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An Adaptive Backstepping Geometric Control for Spacecraft Attitude
Dynamics with Unknown Inertia Parameters

Pierantonio Bertuccio® and Jean-Luc Sarvadon? and Mauro Mancini® and Elisa Capello?

Abstract—This paper presents an adaptive backstepping
controller formulated on the special orthogonal group SO(3),
designed to address uncertainties in the spacecraft’s inertia
tensor without relying on gain scheduling. Taking advantage of
the intrinsic Lie group-based attitude representation, the pro-
posed controller provides adaptability to poorly modeled phe-
nomena such as refueling, structural deployment, or damages.
The effectiveness of the proposed controller is demonstrated
both theoretically, through Lyapunov-based stability analysis,
and numerically, via a simulation involving time-varying and
unknown inertia, showing successful tracking of the desired
reference attitude despite these difficulties. A comparison with
a geometric PD tracking controller that includes feedforward
and dynamic inversion demonstrates that the proposed adaptive
approach is more accurate when the effort is comparable.

I. INTRODUCTION

In recent years, the development of space manipulators
capable of interacting with non-cooperative or unknown
spacecraft have attracted growing interest from space agen-
cies [1]. Indeed, space manipulators are the foundation for
the realization of On-Orbit Servicing (OOS) missions, such
as inspecting, capturing, refueling, and repairing satellites,
assembling and maintaining large space infrastructure, and
removing orbital debris [2]-[4]. All of these tasks create
significant opportunities to improve cost efficiency and sus-
tainability in the space economy. However, the field of OOS
still faces considerable challenges that must be addressed,
such as precise and safe manipulation of objects in harsh
environments, uncertainties in object state estimation, motion
planning, and feedback control. In particular, the attitude
control systems of OOS manipulators must cope with ex-
ternal disturbances and significant time-varying uncertainties
in the inertia tensor, due to interaction with non-cooperative
targets and dynamic reconfiguration during manipulation
activities. Attitude control of OOS robots is often addressed
through robust control methodologies such as H., [5] and
Sliding Mode Control (SMC) [6]. Although robust control
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design guarantees stability and disturbance rejection under
worst-case uncertainties and perturbations, this conservatism
inevitably limits performance under milder operating condi-
tions.

To overcome this drawback, adaptive control has emerged
as a particularly promising strategy as it can effectively
cope with large parametric uncertainties and time-varying
dynamics. The interest in controllers capable of adapting
to uncertainties in the inertia matrix is well documented
in the literature. For instance, Panfeng Huang et al. [7]
demonstrated the application of adaptive backstepping con-
trol for the capture of tethered, tumbling targets. Similarly,
Wencheng Luo et al. [8] proposed inverse optimal adaptive
control laws to address the attitude tracking problem of rigid
spacecraft with uncertain inertia parameters. Ahmed et al.
[9] designed a control law able to guarantee tracking of
the attitude through a Lyapunov-based approach that doesn’t
require the knowledge of the inertia properties.

Most of the aforementioned adaptive control strategies rely
on attitude representations based on quaternions or Euler
angles. However, these parameterizations are inherently af-
fected by well-known drawbacks: Euler angles suffer from
singularities, while quaternions introduce a double coverage
of the rotation group, which may lead to unwinding phe-
nomena in control applications. In recent years, increasing
attention has been devoted to geometric formulations that di-
rectly exploit the Lie group structure of rigid-body rotations.
In particular, working on the special orthogonal group SO(3)
provides a compact and non-redundant representation, free
from singularities and ambiguities, and enables the design of
control laws with stronger guarantees of global consistency
and mathematical rigor.

Different authors investigated the advantages of an SO(3)
representation, K. Zeyu et al. [10] proposed an adaptive
attitude controller for a leader-folower formation on SO(3)
to realize attitude consensus and attitude tracking through a
sliding manifold. Furthermore, Yulin et al. [11] demonstrated
a geometric backstepping control strategy for spacecraft atti-
tude maneuvers based on a fixed-time fuzzy logic. Garanayak
[12] validated a geometric adaptive SMC to effectively
address disturbances and uncertainties in tracking the desired
spacecraft attitude.

Motivated by these advances, this paper presents an adap-
tive backstepping controller for dynamical systems evolving
on SO(3). The proposed controller enables precise attitude
tracking without any prior knowledge of the inertia tensor,
which is often imprecise, sensor-limited, or time-consuming
to estimate [13]-[16]. Its adaptive nature ensures that the
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control law remains effective even when the inertia tensor
varies due to events such as refueling, structural deployment,
or damage, eliminating the need for explicit inertia estimation
and enhancing operational flexibility.

For benchmarking purposes, the performance of the pro-
posed controller is compared with a PD geometric tracking
controller with feedforward dynamic inversion, without adap-
tation [17].

The remainder of the paper is organized as follows.
Section II introduces the mathematical preliminaries and
models used to simulate the attitude dynamics. Section III
presents the proposed controller along with its stability proof,
while Section IV reports the results of numerical simulations.
Finally, concluding remarks and directions for future research
are discussed in Section V.

II. MATHEMATICAL PRELIMINARIES AND MODELS

This section first gives the mathematical preliminaries on
the Special Orthogonal Group SO(3). Then, the second part
of the section presents the rotational kinematic and dynamic
models of a rigid body evolving on SO(3).

A. Mathematical preliminaries

This subsection introduces the Special Orthogonal Group
SO(3), which is used to parametrize the spacecraft attitude,
and the associated Lie algebra. A brief overview of the
relevant operators and maps is provided, while further details
can be found in [REF].

The special orthogonal group SO(3) is the Lie group of
rotation matrices in R3:

SO(3) ={ReR¥3 | R"R=1I,det(R) = 1}.

Its Lie algebra so(3) consists of skew-symmetric matrices as
follows:

s0(3) = {Q e R¥3 | QT = —-Q},

where 7 : R® — s0(3) maps a vector Q = [Q1,Q2,Q3]" to
a skew-symmetric matrix :

I S ¢
Q=] 0 -
-0, 9 0

Then, the vee map (-)V provides the inverse, making the Lie
algebra so0(3) isomorphic to R3 via the hat (°) and vee (V)
maps.
The exponential map exp : $0(3) — SO(3) reconstructs a
rotation matrix from a skew-symmetric matrix:
sin||Q| x4 1 —cos || a5

[ T

where [|Q]] = /Q% + Q3 + Q3. This map is surjective and
locally bijective for ||Q2|| < =. Its inverse, the logarithmic

map, is:
(R—R"), 6=cos™! <tr(R)1)

exp(Q) =T +

log(F) = 2sin 6

which is valid for all the elements of the subset:

(R SO(3) | w(R) = —1}.

2

For a one-parameter subgroup R(t) = exp(t€), the
derivative of the logarithmic map gives the angular velocity
in skew-symmetric matrix representation [18]:

%log(R(t)) =Q.

Finally, the trace operator tr(-) induces the Frobenius inner
product (A, B)s, == (A, B)p = tr(ATB) = tr(BAT) and
the Frobenius norm ||A||p = +/(A4, A)r, with tr(ab') =
a'b. for real column vectors. In the following paper, the
explicit time dependence of variables (e.g., z(t)) will be
omitted when clear from context.

B. Mathematical models

This subsection presents the rigid-body attitude kinematics
and dynamics on SO(3). Subsequently, the attitude error
dynamics are derived, and the control objective is stated.

Consider the non-linear dynamical system:

R = RQ,
JO=-Q"IQ+ T,

(1a)
(1b)

where R € SO(3) is the rotation matrix representing the
orientation of the body-fixed frame attached to the spacecraft
with respect to an inertial frame in R3. Then, Q € R3
is the angular velocity vector expressed in the body-fixed
frame, while J € R3*3 is the inertia tensor of the rigid
body, symmetric and positive-definite, and here assumed
completely unknown. Also, 7 € R? is the external torque
vector applied to the body, expressed in the body-fixed frame.
Let Ry and €, denote the evolution of the desired attitude
over time. Then, the attitude error R, and angular velocity
error €}, are defined as:

R.=R] R,
Q. =Q— R"R,Q.

(2a)
(2b)

Remark 1: The Special Orthogonal group SO(3) is a com-
pact, non-contractible manifold, which carries a topological
obstruction preventing the existence of a smooth, continuous
feedback law that renders a single equilibrium globally
asymptotically stable [22]. However, since the pointing task
can always be formulated in terms of the orientation error
R, = R;R, the control objective reduces to stabilizing R,
to the identity I. This formulation allows for almost-global
convergence, i.e., convergence for all

R. € S0(3)/0,  O={R.€S0(3)|tr(R.) =—1},

which corresponds to the set of 180-degree rotations where
the matrix logarithm is not uniquely defined. Therefore, the
subsequent control design and stability results are consistent
with this fundamental topological limitation.

The error kinematics and dynamics are derived from the

system (Ta)—(TD) as:
R. = R, (3a)
JO, = -0 JQ 4T+ J (QRTRde - RTRde) . (3b)



It is possible to rewrite (3b) in a form inspired by plants
controllable by nonparametric Model Reference Adaptive
Control (MRAC) systems:

Q.= AT+ 079, 4)

P — _Qyﬂz? =, _QzQy; —Qi; —Qz; —Qg;
a QRT Ry — RT Ry + ke,

such that the matched uncertainties in the model are collected
inside a term 7@, where © € R9*3 is a coefficient matrix
and & € R?*! is the regressor vector representing the
functional form of the matched uncertainties. A € R3*3
denotes the matrix capturing the uncertainty on the control
channel (in this case related to the inertial properties multi-
plying the control torque). A is assumed symmetric, positive
definite, and invertible, but completely unknown. However,
A is supposed to be uniformly bounded, so that A,/ <
A < Anax! is satisfied for with 0 < Apin < Apax < 00.
The control objective is to guarantee that the attitude of
the spacecraft asymptotically converges to the desired one,
namely R, — I and Q2. — 0 as t — oo, while achieving
this goal without any prior knowledge of the inertia matrix,
which is assumed completely unknown.

&)

III. ADAPTIVE BACKSTEPPING CONTROLLER ON SO(3)

This section details the control strategy employed to
track the reference attitude. The design follows the classical
backstepping approach, and the stability of the closed-loop
system is validated through rigorous Lyapunov analysis.

First, the control torque is computed by the following
equation:

7 =—K,log(Re)" — K,z + 0", (6)

where K, and K, are two arbitrary positive gains and &
is the regressor vector. Then, the parametric adaptive gain
matrix © is updated in real-time according to the following
law: .

O =Tedz", (7

where I'g denotes arbitrary, symmetric, and positive definite
adaptive rate matrices. Finally, z is defined as:

z=0Q- 3, 8
where § : SO(3) — s0(3) is a smooth virtual control input
as follows:

B = —K,log(R.) + (R" RiQq)"
= —K,log(R.)" + R* R4y
The proposition below characterizes the stabilizing role of
the virtual control input 3.
Proposition 1: Let R, € SO(3) denote the orientation

error as in Eq. (Za), with dynamics given by Eq. (3a). For
all

R. € S0(3)/O0, O={R. € SO3)|tr(R.)=—1},

(€))

the trajectories of (3a), under the virtual control input
in Eq. (9), asymptotically converge to R, = I.

Proof: Consider the Lyapunov candidate
Vi(Re) = %Krﬂog(Re),log(Re)ﬁ,,, K, >0,

which is positive definite with respect to R, = I. Differen-
tiating along the trajectories of yields

Vi(Re) = K, (log(Re), Qe)er

~ - (10)
= K7.<10g(Re), O — (R Rde)/\>t7-
where is used. Substituting (9) into yields
Vl(Re) - Kr<log(Re)7 _Krlog(Re)>tra (11)
which can be rewritten as
Vi(R.) = —K2(log(R.),log(Re))sr (12a)
Vi(R.) = —K,Vi. (12b)

which is negative definite for all R, # [. Since V; > 0 and
Vi < 0 are satisfied everywhere except at the equilibrium
R. = 1, the proof is complete. [ ]

Now, the convergence properties of the closed-loop system
(3D, (6)-(©) are stated in the following theorem.

Theorem 1: Consider the orientation errors defined in (2),
whose evolution is given by the error system (3)). Assume that
the control law (6) with the kinematic virtual input (9) and
the adaptive law are applied. Then, for all

R, € SO(3)/0, O ={R. € SO(3) | tr(Re) = —1},
the closed-loop trajectories satisfy
R.(t) — I, AO(t) is bounded,
as t — 0o, wherez:Q—ﬂandAG):é—@.
Proof: Define the composite Lyapunov candidate
Ve(Re,2,A0) = Vi(R,) + 32" A7 2 + t1(AO T T'5 ' AO),

where Vi (R.) = K, (log(R.),log(R.)) is the candidate
used in Proposition 1, K. > 0, K,, > 0, and A is positive
definite. Differentiating V. along the closed-loop dynamics
yields:

Vo(Re, 2, A®) = K, (log(R.), (2 — RT RgQy)") 4o+
+2 (7 +07Td) +tr(A0Td2T).

Then, substituting (6) and and using the following
results are obtained:
Vo(Re, 2, AO) = =K, Vi + K, (log(R.),Z )i+
2" (=Klog(Re)" — Kz + AOQT &)+
—tr(AQ @z T).
= K, Vi + 2" (K, log(Re)")
+ 2" (=K,log(Re)" — K,z + AT &)+

z(t) = 0,

13)

—tr(AOTPzT)
=KV, — Kypz' 2+ ZT(A@TGZS)Jr
—tr(AO @2 T).
(14)
Finally, using the properties of the trace operator
Vi(Re,2,A0) = =K, Vi(R.) — K,z'2<0.  (15)



Hence V.(t) < V.(0) for all ¢ > 0, which implies that
Vi(Re(t)), 2(t) and A©O(t) remain bounded for all ¢ > 0.
The map V(Re, 2z, AO) is continuously differentiable, and

the time derivatives are as follows:
Ve(Re,2,A0) = K, (log R, z — K, log R.), +

16
+ 2" (~K,log R, — K,z + AO®). 1o

Since log R.(t), z(t), and AO(t) are bounded, V is also
bounded. Invoking Barbalat’s lemma [20], we get

lim V(Re, 2z, AO) = 0. (17)

t—o0

By Proposition [1} it follows that Vi(R.(t)) — 0, i.e.,

R.(t) — I. Substituting this into yields V, = — K,z z,

and this guarantees that z(t) — 0 as t — oo. Finally,

boundedness of AG(t) follows from the boundedness of V.
|

IV. NUMERICAL SIMULATIONS

This section describes the case study and provides the
results of the numerical simulations. Here, the controller
described in the previous section is put into comparison with
the constant-gain PD geometric controller from [17].

A. Case study

The case study selected to test the proposed control strat-
egy is the capture of a tumbling orbital debris with unknown
inertia parameters. The capture strategy is structured in
the following phases: 1) Initial alignment: the spacecraft
manipulator is assumed to be in the proximity of the debris,
aligned with its angular momentum direction. 2) Relative an-
gular motion reduction: the space robot acquires an angular
velocity to reduce the relative angular motion with respect
to the tumbling debris. 3) Robotic manipulator deployment:
the robotic arms are deployed from their initial retracted
configuration to a planned capture position. 4) Contact point
approach: once the relative motion and attitude are reduced
below a designated threshold, the robot manipulators move
the end-effectors toward the target contact points to complete
the capture. 5) Post-capture detumbling: after contact, the
coupled system (space manipulator + debris) undergoes
detumbling.

This sequence of operations naturally involves large vari-
ations in the system inertia parameters and in the angular
velocities to be tracked. To highlight these effects, the capture
phases are implemented in MATLAB/Simulink as follows:

e t € [0,500]: The spacecraft starts from zero angu-
lar velocity, while the desired angular rate is set to
[n, —10n,2n] T [rad/s] to perform the capture maneuver,
with n denoting the orbital angular velocity. In this
phase, the inertia is constant and equal to J, as defined
in Eq. (19).

e t € [500,2600]: The inertia properties vary according
to the law in Eq. (I8), simulating the deployment of
a robotic appendage or capture equipment. Specifically,
the inertia is Jy at ¢ = 500 and converges exponentially

to J; in Eq. (19).

e t € [2600,end]: An instantaneous docking occurs with
the target, resulting in an abrupt change in the inertia
matrix from J; to Jo in Eq. (19). After docking, the
control objective is to drive the angular velocity of
the combined body to zero, effectively simulating the
detumbling of the captured debris. The time evolution
of the inertia values are further shown in Figure|l| with
the different mission phases highlighted.

J=Jox(1—05%el7t)) 5 =500 (18)
625 5.5 3
Jo= |55 350 4
3 4 1000
Initial inertia matrix
1250 11 6
J = 11 700 8
6 8 2000 (19)
Final inertia matrix before capture
39454 66.7 12.8
Jy= | 66.7 3663.5 160
12.8 160  2011.8

Total inertia matrix after capture
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Fig. 1. Inertia variation

By considering these diverse scenarios within a single
simulation framework, it becomes possible to evaluate how
the proposed adaptive controller responds to inertia varia-
tions under fast rotational dynamics imposed by the capture
maneuver. This condition emphasizes the uncertain and time-
varying nature of the inertia parameters, making the case
study a meaningful benchmark against the constant-gain PD
geometric controller from [17], which does not account for
such variations.

Furthermore, the simulations are carried out under the
assumption that both controllers have no knowledge of the
inertia matrix, which is replaced by the identity matrix in
the control law implementation. The integration step is set
to 0.01 seconds, with a fourth-order Runge—Kutta scheme
used for numerical integration. The controller parameters
employed in the simulations are shown in Table



TABLE I
CONTROLLER PARAMETERS

Parameter Symbol
PD Controller

K, 0.5714
Ky 25
Adaptive Controller

K, 0.005
Ky 75

F@ Ig x9 X le8

B. Numerical Results

This section presents the numerical results obtained by
simulating the capture scenario described in Section
[A] The results are reported in graphical form, showing the
evolution of angular velocities, tracking errors, and control
inputs across the different capture phases. Particular empha-
sis is placed on evaluating how each controller manages the
abrupt and gradual inertia variations induced by manipulator
deployment and post-docking dynamics. The scenario is
subject to generic disturbances modeled as white noise plus
a low frequency sinusoid acting equally on all axis:

d(k) = 0.1sin(0.001 kdt) +0.0257, 1~ N(0,1) (20)

Figures 2] and [3| show the results of the numerical simulations
in terms of angular velocity tracking performance. In Fig. 2]
the desired angular velocities (dotted line) are compared
with the trajectories obtained using the proposed adaptive
controller (solid line) and the constant-gain PD geometric
controller from [17] (dashed line). Figure E| shows the
corresponding tracking errors for the three components.

The results clearly demonstrate that the PD controller fails
to track the desired angular velocities during Phases 1 and 2,
when the objective is to follow the fast rotational dynamics of
the target. In these intervals, significant tracking errors appear
in all components, with the most pronounced mismatch
occurring along the z-axis, where the inertia assumes its
largest value. In this direction, the angular velocity achieved
under PD control approximately doubles the reference value.
This discrepancy arises because the nominal controller can-
not compensate for uncertain and time-varying inertia: the
lack of precise inertia knowledge prevents accurate dynamic
inversion, leading to systematic tracking errors.

In contrast, the adaptive controller achieves accurate track-
ing across all axes, maintaining performance despite para-
metric uncertainty and rapid variations in the inertia tensor.
From a practical standpoint, the poor tracking of the PD
controller in Phases 1 and 2 would result in an incomplete
reduction of the relative motion between the chaser and
the target, potentially compromising the capture maneuver.
Moreover, these results highlight how unknown and time-
varying inertia properties become particularly critical in fast
rotational regimes, where the proposed adaptive controller
proves effective by maintaining performance without requir-
ing explicit inertia estimation.

In Phase 3, corresponding to the post-docking detumbling
task, both controllers succeed in driving the angular velocity

TABLE 11
RMSE COMPARISON

PD Controller ~ Adaptive Controller

RMSE [rad/s] 4.024¢3 2.776e3
Effort [N?m?/s] 155.61 143.10
RMSE comparison (%) - -55.55
Effort comparison (%) - -7.96

to zero. This outcome confirms that the main advantage
of the adaptive strategy emerges in the presence of rapid,
inertia-dependent dynamics, while in quasi-static conditions
the difference with the PD controller becomes less pro-
nounced. Next, the control torques required by each con-
troller are analyzed to complement the previous discussion
on angular velocity tracking. It is worth noting that both
controllers were tuned so that the integrated squared norm
of the applied torque remains more or less comparable,
providing a fair basis for comparison.

Fig. [ depicts the control torque profiles along the three
axes throughout the entire mission, while Fig. [5] reports the
corresponding torque norms. It can be observed that the
adaptive controller exhibits slightly more aggressive behavior
at the onset of each maneuver, particularly during rapid
transients. The nominal PD controller, on the other hand,
generates less responsive torque profiles, which explains its
poor tracking performance in Phases 1 and 2. Increasing
the proportional gain would partially mitigate this issue,
as it would improve convergence to the desired angular
velocity, but at the expense of substantially higher torque
effort throughout the entire control process.
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V. CONCLUSIONS

This paper has presented a novel adaptive back-stepping
controller formulated directly on the SO(3) manifold for
spacecraft attitude tracking under significant inertia uncer-
tainties. The proposed control law eliminates the need for
gain scheduling by continuously adapting to parametric un-
certainties, demonstrating robustness against poorly modeled
dynamics arising from events such as robotic arm deploy-
ment, refueling, or instantaneous docking. Theoretical anal-
ysis establishes the asymptotic stability of the closed-loop
system, while numerical simulations confirm the controller’s
effectiveness and demonstrate its advantages over a non-
adaptive geometric PD scheme. In particular, the adaptive
controller improves tracking accuracy under uncertain and
time-varying inertia, while maintaining moderate control
effort, thereby enhancing overall control efficacy. This work
serves as a preliminary study on the applicability of the pro-
posed control approach for complex missions characterized
by difficult-to-model or unknown inertial properties. Future
extensions are already planned, including numerical testing
in a higher-fidelity simulation environment that incorporates
actuator and sensor models, comparison with different con-
trol algorithms and also robustness analysis based on Monte
Carlo simulations.
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