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ABSTRACT

Structural design optimization in the Architecture-Engineering—Construction (AEC) domain often involves com-
plex, constrained and computationally intensive tasks. These problems are typically formulated as constrained
multi-objective optimization tasks, where conflicting objectives, such as cost, sustainability, and constructability,
must be balanced subject to structural performance requirements. In this context, population-based metaheuris-
tics are effective for navigating black-box and non-convex design spaces. Among these, Estimation of Distribution
Algorithms (EDAs) are well suited for this purpose, as they guide search through learned probability distribu-
tions over high-performing regions. This study introduces MOEDA-GMM, a multi-objective EDA that models
the selected population using a Gaussian Mixture Model fitted via Expectation-Maximization. A power-law co-
variance decay schedule governs the transition from exploration to exploitation. The algorithm is evaluated on
four constrained structural benchmarks and three analytical test functions, and compared against NSGA-II, SMS-
EMOA, and RVEA under equal evaluation budgets. A factorial sensitivity analysis of the three hyperparameters
and non-parametric statistical tests support the comparison. MOEDA-GMM shows rapid early-stage convergence
and significantly outperforms NSGA-II on two structural problems, while established algorithms retain a final-
convergence advantage on the analytical suite. The sensitivity analysis identifies a compact region of robust
settings across problems, confirming the viability of mixture-model EDAs for constrained structural optimization
under limited evaluation budgets.

1. Introduction

The Architecture, Engineering and Construction (AEC) industry has a
substantial environmental footprint, accounting for approximately 34%
of energy-related CO, emissions and 32% of final energy consumption
worldwide [1]. According to projections, the global building floor area
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will double by 2050, driven by population growth and rising living
standards in developing countries [2].

These pressures affect ecosystems, climate stability, and public
health alike. Yet the AEC industry also plays a pivotal role in the econ-
omy, accounting for around 10% of Gross Domestic Product (GDP).
Within the European Union alone, the sector provides more than 18
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million direct jobs and contributes 9% to the total GDP [3]. The com-
bined environmental and economic weight of the sector means that
even incremental design improvements can yield considerable benefits
at scale.

At the same time, the sector is characterized by inherently com-
plex decision-making, where designers are required to carefully bal-
ance trade-offs between structural performance, safety, cost-efficiency,
maintainability and sustainability. Design choices must satisfy multiple
objectives and adhere to stringent requirements imposed by physical
laws, regulatory codes and project specifications. In this context, struc-
tural analysis establishes the safety boundaries of the design space. It
does so by defining inviolable constraints: any feasible solution must
satisfy equilibrium conditions, material strength limits, stability criteria
and serviceability requirements. These constraints shape the feasible re-
gion and control the admissibility of candidate solutions throughout the
optimization process.

Verifying that a candidate design satisfies these constraints re-
quires a full structural evaluation, which is rarely available in closed
form. Analytical solutions are restricted to simplified configurations and
boundary conditions, limiting their applicability to practical problems.
Before the widespread adoption of numerical simulation, assessing struc-
tural behavior under varying loads, geometries, and material properties
was largely infeasible. Consequently, early-stage design decisions re-
lied on heuristic reasoning and approximate methods, often producing
conservative or suboptimal outcomes.

The introduction of digital computing, followed by the development
of numerical analysis techniques such as the Finite Element Method
(FEM) [4,5], represented a critical milestone in the field. FEM enabled
the modeling of complex structural systems [6,7] and the systematic
evaluation of designs under realistic conditions, including non-uniform
loading, material heterogeneity, complex boundary conditions and non-
linearities [8]. However, each FEM evaluation is computationally expen-
sive, and iterative optimization requires many such evaluations across
candidate solutions, severely limiting the number of configurations that
can be explored within a given computational budget [9].

Modern structural design must also address multiple, often con-
flicting objectives simultaneously [10]: a design must not only be
structurally efficient and compliant, but also cost-effective [9], environ-
mentally sustainable, easy to construct with available technologies and
materials [11], energy-efficient, compatible with the surrounding archi-
tectural context [12,13], amenable to monitoring [14] and maintenance
throughout its service life [15], and adaptable to potential changes in
use while complying with regulatory requirements and project-specific
constraints [16].

Traditional optimization methods often prove inadequate in address-
ing the complexity and multi-objective nature of modern structural
design problems. Most are limited to single-objective formulations and
rely on restrictive assumptions, such as continuity, differentiability
or linearity [17]. Gradient Descent [18,19] and Conjugate Gradient
[20] methods require first-order derivatives, which may be unknown
or undefined in structural optimization. They often perform poorly in
constrained search spaces or in the presence of local minima. Linear
Programming (LP) methods, including the Simplex algorithm [21], as-
sume linearity in both the objective and constraint functions, which
rarely hold in structural problems. Pattern search algorithms [22], while
suited to black-box scenarios, are often inefficient in high-dimensional
design spaces [23].

The limitations of traditional optimization techniques, coupled with
the inherent multi-objective nature of AEC problems, have led to increas-
ing adoption of population-based metaheuristic methods [24]. These
approaches rely on pointwise evaluations of the objective functions
and are considered effective in non-convex, non-smooth or constrained
spaces [24,25].

Particle Swarm Optimization (PSO) [26] simulates search space tra-
jectories of a population of candidate solutions (particles). Each particle
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Algorithm 1 NSGA-II: Non-dominated sorting genetic Algorithm II.

Require: Population size N, number of generations G
1: Initialize population P, of size N
2: Evaluate objective functions F(x) for all x € P,
3: fort=0to G—1do
4: O, < Generate offspring from P, using:

« Tournament selection (based on Pareto rank and crowding
distance)
« Crossover and mutation

5: Evaluate F(x) for all x € Q,

6: R, <« P UQ,

7: Perform non-dominated sorting on R, to obtain fronts F,, F|, ...
8 P9

9: i< 0

10: while |P, |+ |F;| < N do

11: Assign crowding distance to all solutions in F;

12: Py < P UE

13: i—i+1

14: end while

15: Sort F; by descending crowding distance

16: Add the top (N — | P,,]) individuals from F; to P,

17: end for

18: return Non-dominated solutions in the final population P (i.e., F)

updates its velocity through a weighted combination of the current value
and a function of its current coordinates in relation to the personal and
global best-known positions. PSO typically exhibits rapid convergence
in smooth, continuous search spaces, but often performs poorly in dis-
continuous search spaces, which are common in constrained structural
optimization [27].

Evolutionary algorithms (EAs) iteratively improve a population of
candidate solutions by generating new candidates from the existing ones
and selecting a subset of the combined pool that maximizes a chosen
performance indicator. Since the previous population can always be re-
tained, the indicator value is guaranteed to improve or remain constant
over successive iterations.

Genetic Algorithms (GAs) [28,29] are a subset of EAs inspired
by evolutionary biology. They implement an elitist selection by as-
signing individual fitness values to each solution and discarding the
worst-performing. New candidate solutions (offspring) are generated
by applying a binary recombination operator (crossover) to pairs of
high-performing solutions (parents). Additional variability is intro-
duced through stochastic mutation. Their ability to maintain a diverse
population makes them well-suited for extension to multi-objective
optimization (MOO) tasks [25,30].

A central concept in MOO is the Pareto front, which represents the set
of non-dominated solutions, i.e., those for which no objective can be im-
proved without degrading at least one other. To approximate this front,
various evolutionary algorithms have been developed that guide popu-
lation evolution by balancing convergence and diversity. For example,
the Non-dominated Sorting Genetic Algorithm II (NSGA-II) [31] em-
ploys fast non-dominated sorting and crowding-distance mechanisms to
maintain diversity across the front. Alternatively, the S-Metric Selection
Evolutionary Multi-Objective Algorithm (SMS-EMOA) [32] focuses on
maximizing the hypervolume indicator, directly promoting both con-
vergence and diversity. Other methods, such as MCDM-GA [33], extend
genetic algorithm frameworks by incorporating decision-maker prefer-
ences, often supported by trainable models like Radial Basis Function
Networks (RBFNSs).

Traditional genetic algorithms (GAs) rely heavily on recombina-
tion operators, particularly crossover, to combine previously evaluated
candidate solutions to generate new ones. The offspring produced by
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Algorithm 2 SMS-EMOA: S-Metric selection evolutionary multi-
objective algorithm.

Require: Population size N, maximum number of iterations .S, refer-
ence point r
1: Initialize population P with N random solutions
2: Evaluate objectives F(x) for all x € P
3: for s=1to S do
4: Select two parents via binary tournament on Pareto dominance

5: Generate offspring x,.,, by crossover and mutation
6: Evaluate F(xq)
7: P~ PU({Xon}
8: Perform non-dominated sorting on P to obtain fronts
Fo. Fy,....F,
9: Let F; be the worst-ranked (last) front
10: for each x € F; do
11: Compute contribution on the last front:

AHV(x)= HV(F)— HV (F; \ {x})

12: end for
13: Remove

x* =arg min AHV (x)
x€Fp
from P

14: end for
15: return First Pareto front F, in the final population P

crossover typically remain within the region defined by the parent
solutions in the search space. Mutation operators are introduced to
provide stochastic variability and extend the search beyond the lim-
its imposed by crossover. However, this exploration is mostly random.
Estimation of Distribution Algorithms (EDAs) take a different approach
as an alternative class of evolutionary methods [34-36]. Rather than re-
lying on fixed genetic operators, EDAs explicitly model the distribution
of high-quality solutions using probabilistic models defined over the en-
tire search space. New candidate solutions are then sampled from this
distribution, allowing for the exploration of both local and global re-
gions according to their learned probability. The iterative refinement of
the distribution guides the population toward high-performing regions.
By modeling the solution space structure, EDAs capture variable inter-
actions more effectively than standard Genetic Algorithms, which apply
fixed recombination rules. The main downside is higher computational
cost and the need for larger input samples.

Univariate EDAs represent candidate solutions by assuming indepen-
dence among variables. This leads to probabilistic models expressed as
products of independent distributions, making univariate EDAs particu-
larly efficient for solving separable problems.

In contrast, multivariate EDAs are capable of capturing dependen-
cies between variables, allowing them to address more complex and
non-separable optimization tasks. These methods range from relatively
simple pairwise models, such as the Bivariate Marginal Distribution
Algorithm (BMDA) [37], to more expressive probabilistic graphical mod-
els. Notably, algorithms like the Hierarchical Bayesian Optimization
Algorithm (hBOA) [38] employ Bayesian networks to represent higher-
order and nonlinear dependencies in the objective landscape. While
these models improve the ability of the algorithm to navigate complex
search spaces, they usually require larger population sizes and involve
higher computational costs.

Updating a single multivariate distribution can be effective when
optimizing over smooth and unimodal landscapes. However, in multi-
modal settings, this approach often leads to premature convergence, as
the model tends to focus on a single region of the search space. Mixture
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models [39] address this limitation by simultaneously updating multiple
probabilistic components, enabling exploration across diverse regions
of the solution space. This significantly enhances modeling flexibility,
but also increases computational complexity. The effectiveness of such
models depends on maintaining meaningful separation among compo-
nents, which requires appropriate strategies to prevent mode collapse or
redundancy.

Unimodal EDAs are particularly vulnerable in constrained optimiza-
tion scenarios. As the search narrows, the learned distribution may
extend into infeasible regions, making it difficult to accurately cap-
ture narrow feasible basins near the optimum. In contrast, multimodal
EDAs offer greater adaptability to complex constraint landscapes and
are therefore more suitable for irregular, fragmented, or disjoint feasible
domains.

Multi-Objective EDAs (MOEDAs) must carefully balance conver-
gence and diversity in order to approximate the Pareto front effectively.
Several strategies have been proposed to address this challenge. Tian
et al. [40] employ Markov network models to capture dependencies
among decision variables and multiple objectives simultaneously. Yang
et al. [41] introduce a hybrid approach that combines global explo-
ration, guided by a probabilistic model, with local refinement using an
incremental tournament-based local searcher.

A class of MOEDASs exploits a structural property of continuous multi-
objective problems. Under mild smoothness conditions, the Karush-
Kuhn-Tucker conditions [42] imply that the Pareto set is a piecewise
continuous (m — 1)-dimensional manifold in decision space, where m is
the number of objectives. This is known as the regularity property of con-
tinuous multi-objective optimization. Algorithms in this class estimate
the manifold from the current population, and then generate offspring
by sampling points on the estimate and applying a small random per-
turbation, rather than fitting a probability density over the population
itself. Zhang et al. [43] introduced this approach with RM-MEDA. The
algorithm partitions the population through local principal component
analysis and approximates each cluster by an affine (m — 1)-dimensional
patch of the manifold. New solutions are then drawn uniformly on the
patches and perturbed by isotropic Gaussian noise.

Lu et al. [44] survey the resulting literature and organise it into
three groups. The first group constructs a manifold approximation and
samples offspring on or near it. The second group uses the manifold
to define neighbourhoods of similar solutions and restricts mating to
within those neighbourhoods. The third group uses the approximation
to produce a small set of guiding solutions that steer the offspring oper-
ators of host algorithms such as differential evolution or particle-swarm
optimization. Within the first group, Jiang et al. [45] replace the fixed
Gaussian perturbation of RM-MEDA with a time-decaying schedule that
is broad in the early stages of the search and contracts as the popula-
tion converges. Wang and Zhou [46] unify the existing variants under
the Regularity Evolution paradigm, in which every offspring is the sum
of a structure vector that lies on the learned manifold and a perturba-
tion vector that displaces it from the manifold. Within the second group,
Pan et al. [47] approximate manifold distance through objective-space
proximity and use it to restrict mating in otherwise standard MOEAs.
Gao et al. [48] apply the same restriction strategy in both objective and
decision space, defining objective-space neighbourhoods from idealised
sub-Pareto fronts centred on knee and extreme points and decision-space
neighbourhoods from elitist-seeded clustering.

Mixture models have also proven effective in maintaining population
diversity when dealing with multimodal trade-off surfaces. Their ability
to model multiple regions of interest within the search space is further
enhanced when combined with diversity-preserving mechanisms that
promote meaningful separation between components or clusters.

MOEDAs are particularly advantageous in problems involving com-
plex variable interactions and conflicting objectives. However, their
success depends critically on maintaining a balance between model
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representativeness, computational overhead, and the population size
required for reliable statistical learning.

This paper presents MOEDA-GMM, a Gaussian Mixture Model
(GMM)-based MOEDA [39]. The algorithm integrates tournament-
based parent selection [49] with probabilistic modeling via
Expectation-Maximization (EM) [50]. A key feature of MOEDA-GMM is
the implementation of a controlled covariance decay mechanism, which
progressively reduces exploration and enhances exploitation over the
course of the search. Unlike the regularity-based methods reviewed
above, MOEDA-GMM does not assume a manifold approximation of
the Pareto set; in this respect it is more closely related to the earlier
mixture-based multi-objective EDA of Bosman and Thierens [51].

To preserve diversity, the selection process imposes a user-defined
upper bound on the number of individuals retained from each Pareto
front. This prevents overconcentration on the first front and promotes a
more balanced distribution of solutions across multiple fronts. The use of
GMM [39] allows for the modeling of disjoint or irregular Pareto regions
and facilitates sampling near feasible boundaries, owing to the nonlocal
support of Gaussian distributions. These characteristics support a more
extensive exploration of the search space.

Given its probabilistic nature and modeling flexibility, MOEDA-GMM
is particularly well suited for expensive structural optimization prob-
lems, where function evaluation cost constitutes the majority of the
computational budget.

The proposed algorithm is benchmarked against NSGA-II, SMS-
EMOA, and the Reference Vector Guided Evolutionary Algorithm
(RVEA) on four structural optimization problems (welded beam, two-bar
truss, four-bar truss, and Warren truss) and three analytical test func-
tions (ZDT1-3). Results indicate that MOEDA-GMM offers competitive
performance and effective diversity management, confirming the poten-
tial of probabilistic, mixture-based EDAs in structural multi-objective
optimization. The study also identifies opportunities for improvement,
particularly in diversity preservation and adaptive model control, which
are relevant to ensuring robust convergence in constrained design
spaces.

This work makes two main contributions. First, it presents an
estimation-of-distribution approach (MOEDA-GMM) adapted to struc-
tural optimization problems characterized by high evaluation costs
and limited sampling budgets. The algorithm employs an initial co-
variance inflation followed by a controlled power-law decay, allowing
broad initial exploration that gradually concentrates sampling around
high-performing regions as convergence proceeds. Second, it provides
a comparative analysis against NSGA-II, SMS-EMOA, and RVEA on
analytical and structural benchmarks. Four indicators are reported: hy-
pervolume (HV), generational distance plus (GD"), spread (A), and uni-
form distribution error (UDE). The discussion considers the implications
for integration into computationally expensive structural optimization
workflows.

This paper is structured as follows. Section 2 provides background
on multi-objective optimization and genetic algorithms, followed by a
description of the baseline methods: NSGA-II, SMS-EMOA and RVEA, in
Section 2.1. Section 2.2 presents the proposed MOEDA-GMM algorithm
in detail, including its overall structure, the EM procedure for model
fitting and the minimum covariance scheduling strategy used to balance
exploration and exploitation.

Section 3 reports the results of a comparative evaluation on ana-
lytical and structural optimization benchmarks, using four performance
indicators. A real-world case study involving the optimization of a
Warren truss is also included. Finally, Section 4 summarizes the key
findings, discusses current limitations and outlines potential directions
for future research.

2. Methodology

MOO aims to simultaneously optimize multiple conflicting objec-
tive functions over a common set of decision variables. A general MOO

Applied Soft Computing 201 (2026) 115610
problem can be formally stated as follows:

minimize  F(x) = [f1(x), /,(x), ..., £u(%)]

gi(x) <0, i=1,..,1 o
st. qh(x)=0, j=1L...J
xXeX

Here, x € R" denotes the decision vector within the design space
X C R”, and F(x) : X > R™ is a vector of m scalar objective functions
fr © & > R to be minimized. The scalar inequality constraints g;(x) <
0 and equality constraints /;(x) = 0 define the feasible region within
the search space. The corresponding objective space is denoted by Y =
F(X).

Due to the presence of conflicting objectives, no single optimal so-
lution generally exists. Instead, the goal is to approximate the Pareto
front: the set of non-dominated solutions for which no objective can be
improved without degrading at least one other.

Each design vector x € X is evaluated across multiple objectives,
resulting in a point in a multi-dimensional objective space. When ob-
jectives are conflicting, their global minima occur at different values of
x, and cannot be simultaneously minimized. In such cases, optimization
does not yield a single optimal solution, but rather a set of trade-offs,
where improving one objective necessarily worsens at least one other.

To handle this, the optimization process aims to approximate a di-
verse set of high-quality trade-off solutions. This set is formally defined
through the concept of Pareto dominance. Given two feasible solutions
X{,%, € X, x; is said to Pareto-dominate x, (denoted x; > x,) if:
{fi(xl)ﬁfi(xz) Vie (l,...m), -

Jj€{l,....m} suchthat f;(x;) < f;(x;)

A feasible solution is said to be Pareto-optimal if it is not dominated
by any other feasible solution. The set of all such non-dominated solu-
tions defines the Pareto-optimal set, and its image in the objective space
forms the Pareto front.

The Pareto optimal set P* is defined as the set of all Pareto-optimal
solutions x ,:

P*:{xpe(\,"ﬂxez\,’s.t.x>xp} 3)

This set consists of all non-dominated solutions. The corresponding
objective space representation is the Pareto front F(P*):

F(P*) = {F(x, € ¥ | x, € P*} )

A central challenge in multi-objective optimization is to balance fast
convergence toward the Pareto-optimal set with the need to obtain a
diverse set of solutions that effectively covers the full extent of the Pareto
front.

A common but limited strategy for generating Pareto-optimal solu-
tions is scalarization through weighted sums. This approach reduces
a multi-objective problem to a series of single-objective optimization
problems by assigning fixed weights to each objective function. The
scalarized problem can be formulated as:

m
xp = argmin " w, f;(x) (5)
i=1

where w; > 0 and Y}, w; = 1. Different weight vectors lead to different
trade-off solutions.

While simple to implement, this method presents several drawbacks.
Each scalarized problem must be solved independently, making dense
sampling of the Pareto front computationally inefficient. More critically,
this approach cannot capture non-convex regions of the Pareto front, as
it inherently favors convex combinations of objectives.
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Genetic algorithms (GAs) mathematically model the process of nat-
ural selection, with design variables representing genetic traits and
objective values corresponding to fitness. At each iteration, the original
solutions are referred to as parent solutions, while the newly gener-
ated ones are termed offspring solutions. This approach follows the
heuristic that the recombination of higher-fitness solutions within a pop-
ulation is more likely to produce offspring with improved performance.
Additionally, a random mutation probability of traits introduces stochas-
ticity, preventing premature convergence and allowing the algorithm to
escape local optima. Typically, the initial population of candidate so-
lutions is sampled randomly. Then, the main iteration loop alternates
between two main steps. In the elitist selection step, objective values and
constraints (if present) are evaluated and the worst-performing solutions
are discarded. In the generation step, offspring are generated through bi-
nary recombination of high-performing parents and random mutation.
These steps are repeated until a convergence criterion or iteration limit
is reached.

In multi-objective optimization, a global ordering of the solutions
based on a single metric is not possible and a fitness indicator must guide
convergence while maintaining a diverse enough population to ensure
representative coverage. NSGA-II [31] uses a fast non-dominated sort-
ing algorithm to rank solutions based on their level of non-domination.
Solutions in each front are ranked according to their crowding distance,
a diversity-preserving criterion that favors more isolated solutions. SMS-
EMOA [32] adds a single solution at each step through binary crossover
of a selected parent pair. The solution with the lowest hypervolume
contribution is then removed.

In constrained multi-objective optimization, algorithms must sat-
isfy feasibility requirements while optimizing conflicting objectives.
Constraints often fragment the search space and reshape the Pareto
front, making constraint handling essential for finding valid, high-
quality trade-offs.

Evolutionary algorithms employ several general strategies to address
constraints. One common approach adds penalty terms to the objective
function, discouraging violations [52]. Another prioritizes feasible indi-
viduals during selection; for example, NSGA-II always ranks any feasible
solution above infeasible ones and compares infeasible solutions by de-
gree of violation [31]. A third method uses repair operators that adjust
infeasible candidates to satisfy constraints, preserving useful solution
traits while restoring validity [52].

EDAs, which construct probabilistic models from high-quality solu-
tions, require careful adaptation to constrained optimization. In partic-
ular, without explicit handling of constraints, the learned models may
assign high probability density to infeasible regions of the search space.
This motivates two requirements: the need to guide the search toward
a fully feasible population when the initial samples are infeasible, and
the importance of progressively reducing the probability of sampling in-
feasible solutions as the search converges toward a well-defined feasible
region. The first requirement can be addressed through feasibility-aware
model updates, in which samples are weighted based on their feasibility
status. In this approach, feasible and near-feasible solutions are given
higher influence during model construction, promoting convergence to-
ward the feasible region. An alternative is to adopt a two-phase strategy:
the first phase focuses on minimizing constraint violations to achieve
feasibility, while the second shifts attention to optimizing the objective
functions once a feasible region has been reached [35].

The second requirement focuses on limiting the generation of in-
feasible solutions during model-driven sampling. This can be addressed
either through rejection sampling or repair mapping. In rejection sam-
pling, candidate solutions that violate constraints are discarded and
resampled, which is conceptually simple but may result in inefficiencies,
especially when constraint violations are frequent and the total num-
ber of iterations is limited by a fixed computational budget. In contrast,
repair mapping attempts to project infeasible samples back into the fea-
sible domain. While this approach avoids wasting samples, it relies on
an accurate approximation of the constraint boundary. For black-box
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problems, this is only efficient if constraint evaluations are substantially
cheaper than objective function evaluations.

Shirazi et al. [53] adopted the repair-based approach in EDA+ +,
enforcing feasibility at every generation by ensuring that all offspring
remain within the admissible region throughout the optimization pro-
cess.

Flexible probabilistic models can also contribute to constraint han-
dling by reducing the likelihood of sampling infeasible solutions. In par-
ticular, GMMs are more effective than unimodal models in representing
disjoint or irregular feasible regions, as they can assign separate compo-
nents to distinct feasible zones [35]. Shirazi et al. [53] demonstrate this
by incrementally increasing the number of Gaussian components until
each component’s centroid is located within a feasible subregion.

Effective constraint handling in EDAs depends not only on gen-
eral evolutionary strategies but also on the modeling capacity of the
probabilistic framework itself. Selecting an appropriate EDA model can
significantly improve the efficiency of feasible region exploration.

Recent metaheuristic developments in multi-objective structural
optimization have also explored new biologically inspired strate-
gies. Several studies, all published between 2023 and 2025, pro-
pose algorithmic variants focusing on population interaction or hy-
brid selection mechanisms. For instance, the Adaptive Predator-Prey
Algorithm [54] introduces a co-evolutionary approach for maintain-
ing diversity in many-objective optimization; the Multi-Objective Elk
Herd Optimization [55] and the Crested Porcupines Optimization
Algorithm [56] apply similar principles to structural design con-
texts, demonstrating the versatility of swarm-inspired formulations.
Complementary formulations include a weighted-average method for
truss optimization aimed at improving convergence and front distribu-
tion [57], a comparative study on a 120-bar dome truss using three meta-
heuristics [58], and a thermal-structural optimization scheme based on
Thermal Exchange Optimization [59]. Together, these works broaden
the repertoire of bio-inspired and population-based algorithms tested
on structural benchmarks. Within this landscape, MOEDA-GMM con-
tributes to the EDA paradigm by coupling Gaussian mixture modeling
with a decaying covariance schedule, enabling progressive narrowing
of the search distribution as convergence proceeds—a capability par-
ticularly valuable when function evaluations are expensive and feasible
regions may be fragmented.

2.1. Baseline models

Three well-established multi-objective evolutionary algorithms serve
as baselines: NSGA-II (non-dominated sorting with crowding-distance
diversity), SMS-EMOA (hypervolume-based selection), and RVEA (de-
composition via reference vectors). Together they cover the three dom-
inant algorithmic paradigms in multi-objective optimization, enabling
a direct assessment of MOEDA-GMM'’s probabilistic modeling strategy
across diverse selection mechanisms.

NSGA-II [31] is one of the most widely used genetic algorithms
for multi-objective optimization. Its core mechanism is a fast non-
dominated sorting procedure that partitions the population into hierar-
chical Pareto fronts. This is achieved with a time complexity of O(M N?),
where M is the number of objectives and N is the population size.

During sorting, two auxiliary data structures are initialized for each
solution x;: the domination count #;, which stores how many solutions
dominate x;, and the domination set d;, which holds the indices of
solutions dominated by x;. Initially, all n; values are set to zero. The
algorithm iterates over all pairs of solutions (x;, x;) to determine dom-
inance relationships. If x; > x,, then n, is incremented and k is added
to d;. The first Pareto front is formed by collecting all solutions with
n; = 0. These are added to front F,, and their domination counts are set
to —1 to mark them as processed. Then, for each solution in F, the algo-
rithm decrements the domination count of its dominated solutions. The
process is repeated iteratively to construct subsequent fronts F, F,, ...,
until all solutions are assigned to a front.
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Once sorting is complete, solutions within each front are ranked by
crowding distance, which serves as a secondary criterion to promote di-
versity. For each objective, values are normalized to the [0, 1] range, and
the crowding distance of a solution is computed as the average distance
between its nearest neighbors across all objectives. Boundary solutions
are assigned an infinite crowding distance to ensure their retention.
Finally, parent selection is performed using tournament selection based
on dominance rank and crowding distance, introducing stochasticity to
help prevent premature convergence.

SMS-EMOA [32] is a steady-state evolutionary algorithm that uses
the hypervolume indicator as a selection criterion for multi-objective
optimization. The hypervolume of a Pareto front approximation is de-
fined as the measure of the region in the objective space that is weakly
dominated by the solution set and bounded by a reference point.

After initializing a random population and evaluating its objective
values, SMS-EMOA computes the hypervolume of the current solution
set and the marginal contribution of each individual. The marginal
contribution of a solution x is defined as the difference between the
total hypervolume HV (P) and the hypervolume of the set obtained by
excluding x, HV (P \ {x}):

AHV(x)= HV(P)— HV(P\ {x}), )

where P is the current population.

At each iteration, binary tournament selection is used to select two
parents based on Pareto dominance. A single offspring x,.,, is generated
through crossover and mutation and added to the population. The hy-
pervolume is then updated, and the contribution of the new solution is
computed as:

AHV (x0) = HV(P U {xp00}) — HV (P). %)

Next, non-dominated sorting is performed to identify the Pareto
fronts within the updated population. Among the solutions in the last
front, the individual with the smallest hypervolume contribution is re-
moved to maintain a fixed population size. This procedure continues
until a predefined stopping criterion is met, such as a maximum number
of iterations.

To maintain computational efficiency, hypervolume values are up-
dated incrementally. In the bi-objective case, Klee’s Measure Algorithm
(KMA), also known as the sweep line algorithm, is used for efficient com-
putation. In this method, solutions are first sorted by their x-coordinate
in O(nlogn) time. A single scan then computes both the total hy-
pervolume and the marginal contribution of each point. During this
process, dominated points are discarded, and only the first Pareto front
(i.e., points with non-zero contribution) is retained for further updates.
Insertion operations require O(log n) time, and updates can be performed
in O(n), resulting in an overall complexity of O(Sn), where S is the
number of iterations.

RVEA [60] is a decomposition-style evolutionary algorithm that
guides the search using a set of unit reference vectors that partition the
objective space into subregions. In each generation, candidate solutions
are associated with their nearest reference vector (by acute angle), and
one elitist per subregion is retained according to an angle-penalized dis-
tance (APD) metric that balances convergence toward the ideal point
and alignment with the assigned vector. In this work, the bi-objective
version (M = 2) is employed, where N evenly spaced reference vectors
are placed in the first quadrant of the unit circle.

After evaluating the population, objective values are first translated
so that the ideal point becomes the origin:

t/(x) = £(X) = Zyin>»  Zpmin = min f(x), (8)
xEP

ensuring that all translated points lie in the positive quadrant and are

covered by the reference vectors. Each solution is then associated with

the closest reference vector v; by maximizing the cosine similarity
f'(x)-v;

cos O(x, v;) = — 9

I ol
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Within each subpopulation, the selection criterion is the Angle-Penalized
Distance:

dxlj) = (1+ POV ) IE GOl (10)

where the penalty term P(0) controls the trade-off between convergence
and diversity:

p
P(9)=M( ! )i 11

5
max v j

with 7 denoting the generation index, p a user-defined exponent control-
ling how diversity pressure increases over time, and 1 the minimum
angle between v; and its neighboring vectors. Early in the run, P(6) ~ 0
emphasizes convergence, while near the end of the search (+ ~ t,,,)
the penalty term grows, encouraging a more even spread of solutions.
In the bi-objective case (M = 2) the pymoo implementation uses an ef-
fective multiplier of 1 rather than M, so the active penalty reduces to
PO) = (t/tya)’ e/yv/. To account for different objective scales, RVEA
periodically adapts the reference vectors using the current objective
ranges:

0) (t+1) (t+1)
V5t+1) — imo(z:j—):) - Z:Tl)) ) (12)
R

where o denotes the Hadamard (elementwise) product. This adapta-
tion is performed at a fixed frequency to maintain stability while
compensating for objective scaling effects.

The per-generation computational cost is O(M N?), dominated by
partitioning and APD evaluation. For bi-objective problems (M = 2),
this reduces to O(N?). Offspring are generated through standard genetic
operators (SBX crossover and polynomial mutation), and the number of
reference vectors is typically set equal to the population size so that one
elitist solution is selected per vector.

2.2. MOEDA-GMM

This study introduces MOEDA-GMM, a bi-objective EDA that em-
ploys a GMM to statistically model and explore the solution space
[35,36].

The primary objective is to replace mutation and crossover with a
tractable probabilistic model capable of capturing the complexity and
multimodality of the design landscape.

Algorithm 3 RVEA: Reference vector guided evolutionary algorithm (Bi-

Objective).

Require: Population size N, number of generations G, exponent p,
adaptation frequency f,

1: Generate N unit reference vectors V;, = {v
[0, /2]

0) 0) : :
LV } uniformly in

2: Initialize population P, of size N; evaluate F(x) for all x € P,
3: forr=0to G—1do
4 Q, < Generate offspring from P, via crossover and mutation
5: Evaluate F(x) for all x € Q;; set R, < P, U Q,
6: Compute z,;, = min,ep F(x) and translate f'(x) = F(x) — Zp,
7: Assign each x to the closest reference vector v; by maximal
cosO(x,v;)
Compute d(x|j) for each subpopulation using Eq. (10)
9: Select one elitist (lowest d(x|j)) per subpopulation to form P,
10: if /G is a multiple of f, then
11: Update reference vectors v; using Eq. (12)
12: end if
13: end for

14: return Non-dominated solutions in the final population P
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The algorithm adopts the non-dominated sorting and crowding dis-
tance mechanism from NSGA-II for environmental selection. However,
the generation step differs substantially, replacing direct recombination
with a probabilistic modeling approach.

Rather than producing offspring through variable-level recombi-
nation, MOEDA-GMM estimates the distribution of selected parent
solutions using a GMM. This model is fitted via the EM algorithm to
maximize the likelihood of the parent set. New solutions are then sam-
pled from the learned distribution, enabling exploration guided by the
underlying statistical structure.

The MOEDA-GMM algorithm is governed by two parameters that
control population management: the minimum population size n, and
the buffer fraction vector S, = {s;;}, i = 1,...,n,, where n, = |.S/| is
the number of buffered fronts. The former defines the minimum num-
ber of selected candidate solutions and the size of the offspring at each
iteration. The latter specifies the upper bound on the population size
near convergence and its distribution across the fronts. Each entry ex-
presses the maximum number of candidate solutions retained for the
corresponding front as a fraction of n,, yielding N, = S;, - n, per front
and a total capacity of ), N/ ;. For instance, if n, =100 and S, =1[1,0.5],
then up to 100 solutions are retained for the first front and 50 for the
second, for a maximum population of 150.

During the selection process, the top n, fronts are first filled up to
their maximum size. If fewer than n, individuals can be selected this
way, the population is filled to its minimum with the best-performing
among the remaining candidate solutions. If fewer than n), feasible solu-
tions are available, infeasible solutions are selected in increasing order
of constraint violation.

This approach mitigates the loss of diversity caused by premature
local convergence. A common cause of diversity loss in EAs is that so-
lutions converging faster to one subregion of the Pareto front dominate
individuals converging to a different region, which are then discarded
when the first front fills the entire population. This strategy allows for
keeping more solutions as the algorithm gets closer to convergence while
ensuring that those solutions are distributed across the first n, fronts.

The population P is initialized by providing or randomly generating
n, candidate solutions. The random generation is performed through
the Latin Hypercube Sampling (LHS) [61] method. LHS partitions the
range of each variable of the problem into equally spaced intervals and
ensures a stratified, non-redundant sampling across all dimensions. For
each sample, an interval is uniformly selected without replacement for
each coordinate, and a point is then selected uniformly at random in
the hyper-rectangle bounded by those intervals. The optimization loop
proceeds as follows:

1. Evaluation. After adding them to the current population, the ob-
jective and constraint values of the new candidate solutions are
evaluated.

2. Sorting. The population is sorted into Pareto fronts based on non-
domination and crowding distance assignment (see Section 2.1).

3. Selection. Iterating over the first n, fronts, up to N, solutions
are selected for the ith front in order of decreasing crowding dis-
tance. If fewer than n, solutions can be selected this way, the
population is completed by adding the best-performing among
the remaining solutions, first selecting feasible solutions in order
of rank and crowding distance, then, if necessary, the infeasible
solutions with the lowest constraint violation.

4. Parent selection. One round of tournament selection identifies
the parent population. If fewer than n, individuals fall within
the first n, fronts, the tournament operates over the entire pop-
ulation. Otherwise, it is performed within each of those fronts
independently, preserving the proportion of their population.

5. Estimation of distribution. A GMM is fit to the parent popula-
tion using the EM algorithm, with initial centroids provided by
k-means clustering.
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6. Sampling. New candidate solutions are sampled from the esti-
mated GMM.

The process is stopped upon exceeding the iteration limit or a max-
imum amount of computational resources. As the sorting algorithm
populates the lower-rank (better) fronts first, it is possible to interrupt
it after populating the first n, fronts and reaching the minimum popu-
lation size. In this work, the sorting and selection steps are decoupled.
Given that the computational cost of non-dominated sorting is negligible
compared to that of distribution estimation, this separation allows for
a more modular implementation, improving both maintainability and
scalability.

In the tournament selection process, pairs of candidate solutions
are drawn randomly without replacement and the higher-ranked one
receives a point. One or multiple rounds can be carried out and the par-
ent population is selected from the higher score solutions, with rank
as a tiebreaker. This scoring-based mechanism enhances elitism dur-
ing early search phases while reducing over-exploitation compared to
a rank-based cutoff: higher-ranked solutions are more likely to be se-
lected, but lower-ranked individuals retain a non-zero probability that
decreases gradually with rank, preserving diversity in the parent popu-
lation. Developing more effective strategies to balance exploitation and
diversity preservation remains an open research direction.

The GMM is governed by two critical parameters: the number K of
Gaussian components and the lower bound on the covariance matrix
elements X ;.. The latter is essential for ensuring numerical stabil-
ity during the EM updates. Without a minimum variance threshold,
the EM algorithm may converge to a degenerate solution in which a
Gaussian component collapses onto a single data point, resulting in a
near-zero variance and a divergent likelihood. Beyond ensuring stability,
the choice of X, directly affects the exploration-exploitation trade-
off. A higher minimum variance promotes exploration by increasing
the likelihood of sampling offspring farther from the current popula-
tion clusters, thus enhancing the capacity of the algorithm to search
unexplored regions of the design space.

Algorithm 4 MOEDA-GMM.

1: Initialization:
2: Py, < {n, random candidates via LHS}
B3P« F<@C<0
4 R«
5 CD « ¢
6: 1«0
7: Nylil < [n, - SplI Vi
8: while 1 < T}, and resourceLimitNotExceeded do
9: Fnew < [Fl(Pnew)’ FZ(Pnew)]
10:  Chey < Yoy max(0, g;(Prey))
11: P« P| Py,
12: F « F || Fpey
13: C < C | Crey
14: R, CD « NondominatedSortingWithCD(P, F, C)
15: ids) = SelectionStep(R, C, C D)
16: P < Plidg]
17: F « Flidg]
18: C « Clidgy]
19: R < R[idg]
20: CD « CDlidg]
21: Poarens < TournamentSelection(P, R, CD)
22: initial_clusters < kMeans(Ppens)
23: GMM < FitGMM(Pyypeps, initial_clusters)
24: P..,, < Sample(GM M)

25: te—t+1
26: end while
27: return Final population or best Pareto front
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Algorithm 5 SelectionStep(R, C, CD).
> rank equal to ny,,,,, + 1 for the infeasible

1 Finfeas = max(R)
solutions

2: idg < @

3: for f €[1,n;] do

4 idgy < {i €[1,|P|] s.t. R[] = f}

S iClsel ” idcurr

6.

7

8

9.

: end for
¢ if |idy| < n, then
Mremaining <~ p — |idsel|
Teurr €< 11 f
100 idgy,, < @
11: while 7,aining — lidey| > 0 do
12: idsel ” idcurr
13: Mremaining <~ Mremaining — |idcurr|
14: rcurr « rcurr + 1
15: ideyy < {i € [1,|P]] s.t. R[i] = 1oy }
16: end while
17: if Iy = Finfeas then
18: front_order < Argsort(C[id.,,,], ascending)
19: else
20: front_order « Argsort(C D[id], descending)
21: end if
22: idge || ideye[front_order(1 : Ay qiningl]
23: end if

24: return idg,

To dynamically balance exploration and exploitation throughout the
search, MOEDA-GMM employs a scheduling strategy for the minimum
covariance X;,, which decays over time according to a power-law func-
tion. This schedule enables the model to explore broader regions of the
search space in early iterations and gradually concentrate the search
around high-performing regions as the optimization proceeds. The co-
variance floor X ; decays from its initial value a to a minimum a,,;,
over t,,, iterations. The decay schedule is defined by:

—2“““=1-< ! )ﬂA(l—am—i“), 13)
14 t a

max

where 7 represents the current iteration index and f controls the rate
of decay. Larger values of f result in a steeper transition, allowing for
more prolonged exploration before rapidly shifting to exploitation. Both
a and f are user-defined parameters that can be tuned to adapt the con-
vergence behavior of the algorithm to the specific characteristics of the
optimization problem.

The GMM is fitted to the parent population using the EM algorithm
[50], a two-step iterative procedure designed to compute maximum
likelihood estimates for models with latent variables.

A latent variable model incorporates unobserved variables whose
probability distribution depends on the model parameters. While the
marginal likelihood can, in principle, be expressed and maximized di-
rectly, doing so is computationally intractable in most practical cases.
EM circumvents this by iteratively estimating the expected value of
the latent variables and optimizing the likelihood conditional on those
estimates. This method applies to mixture models like the GMM.

A GMM is a probability distribution whose Probability Density
Function (PDF) is defined as a weighted sum of K independent mul-
tivariate Gaussian distributions. Each component is parameterized by
a mean vector y;, a covariance matrix X;, and a mixing weight z;.
Sampling from a GMM consists of drawing a component index z ~
Multinomial(z, ..., 7g), followed by sampling from the corresponding
Gaussian distribution:

{P(z =i)=mx;, where leil =1 14)

P(x|z=1i)=N(u,Z).
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Marginalizing over z, the full distribution is expressed as:

K
PO = ) mN (x|, ) (15)

i=1

Let {x, }r],i , be the dataset of N samples. A GMM with K components
is parameterized by:

o _ [0 s oK
v = {”i I }i=l’ (16)

where, for each component i, ;4;” denotes its mean vector at iteration
t, 2‘(.’) the corresponding covariance matrix, and nf’) the mixing weight,
subject to the constraint Z{i . n,.(’) =1.

The latent variable z € {I,...,K} indicates which component
generated a sample.

The marginal density of a sample x,, under the GMM is:

K
p(xn | (9(’)) = Z;rj.”}\/'(x,, | /4;’), Zy)), 17
j=1

where NM(x | u,X) denotes the multivariate normal PDF with mean u
and covariance X.

In the Expectation step, the responsibilities represent the posterior
probability that the sample x, was generated by component i, given the
current parameter estimates. They are defined as:

PO(x,)=P(z=ix,,00), (18)
Applying Bayes’ rule, this expression becomes:

O] 0 (O
z’ N(x, | 4, Z;
pi(t)(xn): Kl ( n i i ) ) (19)

3 e 1)

Jj=1

The effective sample count for component i is:
N
NO = 3 POx,). (20)
n=1

In the M-step, parameters are updated by maximizing the expected
complete-data log-likelihood using the computed responsibilities:

N
a+y _ 1 0)
u = —= D ) X, 1)
i n=1
|« T
1 1 1
T = — 3 PO (= e, = i) (22)
i n=1
0)
N
(t+1) _ i
”i = T (23)

The updated weights are the normalized average responsibilities for
each component.

The algorithm alternates between E and M steps until the relative
change in log-likelihood falls below a predefined tolerance (10~3 by de-
fault) or 100 iterations are completed. All input samples are normalized
to the unit hypercube based on their box constraints before fitting. This
prevents numerical instability caused by different variable scales and
improves convergence behavior.

An example of the EM iterations is illustrated in Fig. 1, showing
how the Gaussian components adapt over the initial E and M steps
and the convergence after 5 and 10 steps. Starting from a 2D data dis-
tribution and arbitrary initial Gaussian components, spherical in this
example case, the responsibilities are computed in the first E step, with
the red-blue mixing proportion indicating the fraction of responsibility.
The following M step shows the recomputed Gaussians and the E step
shows the updated responsibilities.
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(a) Starting distribution.
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(c) First M step.
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(e) Tteration 5.
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(b) Gaussian initialization and E step.
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(d) Second E step.
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(f) Tteration 10.

Fig. 1. Example of an EM process with spherical Gaussians. An intentionally suboptimal Initialization better highlights the changes occurring in the E- and M-steps.

3. Results and discussion

This section evaluates the performance of the proposed MOEDA-
GMM algorithm by comparing it against three well-established multi-
objective evolutionary algorithms: NSGA-II, SMS-EMOA, and RVEA. The
comparison is carried out using three multi-objective analytical test
functions (ZDT1, ZDT2, and ZDT3), three synthetic structural engineer-
ing benchmark problems (Welded Beam, Four-Bar Truss, and Two-Bar
Truss), as well as an example real-world structural design involving a
plane Warren Truss structure.

All algorithms were tested under identical evaluation budgets and
population sizes, with results averaged over 50 independent runs.
Performance was compared using the hypervolume (HV), generational
distance plus (GD"), spread (A), and uniform distribution error (UDE),
which together quantify convergence and population distribution. Since
the benchmark problems used here have very low evaluation costs,
the computational overhead from model fitting and sampling is artifi-
cially emphasized. In realistic high-fidelity structural optimization tasks,

where finite-element analyses dominate the runtime, this overhead is
small by comparison. Efficiency is therefore reported in terms of the
number of objective-function evaluations required to reach compara-
ble solution quality rather than elapsed time. For each problem, the
influence of «, §, and K was analyzed using the Kruskal-Wallis (KW)
H test [62] on final indicator values (HV, GD*, A, UDE), followed
by Bonferroni-adjusted pairwise Mann-Whitney U tests [63]. Runs are
treated as independent samples, as seed initialization does not create
a blocking structure. To study trends and interactions across problems,
these per-problem tests are complemented with factorial models. Where
residuals are approximately normal, a Linear Mixed-Effects Model
(LMM) [64] is used, treating problem variability as a random intercept.
When normality assumptions are violated, the same factorial design is
analyzed using an Aligned Rank Transform (ART) ANOVA [65], pro-
viding a distribution-free alternative that preserves interpretability of
main and interaction effects. As a descriptive summary, per-problem
configuration performance is visualized via decile-ranked heatmaps over
the (8, «) grid, with separate panels for each K value and evaluation
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timestep. Champion configurations are identified by weighted rank
aggregation across indicators, validated through multi-method con-
cordance (LMM, ART ANOVA, Friedman) and leave-one-problem-out
jackknife stability (Section 3.5).

The same statistical framework is then applied to the baseline com-
parison: with the selected champion configuration, MOEDA is compared
to NSGA-II, SMS-EMOA, and RVEA using per-problem Kruskal-Wallis
and pairwise Mann-Whitney U tests (50 runs per algorithm). Cross-
problem results use ART ANOVA with algorithm as fixed effect and
problem as random intercept, complemented by Friedman ranks and
Critical-Difference (CD) diagrams.

NSGA-II, SMS-EMOA, and RVEA are implemented using the pymoo
[66] Python library, which also provides interfaces for the synthetic
benchmark problems. RVEA uses a bi-objective reference-vector set
with the number of vectors equal to the population size, APD se-
lection, and the library defaults for vector adaptation frequency and
penalty exponent; all other settings (population size, evaluation budget)
match the baselines for comparability. The Warren Truss analysis is per-
formed through a bespoke Python module integrated into the benchmark
pipeline by wrapping it in the pymoo problem APIL

For each structural problem, the constraints related to stress, buck-
ling, and deflection are selected to reflect typical allowable limits found
in structural design practice. Although strict compliance with specific
design codes is not enforced, the adopted thresholds are consistent
with conservative safety margins commonly used in engineering appli-
cations. These bounds are intended to ensure that all generated solutions
maintain structural integrity under standard design conditions.

3.1. Experimental setup

MOEDA-GMM introduces three algorithm-specific parameters: the
initial covariance floor a, the decay exponent f, and the number of
Gaussian components K. To systematically assess the sensitivity of per-
formance to these parameters and to identify configurations suitable for
publication comparison, a full factorial grid was constructed as follows:

. f€1{05,06,0.7, 1.0, 1.5, 2.0} (6 levels),
« a € {0.003, 0.005, 0.007, 0.008, 0.009, 0.010, 0.011}
« Ke{2,3,4,5 7} (5levels),

(7 levels),

yielding 6 x 7 x 5 = 210 distinct configurations in a balanced factorial
design. The balanced structure is essential for clean three-way factorial
analyses of main effects and interactions (f X «, f X K, a X K). The min-
imum covariance floor is fixed at a,,,, = 10~ across all configurations.
Every configuration is evaluated on each of the seven benchmark prob-
lems over 50 independent runs to ensure statistical reliability. Each run
uses a deterministic seed derived from a fixed base seed, so that all al-
gorithms and configurations share identical initial populations for each
run index, enabling full reproducibility. All algorithms, namely MOEDA-
GMM, NSGA-II, SMS-EMOA, and RVEA, share the following common
settings: population size N = 50 and maximum iterations G = 200.
MOEDA-GMM additionally uses a parent fraction of 0.5 and a strati-
fied buffer with fractions (1.0, 0.5, 0.5) for the first three non-dominated
fronts, allowing the effective population to expand up to 2N = 100 when
beneficial. For performance evaluation, four complementary quality in-
dicators are computed at each iteration: HV [67], GD* [68], A [31],
and UDE [57], defined as the coefficient of variation of consecutive
inter-point distances along the sorted front. For each problem, a global
reference front is constructed by merging the non-dominated solutions
from all algorithms, configurations, and timesteps. The ideal and nadir
points are taken as the componentwise minimum and maximum of this
reference front, ensuring tight normalization bounds for HV and GD*
that remain consistent across all evaluation points.

3.2. Statistical framework

With 210 configurations, seven problems, and 50 runs each, the
indicator distributions exhibit pronounced non-normality (Table 1).

10
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Table 1

Distributional diagnostics for the four quality indicators (pooled across all
configurations, problems, and runs). ICC (intra-class correlation) quantifies
the proportion of variance attributable to between-problem differences in
the LMM.

Indicator Skewness Excess Kurtosis ICC (%) Shapiro-Wilk p
HV —6.4 49.9 84.8 <107¢
A 1.2 8.8 84.5 < 107°
UDE 2.9 19.2 66.0 <107°
GD* 11.0 144.1 ~0 <107°

Normality is assessed via D’Agostino—Pearson [69], which tests whether
skewness and excess kurtosis are jointly zero, and Shapiro-Wilk [70],
which tests correlation with expected normal order statistics. Both reject
normality at p < 107 for all four metrics. The severe departures preclude
the use of parametric ANOVA for comparing configurations; a non-
parametric and rank-based framework is adopted throughout. Where
parametric models (linear mixed models) are used as a supplementary
perspective, the normality violation is reported explicitly.

Within each problem, the null hypothesis of distributional equal-
ity (F, = F, = -+ = F) is tested via the Kruskal-Wallis H test,
which detects any shift in location or shape among groups without
assuming equal distributional form. Rejection indicates that at least
one configuration is stochastically dominant. Pairwise Mann-Whitney
U tests with Bonferroni correction then identify which specific pairs dif-
fer. This within-problem procedure is applied both during sensitivity
analysis (comparing all 210 configurations) and during baseline compar-
ison (comparing champion configurations against NSGA-II, SMS-EMOA,
and RVEA). Across problems, the Friedman test assesses rank consis-
tency by treating problems as blocks and configurations as treatments.
Its statistic is based on mean ranks, but the hypothesis concerns the ex-
changeability of treatments, not average performance. Nemenyi [71]
post-hoc tests with critical difference diagrams identify groups of sta-
tistically indistinguishable algorithms. To isolate the effect of individual
design factors, three-way Kruskal-Wallis tests assess the main effects of
B, a, and K as well as their pairwise interactions (f X a, f# X K, a X K)
on each indicator. ART ANOVA [65] complements these tests by first
stripping the effects of other factors before ranking, providing cleaner
interaction estimates. Results are visualized as interaction heatmaps.
Champion selection employs three independent ranking methods, each
testing whether the choice of configuration has a significant effect on
indicator values: Friedman (non-parametric, cross-problem rank con-
sistency), ART ANOVA (non-parametric factorial via aligned ranks),
and LMM (parametric mixed model testing whether z; = 0 in y;; =
HE T tutEg; with random intercept u; ~ N(0, 03)). Friedman and
ART require only ordinal data; the LMM additionally assumes normally
distributed residuals and random effects, but provides the intra-class cor-
relation ICC = 62/(c + ¢2) for variance decomposition and remains
asymptotically valid for large samples. Each method produces a per-
indicator ranking of all 210 configurations. Weighted rank aggregation
across indicators (HV weight 0.4; A, UDE, GD* weight 0.2 each) yields a
composite score, from which champion pools are defined as the top 10%
of configurations. Agreement across methods with different assumptions
strengthens the conclusions; the composite set is further validated by
leave-one-problem-out jackknife stability.

HV shows the strongest problem grouping (ICC = 84.8%), con-
firming that problem identity is a major source of variability and
motivating the cross-problem blocked designs. At the other extreme,
GD* has ICC ~ 0 and singular random effects in the LMM (between-
problem variance converges to zero), so its variation is driven entirely
by within-problem, between-configuration differences. LMM results for
GD* should therefore be interpreted with caution, and ART ANOVA is
used as the primary ranking method for that indicator.

Full statistical tables for the baseline comparison are reported in
Appendix B; marginal sensitivity distributions are in Appendix C.
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3.3. Benchmark problems

3.3.1. Welded beam problem

The welded beam problem (Fig. 2) involves the simultaneous mini-
mization of fabrication cost and vertical deflection at the free end of a
cantilevered steel beam welded to a rigid base. The beam has a rectan-
gular cross-section with width » and height ¢, and it is attached to the
base via a fillet weld of length / and thickness 4. The beam extends a
fixed length L beyond the weld, and a vertical load P is applied at its
free end.

The design vector is defined as:

x = [x1,%y,x3,x4] = [h,1,1,b]. (24)

The problem is subject to several structural and geometric con-
straints:

« Maximum shear stress on the weld: z(x) < 13,600 psi,

+ Maximum normal stress in the weld: oy, < 30,000 psi,
« Buckling load resistance: P,.(x) > P,

« Weld thickness lower than the beam width 4 < b.

The bounds on the design variables are: x; = h € [0.125, 5], x, =1/ €
[0.1, 10], x3 = € [0.1, 10] and x4 = b € [0.125, 5].
The problem can be mathematically formulated as:

(L+2)1/x3 + (x; +x3)°

1
Vax,x, YN tn)
X1X2 2V2xx | 3+ 2

minimize  fi(x) = 1.10471 x%xz +0.04811 x3x4(L + x;)

given

71(x) = 7(x) =

a0 = £ x3.6587x 107
X4x

3 (25)
2
st P |50t + et + — 020N 5600 <
\/xg +(x; + x3)2
OPL 30,000 <0: x,—x, <0
x4X3

6000 — 64, 746(1 — 0.02823x3)x3x} < 0

where P = 6000 lbs and L = 14 in.

3.3.2. Four-bar truss optimization problem

The four-bar truss problem [72,73] involves a planar truss composed
of four structural members, supporting a vertical load F applied at a free
node corresponding to joint C, as represented in Fig. 3. The optimization
objective is to simultaneously minimize the total structural volume and
the vertical deflection at the loaded joint.

The design vector consists of the cross-sectional areas of the four
members:

(26)

x =[x, X5, X3, X4].

Fig. 2. Welded beam optimization benchmark.
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200cm

A X, D

Fig. 3. Four-bar truss optimization benchmark.

The problem is subject to stress constraints on each structural mem-
ber, which are implicitly handled by bounding the design variables
within feasible ranges.

The design variable bounds are defined as: x; € [1, 3], x, € [\/5, 31,
X3 € [V2. 3] and x, € [V2. 3].

The formal problem formulation is:

minimize f(x) = 200 (2x1 + \/Exz + \/x_3 + x4)
27)
2 +&_M+z>

fr(x)=107F (—
X3 X4

X1 X2

where F = 10 kN is the applied load.

3.3.3. Two-bar truss optimization problem

The two-bar truss problem [72,73], illustrated in Fig. 4, features a
simple triangular truss in which two angled members support a vertical
load of 100 kN applied to the last node of the cantilever. The objective
is to simultaneously minimize the total material volume of the structure
and the maximum axial stress experienced by the members.

The design variables include the cross-sectional areas of the two bars,
denoted x, and x,, and the vertical distance y between the base supports
and the loaded joint. The design vector is defined as:

(28)

x =[x, X5, X3] =[x, X3, VI

The system is constrained to a maximum member stress below
103 kPa.

The design variable bounds are: x; € [1074, 0.01], x, € [107%, 0.01]
and x; € [1, 3].

The optimization problem is formally defined as:

minimize  f(x) =x1\/16+x§ +x2\/1+x§
204/16+x2 804/1+x3
X3X1 ’

X3X3

Jf>(x) = max
(29)

20,/16+x§ 804/1 +x3
max R

s.t. <10’
X3X| X3Xp
4m im |
A B
v Xy Xy
C
100 kN

Fig. 4. Two-bar truss optimization benchmark.
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Fig. 5. Diagram of the Warren truss under study. Each color represents beams sharing identical cross-sectional dimensions B and web thickness s.
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Fig. 7. Welded Beam: MOEDA-GMM champion vs SMS-EMOA.
12



M. Siviero, J. Melchiorre, M.M. Rosso et al.

Applied Soft Computing 201 (2026) 115610

HV Delta UDE GD+
0.95 14 35 05
! MOEDA median
] i MOEDA IQR (25th-75th)
0.90 i 3.0 RVEA median
i I | |
; 1 | | 12 0.4 | | RVEA IQR (25th-75th)
1 I | I 5. I I T
0.8 | I I | > [ i I i
o I I | / | i | I I |
0.80 { 1 | | 1 1.0 T 1 1 | 20 0.3 1 | | | |
o I I | I | | I | | I I |
o I I | WA | I | 1 'l I I |
o I I | liaadi | I I | | | |
075 | I | | 1 0.8 I T 1 | I 15 J I | 0.2 | I | | I
| - I I | NP I I I W\ | I I o I I |
o I I | [ I I | Nt | I I o I I |
070 | I | | I I | 1 l I 1.0 | | I I | | I | | I
I | | | | 06 | | | | 1 | | I 4 | 0.1 | | | | |
iy I I | [ | I I [ | I i [ I I |
0.65 I I I | [ | I | 03 [ I I I Lo I I |
| I | | I I I I | I | | I I | i I | | I
| 1 Il Il 1 | Il | | | Il | | | | | I 4 | |
9.60 T 0.4 1 T 1 T T 2.0 T T T T T 0.0 T T T T 1
095 T 14 [ T T T 35 [ T T T - T 1 T T =
I [ | I I [ | | I . il I I |
I £ [ I I | [ I I I il I I |
090 I ? [ | I | 30 [ | I I il I I |
I 1.2 I | 1 | | I | | I 0.12 I | I | |
0.85 I I 25 [ | I I il I I |
| o I | I 0.10 il I I |
T A | I I : il I I |
10 it T I I I il I I |
080 I 20 il I | 0.08 il I I |
I | I | it " Lo I I I
I | I I | I I |
0.75 0.8 | ! | 15 0.06 | | | |
I I | I I |
I | I I I I |
0.70 1o | 0.04 l I | |
i .
0.65 05 0.02 é i i |
| |
g 2 =
0.60 T + 0.4 0.0 0.00
10 25 50 100 200 10 25 50 100 200 10 25 50 100 200 10 25 50 100 200
Iteration
Fig. 8. Welded Beam: MOEDA-GMM champion vs RVEA.
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Fig. 9. Four-Bar Truss: MOEDA-GMM champion vs NSGA-IIL.

3.3.4. ZDT benchmark problems

To complement the structural benchmarks, the evaluation includes
three problems from the ZDT benchmark family [74], a set of analyt-
ical bi-objective test functions widely used to assess convergence and
diversity in multi-objective algorithms. These problems provide con-
trolled Pareto front geometries (convex, concave, and discontinuous),
allowing validation of algorithmic behavior under idealized but diverse
conditions. All ZDT problems are continuous, unconstrained bi-objective
optimization tasks, originally defined with n = 30 decision variables.
In this work, each problem is implemented with n = 10 decision vari-
ables to ensure stable covariance estimation in the GMM and to avoid
overfitting when training up to K = 7 Gaussian components under the
sampling budgets available at population size N = 50. All decision
variables satisfy x; € [0,1] for i = 1,...,n. The general form of these
problems is:

f1(x) = xq,
So(x) = g(x) h(f}, 8),

(30)

13

where

gx)=14+9 Z'%zlxl 31

n

The function h(f,, g) defines the shape of the Pareto-optimal front and
varies across ZDT1-3. For ZDT1 (convex front):

h(f;,e)=1- v ﬂ
4

The Pareto-optimal front (g = 1) forms a continuous convex curve be-
tween (f,f,) = (0,1) and (1,0), serving as a baseline for assessing
convergence smoothness and uniform spread. For ZDT2 (concave front):

2
h(fl,g)=1—<ﬁ> .
g

The inward-curved trade-off surface increases the difficulty of maintain-
ing even population coverage. For ZDT3 (discontinuous front):

h(fl,g)=l—vﬁ—
g

(32)

(33)

f

g‘ sin(107 £)). (34)
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Fig. 10. Four-Bar Truss: MOEDA-GMM champion vs SMS-EMOA.
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Fig. 11. Four-Bar Truss: MOEDA-GMM champion vs RVEA.

The Pareto-optimal front (g = 1) consists of five disjoint convex seg-
ments, requiring the algorithm to maintain diversity across isolated
regions. Together, ZDT1-3 form a compact synthetic test suite covering
three complementary Pareto front geometries, validating algorithmic
behavior before extending the evaluation to constrained structural
optimization problems.

3.3.5. Warren truss system

The final evaluation is conducted on a real-world structural design
problem involving a planar Warren truss, illustrated in Fig. 5. The struc-
ture features a symmetric configuration, with the lower chord divided
into six equal-length segments, forming a triangulated lattice between
the intrados and extrados. The geometry is tapered, with the truss
height increasing toward the center, enhancing structural efficiency
under vertical loading. The truss is composed of welded hollow-core
steel members with square cross-sections, which offer high resistance to
buckling while minimizing the overall structural mass.

14

Design variables include the cross-section dimension B and wall
thickness s for each of four beam types (upper chord, lower chord,
internal and external webs), along with two height parameters: H,;, (ex-
ternal webs) and H,,,, (central node). This yields a total of 10 continuous
decision variables: x = [By, By, B3, By, 5}, 52, 53, S4, Hypins Hax -

The constants are the span length of 6 m, the safety factors for
maximum stresses y, = 1.1, and the material (reinforcement steel)
properties. For the material properties we assume characteristic yield
fy = 355 MPa, Young’s modulus E 210 GPa, and density p
7.7 x 1078 kN/mm?>.

The structure is modeled with pinned supports and is subjected to
self-weight. The bi-objective problem aims to simultaneously minimize
the total structural weight and the vertical displacement of the central
lower chord node under self-load.

These objectives are inherently conflicting: minimizing structural
mass tends to reduce stiffness, thereby increasing displacement. For
example, the deflection § of a simply supported beam under uniform
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Fig. 12. Two-Bar Truss: MOEDA-GMM champion vs NSGA-IL.
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Fig. 13. Two-Bar Truss: MOEDA-GMM champion vs SMS-EMOA.

load scales as O(W L3 /bd?), where W is the applied load, L is the span
length, and b and d are the cross-sectional width and depth, respectively.
Reducing the cross-sectional area lowers weight quadratically but in-
creases deflection at the same rate, illustrating the trade-off between
material efficiency and structural performance.

With a complex structure like a plane truss, the scaling laws change,
but as shown by the experiments, the two objectives remain conflicting.

The structural solver is implemented as a bespoke Python module
wrapped in the pymoo problem API. The solver uses a linear ap-
proximation to compute nodal displacements and beam stresses under
gravitational loading.

The feasible design space is bounded by box constraints: B, €
[36,300] mm, s; € [5,30] mm, 50 mm < H,;, < Hy, < 10* mm

Inequality constraints are a maximum stress in all beams lower than
the design yield strength f,, = f,, /v, and a maximum permissible node
displacement lower than L/500.

15

3.3.6. Benchmark optimization results

Each algorithm is executed for 200 iterations with a population
size of 50, repeated across 50 independent runs. In the pymoo imple-
mentation, each iteration evaluates a number of offspring equal to the
population size, resulting in a total of 10,050 function evaluations per
run (200 x 50 offspring evaluations plus the initial population of 50).

NSGA-II, SMS-EMOA, and RVEA are executed using their default con-
figurations as provided by the pymoo library. For MOEDA-GMM, all 210
configurations from the factorial grid (Section 3.1) are first evaluated
across all benchmarks to produce a comprehensive sensitivity analysis of
the three algorithm-specific parameters (Section 3.4). From these results,
a small set of “champion” configurations is then selected via cross-
problem weighted rank aggregation over all four quality indicators; the
selection procedure and its validation are detailed in Section 3.5. For
each benchmark, the best-performing champion from this pool is then
compared head-to-head against the baseline algorithms.
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Fig. 14. Two-Bar Truss: MOEDA-GMM champion vs RVEA.
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Fig. 15. Warren Truss: MOEDA-GMM champion vs NSGA-II.

Figs. 6-26 display the convergence behavior of the overall top-
ranked MOEDA champion (f=1.0, a=0.009, K=2) against each baseline
individually across the four quality indicators (HV, A, UDE, GD%).
Each panel shows median convergence with interquartile-range bands
(top row) and boxplot distributions at selected iterations (bottom row)
over 50 independent runs. On the structural benchmarks (Figs. 6-17),
MOEDA-GMM demonstrates rapid early convergence on WeldedBeam
and Truss2DFourbar, achieving competitive HV within the first 25 it-
erations. On Truss2D2bar the champion reaches near-final HV early
but NSGA-II and SMS-EMOA close the gap by ¢+ = 100. RVEA exhibits
front collapse on the three actively constrained structural problems
(WeldedBeam, Truss2D2bar, WarrenTruss; HV — 0). On the ZDT bench-
marks (Figs. 18-26), SMS-EMOA achieves the best final HV, while
MOEDA remains competitive with NSGA-II on ZDT1 and ZDT2. Early-
and mid-stage pairwise tests (Appendix B.1) show that MOEDA achieves
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asignificant advantage on Truss2DFourbar from ¢ = 10, with further con-
strained problems followed by ¢ = 50. The Friedman rank progression
(Table B.20) indicates that rankings stabilize from ¢ = 100 onwards. On
the ZDT benchmarks and on WarrenTruss at later stages, SMS-EMOA
and NSGA-II maintain or extend their lead, suggesting that MOEDA’s
probabilistic model benefits early exploration but does not consistently
translate into long-term convergence advantages. The multi-component
Gaussian mixture provides a mechanism for diversity maintenance, as
distinct components can represent different regions of the objective
space. However, without adaptive control the number of components
remains fixed, which may limit coverage in later stages. Adaptive mech-
anisms such as entropy-based component revival or dynamic covariance
inflation are identified as future extensions (Section 4). To quantify these
observations statistically, cross-problem Friedman tests and per-problem
Mann-Whitney U tests (Bonferroni-corrected) are applied at = 199. The
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Fig. 16. Warren Truss: MOEDA-GMM champion vs SMS-EMOA.
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Fig. 17. Warren Truss: MOEDA-GMM champion vs RVEA.

final cross-problem comparison restricts to the top-5 MOEDA champi-
ons plus 3 baselines (8 algorithms). On HV, all three omnibus methods
detect significant differences (p < 10~*), with SMS-EMOA holding the
top Friedman rank (1.86) and two MOEDA champions ranking ahead
of NSGA-II. Per-problem pairwise tests show that MOEDA significantly
outperforms RVEA on all seven benchmarks, partly due to RVEA’s front
collapse on the constrained problems. Against NSGA-II, MOEDA wins on
Truss2D2bar and Truss2DFourbar (both p < 0.001) but is outperformed
on the ZDT problems and WarrenTruss. Against SMS-EMOA, MOEDA
wins on WeldedBeam (p = 0.042) while SMS-EMOA prevails on ZDT1,
ZDT3, Truss2D2bar, and WarrenTruss. Full ranking tables and pairwise
test results are reported in Appendix B.

3.4. Parameter sensitivity analysis

To understand how each hyperparameter influences algorithm per-
formance, a three-way factorial Kruskal-Wallis analysis is conducted on
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the full 210-configuration grid. For each of the four indicators and at
each of the nine evaluation timesteps, the test assesses significance of
the main effects (8, @, K) and their pairwise interactions (f X a, f X K,
ax K).

3.4.1. Main effects

Table 2 reports, for each parameter and indicator, the number of
benchmark problems on which the factorial KW test rejects H at p <
0.05 at the final evaluation point (r = 199).

The decay exponent f is the most universally influential parame-
ter, reaching significance on all seven problems for every indicator at
t = 199. The number of Gaussian components K is nearly as pervasive
(significant on 6-7 out of 7 problems, depending on the metric), while
the initial covariance floor a shows the most variability, particularly for
A (5/7). The WarrenTruss problem stands out as the most parameter-
insensitive benchmark: « fails to reach significance on three of the four
indicators (HV p = 0.20; A p = 0.87; UDE p = 0.14), and K is marginally
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Fig. 18. ZDT1: MOEDA-GMM champion vs NSGA-IL
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Fig. 19. ZDT1: MOEDA-GMM champion vs SMS-EMOA.

non-significant on UDE (p = 0.06). WeldedBeam also shows reduced «
sensitivity on A (p = 0.09). The temporal evolution of these effects re-
veals a pattern consistent with the covariance decay mechanism. At the
earliest evaluation point (+ = 10), § is significant on only 3 out of 7
problems for HV, whereas a and K already reach 6/7. By r = 50, all
three parameters achieve near-universal significance. This lag for g is
expected: the decay schedule =, = a(1 —t# (1 - a,,;,/@)) means that
B primarily controls the shape of the later decay trajectory, so its effect
on solution quality only becomes measurable once the optimization has
progressed beyond the initial exploration phase.

3.4.2. Interaction effects

Beyond main effects, two-way interactions reveal whether the influ-
ence of one parameter depends on the level of another. Fig. 27 illustrates
these interactions in the WarrenTruss case study. The reduced a sensi-
tivity in this problem (Table 2) makes the p X K interaction structure

particularly prominent. Each cell displays the decile-ranked HV of one
(B, ) configuration; columns advance through four evaluation points to
show how the sensitivity landscape evolves during the optimization. All
210 configurations are ranked together per-problem and per-timestep;
green denotes the top decile (best-performing) and red the bottom decile
(worst). The ranking accounts for each metric’s optimization direction
(higher is better for HV and A; lower is better for GD* and UDE). All
three pairwise interactions are broadly significant at 7 = 199. The a x K
interaction reaches significance on all seven problems for every indica-
tor, indicating that the optimal covariance floor depends on the number
of mixture components: with fewer components, each Gaussian covers a
broader region of the objective space, so a higher « is needed to maintain
adequate initial exploration.

The p x K interaction is significant on 6-7/7 problems (non-
significant only for UDE on WarrenTruss, p = 0.15), suggesting a
compensatory relationship between decay speed and model complexity:
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Fig. 20. ZDT1: MOEDA-GMM champion vs RVEA.
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Fig. 21. ZDT2: MOEDA-GMM champion vs NSGA-IIL.

aggressive decay (f > 1.0) paired with more components, or gentle de-
cay with fewer components, can yield comparable results. The f x a
interaction is significant on 6-7/7 problems, with non-significant cases
limited to WeldedBeam (A p = 0.24; UDE p = 0.08) and WarrenTruss
(A and UDE at mid-phase timesteps, 1 = 75-150). From a practitioner
perspective, these interactions imply that the three MOEDA-GMM hy-
perparameters should not be tuned independently: the optimal « shifts
depending on K, and the appropriate # depends on both.

3.4.3. Cross-problem robustness

To complement the per-problem factorial analysis, a cross-problem
view ranks all 210 configurations by their Friedman rank across the
seven benchmarks. Fig. 28 displays the HV ranking at ¢ 199 as a
percentile-colored heatmap on the f x a grid, with separate panels for
each K value.
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The composite heatmap reveals that the K 3 panel contains
a broad high-performing region: configurations with low-to-moderate
decay (f € {0.5,0.6,0.7}) and upper-range covariance floor (¢« €
{0.009,0.011}) consistently fall within the top two deciles across all prob-
lems and metrics. The K = 2 panel shows a comparably strong but
narrower region concentrated at slightly higher p values. By contrast,
panels with K > 5 display more fragmented high-performing zones, sug-
gesting that overly complex mixture models reduce robustness at this
population size. These patterns directly motivate the champion selec-
tion procedure in the next section: a robust recommendation should be
drawn from the stable plateau identified here.

Detailed marginal performance distributions are given in
Appendix C; per-problem interaction heatmaps for all four indicators
are collected in Appendix A.
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Fig. 22. ZDT2: MOEDA-GMM champion vs SMS-EMOA.
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Fig. 23. ZDT2: MOEDA-GMM champion vs RVEA.

3.5. Champion configuration selection

From the sensitivity analysis, a small set of champion configurations
is identified through a multi-step procedure. For each of the four indica-
tors, all 210 configurations are ranked by their cross-problem estimated
marginal mean (LMM) at the final evaluation point (r = 199). A weighted
composite score aggregates the four indicator ranks (HV weight 0.4;
A, UDE, GD* weight 0.2 each), reflecting the primacy of hypervolume
coverage while accounting for diversity and convergence quality. The
composite scores are sorted and a gap analysis identifies a natural cutoff
separating a compact champion set from the remainder. To confirm that
the observed ranking differences are statistically meaningful, three inde-
pendent significance tests are applied to the same data: LMM [64] with
problem as random intercept, ART ANOVA [65] as a distribution-free
alternative, and a Friedman test [75] as a non-parametric blocked-
design check. Robustness is verified through two additional validation
steps: (i) a leave-one-problem-out jackknife confirms that the top-ranked

configurations remain stable when any single problem is excluded,
and (ii) multi-method concordance checks that the same configurations
appear in the top-ranked sets produced by all three methods indepen-
dently. A configuration is termed a consensus champion when it appears
in the independently selected top-ranked pools of all three methods.
The three methods show genuine methodological diversity: Friedman
and ART, both non-parametric rank-based approaches, correlate most
strongly (Spearman pgieqman_art = 0.78), while the parametric LMM di-
verges from both (p;yyv_art = 0-52, PLMM-Fricdman = 0-20). Consensus
therefore requires agreement across three distinct ranking criteria, pro-
viding a stringent robustness filter. Gap analysis on the sorted composite
scores identifies the top 10% of configurations (21 out of 210) as the
champion pool. Within this pool, a score discontinuity separates the
top two configurations (composite scores 4.0 and 6.4) from the third
(13.8), with a secondary gap between positions 6 and 7. These disconti-
nuities suggest a two-tier structure: an elite pair and a supporting group.
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Fig. 24. ZDT3: MOEDA-GMM champion vs NSGA-II.
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Fig. 25. ZDT3: MOEDA-GMM champion vs SMS-EMOA.

Table 3 lists the top 10 of these 21 champions together with their per-
metric ranks and consensus status; the remaining 11 are omitted for
brevity. Three of the 21 champions are consensus configurations, all
within the top 10. The champion pool exhibits consistent parameter
preferences. Among the 21 selected configurations, K = 3 is the most
frequent (11 out of 21), followed by K = 2 (8 out of 21), indicating that
the GMM benefits from parsimonious mixture models at this population
size. Lower decay exponents are favored: g < 1.0 accounts for 18 of 21
champions. Since lower f produces steeper early decay of the covariance
floor, these results suggest that rapid transition to exploitation benefits
convergence quality at this population size. The initial covariance floor
concentrates in the upper range, with « € {0.009,0.011} covering 15 of
21 champions. The two elite configurations separated by the primary
gap exhibit complementary strengths. The overall top-ranked configu-
ration (# = 1.0, a = 0.009, K = 2; composite 4.0) achieves strong ranks

21

across all four metrics simultaneously but does not appear in Friedman’s
top-ranked pool, because Friedman’s cross-problem blocking favors K=3
configurations with moderate g that rank consistently across all seven
problems, and therefore lacks the consensus label. The second-ranked
configuration (8 = 0.6, « = 0.011, K = 3; composite 6.4) is a consensus
champion that appears in every method pool, making it the most ro-
bust single recommendation. Leave-one-problem-out jackknife analysis
confirms that both remain in the top 5 regardless of which problem is
excluded.

4. Conclusions

This study introduces MOEDA-GMM, a multi-objective estimation
of distribution algorithm that models the selected population using a
GMM trained via EM. The algorithm was specifically developed for con-
strained structural optimization tasks, where the high computational
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Fig. 26. ZDT3: MOEDA-GMM champion vs RVEA.
Table 2 This choice is consistent with the algorithmic design: MOEDA-GMM

Main effects significance at 7 = 199: number of problems (out
of 7) for which the Kruskal-Wallis test rejects H,, at p < 0.05.

Parameter HV A UDE GD*
K (GMM components) 7/7 7/7 6/7 7/7
p (decay exponent) 7/7 7/7 7/7 7/7
« (initial covariance) 6/7 5/7 6/7 7/7

cost of function evaluations, often driven by finite element simulations
and complex constraint handling, demands strategies that can extract
useful information from a limited number of evaluations. To support
this, MOEDA-GMM incorporates a power-law covariance scheduling
mechanism, which promotes broader sampling in early iterations and
focuses the search progressively as the optimization converges.

The algorithm was evaluated across seven benchmark problems:
three tests from the ZDT suite and four constrained structural design
tasks (welded beam, two-bar truss, four-bar truss, and Warren truss),
using a 210-configuration sensitivity grid and three baseline algorithms
(NSGA-II, SMS-EMOA, RVEA). MOEDA-GMM is most competitive in the
initial stages of the search, where it identifies high-performing design
regions and preserves diversity. This was most evident on the welded
beam and four-bar truss problems, where MOEDA-GMM achieved equal
or higher HV than the baselines during the first 50 iterations. On the ZDT
benchmarks, SMS-EMOA and NSGA-II achieve superior final conver-
gence. RVEA is significantly outperformed on all seven problems, with
front collapse observed on three constrained structural tasks (welded
beam, two-bar truss, and Warren truss). On the two-bar and Warren truss
problems, MOEDA-GMM'’s convergence rate decreases in later stages.

These outcomes highlight both the strengths and current limitations
of the method. The use of a fixed number of mixture components and
a static population structure limits the flexibility of the model in highly
multimodal or irregular feasible domains. Moreover, the absence of
local exploitation or component merging strategies may hinder long-
term convergence, particularly when the feasible region is narrow or
fragmented.

The present implementation is intentionally restricted to bi-objective
problems (M =2), which correspond to the most common structural de-
sign scenarios, such as weight-deflection or cost-performance trade-offs.
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is not explicitly tailored to address many-objective problems (M>3),
where the dominance relation used for ranking becomes increasingly
weak and a large fraction of solutions tend to be mutually non-
dominated. In such settings, effective search typically requires alterna-
tive ranking criteria (e.g., reference-vector or indicator-based methods)
and enhanced diversity management. Adapting the proposed probabilis-
tic framework to those conditions would involve larger populations for
reliable mixture estimation, adaptive component control, and modified
selection strategies to maintain search pressure. These extensions are
identified as a direction for future work.

Future work will focus on several directions aimed at improving the
scalability, robustness, and long-term convergence performance of the
algorithm. One direction is to develop adaptive mixture control mech-
anisms that allow the number of Gaussian components to be adjusted
dynamically based on the evolving population structure. This could
enable the model to capture multimodal landscapes more effectively
and reduce redundancy during sampling. Another direction involves
the integration of feasibility-aware modeling strategies. By incorporat-
ing constraint violation information directly into the estimation process,
the algorithm could improve its ability to navigate narrow or irregular
feasible regions, which are common in structural optimization tasks.

Further improvements could be achieved through hybrid opti-
mization frameworks that combine the strengths of MOEDA-GMM in
early-stage exploration with the reliable convergence properties of
exploitation-oriented methods, such as NSGA-II or SMS-EMOA. These
hybrid approaches could be implemented either sequentially or within
a single run, enabling a more effective balance between exploration and
exploitation.

Model robustness could also be improved through regularization
techniques. This involves exploring methods for merging and pruning
components, as well as using Bayesian estimation frameworks to miti-
gate overfitting and improve generalization to areas of the search space
that have not been explored before.

Finally, future research will focus on extending the applicability
of the algorithm to high-fidelity structural design scenarios. This will
include real-world systems characterized by non-linear material be-
havior, complex loading conditions, and multi-disciplinary constraints,
where evaluation costs are particularly high and traditional optimization
approaches may struggle to scale.
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Fig. 27. Per-configuration sensitivity heatmaps for WarrenTruss across four timesteps (+ = 10,50, 100, 199), shown on the g X a grid with separate rows for each K.
Green = top decile; red = bottom decile. Equivalent plots for all seven problems are given in Appendix A.
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Table 3

Top 10 of the 21 champion configurations (<10th percentile) selected by
weighted rank aggregation at ¢+ = 199. Per-metric ranks are out of 210 configura-
tions (cross-problem LMM). Composite = weighted rank aggregate (HV=0.4; A,
UDE, GD* =0.2 each). A checkmark in the Consensus column indicates that the
configuration was independently selected by all three ranking methods (LMM,
ART, Friedman).

Rank  Configuration Composite HV A UDE GD* Consensus
1 p=1.0, @=0.009, K=2 4.0 5 5 3 2 -
2 p=0.6, a=0.011, K=3 6.4 1 4 22 4 v
3 p=0.5, @=0.011, K=3 13.8 23 3 11 9 v
4 p=0.5, @=0.011, K=2 14.6 30 6 4 3 -
5 p=0.6, @=0.011, K=2  19.0 19 25 14 18 -
6 p=0.7, @=0.011, K=3  20.0 16 2 13 53 -
7 p=0.7, @=0.011, K=2  23.6 7 10 58 36 -
8 p=0.7, @=0.008, K=2  25.4 17 35 31 27 -
9 p=0.7, «=0.008, K=3  26.2 27 20 50 7 v
10 $=0.6, @=0.009, K=3 27.8 10 29 47 43 -
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Appendix A. Per-problem sensitivity heatmaps

This appendix collects the per-configuration decile-ranked heatmaps
for the six problems not shown in the main text (Fig. 27 presents
WarrenTruss). Each figure displays four indicators (HV, A, UDE, GD*)
as subfigures, with columns corresponding to evaluation timesteps (¢t =
10,50, 100, 199) and rows to the number of Gaussian components (K =
2,3,4,5,7). Cells encode the percentile rank of each (8, «) configura-
tion among all 210 configurations evaluated on the same problem and
timestep; green denotes the top decile and red the bottom decile (Figs.
A.29-A.34).
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Fig. A.29. ZDT1: per-configuration sensitivity heatmaps for all four indicators. Rows = K values; columns = evaluation timesteps. Cell color encodes the decile rank
(green = top 10%, red = bottom 10%).
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Fig. A.30. ZDT2: per-configuration sensitivity heatmaps for all four indicators. Rows = K values; columns = evaluation timesteps. Cell color encodes the decile rank

(green = top 10%, red = bottom 10%).
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Fig. A.31. ZDT3: per-configuration sensitivity heatmaps for all four indicators. Rows = K values; columns = evaluation timesteps. Cell color encodes the decile rank
(green = top 10%, red = bottom 10%).
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Fig. A.32. Two-Bar Truss: per-configuration sensitivity heatmaps for all four indicators. Rows = K values; columns = evaluation timesteps. Cell color encodes the
decile rank (green = top 10%, red = bottom 10%).
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Fig. A.33. Four-Bar Truss: per-configuration sensitivity heatmaps for all four indicators. Rows = K values; columns = evaluation timesteps. Cell color encodes the
decile rank (green = top 10%, red = bottom 10%).
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Fig. A.34. Welded Beam: per-configuration sensitivity heatmaps for all four indicators. Rows = K values; columns = evaluation timesteps. Cell color encodes the
decile rank (green = top 10%, red = bottom 10%).
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Appendix B. Non-parametric statistical analysis

This appendix reports the statistical tests underpinning the base-
line comparison in Section 3.5. All p-values are Bonferroni-adjusted for
multiple comparisons. For each problem, the per-problem best MOEDA
configuration (by mean HV at the given timestep) is compared against
SMS-EMOA, NSGA-II, and RVEA using Mann-Whitney U tests (n = 50
runs per algorithm). Kruskal-Wallis omnibus tests were significant for
all seven problems at # = 199 (all p < 0.001); pairwise results are reported
at four milestones (¢ = 10, 50, 100, 199).

B.1. Within-problem pairwise tests

Tables B.5-B.7 report the same Mann-Whitney U pairwise tests as
Table B.4, evaluated at three earlier milestones (¢ = 10, t = 50, t = 100).
For each problem, the per-problem best MOEDA champion (by mean
HV at that timestep) is compared against each baseline. These tables
provide statistical backing for the convergence-trajectory observations
in Section 3.

Table B.4

Per-problem pairwise significance for HV at r = 199. Each cell shows
whether MOEDA wins (+), loses (-), or is not significant (n.s.).
Mann-Whitney U, Bonferroni-adjusted, n=50 runs.

Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 — (p=0) — (p=0) + (p=0)
ZDT2 - (p~0) - (p~0) + (pr0)
ZDT3 — (p=0) — (p=0) + (p~0)
Truss2D2bar — (p~0) + (p~0) + (p~0)
Truss2DFourbar — (p=0) + (pr0) + (pr0)
WeldedBeam + (p=0.042) n.s. + (p=~0)
WarrenTruss — (p=0) — (p=0) + (p=0)
Table B.5

Per-problem pairwise significance for HV at + = 10 (550 FE). +/— =
MOEDA wins/loses; n.s. = not significant.

Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 n.s. n.s. — (p<0.001)
ZDT2 n.s. n.s. n.s.
ZDT3 n.s. n.s. — (p<0.001)
Truss2D2bar n.s. n.s. + (p<0.001)
Truss2DFourbar + (p<0.001) + (p<0.001) + (p<0.001)
WeldedBeam n.s. n.s. + (p<0.001)
WarrenTruss n.s. n.s. n.s.

Table B.6

Per-problem pairwise significance for HV at ¢ = 50 (2550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 — (p<0.001) — (p<0.001) — (p<0.001)
ZDT2 n.s. — (p=0.003) n.s.
ZDT3 — (p<0.001) — (p<0.001) — (p<0.001)
Truss2D2bar — (p<0.001) n.s. + (p<0.001)
Truss2DFourbar — (p<0.001) + (p<0.001) + (p<0.001)
WeldedBeam n.s. n.s. + (p<0.001)
WarrenTruss n.s. n.s. + (p<0.001)

Table B.7

Per-problem pairwise significance for HV at ¢ = 100 (5050 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 — (p<0.001) — (p<0.001) ns.
ZDT2 n.s. — (p<0.001) — (p<0.001)
ZDT3 — (p<0.001) — (p<0.001) — (p<0.001)
Truss2D2bar — (p<0.001) n.s. + (p<0.001)
Truss2DFourbar — (p<0.001) + (p<0.001) + (p<0.001)
WeldedBeam n.s. n.s. + (p<0.001)
WarrenTruss — (p<0.001) — (p<0.001) + (p<0.001)
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At + = 10 (550 function evaluations), most comparisons are non-
significant. MOEDA is significantly better than all three baselines on
Truss2DFourbar and better than RVEA on two additional constrained
benchmarks. RVEA outperforms MOEDA on ZDT1 and ZDT3, consistent
with effective decomposition-based search on unconstrained problems
at early iterations.

By ¢ = 50, MOEDA is significantly better than RVEA on 4 of 7 prob-
lems (all constrained benchmarks and WarrenTruss). On ZDT bench-
marks, SMS-EMOA and NSGA-II are significantly better than MOEDA.
Against NSGA-II, MOEDA is significantly better on Truss2DFourbar (p <
0.001).

At t = 100, the pattern is consistent with r = 199 (Table B.4): MOEDA
remains significantly better than NSGA-II on Truss2DFourbar and better
than RVEA on all constrained benchmarks, while SMS-EMOA is signifi-
cantly better on ZDT1 and ZDT3. Compared with ¢t = 50, the main change
is on WarrenTruss, where SMS-EMOA and NSGA-II become significantly
better than MOEDA.

MOEDA achieves significantly better front spread (A) than SMS-
EMOA on 5 of 7 problems, and better than NSGA-II on 4 of 7. RVEA,
however, achieves superior A on the two truss benchmarks where it
does not suffer front collapse. On ZDT benchmarks, MOEDA'’s spread
is competitive or superior. WarrenTruss is the only problem where
MOEDA significantly outperforms both SMS-EMOA and NSGA-II on this
indicator.

UDE combines convergence and diversity into a single scalar; lower
is better. MOEDA loses to SMS-EMOA on 6 of 7 problems and to

Table B.8

Per-problem pairwise significance for A (spread) at r =
= MOEDA wins/loses; n.s. =
Bonferroni-adjusted, n=50 runs.

199. +/—
not significant. Mann-Whitney U,

Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 + (p~0) n.s. + (p=~0)
ZDT2 + (p~0) n.s. + (p=0)
ZDT3 n.s. + (p<0.001) + (p=0)
Truss2D2bar + (p=0) + (p=0) - (p=0)
Truss2DFourbar + (p~0) + (p=0) — (p=0)
WeldedBeam n.s. n.s. — (p=0)
WarrenTruss + (p=0.001) + (p=0.016) n.s.
Table B.9

Per-problem pairwise significance for UDE at 7 = 199. +/— = MOEDA
wins/loses; n.s. = not significant. Mann-Whitney U, Bonferroni-
adjusted, n=50 runs.

Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 — (p=0) + (p<0.001) — (p=0)
ZDT2 — (p=0) n.s. — (p=0)
ZDT3 n.s. — (p=0) — (p=0)
Truss2D2bar — (p~0) — (p=0) + (pr0)
Truss2DFourbar — (p=0) — (p<0.001) + (p<0.001)
WeldedBeam — (p<0.001) ns. + (p~0)
WarrenTruss — (p=0.023) n.s. — (p<0.001)
Table B.10

Per-problem pairwise significance for GD* at 7 = 199. +/— = MOEDA
wins/loses; n.s. = not significant. Mann-Whitney U, Bonferroni-
adjusted, n=50 runs.

Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 - (p~0) — (p~0) — (p=0)
ZDT2 — (p=0) — (p=0) — (p=0)
ZDT3 — (p=0) — (p=0) — (p=0)
Truss2D2bar — (p=0) + (p<0.001) + (p~0)
Truss2DFourbar — (p=0) n.s. — (p=0)
WeldedBeam — (p<0.001) n.s. + (p=0)
WarrenTruss + (p<0.001) + (p<0.001) + (p<0.001)
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Table B.11

Per-problem pairwise significance for A at 7 = 10 (550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 — (p<0.001) — (p=0.003) n.s.
ZDT2 — (p<0.001) — (p<0.001) — (p=0.048)
ZDT3 n.s. n.s. + (p=0.041)
Truss2D2bar n.s. n.s. — (p=0)
Truss2DFourbar — (p<0.001) n.s. n.s.
WeldedBeam — (p=0) — (p<0.001) — (p<0.001)
WarrenTruss n.s. n.s. n.s.

Table B.12

Per-problem pairwise significance for UDE at 1 = 10 (550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 + (p<0.001) + (p<0.001) ns.
ZDT2 + (p<0.001) + (p<0.001) n.s.
ZDT3 + (p<0.001) + (p<0.001) n.s.
Truss2D2bar n.s. n.s. + (p<0.001)
Truss2DFourbar n.s. — (p<0.001) n.s.
WeldedBeam + (p<0.001) + (p<0.001) n.s.
WarrenTruss n.s. n.s. n.s.

Table B.13

Per-problem pairwise significance for GD* at t = 10 (550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 + (p<0.001) + (p<0.001) — (p=0)
ZDT2 + (p=0) + (p<0.001) — (p<0.001)
ZDT3 + (p=0.011) n.s. — (p=0)
Truss2D2bar n.s. n.s. + (p=0)
Truss2DFourbar + (p<0.001) + (p~0) n.s.
WeldedBeam n.s. + (p<0.001) + (p=0)
WarrenTruss + (p=0.005) + (p=0.023) + (p<0.001)

Table B.14

Per-problem pairwise significance for A at ¢ = 50 (2550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 n.s. + (p=0) n.s.
ZDT2 — (p<0.001) n.s. n.s.
ZDT3 ns. + (p<0.001) + (p<0.001)
Truss2D2bar n.s. + (p<0.001) — (p~0)
Truss2DFourbar + (p=0) + (p<0.001) — (p=0)
WeldedBeam n.s. n.s. — (p=0)
WarrenTruss — (p<0.001) — (p<0.001) — (p=0.015)

NSGA-II on 3 of 7, reflecting weaker final convergence on ZDT bench-
marks. However, MOEDA significantly outperforms RVEA on both truss
benchmarks and WeldedBeam, consistent with RVEA’s front collapse on
constrained problems.

GD* measures convergence quality toward the reference front.
On ZDT benchmarks, all three baselines significantly outperform
MOEDA, reflecting SMS-EMOA’s and NSGA-II’s convergence advantage.
WarrenTruss is the only problem where MOEDA significantly outper-
forms all three baselines on this indicator. On constrained structural
problems, results are mixed: MOEDA wins on Truss2D2bar vs NSGA-
II and RVEA but loses to SMS-EMOA, consistent with the overall pattern
across metrics.

Tables B.8-B.10 report pairwise tests at = 199 (10000 FE) for A,
UDE, and GD* Tables B.11-B.19 report pairwise tests at + = 10 (550
FE), t+ = 50 (2550 FE) and r = 100 (5050 FE) for the same metrics.
The corresponding HV tables are given in Tables B.4-B.7. These results
support the observation that MOEDA-GMM is most competitive in the
early stages of the search.

B.2. Cross-problem analysis

The cross-problem analyses compare the top-5 MOEDA champions
(by weighted LMM composite, Section 3.5) against the three baselines,
for a total of 8 algorithms. Restricting the treatment count improves
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Table B.15

Per-problem pairwise significance for UDE at ¢ = 50 (2550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 n.s. — (p<0.001) — (p~0)
ZDT2 + (p<0.001) + (p<0.001) — (p<0.001)
ZDT3 + (p~0) + (px0) - (p=0)
Truss2D2bar n.s. — (p<0.001) + (p~0)
Truss2DFourbar — (p=0) — (p<0.001) + (p<0.001)
WeldedBeam n.s. n.s. + (p<0.001)
WarrenTruss + (p<0.001) + (p<0.001) n.s.

Table B.16

Per-problem pairwise significance for GD* at ¢ = 50 (2550 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 - (p~0) - (p=0) = (p=0)
ZDT2 n.s. — (p<0.001) — (p=0)
ZDT3 — (p=0) — (p=0) — (p=0)
Truss2D2bar — (p<0.001) n.s. + (p=~0)
Truss2DFourbar — (pr0) + (p<0.001) — (pr0)
WeldedBeam — (p=0.002) n.s. + (p=0)
WarrenTruss n.s. n.s. + (p~0)

Table B.17

Per-problem pairwise significance for A at r = 100 (5050 FE).
Problem vs SMS-EMOA vs NSGA-II vs RVEA
ZDT1 + (p=0) + (p=0.021) + (p<0.001)
ZDT2 n.s. + (p<0.001) + (p=0)
ZDT3 + (p=0) + (p~0) + (p=0)
Truss2D2bar n.s. n.s. — (p~0)
Truss2DFourbar + (p=0) + (p<0.001) — (p=0)
WeldedBeam n.s. n.s. — (p=0)
WarrenTruss n.s. n.s. n.s.

Table B.18

Per-problem pairwise significance for UDE at ¢+ = 100 (5050 FE).
Problem vs SMS-EMOA vs NSGA-IL vs RVEA
ZDT1 — (p=0) n.s. — (p=0)
ZDT2 - (p<0.001) - (pa0) = (p=0)
ZDT3 + (p<0.001) n.s. — (p=0)
Truss2D2bar n.s. — (p<0.001) + (p=0)
Truss2DFourbar — (p=0) — (p<0.001) + (p=0)
WeldedBeam n.s. n.s. + (p<0.001)
WarrenTruss n.s. n.s. n.s.

Table B.19

Per-problem pairwise significance for GD* at = 100 (5050 FE).
Problem vs SMS-EMOA vs NSGA-IT vs RVEA
ZDT1 — (p=0) — (p=0) — (p=0)
ZDT2 — (p=0) — (p=0) — (p=0)
ZDT3 - (p=0) - (p=0) - (p=0)
Truss2D2bar — (p<0.001) n.s. + (p=0)
Truss2DFourbar — (p=0) n.s. — (p=0)
WeldedBeam — (p<0.001) n.s. + (p~0)
WarrenTruss — (p<0.001) — (p<0.001) + (p<0.001)

the statistical power of the Friedman test, which loses sensitivity as the
number of treatments grows relative to the number of blocks. At 7 = 10,
no significant differences are detected (p = 0.56). By t = 50, differences
become significant (p = 0.016) with NSGA-II ranked first (2.00) and the
best MOEDA champion at rank 3.71. From 7 = 100, SMS-EMOA takes
rank 1 (2.00) and MOEDA p=0.5, a=0.011, K=3 reaches rank 3.14. At
t = 199, SMS-EMOA retains rank 1 (1.86) while NSGA-II returns to 3.57.
RVEA moves from 5.00 at ¢ = 10 to 8.00 (last) at t = 199, consistent with
its front deterioration on constrained problems .
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Table B.20

Friedman average rank progression for HV across 7 problems (8 algorithms: 5
MOEDA champions + 3 baselines). Lower rank = better. Boldface marks the
best rank at each timestep.

Algorithm =10 =50 t=100 =199
(550 FE) (2550 FE) (5050 FE) (10050 FE)
MOEDA $=0.6, a=0.011, K=3 4.57 4.29 4.43 3.00
MOEDA =0.5, «=0.011, K=3 4.14 3.71 3.14 3.14
MOEDA p=0.5, a=0.011, K=2 3.57 4.86 5.71 4.86
MOEDA $=0.6, a=0.011, K=2 4.43 5.86 5.71 5.43
MOEDA p=1.0, =0.009, K=2 5.29 6.29 6.57 6.14
SMS-EMOA 5.43 3.36 2.00 1.86
NSGA-IL 3.57 2.00 2.43 3.57
RVEA 5.00 5.64 6.00 8.00
Friedman p 0.56 (n.s.) 0.016 <0.001 <0.001
Table B.21

Cross-problem omnibus p-values at 1 = 199 for all four indica-
tors (8 algorithms). All tests are significant at a = 0.05.

Indicator Friedman ART ANOVA LMM

HV <107 <1074 <107

A 0.046 <10 <107

UDE <1072 <107 <107

GD* <1072 <107 <107
Table B.22

Friedman average ranks: HV.

Rank Algorithm Avg. Friedman Rank
1 SMS-EMOA 1.86
2 p=0.6, @=0.011, K=3 3.00
3 p=0.5, a=0.011, K=3 3.14
4 NSGA-II 3.57
5 £=0.5, a=0.011, K=2 4.86
6 $=0.6, a=0.011, K=2 5.43
7 p=1.0, @=0.009, K=2 6.14
8 RVEA 8.00
Table B.23
Friedman average ranks: A.
Rank Algorithm Avg. Friedman Rank
1 SMS-EMOA 2.14
2 NSGA-II 2.86
3 RVEA 4.43
4 $=0.6, a=0.011, K=2 4.86
5 £=0.5, a=0.011, K=3 5.00
6 p=0.5, a=0.011, K=2 5.29
7 $=0.6, a=0.011, K=3 5.57
8 p=1.0, =0.009, K=2 5.86

Table B.21 reports the cross problem omnibus P values for all three
statistical tests on the four indicators. All three methods detect signifi-
cant differences at & = 0.05. The Friedman test yields the weakest signal
on A (p = 0.046); ART ANOVA and LMM confirm significance on all four
indicators (p < 107%).
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Table B.24

Friedman average ranks: UDE.
Rank Algorithm Avg. Friedman Rank
1 SMS-EMOA 1.43
2 NSGA-II 3.00
3 RVEA 4.43
4 £=0.6, a=0.011, K=2 4.86
5 =10, @=0.009, K=2 5.43
6 p=0.5, a=0.011, K=2 5.57
6 £=0.6, a=0.011, K=3 5.57
8 £=0.5, a=0.011, K=3 5.71

Table B.25

Friedman average ranks: GD*.
Rank Algorithm Avg. Friedman Rank
1 SMS-EMOA 1.43
2 p=0.5, a=0.011, K=3 3.57
3 $=0.6, a=0.011, K=3 3.71
4 NSGA-II 4.29
4 RVEA 4.29
6 =05, a=0.011, K=2 5.86
7 p=0.6, a=0.011, K=2 6.43
7 p=1.0, @=0.009, K=2 6.43

Tables B.22-B.25 report Friedman’s average ranks at r = 199 across
7 problems for the 8 algorithms (5 MOEDA champions + 3 baselines).

SMS-EMOA ranks first for HV. Two MOEDA champions (K=3 vari-
ants) rank second and third, ahead of NSGA-II (rank 3.57). RVEA ranks
last (8.00).

SMS-EMOA ranks first on all four indicators. For HV and GD%,
MOEDA champions rank immediately after SMS-EMOA and ahead of
NSGA-IIL For A and UDE, NSGA-II ranks second, with MOEDA champi-
ons in positions 4-8. These rankings depend on the aggregation method.
Friedman assigns within-problem ranks before averaging, weighting
each problem equally regardless of indicator scale. When the same 8
algorithms are ranked by LMM marginal means (which average raw indi-
cator values), NSGA-II and SMS-EMOA occupy the top two HV positions
because both achieve near-optimal HV on the three ZDT benchmarks,
whose larger absolute values dominate the cross-problem mean. On the
structural problems, where absolute HV values are smaller, MOEDA
performs comparably. Friedman’s rank-based aggregation treats each
problem as an equally weighted block, making it appropriate when
problem-level equity is desired.

Figs. B.35-B.38 display the Critical Difference diagrams comparing
the selected MOEDA champions against the baselines through a Nemenyi
post hoc test.
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Champions vs Baselines - HV at t=199

CD =19.44
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SMS-EMOA (4.14)J
b0.5 a0.009 K=3 (5.14)
b0.5 a0.011 K=3 (5.71)

b0.6 a0.011 K=3 (6.14)

(7.43) b0.5 a0.008 K=3

(8.00) b0.6 a0.009 K=3

(10.14) NSGA-II

(24.00) RVEA

Fig. B.35. Critical Difference diagram for HV at r = 199 (Nemenyi post-hoc, @ = 0.05). Five MOEDA champions plus three baselines. Thick horizontal bars connect
algorithms whose rank difference does not exceed the CD threshold.

Champions vs Baselines - DELTA at t=199
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b0.5 a0.011 K=3 (10.43)

(11.29) RVEA

(12.14) b0.5 a0.009 K=2

Fig. B.36. Critical Difference diagram for A (spread) at = 199 (Nemenyi post-hoc, a = 0.05). Five MOEDA champions plus three baselines.
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(11.29) RVEA

——(11.57) b0.5 a0.009 K=2

Fig. B.37. Critical Difference diagram for UDE at = 199 (Nemenyi post-hoc, a = 0.05). Five MOEDA champions plus three baselines.

Champions vs Baselines - GD_PLUS at t=199
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Fig. B.38. Critical Difference diagram for GD* at r = 199 (Nemenyi post-hoc, a = 0.05). Five MOEDA champions plus three baselines.
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Appendix C. Marginal sensitivity distributions

We assess sensitivity to the three MOEDA-GMM-specific hyperparameters: « (initial covariance lower bound), # (covariance decay exponent), and
the number of Gaussian components K in the mixture model. All 210 configurations from the factorial grid (Section 3.1) are evaluated; the figures
below report marginal performance averaged over the other two parameters. Reported values are meanz+std across 50 runs.

Figs. C.39-C.42 present marginal distributions as violin plots at t = 199, marginalizing over the other two parameters. Red triangles mark grid-edge

values.

HV Marginal Distributions by Parameter
(pooled across all other params and 7 problems, red triangle = grid edge)
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Fig. C.39. Marginal HV distributions by parameter level.

A Marginal Distributions by Parameter
(pooled across all other params and 7 problems, red triangle = grid edge)
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Fig. C.40. Marginal A distributions by parameter level.
UDE Marginal Distributions by Parameter
(pooled across all other params and 7 problems, red triangle = grid edge)
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Fig. C.41. Marginal UDE distributions by parameter level.
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GD* Marginal Distributions by Parameter
(pooled across all other params and 7 problems, red triangle = grid edge)
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Fig. C.42. Marginal GD* distributions by parameter level.
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