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 A B S T R A C T

In nuclear fusion systems, the gyrotron is the source of electromagnetic waves, exploiting the electron maser 
instability to initialize and stabilize the fusion reaction. A simulator that predicts the system’s behaviour based 
on the fundamental physics is crucial for its control. This requires modelling each component by integrating 
the relevant physical phenomena for that component, and linking the resulting component models together. 
However, current models of fusion system components like the breeding blanket or the gyrotron are too 
computationally intensive for real-time simulations if high accuracy is sought and therefore high-fidelity 
and high-dimensional models are needed, as lumped approaches may not offer high enough accuracy for 
safety-critical applications such as monitoring and control. Reduced Order Models (ROM) can overcome this 
problem while maintaining accuracy. This paper focuses on the Magnetron Injection Gun (MIG), responsible for 
generating the electron beam by thermionic effect. It is essential to calculate the heat transfer within the MIG to 
predict the electron density on the emitter surface. This methodological paper studies the suitability of Dynamic 
Mode Decomposition (DMD) in capturing the non-linear dynamics and time-scales of the beam current emission 
considering a representative pulse provided by the FALCON facility. Results show the computational efficiency 
and capability of such technique in capturing temporal dynamics, performing spectral analysis, denoising data 
and forecasting features beyond the training dataset, positioning this paper as a foundation from which more 
complex models and ROM techniques can be considered.
1. Introduction

For the successful development of nuclear fusion reactors, such as 
ITER, a key component is the high-performance gyrotron. Gyrotrons are 
the primary radio-frequency (RF) source for Electron Cyclotron Reso-
nance Heating (ECRH) and current drive, achieving and maintaining 
the plasma conditions required for fusion.

High-power RF is generated through the maser instability of a high-
quality1 electron beam. This beam is generated by the magnetron 
injection gun (MIG) from a ring-shaped cathode (the emitter) through 
thermionic emission, a strongly temperature-dependent phenomenon. 
To ensure the beam stability and protect the device, it is crucial to 
accurately model its electrical and thermal dynamics.

High-fidelity models based on 3D geometry are required for simu-
lating electrical and thermal behaviour due to the lack of temperature 

I This article is part of a Special issue entitled: ‘ISFNT-16’ published in Fusion Engineering and Design.
∗ Corresponding author at: Department of Energy, Politecnico di Milano, Milano, 20156, Italy.
E-mail address: antonio.cammi@polimi.it (A. Cammi).

1 A high-quality beam is a beam with the correct geometrical displacement to excite the correct cavity mode, and with the desired kinetic energy and pitch 
factor to guarantee proper energy exchange with the electromagnetic field.

measures in the MIG. However, these models are unsuitable for control-
oriented applications in a digital twin framework because of the com-
plex geometry and broad range of temporal dynamics, where accuracy 
must be accompanied by quasi-real-time operational times [1]. Broadly 
speaking, a digital twin is a virtual replica of the physical system 
that is supposed to run in parallel with it, receiving real-time sensor 
data as inputs to enable monitoring, prediction and control, hence it 
must have high accuracy but also quasi-real time running times [2]. 
To overcome this problem, lumped models can be developed, where 
spatial dependency of quantities is replaced by their average value. This 
approximation is valid for components where internal heat conduction 
is negligible compared to heat transfer with other components. The 
dimensionless Biot number describes the relative importance of internal 
conduction (𝑘) compared to heat transfer at external surfaces (ℎ), 
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according to the formula:

Bi = ℎ
𝑘
𝐿,

being 𝐿 the characteristic length of the component Since the key MIG 
components yields very small Biot numbers (Bi≪ 1), the development 
of lumped models [3,4] is justified.

However, lumped approaches lack spatial distribution. Model Order 
Reduction (MOR) techniques strike a balance between the computa-
tional efficiency of lumped models and the accuracy of high-fidelity 
models. MOR aims to extract essential temporal, spatial, and parametric 
dynamics from a high-fidelity dataset to build low-dimensional surro-
gate models. Once properly trained, the resulting surrogate model can 
be used in ‘testing’ mode, receiving previously-unseen inputs (such as 
data from the physical system) to estimate the corresponding output 
faster compared to running the high-fidelity model but with high 
enough accuracy. Prediction involves estimating parametric transients 
within the training dataset limits, while forecasting involves estimating 
the future state beyond the temporal boundaries. Many MOR tech-
niques are widely used in engineering applications (including nuclear 
fission) [5,6].

Among all available MOR and Machine Learning techniques, this 
paper uses Dynamic Mode Decomposition (DMD) for several key rea-
sons: (i) DMD computes a low-rank linear operator that is a projection 
of the true linear system operator, thus providing a direct, data-driven 
approximation of the underlying system dynamics without requiring 
the explicit governing equations; (ii) unlike many black-box ML tech-
niques, DMD is mathematically rooted in Koopman theory [7], and 
the eigenvalues of the low-dimensional surrogate operator are strongly 
connected to those of the true system operator; (iii) DMD simplifies 
complex non-linear dynamics into a linear evolution, by approximating 
the temporal behaviour with a sum of damped or oscillatory exponen-
tial modes, making highly non-linear transients easier to forecast; (iv) 
each DMD mode is associated with a specific eigenvalue that encodes 
physical properties, allowing for interpretability; (v) variant DMD al-
gorithms, such as the one used in this paper (Optimized DMD), offers 
robustness against noise and can deal with non-uniformly sampled 
trajectories.

In light of the above, this paper presents a novel application of 
MOR techniques for fusion by applying DMD to decompose complex 
temporal data into spatio-temporal modes [8]. To evaluate how DMD 
captures nonlinearities and timescales inherent to this problem, the 
training dataset comes from a validated lumped model of the MIG. 
This first assessment step of applying the selected ROM algorithm to 
simple models such as lumped ones is used to verify the suitability of 
DMD for the particular case of the MIG dynamics: indeed, this work 
will demonstrates the effectiveness of DMD for this class of problem, 
providing a foundation for switching to high-fidelity models currently 
under development.

The structure of the paper is as follows: Section 2 details the 
mathematical framework for the surrogate model, focusing on DMD, 
its Optimized variant, and Hankel embedding. Section 3 describes 
the MIG, followed by the lumped model and validation process in 
Section 4. Results are presented in Section 5, showing DMD-based 
surrogate models for latent dynamics identification, spectral analysis, 
and state forecast. Finally, Section 6 reports key findings and future 
perspectives.

2. Methodology

2.1. Dynamic mode decomposition

The Dynamic Mode Decomposition (DMD) algorithm was formu-
lated in [8] to discriminate coherent structures in highly-turbulent 
flows. It is based on the Singular Value Decomposition (SVD) method
[5], which decomposes a generic matrix  as follows: 
 = 𝛴𝑇 , (1)
2 
where   contains the dominant spatial structures or modes (left sin-
gular vectors), 𝛴 is a diagonal matrix containing the singular values 
associated to the left singular vectors in   and  contains the temporal 
dynamics (right singular vectors). The SVD sorts the modes in descend-
ing order based on how much information of the original dataset they 
retain [6], and this information is contained in the singular values: SVD 
matrices can then be truncated up to a certain rank 𝑟, representing the 
percentage of information retained, and a reduced representation of the 
original dataset  can be retrieved: 
̃ = ̃𝛴̃𝑇 , (2)

with ̃ ∈ Rℎ×𝑟, 𝛴 ∈ R𝑟×𝑟 and ̃ ∈ R𝑡×𝑟.
More in detail, for DMD the snapshot matrix  is: 

 = [𝑥(𝑡1), 𝑥(𝑡2),… , 𝑥(𝑡𝑡
)] ∈ Rℎ×𝑡 (3)

where ℎ is the number of spatial degrees of freedom (or the number 
of features) and 𝑡 is the number of time instants. DMD computes the 
best-fit linear operator  that best represents the dataset  , advancing 
the system in time: 
𝐱𝑘+1 ≈ 𝐱𝑘. (4)

The operator  is obtained from the following optimization prob-
lem [9]: 
 = arg min

∗∈Rℎ×ℎ
||+ −∗−

||𝐹 = +(−)†, (5)

given:

− = [𝐱(𝑡1), 𝐱(𝑡2),… , 𝐱(𝑡𝑡−1)]

+ = [𝐱(𝑡2), 𝐱(𝑡3),… , 𝐱(𝑡𝑡
)].

The above operation is computationally quite expensive. However, 
when pre-processing the data through the SVD, DMD can be used to 
compute a low-rank operator ̃ ∈ R𝑟×𝑟, which is the projection of the 
true operator  onto the first 𝑟 SVD modes of  : 
̃ = ̃ 𝑇̃ = ̃ 𝑇̃𝛴−1. (6)

It has been mathematically proven [10] that the eigenvalues of ̃
are strongly connected to those of the true operator . Then, DMD can 
be used to estimate the dominant eigenvalues and eigenvectors associ-
ated to ̃, avoiding the (expensive) computation of the pseudo-inverse 
†. The procedure to find the operator ̃ is reported in Algorithm 1.

Input: Snapshot Matrix  = [𝐱(𝑡1) ∣ 𝐱(𝑡2) ∣ ⋯ ∣ 𝐱(𝑡𝑁𝑡
)] ∈ Rℎ×𝑁𝑡

Output: Best fit operators  and ̃

Generate time advancement matrices:
− = [𝐱(𝑡1) ∣ ⋯ ∣ 𝐱(𝑡𝑁𝑡−1)] ∈ Rℎ×(𝑁𝑡−1) ;
+ = [𝐱(𝑡2) ∣ ⋯ ∣ 𝐱(𝑡𝑁𝑡

)] ∈ Rℎ×(𝑁𝑡−1) ;
Compute the Singular Value Decomposition (SVD):
− = ̃𝛴̃𝑇  ;

Compute best fit operator:  = +̃𝛴−1̃ ∗ ∈ Rℎ×ℎ  ;
Project  onto the modes with rank 𝑟:
̃ = ̃ ∗̃ ∈ R𝑟×𝑟

Algorithm 1: Dynamic Mode Decomposition: Computing the Best-
Fit Linear Operator

Once the low-dimensional surrogate ̃ has been computed, the 
advancement in time is obtained from its spectral decomposition: 
̃ = 𝛬, (7)

where  and 𝛬 are the eigenvectors and eigenvalues matrix respec-
tively. From the former, it is possible to compute the high-dimensional 
DMD modes 𝛷 ∈ Rℎ×𝑟, that is, the eigenvectors of  [10]: 
𝛷 = +̃𝛴−1 (8)
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Once the surrogate model has been defined, the solution can be recon-
structed for unknown time values, following the expansion of Eq.  (7): 

𝐱𝑘 ≈
𝑟
∑

𝑗=1
𝜙𝑗𝜆

𝑘−1
𝑗 𝑏𝑗 , (9)

with 𝜙𝑗 ∈ Rℎ  the 𝑗th column of 𝛷, 𝜆𝑗 the 𝑗th diagonal element 
of 𝛬 and 𝑏𝑗 the mode amplitude, computed by projecting the initial 
condition onto the reduced space: 
𝐛 = 𝛷𝑇 𝐱1 (10)

2.2. Optimized DMD

One drawback of DMD is its difficulty in interpreting noisy datasets. 
Constant signals are often incorrectly interpreted as oscillatory, result-
ing in inaccurate spatio-temporal modes. This issue arises from the 
approximation of DMD through a linear system 𝐱′ = 𝐱, whose exact 
solution is 𝐱 = 𝐱0 ⋅𝑒𝑡. The evolution of the system strongly depends on 
the eigenvalue–eigenvector pairs 𝜔 −Φ of , and the general solution 
can be written as 𝐱 = Φ ⋅ 𝑒𝜔𝑡𝐱0. Optimized DMD [11,12] can over-
come this issue directly performing a regression to exponential-time 
dynamics by solving the following optimization problem: 

arg min
𝜔,Φ,𝐛

|

|

|

|

|

|

|

|

|

|

 −
𝑟
∑

𝑗=1
𝑏𝑗𝜙𝑗𝑒

𝜔𝑗 𝑡
|

|

|

|

|

|

|

|

|

|

= arg min
𝜔,Φ,𝐛

|| −Φ𝑒𝜔𝑡𝐛||, (11)

with 𝑟 the dimension of the surrogate space in which the optimized 
solution is sought, Φ and 𝜙𝑗 the DMD modes, 𝜔𝑗 the continuous 
eigenvalues and 𝐛 the amplitudes. Compared to standard DMD, which 
requires uniform sampling of the data, optimized DMD generalizes to 
non-uniform trajectories [12].

3. The magnetron injection gun

The Magnetron Injection Gun (MIG) is a key gyrotron component 
which generates a 2 MW electron beam through thermionic emission to 
produce a 1 MW radio-frequency wave (with 50% efficiency). Geometry 
details are in [4]: briefly, input power is provided by cladded filaments 
exchanging heat through radiation with the inner components, chiefly 
the emitter. Heat is focused by thermal shields delimiting the inner 
cavity. The structure is supported by the prolongator and nosecone, 
connecting to the heat-pipe where cooling oil flows. For the model 
description, the inner cavity includes filaments, cladding, emitter, and 
thermal shields; the outer cavity includes external components (prolon-
gator, nosecone, connector, heat-pipe). Materials and properties are not 
reported for confidentiality (see Fig.  1).

The MIG operates in two distinct phases with different dynamics:

• On-phase: high voltages (∼70 kV) are applied to the emitter, and 
additional power is provided to the filaments to compensate for 
the thermionic effect (Eq.  (13)). The emitter and components heat 
up, and electron current is emitted into the resonant cavity.

• Off-phase: no voltage is applied and no current is produced. 
Filament power decreases to the steady-state value, cooling the 
inner components (while external components heat towards a 
new equilibrium).

The thermionic emission of the MIG is approximated with the 
Richardson–Dushman formula [13]: 

𝐽 = 𝜂 ⋅ 𝐴0 ⋅ 𝑇
2 exp

(

𝑊0 + 𝑐1𝑇 − 𝑎𝑠
√

𝐸
𝐾𝑏𝑇

)

, (12)

with 𝐾𝑏 the Boltzmann constant, 𝑇  the emitter surface temperature in 
K, 𝑊0 the emitter working function in eV, 𝑐1𝑇  a temperature-dependent 
correction term for 𝑊0 (in eV), 𝐸 the local electric field (in V/cm), 
𝑎
√

𝐸 = 𝛥𝑈 the correction on the working function due to the Schottky 
𝑠

3 
Fig. 1. Schematic representation of the MIG cathode (modified from [3]), 
along with the relevant boundary conditions. Upper and lower shields are 
shown in dashed green, while the emitter is marked in orange. The oil flows 
from the bottom of the central pipe upward to the connector n(purple, dashed), 
then it descends downwards in contact with the heat pipe (yellow, dashed). 
The MIG cathode is vacuum-sealed. The figure is not to scale.

barrier lowering effect (in eV), with 𝑎𝑠 = 1.2 eV⋅(cm/V)1∕2 the Schottky 
constant, and 𝐴0 = 120 A/cm2/K2 is the (practical-units) Richardson 
constant, such that 𝐽 is expressed in A/cm2. The hyperparameter 𝜂, 
to be optimized, accounts for uncertainties related to the working 
function and the average heat extracted by each electron. Then, the 
heat extracted from the emitter surface can be computed as [14]: 
𝑞′′ = (2𝐾𝑏𝑇 +𝑊0 + 𝑐1𝑇 − 𝛥𝑈 )𝐽 (13)

This heat loss term leads to additional cooling of the system during the 
on-phase, if not balanced: during the on-phase additional power must 
be provided to the filaments.

4. MIG lumped model

The zero-dimensional lumped model describing the MIG thermal 
dynamics includes all components, from filaments to cooling oil, pre-
dicting thermal behaviour and beam current given accelerating voltage 
and input filament power. In this approximation, each body has a 
unique spatially uniform temperature, with temporal evolution de-
scribed by heat equations coupled with energy balances. Thus, the 
heat exchange between components must be described in detail: the 
equivalent electric circuit describing heat transfer within the MIG is in 
Fig.  2.

In the inner cavity, the main heat transfer mode is radiation, along 
with conduction for components in contact. In the outer cavity, the 
main mode is conduction: additionally, convection occurs between the 
connector and cooling oil, and the heat-pipe and cooling oil. For each 
component 𝑖, the following energy balance holds [15]: 

𝑚𝑖𝑐𝑖
𝑑𝑇𝑖
𝑑𝑡

= 𝑞𝑖𝑛 − 𝑞𝑜𝑢𝑡, (14)

with 𝑚 being the mass, 𝑐 the specific heat capacity, 𝑞𝑖𝑛 the gained heat 
and 𝑞𝑜𝑢𝑡 the lost heat. These terms depend on the heat transfer mecha-
nisms between body 𝑖 and all bodies it exchanges heat with. While some 
cases are straightforward, most heat exchange occurs within the inner 
and outer cavities, characterized by complex geometries with diffuse, 
grey, opaque surfaces separated by vacuum.

Moving outward from the filaments to the cooling oil, the most 
significant modelling features are listed below:

• The filaments exchange heat through radiation only with their 
cladding: 

𝑞̇ =
𝜎(𝑇 4

𝑎,𝑖 − 𝑇 4
𝑓,𝑖)

1−𝜀𝑓 + 1 + 1−𝜀𝑎
, (15)
𝜀𝑓𝐴𝑓 𝐴𝑓 𝜀𝑎𝐴𝑎
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Fig. 2. Equivalent electrical circuit of the heat transfer between the various bodies in the MIG. Components are highlighted in orange. All components within a 
cavity exchange heat through radiation with all components within the same cavity. Resistances shown here are just for visualization purposes, to highlight the 
different heat transfer mechanisms between different components of the MIG.
with 𝜎 being the Stefan–Boltzmann constant, 𝜀 the body emissiv-
ity and 𝐴 the surface area seen by the other body.

• The cladding dissipates heat in the inner cavity, and for each 
component in the inner cavity, the radiosity flux (the rate at 
which radiation leaves a surface per unit area) can be computed 
as:

𝐽𝑖 = 𝑅𝑖 ⋅ 𝜎𝑇
4
𝑖

𝑅𝑖 =

(

1
𝜀𝑖𝐴𝑖

+ 0.5
∑

𝑗
𝐴𝑖𝐹𝑖,𝑗 − 0.5𝐴𝑖

)−1
1

𝜀𝑖𝐴𝑖

𝐹𝑖,𝑗 =
1
𝐴𝑖 ∫ ∫𝐴𝑖𝐴𝑗

cos 𝜃𝑖 cos 𝜃𝑗
𝜋𝑅2

𝑑𝐴𝑖𝑑𝐴𝑗 (16)

𝑅𝑖 is the radiosity matrix, converting surface black-body emission 
for body 𝑖 into a net heat flux: the first term is radiative surface 
resistance 𝑅𝑠,𝑖, whereas the second is geometric resistance. This 
term quantifies how shape and orientation affect radiative heat 
transfer from body 𝑖 to 𝑗; 𝐹𝑖,𝑗 is the view factor between bodies 𝑖
and 𝑗, quantifying the fraction of surface 𝑗 seen by surface 𝑖. For 
each body, the sum of view factors must be 1. From the radiosity 
flux, transferred heat is derived as: 

𝑞̇𝑖 =
𝐸𝑏,𝑖 − 𝐽𝑖

1−𝜀𝑖
𝜀𝑖𝐴𝑖

, (17)

where 𝐸𝑏,𝑖 is the black-body emission for body 𝑖.
• To capture the localized temperature variations on the emitter 
surface, this body is divided into three different regions: body, 
surface and intermediate connecting zone. These latter zones are 
described by four non-physical hyperparameters which must be 
optimized based on the available experimental data: two mass 
capacitances 𝐶1,2 and 𝐶2,3 for the thermal inertia and two thermal 
resistances 𝑅1,2 and 𝑅2,3 for the conductive heat transfer within 
the body. Conduction within the emitter is then modelled as: 

𝑞̇ =
𝑇𝑒,𝑖 − 𝑇𝑒,𝑖+1

𝑅𝑖,𝑗
(18)

Once the emitter surface temperature has been computed, the 
beam current and the extracted heat can be computed using 
Eqs. (12) and (13).
4 
• The heat transfer in the outer cavity is modelled following the 
same reasoning for the inner cavity. Heat transfer between com-
ponents in contact is modelled following the same logic as Eq. 
(18): given the lack of information on surface roughness and con-
tact pressure, the contact resistances (prolongator-nosecone 𝑅𝑝,𝑛, 
nosecone-connector 𝑅𝑛,𝑐 and connector-pipe 𝑅𝑐,ℎ) are considered 
as hyperparameters to be optimized.

• The cooling oil exchanges heat with the connector and the heat 
pipe through convection. Based on the Reynolds number and oil 
flow characteristics obtained from a 3D conjugate heat transfer 
model of the MIG, two correlations were selected to evaluate the 
convective heat transfer coefficient ℎ𝑖.

– Pipe-oil: Graetz–Nusselt correlation for laminar flow in an 
annulus [16].

– Pipe-connector: Sieder–Tate correlation for impinging flow
[17]

Once the convective heat transfer coefficient is known, the con-
vective heat transfer can be computed as: 
𝑞̇ = ℎ𝑖𝐴𝑖(𝑇𝑖 − 𝑇𝑜𝑖𝑙) (19)

Given an experimental filament current and cathode voltage, the 
model predicts the cathode beam current and the temperature evo-
lution of all included components, for a total of ℎ 32 features, for 
both the on-phase and the off-phase; the number of time instants 𝑡
depends on the time vector associated with the experimental input, thus 
it changes based on the considered pulse. For clarification, the typical 
model output is shown in Fig.  3 in terms of filament temperature (which 
can be considered fast, given the characteristic time constant of the 
order of 10−2 seconds and the dynamics immediately after the start of 
the pulse), emitter surface temperature and beam current: the strong 
difference between on-phase and off-phase dynamics can be clearly 
seen in the markedly-different temporal behaviour of the temperatures 
and especially in the current, which sharply drops to zero once the 
pulse is switched on. As an interesting note, the emitter temperature 
increases during the initial transient of the off-phase. This is because 
the main cooling effect given by the thermionic effect is missing from 
the emitter’s energy balance during the off phase. This causes thermal 
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Fig. 3. Temporal behaviour of all quantities of interest of the MIG lumped model. The dataset includes both the on-phase (orange background, up to 𝑡1 = 129 s) 
and the off-phase (cyan background). The different time scales of the different features, as well as the different dynamics of the two phases, can be clearly seen.
Table 1
Characteristic time constants and Biot numbers for the MIG 
components.
 Component 𝜏 (s) Bi  
 Filament 0.0114 0.000636  
 Coating 0.0198 0.0791  
 Emitter 3.02 0.206  
 Shields 1.08 to 0.174 0.00001 to 0.001 
 Prolongator 1.05 0.329  
 Nosecone 8.65 0.272  
 Connector 24.3 0.0544  
 Heat pipe 56.3 4.32  

energy from the surrounding components, which are warmer than the 
emitter, to diffuse to it. This results in an increase in the emitter’s 
temperature during the first transient of the off-phase.

As can be seen in Fig.  3, the characteristics time constants range 
from 0.001 s for the filament and coating to tens of seconds for 
the external components (connector and heat-pipe). For complete-
ness, the characteristic time constants, alongside the Biot numbers, are 
summarized in Table  1, where time constants are computed as follows:

𝜏 =
𝑚 ⋅ 𝑐𝑝
ℎ𝐴ℎ

with 𝑚 the mass of the component, 𝑐𝑝 the specific heat capacity, ℎ the 
equivalent heat transfer coefficient and 𝐴ℎ the surface through which 
the body exchange heat.

To determine the optimal value of the unknown hyperparameters, 
an in-depth sensitivity analysis was carried out using the Differential 
Evolution (DE) algorithm; its details, as well as the final outcome, were 
reported in [18].

Following optimization, the model was validated against long pulses 
from FALCON. Summary results are in Fig.  4: lacking experimental 
temperature data, experimental beam current was compared with the 
model-computed values. Validation metrics include: (1) Normalized 
Root Mean Square Error (NRMSE), measuring average percentage er-
ror; (2) Mean Averaged Error (MAE), measuring average absolute 
point-wise error; (3) correlation coefficient (CC), measuring waveform 
similarity; (4) charge error (CE), measuring total delivered charge 
error; (5) Mean Absolute Percentage Error (MAPE), measuring mean 
relative error; (6) absolute difference at the last on-phase time-step (𝜖𝑓 ). 
The above quantities are computed as follows:

NRMSE: 

√

1
𝑁

∑𝑁
𝑖=1

(

𝑦𝑖 − 𝑦̂𝑖
)2

max(𝑦) − min(𝑦)
(20)

MAE: 1
𝑁
∑

|

|

𝑦𝑖 − 𝑦̂𝑖|| (21)

𝑁 𝑖=1
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CC: 
∑𝑁

𝑖=1
(

𝑦𝑖 − 𝑦̄
) (

𝑦̂𝑖 − ̄̂𝑦
)

√

∑𝑁
𝑖=1

(

𝑦𝑖 − 𝑦̄
)2 ∑𝑁

𝑖=1
(

𝑦̂𝑖 − ̄̂𝑦
)2

(22)

CE: 
|

|

|

∫ 𝑇
0 𝑦(𝑡) 𝑑𝑡 − ∫ 𝑇

0 𝑦̂(𝑡) 𝑑𝑡||
|

∫ 𝑇
0 𝑦(𝑡) 𝑑𝑡

(23)

MAPE: 1
𝑁

𝑁
∑

𝑖=1

|

|

|

|

𝑦𝑖 − 𝑦̂𝑖
𝑦𝑖

|

|

|

|

(24)

𝜖𝑓 = |

|

𝑦𝑁 − 𝑦̂𝑁 |

|

, (25)

given the generic reference quantity 𝑦 and its DMD estimator 𝑦̂, 𝑁 the 
total number of time steps, 𝑦̄ the mean of the reference quantity, 𝑇  is 
the total duration of the on-phase.

The model demonstrates good agreement across pulses with differ-
ent input conditions (filament current and cathode voltage). Normal-
ized RMSE remains below 15% for most pulses, with several below 
10%, indicating high fidelity. Larger NRMSE values (pulses 9638, 9763) 
coincide with reduced correlation coefficients, indicating that these 
pulses exhibit both amplitude mismatches and wave form deviations. 
Conversely, pulses with larger NRMSE but high CC, such as pulse 9785, 
present errors that are primarily amplitude offsets, with the model 
correctly capturing the overall temporal trend, as confirmed in Fig.  5. 
The correlation coefficient (CC) exceeds 0.95 in most cases, capturing 
dominant temporal evolution. Regardless, the model performs well in 
both integral and point-wise metrics: charge error (CE) is typically 
below 3%, and peak error (PE) remains within 5%. Mean absolute 
percentage error (MAPE) stays below 5%, indicating small relative 
errors when current is non-negligible.2 Overall, the model captures 
global beam properties (charge and peak current) and pulse timing, 
with moderate waveform deviations in specific cases. Fig.  5 reports the 
two worst estimated pulses: for pulse 9785, the shape is correct but the 
model underestimates current (final error ∼1 A, maximum ∼2 A); for 
pulse 9887, the shape is slightly distorted at later steps, overestimating 
final current by ∼1 A. The reason why the current density decreases in 
the first transient in the figure is due to the thermo-ionic effect (see 
Eq.  (13)). More heat is extracted through the emission of electrons 
than is absorbed by the emitter from the filaments. Consequently, the 
emitter temperature decreases during the initial transient, resulting in 
a reduction in the emitted current.

Finally, the lumped model requires roughly one minute to simulate 
both on-phase and off-phase for a given pulse; more detailed, higher-
fidelity models may take between 5 h (2D) to nearly one day (3D 

2 Note that, whereas for all temperature features the metrics were computed 
across the whole temporal range, for current the metrics were computed only 
for the on-phase, being the current zero in the off-phase
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Fig. 4. Validation summary for the considered pulses (on-phase), using the following metrics: NRMSE, MAE, correlation coefficient, charge error, peak error, 
MAPE, absolute difference at the last time step.
Fig. 5. The two worst estimated pulses in terms of overall error (left) and NRMSE (right): whereas the former indicates over/underestimation but correct shape, 
the latter indicates discrepancy in the current shape but overall good agreement in terms of current magnitude. Note that the experimental current reported here 
has been post-processed to reduce its noise, to better highlight its temporal behaviour.
with conjugate heat transfer) to simulate a single on-phase heating 
transient. This impressive time saving further justifies the choice of 
using a lumped model for this methodological work; regardless, the 
higher-fidelity models are currently being finalized and they will be 
used to create larger datasets to further assess the potentialities of 
Dynamic Mode Decomposition and, more in general, reduced order 
models for this application.
6 
5. Data preprocessing and results

The dataset  includes 31 temperature fields (all MIG components) 
and the beam current (ℎ = 32); each field was sampled at 𝑡 = 0.001 s, 
for 𝑡 = 278, 289 snapshots. As seen in Fig.  3, features have different 
time scales: characteristic time constants span from less than seconds 
(innermost components) to tens of seconds (external components). Such 
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datasets are not optimal for DMD, which operates better on features 
with similar time scales. To recover a general surrogate model, 
includes both the on-phase (voltage and beam power on, from 𝑡0 =
9 s to 𝑡1 = 129 s) and the off-phase (voltage and beam power off, 
from 𝑡1 = 129 s to 𝑡2 = 278 s). This implies the dataset includes 
two phenomena with different dynamics and temporal scales, adding 
complexity. Finally, uncorrelated Gaussian white noise is added to each 
feature separately; for a given feature 𝑥(𝑡), the noisy dataset  contains: 
𝑦(𝑡) = 𝑥(𝑡) + (0, 1). (26)

For this analysis, only fictitious noise is applied. However, in real 
applications within the digital twin framework, noise affects the data 
and it must be treated accordingly. A denoising algorithm based on Op-
timized DMD and Hankel embedding theory (Appendix  A) is proposed 
in Appendix  B.

When adopting machine learning and data-driven techniques, ap-
propriate pre-processing significantly impacts algorithm performance. 
For computational speed, down-sampling is commonly used: following 
trials to find the largest ratio without information loss (omitted for 
brevity), a ratio of 10 was selected, leading to a dataset  ∈ Rℎ×𝑡∕10. 
Finally, the dataset was scaled to level feature magnitudes: specifically, 
the StandardScaler from s c i k i t−l earn was used, rescaling fea-
tures such that the scaled dataset  has zero mean and unitary standard 
deviation: 
𝑧(𝑡) =

𝑥(𝑡) − 𝜇
𝜎

(27)

Clearly, this synthetic noise represents and idealization. In prac-
tice, sensors operating in the extreme electromagnetic environment of 
a megawatt-class gyrotron are likely subject to more complex noise 
sources, including high-frequency electromagnetic interference, non-
stationary disturbances, and correlated noise components that deviate 
significantly from the zero-mean Gaussian assumption. However, the 
use of ideal white noise allows establishing a controlled test case for 
the denoising procedure and the DMD-based surrogate model in a well-
defined, reproducible setting. The extension of the proposed framework 
to more realistic noise models will be a matter of future work.

Data denoising
Applying the procedure in Appendix  B reduces the dataset’s stan-

dard deviation by ∼87% (from 1 to 0.13) while retaining the original 
dynamics of  . Denoised features across different time scales are shown 
in Fig.  7. To quantify how well the procedure preserves dynamics, 
similarity metrics between the denoised dataset 𝑑𝑒𝑛𝑜𝑖𝑠𝑒 and clean 
reference  were computed. The mean squared error is very small 
(MSE = 0.0165) and the normalized MSE is negligible (−9), indicating 
minimal energy distortion. Consistently, the global signal-to-noise ratio 
is high (SNR = 81.45 dB, up from 63.63 dB), confirming the noise 
residual is orders of magnitude weaker than the signal. To measure 
temporal pattern preservation, the Pearson correlation coefficient was 
computed: across all features, the mean is very high (𝑟̄ = 0.9703), 
showing strong agreement with the original behaviour. The minimum 
value (𝑟𝑚𝑖𝑛 = 0.1171) corresponds to the oil temperature, which is 
constant in the original data; noise-induced oscillations around this 
constant reference explain the low correlation. All other features show 
𝑟̄ > 0.93.

The denoised algorithm adopted is compared against other denois-
ing techniques, including: Savitzky–Golay filter, low-pass Butterworth 
filter, Principal Component Analysis denoising, median filter, Gaussian 
smoothing. Selected metrics for the comparison are noise reduction, 
signal-to-noise ratio, average Pearson correlation coefficient and Mean 
Squared Error. Results are reported in Table  2.

Compared to Hankel-OptDMD denoising, the median filter pro-
vides a comparable noise reduction, showing that for this kind of 
noise, simple spike-removal strategies can be effective in preserving 
high-frequency features. Classical linear smoothing techniques, such as 
7 
Fig. 6. Singular values of the embedded Hankel matrix (see Eq. (34)) (black) 
and cumulative energy (green). As a rule of thumb, the ‘elbow’ in the singular 
values separates physical from noisy features.

Savitzky–Golay, Butterworth and Gaussian filters record worse perfor-
mance compared to Hankel-OptDMD, as they tend to slightly distort 
temporal dynamics. Conversely, PCA denoising reports the highest 
mean Pearson correlation coefficient (0.982), meaning that it preserves 
slightly better the temporal patterns; however, its noise reduction is 
lower, signifying that retaining a limited number of principal compo-
nents reduced noise only partially. Overall, Hankel-OptDMD is capable 
of strong noise suppression whilst preserving the temporal fidelity: 
compared to simpler linear filters, its main drawbacks are its greater 
complexity from a mathematical standpoint, and slightly worse com-
putational efficiency, especially as the Hankel matrix increases in size 
(see Fig.  6).

5.1. Optimum rank selection

When considering reduction problems for quasi-real-time appli-
cations such as digital twins, the trade-off between reconstruction 
accuracy (capability of the model on reconstructing the dynamics from 
a reduced space) and computational times (speed at creating and 
reconstructing data by the model) becomes significant. For DMD and its 
variants, the selection of the rank 𝑟 of the surrogate linear space affects 
both: a higher-rank surrogate model can capture all the dynamics 
occurring in the system at the cost of a more expensive surrogate model 
generation time.

For the dataset  , the optimal selection of the rank 𝑟 can be 
formulated as a multi-objective optimization problem to minimize the 
𝐿2 reconstruction error and the computational cost:

𝜖2(𝑟) =
|| − ̂𝑟||2

||||2
(28)

𝑡(𝑟) = wall time for fit + reconstruction (29)

with ̂𝑟 being the reconstructed dataset with OptDMD at rank 𝑟. As 
a preliminary indication, the Pareto front, the set of ranks where the 
error cannot be improved without increasing the time, and vice-versa, 
is shown in Fig.  8. Up to 20 s, the error drops by almost an order of 
magnitude, whereas beyond it drops only by a factor of 3, and a clear el-
bow can be seen around 30 s: beyond this point, the computational cost 
significantly increases for only small gains in reconstruction accuracy. 
Above the elbow, the first few points are scattered, an indication of 
under-resolved dynamics. The rank corresponding to the knee is 𝑟 = 6, 
whereas the optimum value of the rank is 𝑟 = 12.

Rank 𝑟 = 12 corresponds to a total computational time of 41 s (of 
which the reconstruction time is less than 0.1 s) and a relative 𝐿2 error 
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Table 2
Metrics for the different denoising techniques. Desiderata are high noise reduction, mean 
Pearson coefficient and signal-to-noise ratio, and low Mean Squared Error.

Method Noise reduction (%) MSE Mean Pearson 𝑟 SNR (dB)
Hankel-OptDMD 87.161 0.016 0.970 81.455
Savitzky–Golay 78.020 0.048 0.959 76.784
Butterworth 79.381 0.046 0.960 77.340
PCA denoising 59.088 0.167 0.982 71.388
Median filter 86.673 0.018 0.962 81.125
Gaussian filter 79.712 0.0412 0.959 77.480
of 7.61%. For prediction/forecast problems, the optimal choice of the 
rank also depends on the cutoff window (Section 5.4). Control-specific 
applications may also have additional requirements related to runtime 
and accuracy, depending on the safety-level. For example, the optimum 
rank to have reconstruction time less than 0.1 s and accuracy greater 
than 95% would shift to 𝑟 = 16.

Fig.  9 reports the relative 𝐿2 error per feature considering optimum 
rank value 𝑟 = 12. Reconstruction is significantly better for slow-
scale dynamics, with error below 5% for all these features except 
for the two emitter surfaces; the error for the filaments (fast-scale 
dynamics) is around 10%, and the error for the beam current is roughly 
double. In fact, both filaments and beam current exhibit vertical jumps 
at the beginning and at the end of the on-phase. Since DMD-based 
algorithms assume linear Koopman evolution, they represent dynamics 
as smooth exponentials, meaning that the surrogate model is trying 
to approximate step changes using damped oscillatory modes, the 
best linear approximation of a jump-type discontinuity. By considering 
two different DMD models for the two different phases, ignoring the 
discontinuities, the errors for the filaments falls down to 2% (on-phase) 
and 4% (off-phase), whereas for the beam current in the on-phase the 
error is 8%. This is made cleared by Fig.  10, reporting the reconstructed 
filament and emitter temperature and beam current, for the case in 
which the full dataset is considered (red) and the case in which a ded-
icated surrogate model is built for the two phases separately (green), 
keeping 𝑟 = 12: by separating the dynamics the jumps are hidden, and 
the two surrogate models predict a much smoother dynamics, closely 
resembling the actual field (black).

5.2. MIG latent dynamics identification

DMD can be used to extract the key temporal modes describing 
the system. As the dataset contains two different physical phenomena, 
external-driven growth and free decay, these are studied separately 
to capture the key physics of each regime, allowing for easier in-
terpretation and comparison, with the only drawback being the loss 
of information regarding the transition. DMD modes represents the 
system’ overall deviation from equilibrium, and not the local behaviour 
of specific components: as such, mode decay towards zero indicates that 
the system is approaching equilibrium; conversely, exponential growth 
indicates that the system is straying away from equilibrium.

The physical interpretation of each DMD mode refers to the known 
thermal behaviour of the MIG during each operating phase. Specifi-
cally, each mode is characterized by its eigenvalue, which encodes the 
associated damping time scale and oscillation frequency, and by its 
initial amplitude, which reflects the relative importance of that mode 
in the overall system response. By comparing these quantities against 
the known time constants of the MIG components and the expected 
thermal behaviour during the on-phase (externally driven heating) and 
off-phase (free cooling), each mode can be associated with a dominant 
physical process. This interpretation is clearly qualitative in nature, as 
the lumped model does not provide spatial resolution: nonetheless, it 
is consistent with the governing physics and the observed temporal 
dynamics in Fig.  3.
8 
On-phase. The normalized (with respect to the initial condition) tem-
poral modes for the on-phase are reported in Fig.  11, along with their 
initial amplitudes. The dominant mode (blue) is non-oscillatory, and 
physically it represents the global temperature field produced by the 
input power: this is the bulk thermal response of the system, and 
the monotonic behaviour indicates heat addition. The large initial 
amplitude refer to a forced response of the system, causing the large 
initial jump in the filaments temperature; the transient part is an 
exponentially decaying deviation from the final equilibrium, indicating 
that eventually the system will reach a final equilibrium state. The 
second mode (red), the quasi-steady thermal mode, represents the 
temperature increase of the large external components, whose time 
constant is long compared to the duration of the on-phase: physically, it 
captures the slow accumulation of heat leading to an asymptotic steady-
state. Modes three (green) and four (purple) are the thermal diffusion 
eigenmodes, which capture intermediate-time responses (all internal 
components bar the filaments and the radiation heat exchange between 
inner components). The remaining modes capture the step-like response 
of the filaments to the input, as well as the small initial oscillations in 
the temperature profiles of some components.
Off-phase. The normalized dynamics modes of the off-phase are re-
ported in Fig.  12. Modes one (blue) and four (purple) decay very 
slowly, and they represents the heat stored in the inner cavity, which 
gets redistributed to the large external components, causing them to 
heat up during the off-phase. These two modes dominate the long-
term asymptotic behaviour, and they indicates that the MIG will slowly 
reach the new equilibrium state. Modes two (red), three (green) and 
six (black) are the intermediate heat diffusion modes, which capture 
mid-range thermal processes such as the redistribution through the 
thermal shields, the radiative exchange between internal surfaces, and 
the emitter surfaces reaching a uniform equilibrium temperature, equal 
to that of the emitter body. This is indicated by the smooth exponential 
decay and the moderate damping time. Finally, modes five (orange), 
seven (pink) and eight (light blue) represents the fast redistribution 
of heat between the filaments and the cladding, which at the start 
of the off-phase rapidly adjust their temperature towards the new 
equilibrium state. Note that in thermal systems, oscillations represents 
complex-conjugate pairs associated with rapid transient reshaping of 
the temperature field.

5.3. MIG spectral characteristics

Since DMD computes a low-dimensional surrogate of the dynamical 
matrix 𝐀, having the same eigenvalues, any consideration derived from 
the analysis of the eigenvalues of this surrogate 𝐀̃ can be applied 
straightforwardly to the true system matrix. The eigenvalues of 𝐀̃ are 
reported in Fig.  13, for both the on-phase and the off-phase. Each 
eigenvalue 𝜔 = (𝜔) + 𝑖(𝜔) encodes a damping/amplification time 
scale (real part) and a oscillation frequency (imaginary part). Only 
a few modes exhibit mild oscillatory behaviour: as oscillatory pairs 
always appear as complex-conjugates, they do not correspond to phys-
ical resonances, but they represent rapid reshaping of the temperature 
field between components with different time constants. In fact, their 
oscillatory periods (2𝜋∕|(𝜔)| ≈ 4–30 s) coincide with the observed 
short-term ’thermal adjustments’ following the step change (filament 
to cladding heat diffusion, early redistribution within the inner cavity 
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Fig. 7. Comparison between the noisy data (black), the denoised data follow-
ing the reported procedure (gold) and the original, clean data (dashed line) 
for three different time dynamics.
9 
Fig. 8. Pareto front of the multi-objective optimization problem of the selec-
tion of the optimal rank, comparing computational times (x-axis) and overall 
relative 𝐿2 error (y-axis). Both knee value (pink) and optimum rank (green) 
are reported as well, with respect to the reference line.

Fig. 9. Relative 𝐿2 error per feature considering optimum rank 𝑟 = 12.

and the emitter body). Considering the real part, strongly damped 
modes with (𝜔) ≈ −0.2 ∶ −0.4 represents fast transients, which 
dominates the initial seconds of both the on-phase and the off-phase. 
Modes clustered around −0.02 ∶ −0.05 represent slow thermal processes 
with characteristic times of tens of seconds. Finally, modes with (𝜔) ≈
0 correspond to the large external components. In fact, during the 
on-phase the whole system slowly approaches a new equilibrium tem-
perature, whereas during the off-phase the same slow mode becomes 
the dominant cooling component.

The slightly positive on-phase eigenvalue 𝜔1 ≈ 2.4×10−4 s−1, it does 
not indicate numerical instability or physical divergence, as observed in 
Section 5.2. Instead, it indicates that the on-phase represents the slow, 
externally-driven heating, with energy being injected continuously and 
the global temperature of the system monotonically increasing towards 
the new equilibrium state: once the input is removed, the mode moves 
to the negative real axis, as expected from passive cooling.

5.4. MIG dynamics forecast

Another relevant task in the digital twin framework is the capability 
to extrapolate the state of the system in time beyond the available 
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Fig. 10. Feature reconstruction for the filament, emitter and beam current for 
the case in which a single surrogate model accounts for the entire time range 
(green) and the case in which on-phase and off-phase are separated, and two 
independent surrogate models are built. All models have rank 𝑟 = 12.

training range (i.e. forecasting). The focus is on predicting with accept-
able accuracy the final state of the system over the time window of 
interest, to perform informed decisions for control. Given their different 
dynamics, the two phases are studied separately, building a dedicate 
surrogate model for each: for sake of brevity, and given its relevancy 
for control, only the results for the on-phase are reported here. The 
multi-objective optimization problem for the selection of the optimal 
rank now must also consider the cut-off training threshold, that is, the 
final time instant of the dataset used for training the model. Therefore, 
as a first step, the optimization of the dimension of the surrogate 
model is performed, prioritizing lowering as much as possible the cut-
off training time. It is worth mentioning that the results obtained 
in this section refer to the single pulse the model has been trained 
10 
upon: generalization to multiple pulses, which falls into the domain of 
parametric reduced order methods, is the primary direction for future 
works.

The optimization analysis has been carried out as follows: first, 
only ranks with overall 𝐿2 reconstruction error lower than 5% have 
been considered in the analysis (𝑟 ∈ [7 ∶ 31]); for each of these 
rank values, the cut-off training threshold has been lowered to find the 
minimum value satisfying some constraints. Additionally, the slope 𝛽 of 
the experimental and model signal has been computed, to ensure that 
the trend is captured correctly. The constraint on the final prediction 
error for feature 𝑦𝑖 is then3: 

|𝜎𝑖 − 𝜎𝑖| ≤ 2 and |𝛽𝑖 − 𝛽𝑖| ≤ 0.03 (30)

with 𝜎𝑖 being the standard deviation associated with feature 𝑖 and 𝛽𝑖
the slope of the signal: only if this constraint is satisfied for all the 
features, the prediction is considered acceptable. As such, the validity 
of the forecast is assessed through these two quantifiable criteria, which 
measure respectively the absolute deviation between the forecast and 
the true signal at the last time step and the accuracy of the predicted 
trend. A forecast is considered valid if both criteria are simultaneously 
satisfied for all features of interest.

Fig.  14 shows the minimum allowed cutoff training value for differ-
ent values of the rank. Generally, as the rank increases, the minimum 
required training fraction decreases until rank 𝑟 = 24, which corre-
sponds to cutoff of 79%. Beyond this point, there is no substantial 
reduction in the required training fraction: instead, higher ranks in-
crease model capacity but also sensitivity, meaning that more training 
data are needed to reliably keep all features below the error threshold; 
for example, high-rank models may fit noise in the training data.

For the case with 𝑟 = 24 and training cutoff 79%, the maximum fore-
cast error at the last time step is 1.86 ◦C, for the cladding, whereas the 
average error is 1.01 ◦C; for the beam current, the error is 0.71 A. For 
all different ranks the filaments and the cladding are the components 
exhibiting the largest errors, likely due to their fast dynamics, especially 
at the beginning of the transient: in fact, immediately after the jump 
at the start of the on-phase, the filaments exhibit a sharp decrease of 
around 20 ◦C; this dynamics gets encoded in the DMD model, which 
learns that after an increase there may be a decrease in temperature 
(in fact, the forecast always underestimates the true temperature). The 
reconstructed and forecast temperature for the worst-forecast filament, 
worst-forecast cladding and the beam current are reported in Fig.  15. 
Not only the constraint (30) is satisfied, but for all cases, the forecast 
remains within the oscillations due to noise.

The more relaxed the constraints are, the more the cutoff training 
value may shift towards lower values. For example, considering that 
up to now there are no available on-phase experimental data on tem-
perature, and that the most important output of the model is the beam 
current, the constraint may be applied only on this feature, for example 
requiring a forecast error on the beam current at the last time step 
lower than the noise affecting the observations and that the overall 
trend is captured with reasonable accuracy. The ‘soft’ constraint now 
becomes4: 
− 4.4 A ≤ |𝜎𝑖 − 𝜎𝑖| ≤ 4.4 A and |𝛽𝑖 − 𝛽𝑖| ≤ 0.03 (31)

Fig.  16 shows the optimum results with this ‘soft’ constraint, ob-
tained with rank 𝑟 = 9 and with a minimum train cutoff of 0.62. Higher 
ranks lead to worse performance, likely indicating over-fitting, and to 
properly capture the dynamics more data are needed. The model with 

3 Given the lack of experimental data on temperature and of a consensus 
of the required accuracy for digital twins for fusion components, constraints 
for temperature were chosen based on the authors’ expertise.

4 For current, given the availability of experimental data, constraints were 
chosen so that the forecast is considered acceptable if it remains within the 
experimental uncertainty bands.
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Fig. 11. First eight temporal modes for the on-phase, ranked according to the magnitude of the associated singular value.
Fig. 12. First eight temporal modes for the off-phase, ranked according to the magnitude of the associated singular value.
𝑟 = 9 suffers in the reconstruction phase, approximating the vertical 
jumps with sinusoidal signals, however the performance in forecast 
mode is quite good, with a final error of 1.36 A and a slope error of 
2.26%. This model overall runs in 23 s (including both training and 
forecast phase: the latter takes less than 0.1 s).

6. Conclusions

In this work, Dynamic Mode Decomposition (DMD) was success-
fully applied to identify the key transient dynamics of the Magnetron 
Injection Gun (MIG), establishing a robust methodological framework 
11 
for digital twin applications in fusion energy systems. The challenge of 
balancing computational efficiency with predictive accuracy is critical 
for digital twin applications, especially for a component like the MIG 
which is characterized by complex non-linear dynamics and vastly 
different temporal scales, ranging for less than seconds for filament 
response to tens of seconds for external components dynamics. Given 
the methodological nature of the work, the starting model is a vali-
dated lumped model of the MIG, to better focus the analysis on DMD 
characteristics and performance.

The results show that DMD, combined with Hankel embedding, 
provides an effective data pre-processing strategy, achieving significant 
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Fig. 13. Eigenvalues of the surrogate matrix 𝐀̃, considering separately the on-
phase (black) and the off-phase (pink). The magnitude of the least stable mode 
is reported in green.

Fig. 14. Minimum allowed cutoff training value for different ranks, under 
constraint (30) for all features of interest. The maximum absolute error is 
reported as well.

noise reduction while preserving the essential temporal features of the 
system across multiple time scales. This step proved crucial for separat-
ing fast physical dynamics from uncorrelated noise and for improving 
the robustness of the reduced-order representation. Once trained, the 
DMD-based surrogate model successfully extracted the dominant tem-
poral modes governing the MIG thermal behaviour during both the 
on-phase and the off-phase, offering a clear physical interpretation of 
the underlying processes. These include the global thermal response 
driven by input power, the slow heating of large external components, 
intermediate diffusion mechanisms, and fast filament dynamics, thus 
revealing the hierarchical structure of heat transfer within the device.

The spectral analysis of the reduced-order operator further demon-
strated that the DMD surrogate retains meaningful stability informa-
tion. The eigenvalues were found to be predominantly non-oscillatory, 
with the slightly positive eigenvalue observed during the on-phase 
correctly reflecting the externally driven heating process, while the 
off-phase dynamics were characterized by stable, purely dissipative 
behaviour. This spectral insight is particularly relevant for monitoring 
and control-oriented applications.

In reconstruction mode, an optimal rank of 12 provided a good 
compromise between accuracy and computational cost, yielding a rel-
ative 𝐿2 error of 7.61% with total execution times compatible with 
quasi-real-time operation. In addition, the surrogate model showed 
promising forecasting capabilities. When strict accuracy requirements 
were imposed on all state variables, a higher-rank model trained on 
12 
Fig. 15. Reconstructed (gold) and forecast (green) features (from top to 
bottom: filament, cladding, beam current) for the case 𝑟 = 24 and cutoff 
training value 79%.

approximately 80% of the data accurately predicted the remaining 
dynamics. When the focus was restricted to the beam current, which is 
the only experimentally available measurement, reliable forecasts were 
achieved with lower-rank models and shorter training windows, further 
reducing computational requirements.

Regarding the forecast analysis, it must be mentioned that the 
DMD model was trained and validated on a single pulse, and its 
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Fig. 16. Reconstruction and forecast of the beam current for rank 𝑟 = 9 and 
train cutoff 0.62.

generalization to different operating conditions has not yet been as-
sessed. Additionally, the cutoff training value was optimized purely 
on the basis of reconstruction accuracy, without direct correlation to 
the physical response time of the gyrotron system. Establishing such a 
correlation would require experimental data on system response times 
under operational conditions, which is currently unavailable.

Thus, this paper demonstrates how DMD can be used to build 
accurate and fast-computing surrogate models of fusion components, 
establishing a strong foundation for its application to more complex 
fusion component modelling. Future works will include: the extension 
of the analysis to parametric dataset, examining if the surrogate model 
is capable of correctly predicting unseen transients; the use of high-
fidelity models for training data generation to identify the key spatial 
characteristics of the MIG; advanced stability and control analysis 
starting from the surrogate operator eigenvalues, using for example 
non-modal stability analysis; coupling of DMD with uncertainty quan-
tification techniques. The idea is then to conduct further research into 
the reduced order modelling technique for developing the gyrotron 
digital twin, which is an ongoing project and more information are 
provided in [2].
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Appendix A. Hankel embedding

In linear algebra, a Hankel matrix is a structured matrix having 
constant skew diagonals, meaning that element 𝑎𝑖,𝑗 depends only on 
𝑖 + 𝑗: 

 =

⎡

⎢

⎢

⎢

⎢

⎢

𝑎1 𝑎2 ... 𝑎𝑚
𝑎2 𝑎3 .... 𝑎𝑚+1
. . . .
. . . .

⎤

⎥

⎥

⎥

⎥

⎥

(32)
⎣
𝑎𝑑 𝑎𝑑+1 ... 𝑎𝑚+𝑑−1⎦

13 
For DMD, these matrices are constructed by stacking time-shifted copies 
of a time series 𝑥(𝑡), so that each column of  is an 𝑚-length time-
delay embedding of the signal. Such matrices are widely used in system 
identification [19] and singular spectral analysis [20] and are closely 
related to delay embedding techniques. Delay embedding encodes the 
state of a dynamical system through the time history of its observables, 
relying on the fact that the state of an 𝑛-dimensional system can be 
reconstructed from 𝑛 independent observables [21,22]. In this embed-
ded space, deterministic dynamics manifest as low-rank structures in 
the Hankel matrix, while noise remains high-rank. Consequently, the 
singular value decomposition of the Hankel matrix enables separation 
of coherent dynamics from noise, and reconstruction from the dominant 
modes effectively de-noises the signal [23].

Appendix B. Data denoising

Experimental data are usually affected by sensor noise, which makes 
it necessary to distinguish between high-frequency phenomena caused 
by noise and physical phenomena.

The steps of the proposed denoising algorithm are reported below:

1. To remove static biases and centre the data, the temporal mean 
of each feature 𝑖 is subtracted from the dataset: 

𝜇𝑖 =
1
𝑡

𝑡
∑

𝑡=1
(∶, 𝑡) → ̃ =  − 𝜇 (33)

2. The centred data are embedded into a block-Hankel matrix (see 
A)  ∈ R(ℎ⋅𝑤)×(𝑡−𝑤+1) with window size 𝑤.5 In practice, the 
Hankel matrix is built for each window shift 𝑖 = 0,… , 𝑤 − 1:

[𝑖 ⋅ℎ ∶ (𝑖 + 1)ℎ, ∶] = ̃(∶, 𝑖 ∶ 𝑖 + 𝑘 − 1)

𝑘 = 𝑡 −𝑤 + 1 (34)

3. The Hankel matrix is decomposed through Singular Value De-
composition to determine its low-rank structure, and the de-
noising rank 𝑟𝑛 is chosen based on the singular values (1). 
The relevant modes are selected based on cumulative energy 
considerations, which is defined as: 
∑𝑘

𝑖=1 𝑠
2
𝑖

∑𝑟
𝑖=1 𝑠

2
𝑗

. (35)

For denoising purposes (i.e., removing noise-dominated high-
order modes while preserving all dynamically relevant features) 
the selected rank 𝑟𝑛 is the one able to preserve almost 99.9% of 
the variance of the cumulative energy.

4. The Hankel matrix is now projected onto the dominant singular 
subspace, spanned by the first 𝑟𝑛 modes: 
𝑝𝑟𝑜𝑗 = 𝛴𝑟𝑇

𝑟 ∈ R𝑛𝑟×𝑡 (36)

5. Optimized DMD is applied to learn a dynamical model 𝐻̂(𝑡)
in the reduced space by predicting the denoised reduced-rank 
trajectory 𝐻̂𝑝𝑟𝑜𝑗

̂ = 𝑟𝐻̂𝑝𝑟𝑜𝑗 (37)

6. The denoised Hankel matrix is mapped back to the original time 
series dataset via averaging over overlapping segments, and the 
feature means are added back:
̃𝑑𝑒𝑛𝑜𝑖𝑠𝑒𝑑 (∶, 𝑖 ∶ 𝑖 + 𝑘 − 1)+ =

+ = ̂[𝑖 ⋅ℎ ∶ (𝑖 + 1)ℎ, ∶],

for each 𝑖 = 0,… , 𝑤 − 1, (38)

followed by point-wise normalization by the Hankel window and 
the addition to 𝜇.

5 For this analysis, 𝑤 = 40.
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