
01 September 2026

POLITECNICO DI TORINO
Repository ISTITUZIONALE

Ginzburg–Landau theory for confined thin-film superconductors / Ummarino, G.A., Zaccone, A.. - In:
SUPERCONDUCTOR SCIENCE & TECHNOLOGY. - ISSN 1361-6668. - 39:8(2026), pp. 1-14. [10.1088/1361-
6668/ae96d5]

Original

Ginzburg–Landau theory for confined thin-film superconductors

Publisher:

Published
DOI:10.1088/1361-6668/ae96d5

Terms of use:

Publisher copyright

(Article begins on next page)

This article is made available under terms and conditions as specified in the  corresponding bibliographic description in
the repository

Availability:
This version is available at: 11583/3014803 since: 2026-08-24T12:35:55Z

IOP Publishing



Superconductor
Science and
Technology

     

PAPER • OPEN ACCESS

Ginzburg–Landau theory for confined thin-film
superconductors
To cite this article: G A Ummarino and A Zaccone 2026 Supercond. Sci. Technol. 39 085029

 

View the article online for updates and enhancements.

You may also like
What Even Is an “Exomoon”?
David Kipping

-

Optical Spectroscopy of TeV-emitting BL
Lac Candidates
Cassidy Metzger, Ryan C. Hickox and
John R. Thorstensen

-

A Multi-instrument Generalized
Lomb–Scargle Periodogram
Implementation
Giulia Martos, Néstor Espinoza and Jorge
Meléndez

-

This content was downloaded from IP address 130.192.92.55 on 27/08/2026 at 10:23



Supercond. Sci. Technol. 39 (2026) 085029 https://doi.org/10.1088/1361-6668/ae96d5

OPEN ACCESS

RECEIVED

11 May 2026

REVISED

18 July 2026

ACCEPTED FOR PUBLICATION

7 August 2026

PUBLISHED

24 August 2026

Original content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOI.

PAPER

Ginzburg–Landau theory for confined thin-film superconductors

G A Ummarino1 and A Zaccone2,3,∗
1 Dipartimento di Scienza Applicata e Tecnologia, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
2 Department of Physics ‘A. Pontremoli’, University of Milan, via Celoria 16, 20133 Milan, Italy
3 Institut für Theoretische Physik, University of Göttingen, Friedrich-Hund-Platz 1, 37077 Göttingen, Germany
∗ Author to whom any correspondence should be addressed.

E-mail: alessio.zaccone@unimi.it and giovanni.ummarino@polito.it

Keywords:Ginzburg–Landau theory, superconducting thin films, quantum confinement, penetration depth, coherence length,
Fuchs–Sondheimer scattering

Abstract
We develop a Ginzburg–Landau theory for superconducting thin films under quantum confine-
ment. Starting from the Ginzburg–Landau theory and the recently developed confinement theory
of metallic thin films, explicit analytical expressions are derived for the coherence length, pene-
tration depth, electronic mean free path, and Ginzburg–Landau parameter in confined geome-
tries. The central result is that quantum confinement directly renormalizes the intrinsic super-
conducting coherence length through confinement-induced modifications of the electronic den-
sity of states and Fermi energy. This effect is absent in conventional thin-film transport theories
based solely on surface scattering. As a consequence, confinement simultaneously suppresses the
coherence length and enhances the penetration depth, thereby driving superconductors toward
stronger type-II behavior over a broad thickness range. The interplay between quantum con-
finement and disorder can also produce reentrant type-I/type-II crossovers. The theory predicts
a crossover regime in which confinement-induced renormalization of superconducting length
scales and transport scattering become strongly intertwined. Comparison with recent penetration-
depth measurements in Al thin films shows that the observed enhancement of the penetration
depth originates from the interplay between confinement-induced renormalization of the coher-
ence length and suppression of the effective mean free path by surface and disorder scattering. The
results establish a direct connection between quantum confinement and superconducting electro-
dynamics in confined metallic films.

1. Introduction

The superconducting properties of metallic thin films undergo substantial modifications when the film
thickness becomes comparable to characteristic electronic length scales such as the Fermi wavelength, the
electron mean free path, and the superconducting coherence length. In this regime, quantum confine-
ment alters the distribution of accessible electronic states in momentum space, modifies the density of
states at the Fermi level, and changes the superconducting electrodynamics of the system. Thin super-
conducting films therefore represent an ideal platform where quantum size effects, electronic transport,
and collective superconducting phenomena become strongly intertwined.

Understanding superconductivity in confined geometries is also of considerable technological
importance. Thin-film superconductors are central components in superconducting quantum circuits,
microwave resonators, kinetic-inductance detectors, and nanoscale superconducting electronics [1–3].
In these systems, superconducting length scales such as the penetration depth λ(T) and the coherence
length ξ(T) directly control kinetic inductance, vortex behavior, magnetic screening, and device coher-
ence properties. In particular, thin-film aluminum has become one of the most important materials
in superconducting quantum technologies because of its reproducibility, compatibility with Josephson-
junction fabrication, and low microwave losses [1, 4].

© 2026 The Author(s). Published by IOP Publishing Ltd
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Experimentally, it has long been known that reducing the film thickness strongly enhances
the superconducting penetration depth and may drive materials such as Al from type-I to type-II
superconductivity [5, 6]. Recent high-precision measurements by López-Núñez et al [3] demonstrated
a pronounced increase of the penetration depth in Al thin films as the thickness decreases from approxi-
mately 200nm to below 30nm, together with signatures of a crossover between type-I and type-II super-
conducting behavior. Their work combined resonator measurements and transport measurements to
extract the penetration depth with high accuracy and showed that conventional thin-film electrody-
namics based solely on surface scattering and dirty-limit corrections is insufficient to provide a complete
microscopic interpretation of the observed behavior.

In previous theoretical studies [7, 8], the three-dimensional time-dependent Ginzburg–Landau
equations were solved numerically for mesoscopic thin-film superconductors. These calculations estab-
lished the relationship between the film thickness L and the Ginzburg–Landau parameter κ, and iden-
tified the critical thickness at which the transition between type-I and type-II superconductivity occurs.
Finally, for multiband superconductors, the crossover between type-I and type-II superconductivity has
also been investigated using a perturbative approach [9].

In conventional approaches, the thickness dependence of superconducting properties is usually
described through phenomenological transport models such as the Fuchs–Sondheimer theory and the
Mayadas–Shatzkes framework [10–12]. Recent first-principles work has also emphasized that electron–
surface scattering in nanoscale conductors can be treated microscopically and is strongly controlled
by the electronic structure and surface properties [13]. Within these descriptions, thickness primarily
affects the electronic mean free path through diffuse surface scattering and grain-boundary scattering.
The superconducting penetration depth then changes indirectly through dirty-limit corrections [5, 6].
While this approach successfully captures part of the experimental phenomenology, it leaves open a fun-
damental question: whether quantum confinement itself can directly renormalize intrinsic superconduct-
ing length scales independently of disorder scattering.

Several recent works [14–19] introduced an analytical confinement theory for metallic thin films
based on the geometric reconstruction of the Fermi surface under strong confinement. The theory avoids
treating kz as a good quantum number in view of the ubiquitous atomic-scale disorder of the thin-film
surface [16, 20], and predicts confinement-induced forbidden regions in momentum space together with
a crossover between weak- and strong-confinement regimes. The theory has been shown to be able to
quantitatively predict the experimentally observed trend of the superconducting critical temperature Tc

as a function of film thickness L [15], typically with a maximum in Tc at thickness value Lc correspond-
ing to the onset of the topological reconstruction of the Fermi surface (and coinciding with the crossover
from weak to strong confinement).

One of the most important consequences of this framework is a confinement-induced renormal-
ization of the density of states and consequently of the electron–phonon coupling constant and Fermi
energy, which in turn modifies superconducting observables such as the critical temperature.

More generally, earlier developments in multiband and confined superconductivity have high-
lighted the importance of multiple superconducting length scales and unconventional electrodynamics in
reduced-dimensional systems [21, 22]. In particular, Babaev and collaborators showed that the interplay
between different coherence lengths and penetration depths can generate qualitatively new superconduct-
ing regimes beyond the standard type-I/type-II classification. Related work by Bianconi and collaborators
emphasized the importance of shape resonances, Lifshitz transitions, and quantum confinement effects
in superconducting nanofilms and multiband superconductors [23, 24]. These developments further
motivate the formulation of a confinement-renormalized Ginzburg–Landau theory in which supercon-
ducting length scales become explicit functions of confinement geometry and electronic structure.

However, a systematic Ginzburg–Landau description of superconducting thin films derived from this
confinement framework is still lacking. In particular, no theory presently exists, which explicitly connects
confinement-induced modifications of the density of states and Fermi surface topology to the experi-
mentally observed evolution of the penetration depth, coherence length, and Ginzburg–Landau parame-
ter in thin superconducting films. The recent penetration-depth measurements of thin-film Al by López-
Núñez et al therefore provide a particularly important experimental motivation for developing such a
framework.

Further motivation comes from recent work on confined and disordered aluminum systems.
Deshpande et al showed that granular Al thin films exhibit a superconducting dome whose height and
position depend on deposition conditions and film thickness, with Tc reaching values well above bulk
Al [25]. Related theoretical work has also shown that superconductivity in metallic thin films can be
strongly modified by external electric fields, with quantum confinement, electrostatic screening, and
Eliashberg corrections playing an essential role [26–28]. These developments support the need for a
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Ginzburg–Landau formulation in which confinement modifies not only transport parameters, but also
intrinsic superconducting length scales.

The purpose of the present work is to formulate a complete Ginzburg–Landau theory for supercon-
ducting thin films starting from the microscopic confinement theory developed in [14, 16]. The resulting
framework provides explicit analytical expressions for the confinement-renormalized Ginzburg–Landau
coefficients, coherence length, penetration depth, mean free path, and Ginzburg–Landau parameter. In
contrast to conventional thin-film transport theories, the present approach predicts that quantum con-
finement directly renormalizes the intrinsic superconducting coherence length through the confinement
dependence of the electronic density of states and Fermi energy.

The theory further provides a natural framework to interpret recent experimental observations in
Al thin films, where the measured enhancement of the penetration depth appears to originate from the
interplay between transport scattering and confinement-induced modifications of the intrinsic super-
conducting length scales. The present work therefore extends recent confinement theories of nanoscale
transport and superconductivity into the Ginzburg–Landau regime and provides a unified phenomeno-
logical description connecting quantum confinement, electronic structure, disorder scattering, and super-
conducting electrodynamics in confined metallic films.

2. Ginzburg–Landau free energy

The Ginzburg–Landau superconductive free-energy density, for homogeneous systems, close to the
superconducting transition temperature, is written as [5, 6]

Fs (T) = Fn +α(T) |ψ (T) |2 + b

2
|ψ (T) |4, (1)

where Fn is the normal-state free energy, ψ is the superconducting order parameter and the coefficients
α(T) and b are determined microscopically.
α(T) has to change sign at the critical temperature so one writes

α(T) = α0

(
T−Tc

Tc

)
. (2)

Within microscopic BCS theory the coefficient α0 is proportional to the density of states at the Fermi
level [5, 6],

α0 = N(0) , (3)

while the quartic coefficient is given by

b=
7ζ (3)

8π2
N(0)

(kBTc)
2 . (4)

The superconductive free energy has a minimum when ψ(T) = ψ0(T) where

ψ0 (T) =

√∣∣∣∣α(T)β

∣∣∣∣, (5)

and ψ2
0(T) represents the density of Cooper pairs.

The density of states N(0) therefore constitutes the central quantity through which confinement
modifies the superconducting properties.

3. Quantum confinement and density of states

In the confinement theory of thin metallic films, confinement along one spatial direction suppresses low-
energy states in momentum space. The resulting modification of the available Fermi volume changes the
density of states and shifts the Fermi energy.

The density of states becomes confinement dependent,

Nfilm (0) = C(L)Nbulk (0) , (6)

3
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where C(L) is a confinement renormalization factor.
For weak confinement, corresponding to L> Lc, the confinement factor is

C(L) =

(
1+

2

3

π

nL3

)1/3

, (7)

where n is the electronic carriers density and Lc = ( 2πn )1/3 is the crossover thickness.
In this regime one typically has

1⩽ C≲ 1.1. (8)

Hence the density of states is only moderately enhanced.
For strong confinement, namely L< Lc, the Fermi surface undergoes a topological reconstruction

(see figure 2 in [14]) and the confinement factor becomes

C(L) =
2

61/3

√
L

Lc
. (9)

Therefore

0⩽ C⩽ 1. (10)

The corresponding Fermi energy is renormalized according to

εF,film = C2εF,bulk. (11)

This relation follows directly from the confinement-induced reconstruction of the occupied
momentum-space volume.

4. Electronic mean free path

The electronic mean free path is written as

ℓ= vFτ, (12)

where τ is the scattering time and the Fermi velocity is

vF =

√
2εF
m
. (13)

As a first approximation, we assume that the electronic scattering time τ remains approximately
independent of film thickness. This assumption isolates the intrinsic effect of quantum confinement on
the electronic mean free path through the confinement-induced renormalization of the Fermi velocity,
independently of additional thickness-dependent transport mechanisms. Under this approximation one
finds

ℓfilm = ℓbulk

√
εF,film
εF,bulk

. (14)

Equation (14) therefore represents the intrinsic (or ‘bare’) confinement contribution to the mean free
path. In realistic thin films, however, the scattering time also becomes thickness dependent because of
diffuse surface scattering, grain boundaries, interface roughness, and other disorder effects. These addi-
tional transport mechanisms are not included in the present first-order derivation and are incorpo-
rated later, in section 10, through the effective mean free path of equation (55). Equation (55) should
therefore be regarded as an extension of the intrinsic confinement scaling derived here rather than as a
replacement of equation (14).

Using

εF,film = C2εF,bulk, (15)

we obtain

ℓfilm = Cℓbulk. (16)

The electronic mean free path therefore scales linearly with the confinement factor.

4
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5. Coherence length

Within Ginzburg–Landau theory, close to critical temperature, the superconducting coherence length is
defined as [5, 6]

ξ (T) =

√
h̄2

2m|α(T) |
. (17)

Substituting the temperature dependence of α(T) gives

ξ (T) =
h̄√

2m|α0|
Tc

T−Tc

∣∣∣∣1/2 = ξ (0)

∣∣∣∣ Tc

T−Tc

∣∣∣∣1/2 . (18)

where

ξ (0) =
h̄√
2mα0

. (19)

Since

α0 ∝ N(0) , (20)

one immediately obtains the confinement-renormalized coherence length:

ξfilm = ξbulk

√
Nbulk (0)

Nfilm (0)
. (21)

Using the confinement factor,

ξfilm =
ξbulk√
C
. (22)

Hence confinement tends to reduce the coherence length whenever the density of states is enhanced.
In the weak-confinement regime the effect remains moderate because C differs only weakly from

unity. Near the crossover thickness Lc, however, the suppression becomes stronger.
In real polycrystalline thin films, reducing the film thickness usually leads to a reduction of the grain

size and therefore to an additional suppression of the electronic mean free path. In the dirty limit, the
effective superconducting coherence length is determined jointly by the intrinsic coherence length and by
impurity scattering, following the well-known interpolation discussed by Tinkham and employed in the
recent analysis of thin-film Al penetration-depth measurements [3, 5]. This interpolation is not derived
within the present confinement framework but adopted as the standard phenomenological dirty-limit
relation widely used in the superconductivity literature [3, 5]. In bulk materials, the effective coherence
length is therefore given by

1

ξbulk,eff
=

1

ξbulk
+

1

ℓbulk
. (23)

Applying the confinement-induced renormalization to equation (23) of both the intrinsic coherence
length and the electronic mean free path immediately yields the corresponding expression for the con-
fined film:

1

ξfilm,eff
=

√
C

ξbulk
+

1

Cℓbulk
. (24)

6. London penetration depth

Within Ginzburg–Landau theory, close to critical temperature, the superconducting London penetration
depth, in the clean limit, is defined as [5, 6]

λL (T) =

√
2m

4µ0e2ψ2
0 (T)

, (25)

5
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where m is the electronic mass and e the electronic charge. This definition can be written in another
way:

λL (T) =

√
mβ

2µ0e2|α(T) |
, (26)

but β ∝ T−2
c so λL ∝ T−1

c while the dependence from N(0) disappears because is both in
β and in α.

In the dirty limit the definition of the penetration depth is [3]

λbulk = λL,bulk

√
1+

ξbulk (T)

ℓbulk (T)
, (27)

Applying the confinement-renormalized coherence length and mean free path derived above gives

λfilm = λL,bulk

(
Tc,film

Tc,bulk

)√
1+

ξbulk

C
√
Cℓbulk

. (28)

This expression contains two competing effects.
The first factor reflects the confinement dependence of the superconducting energy scale through

the critical temperature. The second factor reflects the confinement-induced reduction of the electronic
mean free path.

For weak confinement, namely L> Lc, the confinement factor remains close to unity. Consequently
the penetration depth increases only moderately as the thickness approaches the crossover thickness from
above.

In contrast, in the strong-confinement regime C→ 0 as L→ 0, which implies√
1+

ξbulk

C
√
Cℓbulk

→∞. (29)

At the same time, however,

Tc,film

Tc,bulk
→ 0 (30)

may suppress the overall penetration depth depending on the asymptotic behavior of Tc.
This competition between the divergence induced by the mean free path correction and the sup-

pression induced by the superconducting energy scale represents one of the key physical features of the
strong-confinement regime.

7. Ginzburg–Landau parameter

The Ginzburg–Landau parameter is defined as

κ=
λ

ξ
. (31)

Substituting the confinement-renormalized expressions for the penetration depth and coherence
length yields

κfilm = κbulk

(
Tc,film

Tc,bulk

)√
C

(
1+

ξbulk

C
√
Cℓbulk

)1.5

(32)

In the weak-confinement regime the Ginzburg–Landau parameter increases as the thickness
approaches Lc from above. Quantum confinement therefore intrinsically drives superconductors toward
stronger type-II behavior over a broad thickness range, although the interplay between confinement
and disorder may produce a reentrant type-I/type-II crossover in the strong-confinement regime. This
prediction becomes especially important in nanometric films and superconducting nanodevices, where
confinement-induced renormalization of superconducting length scales can qualitatively modify vortex
physics, magnetic screening, kinetic inductance, and the electrodynamic response of the superconducting
condensate.

6
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8. Explicit thickness dependence of physical quantities

The confinement factor is

C(L)≡ Nfilm (0)

Nbulk (0)
. (33)

For L> Lc,

C(L) =

(
1+

2π

3nL3

)1/3

, (34)

whereas for L< Lc,

C(L) =
2

61/3

(
L

Lc

)1/2

. (35)

The Fermi energy is therefore

εF (L) =


εbulkF

(
1+ 2π

3nL3

)2/3
, L> Lc,

h̄2

m

[
(2π)3n

L

]1/2
, L< Lc.

(36)

The density of states at the Fermi level is

Nfilm (0) = C(L)Nbulk (0) . (37)

Thus, for L> Lc,

Nfilm (0) = Nbulk (0)

(
1+

2π

3nL3

)1/3

, (38)

while for L< Lc,

Nfilm (0) = Nbulk (0)
2

61/3

(
L

Lc

)1/2

. (39)

The superconducting critical temperature follows from the BCS expression

kBTc = 1.13εD exp

[
− 1

UNfilm (0)

]
. (40)

where εD is the Debye energy and U is connected with the electron–phonon interaction. Therefore,

Tc (L) =


TD exp

[
− 1

UNbulk(0)

(
1+ 2π

3nL3

)−1/3
]
, L> Lc,

TD exp
[
− 61/3

2UNbulk(0)

(
Lc
L

)1/2]
, L< Lc.

(41)

where

TD =
1.13εD
kB

. (42)

is the Debye temperature.
The Ginzburg–Landau coefficient becomes

α0 (L) = C(L)α0,bulk. (43)

The coherence length is

ξ (L) =
ξbulk√
C(L)

. (44)

7
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Hence,

ξ (L) =


ξbulk

(
1+ 2π

3nL3

)−1/6
, L> Lc,

ξbulk

[
61/3

2

(
Lc
L

)1/2]1/2
, L< Lc.

(45)

and in the diffusive limit

1

ξeff
=

√
C

ξbulk
+

1

Cℓbulk
. (46)

The mean free path scales as

ℓ(L) = C(L)ℓbulk. (47)

Therefore,

ℓ(L) =


ℓbulk

(
1+ 2π

3nL3

)1/3
, L> Lc,

ℓbulk
2

61/3

(
L
Lc

)1/2
, L< Lc.

(48)

The dirty-limit penetration depth is

λ(L) = λL (L)

√
1+

ξ (L)

ℓ(L)
. (49)

Using the simplified phenomenological scaling

λL (L)≃ λL,bulk
Tc (L)

Tc,bulk
, (50)

one obtains

λ(L) = λL,bulk exp

[
1

UNbulk (0)

(
C(L)− 1

C(L)

)]√
1+

ξbulk

C(L)
√

C(L)ℓbulk
. (51)

Finally, the Ginzburg–Landau parameter becomes

κ(L) =
λ

ξeff

= κbulk exp

[
1

UNbulk (0)

(
C(L)− 1

C(L)

)]√
C(L)

×

[
1+

ξbulk

C(L)
√

C(L)ℓbulk

]3/2

. (52)

9. Discussion

The present framework provides a unified description of the superconducting properties of confined
metallic thin films. The theory directly connects the microscopic confinement-induced reconstruction
of the Fermi surface to macroscopic superconducting observables.

Several general trends emerge naturally from the theory:

(i) confinement enhances the density of states at the Fermi level in the weak-confinement regime,
thereby increasing the superconducting critical temperature;

(ii) the coherence length decreases because the Ginzburg–Landau coefficient α0 scales with the density
of states;

(iii) the penetration depth increases due to the reduction of the electronic mean free path.

8
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Finally, the Ginzburg–Landau parameter increases as the film thickness approaches the crossover
thickness, implying stronger type-II behavior in confined geometries. As discussed below, the inter-
play between confinement and disorder may produce a reentrant type-I/type-II crossover in the strong-
confinement regime.

The strong-confinement regime is especially interesting because the Fermi surface ceases to remain
spherical and undergoes a topological reconstruction, as demonstrated in [14], see figure 2 therein. In
this regime, the standard isotropic Fermi-liquid picture may require anisotropic corrections and nonlocal
electrodynamics.

Future developments should include Eliashberg strong-coupling corrections, disorder effects,
anisotropic pairing and vortex physics in confined geometries.

10. Comparison with experimental data

In order to assess the validity of the proposed framework, the theory was compared against experimen-
tal measurements of the penetration depth in superconducting Al thin films reported by Forn-Díaz and
collaborators [3].

A first attempt based solely on confinement-induced renormalization of the density of states proved
insufficient to reproduce the experimental trend. In particular, for Al films in the thickness range 20–
200nm, the confinement correction factor C(L) remains extremely close to unity because the confine-
ment crossover thickness is subnanometric. Therefore, in this thickness range the dominant effect con-
trolling the penetration depth is not the direct modification of the density of states, but rather the thick-
ness dependence of the electronic mean free path through the residual resistivity.

Following the same philosophy employed in the Fuchs–Sondheimer (FS) formalism and in recent
confinement-resistivity theories, the resistivity contributions were combined through Matthiessen”s rule,

ρ(L) = ρFS (L)+ ρdis (L) , (53)

where ρFS is the Fuchs–Sondheimer surface-scattering contribution and ρdis is an additional disorder or
grain-boundary contribution. This decomposition follows the same general strategy recently developed
for confined transport in ultrathin films, where the resistivity is modeled as the sum of a FS surface-
scattering contribution and a confinement-induced contribution associated with suppression of elec-
tronic states under confinement [29, 30].

For the present Al thin films, we employ the reduced effective carrier density previously introduced
in the Eliashberg analysis of Ummarino and Zaccone [15], which yields a confinement crossover thick-
ness Lc ≃ 16.9nm. Consequently, the thinnest experimental samples lie close to the crossover regime
where confinement-induced renormalization of the superconducting coherence length becomes observ-
able. In this regime, confinement affects the superconducting electrodynamics both through the intrinsic
renormalization of the superconducting length scales and through the suppression of the effective mean
free path by surface and disorder scattering.

The FS correction reads

ρFS (L)

ρ0
= 1+

3

8
(1−p)

ℓbulk
L
, (54)

where p is the surface specularity parameter.
The effective mean free path is therefore written as

ℓeff (L) =
C(L)ℓbulk

1+ 3
8 (1−p) ℓbulk

L + γ ℓbulk
L

, (55)

where the additional parameter γ phenomenologically captures disorder and grain-boundary scattering
effects which become increasingly important in ultrathin films.

The penetration depth is then modeled as

λ(L) = λL,bulk · exp
[

1

UNbulk (0)

(
C(L)− 1

C(L)

)]√
1+

ξ (L)

ℓeff (L)
, (56)

where the confinement-renormalized coherence length is given by

ξ(L) =
ξbulk√
C(L)

. (57)

9
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Figure 1. Comparison between the experimental penetration-depth data for Al thin films and the theoretical model. The sym-
bols denote the experimental data of [3], while the solid line is the full fit including Fuchs–Sondheimer surface scattering, an
additional disorder/grain-boundary scattering channel, and the confinement-induced Ginzburg–Landau renormalization of the
coherence length. The dashed curves show the partial contributions obtained by retaining only the Fuchs–Sondheimer chan-
nel, only the disorder channel, only the direct Ginzburg–Landau confinement correction, and the London baseline λL(L). The
effective carrier density is chosen consistently with the Eliashberg analysis of Al thin films in [15], giving Lc ≃ 16.9nm. With this
choice, the confinement contribution to ξ(L) becomes visible near the thinnest films, although the dominant enhancement of
λ(L) still arises from the suppression of the effective mean free path by surface and disorder scattering.

We choose ξbulk = 1600nm and λL = 15.7nm for Al. The value λL = 15.7nm corresponds to the clean
London penetration depth entering the dirty-limit expression, whereas the larger experimentally observed
penetration depth already includes scattering and electrodynamic corrections. In the weak-coupling
limit [31],

UNbulk (0) =
λ−µ∗

1+λ
, (58)

where, here, λ= 0.43 is the electron–phonon coupling constant and µ∗ = 0.143 is the Coulomb pseu-
dopotential [15], yielding

UNbulk (0)≈ 0.20. (59)

The other parameters appearing in the formulas are free and will be determined by the fit.
The fit to the experimental data is shown in figure 1.
The fit parameters are summarized in table 1. In this comparison we use the reduced effective carrier

density neff = 1.30× 1024m−3, consistent with the Eliashberg analysis of Al thin films by Ummarino and
Zaccone [15]. This choice gives a confinement crossover thickness Lc ≃ 16.9nm, bringing the thinnest
samples closer to the regime where the confinement-induced renormalization of the superconducting
coherence length becomes observable.

The resulting fit gives ℓbulk ≃ 5µm, p≃ 0, and γ ≃ 1.21. The nearly vanishing value of p indicates
predominantly diffuse surface scattering, as expected for thin evaporated Al films with rough interfaces
and native oxide. The value γ of order unity indicates that disorder and grain-boundary scattering are
comparable in magnitude to the Fuchs–Sondheimer surface-scattering contribution. More generally, the
fitted value ℓbulk ∼ 5µm should be interpreted as an effective low-temperature transport length rather
than a purely microscopic bulk mean free path. Although large compared with typical room-temperature
thin-film values, it remains physically plausible for high-purity Al at cryogenic temperatures where
phonon scattering is strongly suppressed.

The transport parameters entering the fit, namely the bulk mean free path ℓbulk, the surface specu-
larity parameter p, and the phenomenological disorder parameter γ, primarily affect the effective mean
free path and therefore modify the quantitative magnitude of the penetration-depth enhancement. These
parameters exhibit partial correlations because different combinations may produce similar values of
ℓeff(L).

10



Supercond. Sci. Technol. 39 (2026) 085029 G A Ummarino and A Zaccone

Table 1. Fit parameters obtained from the comparison with the Al thin-film
penetration-depth data. The effective carrier density is taken from the Eliashberg
analysis of Ummarino and Zaccone for Al thin films [15], which gives a confinement
crossover thickness Lc ≃ 16.9nm.

Quantity Symbol Value

Effective carrier density neff 1.30× 1024m−3

Confinement crossover thickness Lc 16.9nm

Bulk mean free path ℓbulk 5.0× 103 nm

Surface specularity parameter p ≃ 0

Disorder/grain-boundary parameter γ 1.21

Coefficient of determination R2 0.935

Root-mean-square error RMSE 9.13nm

Figure 2. Ginzburg–Landau parameter κ(L) calculated from equation (52) as a function of film thickness. The red curve is
obtained using the parameters extracted from the penetration-depth fit, including ℓbulk = 5000nm. The black curve is obtained
by keeping all the remaining parameters fixed while reducing the bulk mean free path to ℓbulk = 100nm. The horizontal dashed
line denotes the type-I/type-II boundary, κ= 1/

√
2. For the fitted Al parameters, κ(L) remains below the critical value over the

whole thickness range considered. For the shorter mean free path, equation (52) predicts a reentrant type-I→type-II→type-I
sequence as the film thickness is reduced.

By contrast, the confinement-induced renormalization of the intrinsic superconducting coherence
length,

ξ (L) =
ξbulk√
C(L)

, (60)

depends exclusively on the confinement factor C(L) and is therefore independent of the fitted transport
parameters. Consequently, although the detailed comparison with experiment depends quantitatively on
the chosen transport parameters, the central theoretical prediction of the present work—the intrinsic
confinement-induced renormalization of the superconducting coherence length—remains robust under
reasonable variations of the fitting parameters.

The decomposition shown in figure 2 clarifies the physical content of the fit. The direct Ginzburg–
Landau confinement contribution modifies the intrinsic coherence length through ξ(L) = ξbulk/

√
C(L),

and becomes visible when the reduced thin-film carrier density is used. However, the dominant quan-
titative increase of the penetration depth is still produced by the reduction of ℓeff(L) through diffuse
surface scattering and disorder. Thus, the data support a physical picture in which confinement renor-
malizes the intrinsic superconducting length scale, while transport scattering controls the magnitude of
the observed penetration-depth enhancement.
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Most importantly, however, the present framework goes substantially beyond a conventional Fuchs–
Sondheimer description. In the standard FS approach, thickness dependence enters exclusively through
the electronic mean free path, while the intrinsic superconducting length scales remain unaffected. In
contrast, the theory developed here predicts that quantum confinement directly renormalizes the super-
conducting coherence length through the confinement-induced modification of the density of states and
of the Fermi energy.

In particular, the relation

ξfilm (T) =
ξbulk (T)√

C(L)
(61)

demonstrates that confinement modifies the intrinsic superconducting coherence scale even in the
absence of disorder or surface scattering. Furthermore, once disorder effects are included, the effective
coherence length becomes

1

ξfilm,eff (T)
=

√
C(L)

ξbulk (T)
+

1

C(L)ℓbulk(T)
, (62)

which explicitly couples quantum confinement and transport scattering into a single superconducting
length scale. This confinement-induced renormalization of the coherence length constitutes the central
conceptual novelty of the present work.

The comparison with experiment therefore supports the following physical picture. In the experi-
mentally accessible thickness range for Al films, namely tens of nanometers, the dominant contribution
to the rapid increase of the penetration depth originates from the suppression of the effective mean free
path due to surface and disorder scattering. However, the superconducting response cannot be described
purely within a normal-state transport framework because confinement simultaneously modifies the
intrinsic superconducting coherence scale through the confinement-dependent density of states. The
superconducting electrodynamics of confined films therefore emerges from the interplay between trans-
port scattering and confinement-induced renormalization of the superconducting condensate.

The analysis also demonstrates that a pure Fuchs–Sondheimer description is not quantitatively suf-
ficient to reproduce the experimental upturn of the penetration depth at small thickness. An additional
disorder-related scattering channel is required, consistent with the broader physical picture developed
recently for confined transport in thin films [29].

The present comparison should therefore not be interpreted as a direct experimental proof of the
confinement mechanism alone. Rather, it shows that the confinement-induced renormalization is fully
compatible with the available experimental data and naturally complements the conventional transport
description. In the experimentally accessible thickness range for Al, the confinement factor remains close
to unity, so that transport scattering dominates the observed enhancement of the penetration depth.
Nevertheless, the theory predicts an intrinsic confinement correction to the superconducting coherence
length that is absent from conventional surface-scattering models. Future experiments on thinner films
or on materials with larger confinement crossover thicknesses should allow this intrinsic confinement
contribution to be isolated more directly.

Finally, we investigate the conditions under which a type-I/type-II crossover may occur in aluminum
films. Figure 2 shows the Ginzburg–Landau parameter κ(L) calculated from equation (52) as a function
of film thickness.

The red curve is obtained using the same parameters employed in the penetration-depth fit, namely
UNbulk(0) = 0.20, ξbulk = 1600nm, λL,bulk = 15.7nm, neff = 1.30× 1024m−3, and ℓbulk = 5000nm. For
these parameters, κ(L) increases as the film thickness is reduced, reflecting the confinement-induced
enhancement of type-II behavior, but it remains below the critical value κ= 1/

√
2 throughout the inves-

tigated thickness range. Therefore, no type-I/type-II crossover is predicted for the Al samples used in the
penetration-depth measurements.

To investigate the sensitivity of the crossover to disorder, the black curve is obtained by keeping all
the remaining parameters fixed while reducing the bulk mean free path to ℓbulk = 100nm. In this case,
the stronger dirty-limit correction increases κ(L) sufficiently for the system to cross the type-I/type-II
boundary at approximately L≃ 40nm. As the thickness is reduced further and the strong-confinement
regime is approached, however, equation (52) predicts a second crossing near L≃ 14nm, where the sys-
tem returns to the type-I regime.
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This reentrant behavior originates from the competition between the dirty-limit enhancement of
the penetration depth and the suppression of the superconducting critical temperature in the strong-
confinement regime. At intermediate thicknesses, the dirty-limit contribution dominates, increasing
κ and favoring type-II behavior. At very small thicknesses, however, the rapid confinement-induced
reduction of Tc decreases the London penetration depth sufficiently that κ falls below the critical value
again. The analysis therefore demonstrates that the occurrence and extent of the type-II regime are
strongly sample dependent and controlled by the combined effects of quantum confinement and dis-
order through the electronic mean free path. Within the present phenomenological framework, strong
disorder can induce a finite thickness interval where the film exhibits type-II superconductivity, bounded
on both sides by type-I behavior.

11. Conclusions

We have developed a Ginzburg–Landau framework for confined superconducting thin films based on
the recently developed quantum confinement theory of metallic thin films. Explicit analytical expres-
sions were derived for the superconducting coherence length, penetration depth, mean free path, and
Ginzburg–Landau parameter in terms of the confinement-induced renormalization of the density of
states and Fermi energy.

The central conceptual result of the present work is the prediction that quantum confinement
directly renormalizes the intrinsic superconducting coherence length through modifications of the elec-
tronic density of states and of the Fermi energy. This effect is fundamentally absent from conventional
thin-film transport theories based solely on surface scattering and dirty-limit corrections. The theory
therefore predicts that confinement modifies the intrinsic superconducting length scales themselves, even
in the absence of disorder or surface scattering.

A particularly important consequence of this mechanism is that confinement simultaneously sup-
presses the superconducting coherence length while enhancing the penetration depth. As a result, the
Ginzburg–Landau parameter increases systematically with decreasing film thickness, implying that quan-
tum confinement intrinsically drives superconductors toward stronger type-II behavior. The interplay
between confinement and disorder can even generate a finite thickness interval of type-II superconduc-
tivity bounded by type-I phases, illustrating the rich crossover behavior predicted by the present phe-
nomenological framework. This prediction represents a fundamental new consequence of confinement
physics in superconductors and provides a direct connection between Fermi-surface reconstruction and
macroscopic superconducting electrodynamics.

The theory further predicts a crossover regime in which confinement-induced renormalization of
superconducting length scales and transport scattering become strongly intertwined. In this regime, the
experimentally observed enhancement of the penetration depth cannot be understood purely within a
normal-state transport framework because confinement simultaneously modifies the intrinsic supercon-
ducting condensate through the confinement dependence of the coherence length.

Comparison with recent experimental penetration-depth data for Al thin films shows that the pro-
posed framework consistently describes the observed evolution of the penetration depth and provides a
natural extension of conventional transport models by incorporating the intrinsic confinement-induced
renormalization of the superconducting coherence length.

The present framework therefore establishes a unified phenomenological description connecting
quantum confinement, Fermi-surface topology, transport scattering, and superconducting electrody-
namics in confined metallic films. More broadly, it extends recent confinement theories directly into the
Ginzburg–Landau regime and predicts intrinsic confinement-induced modifications of superconducting
electrodynamics that should become increasingly important in nanometric superconductors, supercon-
ducting quantum devices, and ultrathin superconducting heterostructures.

Future developments should include nonlocal electrodynamics, anisotropic pairing, strong-
coupling Eliashberg corrections, explicit grain-size evolution, and fully microscopic treatments of dis-
order and interface scattering in ultrathin superconductors. Finally, this methodology could also be
applied to studying the effect that the presence of surfaces—and, more generally, boundaries—has on
superconductivity [32–36].
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