� is not basic on S, which is typically the
case in gRGFT: It fails to be horizontal, its verticality property involving terms at a codimension 2
boundary ∂�, a.k.a. “corner.” One must then find ways to restore horizontality, thus basicity, of �� .
If the boundary is asymptotic (at infinity), it is enough to impose fall-off conditions on the fields φ.
If ∂� is at finite distance, boundary conditions are unnatural, and a typical strategy involves the ad
hoc introduction of so-called edge modes; d.o.f. confined to ∂� whose gauge transformations are
tuned to cancel the corner terms [122] (see, e.g., Refs. [37,49–51,53,58,59,123–125]). As shown in
Refs. [24,126,127], this approach is both streamlined and conceptually clarified once understood to
be but an instance of the DFM: “edge modes” are just ad hoc dressing fields. However, the DFM
stresses that they must be built from the existing field d.o.f. of the theory—rather than introduced
by fiat as is always done in this literature—allowing for a relational understanding of the invariance
achieved via the DFM, as expressed in the main text and detailed in Ref. [2].

A different use case of the covariant phase-space formalism is the definition of conserved
Noether charges associated with local symmetries, together with their Poisson bracket induced by
�� . First, a conserved Noether current (n − 1)-form is defined from the (quasi)invariance of the
Lagrangian under the local symmetry: From the variational principle (67) and Lχv L = ιχv dL =
a(χ ;φ) = dβ(χ ;φ), with χ the infinitesimal gauge parameter, one defines the Noether current as
J (χ ;φ) := ιχvθ − β(χ ;φ) [128] satisfying dJ (χ ;φ) = −ιχv E and thus being d-closed on shell.
The Noether charge is then Q� (χ ;φ) := 〈J (χ ;φ), �〉. Furthermore, one finds, either by explicit
computations or by deduction from its d exactness on shell together with the Poincaré lemma,
that J (χ ;φ) = dq(χ ;φ) + E (χ ;φ). Meaning that the Noether charges are corner terms on shell:
Q� (χ ;φ)|S = 〈q(χ ;φ), ∂�〉 [see Eq. (5.58) in Ref. [126] and Eq. (3.6) in Ref. [127] for charges of
internal gauge groups, and Eq. (207) in Ref. [24] for charges of diffeomorphisms).

The Poisson bracket of charges is defined to be {Q� (χ ;φ),Q� (χ ′;φ)} := �� (χv, χ ′v ), and it
is found to be, on shell, a central extension of the gauge Lie algebra: {Q� (χ ;φ),Q� (χ ′;φ)} =
Q� ([χ, χ ′];φ) + C (�X,Y�;φ), with C (�X,Y�;φ) a 2-cocycle of the gauge Lie algebra whose
expression depends on L and θ [see Eq. (5.62) of Ref. [126] for the internal gauge group case
and Eq. (224) of Ref. [24] for diffeomorphisms].

With these background notions in place, let us now quickly work out the covariant phase-space
structure of MFT. The first thing to notice is that in MFT there can be no Noether charges of Diff (I )
on shell, since there is no corner in dimension 1, so that the Poisson bracket will be trivial on
shell. Indeed, by Eqs. (73) and (74), we have the horizontality of E (75), meaning that the Noether
current 0-form is J (X ;φ) ≡ 0—as it obviously cannot be d exact. Correspondingly, for � = {τ0} ∈
I a 0-dim (codimension 1) submanifold, on which integration reduces to the evaluation operation:
Q� (X ;φ) := 〈J (X ;φ), �〉 = ∫

�
J (X ;φ) = evτ0 J (X ;φ) = J (X ;φ(τ0)) ≡ 0.

Toward computing the Poisson bracket, and more importantly, later, the gauge transformation
of �� , we need its verticality property. We obtain it in two ways: First, from the infinitesimal
equivariance and verticality of θ [Eqs. (72)–(75)] and from the variational principle (67), we have

ιX v� = ιX v dθ = LX vθ − dιX vθ = LX θ − d(ιX L)

= ιX dθ + dιX θ − ιX dL = ιX dθ − ιX (E + dθ) = −ιX E, (A1)
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where ιX θ = 0 since θ is a 0-form on I . Second, and more simply, one may use d2L = 0 = dE +
d�, which yields, by the horizontality (75) and infinitesimal equivariance (72) of E,

dιX v� = ιX v d� = −ιX v dE = −LX v E − dιX v E = −LX E = −dιX E ⇒ ιX v� = −ιX E, (A2)

where we use that E is a top form on I , so dE = 0, and we can conclude because � and ιX E are
0-forms on I . From this, and the horizontality of E, it is immediate that

�(X v,Y v ) = ιY v ιX v� = −ιX ιY v E = 0. (A3)

The triviality of the Poisson bracket {Q� (X ;φ),Q� (Y ;φ)} := �� (X v,Y v ) = 0 follows, as
expected.

The verticality property (75) of θ shows that it fails to be basic, even on shell, i.e., on S. It is
clear given its Diff (I ) transformation (76), from which one immediately deduces that of θ� :

(θ� )ψ = θ� + 〈ιdψ◦ψ−1 L, �〉. (A4)

The presymplectic potential failing to be basic on S, it does not induce a symplectic potential on
MS. Surprisingly, this does not imply the same for the presymplectic form. Indeed, we compute
geometrically, via Eq. (18) and using Eqs. (A2) and (A3), the gauge transformation of � to be

�ψ(X,Y) := 	
�(X,Y) = �(	
X, 	
Y)

= �(Rψ
(X + {dψ ◦ ψ−1(X)}v ),Rψ
(Y + {dψ ◦ ψ−1(Y)}v ))

= R

ψ�(X + {dψ ◦ ψ−1(X)}v,X + {dψ ◦ ψ−1(X)}v )

= ψ∗
(

�(X,Y) + �(X, {dψ ◦ ψ−1(Y)}v )

+ �(dψ ◦ ψ−1(X)}v,Y) +
���������������
�

(
dψ ◦ ψ−1(X)}v, dψ ◦ ψ−1(Y)}v)

)

= ψ∗(�(X,Y) + ιX ιdψ◦ψ−1(Y)E − ιY ιdψ◦ψ−1(X)E ),

which finally yields

�ψ = ψ∗(� − ιdψ◦ψ−1 E ) and (�� )ψ = �� − 〈ιdψ◦ψ−1 E, �〉. (A5)

Thus, �� ∈ �2
basic(S) so �� = π
�̃� , with �̃� ∈ �2(MS), and (MS, �̃� ), is the covariant phase

space of MFT.
As final remarks, consider the relation of the covariant phase-space formalism to objects of the

standard symplectic formalism in the case of the standard NR Lagrangian discussed in Sec. III C.
We have that

ιX vθ = θ (ιX v dφ;φ) = θ (LXφ;φ) = θ (ιX dφ;φ) = ιX θ̄ , (A6)

where θ̄ = θ (dφ;φ) = pαdφα = 〈px, dx〉 + pt dt is the Tautological form, or Liouville-Poincaré
1-form, on the configuration spacetime C , while θ̃ := 〈px, dx〉 is that of the configuration space
Q (a.k.a. the standard symplectic potential). Since we have established that Eq. (93) holds, given
the constraint (90), we have that the action functional can be written as S = ∫

i θ̄ . We also have that
the generalized Hamiltonian vanishes identically: H̄ := θ̄ − L = 0. A feature typical of general-
relativistic theories (otherwise called “parametrized theories”); GR, in particular, where it leads to
the “problem of time” in its canonical analysis, a version of which we discussed in Sec. III B. The
covariant symplectic 2-form is here � = dθ = d pα dφα = 〈d px, dx〉 + d pt dt , reminiscent of the
standard symplectic 2-form !̃ = d θ̃ = 〈d px, dx〉 on T ∗Q.

By Eq. (132), or the DFM rule of thumb, we get that for the clock field as dressing field
the dressed symplectic potential and 2-form are θυ = θ (dφυ;φυ ) = 〈px̄, d x̄〉 and �υ = dθυ =
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〈d px̄, d x̄〉 on �υ 	M 	 P(C ) → P(Q). One recognizes the close structural analogy with θ̃ and !̃
on T ∗Q.

It is interesting to remark that the standard symplectic formalism for mechanics on T ∗Q (de-
parametrized) was the motivation for the covariant phase-space approach to GFT (and gRGFT)
in the original literature [9–12]. Applying it to (NR) MFT, understood as a model of gRGFT,
and establishing the correspondence with the standard approach brings us full circle back to the
origins.

APPENDIX B: LIST OF SYMBOLS

This Appendix collects, in Table III, the main mathematical notations adopted in the paper.

TABLE III. Main mathematical notations.

Object Symbol

(Mechanical) field space �

Structure group/algebra of � Diff(I )/diff(I )
Structure group/algebra element ψ/X
(Moduli) base space of � M
Point of �/M φ = {t, x}/[φ]
(1D) parameter space for φ I
Automorphism group/algebra Aut(�)/aut(�)
Element of Aut(v)(�) 	

Vertical automorphism group/algebra Autv (�)/autv (�)
Gauge group/algebra Diff (I )/diff(I )
Element of Diff (I )/diff(I ) ψ/X
Diffeomorphism group/algebra ofM Diff (M )/diff(M)
Tangent space/tangent vector fields on � T�/�(T�)
Differential forms on �/M �•(�)/�•(M)
Right action of Diff (I ) on � Rψ

Element of �(T�)/�•(�)/�•(M) X/α = α(∧•dφ;φ)/ᾱ
de Rham differential on I/on � d/d
Pullback (pushforward) on I/� by a map f /F f ∗ ( f∗)/F 
 (F
)
Gauge transformation of α (via vertical automorphism) αψ := 	
α

Lie derivative on I/on � LX /LX

Diff(I ) 1-cocycle on � C(φ;ψ )
diff(I ) 1-cocycle on � a(X ;φ)
Principal/cocyclic connection on � (curvature) ω/	 (�/�̄)
Space of regions of I i(I )
Element of i(I )/1-form on I i/ω
Integration (pairing) on I 〈ω, i〉 = ∫

i ω

Associated bundle of regions R(I ) := �× i(I )/∼
Lagrangian 1-form/action on I/path integral (PI) L = L(φ)/S = ∫

i L/Z = Z (φ)
Field equations/symplectic potential E = E (dφ;φ)/θ
Space of solutions/moduli space of solutions S/MS
Extended config. space/config. space C /Q
Curve in C /Q γ /γq

Dressing field/dressed fields/dressed regions υ/φυ/iυ

Dressing map/dressed forms Fυ/αυ := F 

υ α

Dressed Lagrangian/field equations/dressed PI Lυ/Eυ/Zυ
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