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15 Abstract

16 Relationships between acoustical parameters and rheological ones permit the non-invasive 

17 determination of the elastic moduli in crystallising anhydrous milk fat during cooling between 43 °C 

18 and 17 °C. Whilst the real (elastic) moduli are dominated by the bulk modulus with a small contribution 

19 from the real shear modulus, the imaginary parts of the moduli (relating to viscosity) have significant 

20 contributions from both bulk and shear viscosities. Ultrasound techniques significantly expand the 

21 application of rheological techniques, they can be implemented in a non-invasive manner into a 

22 process, and therefore augment and enhance conventional rheology.
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23 1 Introduction

24 Many important materials exhibit the characteristics of soft solids, with partially liquid-like and 

25 partially solid-like properties. One category of such materials is a crystalline medium forming from the 

26 melt, where solid crystals (or their nucleic precursors) are present in a liquid continuum, and where 

27 longer-range structuring to form a crystalline network may create further solid-like character.

28 Anhydrous milk fat (AMF) is a complex heterogeneous soft solid derived through the separation of 

29 milk fat from cow’s milk by centrifugation; it is a valuable dairy fat with wide application in high quality 

30 confectionery, breads and baked goods. AMF is a well-studied (Arita-Merino et al., 2020) exemplar for 

31 the acoustical characterisation of a material in which a continuous deformable crystal network (20% - 

32 40% for the β’ phase cooling between 16 °C and 10 °C (Van Aken & Visser, 2000)) interacts with the 

33 majority fluid phase trapped within to produce soft solid rheological behaviour. Acoustic techniques 

34 have in-line capability for the characterisation of dairy fat rheology during bulk industrial 

35 crystallisation processes which would be invaluable in quality control, product and process 

36 development.

37 Both rheological and ultrasonic measurement techniques provide insight into the properties of such 

38 materials. Indeed, oscillatory rheometry and ultrasonic techniques are closely related, due to their 

39 connection to the complex elastic and shear moduli of the material. However, rheometry is often 

40 explored at lower frequencies than those accessible by ultrasound and classical rheometry is sensitive 

41 to the macroscopic material response to strain and stress, whereas ultrasound can also probe the 

42 material response at a microscopic length scale for example where solid microparticles exist in the 

43 liquid. In rheological measurements, it is normal to probe the shear viscosity, be it that experienced 

44 by a probing particle (micro-rheology (Cicuta & Donald, 2007)) or in the entire sample. In the case of 

45 acoustic/ultrasound attenuation and velocity spectroscopy of fluids and soft solids, the adiabatic bulk 

46 modulus, longitudinal and bulk viscosity are the determined parameters, setting it apart from more 
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47 usual rheological measurements of shear viscosity, complex rigidity, and stress/strain/strain rate 

48 plots. 

49 In this work, the results of an experimental study using both longitudinal acoustic spectroscopy and a 

50 low frequency (1 Hz) oscillatory controlled strain rheometer are presented to demonstrate how 

51 acoustics can be an effective rheological probe. Our investigation explores the properties of the 

52 complex heterogeneous soft solid anhydrous milk fat (AMF) during cooling crystallisation. The 

53 quantitative relationships between the material properties are explored. The longitudinal viscosity 

54 ηlong is contrasted (A. S. Dukhin & Goetz, 2010) to the shear viscosity (  which can also be determined 𝜂𝑠)

55 from the attenuation and reflectance coefficient of shear waves (Runrun et al., 2020); (Yamaguchi & 

56 Kikuzawa, 2019); (Rigolle et al., 2016). To the best of our knowledge, this is the first detailed 

57 comparison of rheological quantities determined by acoustical and rheological means on a complex 

58 heterogeneous material of industrial significance. Our intention is to demonstrate the value of using 

59 both acoustical and rheological methods for the characterisation of the dynamic flow properties of 

60 industrial materials with acoustics having the added benefit of convenient implementation in 

61 processes and process analytical technology (PAT). Consequently, an entirely new area of application 

62 for rheological measurements is opened by, for example, widely available Doppler flow meters (which 

63 are based on ultrasound waves), which could be adapted to provide rheological data without any 

64 modification to the instrument hardware, simply requiring a change in software. (Schroyen et al., 

65 2020)) has recently published a comprehensive review of bulk rheometry at high frequencies, however 

66 the review does not present a consistent and systematic theoretical framework for data interpretation 

67 and the comparison of low and high frequency methods.

68 We will show that in homogeneous materials, longitudinal (compressional) wave acoustics gives the 

69 bulk modulus through the speed of sound and the bulk viscosity through the attenuation and shear 

70 viscosity; and that because longitudinal waves can propagate over long distances, they can inform on 

71 these properties in bulk materials. On the other hand, because shear waves/forces in soft materials 
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72 have a very limited range, only very low frequencies can probe reasonable distances.  A number of 

73 interesting features are highlighted from the ultrasonic measurements during the crystallisation 

74 process that indicate the influence of solid-liquid interactions on the macroscopic measurements. 

75 Firstly, the relationship between rheology and ultrasonics is presented in order to set the context for 

76 the experimental investigation.

77 2 Rheological relations

78 Relationships and variables widely used in practical rheology are reprised here for later use. These 

79 relationships are presented in more detail in the appendix

80 The adiabatic compressibility is related to the adiabatic bulk elastic modulus K [Pa] and the isothermal 

81 bulk elastic modulus KT [Pa] through the ratio of specific heats ϒ.

82 (1)𝐾 =  𝛾𝐾𝑇 =
1
𝜅

83 The relationship between fluid viscosity  [Pa s] and longitudinal sound attenuation  [Np m-𝜂𝑙𝑜𝑛𝑔 𝛼𝑙𝑜𝑛𝑔

84 1] was first derived by Stokes. (Pierce, 1994) and (Morse & Ingard, 1968) present a more general 

85 expression that incorporates thermal effects. 

86  (2)𝛼𝑙𝑜𝑛𝑔 =
𝜂𝑙𝑜𝑛𝑔𝜔2

2𝜌𝑐𝑙𝑜𝑛𝑔
3(4

3 +
𝜂𝑏

𝜂𝑙𝑜𝑛𝑔
+

(𝛾 ‒ 1)𝜅
𝜂𝑙𝑜𝑛𝑔𝐶𝑝 )

87 here   is the ratio of specific heats, κ [W m-1 .K-1] is the thermal conductivity; Cp [J K-1] is the specific 𝛾

88 heat at constant pressure; ω is radial frequency [rad s-1]; longitudinal speed   [m s-1] and  𝑐𝑙𝑜𝑛𝑔 𝜂𝑙𝑜𝑛𝑔

89 [Pa s] is longitudinal viscosity.

90 In most liquids, the ratio of specific heats is close to one (in water at 10 KPa and 25 °C it is 1.0106) and 

91 the thermal term is usually neglected, so that rearranging we get

92 (3) 𝜂𝑙𝑜𝑛𝑔 =
3𝛼𝑙𝑜𝑛𝑔𝜌𝑐 3

𝑙𝑜𝑛𝑔

2𝜔2

93 where the relationship 
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94  (4)𝜂𝑙𝑜𝑛𝑔 = 𝜂𝑏 +
4𝜂𝑠

3

95 (here  is bulk viscosity and  is shear viscosity) is analogous to the relationship between elastic 𝜂𝑏 𝜂𝑠

96 moduli in solids

97 (5)𝑀 = 𝐾 +
4
3𝐺
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98 where M [Pa] is the elastic modulus, G the shear modulus and K is the bulk modulus defined above. 

99 In rheology the moduli are each expressed as two numbers, a ‘real’ part, relating to strains that are 

100 in step with the applied stress and an ‘imaginary’ part where the strains are  radians out of step,𝜋 2

101  (6)𝑀 = 𝑀' + 𝑖𝑀'' = 𝐾' + 𝑖𝐾'' +
4
3(𝐺' + 𝑖𝐺'')

102 where .𝑖 = ‒ 1

103 For a harmonic oscillation of the form  the strain rate is equal to the strain multiplied by a 𝑒 ‒ 𝑖𝜔𝑡

104 factor , and the relation between complex elastic moduli and viscosity enables us to re-express ‒ 𝑖𝜔

105 the acoustic properties. In solids, the equivalent of the Newton-Laplace equation is

106 (7)𝑐𝑙𝑜𝑛𝑔 = 𝑀'

𝜌 = 𝐾' + 4
3𝐺'

𝜌

107 In fluids and soft solids K’ >> G’, for example in a yoghurt G’ ~ a few Pa whilst K’ is ~ 1010 Pa so that

108 .  (8)𝑐𝑙𝑜𝑛𝑔 = 𝐾'

𝜌

109 We can now rewrite Eq. 2 in terms of the complex elastic moduli (Eq.3, Eq. 4 and Eq. 6)

110 (9𝛼𝑙𝑜𝑛𝑔 =
2𝑀''

3𝜌𝑐 3
𝑙𝑜𝑛𝑔

𝜔 = 2
𝐾'' + 4

3𝐺''

3𝜌𝑐 3
𝑙𝑜𝑛𝑔

𝜔 =
2𝜔2 𝜂𝑙𝑜𝑛𝑔

3𝜌𝑐 3
𝑙𝑜𝑛𝑔

)

111 where

112 (10) 𝑀'' = 𝐾'' + 4
3𝐺'' = 𝜂𝑙𝑜𝑛𝑔𝜔

113  For a complex shear modulus

114 (11)𝐺 ∗ = 𝐺' + 𝑖𝐺''

115 which can be expressed as (noting that  is formally the same as )𝐺 ∗ 𝐺
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116 (12)𝐺 = |𝐺 ∗ |𝑒𝑖𝛿

117 with magnitude and phase given by  |𝐺 ∗ | = 𝐺'2 + 𝐺''2

118 (13)

119 (14)𝑡𝑎𝑛𝛿 =
𝐺''

𝐺'

120 where  is the phase angle between stress and strain which varies between  for fluids when , 𝛿 𝜋
2 𝐺' = 0

121 to  in the case of elastic solids where . The stress-strain relations can be written0 𝐺'' = 0

122 (15)𝐺 =
𝜏
𝛾

123 or

124  (16)𝜂𝑠 =
𝜏
𝛾

125 where  is shear stress [Pa],  is shear strain and  is shear strain rate [s-1]. In general, and particularly 𝜏 𝛾 𝛾

126 in soft solid materials  and  are complex quantities as is . 𝜏 𝛾 𝐺

127 For a harmonic strain, for example in an oscillatory system where

128 (17)𝛾 = 𝛾0𝑒𝑖(𝜔𝑡 + 𝛿)

129 then

130 (18)𝛾 = 𝑖𝜔𝛾0

131 So that from Eq. 16

132 (19)𝜏 = 𝑖𝜔𝜂𝑠𝛾

133 Therefore

134 (20)𝐺 = 𝑖𝜔𝜂𝑠

135 so in materials with no elastic component (such that )𝐺' = 0 
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136  (21)𝐺'' =  𝜔𝜂𝑠

137 Having explored the theoretical and physical relationships between acoustics and rheological material 

138 properties we next present the results of the experimental investigation of anhydrous milk fat during 

139 cooling crystallisation by using rheometry and ultrasonics.

140 3 Methods and Materials

141 Ethics approval was not required for this work

142 Absolute acoustic attenuation values over the frequency range 2 to 100 MHz were measured using a 

143 Malvern Ultrasizer-MSV. The working principle of this ultrasound spectrometer is described in detail 

144 elsewhere (Meyer et al., 2006); (Ghosh et al., 2017) . Measurements were carried out with the stirrer 

145 set at an angular speed of 240 rpm (Heidolph RZR 2051) and a torque determined to within ± 1 N m. 

146 Stirring the sample reduces flocculation and creaming effects and controls temperature with a 

147 precision ± 0.2 °C throughout the sample volume. Temperature control by a Huber (MiniStat cc) is 

148 accurate to ± 0.2 °C and the in-cell thermometer is similarly accurate. Attenuation is determined 

149 absolutely, including appropriate diffraction corrections with a total error of ± 1 dB. Frequency 

150 measurement is accurate to 1 Hz. 

151 Anhydrous milk fat (AMF) was kindly provided by Arla Foods (Denmark) and without any further 

152 purification. Samples were heated to 65 °C for 30 minutes to ensure dissolution of high-melting 

153 crystalline lipids (Wang, 2016) at which temperature 500 ml of AMF was poured into the Ultrasizer 

154 cell. The sample was then cooled whilst stirring at 240 rpm in steps (43, 40, 36, 26, 23 and 19-17 °C) 

155 and then held isothermally at each temperature for 30 minutes to allow thermal equilibration. 

156 Subsequently three measurements of attenuation spectra were taken, approximately 7 minutes apart 

157 and obtaining the average of three attenuation spectra. The range 19-17 °C appears because it proved 

158 impossible to hold the 500 ml sample at a constant temperature whilst it was crystallising extensively. 
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159 The measured stirrer torque varied between 1.9 N cm at the highest temperature to 5.2 N cm at the 

160 lowest temperature. Overall, temperature control achieved is accurate to within  oC.±  0.5

161 Speed of sound was measured in a Resoscan RU(RZ21) (TF Instruments, Heidelberg) high precision 

162 ultrasound resonator system allowing simultaneous velocity and attenuation measurements (Svalova 

163 et al., 2017) The system includes a two-channel resonator unit with gold plated lithium niobate piezo 

164 crystals, two 250 μl sample cells and a Peltier thermostat. Temperature control and measurement are 

165 performed via two external units enabling a resolution of 0.001 °C and precision of ±0.005 °C. The 

166 instrument features a small sample requirement of 170–250 μl and a high temperature stability. At 

167 about 25 °C the sound velocity in an ultrapure deionized water standard (MilliQ, resistivity >18 MΩ 

168 cm) changes by around 5 ms−1 °C−1. Therefore, the precision limit of temperature corresponds to a 

169 systematic error in velocity of around 0.025 m s−1. The fundamental frequency of the instrument is 10 

170 MHz, with range of 7–11.5 MHz; the precise frequency is automatically selected to maximise the 

171 quality factor of the acoustic resonant cell according to the sample properties.

172 Shear rheology measurements were carried out in an Anton Paar MCR 302 rheometer (Anton Paar 

173 GmbH, Austria) at a controlled strain of 0.001% ,  temperature controlled to within  °C, ±  0.05

174 oscillatory (1 Hz, 6.28 rads s-1) amplitude sweep measurements.

175 4 Results and Discussion

176 4.1 Microstructure of crystallised anhydrous milk fat

177 During cooling, AMF becomes a soft solid with inhomogeneity characterised by large crystal clusters 

178 (Figure 1). These clusters agglomerate and create an additional elastic modulus called the frame 

179 modulus (Narine & Marangoni, 1999) and have a significant impact on the rheology and the acoustics. 

180 To illustrate the microstructure, we sandwiched a small amount of sample preheated to 65°C in 

181 between 2 glass microscope slides separated by 5 mm. Cooling the sample was achieved by convective 

182 heat loss to the environment at an average rate of 0.2°C/min. Digital images of the sample at various 
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183 temperatures were acquired with a Canon DLSR camera at 40× magnification attached to a Leitz Dialux 

184 22 polarized microscope (Leica, Germany). Similar images can be found in (Kaufmann et al., 2012a). 

185 Figure 1  

186 4.2 Complex shear modulus determined by conventional shear rheology 

187 The authors of a detailed study of the rheology of pure AMF and its blends with rapeseed oil 

188 (Kaufmann et al., 2012b) point out that shearing of the sample changes the crystallisation behaviour 

189 during cooling. Hence, they subjected the sample to a period of no shear whilst cooling the sample 

190 from 65 °C down to 15 °C at 5 °C/min and then held isothermally with different shear rates of 0, 1, 50 

191 and 500 s-1 . Low frequency oscillatory shear measurements of the real part of the shear modulus are 

192 also given in (Wang et al., 2019); (Shukla and Rizvi, 1995)  . (Shukla and Rizvi, 1995).

193 Published data (Rønholt et al., 2014; Shukla & Rizvi, 1995a)  for AMF indicates that  is independent 𝐺'

194 of frequency up to an angular frequency of 500 rad s-1 (~80 Hz), and it is therefore reasonable to 

195 conclude that our low frequency measurements (70 rad s-1) of  may be used at the high frequency 𝐺'

196 of our ultrasound data. This assumption is supported by our observation of approximately 

197 Newtonian behaviour of the AMF melt at the lower end of the ultrasound frequency range studied 

198 here and reported below.

199 As the sample cools and crystals form, we observed the emergence of a storage modulus of order 

200 MPa, this is the elastic, solid-like part of the shear modulus. Our own data for AMF Figure 2 is 

201 consistent with the appearance of soft solid material  when AMF is cooled to 15 °C as described 𝐺' ≫ 𝐺''

202 above. Viscosity cannot be reliably obtained from  our measurement of  , which varies by an order 𝐺''

203 of magnitude,  even at the lowest temperature and longest time (15 °C and 8000 s) due the torque 

204 being below the resolution of the rheometer. We note a significant disparity between the oscillatory 

205 shear data for AMF in (Kaufmann et al., 2012b) where at the end of cooling has a value of 0.3 |𝐺 ∗ | 

206 MPa whilst in (Rønholt et al., 2014) G’ has the corresponding value of 1.2 MPa. These disparities are 
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207 likely due to different stirring conditions (Tran & Rousseau, 2016) and are also influenced by the fact 

208 that ; for example,  (16 indicates that  is physically impossible. Other rheological 𝐺' ≫ 𝐺'' 𝐺' > 𝐺 ∗

209 measurements in AMF also show that , and hence   are highly dependent on shear conditions 𝐺' 𝐺'' 𝜂𝑠

210 during measurement (Kaufmann et al., 2012b).

211 Figure 2 

212 The most consistent rheological data is available for the crystallisation of Palm Oil (Shukla & Rizvi, 

213 1995b) which exhibits similar crystallisation behaviour to AMF. Hence we use what must be an 

214 approximate value  0.09 Pa s for the molten material (Shukla & Rizvi, 1995b), (rising to extremely 

215 variable values at 22 °C in the range 0.6-10 Pa s.) , because the sample has a low viscosity, also 

216 confirmed by (Shukla & Rizvi, 1995b). 

217

218 4.3 Elastic modulus determined by acoustic velocity spectroscopy 

219 In Figure 3 we plot the velocity of sound (Resoscan, ~ 10MHz) against temperature for AMF cooling 

220 down at a constant rate of 0.035 °C min-1 from 40 °C to 15 °C. The velocity of sound cannot be 

221 measured reliably in the Resoscan when crystalline material is in equilibrium with its melt due to the 

222 transfer of acoustic energy into the crystallising system (Akulichev & Bulanov, 1983). Like other animal 

223 fats(Pratama et al., 2021), AMF comprises a wide range of triacylglycerol materials and as a result does 

224 not have a sharp melting point and possesses a wide melting range. Data is further confused by the 

225 existence of a frame modulus associated with crystalline material and associated dissipation 

226 mechanisms which are poorly understood. Nevertheless, accurate speed of sound data was measured 

227 over a wide range of temperatures prior to the onset of crystallisation and whilst the behaviour of the 

228 measured speed of sound in the crystallising region is complicated, data is nevertheless still available. 

229 Crystallisation is also a kinetic process, so this is not a constitutive relationship but rather depends on 

230 the cooling rate and shearing conditions.
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231  Figure 3 

232 Equation 5 relates the speed of sound to K’ (the real part of the bulk modulus) using the temperature 

233 dependent density for AMF (Jenness et al., 2010) and the results are shown in Table i. 

234 4.4 Determination of longitudinal viscosity from acoustic attenuation measurements

235 We use measurements of the ultrasound attenuation spectrum between 2 and 100 MHz (Ultrasizer, 

236 Figure 4), and the velocity of sound measured in the Resoscan (Figure 3) to determine the longitudinal 

237 viscosity of AMF using Equation 2. The results are plotted in Figure 5 as a function of ultrasound 

238 wavelength. 

239 Recent measurements of AMF bulk viscosity were included in previous works (A. Dukhin et al., 2020; 

240 A. S. Dukhin & Goetz, 2009; Ghosh et al., 2017; Holmes & Povey, 2011). The longitudinal viscosity was 

241 transformed to the corresponding imaginary part of the longitudinal modulus (Equation 11); the 

242 corresponding (imaginary) shear modulus at the ultrasonic frequency was obtained from the shear 

243 viscosity as described above, thus also determining the imaginary part of the bulk modulus (which 

244 directly relates to bulk viscosity). We have therefore determined both real and imaginary parts of the 

245 bulk modulus at ultrasonic frequencies from acoustic speed and attenuation measurements, together 

246 with an estimate of shear viscosity from low frequency rheological measurements. This analysis treats 

247 the material as homogeneous, with any dissipation mechanisms being attributed to the bulk viscosity 

248 and shear viscosity. 

249 Figure 4 

250

251 Figure 5.

252

253 Figure 6 

254 At low ultrasound frequency (2 – 6 MHz), molten AMF samples step-cooled from 65 oC to 

255 temperatures above the crystallisation point (43 – 26 C) behave approximately as a Newtonian fluid 

256 (long wavelength fit in Figure 5), whose viscosity is almost independent of frequency (frequency 
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257 independence of viscosity is equivalent to shear rate independence). This is indicated by a power law 

258 exponent of approximately zero. For a Newtonian fluid (such as water), the attenuation has a 

259 frequency exponent of 2 and the viscosity is independent of frequency (Equation 1). Adopting a 

260 Newtonian shear viscosity from literature as described above, the bulk viscosity (Table  i) is larger than 

261 the shear viscosity. Below 26 °C, the fitted power law exponent of the longitudinal viscosity departs 

262 significantly from zero indicating non-Newtonian behaviour and at 19 °C to 17 °C measurement errors 

263 become large as the material rheology becomes increasingly solid-like (G’>>G’’). Additional 

264 contributions to attenuation may become important, which are not correctly described through the 

265 bulk viscosity, for example effects due to interaction of acoustic waves with crystals and crystal 

266 clusters, and the effects of the longer-range material structuring (frame modulus). At high ultrasound 

267 frequency (60 – 90 MHz), the viscosity consistently behaves in a non-Newtonian manner, probably 

268 because at short wavelengths (20 – 80 µm) and low temperature, shear interactions between the 

269 crystal clusters that form at 23 °C become significant. Even in the melt there is significant frequency 

270 dependence in this high frequency range, possibly arising from relaxation phenomena.

271 In Figure 6, (but not in Figure 4) data in the region 10 MHz to 40 MHz has been omitted because of an 

272 instrumental artefact arising from a coincidence between the size of the crystal clusters (Figure 1) in 

273 relation to wavelength (Figure 4 and Figure 5), the stirring speed alters the time spent by a cluster in 

274 the measurement zone. In the overlap region and the averaging time window, the instrument 

275 attempts to reconcile data from the high frequency (10 MHz to 120 MHz) and low frequency (2 MHz 

276 to 20 MHz) transducers. The effects of this are apparent in Figure 4, Figure 5 and Figure 6 at around 

277 10 MHz and a wavelength of 100 μm which is of the same order as the size of the crystal clusters. 

278 These effects are absent in a homogeneous sample such as DI water. 
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279 Table 1: 

280 5 Discussion 

281 Table 1 shows that acoustical and rheological data can be used together to determine both low 

282 frequency and high frequency rheological measurements in a heterogeneous system such as AMF. 

283 From Table  it is worth noting that although the real part of the longitudinal modulus is dominated by 

284 the bulk modulus (with negligible storage modulus, ) under the assumptions applied here, the 𝐺' ≪ 𝐾'

285 imaginary part of the longitudinal modulus has a significant contribution from both bulk and shear 

286 components ( and G’’ are of the same order at 10 MHz). Our analysis is limited by the reliance on a 𝐾''

287 shear viscosity measured on liquid molten samples (Shukla & Rizvi, 1995b), which will not fully reflect 

288 the true viscosity of the system once crystals are formed and soft solid features emerge in the 

289 rheology. The longitudinal viscosity responds strongly to the emergence of solid crystalline material, 

290 probably because it relates to the acoustical loss mechanisms arising in part from viscous dissipation 

291 in the bulk liquid but also due to dissipation mechanisms at the crystals. So, the change in longitudinal 

292 viscosity could be used as a surrogate for bulk viscosity, due to a relatively small contribution from 

293 shear viscosity. The velocity also changes markedly as crystals form on cooling, reflecting the change 

294 in the real (elastic) part of the bulk modulus, or equivalently the compressibility.

295 Our rheological data agrees with that of the other groups to within an order of magnitude, the 

296 differences are unsurprising due to the sensitivity of AMF rheology to the conditions under which it is 

297 cooled and stirred. Nevertheless, the general trend of increasingly solid-like behaviour is evident in 

298 the complex elastic moduli. 

299 5.1.1 Conclusions

300 Our rheological and ultrasonic measurements in different frequency regimes have been used to 

301 extract the complex elastic and shear moduli of AMF undergoing crystallisation by cooling. The results 

302 indicate the effect of the solid structure emerging from the liquid melt, imbuing an increasingly solid-

303 like character to the soft-solid material, owing not only to the formation of microcrystals, but also to 
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304 their longer-range structuring corresponding to a dramatic increase in the real part of the shear 

305 modulus observed in oscillatory rheometry at 1Hz. Whilst the imaginary part of the shear modulus 

306 also increases dramatically as the AMF crystallises, it remains much smaller than the real part of the 

307 modulus. 

308 The ultrasonics, at much higher frequencies, 2-100MHz, demonstrated that the longitudinal 

309 attenuation exhibits a change in frequency-dependence as crystallisation develops compared with the 

310 liquid melt, owing to the solid-liquid interactions of the crystals in the liquid phase and in the presence 

311 of the longitudinal acoustic oscillatory wave. This frequency-dependence of attenuation corresponds 

312 to a frequency-dependent (or equivalently non-Newtonian) longitudinal viscosity, a combination of 

313 both shear and bulk viscosities. In different parts of the spectrum, a different exponent for the 

314 frequency-dependence is observed; and these frequency regimes are determined by the crystal size. 

315 The ultrasonic measurements are therefore sensitive to the development of crystalline structure and 

316 of changes in viscosity. Whilst the real (elastic) moduli are dominated by the bulk modulus with 

317 negligible contribution from the real shear modulus, the imaginary parts of the moduli (relating to 

318 viscosity) have significant contributions from both bulk and shear viscosities. In addition, the resonant 

319 ultrasound measurement of speed was found to be indeterminate when crystal nucleation and growth 

320 were taking place, due to the interaction of the oscillatory acoustic energy with the crystallisation 

321 process. 

322 The close relationship between rheology and ultrasonics due to their connection to the complex 

323 elastic and shear moduli is important for the extension of the study of soft solid materials to a wider 

324 frequency range, and to provide further complementary information from the two techniques. 

325 Acoustic techniques significantly expand the application of rheological techniques, they can be 

326 implemented in a non-invasive manner into a process, and therefore augment and enhance 

327 conventional rheology. 
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328 6 Data Availability

329 The data in this paper is available on request from the authors in the form of an Excel Spreadsheet.
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440 8 Figure Captions

441 Figure 1 Polarized optical microscopy pictures of AMF crystals and crystal clusters formed during cooling

442 Figure 2 Plot of G’ (closed blue circles) and G’’ (open red circles) against temperature and time for 

443 AMF sample provided by Arla foods, measured in an Anton Paar oscillatory rheometer at a 

444 controlled strain of 0.001% and a frequency of 1 Hz.

445 Figure 3 Velocity of sound in AMF, measured in the Resoscan and cooled from 40 °C to 15 °C over 12 

446 hours. Fit to cooling data between 40°C and 26°C, y= -3.7629x + 1636.2, r2 = 0.992; fit to cooling data 

447 between 20°C and 15°C, y= 7.5535x + 1332.7, r2 = 0.5848.

448 Figure 4 Selected attenuation spectra for anhydrous milk fat. Filled blue circles, 43  °C; red open 

449 squares, 40 °C; black open circles, 23 °C. 43 °C fit, y= 0.56x1.885 r2=0.9992. 23 °C fot, y=1.464x1.7703, r2 = 

450 0.9976.

451 Figure 5 Longitudinal Viscosity plotted against wavelength at 40 °C, derived from data in Figure 4. 

452 Short wavelength – black crosses, power law fit y=2.4562x0.2427, r2= 0.996 Long wavelength – red 

453 open circles, power law fit, y= 0.4125x0.0349 r2=0.938

454 Figure 6 Longitudinal viscosity plotted vs frequency step cooling to constant thermostated 

455 temperatures of 43, 40, 36, 26,23 and 19-17. Error bars represent standard error and are plotted for 

456 the smallest and the largest deviation. Stirring speed was 13 rad s-1. Red +, 43 °C; orange diamond, 

457 40 °C; green triangle, 36 °C; orange square, 26 °C; green diamond, 23 °C; black circle, 19-17 °C.
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458 9 Table Caption

459 Table 1 Experimental and calculated acoustical and rheological quantities for crystallising AMF. Real 

460 part of the shear modulus G’ determined from rheology and assumed frequency-independent, 

461 imaginary part of shear modulus G’’ at low frequency determined from rheology (Fig 1). Real part of 

462 bulk modulus K’ determined from longitudinal speed  (Eq. 8) and density ρ (Jenness et al., 𝑐𝑙𝑜𝑛𝑔

463 2010). Longitudinal viscosity ηlong determined from attenuation  (Fig 3), using longitudinal speed 𝛼𝑙𝑜𝑛𝑔

464  (Fig 6) with Eq 9 and density ρ (Jenness et al., 2010) . Bulk viscosity ηb from Eq 2 using shear 𝑐𝑙𝑜𝑛𝑔

465 viscosity from (De Graef et al., 2009). Power-law fits of frequency-dependence of viscosity were 

466 made in two sections, <10MHz and >40MHz. Imaginary parts of the moduli (M’’,K’’,G’’) at high 

467 frequency from attenuation Eq. 4, Eq. 6, Eq. 21 from corresponding viscosities.

468 10 Appendix

469 10.1 Rheology and acoustics and the complex moduli 

470 Rheology and acoustics share a common basis in the physics and mathematics of elastic materials, and 

471 both begin from generalisations of force/stress and displacement/strain. The most general statements 

472 involve relations between a stress (force per unit area) tensor and a strain (or strain-rate) tensor, 

473 which need not be linear, isotropic or even time reversible (Povey, 1997). Examples of this approach 

474 in acoustics can be found in a number of works (Povey, 1997); (Epstein and Carhart, 1953) (Allegra & 

475 Hawley, 1972)  but this is not the place to pursue these ideas. Instead, we will develop a relatively 

476 straightforward mathematical relationship between rheology and acoustics using simple rheological 

477 expressions.

478 It might be thought that compressional waves involve only normal stresses whilst rheology is often 

479 about shear stresses. However normal stresses contain a term depending on viscosity and as observed 

480 by Stokes (Stokes, 1845, 1848) the compressional wave is therefore linked with viscosity, mostly in the 

481 dissipation (attenuation terms).

This preprint research paper has not been peer reviewed. Electronic copy available at: https://ssrn.com/abstract=4145345

Pr
ep

rin
t n

ot
 p

ee
r r

ev
ie

w
ed



23

482 The relationship between fluid viscosity  [Pa s] and longitudinal sound attenuation  [Np m-𝜂𝑙𝑜𝑛𝑔 𝛼𝑙𝑜𝑛𝑔

483 1] was first derived by Stokes. Pierce (Pierce, 1994) and Morse & Ingard (Morse & Ingard, 1968) present 

484 a more general expression that incorporates thermal effects

485  (22)𝛼𝑙𝑜𝑛𝑔 =
𝜂𝑙𝑜𝑛𝑔𝜔2

2𝜌𝑐𝑙𝑜𝑛𝑔
3(4

3 +
𝜂𝑏

𝜂𝑙𝑜𝑛𝑔
+

(𝛾 ‒ 1)𝜅
𝜂𝑙𝑜𝑛𝑔𝐶𝑝 )

486 here   is the ratio of specific heats, κ [W m-1 .K-1] is the thermal conductivity; Cp [J K-1] is the specific 𝛾

487 heat at constant pressure; ω is radial frequency [rad s-1] and  [Pa s] is longitudinal viscosity.𝜂𝑙𝑜𝑛𝑔

488 This equation does not apply at very high frequency. When attenuation is plotted as a function of 

489 frequency, a normal distribution curve is obtained (Eq. 10-8.10c and Fig. 10-12 in Pierce (Pierce, 1994)) 

490 and the frequency at the peak of attenuation is the inverse of the viscous relaxation time τ. (This 

491 equation is the same as that in (Epstein & Carhart, 1953b) Eq 7.4, using their Eq 3.5 and knowing that 

492 their μ=(3/2)*ηb. This is also Eq 3.14 in the 2002 edition of Dukhin and Goetz (A. S. Dukhin & Goetz, 

493 2002). The equation is low frequency because of the neglect of second order terms in the thermal and 

494 viscous contributions; the frequency range of validity is therefore below around 1014 Hz in water). It 

495 should be emphasised at this point that other phenomena (scattering, molecular relaxation, 

496 diffraction) may form a significant component of the measured attenuation, in addition to viscosity. It 

497 is therefore important, in the first place, to verify the frequency-squared dependence of the 

498 attenuation and account for those mechanisms not associated with viscosity.

499 In most liquids, the ratio of specific heats is close to one (in water at 10 KPa and 25 °C it is 1.0106) and 

500 the thermal term is usually neglected, so that rearranging This equation we get

501 (23)𝜂𝑙𝑜𝑛𝑔 =
3𝛼𝑙𝑜𝑛𝑔𝜌𝑐 3

𝑙𝑜𝑛𝑔

2𝜔2

502 where the relationship 

503  (24)𝜂𝑙𝑜𝑛𝑔 = 𝜂𝑏 +
4𝜂𝑠

3
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504 (here  is bulk viscosity and  is shear viscosity) is analogous to the relationship between elastic 𝜂𝑏 𝜂𝑠

505 moduli in solids

506 (25)𝑀 = 𝐾 +
4
3𝐺

507 where M [Pa] is the elastic modulus, G the shear modulus and K is the bulk modulus defined above. In 

508 rheology the moduli are each expressed as two numbers, a ‘real’ part, relating to strains that are in 

509 step with the applied stress and an ‘imaginary’ part where the strains are  radians out of step,𝜋 2

510  (26)𝑀 = 𝑀' + 𝑖𝑀'' = 𝐾' + 𝑖𝐾'' +
4
3(𝐺' + 𝑖𝐺'')

511 where .𝑖 = ‒ 1

512 For a harmonic oscillation of the form  the strain rate is equal to the strain multiplied by a factor 𝑒 ‒ 𝑖𝜔𝑡

513 , and the relation between complex elastic moduli and viscosity enables us to re-express the ‒ 𝑖𝜔

514 acoustic properties. In solids, the equivalent of the Newton-Laplace equation is

515  (27)𝑐𝑙𝑜𝑛𝑔 =
𝑀'

𝜌 = 𝐾' + 4
3𝐺'

𝜌

516 In fluids and soft solids K’ >> G’, for example in a yoghurt G’ ~ a few Pa whilst K’ is ~ 1010 Pa so that

517 .  (28)𝑐𝑙𝑜𝑛𝑔 = 𝐾'

𝜌

518 We can now rewrite Eq. 4 in terms of the complex elastic moduli

519 (29)𝛼𝑙𝑜𝑛𝑔 =
2𝑀''

3𝜌𝑐 3
𝑙𝑜𝑛𝑔

𝜔 = 2
𝐾'' + 4

3𝐺''

3𝜌𝑐 3
𝑙𝑜𝑛𝑔

𝜔 =
2𝜔2 𝜂𝑙𝑜𝑛𝑔

3𝜌𝑐 3
𝑙𝑜𝑛𝑔

520 where

521  (30) 𝑀'' = 𝐾'' + 4
3𝐺'' = 𝜂𝑙𝑜𝑛𝑔𝜔

522 Examination of the above equations shows that the real part of the shear modulus can contribute to 

523 the sound speed and the imaginary part of the shear modulus (which relates to the viscosity) 

524 contributes to the sound attenuation, clearly linking acoustics and rheology.
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525 The relationship between length of the longitudinal wave, and the size and geometry of sample is 

526 important, due to additional restoring forces arising at boundaries when the longitudinal acoustic 

527 wavelength is of the order of or greater than any sample dimension. These additional forces result in 

528 acoustic parameters becoming a function of sample geometry, heterogeneity and dimensions. In the 

529 following we assume that the longitudinal wavelength is always smaller than any dimension of a 

530 sample holder.

531 10.2 Shear Acoustics

532 In the field of shear acoustics (Manfredi et al., 2019); (Schroyen et al., 2020) , a highly attenuated shear 

533 wave propagates over just a few wavelengths and much more slowly (A. Dukhin, 2021) than the 

534 longitudinal wave. Oscillatory shear rheology (Weitz et al., 2007)  shares much in common with shear 

535 acoustics. The speed of an acoustic shear wave is given by

536 (31)𝑐 2
𝑠ℎ𝑒𝑎𝑟 =

𝐺'

𝜌

537 and its penetration depth  [m] (Povey, 1997)𝛿𝑠ℎ𝑒𝑎𝑟

538 (32)𝛿𝑠ℎ𝑒𝑎𝑟 =
2𝜂𝑠ℎ𝑒𝑎𝑟

𝜔𝜌

539 So in a typical yogurt,  whereas  . At 1 MHz the equivalent 𝑐𝑠ℎ𝑒𝑎𝑟≅0.03 𝑚 𝑠 ‒ 1 𝑐𝑙𝑜𝑛𝑔≅1450 𝑚 𝑠 ‒ 1

540 wavelengths are  and , at 100 Hz are  and 𝜆𝑠ℎ𝑒𝑎𝑟 ≅0.03 𝜇𝑚 𝜆𝑙𝑜𝑛𝑔 ≅1.45 𝑚𝑚 𝜆𝑠ℎ𝑒𝑎𝑟 ≅0.3 𝑚𝑚 𝜆𝑙𝑜𝑛𝑔

541 . The shear penetration depth of a yogurt with shear viscosity 2 mPa s (van Marle et al., 1999)  ≅14.5 𝑚

542 is 2.5 mm at 1 Hz, 0.25 mm at 100 Hz, 0.025 mm at 10 kHz and 2.5 μm at 1 MHz.  Schroyen (Schroyen 

543 et al., 2020) comments that “The penetration depth is of particular importance at very high 

544 frequencies since it defines the maximal distance over which the sample can be probed … : “At large 

545 ultrasonic frequencies (>1 MHz), the penetration depth becomes so small that surface properties 

546 rather than bulk properties are probed”. 

547
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