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Abstract — Next-generation reservoir computing, combining 
reservoir computing with statistical prediction methods, has 
gained attention for its efficiency in computing time and dataset 
requirements for learning [1,2]. This approach has proven 
effective for predicting the behavior of complex dynamical 
systems, which is especially relevant in hardware 
implementations. We recently showed that memristors are 
promising candidates for encoding synaptic weights in 
hardware. However, ridge regression, typically used for training 
artificial neural networks, requires a precise adjustment of the 
memristors’ resistances. Also, the memristive weights could be 
dynamically adapted over training, but this capability is not 
utilized in ridge regression. This work proposes an innovative 
next generation reservoir computing structure, which, subject 
to an adaptive learning process, becomes tolerant to the cycle-
to-cycle variability inherent to memristive synapses. In 
particular, the network synaptic weights are conditionally 
modulated in steps over the learning phase through a gradient 
descent-based training protocol. This allows to mitigate the 
detrimental effects on the reservoir time series prediction 
accuracy due to the unavoidable stochastic errors originating in 
the process of writing weights into the memristive physical 
stacks. Additionally, the adaptive learning process may 
compensate for potential changes in the source data to predict.   

Keywords— Artificial Intelligence, Memristors, Machine 
Learning, Neural Networks, Reservoir Computing, Auto-
Regression, Ridge Regression Training, Adaptive Gradient 
Descent Training, Learning, Inference  

I. INTRODUCTION 
 

Artificial Intelligence (AI) has been attracting considerable 
interest in the scientific community over the past decade, 
especially with the advent of nanotechnologies enabling the 
circuit implementation of bio-inspired data processing 
paradigms.  In this context, the combination of Reservoir 
Computing (RC) with statistical prediction methods, also 
known as Next Generation Reservoir Computing (NGRC), 
enables extremely efficient performance in data processing 
and data set requirements for learning [1,2]. This method has 
proven its strengths in predicting the behavior of complex 
dynamical systems, particularly in hardware implementations 
[3,4]. As we recently demonstrated, memristors are 
particularly suitable for the realization of the synaptic weights 
in the output layer of an artificial neural network [4]. The 
standard procedure to train a reservoir uses a ridge regression 
algorithm [1], which employs data points from an input 
sequence in order to determine optimal values for the 
synaptic weights all at once within a single step. Such a 
learning procedure is however sensitive to the random errors 
in the conductances, written in the memristors, relative to the 

desired weights. Programming the memristors accurately in a 
reproducible form is a formidable challenge due to the 
stochastic cycle-to-cycle variability affecting their electrical 
response to the periodic stimuli employed to store synaptic 
weights into their physical stacks [5,6]. Moreover, the main 
advantageous reason for using a memristor as a synaptic 
emulator, namely its plasticity, cannot be used in a ridge 
regression-based learning protocol, due to the high variability 
it suffers from [4]. Introducing a novel learning algorithm, 
exploiting a continuous adjustment of the  memristive 
weights, would enable the resulting neural network to adapt 
to time-varying conditions, allowing the implementation of 
multi-tasking paradigms across its physical medium.  

 
Fig. 1 Time series prediction of the 𝑖!"  sample 𝑥#  of an input data set (a) 
through the mNGRC scheme (b). The input time series is not pre-processed. 
The memristors, encoding the synaptic weights, tuned over the training 
phase, are assumed to operate as linear resistors during the inference phase, 
which allows to test how well did the reservoir learn the computing task [1].  
  

Motivated by the aim to overcome the open problem 
discussed above, in this work we introduce an innovative 
Memristive Next-Generation Reservoir Computing 
(mNGRC) system, which, by undergoing an adaptive 
learning process, acquires a more robust inference 
functionality, relative to the case, where it is merely subject 
to a ridge regression training protocol, especially against the 
intrinsic stochasticity of the memristive synapses. In 
particular, the synaptic weights of the network, and thus also 
the memristances, encoding them, are gradually adjusted 
during the learning phase, under suitable conditions, through 
an adaptive procedure based upon a well-known learning 
rule, referred to as gradient descent. Importantly, as 
demonstrated via numerical simulations, this approach helps 
reducing the negative impact, which stochastic errors, 
occurring unavoidably while mapping synaptic weights onto 
memristive physical stacks, have on the reservoir 
performance, and can also compensate for unexpected 
changes in the input data under processing. 
             
II. ADAPTIVE MEMRISTIVE NEXT GENERATION RESERVOIR 

COMPUTING 
 

Fig. 1 shows a sketch of the mNGRC scheme for time series 
prediction. The reservoir employs an autoregression model 



for inferring the next sample of an input dataset. The synaptic 
coefficients that weight the past input samples, which are 
added in the polynomial expression for the current output 
sample, are encoded in the conductances of memristive 
devices [1]. More in detail, the time waveform of a state 
variable 𝑥 of a nonlinear dynamic system (see the black trace 
in Fig. 1(a)) is sampled at regular time intervals. The resulting 
time series of length 𝑛 is then fed into the network, 𝑘 samples 
per step, for a one-step-ahead prediction, as shown in Fig. 
1(b). For this purpose, at the time instant 𝑡! , the mNGRC 
system employs	the	𝑘 data points, which directly precede the 
sample 𝑥! , to be predicted, specifically 𝑥!"# , …, and 𝑥!"$ 
( 𝑖 ∈ {𝑘 + 1,… , 𝑛}, 𝑘 << 𝑛 ). The predicted value for 𝑥! , 
called 𝑥2!, is thus estimated via 
 

𝑥"! = ∑ 𝑤" ∙ 𝑥!#"$
"%& ,   (1) 

 

where the real-valued polynomial coefficients1  𝑤# ,…, 𝑤$ , 
also known as synaptic weights, are encoded in the 
conductances 𝑔# ,…,	𝑔$  of 𝑘  memristive devices through a 
suitable programming step, which implements the mapping 
operation 𝑤% → 𝑔% for any index 𝑗 in the set {1, … , 𝑘}.  
 

 
Fig. 2. Quasi-static current-voltage locus of a device sample under 20 
consecutive resistance switching cycles of a purely-AC periodic triangular 
voltage signal of amplitude 1V and frequency 0.1Hz applied between its top 
and bottom electrodes. The grey traces reveal the cycle-to-cycle variability 
in the RESET and SET resistance switching transitions, which the non-
volatile memristor undergoes in each cycle during the negative and positive 
excursions of the voltage stimulus, respectively. Extracting the median data 
point of the currents, recorded for each stimulus value across all the 20 
cycles, results in the black locus. The modulus of the current is constrained 
to keep smaller than a RESET (SET) compliance level, fixed here to 1mA 
(100 μA), to prevent an irreversible damage to the physical stack. The SET 
compliance level also allows to re-program the device SET and RESET 
conductance levels, also referred to as states A and B in the remainder of the 
paper, respectively. The inset shows a sketch of the device physical stack, 
where the resistance switching medium is a sub-stoichiometric Hafnium 
oxide (HfOx) layer.  
 

Thus, the proposed energy-efficient hardware 
implementation requires just one column of 𝑘  memristive 
devices to apply a k-th order one-step-ahead prediction of a 
sequence of 𝑛 − 𝑘  input data points. Critically, for the 
mapping operation to work ideally, the conductances of the 
memristors should be linearly tunable under suitable 
stimulation. Moreover, the memristors should exhibit a large 

 
1 While in this study the synaptic weights are allowed to assume both positive 
and negative values, their mapping onto the strictly-positive conductance 
levels, which may be stored in a passive resistance switching memory, calls 

off-to-on resistance ratio and their operating principles 
should be robust against variability sources. The following 
section describes the methodology of fabrication adopted in 
house to produce memristive devices, showcasing a good yet 
non-ideal performance in these critical figures of merit. These 
devices shall be later used in the reservoir from Fig. 1(b) for 
testing the proposed adaptable learning paradigm. 

III. DEVICE FABRICATION AND ELECTRICAL CHARACTERISTICS 

A. Device Fabrication 
A thin-film technology was employed for the fabrication of 
the memristive devices (the Al/HfOx/TiN layer sequence of 
one device sample is shown in the inset of Fig. 2). In order to 
make a statistically sound statement about the electrical 
properties of the memristors, taking into account their 
intrinsic variability, a wafer-scale fabrication process was 
pursued. This resulted in the production of a 4-inch wafer  
hosting more than 30000 individual memristors. At the 
beginning of the fabrication, a 4-inch Si wafer was subject to 
a wet oxidation process at a temperature T of 1050 °C, which 
turned it into a 400 nm SiO2 layer. Then, 50 nm thick TiN 
bottom electrodes were deposited on the SiO2 layer through a 
90 s DC magnetron sputtering process at a power P of 800 W 
injecting a gaseous mixture of nitrogen and argon in the 
chamber. Afterwards, a 10 nm thick HfOx layer was 
deposited on an area of 50×50 µm2 by using RF sputtering at 
a power of 500 W, injecting in the chamber, kept at a pressure 
P of 0.005 mbar, the same gaseous mixture, mentioned above, 
with a Ar:O2 flow ratio of 1:1. Then DC sputtering at a power 
of 500 W was pursued to deposit 50 nm thick Al top 
electrodes. To passivate the area, a 130 nm SiO2 layer was 
evaporated by means of an inductively coupled plasma 
chemical vapor deposition process. Finally, to allow 
connections to external circuitry, a 400 nm thick Al layer was 
sputtered on top of the overall physical structure under DC 
conditions. All the layers were photolithographically 
patterned through the use of a mask aligner and a subsequent 
etching process. 
 

B. Device Electrical Characteristics 
In order to endow the memristor samples with reversible 
resistance switching capability, the fabrication process was 
followed by an electroforming step performed through a 
probe station equipped with a “Keysight B2911B” source-
measurement unit. During this step, the sample was subject 
to a constant forming voltage of 4V, and, concurrently, the 
current, flowing through it, was limited to a compliance level 
of 100 μA to prevent a hard breakdown of the physical stack 
in the resulting SET transition. The electroforming process 
induced the formation of a conductive filament through the 
HfOx “active” layer. Unfortunately, this step is one of the 
major factors at the origin of the stochasticity characterizing 
the memristor conductance modulation process via periodic 
excitation, as explained in detail next. A typical post-
electroforming current-voltage locus of a memristive sample, 
as a periodic quasi-static triangular voltage waveform of 
amplitude 1V, zero time average, and frequency 0.1Hz was 
let fall between its terminals, is shown in Fig. 2 for 20 

for the development of ad hoc circuit design strategies in the hardware 
realization of the mNGRC engine.  
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consecutive switching cycles. Here, the compliance levels of 
the current in the positive and negative excursion of the 
voltage stimulus were respectively set to 100 µA and to 1 
mA. The device was found to exhibit a bipolar resistive 
switching behavior, undergoing a SET (RESET) process, for 
positive (negative) values of the voltage stimulus. Despite, in 
the experiment, Fig. 2 refers to, the memristor switches 
essentially between two resistance states, its conductance can 
be re-programmed to different levels by varying the current 
compliance during the SET process, as demonstrated in Fig. 
3. In the underlying experiment, one device sample was 
reprogrammed into as many as 34 different resistive levels, 
17 for state A and 17 for state B, by modulating the current 
compliance for the SET process in the purely-AC periodic 
quasi-static stress test illustrated in Fig. 2. This enables to 
tune the device conductance across a range of values 
spanning nearly one order of magnitude. In particular, the 
higher conductance state A was discretely modulated from 
270 μS to 660 μS, whereas the lower conductance state B was 
stepped from 60 μS to 330 μS. As may be evinced by 
inspecting the red (black) dataset in Fig. 3, however, the read 
measurements of each conductance level from state A (B), 
following each of the 20 consecutive SET (RESET) 
transitions, provide proof of evidence for the non-negligible 
cycle-to-cycle variability the memristive device suffers from. 
As may be evinced from the figure inset, the distribution of 
the relative standard deviation across the entire conductance 
measurement data set reveals that the fluctuations of a 
resistance level, relative to the mean between the 
corresponding 20 read measurements, may be as large as 
40%. In the worst-case scenario the ridge regression 
algorithm, typically employed to train the memristive 
synaptic weights of the reservoir of Fig. 1(b), would be 
inadequate, as will be demonstrated shortly. Reducing the 
error in the conductance programming phase to a bare 
minimum would require additional error correction cycles, 
which however increase the energy consumption and reduce 
the time efficiency of the process. On the basis of this 
analysis, as outlined in the section to follow, we propose a 
novel training methodology, inspired to the gradient descent 
algorithm, which allows to adapt conditionally the 
memristive synaptic weights of the reservoir in Fig. 1(b) 
during the learning phase, even while adopting the non-ideal 
yet time- and energy-efficient programming strategy 
described above.   

IV. RESERVOIR TRAINING METHODS 
State-of-the-art training method 
For reservoir computing a ridge regression training protocol 
is commonly used to train the 𝑗&'  synaptic weight 𝑤% , for 
each index 𝑗 ∈ {1,… , 𝑘}, as described in [1]-[3]. Here, before 
the computation of the weight vector 𝒘, whose components 
are 𝑤#,…, 𝑤$ , a matrix S is formed from the training data 
points according to 
 

  𝑺 = @
𝑥$ ⋯ 𝑥#
⋮ ⋱ ⋮

𝑥("# ⋯ 𝑥("$
D,      .               (2) 

 

where the 𝑚)( row contains in fact the set of input samples 
𝑥$*+"#, …, 𝑥+ necessary to provide an estimate, referred to 
as 𝑥2$*+, for the input data point 𝑥$*+ (𝑚 ∈ {1,… , ℎ − 𝑘}). 
The weight vector 𝒘 is then calculated via 

 

          𝒘 = (𝑺, ∙ 𝑺 + 𝛾 ∙ 𝑰)"# ∙ 𝑺, ∙ 𝒙𝑻,            (3) 
 

where 𝛾  is the so-called regression coefficient, set here to 
10". , 𝑰  stands for the identity matrix, and 𝒙𝑻 ≜
[𝑥$*#, … , 𝑥(]/  denotes the (ℎ − 𝑘) -long training target 
output vector, composed of the part of the 𝑛-point time series,  
which is predicted during the training phase (the remaining 
𝑛 − ℎ samples of the overall input sequence 𝒙 = [𝑥#, … , 𝑥0]/ 
, collected in the inference target output vector 𝒙𝑰 ≜
[𝑥(*#, … , 𝑥0]/ , are then used for testing). This training 
protocol stands out for the time efficiency, yet its accuracy 
demands an error-free weight update. However, the 
variability in the conductance of any memristor sample from 
programming cycle to programming cycle results in 
significant inaccuracies during the reservoir training phase. 
 

 
Fig. 3. Dependence of the conductance of one of the device samples upon 
the SET current compliance for each of the 17 levels the state A and the state 
B are separately programmed onto through the quasi-static test illustrated in 
Fig. 2. For each compliance current the spread in the data point, associated 
to state A (B), is computed from the 20 conductance read measurements 
carried out after each of the 20 consecutive SET (RESET) resistance 
switching processes triggered by the purely-AC periodic triangular voltage 
stimulus. Denoting the mean value and the standard deviation for the set of 
20 conductance readings, directly following the 𝑖!" SET (RESET) process, 
under the 𝑖!"  SET compliance current 𝐼$,&'(

(#) , as 𝐺̅&'((+'&'()
(#)  and as 

𝜎,,&'((+'&'()
(#) , respectively, the histogram on the inset of Fig. 3 shows the 

relative standard deviation 𝜎,,&'((+'&'()
(#) /𝐺̅&'((+'&'()

(#)  for 𝑖 ∈{1,…,17}. Each 
of the 17 runs allows to measure the conductance of the device after both the 
SET and RESET transitions for 20 consecutive cycles. Looking at its 
statistical distribution, the relative standard deviation keeps below 20% for 
most of the 34 estimates, but it increases up to 40% in the worst-case 
scenario.    
 

Adaptive training method 
 

To compensate for the inherent cycle-to-cycle variability, 
affecting the electrical behavior of a memristive sample, we 
propose an innovative adaptive procedure, that conditionally 
tunes the synaptic weights, according to the gradient descent 
learning rule, during the entire training phase. For each index 
𝑗 ∈ {1,… , 𝑘}, we first initialize the 𝑗&'  synaptic weight 𝑤% 
with a value randomly drawn from a normal distribution with 
mean 0 and a standard deviation, indicated as 𝜎2, and treated 
as a tunable parameter later on (see especially Fig. 5(b), 
where 𝜎2 is named initial weight variation). The initialization 
is employed to make the first one-step-ahead prediction, 
specifically to estimate the data point 𝑥$*# at 𝑡 = 𝑡$*#. Over 
the course of the training phase, the 𝑗&' synaptic weight 𝑤% is 
updated at any given time instant 𝑡! , if and only if the 
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prediction error ε! ≜ |𝑥"! − 𝑥!|  for the 𝑖&'  input sample 𝑥! 
exceeds a threshold 𝜀)( , which is set to 0.1 in this study (𝑖 ∈
{𝑘 + 1,… , ℎ} ). At that time instant, the cost function 𝐶! , 
employed for the gradient descent rule, is expressed as 
 

             𝐶! =
#
3
∑ (𝑥2!"4 − 𝑥!"4)5
3
46# ,         (4) 

 

where 𝑞 , set here to 5, denotes the number of input data 
points, directly preceding the 𝑖)(  sample 𝑥! , for which the 
calculation of the cost function at time 𝑡!  is made. The 𝑟)( 
component in the sum from (4) is the square of the error 
between the sample 𝑥!"4 in the training target output vector 
𝒙𝑻 = [𝑥$*#, … , 𝑥(]𝑻  at time instant 𝑡!#'  and the 
corresponding prediction value 𝑥2!"4 . From equation (1), 
taking into account the adaptability of the 𝑘 synaptic weights 
in the reservoir of Fig. 1(b) during the training phase, the 
prediction for 𝑥! can be recast as  

𝑥"! = ∑ 𝑤"
(!#&) ∙ 𝑥!#"$

"%& .   (5) 
where 𝑤"

(!#&) denotes the 𝑗&' synaptic weight at 𝑡 = 𝑡!"#. The 
cost function at 𝑡 = 𝑡! can be rewritten as 
 

        𝐶! =
#
3
∙ ∑ XY∑ 𝑤%

(!"4"#) ∙ 𝑥!"4"%$
%6# Z − 𝑥!"4[

53
46# .        (6) 

 

This form allows a direct calculation of the partial derivative 
of 𝐶! with respect to 𝑤%

(!"#) through 
 

                -$!
									-/"

(!$%) =
0
1
∙ ∑ 12∑ 𝑤2

(#3435) ∙ 𝑥#34326
275 4 − 𝑥#346

1
475 ∙ 𝑥#3432 

                                	= 0
1
∙ ∑ (𝑥9#34 −	𝑥#34)

1
475 ∙ 𝑥#3432 .                                (7) 

 

Thus, if the error ε! in the prediction of the input sample 𝑥! at 
𝑡 = 𝑡!  exceeds the predefined threshold 𝜀)( , for each index 
𝑗 ∈ {1,… , 𝑘}, the 𝑗)( synaptic weight 𝑤%

(!"#) at the previous 
time step is updated by a quantity ∆𝑤%

(!"#) , which is 
proportional to the partial derivative of the cost function 𝐶! 
with respect to 𝑤%

(!"#) , up to a negative scaling factor, in 
accordance with the gradient descent rule. Specifically, the 
𝑗)( weight correction factor is computed via 
 

                ∆𝑤%
(!"#) = −𝛾′ ∙ 9:!

									9<"
(!$%),         (8) 

 

where 𝛾′, set here to 0.5, denotes the learning rate. In order to 
model the non-ideal operating principles of our memristive 
synapses, expected to encode the synaptic weights in the 
hardware implementation of the reservoir, for each index 𝑗 ∈
{1,… , 𝑘}, the updated value for the 𝑗)( synaptic weight at 𝑡 =
𝑡!, i.e.  
 

      𝑤"
(!)=𝑤"

(!#&) + ∆𝑤"
(!#&),                                   (9) 

 

with ∆𝑤%
(!"#) computed deterministically via equation (7), is 

further perturbed by an additive stochastic component 
sampled from a normal distribution with mean value 𝑤%

(!) and 
standard deviation 𝜎<"

(!) . Importantly, in the analysis to 

follow, the relative standard deviation 𝑐(!) = 𝜎<"
(!)/𝑤%

(!) will 

be treated as a tunable parameter independent of 𝑖  (see 
especially plots (a) and (b) of Fig. 5, where such constant, 
indicated as 𝑐, is called weight variation). At a certain time 
instant 𝑡! , the 𝑘  weights attain values, which sets the cost 
function 𝐶! so close to its global minimum that the prediction 

error keeps consistently below the threshold 𝜀)(, thereafter. 
Beyond this point, further modifications to the weights would 
necessitate alterations to the training sequence under 
prediction. 
 

V.   RESULTS AND DISCUSSION 
To demonstrate the extent, to which the adaptive training 
method, introduced in the previous section, can compensate 
for the inherent memristor cycle-to-cycle variability, a 
mNGRC network, falling in the class illustrated in Fig. 1(b) 
of Section II, and hosting as few as 5 memristors, is trained 
using both ridge regression and the adaptive training method 
proposed here. The task involves performing a one-step-
ahead prediction of the temporal solution of a classical 
nonlinear ordinary differential equation (ODE) system, 
referred to as Duffing oscillator in the literature. The ODE, 
describing the nonlinear dynamics of a damped spring with 
nonlinear restoring force under the effects of a periodic 
stimulus, reads as 
 

    𝑥̈ + 𝛿𝑥̇ − 𝐹(𝑥) = 𝐹*(𝑡),                      (10) 
 

where x is the displacement of the spring from the rest 
position, 𝛿 is the damping parameter, while  
 

𝐹(𝑥) = −𝛼 ∙ 𝑥 − 𝛽 ∙ 𝑥+, and                       (11) 
 

𝐹*(𝑡) = 𝛾	(cos(𝜔&t) + cos(𝜔,𝑡))       (12) 
 

are the nonlinear restoring force, where 𝛼  and 𝛽  are real 
coefficients, and the periodic stimulus, composed of the sum 
of two cosine waves of angular frequencies 𝜔# and 𝜔5 and 
common amplitude 𝛾 , respectively. Setting the model 
parameter setting, as reported in Table I, the oscillator 
exhibits a chaotic behaviour.  
 

Table I. Model parameter setting for the ODE (10)-(12). The 
physical units are omitted for simplicity.  
 

𝛿 𝛼 𝛽 𝛾 𝜔& 𝜔, 
0.02 1 0.1 4 1 1.1 

 

The two training protocols under comparison are applied to 
the mNGRC network of Fig. 1(b) for 𝑘 = 5, assuming, as a  
worst-case scenario, a 40% stochastic deviation of the 
synaptic weights from their nominal values, choosing a 
normal distribution for the selection of the random 
perturbations. For the ridge regression algorithm, the 
displacements of the synaptic weights occurs only once after 
the computation of their nominal values via equation (3). In 
regard to the proposed adaptive training paradigm, for each 
index 𝑗 ∈ {1,… , 𝑘}, a stochastic perturbation is added up to 
the 𝑗)( synaptic weight at the beginning of the training phase  
for the prediction of the input sample 𝑥$*#, as well as to its 
updated value 𝑤%

(!), computed through equation (9), at each 
subsequent time instant 𝑡! , when the error ε! between the 𝑖&' 
sample 𝑥2! in the prediction time series and the 𝑖&' sample 𝑥! 
in the input data sequence were found to exceed the threshold 
ε)( . As shown in Fig. 4(a), the time series prediction 
capability of the mNGRC network, trained via ridge 
regression, is jeopardized by the detrimental effects 
originating from the poor reproducibility of the memristor 
programming phase. On the other hand, Fig. 4(b) 
demonstrates how well does the very same reservoir learn 
how to make a one-step-ahead prediction of the chaotic 
solution to the Duffing oscillator ODE (10)-(12), when it 
undergoes the proposed adaptive training, despite the cycle-



to-cycle variability in each of the 34 resistance levels, 17 for 
the higher conductance state A and 17 for the lower 
conductance state B, which may be stored in the resistance 
switching memory through the purely-AC periodic stress test 
illustrated in Fig. 3.   

 
Fig. 4 One-step-ahead prediction of a chaotic time series, solving the Duffing 
oscillator ODE model (10)-(12) with parameter setting from Table I, through 
the mNGRC system of Fig. 1(b). The ridge regression algorithm, plot (a) 
refers to, was preliminary applied to the dataset, enabling the reservoir to 
learn the computing task of interest, and collected in the training target output 
vector 𝒙𝑻 = [𝑥695, … , 𝑥"]:, to determine nominal values for the 𝑘 synaptic 
weights. Then, after displacing the 𝑗!"  weight 𝑤2  out of its nominal value 
through an additive random perturbation drawn from a normal distribution 
with mean value 𝑤2 and relative standard deviation 𝑐 = 𝜎/"/𝑤2 = 0.4, for 
each index 𝑗 ∈ {1, … , 𝑘}, the entire input time series 𝒙 = [𝑥5, … , 𝑥;]:, where 
the testing dataset, collected in the inference target output vector 𝒙𝑰 =
[𝑥"95, … , 𝑥;]: directly follows the training sequence, was injected into the 
reservoir. The green (blue) trace shows the response of the network over the 
training (testing) phase. The black trace shows the input sequence, the first 
(second) half of which is used for training (testing). Clearly, the mNGRC 
network is unable to learn how to perform a one-step-ahead prediction of the 
chaotic time series under the detrimental effects originating from the cycle-
to-cycle variability affecting the electrical behaviour of its memristive 
synapses. (b) Response of the mNGRC network of Fig. 1(b) to the same input 
dataset, employed in (a), under the assumption that, in the first half of the 
simulation, and for 𝑗 ∈ {1, … , 𝑘} , at each time instant 𝑡# , with 𝑖 ∈ {𝑘 +
1,… , ℎ}, where the gradient descent algorithm, employed here for training 
the reservoir, identifies an error ε# between network output 𝑥9# and respective 
training input data point 𝑥# beyond a predefined threshold ε!", set to 0.1, the 
𝑗!" weight 𝑤2

(#35) from the previous time step is first updated according to 
equation (9), and then displaced from the updated value 𝑤2

(#)  through a 
perturbation drawn from a normal distribution with mean value 𝑤2

(#)  and 
constant relative standard deviation 𝑐(#) = 𝜎/"(!)/𝑤2

(#)  assumed to equal a 

constant 𝑐, taken equal to 0.4 for a fair comparison with the ridge regression 
protocol. In order to allow the prediction of the first sample in the training 
target output vector 𝒙𝑻 , specifically 𝑥695 , each synaptic weight was 
randomly initialized from a normal distribution with mean 0 and standard 
deviation 𝜎= taken equal to 0.4. The green, blue, and black traces have the 
same significance as in plot (a). Each red point on the green trace appears at 
a time instant 𝑡# , at which ε# > ε!" , which triggers an update to the 𝑘 
synaptic weights. Clearly, our adaptive weight update paradigm successfully 
trains the reservoir, compensating for the inherent stochasticity in the cycle-
to-cycle response of each memristor to the periodic quasi-static stimulus 
employed to reprogram its conductance state. In both simulations, plots (a) 
and (b) refer to, 𝑘, ℎ and 𝑛 were respectively set to 5, 500 and 1000.  
 
To gain a deeper insight into the impact of the cycle-to-cycle 
variability, affecting negatively the reproducibility of the 
memristor conductance update procedure, illustrated in Fig. 
2, on the efficacy of the ridge regression (adaptive gradient 
descent-based) training method, the constant 𝑐, indicating the 

relative standard deviation of the normal distribution, from 
which a random perturbation to each synaptic weight is 
sampled, each time where its update is necessary (once and 
for all after its optimal value is extracted from the 𝑘-long 
vector computed via equation (3)), was incrementally 
increased in 40 steps from 1% to 40%. Moreover, in the 
proposed training protocol, for each value, assigned to 𝑐, the 
standard deviation 𝜎2 of the normal distribution, from which 
the initial value of each weight was sampled, was also 
incrementally increased in 40 steps from 1% to 40%. For each 
value assigned to the parameter 𝑐 (pair of values assigned to 
the two parameters in the pair (𝑐, 𝜎2)), the ridge regression 
(adaptive gradient descent) training protocol was run as many 
as 1000 times. The mean squared error (MSE) in the one-
step-ahead prediction of the (𝑛 − ℎ)-long inference target 
output vector 𝒙𝑰 = [𝑥(*#, … , 𝑥0]/ , extracted from the 𝑛 -
point Duffing cell chaotic time series 𝒙 = [𝑥#, … , 𝑥0]/, for 
the 𝑙-. simulation run, indicated as MSE(=), is computed via   
 

   MSE(=) = #
0"(

∙ ∑ ε!,=50
!6(*# ,                      (13) 

 

where, for 𝑖 ∈ {ℎ + 1,… , 𝑛} , ε!,= = |𝑥2!,= − 𝑥!|  denotes the 
error between the 𝑖)(  element 𝑥!  in the testing sequence of 
the input time series and the respective prediction value 𝑥2!,= 
for the 𝑙)( realization of the numerical simulation, 𝑙 ranging 
in the set {1, … ,1000}. The median level across the MSE 
numbers, collected in the 1000 simulation runs for each 
parameter 𝑐  (for each parameter pair (𝑐, 𝜎2) ) during the 
testing phase, following the application of the ridge 
regression (of the adaptive gradient descent) training 
algorithm, is then plotted as a blue (black) point marker in 
Fig. 5(a). In regard to the inference results, resulting from the 
proposed training protocol, in correspondence to each value, 
assigned to the parameter 𝑐 , a green point marker is also 
reported in Fig. 5(a) to show the median level across all the 
median MSE numbers, computed, as explained above, for 
each of the 40 levels 𝜎2 was set to, while keeping 𝑐 to the 
predefined level, and expressed by the ordinates of the 
vertically-aligned black point markers featuring 𝑐  as 
abscissa. Except for those scenarios, where the relative 
standard deviation 𝑐 is set to values below 0.03, training the 
mNGRC engine through the proposed adaptive algorithm 
improves its capability to predict the testing part of the input 
sequence over the case when it learns the computing task of 
interest according to the ridge regression protocol. The 
performance mismatch becomes more and more significant 
as 𝑐 increases toward its worst-case 0.4 upper bound, since 
increments in the relative standard deviation truly weaken the 
time series prediction capability of the reservoir over the 
testing phase only when the synaptic weights are 
programmed through the ridge regression paradigm during 
the training process. The green trace increases only mildly 
with increments in 𝑐, assuming values below 3.1 ∙ 10"?. Last 
but not least, referring to Fig. 5 once again, plot (b), 
combining the information inferable from the coordinates of 
the 1600 black markers, reported in plot (a), shows a color 
map, which illustrates in a compact form the time series 
prediction performance of the reservoir during the inference 
phase, following the proposed adaptive training process, on 
the parameter plane, spanned by 𝜎2 on the horizontal axis and 
by 𝑐 on the vertical axis. Here, importantly, for a given value, 
assigned to 𝑐, the time series prediction performance of the 



mNGR core, as the inference phase is under way, appears to 
be rather insensitive to increments in 𝜎2 up to the worst-case 
0.4 upper bound. The robustness of the inference 
performance of the reservoir of Fig. 1(b) against the 
stochastic cycle-to-cycle variability, affecting inevitably the 
electrical behaviour of each of the memristors, it hosts, in the 
hypothesis the proposed adaptive training process is executed 
to set appropriate values for the synaptic weights, is of 
fundamental importance in view of a future hardware 
realization of the computing system.      

 
Fig. 5. (a) Illustration allowing to evaluate the capability of the mNGRC 
system from Fig. 1(b) to predict the (𝑛 − ℎ)-long testing part of the 𝑛-point 
Duffing oscillator chaotic time series 𝒙 = [𝑥5, … , 𝑥;](  after its synaptic 
weights are subject to a learning process based upon the ridge regression 
protocol and upon the proposed adaptive gradient descent paradigm, 
respectively. Each blue (black) point marker shows, for one particular choice 
of the parameter 𝑐 (of the parameter pair (𝑐, 𝜎=)), the median value between 
the numbers, computed for the MSE between the inference input vector 𝒙𝒊 =
[𝑥"95, … , 𝑥;](  and the respective prediction vector 𝒙M𝒊 = [𝑥9"95, … , 𝑥9;]( 
across 1000 realizations of a numerical simulation, in which the reservoir 
was let learn the computing task of interest according to the ridge regression 
(proposed adaptive gradient descent) protocol before the inference phase. 
The ordinate of the green point marker, in correspondence to each value, 
assigned to the parameter 𝑐 , is the median of the ordinates of the 40 
vertically-aligned black markers sharing the abscissa 𝑐. Clearly, the adaptive 
gradient descent training protocol outperforms the ridge regression 
counterpart. (b) Color map revealing how well does the mNGRC engine 
predict the Duffing oscillator chaotic time series, despite the stochasticity of 
the memristor programming and initialization process, when it undergoes the 
proposed adaptive learning phase. Each median MSE value, corresponding 
to one of the ordinates of the 1600 black point markers from plot (a), appears 
on the 𝑐  versus 𝜎=  parameter plane as a point marker, whose hue is 
appropriately chosen according to the median MSE-color coding map, 
illustrated in the legend.          

VI. CONCLUSION 
This paper introduces a novel adaptive method to train the 
synaptic weights in memristive next-generation reservoir  
computing networks. The classical ridge regression training 
process employs a well-defined computational protocol to 
find optimal weights for the reservoir in a single step. Here, 
however, the practical impossibility for encoding weights 
onto memristive conductance states in a precise and 
reproducible form results in an inevitable and unacceptable 
degradation in the reservoir one-step-ahead time series 
prediction performance. On the other hand, by inducing 
suitable step-wise changes to the synaptic weights, so as to 
allow the trajectory point, moving, as a result, along the 
multi-dimensional surface of a history-dependent cost 
function, to converge progressively toward its global 
minimum, the proposed adaptive gradient descent-based 
learning algorithm is able to endow the predictive capability 
of the reservoir with robustness against the detrimental 
perturbation effects originating from the stochastic cycle-to-
cycle variability characterizing switching transitions in 

memristive devices. Together with other recent studies on 
non-volatile ([4], [8]-[10]) and volatile memristors [11]-[16], 
this work sheds light on the promising potential of resistance 
switching memories for the design of energy-efficient bio-
inspired circuits and systems for the electronics of the future. 
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