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Integral action for bilinear systems with application
to counter current heat exchanger
Francesco Ripa, Daniele Astolfi, Boussad Hamroun and Diego Regruto

Abstract—In this study, we propose a robust control strategy
for a counter-current heat exchanger. The primary objective
is to regulate the outlet temperature of one fluid stream by
manipulating the flow rate of the second counter-current fluid
stream. By leveraging the energy balance equations, we develop
a structured bilinear system model derived by using a uniform
spatial discretization of each stream into a cascade of homogeneous
volumes and by considering the heat transfer and convective
phenomena within the exchanger. We introduce two control
strategies: (i) an output feedback controller incorporating a state
observer and (ii) a purely integral control law. The effectiveness of
the proposed control strategy is validated through real experiments
on a real heat exchanger.

Index Terms—Bilinear systems, Integral action, Observer,
Output feedback, Heat exchanger.

I. INTRODUCTION

Heat exchangers (HEXs) are fundamental components in
systems where thermal energy exchange between two or more
fluid streams is required. They play a pivotal role across
a wide range of industrial applications, including chemical
processing plants [1], district heating and cooling networks [2],
thermodynamic machinery [3], as well as applications in the
the food and pharmaceutical industries[4]. Given the increasing
industrial demand for improved thermal efficiency and energy
savings, the control and optimization of heat exchangers have
become topics of significant and growing interest [5].

A model for a HEX can be obtained in the form of
a distributed parameter system by writing energy balance
equations, that is a set of partial differential equations (PDE)
where the state variables are space and time dependent. Several
authors addressed the control of a HEX based on a PDE
model, see, e.g., [6]–[8]. For output temperature control, finite-
dimensional approximations are frequently adopted in the
literature, as in [9]–[11]. These models generally fall into two
main categories: (i) those based on thermodynamic principles,
potentially nonlinear; and (ii) those adopting linear input-output
dynamic representations. As a result, the control of HEX
systems has been explored through a variety of approaches
depending on the chosen model structure. Among these are
partial feedback linearization [12], [13], nonlinear dynamic
output-feedback controllers for simplified bi-compartmental
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models [14], and model predictive control (MPC) for nonlinear
models [15]. PID controllers are also commonly employed in
practical applications [16].

In [17], the authors propose a control strategy for a
counter-current heat exchanger (HEX) based on a finite-
dimensional model. The HEX is represented as a cascade
of homogeneous compartments, and the dynamic model is
derived by formulating the energy balance equations for each
compartment. These equations account for convective heat
transfer, heat exchange between the hot and cold fluid streams,
and assume a uniform mass flow rate for both fluids. The
control law is designed using the forwarding approach, as
introduced in [18], [19], and assumes the availability of full
state measurements. This requirement renders the strategy
implementationally challenging, as the number of necessary
sensors increases linearly with the number of compartments
used to model the HEX.

The aim of this work is twofold: to address a concrete control
problem of practical relevance, and to place our contribution
within the broader theoretical framework of bilinear system
control. Specifically, we focus on the problem of output
regulation for bilinear systems subject to input saturation, in
the presence of constant references and disturbances. In line
with previous works [20]–[25], we assume that the system
is open loop stable. This condition is satisfied by many real
world applications such as heat exchangers [17] and power flow
converters [26]. To address this problem, we extend the system
by incorporating an integral action and propose two distinct
output-feedback control strategies to stabilize the resulting
extended system.

The first strategy relies on a classical separation principle
approach, combining a state-feedback controller with a state
observer. The state-feedback design is a direct application of
the forwarding technique presented in [19]. However, unlike
[19], our method explicitly addresses the bilinear nature of
the system and prioritizes practical tunability for engineering
applications. Furthermore, unlike [22], our strategy does not
rely on the passivity properties of the plant, offering a more
general design framework aligned with [21]. For the estimation
layer, we design a Luenberger observer using the LMI-based
approach from [27]. Crucially, while previous works such
as [28] successfully employed dynamic observers for output
stabilization, their design relied on “slow” observers, which are
unsuitable in the presence of integral action. In our setting, the
dynamics introduced by the integrator necessitate a sufficiently
fast estimation to maintain stability. We explicitly address this
requirement and rigorously demonstrate the stability of the
closed-loop system by constructing a composite Lyapunov
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function.
Finally, we propose a second strategy based on a pure output-

feedback controller combined directly with integral action.
While this approach requires simpler implementation, it rests on
more restrictive assumptions than the observer-based strategy.
We analyze the properties of this controller leveraging tools
inspired by singular perturbation methods, as developed in
[29], [30]. This analysis highlights the trade-off between the
structural simplicity of the control law and the theoretical
conditions required to guarantee its validity. In the second
part of this work, we experimentally validate the proposed
control strategies on a physical heat exchanger. Specifically,
we benchmark the performance of the observer-based output-
feedback strategy against a standard Proportional-Integral (PI)
controller. While the provided theoretical analysis focuses on
the stability properties of pure integral action, the experimental
comparison employs a PI controller to represent the current
industrial standard. Comparison with this standard highlights
the significant advantages of the proposed controller. Specifi-
cally formulated for bilinear dynamical system, our approach
ensures stability at both local and global levels-guarantees
that generic linear controllers cannot provide. Furthermore, the
integration of a state observer proves critical in applications
where physical sensors are limited. By enabling accurate
reconstruction of the system state, the observer facilitates real-
time monitoring and fault diagnosis, thereby enhancing the
reliability and maintainability of the control architecture in
real-world contexts.

In Section II, the control problem is introduced and the
proposed control laws are described. Section III provides
proof of the control strategies presented earlier. In Section IV,
the bilinear model of the counter-current heat exchanger is
formulated. The experimental tests are then presented and
discussed in Section V, followed by concluding remarks and
future research directions in Section VI.

Notation: We denote with R the set of real numbers. Given
x ∈ Rn, we denote with |x| its Euclidean norm. Given a matrix
A ∈ Rn×m, we denote with |A| the matrix norm induced by
the Euclidian norm.

II. OUTPUT FEEDBACK REGULATION

A. Problem statement

Consider a (single-input single-output) bilinear system with
input saturation of the form:

ẋ = Ax+ (Bx+ b) sat(u) + E

e = Cx− r

y = Dx,

(1)

where x(t)∈ Rn is the state, u(t) ∈ R is the control input,
e(t) ∈ R, is an output to be regulated to zero, r(t) ∈ R
is a constant reference, and A,B,E, b, C,D are constant
matrices of appropriate dimensions. The (possibly asymmetric)
saturation function sat : R → R is defined as follows

sat(s) =

 u if s ≥ u,
s if s ∈ U := [u, u],
u if s ≤ u .

(2)

Note that we suppose that the signal e can be measured and
made available for feedback design. Moreover, we suppose
that y(t) ∈ Rp are some other measured outputs available for
feedback.

Given a constant reference r ∈ R, the regulation problem
limt→∞ e(t) = 0 with input constraint u ∈ U is solved if the
trajectories of the plant (1) converges to a steady-state solution
(xss, uss) ∈ Rn × U satisfying

0 = (A+Buss)xss + buss + E

0 = Cxss − r.
(3)

Solving these equations, we obtain the following conditions:

xss = π(uss),

π(uss) := −(A+Buss)
−1(buss + E)

r = Cπ(uss).

(4)

We therefore define R = Cπ(U) ⊂ R as the set of reachable
set-points, that is, a set of the form R = [r, r], with

r = min
u∈U

Cπ(u), r = max
u∈U

Cπ(u). (5)

In the rest of the article, we suppose that the reference r is
chosen in the set R. Adopting from now on the following
compact notation

Fu := A+Bu , gu := Bπ(u) + b, (6)

and given a desired reference r ∈ R with a corresponding1

input steady-state uss ∈ U , we define the error system dynamics

˙̃x = Fuss
x̃+ (Bx̃+ guss

)(sat(u)− uss)

e = Cx̃
(7)

where x̃ := x− xss. We state now the following assumption
for the dynamics in (7).

Assumption 1. The following holds:
(a) for any u ∈ U , matrix Fu is Hurwitz;
(b) for any u ∈ U , CF−1

u gu ̸= 0.

A particularity of bilinear systems is that in the presence
of constant inputs the dynamics becomes fully linear. Item
(a) assumes that such a linear dynamics is Hurwitz. Such
an assumption is satisfied in several practically relevant
applications, such as heat exchangers [17] and power flow
converters [26], and it has been adopted in a number of
contributions on bilinear systems, e.g. [20]–[25].

Item (b) of Assumption (1) requires instead that the DC
gain of the transfer function H(s) = C(sI − Fuss)

−1 guss be
nonzero. In turn, this is equivalent to requiring the transfer
function H(s) to have no zeros at the origin. This assumption
is classical in the theory of linear output regulation and is
necessary for the design of an integral action, see, e.g. [19],
[31], [32].

We remark that if one select u = uss based on previous
assumptions and condition (4), the point xss becomes a globally
exponentially stable equilibrium for the closed-loop dynamics

ẋ = (A+Buss)x+ buss + E.

1This selection may be non-unique since the mapping u 7→ Cπ(u) is
surjective by construction, but not necessarily injective.
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This can be easily verified by using the error dynamics (7) and
noticing that for this dynamics one obtains the linear dynamics

˙̃x = Fuss
x̃, e = Cx̃.

However, even though this simple open loop controller ensures
the regulation objective limt→∞ e(t) = 0, such an approach is
not robust in the presence of model parameter uncertainties
(i.e. small variations of the matrices A,B,C, b, E).

As a consequence, our goal is to design an integral-action
based strategy in order to robustly regulate the output e to zero,
while maintaining all the trajectories bounded. In particular,
we look for a feedback of the form:

u = uss + ϕ

ż = e.
(8)

where ϕ is a function which can depend only on z and the
measured outputs y. It is worth highlighting that if the closed-
loop trajectories of (1), (8), reach any equilibrium (xss, zss), on
such an equilibrium the regulation objective e = 0 is necessarily
achieved thanks to the effect of the integral action, see, e.g.
[19]. Furthermore, the use of integral action is also necessary
if robustness to small perturbations is sought, see, e.g. [31].

The objective of this article is to address the problem of
designing the function ϕ in an output-feedback context, i.e.
where only the variables e, y (and consequently z) are available
for feedback. To this end, we consider two primary feedback
designs. First, we present a design based on the classical
separation principle [33], wherein a state-feedback law is
first developed and then implemented using state estimates
provided by an observer. The state-feedback is based on the
forwarding approach [19], while the observer is designed using
standard Lipschitz techniques [27]. Second, by strengthening
Assumption (1), we consider a simple integral feedback law
of the form ϕ(z). This is implemented in practice as a PI
controller and serves as a baseline for comparison with the
proposed observer-based regulator.

B. Separation principle for integral feedback

We seek a dynamical output-feedback law of the form

˙̂x = Σ(x̂, z, y), u = uss + ϕ(x̂, z, y),

where x̂ denotes an estimate of the state based on the measured
output y and on the integral variable z. The function Σ will
be designed according to a Luenberger-like observer structure,
while the function ϕ will be obtained by following a forwarding-
based state-feedback design.

The state-feedback law first derived is therefore not intended
for direct implementation on the physical system, since the
full state vector x is not available for measurement. Its
role is primarily methodological: it provides a convenient
theoretical benchmark and an intermediate design step that
will be exploited in the construction of the above output-
feedback regulator. In particular, the corresponding stability
result characterizes the closed-loop state-feedback dynamics
and serves as a building block for the subsequent observer-
based output-feedback design.

Consistent with this hierarchical approach, we construct a
“forwarding-based” feedback law following the methodology
in [19]. Specifically, for any given uss ∈ U , let us introduce
matrices P,M as the solutions to

F⊤
uss
P + PFuss

= −2Υ, M = CF−1
uss
, (9)

for some positive definite matrix Υ ≻ 0. Note that the equations
(9) always admits a solution since Fuss

is Hurwitz by item (a)
of Assumption 1. Next, consider the following feedback law

ϕ(x, z) = −
(
B(x− xss) + guss

)⊤
×[

kp(x− xss)
⊤P − ki

(
z −M(x− xss)

)
M)

]⊤
(10)

with kp, ki being positive gains to be tuned. We state the
following proposition serving as an intermediate result for the
main result of this section.

Proposition 1. Suppose Assumption 1 holds. Given (r, uss) ∈
R × U satisfying (3), the equilibrium (xss, 0), is globally
asymptotically stable and locally exponentially stable for the
closed-loop dynamics (1), (8), (10), for any ki > 0 and kp > 0.

Proof. See Section III-B.

We stress that the proposed feedback law cannot be imple-
mented unless the full state is measurable; that is, it requires
the condition D = I and y = x. In case D has rank p < n
one can resort to a state-observer in order to estimate x online.
To this end, we consider the following additional assumption.

Assumption 2. There exists Q = Q⊤ ≻ 0, ν, ϵ > 0 and
Y ∈ Rn×p satisfying the following LMI condition:(
QA+A⊤Q− Y D −D⊤Y ⊤ + (νµ2 + 2ϵ)I Q

Q −νI

)
⪯ 0

(11)
with µ = |B|max{|u|, |u|}.

Note that a necessary (but not always sufficient) condition for
the feasability of the LMI (11) is the observability of the pair
(A,D). More details are given in [27, Theorem 4]. Based on
the previous assumption, we design a Luenberger-like observer
of the following form

˙̂x = Ax̂+ (Bx̂+ b) sat(u) + L(y −Dx̂) + E (12)

where the observer gain L is chosen as L = Q−1Y , and the
feedback gain ϕ in (8) is now selected as

ϕ(x̂, z) = −
(
B(x̂− xss) + guss

)⊤
×[

kp(x̂− xss)
⊤P − ki

(
z −M(x̂− xss)

)
M)

]⊤
.

(13)
We have then the following result.

Theorem 1. Let Assumptions 1, 2 hold. Then, given (r, uss) ∈
R×U satisfying (3), the equilibrium (x, z, x̂) = (xss, 0, xss) is
globally asymptotically stable and locally exponentially stable
for the closed-loop dynamics (1), (8), (12) (13) for any ki > 0,
kp > 0, and L = Q−1Y .

Proof. See Section III-C.
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Remark 1. The Luenberger observer gain L = Q−1Y
obtained from (11) guarantees robust exponential convergence
of the estimation error. Although the eigenvalue placement of
A− LD is not explicitly parameterized, the scalar variable ν
in the LMI directly affects the convergence rate: increasing ν,
while maintaining feasibility, yields a faster observer dynamics.
On the contrary, by reducing ν we can slower the observer
dynamics to increase its ability to attenuate the effect of the
output measurement noise on the state estimate. Therefore,
ν acts as a tuning parameter selected by the designer to
optimize the trade-off between speed of convergence and noise
attenuation.

C. Integral gain feedback
In this section, we consider a simple feedback law using

only the solely information of z which is able to stabilize the
extended system (1), (8) that is, we look for simple integral
gain feedback of the form

ϕ(z) = − sgn(CF−1
u gu)kiz, (14)

with ki > 0 to be chosen small enough. To show the stability of
the interconnection (1), (8) with (14) the following additional
assumption is introduced.

Assumption 3. The following holds:
(a) let µ = |B|max{|u|, |u|}. For for any u ∈ U there exists

P = P⊤ ≻ 0 and ν, ϵ > 0 satisfying the following LMI(
PFu + F⊤

u P + (νµ2 + 2ϵ)I P
P −νI

)
⪯ 0. (15)

(b) let V = [u− u, u− u]. Then, C(Fu +Bv)−1gu ̸= 0 for
any (u, v) ∈ U × V .

We remark that Assumption 3 implies Assumption 1. This
can be easily seen because the LMI (15) implies the matrix Fu

being Hurwitz for any u ∈ U , while item (b) of Assumption 3
implies item (b) of Assumption 1 when one takes v = 0 ∈ V .
Notably, the robustness against v ∈ V is required because the
constant gain in (14) enters the dynamics (7) modulated by
the state-dependent term (Bx̃+ guss). This contrasts with the
strategy (10), where the feedback gain inherently includes the
term (Bx̃+guss)

⊤, structurally ensuring that the integral action
always acts in the correct direction. Based on the previous
assumption, we have the following theorem.

Theorem 2. Suppose Assumption 3 holds. Given (r, uss) ∈
R × U satisfying (3), there exists k∗i > 0 such that the
equilibrium (xss, 0), is globally asymptotically stable and
locally exponentially stable for the closed-loop dynamics (1),
(8), (14) for any ki ∈ (0, k∗i ).

Proof. See Section III-D.

Given P, ϵ satisfying (15), let p and p denote the minimum
and maximum eigenvalues of P , respectively. An admissible,
though conservative, value for the maximum allowed integral
gain k∗i is given by

k∗i =
ϵ

3|C|π
√
p p
,

π = sup
v∈V

∣∣[(Fuss
+Bv)−1Bv − I

]
(Fuss

+Bv)−1guss

∣∣ .

It is readily seen that at the prize of stringent assumptions, a
simpler controller can be obtained. Indeed the feedback (14) is
based on a pure integral feedback while the feedback presented
in the previous sections, e.g. (10) and (13) requires a more
complicated form. Nonetheless, since the parameter gain has to
be chosen small enough, a limitation of the proposed method
is that it has possibly poorer convergence properties.

D. Numerical illustration

Consider system (1) with C = D = (1, 1),

A =

(
−1 0
0 −2

)
, B =

(
0 0
0 −1

)
, b =

(
1
−1

)
, E =

(
1
0

)
,

and saturation interval U = [0, 1]. We verify the applicability
of the proposed output-feedback strategies.

First, we verify Assumptions 1 and 2. Following the
definitions in (4) and (6), we compute:

Fu =

(
−1 0
0 −2− u

)
, π(u) =

(
u+ 1
− u

2+u

)
, gu =

(
1

− 2
2+u

)
,

M = CF−1
u =

(
−1 − 1

2+u

)
, CF−1

u gu = −1 + 2
(2+u)2 .

It is easy to verify that, for any u ∈ U , Fu is Hurwitz
and furthermore CF−1gu < 0. Thus, Assumption 1 holds.
Moreover, using the defined values for B and U , we find that
µ = 1. It can be also verified that the LMI (11) is strictly
feasible for Q = I , Y = (1, 1)⊤, and ν = 1 (for sufficiently
small ϵ > 0). This confirms that Assumption 2 is satisfied.
Consequently, using the gain L = (1, 1)⊤, the observer (12)
is guaranteed to convergence, and the output-feedback integral
action strategy developed in Theorem 1 can be applied.

In contrast, we evaluate Assumption 3. Given U , the set V
is computed as V = [−1, 1]. Condition (b) of the assumption
requires C(Fu + Bv)−1gu ̸= 0 for all (u, v) ∈ U × V .
Evaluating this expression yields:

C(Fu +Bv)−1g0 = −1 +
2

(2 + u)(2 + u+ v)
.

Specifically, for the choice u = 0 ∈ U and v = −1 ∈ V ,
the expression becomes zero, thereby violating Assumption
3 (b). Consequently, for this system, there is no theoretical
guarantee that the simple integral feedback law (14) will
achieve stabilization.

In conclusion, this simple numerical example demonstrates
that Assumption 3 is more restrictive than Assumption 1 and
therefore, there is no theoretical guarantee that the pure integral
action output feedback strategy developed in (14) would work
in this scenario.

III. PROOFS

In this section we prove the proposition and the main
theorems concerning the regulation of system (1), (8). To this
end, we first introduce the following technical results.
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A. Stability results

We recall in this section the following statement of LaSalle’s
invariance principle from [34], for Lyapunov functions which
are not C1 but only locally Lipschitz.

To this end, we recall the definition of Dini derivative of a
function. In particular, given a continuous function φ : R 7→ R,
we define its (upper right hand) Dini derivative

D+φ(t) = lim sup
h→0+

f(t+ h)− f(t)

h
.

Next, consider a dynamical system of the form

ẋ = f(x), (16)

where x ∈ Rn and the functions f is locally Lipschitz. We
recall the definition of zero-state detectability.

Definition 1 (Zero-state detectability). Consider system (16)
and let h : Rn 7→ Rp, with 1 ≤ p ≤ n, be a continuous
function. The pair (f, h) is said to be zero-state detectable if
any solution satisfying h(x(t)) = 0 for all t ≥ 0 converges
asymptotically to the origin.

Finally, we have the following stability result.

Theorem 3. Consider system (16). Suppose there exists a
locally Lipschitz function V : Rn → R , class-K∞ functions
α, α, a class-K function α and a locally Lipschitz function
h : Rn 7→ Rp, with 1 ≤ p ≤ n such that the following
conditions hold:

α(|x|) ≤ V (x) ≤ α(|x|), ∀x ∈ Rn,

D+V ≤ −α(|h(x)|), ∀x ∈ Rn \ {0}.

Then, if the pair (f, h) is zero-state detectable, the origin of
(16) is globally asymptotically stable (GAS).

Proof. See Theorem 2.241 in [34]

Finally, we conclude The following technical lemma will be
used in the proofs.

Lemma 1. Let u < u. Then, s
(
sat(b− s)− b

)
≤ 0 for any

s ∈ R and b ∈ [u, u].

Proof. Let S(s) := s
(
sat(b− s)− b

)
. Consider the following

three cases.
Case 1: u ≤ b − s ≤ u which is, b − u ≤ s ≤ b − u. Hence
S(s) = −s2 ≤ 0.
Case 2: b−s ≤ u which is s ≥ b−u. Therefore, S(s) = s(u−b)
Since b ≥ u, S(s) ≤ 0.
Case 3: b−s ≥ u which is s ≤ b−u. Hence, S(s) = s(u− b).
Since b ≤ u, we get again S(s) ≤ 0 completing the proof.

Finally, given a positive definite matrix P = P⊤ ≻ 0, we
recall the following inequalities:

|s⊤P |√
s⊤Ps

≤
√
p, − |s|√

s⊤Ps
≤ − 1

√
p
,

|s|√
s⊤Ps

≤ 1
√
p
,

for any s ∈ Rn, with p, resp. p, denoting the largest, resp. the
smallest, eigenvalue of P .

B. Proof of Proposition 1

Using the same change of coordinates x̃ introduced in (7),
the closed-loop dynamics (1), (8), (10), reads, in the new
dynamics, as

˙̃x = Fuss
x̃+ (Bx̃+ guss

)v

ż = Cx̃

v = sat(uss + ϕ(x̃, z))− uss,

ϕ(x̃, z) = −(kpx̃
⊤P − ki(z −Mx̃)M)(Bx̃+ guss)

(17)

Now, consider the change of coordinates

z 7→ z̃ := z −Mx̃

with M defined as in (9), which transform the system into

˙̃x = Fuss
x̃+ (Bx̃+ guss

)v

˙̃z = −M(Bx̃+ guss)v

v = sat(uss + ϕ̃(x̃, z̃))− uss,

ϕ̃(x̃, z̃) = −(kpx̃
⊤P − kiz̃M)(Bx̃+ guss)

First, consider kp > 0. In this case, we can consider the
Lyapunov function

V = kpx̃
⊤Px̃+ kiz̃

2. (18)

Its derivative along solutions satisfies

V̇ = −2kpx̃
⊤Υx̃− 2ϕ̃(x̃, z̃)

(
sat(uss + ϕ̃(x̃, z̃))− uss

)
≤ −2kpx̃

⊤Υx̃

where in the last inequality we used Lemma 1. By applying
La Salle’s invariance principle, and the fact that Mguss

=
CF−1

uss
guss

̸= 0, we can conclude that the origin is GAS.
Finally, in order to show the local exponential properties of
the closed-loop system, we consider the linearization of the
dynamics around the origin, given by

˙̃x = Fuss
x̃+ guss

v

˙̃z = −Mguss
v

v = −kpg⊤uss
Px̃+ kig

⊤
uss
M⊤z̃

Taking again the derivative of V defined as in (18) gives
V̇ = −x̃⊤Υx̃ − 2v2. In view of item (b) of Assumption 1,
Mguss

̸= 0 and therefore there exists some ϵ > 0 such that
V̇ ≤ −ϵ(|x̃|2 + |z̃|2) showing that the origin is LES.

C. Proof of Theorem 1

Consider the following change of coordinates

x 7→ ε := x̂− x

x̂ 7→ x̃ := x̂− xss
(19)

The system assumes this form:

˙̃x = Fuss x̃+ (Bx̃+ guss)v − LDε

ż = Cx̃− Cε

ε̇ = (A+ sat(u)B − LD)ε

v = sat(uss − ϕ(x̃, z))− uss

ϕ(x̃, z) = (kpx̃
⊤P − ki(z −Mx̃)M)(Bx̃+ guss

)
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Next, we change coordinates as follows z 7→ z̃ := z −Mx̃ to
obtain

˙̃x = Fuss
x̃+ (Bx̃+ guss

)v − LDε

˙̃z = −M(Bx̃+ guss)v + (MLD − C)ε

ε̇ = (A+ sat(u)B − LD)ε

v = sat(uss − ϕ̃(x̃, z̃))− uss

ϕ̃(x̃, z̃) = (kpx̃
⊤P − kiMz̃)(Bx̃+ guss).

(20)

Consider the Lyapunov function U = ε⊤Qε with Q satisfying
(11). Its derivative along solutions gives

U̇ ≤ ε⊤(Q(A− LD) + (A− LD)⊤Q)ε+ 2 sat(u)ε⊤QBε.

Using Young’s inequality we have

2 sat(u)ε⊤QBε ≤ 1
ν ε

⊤QQε+ ν sat(u)2ε⊤B⊤Bε

≤ 1
ν ε

⊤QQε+ νµ2ε⊤Iε.

Applying Schur’s complement to (11) gives

Q(A− LC) + (A− LC)⊤Q+ 1
νQQ+ νµ2I ⪯ −2ϵI.

As a consequence, combining the previous inequalities we
finally obtain U̇ ≤ −2ϵ|ε|2.

Next, consider the Lyapunov function

W :=
√
V (x̃, z̃) + c

√
U(ε)

V = kpx̃
⊤Px̃+ kiz̃

2, U = ε⊤Qε.
(21)

We denote with q, resp. q, the largest, resp. the smallest,
eigenvalue of Q. Following similar computations as in the
proof of Proposition 1 the derivative of W defined in (21)
along solutions to (20) yields

D+W ≤
−kpx̃⊤Υx̃− ϕ̃(x̃, z̃)

(
sat(uss + ϕ̃(x̃, z̃))− uss

)√
V (x̃, z̃)

+
−kpx̃⊤PLDε+ kiz̃(MLD − C)ε√

V (x̃, z̃)
− c

ϵ|ε|2√
U(ε)

≤ − kpx
⊤Υx̃√

V (x̃, z̃)
−
(
cϵ
√
q
− a

)
|ε|

with a > 0 satisfying∣∣∣∣∣kpx̃⊤PLD + kiz̃(MLD − C)√
kpx̃⊤Px̃+ kiz̃2

∣∣∣∣∣ ≤ a, ∀(x̃, z̃) ̸= 0.

By letting c > a
√
q/ϵ, we obtain D+W ≤ −ϵ(|x̃| + |ε|) for

any (x̃, z̃, ε) for some ϵ > 0. Invoking Theorem 3 we conclude
that the origin of (20) is GAS. The local analysis follows a
similar approach to the state-feedback case. Consequently, the
detailed computations are not presented.

D. Proof of Theorem 2
Let uss be fixed in the rest of the proof and consider the

following change of coordinates

x 7→ x̃ := x− x∗

which gives:
˙̃x = Fuss

x̃+ (Bx̃+ guss
)v

ż = Cx̃

v = sat(uss − sgn(CF−1
uss
guss

)kiz)− uss

(22)

By definition, we recall that v ∈ V = [u − u, u − u]. Next,
define the continuous mapping Π : R → R defined as

Π(v) = −(Fuss
+Bv)−1guss

.

With such a definition, we can rewrite the dynamics (22) as

˙̃x = (Fuss
+Bv)(x̃−Π(v)v)

ż = C(x̃−Π(v)v) + CΠ(v)v

v = sat(uss − sgn(CΠ(0))kiz)− uss

(23)

Consider P satisfying (15) and consider the Lyapunov function

W (x̃, z) =
√
V (x̃, z) + γ|z|,

V (x̃, z) = (x̃−Π(v)v)⊤P (x̃−Π(v)v).
(24)

for some c > 0 to be chosen. In the following, we denote
with p, resp. p, the largest, resp. the smallest, eigenvalue of
P . Since v = 0 for z = 0, it can be verified that W (0, 0) = 0
and moreover

w(|x̃|+ |z|) ≤W (x̃, z) ≤ w(|x̃|+ |z|).

for some w > w > 0. Next, we compute some inequality that
we will use in order to compute the derivative of W along
solutions to (23).

First, consider the function v 7→ Π(v). It is continuous and
differentiable. By recalling that given a differentiable matrix
Φ(t) one has

d

dt
(Φ(t)−1) = −Φ(t)−1 dΦ

dt
(t)Φ(t)−1

we obtain
d

dt
(Π(v)v) = (Π̇(v)v +Π(v))v̇

=
[
(Fuss

+Bv)−1Bv − I
]
(Fuss

+Bv)−1guss
v̇.

Furthermore, recalling the definition of v one has

d

dt
v =


0 if z ≥ uss − u

ki sgn(CΠ(0))
,

0 if z ≤ uss − u

ki sgn(CΠ(0))
,

−ki sgn(CΠ(0))ż otherwise.

As a consequence, we have

D+|v| ≤ kiD
+|ż|

≤ ki|C(x̃−Π(v)v)|+ ki|CΠ(v)v|.

Combining together all the previous bounds, one obtains

D+|Π(v)v| ≤ kiπc0|(x̃−Π(v))v|+ kiπ|CΠ(v)v| (25)

with c0 = |C| and

π = sup
v∈V

∣∣[(Fuss +Bv)−1Bv − I
]
(Fuss +Bv)−1guss

∣∣ .
Next, we compute

CΠ(v)vz = CΠ(v)z
(
sat(uss − ki sgn(CΠ(0))z)− uss

)
.

Note that since uss ∈ U = [u, u] with u ≥ u, we have
v ∈ V = [u− u, u− u]. As a consequence, since CΠ(v) ̸= 0
for all v ∈ V , in view of item (b) of Assumption 3, the sign of
CΠ(v) must be constant for all v ∈ V . Hence, since 0 ∈ V , we
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obtain CΠ(v) sgn(CΠ(0)) > 0. Using Lemma 1, we therefore
obtain

CΠ(v)vz < 0 ∀v ̸= 0. (26)

Then, consider the following inequality. Applying Schur’s
complement and item (a) of Assumption 3 we have

s⊤(P (Fuss +Bv) + (Fuss +Bv)⊤P )s

≤ s⊤(PFuss
+ F⊤

uss
P )s+ 1

ν s
⊤PPs+ νs⊤B⊤Bs

≤ −2ϵ|s|2 ∀(x, v) ∈ Rn × V. (27)

Finally, we can compute the derivative of W defined as (24).
Using inequalities (25), (26) and (27), we obtain

D+W ≤ (x̃−Π(v)v)⊤P (Fuss
+Bv)(x̃−Π(v)v)√

V (x̃, z)

+
(x̃−Π(v)v)⊤P√

V (x̃, z)
D+|Π(v)v|+ γ D+|z|

≤ − ϵ
√
p
|x̃−Π(v)v|+ kic0π

√
p |x̃−Π(v)v|

+ kiπ
√
p |CΠ(v)v|+ γ c0|x̃−Π(v)v| − γ|CΠ(v)v|.

Finally, by selecting γ = 2kiπ
√
p one obtains

D+W ≤ − 1
√
p

(
ϵ− 3kic0π

√
pp

)
|x̃−Π(v)v|

− kiπ
√
p|CΠ(v)v|

Selecting k∗i = ϵ/(3c0π
√
pp)) one get, for any ki ∈ (0, k∗i )

the existence of a ϵ > 0 such that

D+W ≤ −ϵ
(
|x̃−Π(v)v|+ |CΠ(v)v|

)
.

Invoking Theorem 3 we conclude that the origin of (20) is
GAS. Finally, to verify the local properties around the origin,
one can verify that the linearization around the origin of (22)
is given

˙̃x = Fuss
x̃− guss

sgn(CF−1
uss
guss

)kiz

ż = Cx̃.

Let h = CF−1
uss
guss

. If sgn(h) = 1 consider the change of
coordinates x̃ 7→ ξ := x̃+kiF

−1
uss
guss

z, otherwise, if sgn(h) =
−1, consider x̃ 7→ ξ := x̃ − kiF

−1
uss
guss

z. We develop the
computations only in the first case for brevity. In the new set
of coordinates χ = (ξ, z) we obtain χ̇ = A(ki)χ with

A(ϵ) =

(
Fuss

ξ − ϵ F−1
uss
guss

C ϵ2F−1
uss
guss

h
C −ϵ h

)
.

The matrix A is low-Hurwitz stable according to [35, Appendix
II]. As a consequence, A is Hurwitz for a sufficiently small
ki, concluding the proof.

IV. TEMPERATURE REGULATION OF THE
COUNTER-CURRENT HEAT EXCHANGER

A. Modelling

The transport and exchange of thermal energy within the hot
and cold fluid streams circulating in the heat exchanger can be
accurately modeled by first-order hyperbolic partial differential
equations (PDEs) derived from fundamental conservation

physical laws [36], [37]. Heat exchangers are characterized by
two primary manipulated variables: the flow rates and the inlet
temperatures of the fluid streams. By acting on these variables,
one can effectively regulate the outlet temperatures of the fluids.
It is important to note that the fundamental control-theoretic
properties of the heat exchanger system depend critically on
the choice of manipulated variables.

When the inlet temperatures are manipulated, the heat
exchanger behaves as a linear distributed parameter system
(DPS), allowing for tractable control-theoretic analysis through
the application of semigroup theory [13], [36]–[38]. Conversely,
manipulation via flow rates leads to a nonlinear (bilinear) DPS
model for the heat exchanger, thereby complicating both the
control design and the theoretical analysis of its properties
[39], [40].

The PDE system of the heat exchanger with saturated control
is:

∂T

∂t
(x, t) +

sat(q(t))

ρcp

∂T

∂x
(x, t) = − α

ρcp

(
T (x, t)− T (x, t)

)
,

∂T

∂t
(x, t)− q

ρcp

∂T

∂x
(x, t) =

α

ρcp

(
T (x, t)− T (x, t)

)
,

(28)
where α = UA

V is the distributed heat transfer coefficient, with
U the overall heat transfer coefficient, A the heat exchange
area, and V the volume. Here, q(t) denotes the manipulated
(time-varying) volumetric flow rate of the fluid associated
with the temperature profile T (x, t), while q is the (constant)
volumetric flow rate of the fluid associated with T (x, t); the
operator sat(·) models actuator saturation on the manipulated
flow rate. The boundary conditions are T (0, t) = Tin(t) (cold
fluid inlet) and T (L, t) = T in(t) (hot fluid inlet, counter-current
side), while the initial conditions are T (x, 0) = T0(x) and
T (x, 0) = T 0(x). For practical purposes, finite-dimensional
approximations are commonly employed in the literature to
facilitate control design. These models generally fall into
two broad categories. The first consists of thermodynamic
phenomenological equations, possibly involving nonlinearities,
that aim to capture the physical behavior of the system. The
second is based on a linear input-output dynamic representation.
Both classes of models have their advantages and limitations,
and their selection depends on the specific control objectives
and the complexity of the system under consideration. Our
model aligns with the one utilized in [17] which also relies
on thermodynamic phenomenological equations. However, we
adopt a novel approach in the model derivation.

We consider a counter-current heat exchanger where single-
phase hot and cold fluid streams exchange thermal energy. The
pressure is assumed to be constant and uniform along the entire
exchanger, with no energy accumulation in the separating wall
and no heat exchange with the environment. The convection
velocity is spatially uniform and treated as a system input,
assumed to reach steady-state condition significantly faster
with respect to the slower thermal dynamics. Consequently,
the model is derived primarily from energy balance equations.

The system is naturally described as a distributed parameter
system, with state variables depending on both space and time.
In this work, we adopt a spatial discretization of the exchanger.
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The hot and cold sides are modeled as cascades of n and
n homogeneous and uniform compartments, respectively, as
depicted in Figure 1.

1
1

2
2

· · ·
· · ·

n

n

Tin

T in

Fig. 1. Counter-current exchanger with inlet and outlet heat flux directions.

The heat transfer coefficient, denoted by λ (J/K/s), is assumed
constant. Similarly, the mass density ρ (kg/m3), specific heat
capacity cp (J/kg·K), and the compartment volume V (m3)
are considered uniform throughout. Unlike earlier models, the
present formulation allows for distinct volumes for the hot and
cold fluid compartments. The dynamical model is obtained
by applying energy balance equations to each compartment,
accounting for convective transport and thermal exchange
between the streams under the assumption of constant mass
flow rates. As previously mentioned, when the mass flow rate
is selected as the control input, the resulting system exhibits
bilinear dynamics.

These assumptions streamline the modeling procedure while
retaining the essential physical properties of the actual system.
The energy balance formulation for each compartment yields
a system of differential equations governing the temperature
evolution within each unit. For a comprehensive derivation,
the reader is referred to [41]. The thermal dynamics of a heat
exchanger, discretized into n = n generic compartments, are
described by the following set of differential equations:

Ṫ1 =
λ

ρV cp
(T 1 − T1) +

q

ρV
(Tin − T1)

Ṫi =
λ

ρV cp
(T i − Ti) +

q

ρV
(Ti−1 − Ti), i = 2, . . . , n

Ṫ i = − λ

ρV cp
(T i − Ti) +

q

ρV
(T i+1 − T i),

i = 1, . . . , n− 1

Ṫn = − λ

ρV cp
(Tn − Tn) +

q

ρV
(T in − Tn)

(29)
Here, Ti and T i represent the temperatures of the hot and
cold fluids, respectively, in the i-th compartment. The variables
Tin and T in denote the inlet temperatures of the hot and cold
streams and are assumed to be different, i.e. Tin ̸= T in, ensuring
nontrivial heat transfer. The variables q and q are the respective
mass flow rates (in kg/s). The parameter λ denotes the heat
transfer coefficient (J/K/s), while ρ and cp represent the mass
density (kg/m3) and specific heat capacity (J/kg·K) of the fluids,
assumed identical for both streams. The volumes V and V
refer to the fluid volumes of a single compartment on the hot
and cold side, respectively.

B. Formal verification of the assumptions

Equation (29) admits a compact matrix representation given
by Equation (1). The state vector x ∈ R2n is defined
as the stacking of the temperatures of the hot and cold
fluid compartments, namely x = (T1, . . . , Tn, T 1, . . . , Tn)

⊤.

Without loss of generality, we select the cold side flow rate
as the control input u = q ∈ R, while the hot side outlet
temperature T 1 ∈ R is taken as the controlled output, namely
y = T̄1. Next, by letting In ∈ Rn×n be the identity matrix,
we set

S =



−1 0 0 · · · 0

1 −1 0
. . .

...

0 1 −1
. . . 0

...
. . . . . . . . . 0

0 · · · 0 1 −1


∈ Rn×n, k =

λ

ρcp
,

A =

[
A11 A12

A21 A22

] A11 = − k

V
In, A12 =

k

V
In,

A21 =
k

V
In, A22 = − k

V
In,

B =
1

ρV

[
0 0
0 S⊤

]
, b1 =

1

ρV

[
e1
0

]
, b1 =

1

ρV

[
0
en

]
,

where e1 = [1 0 · · · 0]⊤ and en = [0 · · · 0 1]⊤ are unit
vectors, and 0 ∈ Rn is the null vector. It follows that the system
matrices A,B,C,D,E and the vector b can be expressed as:

A = A+qB, B =
1

ρV

[
S 0
0 0

]
, b = b1Tin, E = b1T inq.

(30)
The system output, defined as the outlet temperature of the
non-manipulated fluid flow (T 1), can be expressed in a compact
form as:

y = Cx, D = C =
[
0⊤ e⊤1

]
. (31)

In our case, the tracking error is computed on the same output,
hence e = y − r = Dx− r, and therefore C = D.

At this stage, we verify Assumptions 1 aneeded for the
application of Theorem 1. With the mass flow rate u(t) = q(t),
representing the cold fluid as the manipulated control input,
the remaining degrees of freedom, namely q, Tin, and T in, are
assumed to be fixed at nominal constant values corresponding
to steady operating conditions. The saturation function in (2)
is defined with the set U satisfying

U := [u, u] ⊂ R, u > 0, (32)

where u and u denote the minimum and maximum admissible
flow rates, respectively. We explicitly collect the operating
conditions of the heat-exchanger model in the following
assumption, which will be used throughout the subsequent
analysis.

Assumption 4 (Operating conditions for the heat exchanger).
Consider the heat-exchanger model (29) operating under
admissible conditions satisfying

λ > 0, q > 0, q = u > 0, Tin ̸= T in.

We have now the following result concerning the properties
of the matrix Fu.

Lemma 2. Under Assumption 4, the matrix Fu = A+Bu is
Hurwitz and Metzler, with A,B defined as in (30). In other
words, Assumption 1(a) holds.
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Proof. Given any u ∈ U , the matrix Fu is defined as

Fu =

[
−Λ Λ
Λ −Λ

]
+

u

ρV

[
S 0
0 0

]
+

q

ρV

[
0 0
0 S⊤

]
, (33)

where
Λ :=

k

V
In, Λ :=

k

V
In.

Let α := k
V and β := k

V
, and define

P = diag

(
In,

α

β
In

)
≻ 0, Υu := PFu + F⊤

u P.

Set L := S + S⊤. Straightforward computations yield

Υu =

[
−2αIn + u

ρV L 2αIn
2αIn −2αIn + α

β
q

ρV
L

]
. (34)

The leading principal block of Υu satisfies

−2αIn +
u

ρV
(S + S⊤) ≺ 0 ∀u ∈ U , (35)

since α > 0, S+S⊤ = L ≺ 0 and u ≥ 0. Applying the Schur
complement to (34), we further obtain

−2αIn +
u

ρV
L− 4α2

(
−2αIn +

α

β

q

ρV
L

)−1

≺ 0. (36)

Rearranging the expression becomes[
−2αIn +

u

ρV
L

] [
−2αIn +

α

β

q

ρV
L

]
− 4α2In ≻ 0. (37)

Expanding (37) leads to

4α2In − 2α

(
u

ρV
+
α

β

q

ρV

)
L+

u

ρV

α

β

q

ρV
L2 − 4α2In ≻ 0,

(38)
which simplifies to

−2α

(
u

ρV
+
α

β

q

ρV

)
L+

u

ρV

α

β

q

ρV
L2 ≻ 0. (39)

Since L = S+S⊤ ≺ 0, the first term in (39) is positive definite
(because its scalar coefficient is strictly positive for q > 0 and
u ≥ 0), and the second term is positive semidefinite, as L2 ⪰ 0
and all scalar coefficients are nonnegative. Therefore (39) holds,
which implies Υu ≺ 0 for all u ∈ U . Hence Fu is Hurwitz for
any u ∈ U . Moreover, since u > 0 by hypothesis, the transport
contributions (u/ρV )S and (q/ρV )S⊤ have nonnegative off-
diagonal entries, the exchange blocks add only nonnegative
cross-couplings, hence Fu is Metzler for all u ∈ U .

Lemma 3 (Strictly monotone steady-state profile). Consider
the heat-exchanger model (29) under Assumption 4. Let u 7→
Tss(u) = (T1,ss(u), . . . , Tn,ss(u)) ∈ Rn be the steady-state
mapping satisfying equations (29) with Ṫi = ˙̄Ti = 0 for all i ∈
{1, . . . , n}. Then, Tss(u) is component-wise strictly monotone,
namely

Tin < T1,ss(u) < · · · < Tn,ss(u). (40)

Proof. Define the positive constants

a =
λ

ρV cp
, a =

λ

ρV cp
, b =

u

ρV
, b =

q

ρV
.

At steady state, (29) gives for i = 1, . . . , n

a(T i,ss − Ti,ss) + b(Ti−1,ss − Ti,ss) = 0, (41)

with T0,ss = Tin, and

−a(T i,ss − Ti,ss) + b(T i+1,ss − T i,ss) = 0, (42)

with Tn+1,ss = T in. Let ∆Ti := Ti−1,ss − Ti,ss. From (41),

T i,ss − Ti,ss = − b

a
∆Ti.

Substituting into (42) yields

T i+1,ss − T i,ss = −κ∆Ti, κ :=
a

b

b

a
=
u

q
> 0.

On the other hand,

T i,ss = Ti,ss −
b

a
∆Ti,

so

T i+1,ss − T i,ss = −∆Ti+1 −
b

a
(∆Ti+1 −∆Ti).

Equating the two expressions gives the linear recursion

∆Ti+1 = η∆Ti, η :=
b
a + κ

1 + b
a

> 0.

Hence ∆Ti = η i−1∆T1 for all i, so all ∆Ti share the same
sign. Since ∆T1 = Tin−T1,ss(u), this proves monotonicity of
Tss(u), namely ∆Ti ≥ 0 for all i. Now suppose ∆T1 = 0. As a
consequence, we obtain ∆Ti = 0 for all i, implying Ti,ss = Tin
and, from (41), T i,ss = Tin for every i. Substituting into the
last cold-stream balance yields T in = Tin, contradicting the
assumption Tin ̸= T in in the statement. Thus ∆T1 ̸= 0, and
since η > 0, all ∆Ti ̸= 0 with common sign, proving strict
monotonicity and concluding the proof.

Remark 2. Lemma 3 formalizes a behavior that is physically
expected in heat exchangers: in steady state, unidirectional
transport coupled with local dissipative heat exchange does not
generate oscillatory spatial profiles; the actuated-stream tem-
perature varies monotonically (cooling or heating depending
on the regime).

Lemma 4. Consider the heat-exchanger model (29) under As-
sumption 4 and regulated output y = T 1. Then Assumption 1(b)
holds, namely

CF−1
u gu ̸= 0 ∀u ∈ (0, u].

Proof. Since C =
[
0⊤ e⊤1

]
, one has

CF−1
u gu =

2n∑
j=1

(F−1
u )n+1,j (gu)j ,

with (gu)j denoting the j-th component of the vector gu which
is defined as

gu =

[
g
(1)
u

0

]
∈ R2n, g(1)u =



Tin − T1,ss(u)

ρV
T1,ss(u)− T2,ss(u)

ρV
...

Tn−1,ss(u)− Tn,ss(u)

ρV


.
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Note that gu has nonzero entries only along the actuated
temperature chain Ti. Furthermore, by Lemma 3, the steady-
state profile Tss(u) is monotone and nonconstant whenever
Tin ̸= T in and u > 0. Hence all nonzero components of gu
share the same nonzero sign. Recall that by Lemma 2 Fu is
Metzler and Hurwitz. As a consequence, recalling [42, Theorem
B20] Therefore −F−1

u ≥ 0 element-wise, i.e., F−1
u is element-

wise non-positive. It follows that each term (F−1
u )n+1,j(gu)j

in the above sum has the same sign or is zero. Hence it suffices
to show that at least one term is nonzero. Consider j = 1,
corresponding to T1. Since (Fu)n+1,1 = k/V > 0 and Fu is
Metzler and Hurwitz, one has (F−1

u )n+1,1 ̸= 0. Together with
(gu)1 ̸= 0, this implies that at least one term in the sum is
nonzero, concluding CF−1

u gu ̸= 0 for all u ∈ (0, u].

Next, we analyze the domain of the admissible constant
reference outputs.

Lemma 5. Consider the heat-exchanger model (29) with
matrices A,B,C,E, b defined as in (30), under Assumption 4.
The mapping u 7→ r(u) := Cπ(u) as defined in (4) is monotone
and, for any non-empty set U = [u, ū], with 0 < u < ū, the
corresponding set of references R = Cπ(U) is non empty.

Proof. Let ψ(u) := Cxss(u) = Cπ(u). Differentiating the
steady-state regulator equation

Fuπ(u) + bu+ E = 0

with respect to u gives

ψ′(u) = Cπ′(u) = −CF−1
u

(
Bπ(u) + b

)
= −CF−1

u gu.

By Lemma 4, ψ′(u) = −CF−1
u gu ̸= 0. As a consequence,

the steady-state map ψ(u) = Cxss(u) is strictly monotone on
(0, u], concluding the proof.

From the previous lemma, we remark that the direction of
monotonicity depends on the operating regime; for instance, in
heating conditions an increase of the manipulated flow yields
an increase of the outlet temperature y = T 1.

To conclude, we address Assumption 2 for the heat-
exchanger model (29). For the specific set of parameters
considered in this work, we have numerically verified the
feasibility of the LMI (11), and thus obtained an observer gain
L = Q−1Y satisfying the required condition. Moreover, the
following lemma shows that the pair (A,D) associated with
(29) is observable (hence detectable) for the whole class of
compartmental heat-exchanger models considered here, thereby
validating the necessary structural condition underlying (11).

Lemma 6 (Observability of (A,D) for the compartmental
heat exchanger). The pair (A,D) defined in (30) and (31) is
observable.

Proof. Let rk := DAk ∈ R1×2n and partition rk = [ pk | qk ]
according to x = (T, T ), with pk, qk ∈ R1×n. From r0 = D
we have p0 = 0⊤ and q0 = e⊤1 . Using rk+1 = rkA and the
block structure of A, one obtains the recursion

pk+1 = −apk + āqk,

qk+1 = apk − āqk + b̄qkS
⊤,

(43)

where a = k
V > 0, a = k

V
> 0, b = q

ρV
> 0, and S⊤

is upper bidiagonal with (S⊤)ii = −1, (S⊤)i,i+1 = 1. We
note that right-multiplication by S⊤ can shift the support of a
row vector by at most one index to the right. Combining this
observation with (43) and induction shows that qk has zero
entries for indices j ≥ k + 2, while pk has zero entries for
indices j ≥ k + 1.

We now track the first nonzero coefficients. For i = 1, . . . , n,
the coefficient of T i in ri−1 equals b̄i−1. The case i = 1
follows from r0 = D. Assume the claim holds for some
i ∈ {1, . . . , n− 1}. By the support property above, the (i+1)-
th entry of api−1 − aqi−1 is zero, hence (43) yields

(qi)i+1 = b(qi−1S
⊤)i+1 = b(qi−1)i = b

i
.

An analogous argument gives, for i = 1, . . . , n,

(pi)i = a(qi−1)i = ab
i−1

,

because (pi−1)i = 0 by the support property.
Consider the observability matrix

O =


D
DA

...
DA2n−1

 .
The n×n submatrix formed by rows r0, . . . , rn−1 and columns
(T 1, . . . , Tn) is lower triangular with diagonal (1, b, . . . , b

n−1
),

hence nonsingular. Using these rows as pivots, elementary
row operations can zero out the columns (T 1, . . . , Tn) in the
remaining rows without changing rank(O). The resulting 2n×
2n submatrix is block lower triangular, with diagonal blocks
having diagonals (1, b, . . . , b

n−1
) and (a, ab, . . . , ab

n−1
), both

nonsingular. Therefore rank(O) = 2n and the pair (A,D) is
observable.

Remark 3. The previous lemmas verify Assumption 1 for the
heat-exchanger model and ensure that the set of admissible
constant references is nonempty. Together with Lemma 6 and
the numerical feasibility of the LMI (11) for the parameters
considered in this work, all hypotheses of Theorem 1 are
satisfied. Hence, the outlet temperature y can be regulated to
any admissible reference r ∈ (y, y) ∈ R by the output-feedback
law (13). In particular, the forwarding-based state feedback
and the associated observer are obtained by specializing the
general design to the heat-exchanger matrices in (30), yielding
an explicit realization of the proposed dynamical regulator for
the considered plant.

V. EXPERIMENTAL RESULTS

In this section, we present the experimental results obtained
by applying our output feedback controller (13) to a real heat
exchanger. The experimental setup includes a PIGNAT heat
exchanger.

Figure 2 shows the schematic representation of the heat
exchanger, while figure 3 depicts the corresponding physical
system. These images provide a comprehensive overview of the
components, including the coaxial pipes housing the two fluids,
the reference pumps, and the PLC, which are integrated into
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Fig. 2. Schematic representation of the PIGNAT Heat
Exchanger.

Fig. 3. Actual Heat Exchanger.

the heat exchanger system. Numerical values of the physical
parameters are presented in Table 1. For control, we use the
cold stream flow rate as the input variable u, and the output
temperature of the hot stream, T 1, as the controlled output.

λ = 35 J/K/s ρ = 1000Kg/m3

V = 5.03× 10−5 m3 V = 7.07× 10−4 m3

cp = 4186 J/Kg/K (for water) q = 0.02Kg/s

u = 0Kg/s u = 0.05Kg/s

Tin = xin = 286K T in = xin = 307K

TABLE I
VALUES OF THE PARAMETERS OF THE HEX

A. First experiment

In this first experiment, we consider 16 compartments,
corresponding to n = 8 compartments for the hot fluid and
n = 8 compartments for the cold fluid. The control gains were
set to kp = 0.110−5 and ki = 2.6 ∗ 10−5. The observer gain
L was computed by solving the LMI condition in (11), using
a standard numerical implementation in MATLAB.

The controller’s performance is evaluated by varying the
reference temperature. As shown in Figure (4), the reference
is initially set to 26.5◦C for the first 180 seconds. It is
then reduced to 25◦C between 180 and 600 seconds, and
subsequently increased to 27◦C after 600 seconds. The results
demonstrate that the controller exhibits a smooth and stable
response, without any sign of actuator saturation. Moreover, at
950 seconds, a 0.5◦C disturbance is introduced at the output by
superimposing a virtual additive perturbation on the measured
temperature signal in the Simulink model, so as to emulate
a sensor disturbance. The controller effectively compensates
for this disturbance, swiftly restoring the system to the desired

temperature. In Figure (5), the behavior of the observer is
presented. The real heat exchanger system is equipped with five
sensors, while our discretization consists of 16 compartments.
For comparison, we calculated an average value approximately
every 3 to 4 blocks and compared it with the measurements
from the physical sensors. Furthermore, the second subfigure
of Figure (5), which displays the difference between the true
output and the estimated output, confirms that the estimation
error is effectively zero.

These results underscore a fundamental advantage of the
proposed control strategy: the ability to accurately reconstruct
the full temperature profile x̂ along the cold fluid channel,
despite the availability of only a limited number of physical
sensors. This is made possible by the observer integrated in
the control scheme, which benefits from global convergence
guarantees to reliably estimate unmeasured internal states.
The maximum observed error is approximately one degree
Celsius, which can largely be attributed to the uncertainty in the
alignment between the physical sensors and the discretization
grid used in the model. Given this source of discrepancy,
such a small deviation represents a strong validation of the
observer’s accuracy. This capability holds significant practical
value in industrial contexts, where sensor deployment may be
constrained by cost, accessibility, or physical space. Being able
to infer the full system state from sparse measurements not
only improves monitoring and diagnostics but also enables
more precise and robust control.

B. Second experiment

In the second experiment, we compare our proposed
controller with a first-order PI controller. To ensure a fair
comparison, the PI gains kp and ki were selected to optimize
the performances of the system when the command input is
around 80% of its maximum value. This choice is motivated by
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Fig. 4. The figure arranged vertically (from top to bottom) shows: the input signal, the system output, and the output disturbance.

Fig. 5. The figure shows the state estimation error (top) and both the system output (blue) and the estimated output (red) (bottom).

the fact that, in this nonlinear framework, no systematic tuning
method is available that simultaneously guarantees stability and
performance over the whole operating range. A model-based
tuning based on a linearization around a single equilibrium
point would not be appropriate here, since our goal is to allow
the system to operate across different equilibria, for instance in
scenarios where the reference temperature changes frequently.

As in the first experiment, we analyze their performance

under varying reference conditions. Specifically, the reference
temperature is changed from 26.5°C to 26°C after 240 seconds,
then to 28°C at 550 seconds, and finally to 24.4°C after 900
seconds. From Fig. 6, it is evident that our controller never
reaches the saturation zone, instead stabilizing at a maximum
of 80% of its saturation value. In contrast, the PI controller
becomes fully saturated after 950 seconds and remains in this
state. Regarding reference tracking, our controller exhibits
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a slight overshoot of 0.5°C around 650 seconds, which is
not observed in the PI controller. However, as we move
further from the PI’s most favorable operating region, its
performance deteriorates significantly. In fact, even after 300
seconds (5 minutes) from a reference change, the PI controller
still fails to reach the desired value, effectively behaving as if
it were operating in open-loop mode. These results confirm
the improved performance of the proposed controller based
on two key aspects. First, the proposed controller successfully
drives the output to the desired set-point in all tested conditions,
without ever reaching actuator saturation. This is precisely the
behavior predicted by the theoretical analysis, and it constitutes
a strong experimental validation of the global regulation
guarantees established in Theorem 1 and Theorem 2. Second, by
avoiding saturation of the control input, the proposed controller
allows for a lower average flow rate. In this experiment, the
valve remains below 80% opening, while the PI controller
reaches full saturation. This difference corresponds to an
approximate 20% reduction in water usage. By combining set-
point regulation with efficient resource utilization, the proposed
control strategy proves especially well-suited for industrial
applications where both high performance and minimized
consumption are essential.

VI. CONCLUSION AND PERSPECTIVES

We developed innovative theoretical frameworks focusing
on output constant reference tracking for single-input single-
output bilinear systems in the presence of (possibly asymmetric)
input saturation. To address the regulation problem for bilinear
systems with intrinsic input saturation, two integral-action
based output-feedback control strategies were developed. The
first strategy combines an integral action and a state feedback
design with a state observer through a separation-principle
framework, explicitly tailored to account for the bilinear
structure of the system and to ensure practical tunability.
The second strategy relies on a pure output-feedback law
directly combined with integral action, offering a simpler
implementation at the cost of more restrictive theoretical
assumptions. The proposed methodology is formulated under
structural conditions commonly satisfied by several physical
processes, including heat exchangers. In both strategies, the
control design explicitly incorporates the intrinsic saturation
affecting the system dynamics, thereby reflecting the physical
limitations imposed by real actuators. The observer-based
strategy was experimentally validated on a real heat exchanger
and benchmarked against a standard proportional–integral (PI)
controller widely adopted in industrial practice. Experimental
results demonstrate the effectiveness and robustness of the
proposed control architecture, highlighting its advantages over
conventional linear control approaches. A natural follow-up
of this work is the exploration of robust output regulation for
finite-dimensional nonlinear systems, particularly in the bilinear
setting [43]. Addressing this problem would make it possible
to handle more complex reference signals or disturbances,
including time-varying or periodic ones, expanding beyond the
constant-reference scenarios tackled through integral action in
this study. One promising direction involves leveraging infinite-

dimensional internal model structures, such as repetitive control
schemes [44], for the robust tracking of periodic signals.

Concerning potential applications, a particularly interesting
challenge is the distributed control of a network of heat
exchangers, as found in district heating systems [45] or large-
scale industrial processes. This could initially be tackled by
formulating it as a synchronization problem for bilinear systems
[46], [47], a research area where many questions remain open.
Eventually, a distributed integral control strategy [48], or more
complex internal model-based solutions, could be adopted
to regulate the temperature of each exchanger to a common
reference profile.
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