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Abstract

Wave scattering in structured and time-modulated media provides a versatile frame-
work for controlling energy transport beyond the limits of conventional materials. By
combining spatial design with temporal variation, it becomes possible to tailor how
waves propagate, interact, and exchange energy across a wide range of scales. In
structured media, geometric features and material heterogeneity govern dispersion,
polarization, localization, and directionality. In time-modulated systems, variations
in material properties introduce additional degrees of freedom, enabling phenom-
ena such as frequency conversion, non-reciprocal behaviour, and dynamic energy
redistribution. This thesis presents a broad investigation of wave control strategies
that draw on both spatial structuring and temporal modulation, addressing practical
design applications as well as more fundamental physical phenomena. In the first
part, arrays of coupled resonators are employed to manipulate the propagation of
surface waves induced by low frequency ground vibrations. Building on similar
design principles in acoustics, a sound absorbing panel is then developed for room
acoustic applications. The third considered example examines elastic wave mode
conversion in corrugated beams, showing how a nominally homogeneous structure
can, through geometric modification, couple longitudinal and bending waves. The
final part of the thesis focuses on more fundamental aspects of mechanics related to
the interaction of waves with space-time interfaces. The propagation of a continuous
deformation within a material is considered, giving rise to a moving transition front
between distinct deformation states. The interaction between this front and propagat-
ing waves is analyzed, highlighting the underlying mechanisms of energy exchange
in dynamically evolving media. Overall, this work shows that wave control can be
systematically achieved through the engineering of scattering across space and time.
From practical implementations in vibration mitigation and acoustic absorption to
geometry-driven mode conversion and wave interaction with space—time interfaces,

the results demonstrate a unified framework for manipulating wave propagation
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and energy transport. This approach provides both effective design strategies and
a deeper understanding of wave—matter interactions in structured and dynamically

evolving media.
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Chapter 1

Introduction

1.1 Introduction

1.1.1 Fundamental aspects of wave propagation

Wave propagation is a fundamental physical phenomenon through which energy,
momentum, and information are transferred across space and time without the
permanent transport of matter. Waves arise in a wide variety of systems, including
mechanical, acoustic, electromagnetic, and quantum media, and their behavior is
governed by the interaction between inertia and restoring forces present in the
medium.

In its simplest form, wave motion can be described by the linear wave equation

22U (x,1)

1
2
\Y% U(X’t)_c_Z 8t2

=0, (1.1)

where U (x,t) represents the wave field and c is the propagation velocity. Har-

monic solutions of the form

U(x,1) = Ae/k*=1) (1.2)

describe monochromatic waves characterized by amplitude A, angular frequency
o, and wave vector k. The wave vector determines the wavelength A = 27 /k and

the propagation direction, while the angular frequency is related to the temporal
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oscillation period T = 27/ @.

The fundamental relationship linking spatial and temporal wave characteristics is

c:%:fl, (1.3)

where f is the frequency. For non-dispersive media, the propagation velocity is
independent of frequency and all spectral components travel at the same speed. In
dispersive systems, however, the relationship between w and k becomes nonlinear,
leading to frequency-dependent propagation. This dependence is described by the
dispersion relation @ = @(k), which governs many wave phenomena such as pulse
spreading, localization, and band-gap formation.
Wave propagation in elastic and acoustic media is strongly influenced by the material
properties of the host medium. An important aspect of wave physics is the distinction

between phase velocity and group velocity. The phase velocity,

0]
=— 1.4
Vp P (1.4)
describes the speed of individual wavefronts, whereas the group velocity,

w

Ve =5 (1.5)

represents the velocity at which wave packets and energy propagate. In dispersive
media these two quantities generally differ, leading to rich dynamical phenomena
and complex energy transport mechanisms.
When waves encounter spatial or temporal variations of material properties, scat-
tering processes occur. At a conventional spatial interface separating two media
with different wave velocities, frequency remains conserved while the wave vector

changes according to the boundary conditions.

1.1.2 Wave propagation in spatially varying media

Scattering phenomena arise when propagating waves encounter spatial variations in
material properties, leading to a redistribution of energy through reflection, trans-

mission, and, in more complex media, mode conversion. These processes are
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fundamental in acoustics and elasticity and form the basis for understanding wave

interactions with interfaces, inclusions, and structured materials.

The simplest configuration illustrating scattering is that of a planar interface
separating two homogeneous media. In this case, an incident wave generates re-
flected and transmitted waves, whose amplitudes and directions are determined by
the governing equations and boundary conditions. This canonical problem provides
the foundation for defining reflection and transmission coefficients and for extending

the analysis to more complex scattering scenarios.

In fluids, acoustic wave propagation is governed by linearized equations of
motion. Combining momentum conservation and the constitutive relation yields the

scalar wave equation for the pressure field p(x,7):

1 9%p

v 2P
p c2 91?2

=0, (1.6)
where ¢ = /B/p is the speed of sound, with p the density and B the bulk

modulus. For time-harmonic waves, this reduces to the Helmholtz equation:

Vptriip=0, k=2 (1.7)
C

At an interface between two fluids (fig. 1.1a and 1.1b) characterized by (py,c;)
and (p2,c2), the wavefield must satisfy [1]:

* continuity of pressure,

pP1=p2, (1.8)
* continuity of normal particle velocity,

1d 1d
e W (1.9)
p1 dn  py dn
For a plane wave at normal incidence, introducing the acoustic impedance Z = pc,

the reflection and transmission coefficients are:

-7 27,

R_—7 = 5 5
H+7Z 21+ 72

(1.10)
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with corresponding energy coefficients:

2
Vs
R+ |22T| =1 (1.11)
Z

For oblique incidence, phase continuity along the interface leads to Snell’s law:

sinf;,  sin6; (1.12)
o '

which determines the propagation directions of reflected and transmitted waves.

In elastic bodies, in the absence of body forces, the propagation of elastic waves

is governed by the balance of linear momentum,

Y —V.o, (1.13)

where p is the mass density, u(x,7) is the displacement field, and ¢ is the Cauchy
stress tensor. For an isotropic linear elastic solid, the constitutive relation is given by

6 =A(V-wl+pu(Vut+vu'), (1.14)

where A and p are the Lamé parameters and I is the identity tensor. Substituting
this constitutive law into the momentum balance yields the elastodynamic (Navier)
equation,

9%u )
pwz(/l—l—u)V(Vn)—f—uV u, (1.15)

which, using the vector identity
Viu=V(V-u)—V x(Vxu),

can be rewritten as

0%u



1.1 Introduction 5

* longitudinal (P) waves with velocity

cP:,/M;z“, (1.17)

* transverse (S) waves with velocity

il
= —. 1.18
cs ”p (1.18)

At an interface between two elastic media (fig. 1.1a and 1.1b), the wavefield

must satisfy:

* continuity of displacement,
u; = up, (1.19)

* continuity of normal stresses,

O0;1'nN=07-n, (1.20)

where o}, with i = 1,2 is the stress tensor evaluated at medium 1 and 2, respec-
tively. These conditions couple the normal and tangential components of motion,
potentially giving rise to mode conversion. For example, an incident P-wave can

generate reflected and transmitted P and S waves.

The directions of the scattered waves are determined by phase continuity along
the interface, which imposes conservation of the tangential component of the wave-

vector. This leads to a generalized Snell’s law:

sinf;  sin 9}; sin 915 sin 9713 sin 9;

P P s P T %
51 S| o =) )

(1.21)

Thus, each polarization propagates at a different angle determined by its wave

velocity.

The amplitudes of the reflected and transmitted waves are obtained by solving
the boundary conditions, leading to the Zoeppritz equations [2], which can be written

in matrix form:
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M = b, (1.22)

where M is a 4 x 4 matrix depending on densities, wave velocities, and propaga-

tion angles.

A commonly used explicit form is:

—sin 6; —cos 6; sin GtP cos 9,5 RP _sin6

l
cos 6; —sin 6; coS OIP —sin G,S RS 03 B:
sin20;, <L cos S pa(cy)’cy sin20P P22 06008 pl= | l

1 S t P (cf);cg t pi (Cfs)z t T S 29,'

) . ) N S

—c0s26; Fsin205 P22 05267 —pz—c%cg sin207 T cos26;

< picp picp
(1.23)

The energy transported by each mode leads to the generalized conservation

relation:

IRE2+ RSP+ |TP >+ |T5)2 = 1. (1.24)

Within this framework, scattering phenomena have been exploited as a design
principle to control wave propagation. A prominent example of this approach is
provided by phononic crystals, which are artificially engineered materials composed
of a periodic arrangement of inclusions or material contrasts on the scale of the
wavelength. This periodicity leads to repeated scattering and multiple reflections
of waves as they propagate through the structure. The resulting interference effect,
known as Bragg scattering, gives rise to characteristic dispersion relations with
frequency ranges, known as band gaps, in which wave propagation is forbidden
(3, 4].

In one of the earliest theoretical demonstrations of this concept, Kushwaha [5],
and Sigalas [6] derived the dispersion relation for a periodic elastic and acoustic
composite showing the presence of band gaps arising from the Bragg scattering

phenomena.
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Fig. 1.1 Schematic illustration of wave scattering at an interface for (top) acoustic and
(bottom) elastic media. (a) Acoustic case, where a longitudinal incident wave I impinging on
an interface between two fluids characterized by (c1,p1) and (¢, p2) generates a reflected
wave R and a transmitted wave 7. The scattering process involves a single mode and is
governed by impedance mismatch. (b) Time evolution along the x; coordinate of the acoustic
wave. (d) Elastic case, where an incident longitudinal wave I” interacting with an interface
between two solids characterized by (cf,c7,p1) and (%, 5, p2) generates both longitudinal
and transverse reflected (R”, R®) and transmitted (77, T%) waves due to mode conversion. (d)
Time evolution along the x, coordinate of the elastic wave.
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Several experimental validations of these theoretical predictions were then
achieved in subsequent works [7-9], demonstrating sound attenuation in a two-
dimensional array of rigid cylinders in air. In this case, the cylinders act as scattering
centers, and the repeated reflections at their surfaces lead to a macroscopic reduction
of transmission in certain frequency bands, confirming the role of multiple scattering

in shaping wave propagation.

Beyond the formation of band gaps, scattering in phononic crystals has been
exploited to achieve waveguiding and localization. Defect engineering, in which
the periodicity is broken locally, allows the creation of states within the band gap
where waves can propagate along prescribed paths [10, 11]. This mechanism relies
on the suppression of scattering in the bulk of the crystal, while allowing controlled
transmission along the defect, effectively guiding the wave through the structure
[12-15].

In all these examples, the underlying mechanism remains the same: wave ma-
nipulation is achieved through the cumulative effect of multiple scattering events.
By engineering the spatial distribution of scatterers, phononic crystals provide a
powerful platform for controlling wave propagation through interference, enabling

functionalities such as filtering, waveguiding, and localization.

Beyond scattering-based mechanisms in periodic media, wave control can also be
achieved through resonance-driven effects. Locally resonant metamaterials represent
a major advancement in this direction, enabling manipulation at scales much smaller
than the wavelength. These systems are composed of resonant elements embedded
in a host medium, enabling wave manipulation through strong, frequency-selective
scattering. Unlike phononic crystals, where band gaps arise from Bragg scattering
at wavelengths comparable to the lattice spacing, these systems exploit internal
resonances to induce reflection and energy trapping at much larger wavelengths. The
coupling between propagating waves and local resonators leads to hybridization
effects, giving rise to deep subwavelength band gaps and effective medium behav-
iors such as negative dynamic mass density or bulk modulus. As a result, locally
resonant metamaterials allow compact and efficient control of wave propagation,
including attenuation, localization, and dispersion engineering. The foundational
work by Liu et al. [16] introduced the concept of locally resonant sonic materials,
demonstrating that subwavelength resonant inclusions embedded in a host medium

can produce band gaps at frequencies well below those predicted by Bragg scattering.
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This work established resonance-driven scattering as a powerful mechanism for
wave attenuation. Subsequent studies further developed the theoretical framework
by introducing effective medium descriptions. In particular, Liu [17] showed that
such systems can exhibit negative effective mass density near resonance, providing a
physical interpretation of the strong scattering and band gap formation. Similarly,
Fang [18] demonstrated experimentally that locally resonant structures can exhibit
negative effective bulk modulus, confirming that both constitutive parameters gov-
erning wave propagation can be engineered through resonance. Building on these
concepts, Yang [19] proposed membrane-type acoustic metamaterials capable of
achieving negative dynamic mass and strong low-frequency attenuation in compact
structures. These designs highlighted the potential of locally resonant systems for
practical applications, particularly in noise and vibration control. More generally,
the field has been extensively reviewed and expanded in recent years. Hussein [20]
provided a comprehensive overview of the dynamics of phononic materials, bridging
the concepts of periodic scattering and local resonance. Cummer [21] and Ma [22]
further emphasized the role of engineered scattering and resonance in achieving ad-
vanced functionalities, including wave redirection, cloaking, and broadband control.
Together, these works demonstrate that locally resonant metamaterials exploit strong,
frequency-selective scattering induced by internal resonances to achieve precise con-
trol over wave propagation, extending the capabilities of classical phononic crystals

into the deep subwavelength regime.

1.1.3 Wave propagation in time varying media

A further level of control is introduced in time-varying media, where material prop-
erties evolve dynamically. Time-varying materials are systems in which constitutive
parameters, such as density, bulk modulus, or elastic stiffness, are modulated over
time. In contrast to conventional metamaterials, which rely solely on spatial structur-
ing (fig. 1.2a, 1.2b) to control wave propagation through scattering and interference,
time-varying media introduce an additional degree of freedom. As a result, these
systems overcome fundamental limitations of static materials, such as reciprocity and
fixed-frequency response, allowing for phenomena including frequency conversion,

parametric amplification, and nonreciprocal wave propagation.
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Fig. 1.2 (a) Time and space evolution of a scattering mechanism of an acoustic wave-packet
across a spatial interface separating two media with different wave velocities and densities.
(b) Fourier transform of the scattered field: the scattered field components share the same
frequency but different wave vectors. (c) Time and space evolution of the same scattering
process across a time interface. (d) Fourier transform of the scattered field: the scattered
field components share the same wave-vector but different frequencies.

From a physical perspective, temporal modulation can be interpreted as a form
of scattering in the time domain (fig.1.2c and 1.2d), where the modulation couples
different wave states and redistributes energy across the frequency spectrum. More-
over, under spatial invariance, the phase-matching condition leads to the following
frequency conversion relation:

o _® (1.25)
1 2

The concept of temporal modulation of material properties was first rigorously

introduced by Morgenthaler [23], who investigated the propagation of electromag-

netic waves in media with explicitly time-dependent constitutive parameters. In this
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seminal work, it was shown that a temporal variation of the permittivity leads to a
breakdown of frequency conservation, allowing for the generation of new frequency
components and enabling energy exchange between waves. This study established
the fundamental role of time-translation symmetry in wave propagation and high-

lighted how its breaking gives rise to inherently nonstationary wave phenomena.

Building on these early insights, temporal modulation has evolved into a powerful
paradigm for wave control. In particular, recent works [24] have explored both
theoretically and experimentally photonic systems, where temporal modulation can
be implemented through ultrafast changes in the refractive index. In this context,
temporal modulation has been used to reproduce time-varying counterpart of space-
varying structures. In [25] Pacheco-Pefia demonstrated how the refractive index of
a medium can be modulated in time to obtain a temporal antireflection coating. In
addition, Tirole and co-workers [26] have experimentally demonstrated the temporal
analogue of Young’s double-slit experiment. By applying a double temporal gating
to a light beam reflected from a time-modulated mirror, they observed interference
patterns emerging in the frequency domain. These studies provide clear theoretical
and experimental evidence of how temporal variations can be used to tailor wave

propagation in complex photonic environments.

More recently, the development of actively controlled metamaterials and meta-
surfaces has enabled practical implementations of space—time modulated systems.
These studies bridge the gap between theoretical predictions and experimental real-
izations, highlighting the versatility of time-modulated platforms for advanced wave

manipulation.

The first theoretical and experimental demonstrations of these concepts in acous-
tics were provided by the work of Bacot [27], who experimentally demonstrated the
breaking of time-reversal symmetry in water waves through temporal modulation.
More recently, Kim [28] and Wang [29] provided experimental evidence of non-
reciprocal elastic wave propagation in dynamically modulated periodic structures,
confirming the practical implementation of these concepts in solid mechanics. Com-
prehensive reviews by Cummer [21] and Galiffi [24] have further highlighted the
potential of time-varying media for advanced wave control. These works demonstrate
that time modulation extends the concept of scattering beyond the spatial domain,
enabling unprecedented control over wave propagation through the combined manip-
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ulation of space, time, and frequency.

In contrast to media that vary purely in space or purely in time—where wave
manipulation relies on modulations that remain invariant in the complementary
domain—space—time varying media combine both degrees of freedom, introducing
modulations that evolve simultaneously in space and time. As a result, scattering
processes are no longer confined to either the spatial or temporal domain, but instead
involve a coupled redistribution of energy and momentum across both. This leads to
interactions between wave components with different frequencies and wavelengths,

giving rise to enriched dispersion relations and a broader range of phenomena.

These concepts have been significantly advanced with the advent of metamate-
rials and metasurfaces, where subwavelength structuring enables the realization of
media with prescribed space—time-dependent effective properties. Such platforms
provide unprecedented control over wave propagation, allowing for effects such as
non-reciprocity, asymmetric mode conversion, and tunable dispersion [30, 31]. In
particular, by imposing controlled variations of stiffness, density, or refractive index
in both space and time, it becomes possible to break time-reversal symmetry and
achieve nonreciprocal wave propagation without relying on nonlinearities or external
bias fields [32, 33]. These ideas were originally developed in time-modulated cir-
cuits and electromagnetic systems [34, 35], and have since been extended to optics
[36, 37].

From this perspective, space—time varying media can be viewed as a natural
generalization of scattering-based wave control (Fig. 1.3a,b), where the redistribution
of energy occurs jointly in space and time.

In this framework, phase-matching conditions are no longer purely spatial or
temporal, but instead involve a coupling between frequency and wavevector through
the velocity of the modulation. As demonstrated both numerically and experimentally
[38, 39], this condition can be expressed as

o — W
= —Viu, 1.26

highlighting the direct role of the interface velocity (V;,; ) in governing wave con-

version processes. As a consequence, space—time modulation enables phenomena
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Fig. 1.3 (a) Space-time evolution of a wave packet scattered across a time-space interface
moving at velocity —Vj,,. (b) Fourier transform of the scattered field: transmitted and
reflected wave component have different frequencies and wave vectors.

such as frequency conversion, parametric amplification, and nonreciprocal wave

propagation, extending the capabilities of conventional materials.

In acoustics, these principles have been exploited experimentally to break reci-
procity and achieve directional wave control. Fleury [40, 41] demonstrated nonrecip-
rocal sound propagation in a time-modulated acoustic circulator. In elasticity, both
theoretical and experimental studies have shown that space—time modulation leads to
nonreciprocal dispersion relations and asymmetric wave propagation. In particular,
Trainiti [42, 43] introduced a framework for wave propagation in spatiotemporal
periodic structures, which was later extended by Nassar [44] in the context of elastic

metamaterials.

These works establish space—time varying media as a powerful platform for
wave control, where scattering processes extend beyond purely spatial interactions to
include temporal dynamics, enabling simultaneous manipulation of wave direction,

frequency, and energy flow.

Within this broad framework, this thesis investigates three complementary ap-
proaches to wave manipulation. The first part focuses on structured metamaterials
inspired by locally resonant systems, with an emphasis on practical applications such
as the mitigation of ground-borne vibrations and acoustic absorption. In particular,
the second chapter extends these concepts across scales, from subwavelength systems

to large-scale implementations such as resonant trench barriers for Rayleigh wave
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mitigation. A distinctive aspect of this work is the experimental validation of the
proposed metamaterial concepts at field scale, a relatively rare achievement in the
literature, where most studies remain confined to numerical simulations or laboratory-
scale demonstrations. The third chapter addresses the design of a sound-absorbing
metamaterial panel based on arrays of coiled resonators, achieving near-perfect ab-
sorption within a subwavelength thickness. The proposed design is further validated
through reverberation-room measurements, providing one of the few demonstrations

of metamaterial acoustic performance under realistic diffuse-field conditions.

The second part of this thesis focuses on the fundamental physics of wave scatter-
ing phenomena in elastic solids. Chapter 4 investigates mode conversion mechanisms
in elastic structures, demonstrating how incident longitudinal waves can be partially
transformed into flexural waves through geometric coupling. While most existing
approaches rely on material heterogeneity, resonant inclusions, or multi-component
structures to achieve mode conversion, this work shows that the phenomenon can
arise solely from geometric modifications. In particular, it is demonstrated that an
undulated region embedded within an otherwise homogeneous beam is sufficient
to induce efficient mode conversion, providing a simple and effective strategy for
controlling elastic wave propagation without introducing material discontinuities.
Chapter 5 is motivated by recent experimental observations of deformation-induced
space—time modulation in elastic media [39]. In contrast to most studies, where
space—time interfaces are generated through externally prescribed variations of the
material properties, this chapter investigates a fundamentally different mechanism
in which the interface emerges naturally from the deformation of the medium itself.
External forces modify the local strain state, thereby inducing a propagating space—
time boundary that strongly affects wave propagation. While the acousto-elastic
effect is traditionally studied under static or quasi-static deformation conditions, the
present work extends the analysis to dynamically evolving deformation fields and
their interaction with elastic waves. A theoretical framework describing the coupled
evolution of deformation and wave motion is developed and validated through numer-
ical simulations and experimental measurements. The results reveal how deformation
can act as an active mechanism for wave manipulation, providing a new perspective

on the generation of space—time interfaces in solids.

In this perspective, wave manipulation emerges as a direct consequence of

controlled variations in the material properties. Structured and space—time varying
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media thus provide complementary strategies to guide, scatter, and transform waves,
defining a unified design space for advanced materials capable of controlling wave

propagation across acoustic, elastic, and seismic domains.



Chapter 2

Design and Field Validation of a
Locally Resonant Metamaterial
Barrier for Low-Frequency Ground
Vibration Mitigation

2.1 Introduction

In recent years, increasing attention has been devoted to the mitigation of seismic
waves and ground-borne vibrations due to their detrimental impact on both infras-
tructure and human comfort. In particular, railway-induced vibrations represent a
major issue in urban and suburban environments, as they propagate primarily in
the form of Rayleigh waves along the soil surface. The mechanisms of generation
and propagation of such waves, together with conventional mitigation strategies,
are extensively discussed in the literature [45]. Among traditional countermeasures,
trench barriers have been widely investigated. For instance, the effectiveness of stiff
concrete wave barriers has been numerically and experimentally evaluated in [46],
while the use of buried steel sheet piles as vibration barriers has been analyzed in
[47].

More recently, the advent of metamaterials has opened new possibilities for
vibration mitigation. Phononic crystals have been increasingly investigated as a solu-

tion for mitigating ground-borne vibrations by exploiting frequency band gaps that
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inhibit elastic wave propagation in periodic media. Early theoretical and numerical
works established the application of Floquet—Bloch theory to periodic structures for
vibration attenuation [48, 49], while studies on periodic pile barriers demonstrated
their effectiveness in reducing surface wave transmission in soils [S0]. More recent
research has focused on locally resonant designs capable of targeting low-frequency
ranges relevant for railway and seismic applications, overcoming the limitations
of Bragg scattering [51]. Numerical and experimental studies have confirmed that
buried phononic crystal barriers and resonant inclusions can significantly attenuate
Rayleigh waves and reduce vibration levels in practical scenarios [52, 53]. Ap-
plications to railway infrastructure, such as phononic crystal-enhanced tracks and
engineered subsurface structures, further demonstrate the potential of these systems

for real-world vibration mitigation [54, 55].

An alternative mechanism for band gap formation relies on local resonance.
Locally resonant metamaterials can generate band gaps at frequencies corresponding
to wavelengths much larger than the characteristic size of the unit cell [56]. The
underlying mechanism for this design principle is to couple the soil to a resonant
mass whose frequency matches the frequency range targeted by the application. This
coupling produces a frequency selective behaviour of the medium which becomes
transparent to incoming ground-borne vibrations outside the targeted frequency range
(fig. 2.1a), and purely reflective for vibrations, within this range (fig. 2.1b).

At resonance, the interaction between the incident wave and the local resonators
opens a band gap. Within this frequency range, propagating solutions are replaced
by evanescent fields that decay exponentially inside the medium. Consequently,
the wave energy remains localized near the interface and is largely reflected back
into the medium of origin. This feature makes them especially attractive for low-
frequency vibration mitigation, where conventional Bragg-based solutions would
require impractically large structures. In some configurations, Bragg scattering
and local resonance effects may coexist or interact, leading to enhanced or hybrid
band gap phenomena [57]. Additional coupling mechanisms such as mode veering,

locking, and multiple Bragg wave coupling have also been reported [58—60].

The application of metamaterials to seismic and railway vibration mitigation
has been explored in several studies. Numerical investigations of buried periodic
inclusions and locally resonant barriers have demonstrated promising attenuation
capabilities [61, 62]. Engineered metabarriers composed of resonant elements em-

bedded in the soil have been proposed and experimentally validated at reduced scale



Design and Field Validation of a Locally Resonant Metamaterial Barrier for
18 Low-Frequency Ground Vibration Mitigation

a) W F Wy b)

t A : A
E i
L
! E I/
C1P1 cj(w)pa(w) c1P1 cy(w)pa(w) N
X;nt X;int g

Fig. 2.1 Schematic of an incoming ground-borne wave (a) at a frequency different from the
resonators (@p) and (b) close to the resonance frequency.

[63, 64]. Other configurations, such as clamped resonant pillars and metasurfaces
interacting with Rayleigh waves, have shown the potential for ultra-low-frequency
stop bands and surface wave manipulation [65—-67]. Interestingly, even natural sys-
tems such as forests have been shown to act as seismic metamaterials through local

resonance mechanisms [68].

Building upon previous developments in three-dimensional elastic metamate-
rials optimized for low-frequency vibration attenuation [69, 70], here we propose
a modular metamaterial-based barrier specifically designed for the mitigation of
railway-induced vibrations. The unit cell is engineered to maximize participating
mass and minimize stiffness in order to achieve a resonance frequency around 30 Hz,

which is particularly relevant for railway excitation spectra.

The objective of this chapter of my thesis is to describe the complete process of
design, numerical validation, laboratory characterization, and full-scale field testing
of the proposed metamaterial-based panel. After introducing the unit cell design,
dispersion and transmission analyses are presented and compared with experimental
laboratory results. The unit cells are then integrated into reinforced-concrete modules
suitable for in-ground installation, whose dynamic behavior is numerically assessed.
Finally, an in-situ experimental campaign performed at a railway site validates the
effectiveness of the proposed solution in mitigating low-frequency ground-borne

vibrations.
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2.2 Unit Cell Design

The first objective of this chapter of my thesis is the design and the dynamic charac-
terization of a Metamaterial Unit Cell (MM UC) working at subwavelength range,
which could be used as fundamental unit for a barrier for railway-induced vibration
mitigation in soil. The proposed UC structure is based on previous studies [70, 69]
and chosen in order to both maximize the participating mass and minimize the
stifftness as well as to tune the vibration damping properties in the low frequency
range. Due to their design of thin beams and large masses, the modes featuring
larger modal mass of the system (pyramids) are confined in the low passbands, while
the ones featuring smaller modal mass (beams) are confined in the high passband,
in what is known as mode separation [70, 69]. A 3D view of the proposed UC is
shown in figure 2.2a. The main dimensions of the UC, made of 6 pyramids disposed
symmetrically, are illustrated in figure 2.2b in a mid cross section view, where the
main side of the cubic cell is assumed to be a.;; = 0.36 m, while the pyramid side

18 [,y = 0.30 m.

The materials chosen for the fabrication of the UCs are steel and concrete.
The presence of fibres in the concrete mix increases its overall tensile, shear, and
compressive strength, and is required to avoid using rebars as reinforcement in the
pyramids, given the limited available volume. Although this is not strictly necessary
for the operating phase, where no payloads are supported, it can be important for the

installation phase, where impacts can occur.

Each pyramid is connected to the neighbouring ones through an L-shaped steel
beams. Each beam presents hooks on both ends in order to strengthen the attachment
the bond between beams and pyramidal elements. These are made of stainless steel
AISI 630, have an 8 mm diameter circular section and are curved at 90° (with a total
bending radius equal to 4.5 times the diameter of the beam).

2.3 UC Numerical Analysis

The dynamic behaviour of the chosen unit cell is first analysed numerically. Disper-
sion analysis is performed, investigating the potential behaviour for an infinite array
of unit cells. Then, a transmission analysis of the single cell is carried out.
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lpyr
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Fig. 2.2 Structures of the UC: (a) Exploded 3D view (b) Section view with details of the
connections between steel beams and concrete pyramids.

2.3.1 Dispersion analysis of the single cell

Simulations are performed using the FE Method, in particular by means of the Struc-
tural Mechanics Module of COMSOL Multiphysics. The pyramids are modelled by
means of solid tetrahedral elements, with the element size adapted to the geometrical
details of the UC. The concrete material parameters are: density p. = 2500 kg/m°,
Young’s Modulus E,. = 30 GPa and Poisson’s ratio v, = 0.2. On the other hand, the
bars that connect the pyramids are modeled using beam elements following Timo-
shenko theory (simulations are also performed with solid elements instead of beam
elements, but give no significant differences in results). The material parameters
are: density py = 7850 kg/m?, Young’s Modulus E; = 210 GPa and Poisson’s ratio
vy = 0.3. The phononic band structure of the structure in figure 2.3 is calculated
implementing Bloch boundary conditions on the edges of the UC to account for the
periodicity of the system [71]:

i(F+R) =i(P)e *r R 2.1)

where i represents the displacement vector, R is the lattice vector and 75F 1s
the Bloch vector. Band structures are obtained by letting the wavevector kp =
(%Fx,%py,%Fz) span selected points along the path of the Irreducible Brillouin Zone
(IBZ) (Fig. 2). The main directions of symmetry in the reciprocal space I'X — XM —
MT —T'R— RX — XM — MR identify the 3D IBZ.

The bandgap opening mode at f;,, = 32.7 Hz involves a large percentage of
the total mass of the system, i.e., the mobilization of the concrete pyramids. The
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Fig. 2.3 (Left) 3D view of the UC and schematic of its IBZ. (Centre) dispersion diagram
of the periodic structure. (Right) eigenmodes of the UC corresponding to the f;,, and fp
eigenfrequencies, respectively.

bandgap closing mode, at f;,, = 270.0 Hz is characterized by the vibration of the
steel beams instead of the concrete pyramids. The relative band gap width (in %)
can be calculated as follows:

bandgap% =2 - Jrop = oot = 156.8%. (2.2)

flop + fbot

2.3.2 Transmission Analysis of the UC

The FE model of the system is used to numerically evaluate its mechanical transmis-
sion, calculated as:

A

T =20-logy, ( 0”’) (2.3)
Ain

where A;, and A,,; are the accelerations at the input and output areas, respectively.

Input and output areas are chosen on opposite faces, as shown in fig. 2.4; the input

area is excited with a harmonic force with amplitude equal to 1 N and the resulting

acceleration is detected at the output area A,,;, carrying out a sweep frequency
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Fig. 2.4 (Left) Schematic of the input and output positions in the numerical model and (right)
the numerically-calculated transmission spectrum together with the eigenmode at fj,, shown
in the inset.

analysis. Results are consistent with band gap analysis, showing significant vibration
attenuation between 35-250 Hz, which is the frequency range targeted in this study.

2.4 UC Experimental Laboratory Tests

The mechanical transmission of the system is experimentally evaluated by means
of a setup comprising an arbitrary waveform generator Agilent 33220A, able to
perform frequency sweeps; a NI-9234 sound and vibration recording module and
a NI cDAQ-9171 data acquisition module; a permanent magnet shaker LDS V406,
generally used for modal and structural health monitoring (e.g. bridge testing); two
PCB Piezotronics 353B15 (sensitivity of 10 mV/g, resonant frequency of 70 kHz)
accelerometers. The range of frequencies in which the actuator has a flat response is
from 5 Hz to 9 kHz, with a nominal peak sine rating of 98 N, and with a movable
mass of 0.20 kg. The actuator head is placed at the centre of the UC (fig. 2.5) in order
to excite one of the lateral faces of the cube. The two accelerometers are positioned
at two opposite faces, so that the input and output accelerations can be measured.
The whole experimental setup is shown in Figure 4. The experiment is performed
by using a sine sweep actuation and measuring the corresponding output with the

accelerometer. The transmission is computed as in Equation 3.
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Fig. 2.5 (Above) Schematic of the experimental setup. (Below, from left to right) output side
view (accelerometer position in red square), and input side view (shaker).
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Fig. 2.6 Comparison of the transmission curves obtained numerically and experimentally.

Figure 2.9 shows an excellent agreement between experimental and numerical
transmission curves. In particular, the clear drop in transmission occurs after 32.5 Hz,
which corresponds to the UC mode involving pyramidal masses and the steel beams
acting as flexural elements, as described in Section 3.1. Due to the sensitivity of the
measurement instrument, the experimentally measured transmission appears constant

above 100 Hz, as the acceleration amplitude is below the signal measurement noise.

2.5 Soil-Structure interaction Assessment

We first evaluate the quasistatic properties of the UC. The equivalent (fig.2.7a)
stiffness k. sy can be estimated introducing a mono-atomic mass spring model of the
UC, which is discussed in detail in the appendix ??. Thus, in our case k. sy = 308
N/mm. The equivalent mass is the mass of the double pyramid, i.e. m.rr = 24.5
kg. With this approximation, the corresponding BG opening frequency corresponds
to f = %\/W = 35 Hz, which is compatible with the numerical prediction
(with a discrepancy of only 7.7 %).

Within this approximation, we can study the propagation of surface Rayleigh waves
as depicted in fig.2.7b. The soil is modeled as an elastic half space, with density
ps = 1300 kg/m?, and longitudinal and shear wave velocity equal to c; = 227 m/s and

cs = 121 m/s, respectively. As demonstrated in [63], the dynamic of the resonator
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excited by the vertical soil motion w can be studied as:
mef (Z—Voo) +kepsZ =0, (2.4)

where wy = w(z = 0). By using an effective medium approach, we can model the
interaction of the resonant mass on the surface as an exchange of normal stress

expressed as:

N keff
Op=—=—71 2.5
Z A A ) ( )
2 . . . . . .
where A = [, is unit-cell area. The dispersion relation of Rayleigh waves is

obtained by introducing the scalar (dilatational) and vector (shear) potentials in a
homogeneous, isotropic half-space and assuming harmonic, depth-decaying fields,
B — Akt 1-02/(Kct) pi(01—kx) qpnd W — Beke/1-0%/(Kc3) pi(@i—kx)  The in-plane
and out-of-plane displacements follow from the standard kinematic relations u =
0P — d,¥ and w = 9, D + d,'¥. The effect of the resonators is incorporated by
replacing the classical stress-free boundary conditions at z = 0 with effective tractions
representing the resonator forces uniformly distributed over the unit-cell area A; for
the 1-dof case this yields 0, res = (K,/A) 0 /(07 — ©*) wo, with @, = \/kesp/m =
27 fres- By expressing o;; in terms of ® and ¥ through isotropic linear elastic
constitutive relations and enforcing 0,;(0) = 0. res, One obtains a homogeneous
linear system in the wave amplitudes; non-trivial solutions require the vanishing of its
determinant, which delivers the closed-form coupled Rayleigh-resonator dispersion
equation Z(k,w) = 0, (fig.2.7¢) featuring the classical Rayleigh term plus additional
frequency-dependent terms associated with the vertical and horizontal resonances
and their coupling induced by the elliptical Rayleigh motion.

2
@(k,a)):(%—l) [(2—— —4\/1——\/ 5 ‘
meffCO
11— =0.
+Acspk3 k2cL

In addition, it is of interest to calculate BG width arising form the soil-resonator.

(2.6)

In fact, as shown by Palermo [63], the normalized width of the BG is proportional to
soil properties as follows:
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Fig. 2.7 (a) Lumped parameters model of the UC and (b) schematic of the soil half-space
with embedded resonators on its surface. (c) Dispersion realation for the Rayleigh waves
propagating on a half space embedded with resonators. The gray region corresponds to the
sound cone and the dashed line to the bulk longitudinal (c;) and shear velocity (cs), and the
surface Rayleigh wave velocity (cg) for a homogeneous medium. The dashed horizontal line
is corresponding to resonance frequency calculated from the lumped model approximation.
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BG(o) = 2LV IEED =) o0 Mesr® S e
T+/@T2+1)+1 T 2Apcs i

To assess the influence of the supporting medium on the band-gap characteristics,
a parametric study was carried out considering a range of representative soil types.
The corresponding material properties are summarized in Table 2.1.:

Table 2.1 Mechanical properties of the soil types considered in the parametric analysis.

Soil Type Density, p Longitudinal Velocity, c; Shear Velocity, cg

(kg/m?) (m/s) (m/s)
Soft Clay 1700 1450 120
Stiff Clay 1900 1650 300
Loose Sand 1800 500 180
Dense Sand 2000 1800 450
Gravel 2200 2500 800

As shown in Fig. 2.8, the relative band-gap width decreases as the soil stiffness
increases. The largest band gaps are obtained for soft clay, whereas progressively
smaller values are observed for stiffer soils such as dense sand and gravel. This trend
can be attributed to the increasing wave velocities (i.e. stiffness) of the supporting
medium, which reduce the contrast between the dynamic properties of the soil and

those of the resonator system.
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Fig. 2.8 Variation of the relative band-gap width (BG) for the soil types considered in the
parametric analysis. Softer soils are associated with larger band-gap widths, whereas stiffer
soils exhibit a reduced attenuation range.

However, it should be emphasized that Eq. (2.7) is derived assuming an infi-
nite periodic array of identical resonators coupled to a homogeneous, isotropic,
linear-elastic half-space. Consequently, the predicted band-gap width represents the
intrinsic dispersion characteristics of the idealized soil-resonator system rather than
the attenuation achievable in a practical installation. Finite arrays, soil heterogeneity,
material damping, imperfect soil-resonator coupling, and construction tolerances
may shift or reduce the effective band gap. Nevertheless, the analytical formulation
provides valuable design guidelines by quantifying how the supporting soil influ-
ences the expected attenuation range and identifying soft soils as the most favorable

conditions for maximizing the band-gap width.

2.6 Design of Anti-Vibration Modules

The UC presented in previous sections is now used for a field test for the mitigation
of railway induced vibrations. There are some problematic aspects when directly
burying the UC in the ground, which may decrease its efficiency: for instance, a non
uniform contact with the soil and a potential alteration of the dynamic behaviour of
the cell because the soil can fill the gaps between the components (i.e., between the
pyramid cement blocks) and modify the modes and frequencies of the resonators in

an uncontrolled way. Moreover, direct application of the UC in the ground may lead
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to difficulties in installation and durability issues, since it would also assume a load

bearing, as well as a vibration damping function.

To avoid these problems, an outer module which encloses the UCs is designed,
ensuring a load-bearing function and uniform contact with the soil. The module
is depicted in figure 2.9, and consists of a U-shaped reinforced-concrete block
enclosing a 3 x 2 x 1 array of UCs. The resulting antivibration module is named
“PhV-MQ-A” in the following, while the sole U-block is referred to as “PhV-MQ-
B”. In the manufacturing phase, the UCs of the PhV-MQ-A are attached to the
walls of the block through a thin film of epoxy resin applied on the external faces
of the pyramids and the internal ones of the U-block. This ensures coupling and
vibration transmission at the interfaces between elements. The resulting design of

the anti-vibration module therefore allows:

* to protect the cells from the soil to preserve both their dynamic behaviour and

durability;
* a more uniform pressure distribution across their flat lateral surfaces

* an easier transport and field installation.

The presence of the U-shaped block modifies the behaviour of the connected
UCs, and numerical analysis is necessary to determine the vibration characteristics

of the whole module.

2.7 Numerical Analysis of the Anti-Vibration Mod-

ules

Numerical analysis is performed on PhV-MQ-A and PhV-MQ-B structures to inves-
tigate the effect of the casing on the structure. A FE modal analysis is performed
by introducing a harmonic unit input force F = Ae'®, with A = 1 N applied on one
side of the U-block along its normal direction. On the same surface and on the
opposite one, the average of the normal acceleration amplitude is calculated, and the
transmission spectrum is then computed by using equation 3 both for PhV-MQ-A
and PhV-MQ-B, as shown in Fig. 2.10a. The two spectra display two minima in

transmission in the low frequency range (5—45 Hz) for PhV-MQ-A that are absent
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Fig. 2.9 (From left to right) exploded, front-, and isometric- views of the anti-vibration
module consisting of six UCs and a surrounding U-shaped concrete block. Main element
dimensions are indicated.

in PhV-MQ-B. These are associated with the “locally resonant” behavior of the
structure. The lowest minimum is attained at f = 32.5 Hz, which corresponds to the
eigenfrequency of the MM. The other occurs at f = 27.5 Hz, which corresponds to
another resonant mode of the MM. The largest transmission peak for PhV-MQ-A
is attained at 45 Hz, which corresponds instead to a resonance mode in which the
largest acceleration is concentrated in the U-block of the structure. Figures12.10b
and c show that for both modal shapes, the two concrete walls of the U-block are
rigidly coupled, and the system thus acts as a stiff barrier. Well beyond the resonance
frequency, the walls are decoupled, and the system thus acts as a soft trench. At the
resonance frequency however, the UCs vibrate and consequently absorb the vibration
energy. This resonance is seen to take place at about 30 Hz. Additionally, it can be
pointed out that the PhV-MQ-B (without UCs) does not display a resonance peak.

2.8 Field Test

2.8.1 Test Site

Finally, the modules were tested in real conditions to validate their efficiency in
mitigating railway-induced vibrations. The testing site was located in Elze (see
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Fig. 2.10 (a) Left: numerical transmission spectra of the anti-vibration modules PhV-MQ-A
(with embedded unit cells) and PhV-MQ-B (U-block only). The shaded region highlights
the low-frequency range where PhV-MQ-A exhibits reduced transmission due to locally
resonant effects. The dashed vertical lines indicate the resonant frequencies of the system.
Right: schematic representation of the two configurations. (b)—(c) Acceleration magnitude
distributions (m/s?, colour scale) of the resonant modes at 32.5 Hz and 27.5 Hz, respectively,
showing the vibration localization within the embedded metamaterial units.
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Figure 2.11a), in Germany. The Elze train station of the Deutsche Bahn infrastructure
is particularly suitable because of the presence of scarcely used track sections
surrounded by sufficient space to allow for the installation and the testing in relevant
environment (Figure 2.11b). The in-field tests were performed in two sessions,
one for each of the two setups, which comprised 40 m-long trench barriers where
modules PhV-MQ-A and then -B were installed. In particular, the installation of the
solution PhV-MQ-B was aimed to separate the effect of the UCs from that of the

concrete U-shaped super-structure.

2.8.2 Measurement Setup

Measurements were carried out by Baudynamik Heiland & Mistler GmbH [72] on
the 11th—12th May (baseline prior to the installation of the modules) and on the 18th
June 2020 (after installation).

The goal was to first determine the transfer function of the soil, i.e., soil mobility,
with and without the anti-vibration solution. Mobility measurements were performed
by means of an artificial (drop weight) excitation. The comparison between mobil-
ity measurements performed before and after the installation of the anti-vibration
elements allowed to obtain the Insertion Loss (IL) provided by the anti-vibration
modules. The mobility is computed from the measurement of the vibration velocity
arising from a known input force. A drop weight excitation was used at several
impact points on the track while the vibration response was recorded at several points
beyond the anti-vibration modules. The location of the impact source and the output
sensors varied, so that we will refer to a transfer mobility, which is dependent on the

distance, the soil conditions and the type of excitation (point or line source).

A DYNPACT® excitation source was used, i.e., a device that drops a 50 kg
weight from a height of 1 m (see Figure 9). This induces a pulse-shaped force in
the ground that propagates to the load cell location, whose amplitude depends on
subsoil stiffness. The proper coupling of the load cell with the subsoil is obtained by
a load-distributing steel plate on a sand pad of 3 cm thickness. Before starting the
measurements, several impacts were applied to avoid local compacting effects of the
upper soil layers. The excitation was performed on the track bed between the rail
profiles. A schematic of the impact and measuring point locations is shown in Fig.

2.13. Vibration measurements were performed with geophones, which record the
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Fig. 2.11 (a) Satellite view of Elze (Germany) and its main railway station. The dashed lines
indicate the area selected for the installation of the anti-vibration modules. (b) Detailed view
of the test site, highlighting the railway tracks, the installation trench (150 m long and 2.4 m
deep), the adjacent road, and the available free area.
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Fig. 2.12 DYNPACT® excitation device used during the in-field measurements. The system
consists of a 50kg drop weight released from a height of 1 m to generate an impulsive load
in the soil for mobility and insertion loss evaluation.
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Fig. 2.13 Schematic of the experimental setup.

vibration velocity at the installation location. These were placed at 8, 16, 24, and 32
m from the center of the tracks, and kept in the same position for the measurements
before and after antivibration meta-module installation, through the use of a sensor
bed made of rapid hardening cement.

2.8.3 Soil characterization

In order to obtain information about the soil dynamic properties, additional sets of
measurements were performed. First, a measuring chain with horizontal geophones
in the radial direction, i.e. perpendicular to the tracks, were installed, while vibrations
in the soil were induced in the vertical direction by a hammer impact. Secondly,
a similar measuring chain was set up with horizontal geophones oriented in the
transversal direction, i.e. parallel to the track, while the soil excitation was performed
in the horizontal direction, perpendicular to the measurement chain line, with a
hammer impact. The recorded data on surface vibration waves were analysed with
the Multichannel Analysis of Surface Waves (MASW) method. This method is based
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Fig. 2.14 Results of the MASW analysis: soil profile in terms of shear wave velocity and
dynamic shear modulus.

on the fact that the waves produced by the hammer impact are modified according
to the properties of the soil medium during their propagation. By measuring these
dispersion properties at different distances from the vibration source, the different
layers of the soil (soil profile) can iteratively be reconstructed [73, 74].

Each layer is described by two parameters: the Shear Wave Velocity ¢, and the
Dynamic Shear Modulus Ggy,: results are illustrated in Figure 2.14. The site
characterization indicates that the shear-wave velocity profile (Fig. 2.14a) increases
with depth by approximately 30%, ranging from about 100 to 130m/s. According to
the classification reported in Table 2.1, the subsurface can therefore be approximated
as a soft clay deposit. As shown previously, this soil type is associated with the
largest relative band-gap width among the cases considered (fig. 2.8).

2.8.4 Results

In the following section, the main steps in the evaluation of the mobility transfer
functions and of the IL are presented. Two excitation conditions are discussed: a

point source and a line source excitation.
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2.8.5 Point Source Excitation

Starting from the measurement setup previously described, the transfer functions are
calculated for any combination of impact and measuring points as follows:

S8 (F)-Sealf)*

Tanp(f) = SE,n(f) : SE,n(f>* 5

(2.8)

where, S (f) is the Fourier Transform of the vibration velocity measured at a
distance p from the barrier and sampled by the m-th geophone. Sg,(f) is the
Fourier Transform of the vibration velocity measured at the n-th impact point. The
symbol * denotes the complex-conjugate. To average the effect of distance and soil
heterogeneities, the TF is used to compute a transfer mobility function as follows:

1 1 M N
TMP(f) =25 3, X ITF™ (f)I, (2.9)
m=1n=1

where M is the number of geophones located at a distance p and N are the impact
points, respectively.

For the computation of spectra, a force amplitude measurement trigger was set
to Fijg = 15 kN with a pre-trigger time set to 0.1 5. Rectangle windowing was
performed both on the excitation and response signals, with a window length of 4096
points and a sampling of 2560 Hz. The narrow-band transfer mobility functions are
thus obtained with a frequency resolution of Af = 1/1.6 s = 0.625 Hz, and then
transformed into equivalent functions related to the 1/3 octave band frequencies.

Finally, the IL at different distances from the source is calculated as:

4
M, (f)] ’ (2.10)

Mﬂzm%ﬂﬁﬂﬁ

where TM(I)( f) is the transfer mobility function computed at a distance p from the

input source before the installation.

Figs. 2.15a and 2.15b show a comparison of the IL spectra measured at at 8, 16,
24, and 32 m from the point source excitation for the PhV-MQ-A and PhV-MQ-B
structures, respectively. For both modules, the IL is close to zero up to the 20 Hz
frequency band (grey region), due to the small depth of the barrier [47]. Within
the frequency bands from 20 to 50 Hz (red region) the modules present different
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behaviours. For the PhV-MQ-A, a maximum around 10 dB is attained at 31.5 Hz and
preserved along the whole distance. This implies that the energy propagating within
this frequency range is not transmitted across the barrier, butreflected and absorbed
through the mechanism of local resonance. The PhV-MQ-B instead, presents two
peaks around 8 dB at 25 and 40 Hz bands that rapidly decay below 2 dB with distance.
More quantitatively, the PhV-MQ-A solution displays an increment in IL in the 31.5
Hz frequency band due to UC resonance of 6 dB with respect to the PhV-MQ-B
solution at 8m from the source. The increment reaches up to 8.5 dB at 32 m from
the excitation source. The overall vibration mitigation provided by the PhV-MQ-A
solution with respect to the baseline (before installation) is observed in the frequency
range 20-50 Hz (red transparency region) with peak values of 10 dB.

Thus, due to its small depth, the U-shaped module (PhV-MQ-B) is only ca-
pable of influencing the vibration propagation near the stiff barrier, but its effect
strongly decays with distance. This is compatible with the so-called "wave heal-
ing” phenomenon which tends to reduce the scattering effect with the distance on
both amplitude and phase from weak scatterers. Moreover, previous studies have
demonstrated that in stratified soils, Rayleigh waves redirected to the soil tend
to re-surface because of the increasing depth dependent velocity (mirage effect)
[75, 76]. Instead, the U-shaped barrier with embedded metamaterial resonators
(PhV-MQ-A) is effective in attenuating vibrations at all considered distances in the
designed frequency range, demonstrating a considerable advantage. Experimental
results are also consistent with full-field wave propagation simulations in the soil,
reported in the Supplementary Material. Although at least from a qualitative point
of view, experimental results confirm numerical predictions, the latter provide a
forcibly simplified picture of the wave propagation problem, since it is difficult to
choose realistic soil-structure interaction conditions as well as a correct model for
soil viscoelasticity. However, we emphasize that the objective of this chapter of my
thesis is not to compare experimental results to numerical simulations, but to provide

a direct in-field experimental verification of the designed barriers.

Line Source Excitation

The mobility functions computed in the previous section for each point source can

be conveniently transformed by integration into mobility functions for a line source
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Fig. 2.15 Point Source. Comparison of the IL at different distances from the source for (a)
the solution PhV-MQ-A and (b) the solution PhV-MQ-B. The red shaded region indicates
the frequency range in which the two UC types differ in spectral behaviour
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Impact point

Fig. 2.16 Schematic representation of the construction of a line source from point sources, to
obtain the line source mobility functions at a desired location by integrating point transfer
mobility functions.

excitation, which is more representative of the real working conditions, namely the

train excitation.

First of all, for each frequency band of the spectrum, a regression analysis is
performed on the results in terms of transfer mobility functions for point sources.
This regression analysis is based on the assumption of an exponential decay of the
transfer mobility with distance d:

! dO nP(f)
™ (f,d):TM”(f)(g) , @1

where TM' is the line transfer mobility, dy = 8 m and np(f) quantifies the vibration
decay with distance, which is computed as a regression value which fits the mobility
decay with distance at a specific frequency band, as described in [? ]. The line source
transfer mobility function can then be computed at desired locations, integrating
the transfer mobility functions generated for several point sources obtained at the
previous step with the corresponding influence length (fig. 2.16). It is important
to underline that a line source has a shorter distance decay coefficient that a point
source. Results indicate that the following relation holds:

n; =np+0.5. (2.12)

where n;, quantifies the line mobility decay. As has been described for the case
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Fig. 2.17 Line Source. Comparison of the IL at different distances from the source for the
solution PhV-MQ-A (a) and for the solution PhV-MQ-B (b). The red shaded region indicates
the frequency range in which the two UC types differ in spectral behaviour

of point source, the IL can be obtained from the mobility transfer functions at the
desired locations as the difference between the transfer mobility before and after the
installation of the proposed solutions. The comparison of ILs at 8 m, 16 m, 24 m
and 32 m from the line excitation source between the PhV-MQ-A and PhV-MQ-B is
shown in Fig. 2.16a and 2.16, respectively. A similar interpretation of the results for
a line source can be made as in the case of a point excitation. Here too, the resonance
effect of the UCs leads up to a 6 dB of IL gain in the frequency bands 20 — 40 Hz,
compared to the PhV-MQ-B. The overall vibration insulation effect of PhV-MQ-A is

stable with distance and reaches up to 10 dB of mitigation.
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2.9 Conclusions

In this Chapter, the process of design and validation in relevant environment of a
MM-based modular panel for vibration mitigation in soils was performed. The MM
UC was optimized to improve vibration insulation in the desired frequency range
(30 Hz), exploiting its low frequency resonance. Its efficiency was firstly evaluated
in numerical and experimental laboratory tests. A concrete U-block encasement was
developed to protect the MM structure from the surrounding soil, in order to allow its
vibration at resonance frequency. The design of the structure was then validated by
means of FEM analysis. Then, a field experimental campaign for its validation was
performed: the MM-based modular panel was installed and tested at a railway station
site under an artificial excitation to investigate its effect of mitigation of railway-
induced vibrations. An IL of up to 10 dB was obtained in the low frequency range
(20-50 Hz), in accordance with numerical simulations, and presented in addition
a stable insulation measured up to 32 m from the track. Further improvements
in the working conditions can probably be obtained with better consolidation and
settlement of the soil in the trench around the barrier to improve contact conditions
and homogenise the soil properties in the vicinity of the barrier. Moreover, the
application of a geotextile within the trench could prevent the soil from spreading
inside the cavities of the metabarrier modifying the resonance modes and possibly
leading to performance degradation. This work demonstrates the feasibility of using
metamaterial solutions for the reduction of low frequency groundborne vibrations
such as those emitted by rail traffic. This can constitute an attractive solution, given
the non-invasive installation below surface, removed from the rails, the limited size

(1 m depth) and realization using conventional building materials.



Chapter 3

Coiled-up acoustic resonators for
subwavelength acoustic absorption

3.1 Introduction

Sound reflection is a fundamental acoustic phenomenon arising when an incident
wave interacts with ideal purely reflective (hard) boundary ora a medium with
a relatively larger impedance, generating a reflected field governed by boundary
conditions (fig. 3.1a) and typically described via a complex reflection coefficient
[77, 78]. Within the broader framework of wave scattering, reflection redistributes
acoustic energy in space, ranging from specular to diffuse regimes depending on
surface geometry and material properties [79, 80]. These processes are central in
room acoustics, where early reflections influence clarity and spatial perception, and
late reflections contribute to reverberation [81]. Accurate modeling of reflection is
therefore essential in applications such as concert hall design, recording studios, and

auralization, employing both geometrical and wave-based methods [82, 83].

To address these problems, acoustic metamaterials (AMs) provide a natural
framework to exploit wave scattering through tailored micro- and meso-scale ar-
chitectures. These structures allow the realization of effective material properties
not found in natural media, offering enhanced control over sound propagation and
reflection through the generation of friction, dissipating the wave’s energy and thus re-
ducing the intensity of the scattered, hence reflected field [84].This concept has been

implemented in a variety of resonant architectures, including porous—metamaterial
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Fig. 3.1 Schematic of (a) the sound reflection problem at a hard boundary. (b) Engineered
resonant layer working at frequency different and (c) close to the resonance. The layer is
designed to maximize absorption (A) at resonance. Undulated arrows indicate the absorbed
energy from the layer

hybrids, Helmholtz-type resonators, and membrane-based absorbers [85-90]. Perfect
or near-perfect absorption in AMs can be achieved under critical coupling condi-
tions, whereby intrinsic dissipative mechanisms balance radiative energy leakage
at the resonance frequency of the AM by design[91] (figs. 3.1b and 3.1c¢). This
capability is especially relevant for frequency-specific and especially low-frequency
noise mitigation, where the conventional aim is to lower sound reflection within
a certain frequency band through acoustic absorption which is constrained by the
mass—thickness trade-off [92, 93]. Such limitations are critical in applications subject
to stringent geometric and weight constraints, including aerospace and automotive
engineering [94]. However, these systems are typically characterized by narrow

operational bandwidths, limiting their effectiveness in broadband noise control.

A viable route to overcome this limitation consists of combining resonant ele-
ments with distinct characteristic frequencies, giving rise to the so-called acoustic
“rainbow trapping” effect [87, 95—103]. In this context, labyrinthine or space-coiling
metamaterials have attracted considerable interest, as they exploit wave propagation
along tortuous subwavelength channels to achieve large effective refractive indices
and reduced phase velocities [104]. Through appropriate geometric design, such
structures enable tailored dispersion properties, broadband impedance matching, and
enhanced sound absorption [105-107].

Despite extensive theoretical and numerical studies, experimental investigations
of large-scale labyrinthine metamaterial panels operating under realistic, diffuse-

field conditions remain scarce. The present work addresses this gap by proposing
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and experimentally validating a modular, lightweight sound-absorbing panel based
on a rainbow arrangement of three-dimensional labyrinthine unit cells, exploiting
controlled spatial symmetry breaking to achieve efficient broadband absorption in

the mid-to-low frequency range.

3.2 Unit cell design and analytical model

The sound-absorbing performance of the proposed metamaterial panel is based on
the response of individual labyrinthine unit cells (UCs), which act as subwavelength
resonant acoustic elements. The building block of this geometry is a finite size
waveguide closed on one end. This geometry is characterized by a set of resonaces
proportional attained a wavelength proportional to the waveguide’s length according
to the formula [108] f.s = %, where n is an odd integer number, and c is fluid’s
sound velocity. Due to inverse proportionality between the resonator’s length and its
resonance frequency, the use of such systems for low frequency applications requires
large resonators’ sizes. Therefore, to limit the encumbrance of this systems, the
channel of this waveguide is coiled-up [109, 103, 110]. Each UC consists of a rigid
cavity connected to the external acoustic domain through a narrow aperture, forming
a coiled propagation path that effectively elongates the acoustic path within a compact
volume. This space-coiling mechanism enables the realization of low-frequency
resonances in structures with thicknesses much smaller than the corresponding

free-space wavelength.

3.2.1 Geometrical configuration

The UC geometry considered in this chapter of my thesis (fig. 3.2a) is based on
a three-dimensional labyrinthine structure inspired by space-filling curves. The
internal channel (fig. 3.2b) follows a folded path of rectangular cross section w X ¢,
enclosed within a square cavity of lateral size a and thickness . The UC is rigidly
backed, so that acoustic energy enters the structure exclusively through the front

aperture.

The key geometrical parameters governing the acoustic response of the UC are
the lateral size a, the thickness ¢, and the aperture cross-sectional area S, = w2, By

varying these parameters, the effective propagation length of the acoustic wave inside
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Fig. 3.2 (a) Geometry of the three-dimensional labyrinthine unit cell (UC) based on a
space-coiling architecture, characterized by lateral size a, thickness ¢, and internal channel
width w. (b) Schematic representation of the effective acoustic propagation path inside the
UG, illustrating the elongation of the wavelength due to the folded channel geometry. (c)
Equivalent one-dimensional acoustic model of the UC, represented as a lossy narrow duct of
effective length [.¢ and cross-sectional area S, rigidly backed and coupled to the external
acoustic domain through a dissipative aperture of area S,,.
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the cavity can be tuned, allowing direct control over the resonance frequency while

preserving subwavelength overall dimensions.

3.2.2 Equivalent acoustic model

Under the assumption that the UC walls behave as acoustically rigid boundaries, the
labyrinthine cavity can be modeled as an equivalent narrow duct terminated by a rigid
backing (fig. 3.2¢). Due to the small transverse dimensions of the internal channels,
thermo-viscous losses play a significant role and must be explicitly accounted for.
Following classical treatments of sound propagation in narrow ducts [111, 107, 106],
the effective wavenumber and impedance inside the cavity are expressed in terms
of complex, frequency-dependent density and compressibility. Their complete
derivation is provided in the appendix ??.

The UC can therefore be represented by an equivalent one-dimensional model
consisting of a lossy duct of effective length /¢, closed at one end and coupled to
the external acoustic domain through a dissipative aperture. The surface impedance
Z; of the UC is obtained by combining the impedance of the cavity and the aperture,

accounting for impedance transformations due to cross-sectional changes.

3.2.3 Absorption coefficient

The normal-incidence sound absorption coefficient & of the UC is computed from

the surface impedance as

2

Zs(0) ~ 2 3.1)

(o) =1- Z(0) + Zo

where Zy = poco is the characteristic impedance of air, with pg the air density and ¢

the speed of sound.

Perfect absorption occurs when the surface impedance matches the characteristic
impedance of air, corresponding to a critical coupling condition in which intrinsic
thermo-viscous losses exactly balance radiative leakage [91]. This condition can be
achieved by appropriately tuning the UC geometrical parameters, in particular the

aperture size and the effective cavity length.
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Fig. 3.3 Parametric map of the analytically predicted maximum absorption coefficient of the
labyrinthine unit cell as a function of the lateral edge size a and the aperture cross-sectional
area S, for a fixed unit cell thickness ¢ = 9.6 mm. The lateral edge size is varied in the range
16 mm < a < 29 mm, while the aperture area spans approximately 20 mm? < S, < 90 mm?.
Contour lines indicate the resonance frequency corresponding to the absorption peak. The
selected unit cell geometry, providing near-perfect absorption within the target frequency
range, is highlighted.

3.2.4 Parametric analysis and tuning

A parametric study based on the analytical formulation is carried out to quantify
the influence of the UC geometry on its absorption performance. In particular, the
lateral edge size a is varied in the range 16 mm < a < 29 mm by isotropically
scaling the UC in the plane, while the aperture cross-sectional area S, is varied from
approximately 20 mm? to 90 mm?. The UC thickness is kept fixed at f = 9.6 mm
in order to ensure subwavelength operation within the investigated frequency range.
The resulting absorption map, shown in Fig.3.3, highlights the combined influence
of these parameters on the maximum absorption coefficient and resonance frequency.

Based on this parametric analysis, a representative UC configuration is selected that
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Fig. 3.4 (a) Analytically predicted normal-incidence absorption spectrum of the selected
labyrinthine unit cell, showing a pronounced absorption peak associated with the fundamental
resonance. (b) Representation of the squared reflectance in the complex frequency plane for
the lossless case, where a complex-conjugate zero—pole pair is observed away from the real
frequency axis. (c¢) Corresponding reflectance map including thermo-viscous losses, where
the zero is shifted towards the real axis. Perfect absorption is achieved when the critical
coupling condition is satisfied, corresponding to the alignment of the reflectance zero with
the real frequency axis.

exhibits near-perfect absorption within the targeted frequency band. The analytically
predicted absorption spectrum of this configuration is reported in Fig. 3.4(a), where
a pronounced absorption peak associated with the fundamental resonance of the
structure is observed. To further interpret the absorption mechanism, the reflectance
is analysed in the complex frequency plane following the approach introduced in
[91]. As illustrated in Fig. 3.4(b,c), the lossless system exhibits a complex-conjugate
zero—pole pair, while the inclusion of thermo-viscous losses shifts the zero towards
the real frequency axis. Perfect absorption is achieved when the critical coupling
condition is met, corresponding to the alignment of the reflectance zero with the real

frequency axis.

3.2.5 Experimental characterization of the unit cell and numeri-

cal comparison

The experimental characterization of the labyrinthine unit cell (UC) was performed
to validate the analytical and numerical predictions of its sound absorption perfor-
mance under normal incidence conditions. Measurements were carried out using
an impedance tube setup, which allows accurate and repeatable evaluation of the
absorption coefficient over a broad frequency range.
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The tested UCs consist of a square labyrinthine cavity embedded within a rigid
cylindrical body, where internal solid walls define a first-iteration Wunderlich curve
geometry, as shown in Fig.3.2. The samples were fabricated via additive manufactur-
ing to ensure high geometric fidelity. Polylactic acid (PLA) samples were produced
using a Dremel Digilab FDM printer, while additional samples were manufactured
in VeroYellow using a Stratasys J750 system. The mechanical stiffness of both
polymers is sufficiently high to justify the rigid-wall assumption adopted in the
analytical and numerical models, and no appreciable differences in acoustic response

were observed between the two materials.

Normal-incidence absorption measurements were conducted using a Kundt’s
tube with an inner diameter of 35 mm, corresponding to a cut-off frequency of
approximately 5.6 kHz. The experimental setup, shown in Fig. 3.5, follows the
two-microphone transfer-function method in accordance with ISO 10534-2 and
ASTM E1050 standards. Two flush-mounted 1/4” microphones were positioned at a
fixed distance of 29 mm along the tube axis, enabling the determination of both the
amplitude and phase of the acoustic pressure field. A broadband white-noise signal
generated by a 2” loudspeaker was used as the excitation source. The absorption
coefficient o ( f) was measured over the frequency range 100-5000 Hz with a spectral
resolution of 2 Hz. A custom-designed sample holder with a sliding rigid piston
(Fig. 3.5b) ensured precise positioning of the samples and minimized circumferential
air gaps, whose influence on impedance tube measurements is known to be non-
negligible. To assess measurement repeatability, each UC configuration was tested
using three nominally identical samples. Ambient temperature and atmospheric

pressure were continuously monitored and accounted for in post-processing.

In parallel with the experiments, a finite element (FE) model reproducing the
impedance tube configuration was developed in COMSOL Multiphysics (Fig. 3.6a).
The model includes the air domain of the tube, the UC cavity, and the inlet aperture.
Thermo-viscous losses within the labyrinthine cavity were modeled using the narrow
region acoustics formulation, whereas losses at the aperture were described using
a poro-acoustic model based on the Johnson—Champoux—Allard framework. A
plane-wave excitation with unit pressure amplitude was imposed at the inlet, and
the average pressure was sampled at two locations corresponding to the microphone
positions in the experimental setup, allowing the direct numerical computation of the
absorption coefficient via the transfer-function method. Figures 3.6b and c illustrate

the numerically computed acoustic pressure field and dissipated energy distribution
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Fig. 3.5 Experimental setup for the impedance tube measurements. (a) Complete Kundt’s tube
apparatus used for normal-incidence absorption measurements, equipped with a broadband
sound source and two flush-mounted microphones. (b) Detail of the opened tube showing
the labyrinthine unit cell mounted in the custom sample holder, which ensures accurate
positioning and minimizes circumferential air gaps.
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Fig. 3.6 Finite element model of the impedance tube containing the labyrinthine unit cell.
(a) Computational domain and mesh of the impedance tube, including the air regions, the
unit cell cavity and the inlet aperture; the blue region indicates the location of the imposed
plane-wave excitation, while the yellow regions denote the surfaces where the averaged
acoustic pressure is sampled. (b) Acoustic pressure field distribution at the peak absorption
frequency. (c) Spatial distribution of the dissipated acoustic energy, highlighting the dominant
contribution of thermo-viscous losses in the aperture region.

at the peak absorption frequency, respectively. Strong pressure amplification within
the cavity is observed, together with a concentration of energy dissipation near the
aperture region, indicating that thermo-viscous losses at the entrance play a dominant

role in the absorption mechanism.

A representative comparison between analytical, numerical, and experimental
absorption spectra is reported in Fig. 3.7. For a UC with lateral size a = 19.7 mm
and thickness r = 9.6 mm, the experimental results show a maximum absorption
coefficient of o = 0.95 at a frequency of approximately 1480 Hz, with a bandwidth of
about 390 Hz. The numerical model accurately reproduces both the peak position and
bandwidth, while the analytical model slightly underestimates the absorption away
from resonance. This discrepancy is mainly attributed to additional thermo-viscous
losses occurring along the impedance tube walls, which are inherently included in the
experimental and numerical configurations but neglected in the simplified analytical
formulation. In order to quantify the dependence of the resonance frequency on
the geometrical parameters of the unit cell, additional samples were fabricated and
experimentally characterized, as summarized in Fig. 3.8. Two parametric campaigns
were conducted: in the first (fig. 3.8a), the UC thickness ¢ was varied within the
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Fig. 3.7 Comparison between analytical, numerical and experimental absorption spectra
of the labyrinthine unit cell under normal incidence conditions. The results refer to a unit
cell with lateral size a = 19.7 mm and thickness ¢ = 9.6 mm, showing good agreement in
terms of resonance frequency and absorption level, with minor discrepancies attributed to
additional thermo-viscous losses in the experimental setup.
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Fig. 3.8 Variation of the absorption peak frequency as a function of the geometrical parame-
ters of the labyrinthine unit cell. (a) Resonance frequency versus unit cell thickness ¢ (with
fixed lateral size a = 21.2 mm). (b) Resonance frequency versus lateral edge size a (with
fixed thickness t = 12.6 mm). Symbols represent experimental results, while analytical and
numerical predictions are shown for comparison. Error bars correspond to the measured
peak bandwidth.

range 10.0-25.0 mm while keeping the lateral edge size fixed (¢ = 21.2 mm); in the
second (fig. 3.8b), the lateral size a was varied within the range 13.0-20.0 mm while
maintaining constant the thickness (+ = 12.6 mm). All samples were tested using the
same impedance tube setup and measurement protocol described above to ensure
consistency.

The experimentally measured peak absorption frequencies, reported in Fig. 3.8,
show an approximately linear dependence on both geometric parameters. In partic-
ular, the resonance frequency decreases with increasing thickness with a slope of
approximately df,/df ~ —42.7 Hzmm™!, while a stronger sensitivity is observed
with respect to the lateral edge size, with df,/da ~ —145.3 Hzmm ™. The experi-
mental error bars correspond to the measured peak bandwidth. The results confirm
that the lateral dimension provides coarse tuning over a wider frequency interval,
whereas the thickness enables finer adjustment of the target resonance frequency.
This behavior is consistent with both analytical and numerical predictions and con-

stitutes the basis for the subsequent design of the rainbow metamaterial panel.
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3.3 Rainbow metamaterial panel design and charac-

terization

3.3.1 Panel design and fabrication

Following the experimental validation of the tuning capability of the individual
labyrinthine unit cells (UCs), a broadband sound-absorbing panel was designed by
combining multiple resonators with different geometrical parameters. The design
strategy relies on the so-called rainbow trapping concept, whereby UCs characterized
by distinct resonance frequencies are spatially arranged so that the superposition
of their individual absorption peaks generates an extended effective absorption
bandwidth.

Based on the impedance tube characterization, the target absorption range was
selected between 800 and 1300 Hz. To cover this frequency interval, two UC lateral
edge sizes were considered, namely a; = 19.5 mm and a; = 26.0 mm, combined with
different thickness values. In particular, for the smaller unit cell (a;) the thickness
was varied within #1; = 10—15 mm, whereas for the larger unit cell (a;) thickness
values in the range t, = 23-25 mm were adopted. This choice enables controlled

positioning of multiple resonance peaks within the desired frequency band.

The UCs were arranged into modular elements of size 156 x 156 mm?, referred
to as macrocells, as illustrated in Fig. 3.9a. Each macrocell contains a quasi-periodic
distribution of UCs with different thicknesses (T1-T6), ensuring that multiple reso-
nance frequencies coexist within the same module. The internal wall thickness of
each UC was scaled proportionally to its lateral size in order to preserve structural
integrity while maintaining consistent acoustic behavior.

The complete panel consists of 20 macrocells arranged in the plane to cover

a total surface of 628 x 784 mm?

, as shown schematically in Fig. 3.9b. Adjacent
macrocells are rotated by 90° and mirrored in order to enhance spatial homogeneity
of the acoustic response and reduce directional effects. A three-dimensional view
of the assembled structure is reported in Fig. 3.9c. Under the assumption of weak
coupling between adjacent UCs, the overall surface impedance of the panel can be
approximated as the parallel combination of the impedances of the individual res-
onators, leading to a broadband absorption response resulting from the superposition

of multiple subwavelength resonances.
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Fig. 3.9 Modular architecture of the rainbow labyrinthine metamaterial panel. (a) Two
adjacent macrocells, each composed of unit cells with lateral sizes a; and a;, and different
thicknesses (T1-T6) to generate multiple resonance frequencies. (b) Top view schematic of
the complete panel, obtained by arranging and rotating mirrored macrocells to ensure spatial
homogeneity of the acoustic response (dimensions in mm). (c) Three-dimensional view of
two assembled macrocells highlighting the variation in unit cell thickness across the module.

The panel was fabricated in polyamide by means of selective laser sintering
(SLS), which enables the realization of complex hollow geometries without the
need for supporting structures. Since powder removal requires open cavities during
fabrication, each UC was provided with an additional auxiliary opening, which was

subsequently sealed during testing to ensure acoustic tightness.

3.3.2 FE model of the AM Panel

In order to predict the acoustic response of the complete rainbow metamaterial
(AM) panel and to support the interpretation of the experimental results, a fully
acoustic finite element (FE) model was developed using COMSOL Multiphysics.
The computational domain is shown in Fig. 3.10a and consists of a rectangular
acoustic waveguide in which a plane wave is normally incident on the front surface
of the labyrinthine AM panel. The corresponding finite element mesh, with local
refinement in the metamaterial region, is reported in Fig. 3.10b. Periodic Bloch—
Floquet boundary conditions were applied to the lateral surfaces of the acoustic

waveguide (Fig. 3.10a) in order to reproduce an infinitely periodic arrangement
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Fig. 3.10 Finite element model of the rainbow labyrinthine metamaterial panel. (a) Rectan-
gular acoustic waveguide used to simulate normal-incidence sound propagation toward the
panel and the backing cavity, with periodic boundary conditions applied on the lateral sur-
faces. (b) Corresponding finite element mesh, showing local refinement in the metamaterial
region to accurately resolve the narrow labyrinthine channels and thermo-viscous effects.

of the macrocells in the plane of the panel. This approach enables modeling a
representative portion of the structure while significantly reducing the computational
cost. A plane-wave radiation condition with unit pressure amplitude was imposed at
the inlet boundary, while a radiation condition was applied at the outlet to prevent
artificial reflections.

The acoustic domains were discretized using approximately 5.4 x 10° finite
elements, as illustrated in Fig. 3.10b. The mesh size was selected according to
the smallest wavelength A, in the frequency range of interest, with a maximum
element size Amax = Amin/10 and a minimum element size Apin = Amin/30, ensuring
adequate resolution of both propagating waves in the waveguide and localized field

gradients within the labyrinthine cavities.

Thermo-viscous losses within the narrow channels of the unit cells were ac-
counted for using the narrow region acoustics formulation. This approach allows
modelling viscous and thermal boundary layer effects without solving the full thermo-
viscous equations throughout the entire domain. The narrow region condition was
applied to the unit cell cavities and to the front and rear caps of the panel (see
Fig. 3.10a). Losses were computed assuming rectangular duct cross-sections, using
the channel width w and thickness ¢ as geometric parameters.

All structural boundaries were considered acoustically rigid, as preliminary

comparisons between fully coupled vibro-acoustic simulations and purely acoustic
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models showed negligible differences in the investigated frequency range. The ab-
sorption coefficient was derived from the simulated surface impedance by evaluating

the complex pressure and particle velocity fields at the panel interface.

3.3.3 Panel characterization

The acoustic performance of the complete rainbow metamaterial (AM) panel was
experimentally evaluated in a small-scale reverberation room under diffuse field
conditions. This methodology enables the determination of the random-incidence ab-
sorption coefficient, providing a more realistic assessment of the panel performance

compared to normal-incidence impedance tube measurements.

The measurements were conducted in the small-scale reverberation chamber
at Politecnico di Torino, whose performance has been previously validated for
sound absorption measurements in the frequency range 400-5000 Hz. The mean
reverberation time of the empty room in the 100-5000 Hz range is approximately
0.95 s, with a Schroeder frequency of about 1152 Hz. In order to enhance sound field
diffusivity, the chamber is equipped with eight ceiling-mounted diffusers, covering
approximately 13.5% of the total room surface. These features ensure sufficiently

diffuse field conditions within the frequency band of interest.

The experimental configuration is shown in Fig. 3.11a. The panel was placed on
the floor of the chamber with its flat surface exposed to the acoustic field, allowing
sound waves to enter the labyrinthine unit cells through the front apertures while the

rear surface remained sealed.

The measurement procedure followed the ISO 354 standard. The instrumenta-
tion chain consisted of six 1/4” BSWA Tech MPA451 microphones coupled with
ICP104 preamplifiers (BSWA Technology Co., Ltd., Beijing, China), two ITA
High-Frequency Dodecahedron loudspeakers with dedicated ITA power amplifiers
(ITA-RWTH, Aachen, Germany), and a Roland OctaCapture UA-1010 multi-channel
sound card (Roland Corporation, Japan). Signal generation, acquisition, and post-
processing were performed using a MATLAB-based routine combined with the
ITA-Toolbox.

A total of 12 source—microphone combinations were used, corresponding to six
microphone positions and two source locations, ensuring adequate spatial averaging
of the sound field. Reverberation times were measured in two configurations: with



3.3 Rainbow metamaterial panel design and characterization 59

and without the specimen. The integrated impulse response method was employed

for the evaluation of decay curves.

Environmental conditions were continuously monitored throughout the experi-
ments. The room temperature was maintained above 15°C, and the relative humidity
was kept within the range 30-90%, in compliance with the validity requirements
of ISO 354. These parameters were used to determine the sound speed and the air

attenuation coefficients required for the calculation of the absorption area.

The equivalent absorption area A7 (in m?) was calculated according to ISO 354

as

1 1
AT =553V ——— —4V(m2—m1), (3.2)
oty Cll
where #; and 1, are the reverberation times of the chamber without and with the
specimen, respectively; V is the volume of the empty reverberation room; ¢; and ¢,
are the sound velocities under the two environmental conditions; and m; and m, are

the power attenuation coefficients accounting for air absorption.

The random-incidence absorption coefficient was then obtained as

o=— 3.3)

where S is the surface area of the tested panel.

3.3.4 AM panel sound absorption results

The acoustic performance of the rainbow labyrinthine metamaterial panel was exper-
imentally evaluated under diffuse-field conditions in the small-scale reverberation
room. The panel features a flat upper surface equipped with apertures providing
access to the labyrinthine unit cells, while the lower surface is fully sealed. The
measurement configuration is shown in Fig. 3.11a, where the flat surface faces the

incident diffuse sound field.

The experimentally measured random-incidence absorption spectrum is reported
in Fig. 3.11b in third-octave bands over the frequency range 250-5000 Hz. The
results demonstrate that the effective absorption coefficient approaches unity within
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the target frequency interval of 800—1300 Hz. In particular, absorption values close
to o =~ 1 are achieved in this band, confirming the effectiveness of the rainbow design

strategy based on the superposition of multiple subwavelength resonances.

For comparison, an analytical prediction (blue curve in Fig. 3.11b) was obtained
by computing the global surface impedance of the panel assuming that the unit
cells operate independently and in parallel. Under this assumption, the total surface
impedance is derived from the parallel combination of the individual UC impedances,
following the modelling approach described in [112]. Despite the fact that both the
analytical model and the finite element (FE) simulations assume normal-incidence
excitation, whereas the experimental measurements are performed under diffuse-
field conditions, good agreement is observed within the main absorption band (800—
1300 Hz).

The FE simulations under normal incidence (also shown in Fig. 3.11b) exhibit
excellent consistency with the analytical model and closely reproduce the experimen-
tally observed broadband absorption behaviour. Minor discrepancies are observed at
higher frequencies (above approximately 3 kHz), which can be attributed to increased
sensitivity to non-normal incidence effects and to the finite lateral dimensions of the

panel.

Edge effects associated with the finite sample size were not explicitly included in
the numerical model. However, according to the validated performance of the small-
scale reverberation room [113], such effects become significant mainly below 400 Hz
for the considered specimen dimensions. Furthermore, the impact of finite-size
effects is generally more pronounced for thick and highly absorbing materials [114,
115]. Since the primary frequency range of interest (800—-1300 Hz) lies well above
this lower limit, the measured results can be considered representative of the intrinsic

acoustic performance of the rainbow metamaterial panel.

Overall, the experimental characterization confirms that the proposed struc-
ture achieves near-ideal absorption within the targeted mid-frequency band while
maintaining reduced thickness and modular architecture, thereby validating the

effectiveness of the labyrinthine rainbow design approach.
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Fig. 3.11 Experimental characterization of the rainbow labyrinthine metamaterial panel in
a small-scale reverberation room. (a) Measurement configuration with the panel placed on
the floor and the flat surface exposed to the diffuse acoustic field. (b) Random-incidence
absorption coefficient as a function of frequency, compared with analytical predictions and
finite element simulations, showing near-unity absorption within the target range of 800—
1300 Hz.

3.4 Numerical evaluation of different labyrinthine

sound absorption panel solutions

Macrocell with backing cavity and porous filling

Following the promising agreement between analytical predictions, finite element
(FE) simulations and reverberation room measurements, a further numerical investi-
gation was conducted to explore possible enhancements of the performance of the
rainbow metamaterial (AM) panel. The objective of this study was to assess the
acoustic performance of alternative configurations that combine the labyrinthine

structure with conventional porous absorbing materials.

Three additional configurations were considered:

(i) addition of a melamine foam filling inside the labyrinthine unit cell (UC)
cavities;

(i1) introduction of a rigid rear backing cavity applied to the uneven bottom surface
of the panel (with open apertures), optionally filled with melamine foam;

(iii)) combination of both foam-filled UCs and foam-filled backing cavity.
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The numerical analysis was performed using COMSOL Multiphysics, focus-
ing on a single macrocell considered representative of the global panel behaviour.
Thermo-viscous losses were included using the same modelling approach described

in Section 4.2.

In the configuration including a backing cavity, the AM panel was coupled to an
additional acoustic domain of depth equal to four times the macrocell side length, as
illustrated in Fig. 3.12a. Non-reflective Perfectly Matched Layer (PML) boundary
conditions were applied at the rear boundary of the acoustic domain to prevent
artificial reflections. The corresponding finite element mesh is shown in Fig. 3.12b,

with local refinement in the metamaterial region.

All structural boundaries were assumed acoustically rigid, as preliminary vibro-
acoustic simulations indicated negligible structural coupling effects in the investi-

gated frequency range.

The porous material used in the simulations was melamine foam, modeled as
an equivalent fluid according to a rigid-frame porous formulation. The material
parameters adopted in the FE simulations are reported in Table 3.1.

Table 3.1 Melamine foam material properties adopted in the finite element simulations.

Parameter Value
Porosity, ¢ 0.995
Flow resistivity, o (Pa-s/m?) 10500

Thermal characteristic length, A’ (um) 470
Viscous characteristic length, A (um) 240
Tortuosity factor, Qe 1.0059

3.4.1 Results and discussion

The calculated normal-incidence absorption coefficients for the different configu-
rations are reported in Fig. 3.13. The baseline configuration (rainbow AM panel

without additional porous material) is shown as the reference case.

The introduction of a 5 mm thick foam-filled backing cavity produces a noticeable
shift of the absorption peaks toward lower frequencies. In particular, the lowest
dominant peak shifts from approximately 1 kHz to about 700 Hz, improving low-
frequency attenuation. This effect can be attributed to the additional compliance
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introduced by the backing cavity, which effectively modifies the acoustic impedance

and lowers the global resonance frequency of the system.

Conversely, filling the internal AM cavities with melamine foam results in a
more uniform absorption coefficient across the entire investigated frequency range.
However, this configuration reduces the peak absorption values at the original meta-
material resonance frequencies. The additional distributed losses introduced by the
porous medium broaden the response but partially damp the sharp subwavelength

resonances that characterize the labyrinthine design.

The combined configuration (foam-filled AM cavities and foam-filled backing
cavity) further smooths the absorption spectrum, producing a broadband attenuation
profile at the expense of reduced peak values. Such a solution may be advantageous
in applications that require distributed noise reduction over a wide frequency interval

rather than high-efficiency absorption within a specific target band.

Overall, the numerical results demonstrate that hybrid solutions that combine
labyrinthine metamaterials with conventional porous absorbers provide additional
flexibility in tailoring the acoustic response. Depending on the application require-
ments, the system can be tuned either for strong peak absorption in a predefined
frequency band or for broader, more uniform attenuation across an extended fre-

quency range.

3.5 Conclusions

In this Chapter, a comprehensive design, modeling and experimental validation
procedure for a broadband sound-absorbing panel based on labyrinthine acoustic
metamaterials has been presented. The proposed approach relies on the controlled
tuning of subwavelength unit cells (UCs) and their combination according to a rain-
bow strategy, enabling efficient mid-frequency sound attenuation within a reduced
structural thickness.

The analytical modeling of the labyrinthine UC, based on thermo-viscous loss
mechanisms and impedance matching considerations, was first validated through
impedance tube measurements and finite element (FE) simulations. Experimental re-
sults confirmed that the resonance frequency can be tuned in a predictable manner by

varying both the unit cell thickness and its lateral size. In particular, an approximately
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Fig. 3.12 Finite element model of the rainbow metamaterial macrocell coupled with a backing
cavity. (a) Acoustic domain used to simulate normal-incidence sound propagation toward the
labyrinthine panel and the rear cavity, terminated with a Perfectly Matched Layer (PML) to
avoid artificial reflections. (b) Corresponding finite element mesh, showing local refinement

in the metamaterial region and in the backing cavity to accurately capture thermo-viscous
effects and pressure gradients.
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Fig. 3.13 Finite element simulation results of the normal-incidence absorption coefficient
for different panel configurations: baseline rainbow metamaterial panel (AM), panel with
a 5 mm foam-filled backing cavity (AM + foam backing), and panel with both foam-filled
labyrinthine cavities and foam-filled backing cavity (foam AM + foam backing). The addition
of the backing cavity shifts the absorption peaks toward lower frequencies, while foam filling
leads to a broader but less pronounced absorption response.
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linear dependence of the resonance frequency on these geometrical parameters was

observed, enabling both coarse and fine tuning of the target operating frequency.

Building upon these results, a modular rainbow panel was designed by combining
UCs with different geometrical configurations in a quasi-periodic arrangement.
The superposition of multiple subwavelength resonances produced a broadband
absorption response in the frequency range 800—1300 Hz. The complete panel,
fabricated using selective laser sintering, was experimentally characterized in a
small-scale reverberation room under diffuse-field conditions. The measured random-
incidence absorption coefficient approached unity within the target frequency band,
demonstrating excellent agreement with analytical impedance-based predictions and

FE simulations.

Further numerical investigations explored hybrid configurations combining the
labyrinthine metamaterial with conventional porous materials and backing cavities.
The results showed that the addition of a foam-filled backing cavity shifts the
absorption peaks toward lower frequencies, enhancing low-frequency performance,
whereas foam filling within the unit cells broadens the response at the expense of
peak absorption. These findings highlight the flexibility of the proposed design

framework and its adaptability to different application requirements.

Overall, the presented study provides experimental proof of concept for an ef-
ficient, modular, and lightweight sound-absorbing solution based on labyrinthine
metamaterials. The reduced thickness, tunability, and compatibility with additive
manufacturing techniques make the proposed structure a promising candidate for
practical noise mitigation applications in architectural acoustics, automotive engi-
neering, and aerospace systems. The validated modeling framework further enables
systematic optimization of future metamaterial-based absorbers tailored to specific

frequency targets and design constraints.



Chapter 4

Wave mode conversion in phononic
crystals using undulated beams

4.1 Introduction

Wave mode conversion is a fundamental phenomenon in applications such as acoustic
and ultrasonic sensing, yielding enhanced sensitivity by transforming one wave mode
into another that is more easily detectable (e.g., longitudinal into shear waves) [116,
117]. This feature is particularly useful in non-destructive testing [118], where
mode conversion improves defect detection [119, 120], and also allows for specific
interaction with various materials, yielding structural defect discrimination through

selective detection [121].

Phononic crystals and elastic metamaterials have proven to be advantageous plat-
form for manipulating elastic and acoustic waves due to their tailorable properties
and versatility [122-125], with applications in sensing devices [126—128], energy
harvesting [129, 130], one-way transmission [131], polarization control [132], topo-
logical waveguiding [133], and non-destructive testing [134, 135]. Although elastic
metamaterials are typically based on locally resonant structures [16], phononic
crystals are usually designed through spatially periodic variations of material or
geometric properties. As a consequence, phononic crystals present functionalities
associated with Bragg scattering [136, 137], leading to phenomena that occur at
wavelengths comparable to the lattice spacing, thus limiting their operation in the

subwavelength regime. Beyond applications based on static quantities [138, 139],
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mechanical metamaterials are mostly notable for their recent development in dynamic
(i.e., frequency-dependent) applications. Examples include acoustic metamateri-
als able to perform edge detection in the subwavelength range [140], anisotropic
graded-index metamaterials that achieve high signal-to-noise ratio for weak acoustic
signal detection [141], and cochlea-inspired metamaterials that enable the spatial
discrimination of flexural waves based on their frequency content [142].

Elastic metamaterials have been widely employed in the design of wave mode
conversion devices. For instance, Colombi et al. [143] proposed a system composed
of a graded array of subwavelength resonators ("metawedge”) on an elastic substrate
that can either (i) convert incident surface Rayleigh waves into bulk shear waves
without reflections or (ii) reflect Rayleigh waves, creating a system with asymmetric
transmission properties. This concept was later studied by Chaplain et al. [144] to
consider both longitudinal and flexural motion of the resonators and exploit Umklapp
conversion. Tian et al. [145] proposed a metamaterial consisting of a thin plate sub-
strate decorated with resonating stubs to convert ultrasonic Lamb waves (Ag and Sy
modes) into purely longitudinal shear horizontal waves (SHy mode), demonstrating
complete conversion with a single type of unit cell while maintaining the propagation
direction. In another work, Wang et al. [146] utilized an ultra-thin metamaterial plate
(thickness two orders smaller than the wavelength) endowed with asymmetrical res-
onators whose anisotropy increases the coupling between the longitudinal/transverse
motion to achieve nearly perfect mode conversion (above 95%) between longitudinal
and transverse waves. Specifically in the context of longitudinal-flexural wave mode
conversion, Cao et al. [147] proposed a waveguide composed of periodic resonators
whose Fano resonance hybridizes flexural and longitudinal waves, leading to highly
localized bound modes [148] with a theoretically infinite quality factor and perfect
mode conversion from flexural to longitudinal waves. In all of these cases, the
desired functionalities are achieved with the use of locally resonant structures that
may be challenging to manufacture, due to size and geometrical constraints.

Metamaterials also provide excellent candidates to design wave conversion
waveguides. In [149], De Ponti et al. designed a graded array of asymmetrically
distributed pairs of resonators that yields mode conversion between incident flexural
waves and reflected torsional waves. A similar concept was then applied to obtain
selective mode conversion between torsional, flexural in-plane, and flexural out-of-
plane waves, yielding group velocity inversion for a single wave type [150]. Finally,

Lembkalli et al. [151] have demonstrated that longitudinal waves can be partially
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converted into torsional waves using a chiral unit cell whose edges are connected
through tetragonal beams. Therefore, introducing geometrical asymmetry in the
design of the periodic unit cell seems to be a fundamental ingredient for the design

of passive wave conversion waveguides.

Focusing on wave mode conversion using phononic crystals, a common strategy
is to design unit cells whose effective medium properties present an anisotropic be-
havior, yielding coupling between distinct wave modes. For instance, an anisotropic
unit cell whose effective properties yield full conversion between longitudinal and
shear waves in the ultrasonic regime was proposed in [152]. Full mode conversion
was also achieved between longitudinal and shear modes in the ultrasonic regime
in [153], where a transmodal Fabry-Pérot resonance mechanism is presented and
investigated, and derive the conditions for broadband perfect mode conversion using
an architected medium with tailored effective properties. A similar concept was
used to achieve longitudinal-torsional wave mode conversion employing a structured
tubular waveguide in [154]. However, designing phononic crystals that operate in
the low-frequency regime and do not rely on locally resonant features remains an
open challenge for wave mode conversion applications. In particular, single-phase
structures may enable designs that are amenable to fabrication, allowing versatile

and low-cost wave conversion devices.

Phononic crystals in one- and two-dimensional structures with undulated pro-
files have been shown to enable superior control over flexural waves. Pelat et al.
demonstrated this concept using undulated profiles to manipulate the first Bragg
band gap in beams [155], obtaining dispersion diagrams through the plane wave
expansion (PWE) method. They also demonstrated that by using beams with asym-
metric profiles (i.e., whose neutral line does not vary in transverse direction along the
longitudinal coordinate), it is possible for longitudinal excitations to produce flexural
motion and vice versa. This behavior, however, was not correlated with the particular
states of polarization of each propagating branch in the dispersion diagrams. The
concept of flexural wave control using undulated profiles was later generalized to
two-dimensional media using thin plate models (i.e., with negligible shear strain and
rotational inertia) with variable thickness to obtain low-frequency flexural band gaps
with optimized widths by Dal Poggetto and Arruda [156]. Beyond purely flexural
waves, folding-uncoupled origami metamaterial were also used to obtain band gaps
based on coupled longitudinal-flexural behavior [157]. Likewise, Trainiti et al. [158]

investigated the occurrence of band gaps in undulated thin beams and plates with
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asymmetric profiles in the low-frequency range, observing that the introduction of
slight changes in the beam curvature enables the coupling between longitudinal and
flexural motion. In these works, however, the authors focused on the nucleation
of band gaps without investigating the evolution of the polarization states, whether
flexural or longitudinal, in the computed dispersion relations. Understanding the
wave propagation behavior in waveguides according to the variation of wavenumber
allows the identification of (1) coupling phenomena responsible for the nucleation
of band gaps and (ii) the possibility of exploiting these systems to create wave

conversion devices.

Another particularity of interest concerning wave propagation in periodic media
is the existence of sub-Bragg mechanisms (i.e., occurring below the first-order Bragg
condition) observed in photonic crystals [159]. Extending this concept to phononic
crystals may allow subwavelength Bragg-like phenomena, with low-frequency wave
manipulation capabilities [160, 161]. In this chapter of my thesis, I propose the
design of beams with undulated profiles to perform mode conversion between longi-
tudinal and flexural waves below the first-order Bragg condition . This capability
is achieved through a single-phase monolithic structure that can be easily manufac-
tured, and enables operation at various frequencies through the tuning of a single
geometrical parameter (fig. 1.1a,4.1b). Unlike conventional conversion mechanisms
presented in the literature, our proposed structure also inverts the propagation direc-
tion, enabling wave conversion through reflection. The corresponding dispersion
curves are calculated considering non-negligible shear strain and rotational inertia,
which improves their accuracy. Our proposed wave conversion device is first justified
analytically, then demonstrated numerically and validated experimentally.

This chapter is divided as follows. Section 4.2 presents a PWE formulation for the
computation of dispersion diagrams in undulated beams considering normal-flexural
coupling, shear strain, and rotational inertia. In Section 4.3 the proposed formulation
is utilized to design a periodic unit cell with longitudinal-flexural coupling at a target
operating frequency. The numerical and experimental validation of the proposed
wave conversion devices are then presented in Section 4.4. Conclusions and outlook

for future work are outlined in Section 4.5.
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Fig. 4.1 (a) Schematic of the wave conversion process for a longitudinal incident wave
impinging to an undulated region and converting into a bending mode. (b) Schematic profile
of the undulated region for wave conversion.

4.2 Derivation of dispersion relations using the PWE
method

Consider a beam whose centerline lies in the x-direction and presents an undulated
profile in the z-direction, as illustrated in Fig. 4.2a. Although a simple sinusoidal
function is considered for illustration purposes, the following derivation holds for
any periodic shape that can be expressed as a Fourier series. The equations of motion
relating the longitudinal (u,) and transverse (u;) displacements and the cross-section
rotation (y,) with respect to its initial configuration in a beam with an undulated

profile, considering both flexural and shear motion, are given by [162]

ON %u,

g + K-Q - pA atz ’

0 2%u

9 v=pas (4.1
oM %y,
ox T2

where x is the longitudinal beam coordinate, ¢ is the time coordinate, N = N(x),
0 = Q(x), and M = M(x) are, respectively, the internal longitudinal force, shear
force, and flexural moment resultants, Kk = k(x) is the beam curvature, p = p(x) is
the specific mass density of the beam material, A and I = I(x) are, respectively, the
cross-sectional area and second moment of inertia of the beam with respect to its
centerline. The internal forces (N(x) and Q(x)) and moment resultants (M (x)) are
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respectively given by [162]

M(x) = EI% (4.2)
d
O(x) = aApu (a—f — Kty — Wy) :

where E and u are, respectively, the Young’s modulus and shear modulus of the
beam material, and « is a shear correction factor [163]. Combining Egs. (4.1) and
(4.2) and assuming constant material properties and cross-section, we obtain

2
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The computation of the dispersion relations k = k(®) between the wavenumber
k and the propagating frequencies ® in a beam with a periodic curvature can be
efficiently computed using the PWE method. Following the methodology described
in [164, 165], we start by expressing the beam periodic curvature in the form of a
Fourier series as

K(x) =Y K(Gy)e'o, (4.4)
Gy

2z

where G, = n=s,ne Z , represents the reciprocal lattice vectors for a unit cell of

length a, i = y/—1 is the imaginary unit number, and k(G,) are its Fourier series
coefficients, which can be computed through the inverse relation
1

K(Gy) = 2 /Oa K(x)e 10 dx. (4.5)
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Fig. 4.2 Longitudinal-flexural wave mode conversion device. a. The beam with an undulated
profile is designed to convert incident longitudinal waves (blue arrow) to reflected flexural
waves (red arrow). b. General profile d(x) of the undulated region with lattice length a,
constant thickness #, and undulation amplitude dy. c. Schematic representation of constant
(top panel) and graded (bottom panel) undulated profiles, with n. undulated unit cells and a
maximum height dp.

Similarly, the periodic wavelength-dependent displacements and rotation (., u;,

Yy) can be represented by time-harmonic Bloch waves [166] expressed as

u(x,t) = e 'Y (G, ) kO, (4.6)

where @ = {dy, i, {, } are the Fourier series coefficients corresponding to the spatial
periodic function that composes the Bloch wave solution of u,, u;, or y,.
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Equations (4.4) and (4.6) can be substituted into Eqgs. (4.1) and (4.2), to yield the
infinite system of linear equations given by
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where k' and k2 are, respectively, the Fourier series coefficients that represent the
functions % and k2 (x), G;i (G ;) corresponds to the i-th (j-th) reciprocal lattice
vector, and §; ; is the Kronecker delta (i.e, §;; = 1 and 9; j = 0 for i # j). For a given
beam curvature K, this system of equations can be used to obtain the propagating

frequencies @ for each wavenumber k of interest, thus yielding a dispersion relation.
Consider now a beam profile d(x) corresponding to a single undulation described
by

d(x) = dz—o(l — cos <2§x>) x € 10,4, (4.8)

where dj is the profile height for a fixed beam thickness 4, as shown in Fig. 4.2b.
The corresponding beam curvature is calculated as

2 2
K'(_x) _ 0 d(X) :dO (g) <€i2:x+€_i2:x> ’ (49)

ox2
which can be immediately represented using a Fourier series in the form

T

2
/K\'(Gn) =dp (;) (5,1’1 + 5,1’_1) . (4.10)
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Analogously, the Fourier series coefficients for the terms % and k?(x) can be

represented, respectively, as

—~ T 3
K’(Gn) = 2idy (E) (6,1’1 - 5,1,1) R (4.11&)

P 4
K2(Gy) = d3 (g) (6,,,2 +28,0+ 6,,7_2> : (4.11b)

Substituting Egs. (4.10)—(4.11) back into Eq. (4.7) and truncating the number of
plane waves by restricting the reciprocal lattice vector G, ton € [-N,N], N € .4,
corresponding to 1+ 2N plane waves, yields the eigenproblem

Dxx sz ny ﬁx ﬁx
D, D, D, 0, p=0°{ &, ;. (4.12)
Dyx D)’Z Dyy l/?y l/?y

where the matrix terms are described in Appendix ?? and the eigenvectors represent-

ing the Fourier series terms for the displacement and rotation components given by
T
a={ a(Gn) -~ @(G.1) @(Go) AGr)- @(Gy) | foru={uruzys}.

The formulation above allows to compute dispersion relations corresponding to a
periodic medium with a single undulation height, i.e., a constant (non-graded) profile.
A corresponding undulated region is schematically illustrated in Fig. 4.2b (top panel),
using n. unit cells of length a with an undulation height dy. Also shown in Fig. 4.2¢
(bottom panel) is the alternative case of a graded profile, where a linear variation of
the height dj is applied over n. unit cells. This is later analyzed in Section 4.4.

4.3 Computation of dispersion relations and experi-

mental verification

In this section, we apply the derived semi-analytical method to obtain the dispersion
relations considering a homogeneous isotropic medium made of Aluminum, with
Young’s modulus E = 70 GPa, Poisson’s ration 0.33, and specific mass density
p = 2700 kg/m>. The cross section of the beam is rectangular, with width » = 4 mm
and height # = 2 mm. The unit cell length is fixed as @ = 10 mm, which was chosen
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due to fabrication constraints for the total length of the test specimen (300 mm).

Then, we utilize an experimental set-up to verify the existence of the computed band

gaps.

4.3.1 Computation of dispersion relations

We initially use the PWE formulation given by Eq. (4.12) to compute the dispersion
relations corresponding to the unit cell with increasing values of undulation d. For
these computations, we utilize 11 plane waves, which present good convergence due
to the simple harmonic expression of the chosen undulation profile. The computed
dispersion relations (frequency @ vs. wavenumber k) are presented in Fig. 4.3a
for increasing values of dy/a € [0,0.2], where we also include in colour scale a
polarization metric given by p(8,8;) = Y5 |i:|>/ (X |i|* + |uz|?), thus indicating
p = 0 for purely longitudinal (#, = 0) and p = 1 for purely transverse (u, = 0)
motion. We also utilize the normalized frequency @ = wa/cr, where cj, = \/E%
is the (quasi-)longitudinal wave speed in the beam material, restricting the results
to @ € [0, w]. This frequency normalization is useful to represent the ratio between
the unit cell length a and the longitudinal wavelength A;, obtained by recalling that
kp, = ®/cp, = 2m /A, where k;, is the longitudinal wavenumber, which leads to the
relation ®/27 = a/A;r.

We then numerically validate the dispersion relations obtained using the PWE
method with the ones obtained using a finite element (FE)-based solution enforcing
periodic boundary conditions [167]. For the FE computations, we use hexahedral lin-
ear solid elements [168]. These comparisons are shown in Fig. 4.3b using continuous
lines and open circles for the results obtained using the FE and PWE formulations,
respectively. For the FE-based results, we also show a polarization metric given by
plux,uy,uz) = [y u?dV/ [, (uk+u+u?)dV, where V is the unit cell volume.

Considering the dispersion relations for the baseline case (without undulation,
1.e., dyp = 0), we notice (left panel in Fig. 4.3b) the occurrence of distinct branches
corresponding to the flexural (F), in-plane shear (S), torsional (T), and longitudinal
(L), behavior. The wave modes corresponding to each branch are indicated at the edge
of the first Brillouin zone (ka/m = 1), using a red circle, blue diamond, red diamond,
and blue circle, respectively, for the F, S, T, and L branches. Since the dynamic

equations of the coupled normal and transverse behavior are two-dimensional (xz-
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plane), the PWE method is only able to capture the flexural and longitudinal motions

(i.e., branches whose wave modes are marked with circles).
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Fig. 4.3 Dispersion relations computed using the PWE and FE as a function of the normalized
undulation height dy/a € [0,0.2] in the frequency range @ € [0, 7]. a. Dispersion curves
computed with the PWE method with the out-of-plane polarization metric (p) ranging from
0 (purely longitudinal, blue) to 1 (purely transverse, red). b. Comparison of dispersion
curves obtained using the PWE (black circles) and FE (colored lines) for increasing values
of dy/a. For dy/a = 0 (left panel), highlighted branches are labeled as L (longitudinal), F
(flexural), T (torsional), and S (shear), with corresponding wave modes shown at the edge
of the first Brillouin zone (ka/m = 1). For dy/a = 0.01 (middle panel), the longitudinal
and flexural branches present locking (L—F) due to the coupling between in-plane (p < 0.5)
and out-of-plane (p > 0.5) branches. A similar behavior is observed for the torsional and
shear branches (T-S), only captured by the FE model. For dy/a = 0.10 (right panel), a
significant band gap is noticed between the coupled L-F (T-S) branches, with a polarization
p ~ 0.5 at the local maximum of the coupled branch. c. Isofrequency line for @ = 1 (black
line) indicated on the second dispersion branches of (a), with a maximum value (green
circle) obtained at dy/a = 0.093 (green dashed line). The blue and red circles correspond,
respectively, to the longitudinal and flexural wave modes at a flat unit cell (dp/a = 0). d.
Normalized group velocity (cg/cr) computed along the isofrequency line @ = 1 (black line),
indicating a zero group velocity (¢, = 0) at dp/a = 0.093.

Next, we present the results obtained for dy/a = 0.01 in Fig. 4.3b (middle panel).
In this case, it is possible to notice a mode locking effect [169] (weak coupling
between waves with same phase velocity and group velocities of opposite sign)
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between the longitudinal and flexural (L—F) branches, which transition from the
longitudinal to the flexural motion, for the lower branch (and vice-versa, for the upper
branch). Indicative wave modes are also shown for ka/m = 0.32 and ka/m = 0.60
for the longitudinal (blue circle) and flexural wave modes (red circle), respectively. A
similar locking effect is also noticed between the torsional and shear branches, which
however are not represented by the PWE formulation. In this case, mode locking
occurs below @ = /2 (a/A; < 1/4), characterizing a sub-Bragg operation. We
also show the dispersion relations obtained for dy/a = 0.10, which present excellent
agreement with the FE-based solution for @ < /2 and relatively good agreement
for @ > 7 /2. We also indicate a highly polarized longitudinal-flexural wave mode at
ka/m = 0.60 (green circle). The results yielded by the PWE and FE methods present
excellent agreement, with small divergences due to the limitations of the analytical
equations used for the PWE formulation, which consider smooth curvatures (i.e.,
dp < a).

To obtain the undulation height (dy/a) necessary to convert longitudinal to
flexural waves at a given frequency, we intersect the second propagative branches
shown in Fig. 4.3a with the isofrequency line corresponding to the desired operating
frequency. Consider the illustrative case of @ = 1, shown in Fig. 4.3c (black line)
combined with the second propagative branch in the first Brillouin zone (ka/7 €
[—1, 1]). At this frequency, the longitudinal and flexural modes propagating in the flat
structure (dy/a = 0) are represented, respectively, using the blue and red circles (for
both positive and negative wavenumbers). The point of maximum of the isofrequency
curve (as projected onto the k X @ plane) is located at dy/a = 0.093, whose second
propagative branch is highlighted as a green dashed curve and with a maximum
indicated using a green circle. It is also interesting to recall that distinct points
present varying values of group velocity along the isofrequency line, which are
computed and shown in Fig. 4.3d, normalized with respect to the longitudinal wave
velocity. The group velocity starts at ¢, /c; = 1, corresponding to purely longitudinal
waves (blue circle), crosses the zero group velocity line ¢, /c; = 0 at dp/a = 0.093
(green circle), and returns to ¢g/c; = —0.41 at dy/a = 0 (red circle), corresponding
to negative-propagating flexural waves. We note that the point of zero group velocity
indicates the undulation height necessary for mode conversion. Additionally, by
employing a graded undulated profile (see Fig. 4.2c, bottom panel), it is possible to
achieve a smooth transition between longitudinal waves (c, > 0) and the zero group

velocity point (¢, = 0), which then leads to the reflection as flexural waves (cg < 0).
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However, it is important to note that such perfect conversion would require a graded
structure with an infinite length to ensure a continuous transition between the group

velocities of each contiguous unit cell, which is not realizable in practice.

Finally, we note that the discussed conversion mechanism concerns the con-
version from longitudinal to flexural waves, which is straightforward due to their
positive group velocity. In the case of conversion from flexural to longitudinal waves,
additional modifications would be required to the structure in order to first excite
flexural waves with a negative group velocity and then proceed to the conversion.

This type of effect is thus not discussed in detail here.

4.3.2 Experimental verification of band gaps

To validate experimentally the computed dispersion relations, we verify the existence
of a band gap in a beam having an undulated region with a profile described by
dp/a =0.093, corresponding to a band gap in the frequency range @ € [1.0,1.5]. We
note that the ratio between the unit cell length and the longitudinal wavelength in this
case is given by a/A; = 1/2m =~ 0.16. Thus, considering a structure composed of 6
unit cells still allows to maintain subwavelength conditions (6 x a/A;, =~ 0.95 < 1).
We then consider the structure represented in Fig. 4.4a, composed of an undulated
region with n, unit cells dividing two flat regions (i.e., dyp/a = 0) with lengths n; x a
and n, X a. Test specimens were then fabricated by metal powder sintering using
Aluminum 5000 alloys (Al-Mg, EN AW 5056A) with a length of 300 mm, due to
fabrication limitations. The flat and undulated regions are defined by the values
n; = 14, n, = 6, and n, = 10 unit cells. An example of a fabricated specimen is
shown in Fig. 4.4b, zoomed at the undulated region. For the experimental validation,
we attached a piezoelectric transducer to one side of the test specimen to excite
longitudinal waves. A light and strongly damping material ("putty") was then
applied to the opposite end of the specimen. This extremity rests on a layer of
low-density foam fixed on a mechanical vise. This setup was chosen to prevent
significant local stiffness increases at the specimen edges and to avoid non-linear
contact phenomena, reducing transmitted vibrations and attenuating oscillations at
the boundaries. The support is then mounted on a linear stage to measure transverse
displacements along a 160 mm length using a data acquisition system by using a

fixed laser Doppler vibrometer. The setup is shown in Fig. 4.4c.
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Fig. 4.4 Time harmonic simulations. a. Simulated system with two flat regions (lengths n; x a
and n, x a) divided by an undulated region (length n. X a). A time harmonic longitudinal
force (F;) is applied at the left end of the beam. b. Manufactured test specimen shown close to
the undulated region. c. Experimental setup showing the fabricated sample with an attached
piezoelectric transducer resting on a soft support and the laser Doppler vibrometer used to
perform the measurements. d. Simulation results for normalized transverse displacements
along the beam axis and the frequency range @ € [0.5,1.85]. The vertical dashed black
lines indicate the undulated region (x/a € [0,n.]) and the horizontal dashed white lines
indicate the band gap region. The colorbar represents absolute vertical displacements (|u,]).
e. Experimental results corresponding to the numerical simulation in (d), with the colorbar
adjusted for visualization.

To verify the existence of band gaps, a harmonic signal is applied using a
longitudinal force at the left edge (equal for all FE nodes), performing a sweep in the
frequency range @ € [0.5,1.85] (corresponding to f € [40,150] kHz) and computing
displacements in the transverse direction at the top surface of the beam using free
boundary conditions at the other faces. We note that these boundary conditions are
an approximation with respect to the experimental setup due to the small stiffness
introduced by the foam and mechanical vise assembly. Results from FE simulations
are indicated in Fig. 4.4d, with normalized displacements shown in absolute values
in the range [—7i;, n. + 7], with 77; = 5.5a and 71, = 4.5a, chosen in accordance with
experimental restrictions. Within the band gap (marked with horizontal dashed white
lines), standing waves are formed within the flat regions (to the left, x/a < 0, and
to the right, x/a > n,, of the undulated region), while a significant attenuation is
observed within the undulated region (x/a € [0,n.], marked using vertical dashed
black lines) from left to right.

Experimental results are shown in Fig. 4.4e, using a logarithmic scale for the
resulting fast Fourier transforms (FFT) of the measured transverse displacements,
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restricting their values to the [0.50,0.75] range to facilitate visualization. In this
case, although the band gap is slightly shifted downwards in frequency, at around
o € [0.9,1.4] (i.e., an approximate 10% decrease). The observed minor discrepancy
in band gap frequencies is probably due to issues related to specimen fabrication and
to the experimental setup: on the one hand, there is some uncertainty on material
properties due to the induced porosity in the sintering process [170, 171]; on the
other hand, experimental boundary conditions do not exactly reproduce ideal ones
used in simulations (i.e., use of a mechanical vise to fix the putty material and foam
assembly). Nonetheless, experimental results are still in very good agreement with
numerical data. We also notice a particularly good correlation between numerical
and experimental data in the undulated region (x € [0,n.]) outside the band gap
region, i.e., for ® < 1.0 and ® > 1.5.

Finally, we note that in the usual conversion mechanisms presented in litera-
ture, both types of waves present the same propagation direction. In our proposed
structures, however, longitudinal and flexural waves present an inversion of the
propagation direction (i.e., opposing group velocity signs), enabling wave conversion
through reflection. Time-harmonic simulations do not allow for a clear appreciation
of the wave conversion mechanism due to reflections of waves at the boundaries. For
this reason, in the next section we verify the wave conversion mechanisms using

time-transient simulations and experiments.

4.4 Wave conversion application

4.4.1 Numerical investigation using a constant undulation profile

We now proceed to verify numerically the longitudinal-flexural wave conversion
functionality of the structure presented in the last section. For the numerical time-
transient simulations, two perfectly matched layers (PMLs), with a length of npymp. X a
each, are added to both ends of the structure (purple region in Fig. 4.5a) to minimize
reflections. We note here that the PMLs act as ideal absorbing boundaries, which
do not accurately represent the experimental boundary conditions (see Fig. 4.4¢)),
but instead, allow the calculation of ideal transmission and reflection coefficients for
the undulated structures. We consider the FE implementation as described in [172]

with npy = 15. Additionally, we consider two surfaces of interest, labeled as S
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and S, (green and orange surfaces, respectively, represented in Fig. 4.5a), which
pass through the geometrical centers of the elements adjacent to each PML region,
thus presenting a negligible distance to the PMLs (=~ 0.25 mm) with respect to the
wavelength. These surfaces are used to investigate the displacements and mechanical
energy flux, in which case the evaluation of internal stresses at Gauss points are
required to minimize numerical errors associated with the FE implementation [168].
We then apply a longitudinal force following a signal with central frequency @ = 1
(fundamental period T = 1/f = 12.34 us) and normalized amplitude considering
5 pulses modulated by a Hanning window (inset of Fig. 4.5a). The time-transient
simulations are performed considering a time-step incremental analysis using the
Extended Newmark Method [172], with a total time duration of ¢/T = 20 and an
incremental time step A, = 0.5 us (T /A, = 25).

In order to quantify the efficiency of wave conversion, we analyze it from a
quantitative point of view by computing the corresponding elastic energy flux across
surfaces S; and S3. The ratio of reflection or transmission between longitudinal and

flexural waves are obtained using

R S 9 (S)dr
T Te(Sydr
__f(bl_(Sl)dt
R, f(Pfr(Sl)dt’ 4.13)
T, f¢1+(S2)dt
YT o (Sh)de

where ¢;(S;) (¢7(S;)) is the instantaneous longitudinal (flexural) power (surface
integral of the elastic energy flux) at the surface S;, i = {1,2}, and the + (—)
superscript denotes energy flux in the positive (negative) direction. The derivation of

these fluxes is given in Appendix ??.

These quantities are computed for surfaces S| and S, and shown (normalized)
in Fig. 4.5b. We notice that ¢;(S}) presents an inversion in sign due to its reflection
at the interface between the flat and undulated regions. The transmitted power of
longitudinal waves S, and reflected power of flexural waves S, indicated, respec-
tively, as ¢;(S2) and @;(S1) are also shown. The reflection (flexural and longitudinal
waves) and transmission (longitudinal waves) coefficients are respectively computed
as Ry = 0.56, R; = 0.09, and 7; = 0.33, thus demonstrating that most of reflected
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energy is converted in the form of flexural waves. Also, a non-negligible small
energy fraction is reflected in the form of longitudinal waves due to the impedance
mismatch between the undulated and the flat regions. We also note that, although
the value of Ry does not seem particularly high, the ratio of peak absolute values
between transverse and longitudinal displacements at Sy is equal to 0.92 for the beam
centerline (see Appendix??), which indicates that incident longitudinal waves can
be used to generate flexural waves with a similar amplitude.

The corresponding computed displacements are illustrated in Fig. 4.5¢ for in-
creasing time instants /7T = 2.5, 5.0, and 7.5, with absolute normalized values
represented in the colour scale. It becomes clear that an incident longitudinal wave is

mostly reflected as flexural waves and marginally transmitted as longitudinal waves.
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Fig. 4.5 Numerical simulation of a longitudinal transient pulse applied to a beam with an
undulated region. a. A longitudinal force (F;) is applied using a modulated sinusoidal pulse
(inset). Surfaces S; and S, (in green and orange, respectively), located at the edges of the
flat regions, are considered for the analysis of mechanical energy flux. Two PMLs (lengths
npML X a) are included at the outer edges of each flat region. b. Longitudinal (¢;) and flexural
elastic power (@) computed at the surfaces Sy (green) and S, (orange). The sign indicates
forward- (> 0) or backward-propagating energy (< 0). The dashed vertical lines indicate
the time instants /7 = 2.5, 5.0, and 7.5. c. Absolute normalized displacements represented
at the time instants indicated by the dashed lines in (b). The colorbar represents absolute
displacements (Ju|). The blue and red arrows represent longitudinal and flexural waves,
respectively. The curved arrows indicate the occurrence of wave conversion.

For the sake of comparison, we perform the same analyses for the operating
frequency @ = 0.85. The ratio dy/a = 0.18 is obtained as the point of maximum
for the curve intersecting the surface corresponding to the second branch at this

frequency. In this case, the ratio between the unit cell length and the longitudinal
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wavelength is given by a/A;, = 0.85/27 ~ 0.14, which can accommodate n, = 7 unit
cells and still remain in the subwavelength operating range (7 x a/A; ~ 0.95 < 1).
We also set n; = 13, keeping n, = 10. We omit the graphical representation of these
results for the sake of brevity. Instead, we only present here the transmission and
reflection coefficients, which are obtained as Ry = 0.59, R; = 0.26, and 7; = 0.10.
Thus, there is an improvement in the flexural reflection coefficient due to the increase
in both the dy/a ratio and the number of unit cells. There is also an increase in the
reflection coefficient and a decrease in the transmission coefficient of flexural waves,

both owing to the larger impedance mismatch between the flat and undulated regions.

We note that the literature presents works which use (i) locally-resonant based
systems to achieve the conversion between Lamb and shear [145], longitudinal and
shear [146], flexural and torsional [149], torsional and flexural [150], or longitu-
dinal and torsional waves [151], or (i1) structured media that do not rely on local
resonances to achieve the conversion between longitudinal and shear [152, 153] or
torsional modes [154]. We also note that an example of perfect mode conversion
from flexural to longitudinal waves can be found in literature [147], but not the
opposite (longitudinal to flexural). Thus, to the best of our knowledge, the coupling
between longitudinal and flexural waves in periodic waveguides is mentioned in
literature [158, 155], but its applicability for wave conversion purposes is not yet
exploited. For this reason, a comparison between reflection and transmission coef-
ficients is not direct, since different phenomena are quantified. Furthermore, our
proposed system is based on a monolithic design, which facilitates its fabrication,
not involving the use of locally resonant structures or intricate designs which could
hinder its fabrication.

It is important to note that, although rigorous, the previous analyses perform
numerical integrations of stresses and velocities on the beam cross-section, which is
not experimentally feasible. From a practical point of view, we are mostly interested
in measurable quantities, such as displacements and velocities. For this reason, we
proceed to validate our findings experimentally by analyzing the time history of

longitudinal and transverse displacements on the top surface of the beam.
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4.4.2 Experimental validation using a constant undulation profile

Fig. 4.6a shows the computed normalized longitudinal and transverse displacements
using normalized spatial (x/a) and time coordinates (¢/T), with dashed black lines
indicating the undulated region (x/a € [0,n.]). The longitudinal displacements (u,,
left panel) indicate an impinging longitudinal wave (bottom left blue arrow) being
partially reflected at the interface between the flat and the undulated regions (top
left blue arrow). In addition, part of the energy is converted as reflected flexural
waves (red arrow), while another part is transmitted as longitudinal waves (right
blue arrow). Although these refer to longitudinal displacements, the distinction
between longitudinal and flexural waves can be made due to the differences in propa-
gation velocities. Likewise, the transverse displacements (u, right panel) indicate
a wavefront associated with reflected flexural waves (red arrow on the left), while
the transmitted flexural waves (red arrow on the right) are barely noticeable. The
transverse displacements associated with the Poisson’s effect (i.e., due to longitudinal

displacements) are negligible and cannot be distinguished.

We also perform two-dimensional fast Fourier transforms (2D-FFTs) on these
data, obtaining a representation in the wavenumber-frequency space (k X @). The
numerical data are zero-padded (total of 2!! points) to improve the FFT resolution.
The obtained surfaces are represented in Fig. 4.6b with the normalized coordinates
ka/m and @, using normalized absolute FFT values. We also plot, for reference,
the analytical dispersion curves for longitudinal and flexural waves, respectively,
using dashed blue and red curves. The observations concerning the time histories
are confirmed by the 2D-FFT, where it is possible to notice the existence of incident
(k > 0) longitudinal waves at @ = 1 (top panel, blue curve), which are reflected
(k < 0) as longitudinal (blue curve) and flexural waves (red curve). Likewise, the 2D-
FFT of transverse displacements (bottom panel) indicate that the reflected flexural
waves (k < 0, red curve) are dominant with respect to transmitted fexural waves
(k> 0).

An analogous analysis is then performed considering data obtained experimen-
tally using the setup presented in Fig. 4.4c. We observe that although the putty
material is attached to the specimen in the experimental setup, its attenuation is
significantly smaller than that provided by numerical PMLs, resulting in more signifi-
cant edge reflections. To this end, the vibrometer performs two sets of measurements

over a 200 mm length, using (i) a grazing angle to obtain longitudinal displacements
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Fig. 4.6 Numerical simulation and experimental validation of longitudinal to flexural wave
conversion using a beam with a constant undulation profile. a. Computed longitudinal (left
panel, u,) and transverse (right panel, u;) displacements at the top surface of the beam. Verti-
cal dashed lines indicate the undulated region. Blue and red arrows represent, respectively,
longitudinal and flexural wavefronts. The colorbar indicates normalized displacements (u). b.
2D-FFTs corresponding to the longitudinal (u,, top panel) and transverse (u,, bottom panel)
displacements shown in (a). Blue and red dashed lines indicate, respectively, longitudinal and
flexural analytical dispersion branches at the flat region. The colorbar indicates normalized
2D-FFT values ([FFT(u)|?). (c,d). Same as (a,b), obtained experimentally.

(uy) and (ii) a normal angle to obtain transverse displacements (u,). Fig. 4.6c¢ presents
these results (uy, left panel, and u,, right panel) for the time interval /T € [0,20].
We note that due to positioning errors associated with the measured area (which
is smaller than the beam length), we only represent a region corresponding to the
obtained data which is symmetric with respect to the undulations (i.e., centered
at x/a = n./2). The measured longitudinal displacements indicate the expected
incident (bottom left blue arrow), transmitted (right blue arrow), and reflected lon-
gitudinal wavefronts (top left blue arrow). We also observe an additional flexural
incident wavefront (yellow arrow), which can be distinguished due to its group ve-

locity, which is smaller than the one associated with longitudinal waves, as revealed
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by the inclination of the arrow. The existence of this incident flexural wave is caused
by the spurious excitation of a flexural mode caused by the piezoelectric transducer
attached longitudinally to the test specimen. Nonetheless, the wave conversion
phenomenon can still be observed when analyzing the transverse displacements,
where it is possible to notice reflected flexural waves (left red arrow). In this case
too, the incident flexural wave is observed (yellow arrow), which possesses the same
group velocity as the wave indicated by the red arrow with an opposing propagation
direction. For /T > 10, additional negative-going flexural waves are observed due
to the subsequent incident longitudinal waves that impinge upon the undulated region
after reflecting at the left edge of the test specimen.

The representation of this temporal data in the reciprocal space is obtained
by performing a 2D-FFT on the displacements time history with an additional
Hanning window in the time domain /7T € [0, 10] to minimize the effect of additional
reflections. The resulting surfaces are also zero-padded to improve the FFT resolution.
These results are shown in Fig. 4.6d. Concerning longitudinal displacements (u,, top
panel), the main differences with respect to the numerical simulation (see Fig. 4.6b)
are increases (1) in the occurrence of backward-propagating waves (k < 0) caused by
reflections at the right edge of the specimen and (ii) in the components associated
with forward-propagating flexural waves (red dashed curve, k > 0) caused by the
spurious mode excitation. In both cases, these effects are not observed in the
numerical simulation due to the perfect longitudinal excitation and the presence
of PMLs to reduce internal reflections. On the other hand, the main difference
between numerical and experimental results (i, bottom panel) is the occurrence of
forward-propagating flexural waves (red dashed curve, k > 0) caused by the spurious
mode excitation. Also, due to the reduced time window considered for the 2D-FFT,
the backward-propagating flexural waves (red dashed curve, k < 0) are associated
with the conversion between longitudinal and flexural waves, thus demonstrating the
wave conversion mechanism. A slight frequency shift is also observed, of the order
of 5% to 10%, which is in agreement with the shift observed in Fig. 4.4e.

We conclude by noting that the use of a constant undulation profile yields
significant reflection of longitudinal waves. Therefore, we next evaluate the use of a
graded undulation profile as an alternative to reduce the reflection of longitudinal
waves.
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4.4.3 Numerical investigation using a graded profile

The same numerical analysis is now performed considering a graded undulated pro-
file, where dy/a presents a linear variation up to 0.093, distributed along 6 unit cells
in the undulated region. The displacement history for longitudinal and transverse
directions is presented in Fig. 4.7a. Concerning the longitudinal displacements (u,,
left panel), it is interesting to notice that no reflected longitudinal waves (blue arrows)
are distinguishable. On the other hand, the time history of transverse displacements
(ug, right panel) indicates that the peak displacement values are achieved for larger
time instants with respect to the beam with a constant undulated profile (when com-
pared to the constant profile, see Fig. 4.6a, right panel), which is explained by the
gradual modulation of group velocity inside the undulated region. These results are
confirmed by their 2D-FFTs, shown in Fig. 4.7b, which show that the reflection of
longitudinal waves is barely visible (uy, top panel). The ratio between the peak values
for the transverse and longitudinal displacements is computed as 0.37, indicating a

decrease with respect to the constant undulation profile.

Finally, we compute the reflection and transmission coefficients, omitting the
curves corresponding to mechanical power for the sake of brevity. The reflection
(flexural and longitudinal waves) and transmission (longitudinal waves) coefficients
are computed as Ry = 0.41, R; =~ 0, and 7; = 0.55. We notice that the reflection co-
efficient for longitudinal waves is in good agreement with the 2D-FFT results. These
results also demonstrate that the graded profile presents a decrease in performance
with respect to flexural wave conversion when a short undulation length is considered,
which is compensated, however, by the decrease in reflection of longitudinal waves.
This design option thus provides a viable means of producing significant levels of
flexural waves through the incidence of longitudinal waves with negligible reflection

of longitudinal waves.

4.5 Conclusions

In this Chapter, we proposed the use of phononic crystals for longitudinal-flexural
wave conversion applications using beams with periodic and graded undulated pro-
files. The design of these systems is performed by analyzing the dispersion relation

using a semi-analytical method (PWE) based on the dynamic equations relating
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Fig. 4.7 Numerical simulation of longitudinal to flexural wave conversion using a beam
with a graded undulation profile. a. Computed longitudinal (left panel, u,) and transverse
(right panel, u;) displacements at the top surface of the beam. Vertical dashed lines indicate
the undulated region. Blue and red arrows represent, respectively, longitudinal and flexural
wavefronts. The colorbar indicates normalized displacements (). b. 2D-FFTs corresponding
to the longitudinal (u,, top panel) and transverse (u,, bottom panel) displacements shown
in (a). Blue and red dashed lines indicate, respectively, longitudinal and flexural analytical
dispersion branches at the flat region. The colorbar indicates normalized 2D-FFT values
(IFFT(u)]*).

longitudinal and transverse motion, also considering the effects of shear strain and
rotational inertia. These dispersion relations present an excellent agreement with
equivalent FE-based solutions. The results demonstrate that the curvature of the
beam profile (i.e., undulation) can be rationally designed to obtain maximum cou-
pling between the otherwise decoupled longitudinal and flexural branches of the
dispersion diagram. We extend previous studies done on similar systems, which
also achieved sub-Bragg band gaps, to include an investigation on the evolution of
the polarization states involving flexural and longitudinal behavior. This allows to
verify that the induced mode coupling promotes a shift from longitudinal to flexural
behavior in the same branch through wave mode locking that occurs in a sub-Bragg
regime.

This phenomenon can be exploited to design waveguides whose length is similar
to the wavelength of longitudinal waves in the flat region of the material. For a
given operating frequency, a finite sample was proposed and its computed band
gap experimentally demonstrated using a test specimen fabricated in Aluminum.
We then investigated the wave conversion capabilities of this waveguide with an
undulated region of constant undulation profile using a longitudinal force applied
as a modulated pulse and showing that most of the energy is reflected as flexural
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waves. Also, a small portion of the longitudinal wave energy is reflected due to
the impedance mismatch between the flat and undulated regions. This behavior
was numerically and experimentally demonstrated, confirming the wave conversion
mechanism in the wavenumber-frequency space, also demonstrating that a graded
profile is not strictly necessary to achieve wave mode conversion. Finally, a beam
with a graded undulated region is proposed to minimize the reflection of longitudinal
waves, which is practically reduced to zero. As a consequence of the smaller number
of unit cells with the target undulation value, the conversion to flexural waves is also
diminished, although remaining significant.

Interesting directions for future investigations are the functional behavior of
corrugated surfaces in biological systems such as shells and their bio-inspired ap-
plications [173]. Likewise, the application of undulated surfaces to achieve wave
conversion for large scale vibration protection applications and the creation of meta-

surfaces for topological waveguiding are additional promising directions.



Chapter 5

Wave propagation in a continuously
deforming medium

5.1 Introduction

The propagation of mechanical waves in elastic media is inherently influenced by
the mechanical state of the material through which they travel. This coupling is
most prominently captured by the Acousto-Elastic (AE) effect, where the velocity of
small-amplitude waves depends on the presence of finite stresses or deformations.
The origin of this phenomenon lies in the nonlinear elastic response of solids, first
systematically described by Murnaghan [174], and experimentally highlighted by
Hughes and Kelly [175], who demonstrated that wave speeds vary measurably with
applied stress.

A rigorous theoretical framework for this effect was later established through the
theory of incremental deformations developed by Biot [176], which describes the
propagation of small disturbances superimposed on a finitely deformed configuration.
Within this approach, the effective elastic moduli governing wave motion explicitly
depend on the underlying deformation, leading to a direct dependence of wave
characteristics on the mechanical state. Early extensions of this framework to
waveguides and structural elements were provided by Thurston and Brugger [177],
while a comprehensive treatment within nonlinear elasticity is given by Ogden [178].
Together, these works establish the AE effect as a fundamental mechanism linking

wave propagation and material deformation.
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In recent years, the AE effect has gained renewed attention in the context of
soft materials, where large and controllable deformations can be easily achieved.
Experimental studies have shown that soft elastomers provide an ideal platform for
observing and exploiting this coupling. In particular, Delory et al. [179] demonstrated
that guided elastic waves in soft solids can be strongly tuned through pre-stretch,
with significant modifications of the dispersion relations and modal structure. This
behavior was further explored in [180], where highly stretched plates were shown to
exhibit pronounced changes in wave propagation characteristics, offering a direct
and controllable realization of AE effects. Complementary approaches based on
ultrasonic measurements have also been used to quantify nonlinear elastic constants
in soft solids, highlighting the practical relevance of acoustoelasticity for material

characterization [181].

Despite these advances, the key point of the AE effect relies on a simplifying
assumption: the deformation is static, or varies slowly enough that the medium can be
treated as effectively time-invariant during wave propagation. Under this hypothesis,
the deformation acts as a fixed background that modifies the local wave speed, but
does not introduce any explicit time dependence in the governing equations. As
further development of the AE effect, Dynamic Acoustoelastic Testing (DAET)
is, instead, a non-destructive, vibro-acoustic method which uses a low-frequency,
high-amplitude "pump" wave to generate dynamic strain, and a high-frequency,
low-amplitude "probe" wave to measure changes in wave speed [182—184]. This
technique is sensitive to material softening, damage, and hysteresis. However, many
systems of interest—particularly in soft matter—exhibit deformations that evolve
rapidly in both space and time, often in the form of localized fronts or propagating
transitions. For instance, the viscoelastic response of a soft strip, undergoing large
deformation, has been shown to involve complex transient dynamics and spatially

non-uniform strain fields [185].

When the deformation becomes explicitly time-dependent, the separation be-
tween wave dynamics and material evolution breaks down. The medium can no
longer be regarded as stationary; instead, it behaves as a space—time varying sys-
tem in which the propagation of waves is continuously influenced by the evolving
configuration. This viewpoint is made explicit in recent experiments by Delory et
al. [186], where elastic wave packets interacting with a moving interface were shown
to undergo frequency conversion and asymmetric transmission, key signatures of

space—time modulation. In this context, the deformation itself acts as a mechanism
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for dynamically modulating the effective material properties experienced by the

wave.

These observations reveal a fundamental limitation of the classical AE frame-
work: while it successfully captures the dependence of wave propagation on a
prescribed deformation, it does not account for the dynamics of the deformation
itself. The objective of this chapter is therefore to move beyond the experimental
observation of space—time scattering in deformable media and establish a predictive
theoretical framework for wave propagation in systems undergoing finite, space— and
time-dependent deformations. In particular, we consider situations in which the de-
formation evolves in the form of sharp transitions or propagating fronts (Fig. 5.1a and
5.1b), giving rise to effective space—time modulations of the medium properties. By
explicitly incorporating the deformation kinematics and mechanics into the govern-
ing equations, the proposed model captures not only the interaction of waves with a
moving interface, but also the dynamics responsible for the generation and evolution
of the interface itself. This enables the description of how evolving configurations
influence wave velocity, transmission, reflection, frequency conversion, and energy
transport. More broadly, the framework provides a unified connection between
nonlinear elasticity, wave propagation, and space—time varying media, extending
previous experimentally driven studies toward a general continuum-mechanics-based
description with predictive numerical and experimental validation, particularly suited

to soft elastomeric systems.

In the following, we show that deformation-induced interfaces naturally realize
this class of space—time scattering problems. In particular, the propagation of a
deformation front in an elastic medium generates a moving boundary across which
both the mechanical state and the wave propagation properties change, leading to

coupled frequency—wavenumber transformations.

5.2 Space-time interface through deformation

The analytical framework developed in this chapter is formulated for a slender elastic
beam. First, we consider the longitudinal deformation of the beam and derive the
displacement field associated with the imposed boundary motion. This analysis

allows us to describe how a continuous axial deformation generates a propagating
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Fig. 5.1 Schematic of (a) wave scattering at a spac-time varying interface in a deforming
medium in 1D, where one boundary of the medium is displaced at an imposed velocity
causing the propagation of a deformation front. The gray arrows behind the front represent
the translation velocity of the particles of the medium. (b) Corresponding 2D spectra repre-
sentation showing frequency and wave-number conversion linked by the phase conservation
relation represented by the black dashed line. The brown dashed lines correspond to the
dispersion relation of the deformed medium at rest, which due to the drift velocity of the
medium are rotated by a Doppler shift Vyk, where V) is the velocity of the moving boundary.

transition layer, which can be interpreted as a deformation-induced space—time

interface separating regions with different mechanical Parameters.

5.2.1 Continuously deforming beam

The generation of a space time interface separating differently stretched regions of
the material can be achieved through continuous deformation of the body. Let us now
consider a simple case of a semi-infinite 1D bar in the linear elastic approximation.
The equation of motion for the system, without any external applied load and
neglecting the effect of body forces, is:

U ,0%U
atz =Cr ax2 ’ (51)
where U = U (x,t) is the longitudinal displacement and c;, is the longitudinal

wave velocity. If the system is initially unperturbed, the initial conditions of the
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problem are:

U(x,0) = Apx (5.2)
ouU
(.0 =0. (5.3)

where Ay is an initial pre-stretch of the medium. The system is perturbed at its

boundary by a displacement of the form:
U(L.t) = fi(t) = Vorln [1 +e(f—’0)/f] 7 (5.4)

where

Vo=limy e 57| =limy ..
(5.5) -

is the boundary velocity and %—[tj is the logistic function. By convention, we indicate
an elongation when Vy > 0 and a contraction when Vy < 0. 7 is a characteristic
time. In addition, this function is a continuous approximation of a ramp function
(fig.5.2a,b) together with its first and second derivatives, which correspond to velocity
and acceleration, respectively. This boundary value problem can be solved through

the use of the Laplace transform, which yields the solution:

U(x,t) = VotIn {1 +e1(f‘“"5i‘)] H (t —1p— L_x> +(ho—Dx.  (56)

CL

where H is the Heaviside function. The displacement field defines a traveling
transition layer governed by the characteristic variable
L—x

CL

E=r—19— (5.7)

The condition & = 0 identifies the moving interface

Xf(l‘) :L—CL(t—l‘o), (5.8)
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which propagates along the medium with velocity ¢z, (fig.5.2c). The presence of
the Heaviside function enforces causality, such that the displacement is nonzero
only for & > 0. As a result, the domain is partitioned into two regions (fig. 5.2d):
an undeformed region ahead of the front (§ < 0) and a deformed region behind it
(¢ > 0). The axial strain (fig.5.2b) is given by

U V1

g(x,t) = B —EmH(é)Jrﬂo—l, (5.9

showing that the interface separates an unstretched region from a uniformly stretched
region with asymptotic value € = Vy/cp. Similarly, the particle velocity (fig. 5.2¢) is

obtained as
oU Vo

o T Tre g e)

which corresponds to a smooth sigmoidal transition between two constant states. In

u(x,t) = (5.10)

particular, one has u = 0 ahead of the front and u — Vj behind it. Therefore, the
solution describes a propagating kinematic interface connecting two homogeneous
mechanical states: a quiescent, undeformed region and a uniformly moving, stretched
region. The transition between these states is not discontinuous but occurs over
a finite thickness controlled by the parameter 7, which regularizes the front and
yields a smooth profile. This structure can thus be interpreted as a traveling interface

separating two regions with distinct kinematic properties.

The longitudinal deformation field obtained above induces spatial and temporal
variations of the geometric and mechanical properties of the beam, such as cross-
sectional area, inertia, density, and axial stress. These variations directly affect the
propagation of transverse waves, effectively transforming the beam into a space—time

varying medium.
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Fig. 5.2 (a) Soft ramp function f(z) (left) and its time derivatives (right) for different
smoothing parameters 7, compared to the ideal discontinuous ramp (dashed). (b) Alternative
parametrization in terms of characteristic velocity Vy, showing the same quantities f(r)
and df/dz. (c) Corresponding spatial profiles of normalized displacement u/L, strain du,
and velocity d;u along the bar at different times, highlighting the propagation of a smooth
deformation front. (d) Space—time maps of displacement, stretch 1 + d,u, and velocity J;u,
illustrating the transition layer traveling through the medium and the associated gradients
induced by the smoothed ramp loading for a positive (first row) or negative (second row)
value of Vj, and Ay = 0.05 and Ay = 0.5, respectively.
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5.3 Waves crossing deformation induced space-time

interface

We now investigate the propagation of transverse waves along the same beam,
modeled within the Euler—-Bernoulli approximation. The deformation field obtained
from the longitudinal analysis is used to define the effective properties of the medium,
leading to a space—time varying system in which transverse waves interact with a
moving interface. This approach enables us to first characterize the kinematic
mechanism responsible for the formation of the interface and then analyze its impact

on wave propagation within a consistent beam framework.

5.3.1 Transverse wave propagation in the undeformed region

In the undeformed part of the strip (fig. 5.3a), the medium is at rest and is character-
ized by constant properties, corresponding to the region ahead of the deformation
front. :

A, Iy, P1, o1,

where A is the cross-sectional area, I; is the second moment of area, p; is the mass

density, and o7 is the axial prestress.

Under the Euler—Bernoulli assumption, the transverse displacement W (x,) satis-
fies [187]:

I*w *w W
Al—=5 —01A1 =5 +EL——F =0. 5.11
PiAI—=5 1Ao7 tEh 53 (5.11)
Seeking harmonic solutions of the form
W (x,1) = W ellr—on), (5.12)

and substituting into Eq. (5.11), one obtains

—p1A10* + 01 A K+ ELKY =0, (5.13)
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from which the dispersion relation follows:

El
0=+, ity e (5.14)
pP1A1 P1

Since the medium is stationary, reciprocity holds:

w(k) = o(—k). (5.15)

5.3.2 Transverse wave propagation in the deformed region with

transport velocity

In the stretched region, the beam is not only prestressed but also transported with
axial drift velocity Vy (fig. 5.3a). The corresponding effective properties are denoted
by

A, b, P2, 2.
These effective properties result from the longitudinal deformation field and may
differ from those of the undeformed region due to stretching-induced changes in

geometry and stress. Because the medium is moving, the time derivatives must be

replaced by the material derivative:

D d )

The governing equation [188, 189] then becomes:

pzAzD;—t‘;V—GzAz(?;Tvg +E12§—X‘Z/ =0. (5.17)
Assuming again a plane-wave solution
W (x,r) = W elr—on), (5.18)
we note that D
— = —i(@— Vpk), (5.19)

Dt
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so that Eq. (5.17) yields

P24 (0 — Vok)? = GrAk* + ELK*. (5.20)

Therefore, the dispersion relation in the drifting medium is

El
0= Voki\/ 2 A (5.21)
hA2

The additional term Vpk represents a convective Doppler-like shift induced by

the transport of the medium. As a consequence,

w(k) # o(—k), (5.22)

and the system becomes non-reciprocal. The effect of deformation is illustrated in
Fig. 5.3b for a pre-stretched beam of thickness /4, which is either further stretched
or relaxed at different driving velocities. The dispersion relations are computed for
|Vo| ranging from O up to the limiting value ¢z, beyond which material failure would
occur. As Vy — cr, the dispersion branch associated with backward-propagating
waves progressively flattens toward @ ~ 0, indicating suppression of energy transport
in that direction. This asymmetry reflects the breaking of time-reversal symmetry
induced by the motion of the medium, and is a hallmark of space—time modulated

systems.

In the relaxation case, the limiting velocity is set to Vo = —c (A9 — 1), corre-
sponding to a configuration where the drifting region is unstretched and therefore
stress-free. As this limit is approached, the internal stress ¢ — 0, and the dominant
propagating modes transition to bending waves, shifted by a convective term Vpk.
Furthermore, when |Vy| > dw/dk, a sign inversion of the temporal frequency @

occurs while k remains positive.

5.3.3 Space-time varying transition

Once an effective description of the medium before and after deformation is es-
tablished, an appropriate reference frame is introduced to derive the continuity
conditions governing the interface dynamics and to recast the system as a scatter-
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ing problem. Since the transition between the statically deformed region and the
deformed drifting region is not stationary in the laboratory frame, to analyze the scat-
tering problem, it is convenient to adopt a reference frame in which the deformation

front is stationary. Its material properties vary in both space and time according to:
Alvt) =Alx+err),  I(xt) =Ix+cwr),  px1)=px+cw),

o(x,t) = o(x+crt), Vo(x,t) = Vo(x+crt),
where ¢y is the velocity of the moving transition.

To remove the explicit time dependence, it is convenient to introduce the co-
moving coordinates
& =x+crt, T=t. (5.23)

In these variables, the material parameters depend only on &:
A1) =A(G),  1x1)=1(8),  px1)=p(&),
olx,)=0(&),  Volx,1)=W(E).

The problem is thus transformed into a stationary scattering problem in the (&, 7)

frame.

5.3.4 Governing equations in the co-moving frame
In the co-moving frame, each side of the interface can be approximated as homoge-
neous.

For medium i (i = 1,2), the governing equation reads

D*W 9°w o*w
fadlApyY ELZ " —o, 5.24
prz ~ Oiger TElGE (5-24)

piA

where the material derivative in the co-moving frame is

D 0 0
= == +Vi£- (5.25)
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Here V; is the effective transport velocity in the co-moving frame:
Vi=c, Vo =Vy+cr. (5.26)

In this frame, the undeformed region appears to drift with velocity ¢y, while the
deformed region acquires an additional transport velocity Vj , resulting in an effective

relative motion across the interface. We look for solutions of the form
Wi(&,7) = Wellis =), (5.27)

where @’ is conserved across the interface because the problem is stationary in the

co-moving frame.

Substitution of Eq. (5.27) into Eq. (5.24) gives
piAi(0 —Viki)* = GiAik; + ELk], (5.28)

or equivalently

o' = Vik; & (5.29)

Since @' is the same on both sides of the interface, the scattered wavenumbers
are obtained by solving Eq. (5.29) in each medium.
5.3.5 Continuity conditions at the interface

Let & = &, denote the interface position in the co-moving frame. The Euler—

Bernoulli model requires four continuity conditions.

First, continuity of transverse displacement:

W]? =o0. (5.30)

Second, continuity of rotation:

2
{a—W} =0. (5.31)
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Third, continuity of the bending moment:

2 2
{—El%} _o. (5.32)
1

To derive the last jump condition, we consider a vanishing control volume:
@5 = [Cint — 0, &inc + O] (5.33)

around the stationary interface in the co-moving frame. Within this control volume

(fig.5.3b) the transverse velocity of material points in the medium i is

DW _ oW oW
Dt dt '9E’

so that the transverse momentum density is

DwW
Pi = Pildi—

Dt
The internal transverse force resultant in an Euler—Bernoulli beam under axial

prestress is

9°W oW
Qi= _E1i8—§3 + GiAi%-

Applying the linear impulse-momentum theorem to s, accounting for the flux of

(5.34)

transverse momentum carried by the material crossing the control surfaces with
speed V; [190], yields

oW

d DW éinﬁ’é
0w —3.7)~Q(&m+8,7) = o | pii 5 de + [piavis ]

D_T éint_(s .

In the limit § — 0, the integral term vanishes, and the jump condition is obtained:

pw?
{Q - PAVD—T} = 0,

that is,

3 2
{—E il oW DW} =0. (5.35)
1

1853 +6Aa€ —pAVE
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This shows that, in the co-moving frame, continuity applies not to the internal shear
force alone, but to the generalized transverse traction corrected by the convective
flux of transverse momentum.

5.3.6 Scattering formulation

In each medium, Eq. (5.28) admits four roots for k;, corresponding in general to
forward and backward propagating or evanescent contributions. The total field is
written as a superposition of these modes:

4
Win(E,7) = Y e’ ms =07, (5.36)
n=1

Applying the four continuity conditions (5.30)-(5.35) at & = &, yields a linear
system relating incoming and outgoing modal amplitudes.

The interface conditions can be written in matrix form as

Wy = TWr, (5.37)
where
0 ari
0 ars
WI = ) WT = ’ (538)
0 ara
1 ara
and
1 1 1 I
ik ik ik k
(— | ikp 2 k1.3 L (5.39)

—Ehki, —ELki, —ELki; —ELk},
Dy (k1) Pilkrp) Pi(kiz) Pilkra)
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1 1 1 1
ik ik ik ik
T — l T,l2 l T,22 l T,32 l T.,42 7 (5.40)

Dy(kr1) Dalkrp) DPalkr3) Po(kra)

with
D, (k) = iEk311 +i (Nl - plAlc%) k+ipiAwicy, (5.41)
Oy (k) = iEK’ L +i [Ny — paAa (e + Vo)?] k+ipaAr o (e + Vo). (5.42)
Finally,

Wy =T 'IW; = SW;. (5.43)

where Wy is the vector of incident amplitudes, Wr is the vector of transmit-

ted/reflected amplitudes, and S is the scattering matrix.

The curves reported in Fig. 5.3c are obtained by varying the drift velocity V)
while keeping the material parameters (E,p,A,I, o) fixed to the values of the un-
deformed and deformed configurations introduced previously. For each value of
Vo, the dispersion relations in the two media are solved, the admissible modes are
identified based on their propagation direction (or decay for complex roots), and the

corresponding amplitudes are computed from the scattering matrix.

The blue and red curves correspond to forward- and backward-propagating
modes, respectively, while the magenta and green curves correspond to the modes as-
sociated with the complex-wavenumber (evanescent) mode, which do not contribute
to propagating wave fields. Hence, the latter remains negligible over the explored
range of Vj, indicating that the scattering process is dominated by propagating
contributions, with only weak localization effects at the interface.

In addition, when Vy > 0, the coefficients related to the forward and back propa-
gating modes are both positive, while when V) < 0 they have opposite sign, due to

phase inversion.
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5.3.7 Phase conservation law in the laboratory frame

Returning to the laboratory frame, the conservation of the phase at the moving
interface implies

kix — o1t = kpx — ant atx = —cyt, (5.44)
which leads to
w — @) = —cp(kp—ky), (5.45)
or
“]2 :Zl — (5.46)

This relation expresses the conservation of phase across the moving interface
and determines the frequency conversion induced by the space—time variation of the
medium.
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Fig. 5.3 Schematic of transverse wave propagation across a deformation-induced space—
time interface in an slender beam. (a) laboratory-frame view, where a localized stretching
region generates a moving transition with effective velocity ¢y, leading to a conversion
of the incident (blue) to a transmitted (red) wavepacket. The dashed line represents the
space—time trajectory of the interface. (b) Dispersion relation of the system at different
pulling/contraction velocities. The black dotted line indicates the reference dispersion
relation (c) transmitted mode amplitude calculated from the scattering matrix for a pre-
stretch Ap = 1.05 and Ap = 1.5 at positive and negative pulling velocities, respectively.
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5.4 Numerical model and experimental validation

5.4.1 Modeling space-time interface in a hyperelastic medium

Motivated by previous experiments on hyperelastic elastomers [39], we adopt a
finite-deformation model to capture the nonlinear coupling between deformation
and wave propagation. The mechanical response of the material is described using a
two-parameter Mooney—Rivlin hyperelastic constitutive model under the assumption
of near incompressibility. In this framework, the strain energy density function is

decomposed into isochoric and volumetric contributions as
W = Wiso (I, 12) +Waal(J), (5.47)
where the isochoric part is given by
Wiso = (1—a)Cy (I —3) + aC, (L, — 3), (5.48)

and the volumetric contribution penalizes deviations from incompressibility through

5(1— 1)% (5.49)

Wvol = )

The material parameters are related to the linear elastic constants by

E E
Ci=C=— K=——"—, 5.50
T T4y 3(1—2v) (.50)
where E = 67 kPa is the Young’s modulus and v = 0.495 is the Poisson ratio, chosen

to enforce near incompressibility. The parameter o = 0.15 is an empirical coefficient.

The invariants I; and I, are defined in terms of the isochoric part of the deforma-
tion tensor
F=J"'/3F, (5.51)

as

I =u(C), ©L=1[r(C)*—u(C], (5.52)

where C = F’F. The deformation gradient F = I+ dU/dX maps the fiber defor-

mation of the material from the material X to the current configuration x, while
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U = (U,V,W) is the displacement vector. J = det(F) represents the local volume
ratio.

Figure 5.4a shows the dependence of the axial Cauchy stress on the engineering
strain € = A — 1 over the range —0.5 < € < 0.8. The nonlinear response is compared
with the linear elastic prediction given by Hooke’s law. A good agreement is observed
within the approximate range —0.2 < € < 0.5, while significant deviations appear
outside this interval, highlighting the importance of the hyperelastic model for large
deformations.

To numerically validate the analytical model, a simulation of an Ecoflex™ strip
is performed, as schematized in fig. 5.4b. The strip has length L = 80 cm and
cross-sectional dimensions W =3 cm and 2 = 0.1 cm.

The dynamics of the system is governed by the equation of motion

02U
Po5y = V- (FS), (5.53)

where pgp = 1000 kg/m? is the density in the reference configuration, and S =
S, + F P is the second Piola—Kirchhoff stress tensor.

The viscous contribution is modeled as
Ss=nJC', (5.54)

with 1 = 0.05 Pa-s, while the elastic contribution is defined through the first Piola—
Kirchhoff stress tensor

oW
P= oF (5.55)
The initial conditions are
U(X,0)= A —1)X, (5.56)
oU
W(X,O) =0, (5.57)

where A1 = 1.05 and A, = 1.5 represent an initial pre-stretch for the pulling and
relaxation model, respectively.
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The boundary conditions are prescribed as:

U(0,1) =0, (5.58)
U(Lt) = Vieln (147 ) + (= DL, (5.59)

withV, =3 m/sand V, = —1 m/s, T =5 ms, and #; = 180 ms and #t, = 90 ms. The
solution was obtained using the FE method in the material domain and compared
with the analytical prediction. In the comparison in the pulling configuration shown
in fig. 5.4c, due to the small deviation from the linear regime, the velocity of the
interface is the same both in the analytical and numerical solution. Whereas the
broadening of the transition region across the characteristic X 4 ¢yt is due to the
effect of the dissipation, not included in the analytical solution. In the comparison in
the relaxation configuration shown in fig. 5.4d, due to the larger deviation form the
linear regime, the velocity of the interface is slightly larger than the analytical one as
we can appreciate from the different time of arrival of it to the opposite end of the

beam.
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Fig. 5.4 (a) Longitudinal stress vs engineering strain plot for the Mooney-Rivlin elastic energy
potential and comparison with the linear approximation. Black arrows highlight the initial
stretcthes choosen for the simulation. (b) Schematic of the two different simulations where a
velocity controlled (top) pull and (bottom) contraction is used as boundary condition. Red
arrows represent the velocity field of the particles past the interface and the orange ones the
velocity of the interface. (c) and (d) Comparison between analytical and numerical solutions
of the displacement field, stretch, and particle velocity in the current configuration. Panel (c)
corresponds to a tensile (loading) case, while panel (d) represents a release (unloading) case.

5.4.2 Transverse wave propagation across a finite-thickness in-
terface

To overcome the limitations of the analytical model, in particular the assumption
of an infinitely sharp interface, and include hyperelastic material characteristics,
we perform finite element simulations of transverse wave propagation in a contin-
uously deforming compliant (e.g. rubber) strip. The numerical framework allows
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us to explicitly resolve the finite-thickness transition layer generated by the axial

deformation and to assess its impact on wave scattering.

The simulations are carried out using a three-dimensional hyperelastic model
based on the Mooney—Rivlin constitutive law introduced previously. The numerical
procedure follows a two-step approach (fig. 5.4a): first, a static pre-strain is imposed
through displacement-controlled boundary conditions to obtain a deformed config-
uration; second, a transient dynamic simulation is performed in which both axial

motion and transverse excitation are applied.

In the static step, the strip of initial length Ly = 80 cm and thickness 7y is extended
to a prescribed stretch Ay, leading to a deformed configuration characterized by
modified geometry and stress distribution. This step establishes the initial condition
for the dynamic problem and ensures consistency with the deformation-induced

variation of the material properties.

Pulling configuration

In the dynamic step, as shown in fig. 5.5a, time-dependent boundary conditions are
applied to generate the propagating transition layer and the transverse wavepacket.
In particular, the axial displacement at one end is prescribed using the same smooth
ramp function adopted in the analytical model, producing a moving deformation front
with finite thickness. Simultaneously, a localized transverse excitation is imposed,
generating a wave-packet with central frequency fo = 60 Hz and 20% bandwidth.

This wave propagates along the strip and interacts with the moving interface.

The resulting wave field is shown in fig. 5.5b, where the evolution of the
transverse displacement is represented in space—time coordinates. The incident
wavepacket, initially propagating in the undeformed region, encounters the transi-
tion layer and undergoes scattering, producing a transmitted wave in the deformed
drifting medium. The interaction is characterized by a clear change in slope of
the wavefronts in the space—time diagram, indicating a modification of both phase

velocity and wavelength.

In agreement with experiments in [39], only the forward propagating mode
survives after the scattering with the interface, while the backward propagating
one is suppressed. This phenomenon is probably due to the strain gradient across

the interfaces which minimizes the reflection component. In addition, a second
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contribution could also be due to the viscoelastic damping of the material attenuating

the backward propagating component.

By studying the FFT spectrum, shown in fig. 5.5c¢, the transmitted wavepacket
exhibits a frequency—wavenumber shift close to the phase conservation law derived
in Eq. (5.46), confirming that the essential features of the space—time interface are
preserved even in the absence of a sharp discontinuity. Specifically, the finite size of
the transition layer introduces here additional phase shifts that cannot be captured by
our model. In addition, the transition layer induces a gradual redistribution of energy,
leading to a spreading of the spectral content and to partial mode conversion that is
not captured by the analytical formulation.

These results demonstrate that the Euler—Bernoulli-based sharp-interface model
provides an accurate description of the scattering process in the limit of thin transition
layers, while the finite element simulations capture the more general regime in
which the interface must be treated as a distributed space—time inhomogeneity. The
numerical approach therefore validates the analytical predictions while extending

their applicability to physically realistic configurations.
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Fig. 5.5 (a) Schematic of the hyperelastic strip subjected to axial deformation and transverse
excitation. A localized wavepacket OW (¢) is generated at the top boundary, while a time-
dependent axial displacement SU (¢) induces a propagating transition layer with characteristic
time 7 and onset time #5. Comparison between numerical and experimental result for (b)
space—time representation transverse displacement field, showing the interaction of the
incident wavepacket with the moving deformation front and the resulting transmitted wave.
The change in slope of the wavefronts indicates a modification of phase velocity across the
interface and the black contour lines indicate the longitudinal component of the deformation
gradient. (c) Frequency—wavenumber spectrum of the wave field, highlighting the shift
between incident and transmitted components. The superimposed dispersion curves (solid
blue and red lines) and the phase-matching condition (dashed white line) confirm the validity
of the phase conservation law and the predicted frequency—wavenumber conversion induced
by the space—time interface.

Relaxation configuration

As shown in fig. 5.5a, starting from a considerably pre-stretched configuration with
Ao = 1.6, the transient of the model is studied applying time-dependent boundary
conditions to generate the transverse wave-packet, with central frequency fy = 50
Hz and 30% bandwidth. Due to experimental constraints, the deformation gradient
could not be controlled by a fixed deformation velocity. Therefore, the effect could

be investigated by means of numerical simulation.
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The resulting wave field is shown in fig.5.5b , where the evolution of the trans-
verse displacement is represented in space—time coordinates. In this case, when
the incident wave-packet encounters the transition layer and undergoes scattering,
produces a transmitted wave that inverts its direction of propagation as the drift
velocity of the medium is larger than the one of the wave-packet. In this case also a
reflected wave packet is generated as predicted by the theory.

From the analysis of the FFT spectrum, shown in fig.5.5¢c, the transmitted wave—
packet exhibits a negative frequency, as predicted analytically. This is interpreted
as an inversion of the temporal phase of the wave packet due to the inversion of its
direction of propagation. Again we notice how the phase conservation law still holds
for both incident and transmitted frequencies and wave-numbers. Additionally, the
finite size of the transition layer induces a gradual redistribution of energy, leading to
a spreading of the spectral content and to partial mode conversion that is not captured

by the analytical formulation.

These results demonstrate that the problem of relaxation triggers exotic effects
in wave conversion, giving the possibility to access new phenomena as temporal
phase inversion. Both analytical and FE models provide an accurate representation
of these dynamics in describing the scattering process and in capturing the transient

evolution of the system, respectively.
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Fig. 5.6 (a) Schematic of the hyperelastic strip subjected to axial deformation and transverse
excitation. A localized wavepacket 0W (¢) is generated at the top boundary, while the
other end controlled by the coundary displacement function §U. Numerical result for (b)
space—time representation of the transverse displacement field, showing the interaction
of the incident wavepacket with the deformation front and the resulting transmitted and
reflected wave. The inversion of propagation direction takes place due to a larger drift
velocity compared to the wave-packet velocity. (c¢) Frequency—wavenumber spectrum of
the wave field, highlighting the shift between incident and transmitted components. The
superimposed dispersion curves (solid blue and red lines) and the phase-matching condition
(dashed white line) confirm the validity of the phase conservation law and the predicted
frequency—wavenumber conversion induced by the space—time interface.
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5.4.3 Characterization of wave transmission across the moving

interface
Pulling configuration

Figure 5.7a shows the space—time evolution of the transverse displacement field. The
incident wavepacket propagates in the undeformed region and encounters the moving
transition layer, where a clear modification of the wavefront slope is observed. This
change reflects the variation of phase velocity induced by the deformation and
the onset of non-reciprocal propagation in the drifting medium. The interaction
is localized around the transition region, confirming that the interface acts as the

primary scattering mechanism despite its finite thickness.

To quantify the effect of the interaction, fig. 5.7b reports the temporal evolution
of the maximum transverse displacement max (W) at a fixed observation point. Two
distinct regimes can be identified: an initial increase corresponding to the generation
and propagation of the incident wavepacket, followed by a second variation asso-
ciated with the crossing of the interface. The difference between these two levels,
denoted as AW, provides a direct measure of the amplitude change induced by the

space—time interface.

In addition, a secondary fluctuation of the transverse amplitude can be observed
between the wave-packet generation and interface crossing time instants identified in
Fig. 5.7b. This feature originates from the simultaneous generation of a longitudinal
disturbance associated with the imposed axial motion. Due to its higher propagation
speed, the longitudinal wavepacket travels ahead of the transverse excitation and
reaches the boundary of the medium in a shorter time. It is then reflected and

propagates backward, eventually interacting with the transverse wavepacket.

This interaction does not lead to mode conversion in the classical sense, but
rather to a transient modulation of the transverse displacement field induced by the
coupling between axial and transverse kinematics. As a result, a weak interference
pattern appears, manifested as a small fluctuation in the envelope of the transverse

amplitude.

This interpretation is supported by the characteristic time scale of the phe-
nomenon: the minimum of max(W) occurs at r ~ 2L/c, which corresponds to

the round-trip time of a longitudinal wave traveling across the domain. This confirms
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that the observed fluctuation is directly linked to the propagation and reflection of

the longitudinal disturbance.

A more detailed view of this process is shown in fig. 5.7c, where the evolution of
max (W) is reported for different values of the drift velocity V. The curves reveal
a systematic reduction of the transmitted amplitude as Vj increases, indicating that
the moving interface progressively attenuates the wavepacket. This behavior is
consistent with the redistribution of energy among the available modes predicted by

the analytical model.

Finally, fig. 5.7d summarizes the transmission coefficient 7" as a function of
the drift velocity Vj, comparing numerical results with the analytical prediction
derived from the scattering formulation. A very good agreement is observed over
the entire range of Vj, confirming the validity of the sharp-interface approximation
for predicting global transmission properties. The slight discrepancy at intermediate
velocities can be attributed to the finite thickness of the transition layer, which

introduces weak deviations from the idealized discontinuous model.



5.4 Numerical model and experimental validation 119

a) b)
B IRl FRE o______| -
g 200 |nt, crossing
s e e
= 100 - Wave packet generat|on—f>
‘——F__‘_rJ__‘_‘ AW‘
0 — 0 = —
0 20 40 60 80 100 120 0 0.1 0.2 0.3 0.4 0.5 0.6
Position [cm] ) max(W) [mm]
c) d
280 1
— — Analytical
g 260 09 y
E 240 -
F 220 08
200 0.7
0.35 0.4 0.45 0.5 0 1 2 3 4 5 6
max(W) [mm] VO [m/s]

Fig. 5.7 Numerical characterization of transverse wave transmission across a deformation-
induced space—time interface. (a) Space—time evolution of the transverse displacement field,
showing the incident wavepacket interacting with the moving transition layer and generating
a transmitted wave with modified slope, indicative of a change in phase velocity. (b) Temporal
evolution of the maximum transverse displacement max (W), highlighting two main events:
wavepacket generation and interface crossing. The amplitude variation AW calculated as a
peak to peak difference between incident wave amplitude (blue dot) and transmitted wave
amplitude (orange dot), quantifies the effect of the interface. The intermediate fluctuation
is associated with the propagation and reflection of a faster longitudinal disturbance. (c)
Detailed view of max (W) for different drift velocities Vj, showing a systematic reduction of
the transmitted amplitude and a secondary modulation occurring at f = 2L/ ¢y, corresponding
to the round-trip time of the longitudinal wave. (d) Transmission coefficient 7" as a function
of the drift velocity Vi, comparing numerical results with the analytical prediction. The good
agreement confirms the validity of the sharp-interface model, while small deviations are
attributed to the finite thickness of the transition layer.

Relaxation configuration

Contrary to what happens in the pulling configuration, when a wave-packet crosses
a decreasing deformation gradient, it decreases its linear momentum. Figure 5.8a
shows the space—time evolution of the transverse displacement field propagating in a
pre-stretched medium with Ao = 1.6. Here, the encounter with the interface produces

a deceleration of the wave-packet’s phase velocity, induced by the deformation.

To quantify the effect of the interaction, fig. 5.8b reports the temporal evolution of
the maximum transverse displacement max (W) at all times. Two distinct regimes can

be identified: an initial increase corresponding to the generation and propagation of
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the incident wavepacket, followed by a second variation associated with the crossing
of the interface. The difference between these two levels, denoted as AW, provides a

direct measure of the amplitude change induced by the space—time interface.

The absence of the secondary fluctuation of the transverse amplitude can be
explained due to the fact that the large initial stretch of the medium reduces the
coupling between the longitudinal and transverse mode. Therefore the longitudinal

wave excited during the wave-packet generation produces a negligible effect.

Fig. 5.8c shows the evolution of max(W) is reported for different values of the
relaxation velocity V. The curves reveal a systematic increase of the transmitted am-
plitude as Vj decreases, indicating that the moving interface progressively amplifies
the wavepacket. This behavior is consistent with the redistribution of energy among

the available modes predicted by the analytical model.

Finally, fig. 5.8d summarizes the transmission coefficient 7" as a function of
the drift velocity Vi, comparing numerical results with the analytical prediction
derived from the scattering formulation. A very good agreement is observed over the
entire range of Vj, confirming the validity of the sharp-interface approximation for

predicting global transmission properties.



5.5 Conclusions 121

0 20 40 60 80 100 120 0 0.2 04 0.6 0.8 1

Position [cm] max(W) [mm]
c) d)
L L

£

o 100 = 1

E

=

50 0.5
0.8 1 1.2 14 1.6 -4 -3 -2 -1 0

max(W) [mm] V0 [m/s]

Fig. 5.8 Numerical characterization of transverse wave transmission across a deformation-
induced space-time interface. (a) Space—time evolution of the transverse displacement
field, showing the incident wavepacket interacting with the moving transition layer and
generating a transmitted wave with modified slope, indicative of a change in phase velocity.
(b) Temporal evolution of the maximum transverse displacement max (W), highlighting
two main events: wavepacket generation and interface crossing. The amplitude variation
AW ,calculated as a peak to peak difference between incident wave amplitude (blue dot)
and transmitted wave amplitude (orange dot), quantifies the effect of the interface, while
the intermediate fluctuation is associated with the propagation and reflection of a faster
longitudinal disturbance. (c) Detailed view of max(W) for different drift velocities V.
(d) Transmission coefficient 7" as a function of the drift velocity Vp, comparing numerical
results with the analytical prediction. The good agreement confirms the validity of the
sharp-interface model, while small deviations are attributed to the finite thickness of the
transition layer.

Overall, these results demonstrate that the deformation-induced interface governs
both the kinematic and energetic aspects of wave propagation, and that the analytical
framework captures the dominant features of the scattering process, while the nu-
merical model resolves the additional effects associated with the continuous nature

of the transition.

5.5 Conclusions

In this chapter, we analyze the three basic features of the time-space interface

scattering configurations considered in this thesis, all of which occur in the supersonic
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deformation regime where the deformation front moves faster than the transverse

wave speed.

First, the deformation dynamics of a pulled and subsequently relaxing elastic
beam has been modeled both analytically and numerically. The analysis shows that
applying an axial stretch/relaxation at one end of the beam generates a deformation
front that propagates along the beam at longitudinal wave velocity. The analytical
solution, based on infinitesimal strain theory, provides the space-time evolution of
the deformation gradient, while numerical simulations, based on finite strain theory,
capture the geometric non-linearity of the deformation. This dynamic background

medium is the essential prerequisite for studying wave interactions.

Second, building upon the dervied deformation field, the interaction of transverse
waves (bending or shear waves) with the moving longitudinal deformation gradient
has been investigated. A comprehensive approach, that combines analytical methods,
numerical simulations, and experimental validation, has been adopted. Analytically,
a modified wave equation with space-time-dependent coefficients is derived and
solved using the continuity condition at the moving deformation front. Numerically,
time-domain FE simulations confirm the phenomena of phase conservation and am-
plitude modulation. Experimentally, using a silicon rubber strip (nearly compressible

hyperelastic material), the predictions are validated.

Third, a systematic parametric study has been carried out over a range of de-
formation velocities. Both numerical simulations and dedicated experiments on
silicon rubber specimens provide consistent results: the transmission coefficient

decays/increases as the deformation velocity increases/decreases, respectively.

As further development, the next step is to recast wave propagation in deforming
media within a variational framework. A Lagrangian formulation would allow
to treat the medium and the wave field on equal footing and, more importantly,
provide a systematic way to identify conserved quantities—if any are present—when
space—time symmetries are broken. The central issue is straightforward: what
is being conserved when the background itself evolves? While classical energy
and momentum conservation generally fail, Noether’s theorem may still reveal
generalized or adiabatic invariants, offering both physical insight and practical

predictive tools.

This perspective naturally connects to cosmological analogies. Wave propagation

in a deforming medium shares formal similarities with electromagnetic waves in
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an expanding universe, where a time-dependent background induces frequency
redshift and energy dilution [191-193]. In our case, deformation-driven modulation
leads to frequency conversion and asymmetric mode coupling. By interpreting the
deformation as an effective metric, one could recast the governing equations in a
form akin to wave dynamics in curved spacetime, enabling the transfer of concepts
such as particle production and horizon-like effects.

Although the analogy is not exact, it provides useful insight. Coupling this theo-
retical framework with experiments would allow the design of controlled deformation
protocols that mimic cosmological scenarios. This would not only deepen the fun-
damental understanding of space—time varying media, but also position deformable

metamaterials as accessible analog platforms for complex wave phenomena.
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