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 A B S T R A C T

This paper presents enhanced two-dimensional finite elements based on the Node-Dependent Kinematics 
approach, in which each finite element node may employ a distinct thickness expansion, while kinematic 
models can be independently selected for each displacement variable using both Taylor- and Lagrange-based 
expansions over the thickness. The formulation, developed within the Carrera Unified Formulation, permits the 
generation of generic structural theories in the same framework. The present method is validated by studying 
the free-edge problem and comparing results with literature data and high-fidelity reference solutions. The 
results confirm that the optimal computational model for balancing accuracy and efficiency depends on the 
specific problem under consideration.
1. Introduction

Laminated composite structures are widely used in aerospace and 
automotive applications due to their superior strength-to-weight ratio 
and performance. Their inherent material inhomogeneity, however, 
can lead to complex mechanical behaviours, such as free-edge effects. 
These phenomena are localized stress concentrations at layer interfaces 
near geometric discontinuities. These stress concentrations are critical 
as they frequently act as initiation points for delamination and other 
damage mechanisms [1]. See also the influential comprehensive review 
given by Mittelstedt and Becker [2].

This paper adopts two-dimensional (2D) structural models. Com-
prehensive reviews of these theories are provided by Reddy [1] and 
Carrera [3]. The foundational Kirchhoff–Love theory [4,5] represents 
one of the earliest 2D formulations. The extension to laminated com-
posites, known as Classical Lamination Theory (CLT) [6], assumes that 
normal surfaces to the mid-plane remain straight and perpendicular 
during the deformation. The First-Order Shear Deformation Theory 
(FSDT), proposed in the works of Reissner [7] and Mindlin [8], up-
dates the CLT allowing for transverse shear deformations. Advances in 
two-dimensional theory, have improved the accuracy of stress analy-
sis by overcoming classical limitations. Comprehensive treatments of 
these developments are provided in the seminal works [9,10], which 
establish fundamental theoretical frameworks. Notable contributions 
include the complete third-order theory by Kant and Manjunatha [11]. 
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Additionally, Reddy [12] and Senthilnathan et al. [13] used a higher-
order model that satisfies surface stress conditions. The Equivalent 
Single-Layer (ESL) approach is commonly adopted in the literature due 
to its modelling simplicity, as it utilizes kinematic variables that are 
independent of the number of material layers. For higher-fidelity stress 
analysis, the Layer-Wise (LW) approach is needed. This method assigns 
separate variables to each layer, enabling more accurate through-
thickness resolution at increased computational expense. See the review 
by Maji and Mahato [14].

Carrera and colleagues proposed an innovative unified framework 
model, known as the Carrera Unified Formulation (CUF). Detailed 
expositions can be found in the book by Carrera et al. [15] and in foun-
dational works such as [3,16]. A key feature of CUF is that its governing 
equations are invariant, that is, they have the same mathematical 
structure for every structural theory. The previous high-fidelity models 
successfully capture complex structural behaviour, but the conventional 
approaches require costly reformulation for each new theory. Unified 
frameworks, such as the CUF, erase this limitation by enabling flexible 
integration of diverse models within a single theoretical framework. 
Demasi and coworkers [17–19] proposed a novel extension of the CUF, 
denoted as the Generalized Unified Formulation (GUF), in which the 
expansion type and kinematic approach can be independently chosen 
for each displacement component. In these contributions, both strong 
and weak formulations were developed, with Legendre and Taylor 
polynomials employed as expansions functions along the thickness.
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Current methods, however, often cannot assess the individual con-
tributions of kinematic expansion terms and use ESL and LW together. 
To handle this limitation, Carrera and co-workers [20,21] introduced 
a novel consistent formulation based on the CUF and GUF principles 
for the plate and shell formulations. This approach enables users to 
adaptively select the precision of the kinematic theory and optimize 
the balance between computational efficiency and predictive accuracy. 
Recently, Carrera and collaborators [22,23] studied the influence of 
the terms by using the Asymptotic-Axiomatic Method and created 
graphs that correlated the error and the number of terms. These con-
cepts, however, trace back to the work of Carrera [24] concerning the 
multilayered plates. In [25], the influence of the terms in transverse 
displacement component was studied in shell analyses.

Thus far, expansions have been based primarily on either Taylor or 
Lagrange expansions. Taylor polynomials may be efficiently adopted to 
build complicated structural theories in the analysis of 2D structures. 
These polynomial terms have the form 𝑧𝑝, where 𝑝 is a positive integer. 
Carrera and collaborators [26,27] extensively utilized these polynomi-
als in various studies. One of the key advantages of these models is 
their flexibility, allowing the inclusion of a random number of terms 
to explore complex phenomena in greater detail [28]. Two types of 
theories are presented in the case of the plate formulation: (a) complete
theories, (b) different theories. The complete models refer to the ones 
where the same expansion is adopted for all the displacement compo-
nents. The use of different theories for each displacement variable is 
another interesting option; that is, each displacement component may 
be approximated using a distinct expansion. The second approach uses 
Lagrange polynomials. Thickness is approximated with Lagrange Points 
(LPs), and displacement is interpolated from these points [29]. Inter-
polation depends on the number of LPs. The points are defined in the 
natural coordinate 𝑟 = [−1,+1]. Finally, a mixed ESL/LW approach can 
be advantageous for approximating the three-dimensional displacement 
field. In this method, displacement components are represented using 
either Lagrange or Taylor expansions, see also [21] for more details. In 
the present work, such formulations are termed TE/LE models.

Primal investigations into free-edge phenomena in composites in-
clude the early works of Hayashi [30], Puppo and Evensen [31], and 
Pipes and Pagano [32]. Several analytical approaches have yielded 
closed-form solutions for free-edge stress analysis [33–35]. Also, var-
ious numerical strategies have been employed. Early finite-element 
studies include the work of Wang and Crossman [36], who used three-
node elements with mesh refinement near the free edge, and Whitcomb 
et al. [37], who analysed stress singularities with eight-node elements. 
Raju and Crews [38] adopted 3D solid elements, while Robbins and 
Reddy [39] employed a higher-order LW plate element. More recently, 
Vidal et al. [40] applied the proper generalized decomposition, dis-
cretizing the mid-plane with eight-node elements and using a refined 
fourth-order LW expansion through the thickness. Wang and Choi [41] 
studied the free-edge stress singularities by adopting a formulation 
based on Lekhknitskii’s stress potentials. Davìand Milazzo [42] investi-
gated normal and shear stresses by means of an analytical Boundary 
Element Method (BEM) solution. Mittelstedt and Becker [43] subse-
quently employed the Boundary Finite Element Method (BFEM) within 
the framework of linear elasticity for the analysis of three-dimensional 
stress states. More recently, Dölling et al. [44] proposed the use of 
the semi-analytical Scaled Boundary Finite Element Method (SBFEM). 
All these methods have demonstrated superior computational efficiency 
compared to classical FEM formulations. For further details, the reader 
is referred to the comprehensive review by Mittelstedt et al. [45]  which 
covers recent developments in the study and characterization of the 
free-edge effect for various geometries and boundary conditions. Within 
the framework of the CUF, De Miguel et al. [46,47] employed advanced 
beam models to analyse free-edge stress fields and failure under various 
loading conditions. In addition, D’Ottavio et al. [48] investigated and 
compared higher-order and less-refined models in the context of the 
unified plate formulation. Stapleton et al. [49] later applied CUF to 
2 
stress analysis in adhesively bonded double-lap joints. More recently, 
Scano et al. [50] investigated free-edge phenomena using a CUF-based 
two-dimensional sub-laminate method.

The enhanced accuracy of refined models is accompanied by sig-
nificantly increased computational expense, especially in the analysis 
of local phenomena [51]. To mitigate this, hybrid modelling strategies 
have been developed. These approaches confine high-fidelity models 
to critical areas and use lower-fidelity models elsewhere. Despite their 
efficiency, implementing these global–local frameworks is complex. 
Consequently, numerous methodologies for coupling different struc-
tural theories have been proposed [52]. For instance, Fish et al. [53] 
introduced a multi-grid approach that exchanges information between 
coarse and fine meshes via an iterative algorithm. One of the most 
established techniques employs Lagrange multipliers, as discussed by 
Prager [54,55]. Alternative strategies include the use of spline methods 
to couple domains with non-matching meshes, as demonstrated by 
Aminpour et al. [56] and Ransom [57], and the three-field formu-
lation presented by Brezzi and Marini [58]. More recently, Blanco 
et al. [59,60] developed the eXtended Variational Formulation (XVF), 
which couples distinct kinematic models using Lagrange multipliers. 
Compatibility between adjacent zones can also be ensured through an 
overlapping region. In this context, Ben Dhia and co-workers [61,62] 
proposed the Arlequin method, which enforces coupling constraints. 
This method was later implemented within the Carrera Unified For-
mulation (CUF) for plate models in purely mechanical analyses by 
Biscani et al. [63]. Subsequently, it was extended to the context of 
piezoelasticity in [64].

This paper presents enhanced 2D finite elements based on the Node-
Dependent Kinematics (NDK) method [65–67], which allows each node 
to adopt different expansions and enables independent modelling of 
displacement variables without special coupling. Specifically, for a 
2D problem, the expansion functions change across the plate mid-
plane. The NDK approach has also been employed by Zappino and 
Carrera [68] for studying free-edge effects in thermoelastic problems. 
This method has also been assessed for the beam formulation [69]. 
The principal objective of the present work is to establish a finite 
element framework in which kinematic theories can be independently 
selected at each node, enabling a tailored balance between accuracy 
and computational efficiency, and ultimately leading to the genera-
tion of global/local models. By virtue of this capability, the proposed 
approach offers an efficient and flexible tool for the investigation 
of the free-edge phenomenon, which is inherently localized in na-
ture and is therefore particularly well-suited to global/local analysis 
strategies. The first step involves developing a unified method that 
isolates the contributions of individual terms, eliminating the need to 
reformulate equations for each new theory. This method is the new 
advanced Unified Formulation, which has been previously cited in 
this Introduction, and more details will be given in Section 2. The 
second step leverages the possibility of adopting different structural 
theories for each node. This application of the NDK method provides 
the flexibility to combine low- and high-order theories within a single 
2D model. The present contribution represents a natural continuation of 
previous works, constituting a further step towards the establishment 
of a general framework, as described at the end of the Introduction 
in [20]. In this context, Lagrange and Taylor polynomials are adopted 
to implement the LW and ESL approaches, respectively. In particular, 
Lagrange polynomials are chosen since they can effectively join dif-
ferent element types without requiring mathematical constructs such 
as Lagrange multipliers. This methodology extends previous work that 
successfully addressed analogous problems in beam structures [70].

Section 2 briefly revises the principles of the Unified Formulation 
and details the mathematics of the NDK method within the CUF plate 
framework. Section 3 derives the governing equations and presents the 
explicit form of the finite element matrices. Numerical results for shear 
and transverse stresses in the free-edge critical region are presented in 
Section 5. Finally, Section 6 summarizes the main findings and outlines 
potential future research directions.
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Fig. 1. Reference system for a generic multilayered two-dimensional plate.

2. Theoretical foundations

A multilayered plate is depicted in Fig.  1 within a reference system 
(𝑥, 𝑦, 𝑧). The index 𝑘 denotes the computational layer in the thickness 
direction (𝑧-axis). The transverse fibre 𝐴 is placed along the out-of-
plane 𝑧-direction, with the mid-surface 𝛺0 lying in the 𝑥–𝑦 plane. Thus, 
the three-dimensional displacement field can be expressed as follows: 

𝐮𝑘(𝑥𝑘, 𝑦𝑘, 𝑧𝑘) =
{

𝑢𝑘𝑥(𝑥
𝑘, 𝑦𝑘, 𝑧𝑘), 𝑢𝑘𝑦(𝑥

𝑘, 𝑦𝑘, 𝑧𝑘), 𝑢𝑘𝑧(𝑥
𝑘, 𝑦𝑘, 𝑧𝑘)

}𝑇
(1)

2.1. Unified formulation for plates

The first step is to create a unified mathematical framework capable 
of representing all types of structural models for all three displacement 
variables, including both ESL and LW approaches. To this end, the 
Carrera Unified Formulation (CUF) permits a compact and versatile 
description of such models. The three-dimensional displacement field 
is thus reformulated as follows: 
𝑢𝑘𝑥 = 𝐹 𝑘

𝑢𝑥𝜏
(𝑧𝑘)𝑢𝑘𝑥𝜏 (𝑥

𝑘, 𝑦𝑘) with 𝜏 = 1,… ,𝑀𝑢𝑥

𝑢𝑘𝑦 = 𝐹 𝑘
𝑢𝑦𝜏

(𝑧𝑘)𝑢𝑘𝑦𝜏 (𝑥
𝑘, 𝑦𝑘) with 𝜏 = 1,… ,𝑀𝑢𝑦

𝑢𝑘𝑧 = 𝐹 𝑘
𝑢𝑧𝜏

(𝑧𝑘)𝑢𝑘𝑧𝜏 (𝑥
𝑘, 𝑦𝑘) with 𝜏 = 1,… ,𝑀𝑢𝑧

(2)

where 𝐹 𝑘
𝑢𝑥𝜏
, 𝐹 𝑘

𝑢𝑦𝜏
, and 𝐹 𝑘

𝑢𝑧𝜏
 are the expansion functions for the displace-

ments 𝑢𝑘𝑥𝜏 , 𝑢
𝑘
𝑦𝜏
, and 𝑢𝑘𝑧𝜏 , respectively. The number of expansion terms 

for each displacement is given by 𝑀𝑢𝑥 , 𝑀𝑢𝑦 , and 𝑀𝑢𝑧 .

As this work presents a numerical analysis, the finite element for-
mulation is completed by discretizing the kinematic variables 𝑢𝑘𝑥𝜏 , 
𝑢𝑘𝑦𝜏 , and 𝑢

𝑘
𝑧𝜏
 using two-dimensional shape functions. Consequently, the 

displacement field is expressed as follows: 
𝑢𝑘𝑥 = 𝑁𝑖(𝑥𝑘, 𝑦𝑘)𝐹 𝑘

𝑢𝑥𝜏
(𝑧𝑘)𝑞𝑘𝑥𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑥 and 𝑖 = 1,… , 𝑁𝑛

𝑢𝑘𝑦 = 𝑁𝑖(𝑥𝑘, 𝑦𝑘)𝐹 𝑘
𝑢𝑦𝜏

(𝑧𝑘)𝑞𝑘𝑦𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑦 and 𝑖 = 1,… , 𝑁𝑛

𝑢𝑘𝑧 = 𝑁𝑖(𝑥𝑘, 𝑦𝑘)𝐹 𝑘
𝑢𝑧𝜏

(𝑧𝑘)𝑞𝑘𝑧𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑧 and 𝑖 = 1,… , 𝑁𝑛

(3)

Here, 𝑁𝑖 denotes the shape functions, where repeated subscript 𝑖 im-
plies summation, and 𝑁𝑛 is the total number of shape functions per 
element. The unified formulation theoretically permits the use of every 
type of shape function. In the present paper, the focus is on the 
quadrilateral Lagrange-based finite elements. For the virtual system, 
the indices 𝑖 and 𝜏 are replaced by 𝑗 and 𝑠, respectively.

2.2. Node-dependent kinematics

In the previous Section, the through-thickness expansion functions 
remained consistent across the entire structural mid-plane. To enhance 
modelling flexibility, it may be advantageous to assign different kine-
matic theories to distinct regions of the plate. This objective is achieved 
through node-dependent kinematics, which allows each finite element 
node to be governed by its own independent structural theory.
3 
Fig. 2. The model employs four nine-node plate elements (Q9) featuring node-
dependent kinematics, which combines a second-order Taylor expansion (TE2) 
and a parabolic LW Lagrange expansion (LE3) for each layer.

To better illustrate this concept, consider the finite element model 
presented in Fig.  2. The plate’s mid-plane (𝑥 − 𝑦) is discretized into 
four nine-node (Q9) elements. The nodes belonging to the two left-
hand elements employ a full second-order Taylor expansion (TE2). The 
central nodes where TE2 is present are shared between adjacent ele-
ments; this guarantees a continuous kinematic transition across element 
boundaries without requiring Lagrange multipliers. For this reason, 
the two elements on the right utilize a mixed kinematic description, 
combining both the TE2 and a three-node Lagrange (LE3) expansion. 
The latter provides a parabolic, piecewise representation through the 
thickness.

Starting from Eq. (3), the NDK method can be formally expressed 
by introducing a nodal superscript 𝑖 to the expansion functions 𝐹 . The 
modified formulation reads: 
𝑢𝑘𝑥 = 𝑁𝑖(𝑥, 𝑦)𝐹 𝑘𝑖

𝑢𝑥𝜏
(𝑧)𝑞𝑘𝑥𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑥 and 𝑖 = 1,… , 𝑁𝑛

𝑢𝑘𝑦 = 𝑁𝑖(𝑥, 𝑦)𝐹 𝑘𝑖
𝑢𝑦𝜏

(𝑧)𝑞𝑘𝑦𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑦 and 𝑖 = 1,… , 𝑁𝑛

𝑢𝑘𝑧 = 𝑁𝑖(𝑥, 𝑦)𝐹 𝑘𝑖
𝑢𝑧𝜏

(𝑧)𝑞𝑘𝑧𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑧 and 𝑖 = 1,… , 𝑁𝑛

(4)

It is possible to adopt compact notations for real and virtual systems, 
as shown below: 

𝑢𝑘𝑙 = 𝑁𝑖𝐹
𝑘𝑖
𝑢𝑙𝜏

𝑞𝑘𝑙𝜏𝑖 =
𝑁𝑛
∑

𝑖=1

𝑀𝑢𝑙
∑

𝜏=1
𝑁𝑖𝐹

𝑘𝑖
𝑢𝑙𝜏

𝑞𝑘𝑙𝜏𝑖 (5)

𝛿𝑢𝑘𝑚 = 𝑁𝑗𝐹
𝑘𝑗
𝑢𝑚𝑠

𝛿𝑞𝑘𝑚𝑠𝑗
=

𝑁𝑛
∑

𝑗=1

𝑀𝑢𝑚
∑

𝑠=1
𝑁𝑗𝐹

𝑘𝑗
𝑢𝑚𝑠

𝛿𝑞𝑘𝑚𝑠𝑗
(6)

In this notation, 𝑙, 𝑚 ∈ {𝑥, 𝑦, 𝑧} are coordinate indices. The summations 
over the nodal indices 𝑖 (or 𝑗) and the kinematic term indices 𝜏 (or 𝑠) are 
expressed explicitly, whereas no summation is implied over the coor-
dinate indices 𝑙 and 𝑚. This form of the equations is particularly suited 
to the matrix assembly procedure for the linear system, developed in 
Section 3.

3. Governing equations and finite element matrices

The derivation of the governing equations begins with the defini-
tions of the stress tensor, 𝝈𝑘, and the strain tensor, 𝜺𝑘, from classical 
elasticity theory:

𝝈 =
{

𝜎𝑘𝑥𝑥 𝜎𝑘𝑦𝑦 𝜎𝑘𝑧𝑧 𝜎𝑘𝑦𝑧 𝜎𝑘𝑥𝑧 𝜎𝑘𝑥𝑦
}𝑇

,

𝝐𝑘 =
{

𝜖𝑘 𝜖𝑘 𝜖𝑘 𝜖𝑘 𝜖 𝜖𝑘
}𝑇

(7)
𝑥𝑥 𝑦𝑦 𝑧𝑧 𝑦𝑧 𝑥𝑧 𝑥𝑦
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The geometric relationships between strains and displacements are 
defined as follows: 
𝝐𝑘 = 𝐃𝐮𝑘 (8)

where 𝐃 represents the matrix of differential operators, applicable in 
the case of small displacements and angles of rotation: 

𝐃 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕𝑥 0 0
0 𝜕𝑦 0
0 0 𝜕𝑧
0 𝜕𝑧 𝜕𝑦
𝜕𝑧 0 𝜕𝑥
𝜕𝑦 𝜕𝑥 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(9)

The analysis considers linear elastic, orthotropic materials, which are 
governed by the constitutive relation: 
𝝈𝑘 = 𝐂𝑘𝝐𝑘 (10)

where 𝐂𝑘 is the matrix of the material coefficients: 

𝐂𝑘 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶𝑘
11 𝐶𝑘

12 𝐶𝑘
13 0 0 𝐶𝑘

16

𝐶𝑘
21 𝐶𝑘

22 𝐶𝑘
23 0 0 𝐶𝑘

26

𝐶𝑘
31 𝐶𝑘

32 𝐶𝑘
33 0 0 𝐶𝑘

36
0 0 0 𝐶𝑘

44 𝐶𝑘
45 0

0 0 0 𝐶𝑘
45 𝐶𝑘

55 0
𝐶𝑘
61 𝐶𝑘

62 𝐶𝑘
63 0 0 𝐶𝑘

66

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(11)

It is noted that the previous equation holds in a reference frame rotated 
about the 𝑧-axis.

3.1. Derivation of the governing equations

The governing equations for the novel plate elements are derived 
by applying the principle of virtual work (see also the influential book 
of Washizu [71]), which states: 
𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (12)

Using the explicit expressions of the internal and external works, it is 
possible to write down:

∫𝑉
𝛿𝝐𝑘𝑇 𝝈𝑘d𝑉 = 𝛿𝐮𝑘𝑇𝐏𝑘 =

∫𝑉

(

𝛿𝜖𝑘𝑥𝑥𝜎
𝑘
𝑥𝑥 + 𝛿𝜖𝑘𝑦𝑦𝜎

𝑘
𝑦𝑦 + 𝛿𝜖𝑘𝑧𝑧𝜎

𝑘
𝑧𝑧 + 𝛿𝜖𝑘𝑦𝑧𝜎

𝑘
𝑦𝑧 + 𝛿𝜖𝑘𝑥𝑧𝜎

𝑘
𝑥𝑧 + 𝛿𝜖𝑘𝑥𝑦𝜎

𝑘
𝑥𝑦

)

d𝑉 𝑘 =

𝛿𝑞𝑘𝑥𝑠𝑗𝑁𝑗𝐹
𝑘𝑗
𝑢𝑥𝑠

𝑃 𝑘
𝑢𝑥

+ 𝛿𝑞𝑘𝑦𝑠𝑗𝑁𝑗𝐹
𝑘𝑗
𝑢𝑦𝑠

𝑃 𝑘
𝑢𝑦

+ 𝛿𝑞𝑘𝑧𝑠𝑗𝑁𝑗𝐹
𝑘𝑗
𝑢𝑧𝑠

𝑃 𝑘
𝑢𝑧

(13)

where d𝑉 𝑘 = d𝑥𝑘d𝑦𝑘d𝑧𝑘. Moreover, the external work is computed 
for the point loads. The governing equations for each of the three 
virtual displacements are derived by combining the displacement-strain 
relation (Eq. (8)), the CUF and FEM approximations (Eqs. (5) and (6)), 
and the constitutive equations (Eq. (10)):
𝛿𝑞𝑘𝑥𝑠𝑗 ∶𝐾

𝑘
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝑞𝑘𝑥𝜏𝑖 +𝐾𝑘
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝑞𝑘𝑦𝜏𝑖 +𝐾𝑘
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝑞𝑘𝑧𝜏𝑖 = 𝑃 𝑘
𝑢𝑥𝑠𝑗

𝛿𝑞𝑘𝑦𝑠𝑗 ∶𝐾
𝑘
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝑞𝑘𝑥𝜏𝑖 +𝐾𝑘
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝑞𝑘𝑦𝜏𝑖 +𝐾𝑘
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝑞𝑘𝑧𝜏𝑖 = 𝑃 𝑘
𝑢𝑦𝑠𝑗

(14)

𝛿𝑞𝑘𝑧𝑠𝑗 ∶𝐾
𝑘
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝑞𝑘𝑥𝜏𝑖 +𝐾𝑘
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝑞𝑘𝑦𝜏𝑖 +𝐾𝑘
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝑞𝑘𝑧𝜏𝑖 = 𝑃 𝑘
𝑢𝑧𝑠𝑗

3.2. Explicit expressions of the fundamental nuclei

It can be observed that among the previous equations, nine Fun-
damental Nuclei of the stiffness matrix share a similar mathematical 
structure. For the sake of completeness, their explicit expression are 
given below:

𝐾𝑘
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

= 𝐶𝑘
11 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘

+ 𝐶𝑘
55 𝑁𝑗𝑁𝑖d𝑥𝑘d𝑦𝑘 𝐹 𝑗𝑘

𝑢 𝑠,𝑧𝐹
𝑖𝑘
𝑢 𝜏,𝑧d𝑧

𝑘

∫𝛺 ∫𝐴𝑘

𝑥 𝑥

4 
+ 𝐶𝑘
66 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘

+ 𝐶𝑘
16 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘

+ 𝐶𝑘
16 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘 (15)

𝐾𝑘
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

= 𝐶𝑘
45 ∫𝛺

𝑁𝑗𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑦𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
26 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
12 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
66 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
26 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘 (16)

𝐾𝑘
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

= 𝐶𝑘
13 ∫𝛺

𝑁𝑖,𝑥𝑁𝑗d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘

+ 𝐶𝑘
55 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
45 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
36 ∫𝛺

𝑁𝑖,𝑦𝑁𝑗d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑥𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘 (17)

𝐾𝑘
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

= 𝐶𝑘
12 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘

+ 𝐶𝑘
66 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘

+ 𝐶𝑘
45 ∫𝛺

𝑁𝑗𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑥𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
26 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘

+ 𝐶𝑘
16 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘 (18)

𝐾𝑘
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

= 𝐶𝑘
22 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
44 ∫𝛺

𝑁𝑗𝑁𝑖𝐹
𝑗𝑘
𝑢𝑦𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑦𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
66 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
26 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
26 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘 (19)

𝐾𝑘
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

= 𝐶𝑘
45 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
36 ∫𝛺

𝑁𝑖,𝑥𝑁𝑗d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘

+ 𝐶𝑘
23 ∫𝛺

𝑁𝑖,𝑦𝑁𝑗d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘

+ 𝐶𝑘
44 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑦𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏,𝑧

d𝑧𝑘 (20)

𝐾𝑘
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

= 𝐶𝑘
13 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
55 𝑁𝑗𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 𝐹 𝑗𝑘

𝑢 𝑠,𝑧𝐹
𝑖𝑘
𝑢 𝜏d𝑧

𝑘

∫𝛺 ∫𝐴𝑘

𝑧 𝑥
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+ 𝐶𝑘
36 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑥𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
45 ∫𝛺

𝑁𝑗𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑥𝜏

d𝑧𝑘 (21)

𝐾𝑘
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

= 𝐶𝑘
23 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
44 ∫𝛺

𝑁𝑗𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘

+ 𝐶𝑘
36 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑦𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
45 ∫𝛺

𝑁𝑗𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑦𝜏

d𝑧𝑘 (22)

𝐾𝑘
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

= 𝐶𝑘
33 ∫𝛺

𝑁𝑗𝑁𝑖d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠,𝑧

𝐹 𝑖𝑘
𝑢𝑧𝜏,𝑧

d𝑧𝑘

+ 𝐶𝑘
44 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘

+ 𝐶𝑘
55 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘

+ 𝐶𝑘
45 ∫𝛺

𝑁𝑗,𝑦𝑁𝑖,𝑥d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘

+ 𝐶𝑘
45 ∫𝛺

𝑁𝑗,𝑥𝑁𝑖,𝑦d𝑥𝑘d𝑦𝑘 ∫𝐴𝑘

𝐹 𝑗𝑘
𝑢𝑧𝑠

𝐹 𝑖𝑘
𝑢𝑧𝜏

d𝑧𝑘 (23)

It is worth remarking that the volume integral has been decomposed 
into two distinct contributions: the first is associated with the FEM dis-
cretization, whereas the second depends exclusively on the expansion 
functions along the thickness direction. Also, the material coefficients 
are placed outside the integrals, as they do not depend on (𝑥, 𝑦, 𝑧).

Similarly, the three fundamental scalar nuclei of the load vector are:
𝑃 𝑘
𝑢𝑥𝑠𝑗

= 𝑁𝑗𝐹
𝑘𝑗
𝑢𝑥𝑠

𝑃 𝑘
𝑢𝑥

𝑃 𝑘
𝑢𝑦𝑠𝑗

= 𝑁𝑗𝐹
𝑘𝑗
𝑢𝑦𝑠

𝑃 𝑘
𝑢𝑦

(24)

𝑃 𝑘
𝑢𝑧𝑠𝑗

= 𝑁𝑗𝐹
𝑘𝑗
𝑢𝑧𝑠

𝑃 𝑘
𝑢𝑧

4. Assembly

This research proposes a novel formulation of the Fundamental 
Nucleus (FN), which represents a shift from the classical CUF method-
ology. The first modification is the scalar representation of the FN 
components. In particular, the stiffness terms 𝐾𝑘

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
 and the load 

terms 𝑃 𝑘
𝑢𝑚𝑠𝑗

 are treated as independent scalar components rather than 
being embedded within a conventional 3 × 3 matrix (or 3 × 1 in the case 
of the load vector). As shown in the preceding section, this approach 
requires only nine independent scalar parameters for the stiffness ma-
trix and three for the load array. Furthermore, it provides significant 
theoretical improvements over the standard CUF framework [3,15], 
most importantly by removing the constraint that enforces a uniform 
expansion theory and numerical approach across all displacement vari-
ables, a constraint that typically leads to redundant computations in 
traditional implementations.
5 
Fig.  3 illustrates the general procedure for the assemblage of the 
stiffness matrix. The procedure originates from the invariant kernel 
𝐾𝑘

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, which is expanded through successive operations. First, ex-

pansion with respect to the indices 𝑠 and 𝜏 yields the submatrix 𝐊𝑢𝑚𝑢𝑙𝑗𝑖. 
This submatrix is then expanded over the displacement components 𝑢𝑚
and 𝑢𝑙, arriving at 𝐊𝑗𝑖. Finally, the expansion with respect to the nodal 
indices 𝑗 and 𝑖 produces the complete structural stiffness matrix 𝐊. 
Carrera and Scano [70] proposed an analogous assemblage procedure 
for beam elements.
Example for a single element. In this paragraph, a simple example is 
illustrated to help the understanding of the FE matrix assembly process 
within the plate Unified Formulation using the NDK method. To this 
end, Fig.  4 depicts a four-node quadrilateral element (Q4); however, 
the same assembly concept applies to the nine-node quadrilateral (Q9) 
elements employed in the present analyses, or to other types of shape 
functions. In the first node, the FSDT is adopted, that is, two terms are 
used for 𝑢𝑥 and 𝑢𝑦, and only a constant term is used for 𝑢𝑧. For the 
other three FE nodes, a third-order Taylor model, TE3, is adopted for 
each displacement component. In practice, the first node has 5 terms, 
while the other nodes have 12 terms. The total number of degrees of 
freedom for the entire structure is 41.

The assembled global stiffness matrix 𝐊 is presented in Fig.  5 
and has dimensions 41 × 41. Due to node-dependent kinematics, the 
number of degrees of freedom varies from node to node. Consequently, 
the submatrices 𝐊𝑗𝑖 can have different dimensions, as visually detailed 
in the figure. The assembly process is further detailed in Fig.  6, which 
shows how a submatrix 𝐊𝑗𝑖 is partitioned into nine distinct sub-arrays. 
Each sub-array consists of a set of scalar FN, where the count of nuclei is 
governed by the number of expansion terms for the corresponding FE 
node and displacement component. This results in sub-blocks 𝐊𝑢𝑚𝑢𝑙𝑗𝑖
with differing dimensions and shapes. For clarity, the figure displays 
four representative examples that highlight the dimensional diversity.

5. Numerical results

This section proposes a detailed analysis of out-of-plane stress fields 
in the free-edge region of two examples. The first example assesses a 
benchmark case from the open literature for two different laminate 
stacking sequences. On the other hand, the second example analyses 
a 32-layer structure, comparing results from the present formulation 
with those obtained from refined three-dimensional solid models in 
ABAQUS. This case could be used as a new benchmark for future 
research.

In the present examples, the analysis employs four modelling ap-
proaches: (a) uniform Taylor expansion models, (b) uniform Lagrange 
expansion models, (c) mixed TE/LE models, and (d) NDK models. For 
cases (a) through (c), a single kinematic theory is applied uniformly 
across all nodes. For case (d), the distribution of different kinematic 
theories over the mid-plane of the plates will be illustrated graphically; 
such configurations will be referred to as NDKn. The NDK formulation 
divides the domain into Global and Local kinematic zones. While the 
methodology allows for an arbitrary number of zones, the current 
study is restricted to only two. Additional implementation details are 
explained for each benchmark. The classical nine-node Lagrange ele-
ment (Q9) is employed for all the analyses [72]. It should be noted 
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Fig. 4. Example of a plate element. The first node adopts the FSDT classical expansion, while the others use the complete third-order Taylor expansion (TE3).
Fig. 5. Assemblage of the structural stiffness matrix.
that both shear and transverse normal stresses are calculated using 
the constitutive law. In particular, no stress recovery method has been 
adopted.

5.1. Assessment from the literature

The first benchmark examines the free-edge behaviour of a com-
posite plate with a rectangular surface of length 𝐿 = 40 [mm], width 
𝑏 = 20 [mm], and thickness ℎ = 5 [mm], as illustrated in Fig.  7. Two 
symmetric laminates are considered:

• A four-layer [45◦/−45◦]𝑠 laminate, see Fig.  7(a).
• An eight-layer quasi-isotropic [90◦/0◦/45◦/−45◦]𝑠 laminate, see 
Fig.  7(b).

For both laminates, the material properties are: 𝐸1 = 137.9 [GPa], 
𝐸2 = 𝐸3 = 14.5 [GPa], 𝜈12 = 𝜈13 = 𝜈23 = 0.21, and 𝐺12 = 𝐺13 =
𝐺23 = 5.9 [GPa]. As in the reference Scano et al. [50], the plate is 
subjected to a uniform axial strain 𝜖0 along the 𝑥-axis by imposing 
a prescribed displacement 𝑢 at 𝑥 = ±𝐿∕2. This loading produces a 
constant strain field in the central region of the plate, provided the 
length 𝐿 is sufficiently large relative to the edge-affected zones. Given 
the need for higher resolution near the free edge, both laminates are 
6 
modelled using a non-uniform 16 × 16 finite element mesh, as shown 
in Fig.  8. The FE mesh on the mid-plane is divided into two zones. (a) 
The refined local region contains 208 FE nodes, where more detailed 
kinematic theories are applied. (b) The larger global region has 881 FE 
nodes, where computationally efficient theories are used.

The analysis focuses on the out-of-plane stress components: the 
shear stress 𝜎𝑥𝑧 and the transverse normal stress 𝜎𝑧𝑧. These are com-
puted along the thickness direction at a point close to the free edge 
(𝑦∕𝑏 = 0.998) and at the mid-plane in the 𝑥-direction (𝑥 = 0). As it 
is common in the literature, the results are presented in the following 
scaled form: 
𝜎𝑥𝑧 =

𝜎𝑥𝑧
𝜖0

𝜎𝑧𝑧 =
𝜎𝑧𝑧
𝜖0

(25)

Four-layer case. First, the four-layer laminate [45◦/−45◦]𝑠 is consid-
ered. When the LW approach is used, one LE7 (sixth order) expansion is 
assigned to each material layer, resulting in four CUF elements through 
the thickness, consistent with the reference result in [50]. Table  1 
provides an overview of the Unified Formulation models, specifying 
for each case the Global Model, the Local Model, the total number 
of Degrees of Freedom (DOF), and the resulting DOF reduction. This 
reduction is defined according to the following expression: 

DOF Reduction =
‖

‖

DOF (LE7) − DOF (Theory)‖
‖ × 100 (26)
‖

‖
DOF (LE7) ‖

‖
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Fig. 6. Detailed illustration for a part of the stiffness matrix.

Fig. 7. Geometrical properties for the composite plate.
Source: The study case is taken from [39,50].

Fig. 8. NDK mesh. The nodes with refined theories are collocated around the studied zone.
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Fig. 9. Shear stresses, 𝜎𝑥𝑧, along 𝑦 of the angle-ply [45◦/−45◦]𝑠 laminate at the interface 45◦/(−45◦).
Table 1
Unified formulation models used for the angle-ply [45◦/−45◦]𝑠 laminate.
 Global model Local model DOF DOF reduction 

[%]
Theory definition  

 Uniform models
 LE7-LE7-LE7 LE7-LE7-LE7 81675 –a LE7 (Scano et al.) 
 TE7-TE7-TE7 TE7-TE7-TE7 26136 68.00 TE7  
 TE2-TE2-TE2 TE2-TE2-TE2 9801 88.00 TE2  
 TE-LE models
 LE7-LE7-TE7 LE7-LE7-TE7 63162 22.67 LE7-LE7-TE7  
 LE7-TE7-TE7 LE7-TE7-TE7 44649 45.33 LE7-TE7-TE7  
 NDK models
 TE2-TE2-TE2 LE7-LE7-TE7 19993 75.52 NDK1  
 TE1-TE1-TE1 LE7-LE7-TE7 17350 78.66 NDK2  
 TE1-TE1-TE1 LE7-LE7-LE7 20866 74.45 NDK3  
a Taken as the reference solution.

The last column of Table  1 provides the naming conventions used in 
subsequent figures. Together with Fig.  8, this table fully defines all 
theories employed. The table is organized into three sections: the top 
rows list three uniform models, the middle rows describe mixed TE-LE 
models, and the bottom rows present three NDK models. The selection 
of Taylor polynomials for the in-plane displacement component 𝑢𝑦 is 
intentional, as it demonstrates that the evaluation of 𝜎𝑥𝑧 depends only 
weakly on 𝑢𝑦, while the accurate computation of 𝜎𝑧𝑧 is significantly 
affected by this component.

Fig.  9 depicts the variation of the shear components along the 
positive 𝑦- axis at the layer between the 45◦ and (−45◦) layers. Fig.  10 
shows the distribution of the shear stress, 𝜎𝑥𝑧, and Fig.  11 shows the 
corresponding transverse stress, 𝜎𝑧𝑧. The stresses are compared with 
the trends from Robbins and Reddy [39]. In both figures, the left-hand 
side presents results for uniform and mixed TE-LE models, while the 
right-hand side displays results for the NDK models.

Based on the analyses presented above, the following conclusions 
can be drawn:

• Uniform Taylor expansion models fail to match the reference so-
lution, highlighting their inadequacy for capturing local free-edge 
effects.
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• Accurate prediction of out-of-plane stresses requires higher-order 
LW kinematics, even when the in-plane displacement components 
(𝑢𝑥, 𝑢𝑦) are well captured.

• All TE-LE and NDK models accurately compute the shear stress, 
𝜎𝑥𝑧, whereas an accurate transverse stress, 𝜎𝑧𝑧, demands higher-
fidelity approximations. In particular, they are able to calculate to 
identify the presence of relevant peaks at the interface between 
layers 45◦ and −45◦.

• The results confirm that the traction-free condition is not satisfied 
for Taylor expansions. While the condition is always met for the 
shear stresses when LE is used for 𝑢𝑥, only NDK3 is able to satisfy 
it for the transverse normal stress. Also, the proposed global/local 
models follow the same stress gradients along the 𝑦-axis as in the 
complete reference solution.

• A significant computational advantage is achieved by combining 
a lower-order model over most of the domain with a refined local 
model confined to a small region of the two-dimensional mesh.

• The three proposed NDK models are highly efficient, showing 
excellent agreement with the reference results while achieving 
a DOF reduction exceeding 73%, outperforming even the TE7 
model. In particular, the results demonstrate that a linear kine-
matic model (TE1) can be effectively used for the transverse 
displacement, 𝑢𝑧, even within the global zone.

• Among the presented models, only NDK3 accurately matches 
the reference results for both the shear and transverse normal 
stresses.

Eight-layer case. Then, the eight-layer quasi-isotropic laminate [90◦/
0◦/0◦/45◦/−45◦]𝑠 is taken into account. Differently from the previous 
case, one LE4 expansion can be assigned per material layer, yielding 
eight CUF elements through the thickness. This choice aligns with 
the reference results from [50]. The characteristics of the Unified 
Formulation models for the quasi-isotropic laminate are listed in Table 
2. It follows the same format as Table  1, and the degree-of-freedom 
(DOF) reduction is again defined as: 

DOF Reduction =
‖

‖

‖

‖

DOF (LE4) − DOF (Theory)
DOF (LE4)

‖

‖

‖

‖

× 100 (27)

The shear stress distributions are shown in Fig.  12, and the trans-
verse stresses are shown in Fig.  13. The results were further validated 
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Fig. 10. Shear stresses, 𝜎𝑥𝑧, along 𝑧 of the angle-ply [45◦/−45◦]𝑠 laminate.
Fig. 11. Transverse stresses, 𝜎𝑧𝑧, along 𝑧 of the angle-ply [45◦/−45◦]𝑠 laminate.
against the reference solution of Gaudenzi et al. [73]. In both figures, 
results obtained with uniform and mixed TE-LE models are displayed 
on the left, while those from NDK models appear on the right.

Based on the analysis of the quasi-isotropic laminate, the following 
conclusions can be drawn:

• Consistent with the four-layer case, uniform Taylor expansion 
models produce poor accuracy and are inadequate for capturing 
the free-edge stress field.

• Accurate out-of-plane stress prediction requires higher-order
layer-wise kinematics, even when the in-plane displacements (𝑢𝑥, 
𝑢 ) are well represented.
𝑦
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• All TE-LE and NDK models capture the shear stress accurately, 
whereas the transverse stress requires higher-fidelity models. No-
tably, results from LE4-TE7-TE7 configurations indicate that a 
layer-wise description of 𝑢𝑥 alone may suffice for accurate shear 
stress analysis. The results show that peaks arise at 90◦-0◦ inter-
face. The same considerations regarding the traction-free condi-
tions as in the previous benchmarks apply here.

• The four proposed NDK models are computationally efficient, 
showing excellent agreement with the reference solution while 
reducing degrees of freedom (DOF) by more than 73%. Among 
them, NDK3 is particularly effective, achieving 82% DOF reduc-
tion without compromising accuracy.
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Fig. 12. Shear stresses, 𝜎𝑥𝑧, along 𝑧 of the quasi-iso [90◦/0◦/45◦/−45◦]𝑠 laminate.
Fig. 13. Transverse stresses, 𝜎𝑧𝑧, along 𝑧 of the quasi-iso [90◦/0◦/45◦/−45◦]𝑠 laminate.
• Model NDK4 reproduces the results of the full LE4 model, con-
firming its ability to obtain a high-fidelity response with opti-
mized kinematics.

5.2. Composite plate with 32 layers

The second example investigates the free-edge stress field in a 
composite plate with a rectangular geometry, defined by a length 𝐿 =
40 [mm], a width 𝑏 = 20 [mm], and a thickness ℎ = 8.128 [mm], 
as depicted in Fig.  14. Each layer has height 0.254 [mm]. The plate 
consists of 32 layers organized in the symmetric stacking sequence 
10 
[90◦/−45◦/0◦/45◦]4𝑠. The composite material has the following prop-
erties: 𝐸1 = 205 [GPa], 𝐸2 = 𝐸3 = 9.7 [GPa], 𝜈12 = 𝜈13 = 0.35, 
𝜈23 = 0.265, 𝐺12 = 𝐺13 = 4.7 [GPa] 𝐺23 = 3.8 [GPa]. Here, a structure 
characterized by a high longitudinal elastic modulus and several layers 
is chosen, which is representative of several aerospace applications. See 
for instance, Al-Mosawe et al. [74]. Similarly to the previous case, the 
plate is subjected to a uniform axial strain 𝜖0 along the 𝑥-axis. The 
analysis focuses on evaluating the transverse normal stress 𝜎𝑧𝑧 through 
the thickness at a location near the free edge at 𝑦∕𝑏 = 0.998, and along 
the mid-plane in the 𝑥-direction at 𝑥 = 0. The results are compared 
with those from a refined three-dimensional ABAQUS model employing 
C3D20R elements. This reference model consists of 129,792 elements, 
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Fig. 14. Geometrical details for the 32-layered composite plate.
Table 2
Unified formulation models used for the quasi-isotropic [90◦/0◦/45◦/−45◦]𝑠
laminate.
 Global model Local model DOF DOF reduction 

[%]
Theory description 

 Uniform models
 LE4-LE4-LE4 LE4-LE4-LE4 81675 –a LE4 (Scano et al.)  
 TE7-TE7-TE7 TE7-TE7-TE7 26136 68.00 TE7  
 TE2-TE2-TE2 TE2-TE2-TE2 9801 88.00 TE2  
 TE-LE models
 LE4-LE4-TE7 LE4-LE4-TE7 63162 22.67 LE4-LE4-TE7  
 LE4-TE7-TE7 LE4-TE7-TE7 44649 45.33 LE4-TE7-TE7  
 NDK models
 TE2-TE2-TE2 LE4-LE4-TE7 19993 75.52 NDK1  
 TE1-TE1-TE1 LE4-LE4-TE7 17350 78.66 NDK2  
 TE1-TE1-TE1 LE4-TE7-TE7 13814 83.09 NDK3  
 TE1-TE1-TE1 LE4-LE4-LE4 20866 74.45 NDK4  
a Taken as the reference solution.

Fig. 15. In-plane mesh, 26 × 52 elements, for the ABAQUS reference model, 
see Table  3 for details.

with three elements used through the thickness of each material layer. 
The 26 × 52 in-plane mesh is illustrated in Fig.  15.

Regarding the CUF models, a single LE4 expansion is assigned to 
each material layer, resulting in 32 CUF elements through the thick-
ness. For the FE discretization, the same FE mesh employed in the 
previous benchmark case is utilized here, namely a 16 × 16 discretiza-
tion, which was found to be sufficient given the greater thickness of the 
32-layer laminate. It is indeed well established that the required FEM 
mesh refinement is in part dictated by the length-to-thickness ratio 𝑎∕ℎ. 
However, in this specific case, the primary reason for adopting a highly 
refined mesh near the free edge is the particular importance of this 
region for accurately capturing the stress gradient. Table  3 summarizes 
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Table 3
Models used for the 32-layer [90◦/−45◦/0◦/45◦]4𝑠 laminate.
 Global model Local model DOF DOF

reduction
Theory
definition

 

 26 × 52 × 96 ABAQUS C3D20R 1638111 –a ABAQUS1  
 16 × 16 × 96 ABAQUS C3D20R 325635 80.12 ABAQUS2  
 26 × 52 × 32 ABAQUS C3D20R 554463 66.15 ABAQUS3  
 LE4-LE4-LE4 LE4-LE4-LE4 316899 80.65 LE4  
 TE1-TE1-TE1 LE4-LE4-LE4 65814 95.98 NDK1  
 TE1-TE1-TE1 LE4-TE7-TE7 28790 98.24 NDK2  
 TE1-TE1-TE1 LE4-TE7-LE4 47502 97.11 NDK3  
 TE1-TE1-TE1 TE7-LE4-LE4 47502 97.11 NDK4  
 TE1-TE1-TE1 TE7-TE7-LE4 28790 98.24 NDK5  
 TE1-TE1-TE1 TE7-LE4-TE7 28790 98.24 NDK6  
a Taken as the reference solution.

the characteristics of the Unified Formulation models for the 32-layer 
laminate, adhering to the same format as Table  1. ABAQUS2 adopts 
the same in-plane mesh as the two-dimensional plate models employed 
in the present work, discretizing each material layer with three solid 
elements through the thickness. On the contrary, ABAQUS3 employs 
the same in-plane mesh as the ABAQUS reference model, with a single 
solid element assigned to each material layer.

In the present work, the analyses are carried out exclusively using 
classical solid elements. It is acknowledged, however, that commercial 
finite element codes offer more advanced modelling strategies, such as 
submodelling and substructuring techniques, which could be employed 
to reduce the total number of degrees of freedom. The application of 
such approaches would necessitate a thorough discussion on the appro-
priate size of the local region required for an accurate representation of 
the boundary layer phenomenon. In the following papers, it would be 
interesting to compare the proposed formulation with such techniques. 
Thus, the degrees of freedom reported in Table  3 should be regarded 
as representative upper-bound values.

Furthermore, two less refined ABAQUS models are compared to 
illustrate that a very refined solid model is needed to obtain reliable 
results. The DOF reduction is described as follows: 

DOF Reduction =
‖

‖

‖

‖

DOF (ABAQUS1) − DOF (Theory)
DOF (ABAQUS1)

‖

‖

‖

‖

× 100 (28)

The distributions of the transverse normal stress 𝜎𝑧𝑧 are presented 
in Figs.  16 and 17. The first graph presents results for models where 
the refined local zone employs the LW LE4 expansion for the in-plane 
displacement component 𝑢𝑥. Conversely, the second plot shows results 
where the refined zone consistently uses the TE7 expansion for 𝑢𝑥. Due 
to the symmetry of the problem, only the upper half of the thickness is 
displayed.

Based on the preceding analyses, the following conclusions can be 
drawn:
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Fig. 16. Transverse stresses, 𝜎𝑧𝑧, along 𝑧 of the 32-layer [90◦/−45◦/0◦/45◦]4𝑠 laminate when 𝑢𝑥 adopts the LW approach.

Fig. 17. Transverse stresses, 𝜎𝑧𝑧, along 𝑧 of the 32-layer [90◦/−45◦/0◦/45◦]4𝑠 laminate when 𝑢𝑥 adopts the ESL approach.
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• The proposed CUF models demonstrate significantly higher com-
putational efficiency compared to a refined three-dimensional 
ABAQUS reference model.

• Consistent with previous findings, accurate prediction of inter-
laminar stresses necessitates the use of higher-order LW kinemat-
ics only in the vicinity of the free edge. The results show that the 
peaks arise at the −45◦-90◦ interface.

• For the calculation of 𝜎𝑧𝑧, the 𝑢𝑧 displacement component is 
critical. Models NDK2 and NDK3 do not provide adequate results 
for this stress component. In contrast, the NDK4 model shows 
that both the 𝑢𝑦 and 𝑢𝑧 displacement components are essential to 
accurately capture the stress trend, yielding results comparable to 
the reference solution and the complete LE4 model.

6. Conclusions

This work introduces an enhanced method for the two-dimensional 
analysis of structures within the CUF framework. The method re-
formulates the classical CUF approach and reorganizes the assembly 
procedure of the FE matrices. It is built upon two fundamental in-
novations that were independently proposed in previous works: (1) 
the ability to assign different expansion types, specifically Taylor- and 
Lagrange-based expansions, to each displacement variable, and (2) the 
incorporation of Node-Dependent Kinematics (NDK), which allows the 
use of a distinct kinematic model per each finite element node. Thus, 
the presented method permits to have a greater degree of practical 
flexibility with respect to previously presented formulations.

The numerical analyses performed lead in the present work to the 
following conclusions:

• The proposed method successfully combines different expansion 
types and polynomial orders, enabling a significant reduction in 
degrees of freedom through a targeted selection of kinematics at 
each node.

• It facilitates local kinematic refinements without modifying the 
underlying finite element mesh. In fact, it is possible to use lower-
order theories in a large zone of the plate, while using very refined 
theories in a limited region.

• The optimal selection of models depends on both the specific out-
put quantity of interest and the type of problem being analysed. 
In such cases, the accurate computation of the transverse normal 
stress demands kinematic models of greater refinement than those 
required for the shear stress components.

• The proposed examples demonstrate the capabilities to study 
different types of stacking sequences.

• The results show that the proposed global/local models clearly 
identify gradients of the stress field as the free edge is approached.

• The more refined NDK models are able to satisfy the traction-free 
condition for both shear and transverse stresses.

• With regard to the quasi-isotropic properties of the last two 
benchmarks, it is instructive to consider the ABD matrix, in 
particular, the condition 𝐴11 = 𝐴22, that characterizes the in-
plane response of the laminate as globally isotropic. Nevertheless, 
the free-edge effect is a localized phenomenon that is primarily 
governed by the anisotropy along the thickness direction, ren-
dering the accurate evaluation of transverse stress components 
particularly important.

Future work will focus on extending this methodology to shell formula-
tions and multi-physics problems. Also, other types of expansions will 
be studied, such as the use of the Legendre polynomials.
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