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Summary  

The present Ph.D. thesis addresses the development of effective strategies for 
identifying hardening behavior of ductile metals by exploiting the post-necking 
phase of tensile tests. The availability of methods capable of calibrating elasto-
plastic constitutive models appropriately and efficiently is of utmost importance for 
the reliability of Finite Element Analyses (FEA), increasingly employed in many 
engineering fields (e.g., metal-forming processes, dynamic impact events, energy-
absorption systems, etc.). From a practical standpoint, elasto-plastic constitutive 
models are usually calibrated using experimental data and appropriate identification 
strategies within a phenomenological framework.  

Among the wide variety of experimental techniques that can be employed, 
tensile tests on dog-bone specimens are still widely used for characterizing 
hardening of massive components. Indeed, these tests are both simple to execute 
and able to induce large plastic strains in ductile metals, thus broadening the 
calibration range of material laws. In addition, tensile tests can be readily adapted, 
through proper experimental setups, to study the effect of strain rate, temperature, 
and other environmental conditions. This makes such tests particularly attractive 
for both academic and industrial applications. Nevertheless, the largest strains are 
achieved during necking, because of a progressive strain localization. The non-
uniform strain and stress fields, as well as the loss of stress uniaxiality, cause tensile 
test data to no longer be interpreted based on uniform deformation assumptions. 
This has motivated, over the past decades, the development of several analytical, 
experimental, and numerical approaches. Their final objective has been to exploit 
tensile tests fully, taking advantage of their well-known benefits, while enabling the 
reliable calibration of constitutive models for large-strain applications. 

Based on the advances of previous research and supported by modern 
experimental and computational tools, further progress can be made towards 
methods that effectively combine efficiency and accuracy. This represents the main 
scope of the present thesis. Necking is regarded as an intrinsic feature of tensile 
loading that can be modeled and systematically used for material identification. The 
proposed approaches explicitly use the necking deformed configuration of the 
specimen as primary source of information. Specifically, FE simulations are used 



 

 
 

to establish quantitative links between observable quantities, primarily the 
evolution of necking silhouettes, and the underlying material behavior. On this 
basis, inverse and shape-based identification strategies are developed to extract 
material information over an extended deformation range. Additional effects such 
as strain rate sensitivity, thermal coupling, and material anisotropy are properly 
addressed whenever they significantly influence necking behavior and material 
parameter identification. Comparison with well-established methods on some 
experimental case studies highlights the advantages that the proposed approach 
offers in terms of combining accuracy and efficiency. Furthermore, experimental 
investigation proved the overall practical applicability, potentiality, and flexibility 
of the proposed framework of analysis. 
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Chapter 1 

Introduction 

Currently, Finite Element (FE) simulations are widely employed in many 
engineering fields, from product and process design to structural integrity 
assessment. A noteworthy class of FE applications involves loading conditions in 
which metals undergo large plastic deformation. This includes metal-forming 
processes, dynamic impact events, energy-absorption systems, etc. The reliability 
of FE analyses (FEA) highly depends on the capability of selecting and calibrating 
appropriate constitutive models for representing material behavior. In metallic 
materials, a comprehensive description of the material irreversible response under 
complex stress states is provided by the plasticity theory, which underpins elasto-
plastic constitutive models in FE formulations. Specifically, material hardening 
represents the core topic of this thesis, hence Section 1.1 is devoted to placing the 
hardening law within the broader framework of plasticity and, more generally, of 
continuum mechanics. 

Elasto-plastic constitutive models are usually calibrated using experimental 
data and appropriate characterization strategies within an empirical framework. 
Various experimental techniques can be used: from standard mechanical tests, such 
as tensile and compression tests, to more complex configurations designed to 
induce multiaxial stress states, including bulge tests and specially tailored specimen 
geometries. Among them, tensile tests on dog-bone specimens are still commonly 
employed for identifying hardening of massive components. This is thanks to a 
series of uncontested advantages detailed in Section 1.1. 

When testing specimens of ductile metals, necking usually occurs; Section 1.2 
focuses on phenomenological strategies proposed in the literature for post-necking 
hardening identification, highlighting their underlying assumptions and typical 
fields of applicability. 
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1.1 Hardening law  

In engineering applications, it is common to adopt the continuum mechanics 
framework to analyze and describe various physical phenomena. Physical bodies 
are considered as macroscopic systems without detailed knowledge of the 
complexity of their internal structures. They are conceived as continuous media 
whose properties are described through continuous fields in space, obtained by 
averaging the underlying atomic structure over a small representative volume. 
Continuum mechanics comprises fundamental equations to characterize 
kinematics, stresses and balance principles, that hold for any continuum body. 
Then, constitutive laws, specific for the material under investigation, are required 
to predict the observed physical behavior of real deformable bodies under specific 
conditions [1]. By implementing fundamental equations and constitutive laws and 
integrating them within numerical solution schemes, computational mechanics 
provides the numerical framework for the solution of continuum mechanics 
problems. 

In metals, large deformations are enabled by irreversible rearrangements of 
atomic positions, which manifest at the macroscopic scale as plastic flow. The 
transition from elastic to plastic behavior, together with the subsequent evolution 
of plastic deformation, can be effectively described by elasto-plastic constitutive 
models. These models are based on the plasticity theory, which consists of three 
fundamental concepts: the yield criterion, which defines the onset and continuance 
of plastic flow; the flow rule, which dictates the direction of the plastic strain 
increments once yielding occurs; and the evolution equations for internal variables, 
including hardening relation for governing the evolution of the yield function [2]. 
Generally, the hardening behavior of the material is a function of the prior history 
of plastic deformation. The latter is usually described by the equivalent (or 
effective) plastic strain and represents the main example of internal variable. 

Plasticity theory has been developed mainly with the aim of describing 
permanent deformations under multiaxial stress states: indeed, real-world 
components are seldom subjected to uniaxial stresses only. To simplify the 
mathematical description of such complex loading conditions, the concept of 
equivalent stress is introduced. This scalar quantity reduces any multiaxial stress or 
strain state to a single, representative value. More specifically, the choice is such 
that the equivalent stress coincides with the longitudinal stress that a dog-bone 
specimen experiences during a tensile test, as long as uniform deformation takes 
place. In this condition, also the equivalent plastic strain coincides with the 
longitudinal component, being the equivalent plastic strain rate defined as the work 
conjugate of the equivalent stress. The tensile test ascends to its role of foundational 
cornerstone for material characterization thanks to the ease of execution, the 
uniaxiality of the force, and the simplicity of the stress and strain states that are 
generated within the dog-bone specimen during uniform deformation. This allows 
the macroscopic measurements of force and elongation to be straightforwardly 



Chapter 1 Introduction 

3 
 

converted to longitudinal stresses and strains. Due to these aspects, it is also the 
main test, among all the possible mechanical ones, which can be coupled with non-
standard environmental conditions (in terms of temperature, corrosion, etc.). This 
is of utmost importance considering that, due to the deformation mechanisms of 
metals, their mechanical response does not depend only on strain, but also on strain 
rate and temperature. Through adequate techniques, tensile tests can be performed 
at different strain rates, from quasi-static condition up to 103 s-1, or even 104 s-1 with 
a proper specimen design. Hence, in addition to identifying material strain-
hardening behavior, tensile tests also allow thermal effects, strain rate sensitivity, 
ductile damage insurgence, etc. to be investigated. These effects must be properly 
considered in applications where the material undergoes large deformations across 
a wide range of strain rates and temperatures. 

Focusing on isotropic materials, a single test at a given environmental condition 
provides the experimental data necessary to calibrate the yield criterion and to 
define the hardening law in that condition. This is valid provided that the effect of 
triaxiality on material plastic flow can be neglected for the application of interest 
of the calibrated model. If this last assumption is not satisfied, the tensile test on a 
dog-bone specimen provides information for a single triaxiality value only (when 
the analysis is limited to uniform deformation), and additional tests need to be 
carried out for calibrating an adequate yield criterion. Another critical situation 
regards anisotropic materials; even in this case, tensile tests still play a central role 
in yielding and hardening determination. However, to account for the material 
directional behavior, complex yield functions are needed, which in turn require 
proper calibration via experimental tests performed on dog-bone specimens with 
different orientations of the loading axis with respect to the material 
crystallographic structure. Regarding equivalent variables, it is up to the researchers 
who calibrate the yield criterion to choose which orientation to adopt as reference 
one; the strength at other orientations is then expressed relatively to the reference 
one. Finally, a subsequent level of complexity is related to the flow rule, since 
probing it requires sophisticated multiaxial testing. Actually, for most metals, the 
normality rule is used: plastic strain increments are assumed to occur perpendicular 
to the yield surface. This flow rule is based on the postulate of maximum plastic 
dissipation, which was also derived from considerations of crystal plasticity by 
Bishop and Hill [3]. The normality rule is also known as associated (or associative) 
flow rule, in the sense of being associated with the yield criterion: indeed, normality 
mathematically derives from considering the yield surface itself as plastic potential. 
Conversely, when the plastic potential differs from the yield surface, the flow rule 
is called non-associated. This is well-suited to model soil and granular materials, 
but some researchers used it also for describing certain anisotropic behaviors of 
metals [4, 5]. The necessity of employing a non-associated flow rule depends not 
only on the material itself, but also on the application for which the calibrated model 
will be used and the level of detail required. 
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Within this context, the present thesis deals with the identification of the 
hardening law, focusing on materials and/or conditions for which the normality rule 
can be assumed. Regarding yielding, the Von Mises criterion is adopted for 
isotropic materials, while its anisotropic generalization, the Hill’s 1948 criterion, is 
used for anisotropic ones. This means that yielding is assumed to be independent of 
both the pressure and of the specific stress state. While the first of these assumptions 
is widely acknowledged for metals (plastic flow is governed by deviatoric shear-
driven dislocation motion rather than by the hydrostatic stress in these materials) 
the second may not be valid in general. Nevertheless, Von Mises and Hill’s 1948 
criteria have been chosen as they offer a good trade-off between physical relevance, 
identifiability from standard tests, and engineering applicability in FE simulations.  

1.2 Tensile test for hardening identification 

In the present thesis a phenomenological approach to the characterization 
problem has been chosen: the hardening behavior is identified by properly post-
processing measurements acquired during experimental tensile tests. Complex tests 
[6] and/or geometries [7, 8] have been proposed in the literature, but they generally 
require dedicated fixtures and complicated measurement setups. This is why, for 
limiting the experimental cost and effort, uniaxial tensile tests on dog-bone 
specimens remain attractive. 

With reference to the scheme of Figure 1.1, during a tensile test, the specimen 
undergoes an elongation Δ𝑥 due to the displacements imposed on the specimen’s 
heads (𝑥ଵ and 𝑥ଶ). Consequently, the specimen counteracts this deformation by 
generating forces (𝐹ଵ and 𝐹ଶ). In quasi-static tests the forces at the two sides are 
equal 𝐹ଵ = 𝐹ଶ = 𝐹 and depend on deformation and loading conditions. This is valid 
also in dynamic tests once equilibrium is established. 

In the first phase of the test, the specimen gradually elongates while uniformly 
reducing its cross-section, and the load 𝐹 progressively increases (configurations A 
and B of Figure 1.1). At a certain point, a maximum of force is achieved, i.e., when 
material hardening cannot compensate for the reduction of the cross-section. Soon 
after this condition, the deformation localizes in a limited region of the specimen, 
which assumes the typical neck shape depicted in configuration C of Figure 1.1. 
During the post-necking phase, the load required to continue deforming the 
specimen decreases. This is due to the localization itself and may not necessarily 
be linked to voids nucleation, growth, or coalescence. For instance, pure metals do 
not undergo ductile damage, but a decreasing load during necking still occurs. 
Hence, the post-necking phase is still representative of material hardening behavior. 
This is important considering that such phase can constitute a great part of the test 
for ductile metals. Therefore, many efforts have been devoted over the past decades 
to dealing with necking. The aim was to exploit the large strains achieved during 
this phase for identifying the material behavior over a broad strain range. 
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The next subsections provide a literature background on the strain-hardening 
identification techniques that are based on tensile tests on dog-bone specimens. 
Starting from the traditional approach, which is limited to the pre-necking phase, 
the different strategies proposed so far for post-necking identification are described. 
Solutions for characterizing strain rate and temperature dependences of the 
hardening law for isotropic materials will be presented in Chapter 5. 

1.2.1 Pre-necking data processing 

For strain-hardening identification, macroscopic measurements of force and 
deformation need to be converted into equivalent stress 𝜎௘௤ and plastic strain 𝜀௘௤,௣ 

values in order to establish the relationship between them. When the gauge length 
deforms uniformly, the identification of the 𝜎௘௤ − 𝜀௘௤,௣ curve is easy and 

immediate.  
As the stress state is uniaxial, yield criteria for isotropic materials 

conventionally consider the axial stress 𝜎௔ and plastic strain 𝜀௔,௣ as equivalent 

quantities: 
𝜎௘௤ ≡ 𝜎௔ ,          (1.1a) 

𝜀௘௤,௣ ≡ 𝜀௔,௣.        (1.1b) 

Moreover, since elastic strains can be reasonably neglected with respect to plastic 
ones for the applications of interest, it can be assumed that: 

Figure 1.1 Deformation steps of a dog-bone specimen during a uniaxial tensile test. 
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𝜀௔,௣ ≈ 𝜀௔.         (1.2) 

These quantities must be determined referring to the gauge length or to a 
portion of it. It is well-known, indeed, that evaluating the deformation from the 
displacement of the crosshead of the testing machine would overestimate the real 
values. This is due to the machine deformability, which can be higher than that of 
the specimen itself. Such measurements would require the identification and 
application of a correction factor to obtain reliable estimates of the deformation. 
Hence, traditionally the deformation of the specimen gauge length was directly 
measured by extensometers. More recently, virtual extensometers have become 
increasingly common. They exploit digital image analysis for tracking markers 
painted on the specimen surface for determining the elongation. When the initial 
gauge length 𝐿଴ has achieved a length 𝐿, the logarithmic axial strain (uniformly 
distributed within the region considered) can be computed as: 

𝜀௔ = ln(𝐿 𝐿଴⁄ ).        (1.3) 
Regarding the axial stress in a generic configuration characterized by a cross-

sectional area 𝐴, it can be determined as: 
𝜎௔ = 𝐹 𝐴⁄ .        (1.4) 

In a traditional approach, only axial measurements are conducted, hence the area 𝐴 
can be computed by considering that plastic deformation of metals is a constant 
volume transformation and that during the pre-necking phase the shape remains a 
right circular cylinder. In addition, elastic deformations are neglected, leading to 
the following formula: 

𝐴 = 𝐴଴𝐿଴/𝐿.        (1.5) 
By plugging this last equation into Equation 1.3, the axial stress can be expressed 
as: 

𝜎௔ =
ி

஺బ

௅

௅బ
.        (1.6) 

More commonly, the concepts of engineering stress 𝑠 = 𝐹/𝐴଴ and strain 𝑒 =

𝛥𝐿/𝐿଴ are used, thus Equations 1.3 and 1.6 can be re-written as: 
𝜀௔ = ln(1 + 𝑒)         (1.7a) 
𝜎௔ = 𝑠(1 + 𝑒).        (1.7b) 

Axial strain and stress are usually denoted as true strain 𝜀௧ and true stress 𝜎௧ 
respectively. 

Equations 1.3 and 1.6 (or equivalently 1.7) are sometimes grouped under the 
term length-based approach since they are all based on axial measurements. In 
contrast to this, an area-based approach has been introduced. As the denomination 
suggests, it employes areal rather than axial measurements. The axial stress can be 
directly estimated using Equation 1.4, while the axial deformation requires 
plugging Equation 1.5 into Equation 1.3, thus obtaining: 

𝜀௔ = ln(𝐴଴ 𝐴⁄ ).        (1.8) 
Areal measurements can be derived by digitally analyzing images recorded from a 
single view of the specimen in case of isotropic materials (or more views for 
anisotropic ones).  
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Figure 1.2 shows an example of 𝜎௔ − 𝜀௔ curves, comparing the length-based 
approach applied to different bases 𝐿଴ for length measurements and the area-based 
approach applied to the minimum cross-section. The former are represented as solid 
lines and are denoted with letters from a to d, from the larger to the smaller 𝐿଴.The 
latter is represented as a dashed line and denoted with letter e. As long as 
deformation is uniform, both approaches provide the same results, also regardless 
of 𝐿଴. 

Once the specimen begins to neck, the different estimates start deviating from 
one another. This apparent non-uniqueness of the material behavior occurs because 
length measurements cannot catch the stress and strain gradients that characterize 
such localization phenomenon. Conversely, the area-based approach only averages 
over the cross-section and not along the axial direction. Hence, this is the approach 
that best represents the local material response in terms of axial strain and stress. 
As shown in Figure 1.2, length-based strategy provides results closer to this 
estimate when 𝐿଴ decreases. Nevertheless, for determining the 𝜎௘௤ − 𝜀௘௤,௣ curve 

other techniques are required in order to account for stress triaxiality; this theme is 
addressed in the next subsection. 

1.2.2 Post-necking data analysis 

Dog-bone specimens of ductile materials commonly undergo necking during 
uniaxial tensile tests. Although the cross-section in which the deformation will 
localize cannot be predicted (as this depends on material inhomogeneities, 
specimen roughness, inaccuracies in its metal working, etc.), it is possible to 
estimate the strain to necking. The observation that necking takes place 
approximately at the maximum force was first recorded by Considère at the end of 
the nineteenth century [9]. The mathematical expression for the necking onset, 
according to Considère’s criterion, comes from the instability condition of the 

Figure 1.2 Comparison between length-based approach (solid lines with each color corresponding 
to a different 𝐿଴) and area-based approach (dashed line). 
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maximum load. This can be described as a null derivate of 𝐹 with respect to an 
arbitrary quantity, such as the axial strain: 

ௗி

ௗఌೌ
= 0.         (1.9) 

By developing the relationship through Equation 8, it results that: 
𝑑(𝜎௔𝐴)

𝑑𝜀௔
= 0; 

൬
𝑑𝜎௔

𝑑𝜀௔
൰ 𝐴 + 𝜎௔ ൬

𝑑𝐴

𝑑𝜀௔
൰ = 0; 

 
𝑑𝜎௔

𝑑𝜀௔

1

𝜎௔
= −

𝑑𝐴

𝑑𝜀௔

1

𝐴
= 1; 

 
ௗఙೌ

ௗఌೌ
= 𝜎௔ .         (1.10) 

Since necking onset represents the limit condition for uniform deformation, 
Equation 1.10 can be also written as:  

ௗఙ೐೜

ௗఌ೐೜,೛
= 𝜎௘௤ .        (1.11) 

Hence, according to this criterion, necking onset depends only on the material 
strain-hardening behavior. Actually, later studies proved that necking onset is also 
influenced by other variables, such as the specimen aspect-ratio [11-13], the strain 
rate sensitivity [14, 15], and the temperature [15]. In some of these works, necking 
onset was studied by means of the bifurcation theory, i.e., as a deviation from a 
uniformly deformed configuration, and it was shown that necking does not 
necessarily occur at the maximum force. More specifically, the specimen aspect-
ratio and the strain rate sensitivity tend to delay the bifurcation with respect to the 
maximum load, while temperature dependence results in anticipating bifurcation. 

Beyond the necking onset, the peculiar shape of the specimen causes the strain 
and stress to lose uniformity and the stress to become triaxial (as shown in Figure 
1.3). These aspects become progressively more evident as necking develops. Figure 
1.3 refers to a round dog-bone specimen made of isotropic and homogeneous 
material. Due to the axialsymmetry of the system, the axial, the radial, and the 
circumferential directions are the principal directions of both strain and stress. At 
each cross-section, the circumferential and radial components obviously coincide 
along the specimen axis and tend to diverge towards the surface. Hence, according 
to Von Mises yield criterion, the equivalent plastic strain and stress still coincide 
with the axial component only on the axis.  
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Because of the strain gradients, Equations 3 and 5 (and all equations derived 
from them) are no longer valid, as well as Equation 1a because of the developed 
stress triaxiality. Due to the significative non-linearities of both the geometry and 
the material, no exact analytical solution for necking has been found yet. This 
significantly complicates the use of experimental measurements for material 
characterization during necking compared to uniform deformation. 

For sake of simplicity, sometimes a hardening model is fitted to pre-necking 
experimental data and then extrapolated to post-necking strains. Over the last 
decades several phenomenological models have been developed and implemented 
with the aim of describing the various strain-hardening responses exhibited by 
different materials. They consist of closed-form expressions characterized by a 
limited number of parameters so that a compact and smooth representation of the 
material response is provided, while facilitating implementation in numerical 
solvers and law identification. The most widespread models implemented in many 
FE codes include Hollomon [16, 17], simplified Johnson-Cook [18], and Voce [19] 
hardening laws. The choice of the hardening model for fitting and extrapolating 
experimental data represents a critical issue and can lead to very different results 
[20-22]. It is never advisable to extrapolate a model to strain levels far exceeding 
the calibration range because the predictions would not be guaranteed [20-23]. 
Furthermore, there are materials and/or conditions that cause the specimens to neck 
immediately after necking; in those cases, being able to use post-necking data 
becomes essential for hardening identification. Even in other cases, the large strains 
achieved in this stage, together with all the advantages of tensile tests on dog-bone 
samples highlighted in Section 1.1, make it attractive to exploit necking for 
hardening identification. 

Figure 1.3 Stress and strain distributions at the neck (on the top) and along the longitudinal axis (on 
the bottom) of a cylindrical dog-bone specimen. [85] 
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Therefore, many efforts have been devoted since the last century to dealing with 
the non-uniformity and triaxiality that characterize necking. Proposed strategies can 
be grouped into two main categories: direct methods that use experimental data 
straightforwardly to estimate the hardening law (they include traditional correction 
formulas but also advanced metamodels), and hybrid experimental-numerical 
methods that identify the law by combining experimental measurements with a 
numerical framework in a way that inherently enforces physical consistency. They 
are presented in the following paragraphs, focusing on strain-hardening of isotropic 
metals. Literature review on thermo-visco-plastic characterization of isotropic 
materials and on strain-hardening of anisotropic materials (in case of cylindrical 
specimens) are reported in Chapters 5 and 7, respectively. 

Direct methods 

Direct identification methods include several analytical strategies that have 
been proposed in the past decades. Traditionally, they determine the strain-
hardening law starting from experimental measurements in a neighborhood of the 
neck. Reference is made to the minimum cross-section because it is the easiest to 
track and it represents the position of maximum deformation, thus allowing the 
hardening law to be determined over a large strain range. 

One of the earliest and most well-known theories for cylindrical specimens 
undergoing necking is the one proposed by Bridgman [24]. It assumed the axial 
strain distribution 𝜀௔(𝑟) to not undergo significant gradients within the neck, i.e., 
for 𝑟 ∈ [0, 𝑅]. The volume conservation, hence, implied that 𝜀௥(𝑟) ≡ 𝜀௖(𝑟), leading 
to the following expression for the equivalent strain 𝜀௘௤ at the minimum cross-

section: 

𝜀௘௤ = 2 ln ቀ
ோబ

ோ 
ቁ,        (1.12) 

being 𝑅଴ the outer radius at the beginning of the test. 
Under the assumption of isotropic strain-hardening, the stress system satisfying 

equilibrium, boundary conditions, and von Mises plasticity with the above strain 
state at the neck, was found. An approximate method was adopted which consisted 
of approximating the contour of the neck by its osculating circle and one of the 
surfaces of principal stress by a sphere. It resulted that the equivalent stress 𝜎௘௤, 

constant within the neck cross-section, could be estimated by applying a correction 
factor 𝑘஻ to the average axial stress 𝜎௔,௔௩௚ at that section. Indeed, 𝜎௘௤ differs from 

𝜎௔,௔௩௚, more specifically, it is lower than 𝜎௔,௔௩௚, due to the increasing triaxiality 

generated by the progressive localization. The average axial stress at the neck is 
also denoted as true stress 𝜎௧ and can be computed from Equation 1.4, that in case 
of circular cross-section assumes the following form: 

𝜎௧ =
ி

గோమ
.         (1.13) 
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The multiplicative correction factor found by Bridgman was: 

𝑘஻ =
ଵ

ቀଵା
మഐ

ೃ
ቁ ୪୬ቀଵା

ೃ

మഐ
ቁ
,        (1.14) 

with 𝜌 the radius of curvature at the neck. This represents the radius of the circle 
fitting the necking silhouette; from a 3D point of view, it represents the radius of 
the circle whose revolution about the specimen longitudinal axis generates a torus 
fitting the neck geometry, as displayed in Figure 1.4. 

Despite being widely used, Bridgman’s theory was found to be inaccurate at 
large strains by many researchers [25, 26]. For instance, La Rosa et al. [25] showed 
that the stress error of Bridgman’s correction could range from 3% up to more than 
10%.  

In scientific literature, several analytical stress corrections for smooth cylinders 
were inspired by Bridgman’s theory, for instance, Davidenkov and Spiridonova 
[27], Siebel and Schwaigerer [28], and Malinin and Rżysko [29]. In Gromada et al. 
[30], a comprehensive review of these methods and their mathematical derivations 
is provided, together with novel proposals. According to the numerical analyses 
conducted in that work, various stress corrections showed an improvement over 
Bridgman. This was demonstrated across different hardening behaviors; however, 
ideal plastic materials are those for which the greatest inaccuracy can occur. Among 
the different correction formulas, the one that performed best was the following: 

𝜎௘௤ =
ఙ೟

క 
,          (1.15) 

being 𝜉 = 1 −
5Λ

7(1 + 5Λ)
−

2(1 − 6Λ)

7(1 + 5Λ)
+

2

7
+

30Λ(8Λ − 𝛿 − 5𝛿Λ)

49𝛿(1 + 5Λ)ଶ

+
3(8Λ − 𝛿 − 5𝛿Λ)

7𝛿(1 + 5Λ)
ቆ

2(1 − 6Λ)

7(1 + 5Λ)
−

2

7

−
30Λ(8Λ − 𝛿 − 5𝛿Λ)

49𝛿(1 + 5Λ)ଶ
ቇ ln ቤ1 +

7𝛿(1 + 5Λ)

3(8Λ − 𝛿 − 5𝛿Λ)
ቤ,  

 Λ = 1 − 𝑅଴ 𝑅⁄ ,  
𝛿 = 𝑅 𝜌⁄ , 

by Gromada et al. [30]. 
From the experimental point of view, Bridgman-like methods require 

measuring the minimum radius 𝑅 and the necking curvature radius 𝜌. Usually, they 
are both obtained by digitally analyzing images. While the minimum radius is 

Figure 1.4 Schematic representation of torus that locally fits the neck. 
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immediately determined, the curvature entails fitting the experimental silhouette 
with a predefined function [25, 31-33]. In some studies, 𝑅 and 𝜌 were, instead, 
estimated using 3D geometry information of the necking region [33, 34]. These 
works all shared the use of Digital Image Correlation (DIC), a non-contact optical 
technique that measures full-field displacements by tracking a random speckle 
pattern applied to the specimen surface. This technique was combined with fringe 
projection in Siegmann et al. [33] to reconstruct the 3D geometry, that was then 
fitted with a torus in the necking zone. A similar approach was adopted by Chen 
and Pan [34] but using a mirror-assisted multi-view DIC technique for 3D 
reconstruction. These strategies required complex and advanced experimental 
setups and are subjected to the inherent limitations of performing DIC 
measurements during necking. The speckle pattern may become damaged or may 
detach from the specimen surface under large strains. These effects can compromise 
the reliability of the measurements. Moreover, when it comes to fitting the 2D or 
3D geometry to measure the curvature radius, the result highly depends on the 
region and function considered for fitting.  

To overcome these issues, some researchers worked on identifying a 
relationship between 𝜌 and 𝑅, so that just 𝑅 needed to be measured. This approach 
was first suggested by Bridgman himself [24], and the relationship he found was 
exploited, for instance, in [35]. Also, Hill [36] proposed an empirical formula 
approximating the 𝑅/𝜌 ratio as a function of 𝜀௧. An important contribution came 
from Le Roy et al. [37], who proposed to express 𝑅/𝜌 as a linear function of 𝜀௧ −

𝜀௡ (with 𝜀௡ denoting the true strain at the necking onset). Recently, Lu et al. [38] 
proposed an improvement of that function by introducing an additional term, again 
a function of 𝜀௧ − 𝜀௡. The use of 𝜀௧ − 𝜀௡ was based on the consideration that 
necking development is governed only by the amount of post-necking plastic 
deformation. 

Another approach to avoid evaluating the curvature at the neck consisted of 
replacing Bridgman's correction factor with a function that did not involve that 
variable. For instance, Majzoobi et al. [39] analytically derived a correction formula 
based on the radius of the neck and on the superficial axial strain. The method had 
the advantage of not requiring the curvature radius but did not show a substantial 
improvement in the results with respect to Bridgman’s correction. Another study 
that is worth citing is the one by Mirone [40], in which a numerical analysis based 
on experimental data was conducted. This resulted in the identification of the ratios 
𝜎௔,௔௩௚/𝜎௘௤,௔௩௚ and 𝜀௥,௔௩௚/𝜀௥,௔௩௚ as material-independent functions of 𝜀௧ − 𝜀௡. 

These functions are denoted as MLR. By introducing some hypotheses on strain 
and stress distributions, mathematical expressions of these fields in the minimum 
cross-section were also derived. This method not only avoided measuring the 
curvature radii but also showed better agreement with FE simulations than 
Bridgman’s theory. MLR corrections were extended to high strain rates [41] and 
anisotropic behavior [42]. 
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Overall, analytical strategies owed their success mainly to the limited 
computational and experimental effort, even if evaluating the radius of curvature, 
when needed, can be challenging. In addition, Tu et al. [23] recognized that the 
choice of the stress correction formula is somewhat arbitrary since the accuracy, for 
a certain material, of the various correction functions is still unclear. 

Finally, it is important to note that previous methods for identifying the plastic 
flow curve determine local variables, 𝜎௘௤

∗  and 𝜀௘௤,௣
∗ , by correcting global variables, 

𝜎௧ and 𝜀௧. Associating global with local variables is implicitly based on assuming 
that when a material point 𝑟∗ of the minimum cross-section is characterized by 
𝜎௘௤(𝑟∗) = 𝜎௘௤

∗ , then it is also characterized by 𝜀௘௤,௣ (𝑟∗) = 𝜀௘௤,௣
∗ . To the best of the 

author’s knowledge, this situation may not always be verified. Nevertheless, this 
limitation can be, at least partially, overcome when using numerical analysis for the 
identification of the correction factors and formulas. This is because, although 
global variables are still used, they result from accurate stress and strain 
distributions, instead of being based on simplified assumptions.  

Recently, the increasing demand for efficient identification strategies and 
availability of large datasets has boosted the spread of machine learning (ML) 
algorithms. This term refers to tools that learn from large datasets for making 
predictions and decisions. In practice, they consist of a metamodel that is trained 
on already available datasets for establishing relationships between a set of inputs 
and the corresponding set of outputs. In the field of material characterization, 
several simulations or experiments can be collected into a structured dataset. Then 
ML models can be trained to learn the underlying relationships between constitutive 
parameters and selected quantities that can be measured experimentally. These 
quantities are usually the force-displacement curve [43-45] or the combination of 
load history with geometry and strain fields of a region of the sample [46]. Once 
trained, these algorithms efficiently predict material parameters directly from 
experimental data. This is why they have been classified as direct methods in this 
thesis. 

A critical aspect of ML is the training phase, in terms of both computational 
cost and dataset adequacy [45]. In this sense, it seems promising to use FE 
simulations for generating the training datasets [43, 44, 46, 47]. They should 
include a sufficient variety of material hardening behaviors to guarantee that 
suitable material parameters can be found for real experiments [43]. However, the 
larger the datasets the higher the computational effort for building them and for 
training the metamodel. Furthermore, as observed in [48, 49], most ML algorithms 
are at present conceived as black boxes. This means that the operations they perform 
are difficult to understand and control. To overcome this issue, researchers are 
currently working to develop simple, reduced, and interpretable models [50, 51]. 
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Hybrid experimental-numerical methods 

To address the limitations of analytical approaches, hybrid experimental-
numerical methods have been developed, and they are still widely employed, 
despite the recent advancements in ML algorithms. As the name suggests, they 
integrate experimental measurements with numerical models. Such models enable 
a physically consistent identification of the hardening law by embedding governing 
equations and constitutive laws. Moreover, the use of numerical models makes 
hybrid experimental-numerical methods highly versatile, in terms of loading 
condition and specimen geometry. Hence, the following paragraphs also refer to 
works that did not specifically deal with tensile tests on smooth cylindrical 
specimens, with the idea that such scenarios could also be addressed with similar 
approaches. Depending on how experimental data and numerical models are 
combined, hybrid methods can be distinguished into two main categories. The first 
uses governing equations and constitutive relations in a numerical simulation that 
is iteratively updated. Conversely, the second category directly employs those 
equations and laws in a variational formulation that uses measured kinematic fields. 

The recursive updating of the numerical models belonging to the first category 
is based on the comparison of some measured quantities with the corresponding 
quantities predicted by the numerical model. To this aim, optimization algorithms 
are employed. The material hardening law is parametrized and a cost function is 
defined to quantify the deviation of the numerical model from the target function, 
which in turn represents the experimental measurements to be reproduced. Starting 
from a trial set of values, the unknown parameters are iteratively adjusted in order 
to minimize the cost function, i.e., in order to provide numerical results sufficiently 
close to the experimental target. Despite the availability of efficient algorithms, 
these methods are characterized by a non-negligible computational effort because 
of the need for optimization. 

Regarding the numerical model, it should be considered that nonlinear FE 
codes have undergone considerable development and, hence, increasing spread 
during the past decades. Due to their accurate representation of necking 
heterogeneity and triaxiality, many researchers employed a FE model as numerical 
part of hybrid approaches for hardening identification. These approaches are also 
called FE-based inverse methods (iFEM) or FE model updating methods (FEMU). 
FEMU approaches can differ from one another for the optimization strategy 
adopted and for the target function chosen. The latter is strongly related to the 
experimental data available and/or intended for this use.  

A common choice has been to use macroscopic quantities, like the force vs. 
displacement curve 𝐹(Δ𝐿) beyond the maximum force [52-56]. Conversely, 
Shokeir et al. [57] preferred to use the force vs. diameter reduction curve 𝐹(|Δ𝑅|) 
as target, to better account for material local behavior. Defaisse et al. [58], instead, 
combined the previous proposals by using 𝐹(Δ𝐿) as target for the pre-necking phase 
and 𝐹(|Δ𝑅|) for the post-necking domain. Some researchers still used the 𝐹(Δ𝐿) 
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curve (or equivalently the true curve derived with a length-based approach) as target 
of the optimization but provided a posteriori local validation of the identified 
model. For example, in the works by Zeng and Huo [59] and those by Scapin et al. 
[60, 61], this was done by comparing the numerical prediction of the specimen 
deformed shape with the one measured experimentally during necking or after 
fracture. Conversely, in Pham et al. [62] the validation was conducted on additional 
tests by comparing the surface strain evolution. Some research went further and 
directly used one or more necking shapes as additional target functions to the 𝐹(Δ𝐿) 
curve. For instance, this was done by Peroni et al. [63], by Scapin et al. [64, 65], 
and more recently by Zhang et al. [66]. In addition, Peroni and Scapin [67] and 
Beltramo et al. [68] showed that in FEMU approaches having a necking shape as 
target it is possible, under certain conditions, to limit the information about the force 
to the maximum value only. Furthermore, in the studies by Majzoobi et al. [39, 69] 
and Almasi et al. [70], the experimental data required was further limited to 
displacements of few points on the specimen surface. However, omitting 
information about the force could cause non-uniqueness of the identified law. 
Finally, it is worth mentioning FEMU approaches in which the target consisted of 
full-field measurements (typically obtained via DIC) coupled with the force-
history. This methodology has been mainly applied to metal sheets [71-73]. Indeed, 
cylindrical specimens would require more complex experimental setups since 
stereo-DIC is needed to avoid inaccuracies associated with loss of focus caused by 
out-of-plane deformations.  

Full-field measurements bring the discussion to methods belonging to the 
second category of hybrid identification techniques. They directly use the 
equilibrium equation in combination with the full-field strain distributions 
measured experimentally with DIC. Different strategies were developed, including 
the one by Coppieters et al. [74, 75] and the stepwise modelling method by Marth 
et al. [76]. However, the most widespread approach is represented by the Virtual 
Field Method (VFM). This relies on the consideration that internal virtual work 
must balance external virtual work for any admissible virtual displacement field. In 
practice, VFMs consist of minimizing the difference between internal and external 
virtual work for selected virtual displacement fields. The actual stress field required 
for the internal work is expressed using the experimental strain field measured by 
DIC and a constitutive model with unknown parameters. Then, the global cost 
function results from evaluating the difference between external and internal work 
at different loading steps. Because of the nature of plastic constitutive equations, 
iterative algorithms are required for identifying the unknown material parameters 
that minimize the global cost function. Several examples of VFMs application to 
elasto-plastic behaviors can be found in the literature: for instance, Grédiac and 
Pierron [77], Kim et al. [78], Fu et al. [79], and Park et al. [80].  

Figure 1.5 schematically illustrates the workflows of a VFM with respect to a 
FEMU approach (the experimental data used is not specified, since it depends on 
the selected target function). The main advantage of VFMs with respect to FEMU 
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approaches is represented by not requiring recurrent FE simulations. However, 
since experimental strain fields are only available at the specimen surface, VFMs 
require assumptions on internal strain fields. Moreover, being based on DIC 
measurements, their application was generally limited to sheet metal specimens.  

Overall, hybrid experimental-numerical approaches ensure that the 
reconstructed stress and strain fields, obtained from the identified parameters, 
satisfy equilibrium and represent realistic behaviors. However, these methods 
require assuming a pre-selected constitutive model, which can prevent an adequate 
hardening law from being identified. This limitation may be mitigated by separating 
the pre-necking and the post-necking regime: traditional equations can be used for 
the first regime, and hybrid experimental-numerical approaches for the second, as 
done by Pham et al. [81]. Further improvements can be obtained by combining 
classical hardening models with each other or by using a piecewise linear 
relationship for the hardening law [52, 58, 59, 75, 76, 79, 80, 82-84]. Nevertheless, 
more versatile hardening models lead to an increasing number of unknown 
parameters and, consequently, a higher computational effort for calibration. This 
occurs also when it is necessary to account for additional features, such as strain 
rate and thermal sensitivities, work-to-heat conversion, and anisotropy, as detailed 
in Chapters 5, 6, and 7, respectively. 

1.3 Research motivation 

The literature review presented in the previous section highlighted the role of 
deformed specimen geometry in post-necking identification. Indeed, it showed that 
many approaches considered the time evolution of the necking geometry, in a tiny 

Figure 1.5 Flowcharts of VFM (a) and FEMU (b) approaches (adapted from [77]). 
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surrounding of the neck or in a wider specimen region. This represented a key 
element in the interpretation of tensile test data beyond uniform deformation.  

Advantages and disadvantages of applying existing strategies were mentioned. 
While direct methods like correction formulas are computationally efficient, they 
often lack accuracy and robustness (especially in determining the curvature radius 
at the neck). Conversely, hybrid methods like FEMU provide better accuracy, but 
entail a non-negligible computational cost due to iterative optimizations.  

In addition, all methods based on full-field measurements would require, for 
cylindrical specimens, to perform stereo-DIC. Furthermore, the speckle necessary 
for DIC may degrade or detach under the large strain typical of the late post-necking 
phase, potentially compromising measurement reliability. A convenient alternative 
is offered by Digital Image Analysis (DIA) used for simply identifying the 
boundary between the specimen and the background. Rather than replacing the 
comprehensive data provided by DIC, DIA aims to simplify the experimental phase 
by focusing only on the specimen’s outer shape. Hence, it is particularly attractive 
when experimental simplicity and post-processing speed are prioritized over full-
field data. 

Therefore, the present thesis proposes alternative post-necking identification 
approaches that exploit the deformed necking geometry through this silhouette-
based approach. These alternative approaches have been published in [85-88]. They 
aim to overcome the limitations of traditional analytical methods without the 
computational cost of FEMU strategies. Robustness is improved by considering the 
entire necking region instead of the minimum cross-section only, while accuracy is 
ensured by FE simulations and by limited usage of section-averaged quantities. 
Specific strategies are adopted for integrating FE simulations into the identification 
method with the purpose of limiting the computational effort compared to FEMU 
techniques. 

Going into more detail on the structure of the thesis, Chapter 2 addresses in 
detail the correlation between plastic flow behavior and necking silhouettes, 
providing the basis for the methodologies developed in the subsequent chapters. 
More specifically, a database-driven identification framework is presented for the 
characterization of isotropic material behavior at large strains. The principles of the 
method are introduced, and its application is first illustrated for relatively simple 
material responses, namely strain rate insensitive materials tested under quasi-static 
conditions in Chapter 3 Chapters 4, 5, and 6 extend the database-driven approach 
to account for additional physical effects and more complex loading conditions. 
Strain rate sensitivity affecting post-necking deformation within a single test is first 
considered in Chapter 4. For the sake of brevity, strain rate sensitive and strain rate 
insensitive materials will be denoted as rate sensitive and insensitive. Then, the 
analysis is extended to dynamic loading conditions in Chapter 5, where self-heating 
effects become relevant and can be implicitly or explicitly taken into account. 
Finally, the integration of the database approach with complementary identification 
strategies is discussed in Chapter 6 for the characterization of the conversion of 
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plastic work into heat under non-isothermal conditions. Chapter 7 addresses the 
influence of material anisotropy on necking behavior and proposes a different 
shape-based identification procedure to account for it. In each chapter, experimental 
case studies are presented for showing the practical applicability, potentiality, and 
flexibility of the proposed framework. The tests were conducted in the DYNLab 
laboratory of the Mechanical and Aerospace Engineering Department of 
Politecnico di Torino. The experimental procedures and measurement techniques 
are described in direct connection with each application, allowing the identification 
process to be followed from experimental data acquisition to numerical modeling 
and parameter identification. Since the proposed methods of analysis do not 
explicitly model damage, the final stages of the tests were withdrawn from the 
analyses to limit its effect on the results. Nevertheless, the possible residual damage 
should not be conceived as a severe limitation of these specific methods: it would 
imply that the identified hardening laws intrinsically account for it as well, which 
could also be a reasonable engineering approach to the problem. 
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Chapter 2 

Plastic flow behavior and specimen 
necking shape 

This chapter first investigates, and then exploits for post-necking 
characterization, the strong correlation linking the plastic constitutive law of the 
material to the deformed geometries of a cylindrical tensile specimen. Even though 
this is implicitly exploited in existing strategies based on the necking profile of 
isotropic materials [1-9], detailed justification and efficient exploitation of such 
correlation are missing.  

The objective of Section 2.1 is to provide foundations supporting the use of 
specimen necking shapes for identifying the post-necking plastic flow curve. Then, 
Section 2.2 highlights the role of the strain at the necking onset and the consequent 
similarities that allow different materials to be effectively compared during the 
post-necking phase. Finally, a database-driven approach is proposed in Section 2.3 
as a natural framework for exploiting the shape-law correlation systematically. 
More specifically, a library storing relevant results of FE analyses is used to 
establish such correlation. The considerations presented in this chapter have been 
partially published in [10-12]. 

2.1 Shape-law correlation 

To investigate the correlation between plastic flow curves and necking shapes, 
attention is first restricted to testing conditions and/or materials for which the 
equivalent plastic strain 𝜀௘௤,௣ is the only variable governing plasticity. In such cases, 

the equivalent stress 𝜎௘௤ experienced by each material point is uniquely determined 

by the current local value of equivalent plastic strain. Since during a monotonic 
tensile test each material point undergoes increasing deformations, the equivalent 
stress evolves too, according to the strain-hardening rate 𝑑𝜎௘௤/𝑑𝜀௘௤,௣ of the 
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material tested. Thus, even though material points may differ one from another in 
terms of 𝜀௘௤,௣(𝑡) and 𝜎௘௤(𝑡), which is typical of necking, they all evolve (until 

reached by the unloading boundary) along the same curve in the 𝜎௘௤ − 𝜀௘௤,௣  plane, 

namely, the material’s strain-hardening law. This is qualitatively shown in Figure 
2.1, where different material points on the specimen surface are denoted with 
capital letters. In the configuration analyzed, A and B are in the plastic domain, 
while C, D, and E have already undergone unloading. It should be noted that this 
analysis focuses on material points, rather than cross-sections, because previous 
considerations are true for local variables for definition, but not necessarily for 
variables averaged over the cross-sections. 

By looking at the problem from a Eulerian perspective, it can be observed that 
at any necked configuration different points exhibit different equivalent plastic 
strains and, consequently, different equivalent stresses, all lying on the material’s 
strain-hardening law (if the points are within the plastic domain). This indicates 
that, when 𝜀௘௤,௣ is the only variable governing plasticity, the strain-hardening rate 

𝑑𝜎௘௤/𝑑𝜀௘௤,௣ determines not only the temporal evolution of equivalent stress at a 

given material point, but also the spatial equivalent stress distribution.  
More specifically, as during necking all material points exhibit equivalent 

plastic strain values of at least 𝜀௘௤,௣,௡, it is the post-necking strain-hardening rate 

which relates the equivalent plastic strain and equivalent stress distributions. In this 
sense, and by focusing on the specimen’s outer surface, the necking shape encodes 
information about the post-necking strain-hardening behavior of the material 

𝜎௘௤
ே ൫𝜀௘௤,௣൯. This is valid for isotropic materials, since for anisotropic ones, the yield 

function may also play a role. The remainder of this thesis, except for Chapter 7, 
refers to isotropic materials. 

Since necking shapes of specimens made of isotropic materials are 
axisymmetric, they are completely defined by their 2D necking silhouette (or 
profile). Hence, returning to the previous discussion, it is possible to state that 

information about 𝜎௘௤
ே ൫𝜀௘௤,௣൯ are encoded in the necking profile. Even regions of 

the specimen that are elastically unloaded retain information about such law. This 

Figure 2.1 Deformation paths followed during a tensile test by different material points on the 
specimen surface for strain-dependent materials (adapted from [12]). 
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is because the geometry of such regions has remained unchanged since the arrival 
of the unloading boundary, thereby preserving the strain-hardening information at 
the maximum equivalent plastic strain previously attained. Therefore, the entire 
necking profile, and not only the plastically loaded region, represents the post-
necking hardening behavior of the material.  

A qualitative representation is depicted in Figure 2.2. Each vertical thick line 
on the specimen indicates points on the outer surface characterized by the same 
equivalent plastic strain; the associated state on the hardening law is highlighted 
with a marker. 

Each infinitesimal portion of the profile encodes the hardening rate information 
at a different equivalent plastic strain, the maximum achieved in that infinitesimal 
portion at the configuration considered. In this sense, the profile altogether reflects 
both stress and strain histories after the necking onset. Consequently, when 
specimens are characterized by identical profiles at a given configuration, this 
indicates that they must share the same necking strain (as explained in Section 2.2) 
and the same post-necking histories, which in turn implies that the post-necking 
hardening laws must be identical. Actually, it should be noted that two identical 
necking profiles could also be obtained from material laws scaled in equivalent 
stress one with respect to the other, i.e. 𝜎௘௤,ଵ(𝜀௘௤,௣) = 𝑘ఙ𝜎௘௤,ଶ(𝜀௘௤,௣). This can be 

explained considering that, when elastic and inertial contributions are negligible, 
the necking strain and the shape are governed by relative equivalent stress 
variations. Above considerations prove the uniqueness of the shape-law correlation 
for monotonic uniaxial tests and strain-dependent behaviors; more specifically, the 

correlation between the neck geometry 𝑅(𝑥) and the functional form 𝜎ො௘௤
ே ൫𝜀௘௤,௣൯ of 

the post-necking strain-hardening law.  

This results also means that, once the material (and so the 𝜎ො௘௤
ே ൫𝜀௘௤,௣൯ law) is 

fixed, a prescribed axial elongation uniquely corresponds to a specific specimen 
silhouette. In particular, the fact that the specimen reaches a specific geometry in 

Figure 2.2 Scheme of the correlation between necking shape and strain-hardening law for an 
isotropic material (adapted from [8]). 
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the vicinity of the minimum cross-section means that the force is also uniquely 
determined. The existence of a unique correlation between the force-elongation 
curve (or better, the 𝑠(𝑒) engineering curve) and the hardening law is already 
acknowledged in the literature and is supported by the successful application of 
identification methods based on fitting the engineering response. The 
considerations of the previous paragraphs go one step further: not only the evolution 
of the region surrounding the neck is uniquely related to the constitutive law, but 
also the entire necking shape. 

It is now worth illustrating better how strain-hardening affects the necking 
shape. During the post-necking regime, as the minimum cross-sectional area 
decreases, the local equivalent stress increases significantly for materials with high 
strain-hardening rates. This allows the sections surrounding the neck to continue 
deforming, resulting in a “long-wave” neck. In contrast, materials with low strain-
hardening rates, approaching perfectly plastic behavior, cannot redistribute stress 
as effectively, and deformation concentrates at the minimum cross-section, leading 
to a more localized neck.  

This is shown in Figure 2.3, by displaying a series of hardening laws (subfigure 
a) and the corresponding necking shapes (subfigure b). The results were obtained 
using a FE code for simulating tensile tests on geometrically identical cylindrical 
bars characterized by these different strain-hardening behaviors. Further details on 
FE modeling will be provided in Section 2.3. Hardening laws were defined so that 

necking occurred immediately at yielding, hence it holds 𝜎௘௤
ே ൫𝜀௘௤,௣൯ ≡

𝜎௘௤൫𝜀௘௤,௣൯, ∀𝜀௘௤,௣. This aimed to focus only on the post-necking domain; the effect 

of a uniform deformation stage before the necking onset will be discussed in Section 
2.2. For meaningful comparison, the shapes shown in Figure 2.3b were all selected 
in correspondence of the same maximum strain achieved on the specimen surface; 
in this case, without loss of generality, a value of 0.8 was chosen. 

This plot shows that, even though all profiles share the same range 𝑅/𝑅଴, the 
shapes themselves differ because of the different post-necking behavior. As 

Figure 2.3 Correlation between hardening law (a) and corresponding necking shapes at the same 
max 𝜀௘௤,௣ = 0.8 (b). Markers in (b) indicate material points experiencing given states of (a) (adapted 
from [10]). 
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anticipated, the higher the hardening rate, the less localized the deformation. 
Furthermore, in Figure 2.3b material points experiencing predefined equivalent 
plastic strain levels are indicated with markers on the different profiles. The fact 
that the same markers are almost horizontally aligned across the different shapes 
underlines the correlation between 𝜀௘௤,௣ and 𝑅/𝑅଴ in addition to the correlation 

between 𝜀௖ and 𝑅/𝑅଴ which directly comes from the definition 𝜀௖ = ln(𝑅 𝑅଴⁄ ). 
Above results are twofold: they state which hardening rate leads to which 

necking shape, but also how necking shape can be interpreted to get information 
about the hardening rate. This further supports the correlation between necking 
profiles and post-necking strain-hardening laws. 

The uniqueness of the relationship between 𝑅(𝑥) and 𝜎ො௘௤
ே ൫𝜀௘௤,௣൯ (and also 

𝑠̂ே(𝑒) for the sake of completeness) has been proved for strain-dependent scenarios. 
More precisely, the uniqueness holds whenever the strain-hardening rate inferred 
by moving forward in time coincides with that inferred by moving toward more 
highly deformed regions of the profile (see Figure 2.1). This happens when all 
material points evolve along the same curve in the 𝜎௘௤ − 𝜀௘௤,௣ plane before elastic 

unloading occurs. Such situation arises not only when the equivalent plastic strain 
is the sole governing variable, but also when additional variables 𝑞 that influence 
the material strain-hardening rate are constant or uniquely related to 𝜀௘௤,௣ under the 

testing conditions considered. Indeed, in these scenarios, when a point is 
characterized by 𝜀௘௤,௣

∗ , the corresponding 𝑞∗ and 𝜎௘௤
∗  are the same experienced by 

other points when they exhibited the same 𝜀௘௤,௣
∗ . Hence, all material points evolve 

along the same path in the 𝜎௘௤ − 𝜀௘௤,௣ − 𝑞 space, and therefore also along the same 

path in the projected 𝜎௘௤ − 𝜀௘௤,௣ plane. Such path no longer represents the strain-

hardening law of the material but inherently includes the effects of 𝑞.  
To conclude, whenever plasticity is influenced by variables that remain 

constant during necking, or that vary in a manner uniquely linked to equivalent 
plastic strain, the necking profile 𝑅(𝑥) (or equivalently the normalized engineering 
response 𝑠̂ே(𝑒)) can be uniquely associated with the material normalized post-

necking path 𝜎ො௘௤
ே ൫𝜀௘௤,௣൯, which may intrinsically account for the effects of 

additional variables. This is the case of temperature in rate insensitive materials, as 
explained in Section 3.2.  

Nevertheless, plastic behavior may also depend on additional variables 𝑞෤, 
whose variation with the equivalent plastic strain varies from one material point to 
another. In these cases, when a point is characterized by 𝜀௘௤,௣

∗ , the corresponding 𝑞෤∗ 

and 𝜎௘௤
∗  differ from those experienced by other points at the same 𝜀௘௤,௣

∗ . Hence, the 

deformation path is no longer the same for all material points: each of them follows 
a different evolution, as qualitatively shown in Figure 2.4.  

As a result, the uniqueness of the correlation between 𝜎ො௘௤
ே ൫𝜀௘௤,௣൯, 𝑅(𝑥), and 

𝑠̂ே(𝑒) is no longer valid. In these cases, the information on the strain-hardening rate 
inferred from a single necking profile appears to contradict that obtained from the 
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temporal evolution of the test. This apparent inconsistency arises because, when 
moving along the profile from point B to a point A characterized by a higher 
equivalent plastic strain, the equivalent stress at point A differs from the equivalent 
stress that point B exhibits at the time it reaches the same equivalent plastic strain. 
The origin of this discrepancy lies in the difference in variables 𝑞෤ between the two 
points and times considered. It follows that the material law cannot be reconstructed 
from a single deformed configuration, nor from the engineering curve alone. For 
instance, this is the case of rate sensitive material, as discussed in Section 5.1. 

Nevertheless, instantaneous necking profiles, within the plastically loaded 
region, still provide a good approximation of the “spatial” strain-hardening rate, 
i.e., of how equivalent stress and equivalent plastic strain vary along the profile at 
that time instant. In other words, the outer shape correlates well to the normalized 
𝜎ො௘௤ − 𝜀௘௤,௣ curve representing the instantaneous state of superficial material points. 
Moreover, it is also correlated to the equivalent plastic strain rate distribution 
𝜀௘̇௤,௣(𝑥) at that moment on the specimen surface, provided that monotonic tensile 

tests are considered. Actually, due to the differential nature of equivalent plastic 
strain rate, this distribution 𝜀௘̇௤,௣(𝑥) can be assumed to depend only on how 

equivalent plastic strain distribution evolves in an infinitesimal neighborhood of the 
time considered. It results that the absolute scale of 𝜀௘̇௤,௣(𝑥) depends on the speed 

applied to the specimen ends, while the normalized distribution 𝜀መ̇௘௤,௣(𝑥) can be 

assumed to depend solely on the equivalent plastic strain distribution.  
Hence, if the necking profiles of different materials coincide, the materials can 

be considered instantaneously analogous. This is valid in a normalized post-necking 
perspective and regardless of the material sensitivity to internal variables 𝑞 or  𝑞෤. 
Such analogy implies that the superficial equivalent plastic strain and strain rate 
distributions, as well as the superficial equivalent stress distribution can be 
considered approximately the same once the stress scale and speed coefficient have 
been removed. 

Above considerations suggest that a sequence of normalized necking shapes 
can be used to identify loci of points in the 𝜎௘௤ − 𝜀௘௤,௣ plane. Each necking shape 

Figure 2.4 Deformation paths followed during a tensile test by different material points on the 
specimen surface for strain rate sensitive materials (adapted from [12]). 
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actually provides plastic information about the range of equivalent plastic strains 𝐼ఌ 
experienced at that instant by superficial material points, provided that 𝜀௘̇௤,௣ > 0. 

This last condition determines the range 𝐼ఌ = [𝜀௘௤,௣
௠௜௡, 𝜀௘௤,௣

௠௔௫] associated with the 

given shape. As deformation proceeds, subsequent shapes provide information over 
ranges 𝐼ఌ that progressively shift to higher values: 𝜀௘௤,௣௟

௠௔௫  increases because of 

continuous localization, while 𝜀௘௤,௣௟
௠௜௡  increases due to progressive unloading. This is 

schematically depicted in Figure 2.5.  

Analyzing different necking configurations, hence, results in a set of curves 
representing the projection of the plastic flow surface in the 𝜎௘௤ − 𝜀௘௤,௣ plane on a 

broad strain domain. The plastic flow surface in the 𝜎௘௤ − 𝜀௘௤,௣ − 𝑞෤ space can be 

reconstructed by associating to each material point the local and instantaneous 
values of 𝑞෤, either measured experimentally or evaluated through post-processing 
analyses. Furthermore, by tracking individual material points, it would also be 
possible to estimate their distinct deformation paths. 

Previous considerations also apply to materials in which all points follow the 

same 𝜎௘௤൫𝜀௘௤,௣൯. In this case, analyzing multiple configurations is not necessary, as 

a much stronger correlation already holds, but it improves stability by introducing 
redundancy. 

2.2 Pre- and post-necking uncoupling 

As extensively discussed in Chapter 1, the onset of necking marks a 
fundamental transition in the deformation mode of the specimen. Prior to necking, 
the specimen gauge length is characterized by uniform fields of strain, stress and 
possibly other variables affecting the material response. These fields can remain 
constant or evolve uniformly, depending on the material and test conditions. From 
a Lagrangian viewpoint, this means that distinct material points exhibit a 
synchronous evolution of internal variables. In pre-necking regime, the specimen 
gauge length maintains the geometry of a right cylinder, whose size derives from 
the reduction in cross-sectional area caused by the prescribed axial elongation. In 
this sense, the pre-necking constitutive law dictates the evolution of the uniformly 

Figure 2.5 Correlation between necking shape and instantaneous states of superficial material points 
(adapted from [12]). 
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distributed stress field (and hence the force) but does not influence the specimen 
shape, since its size mainly results from plastic incompressibility. In this sense, 
materials characterized by different hardening laws exhibit the same geometry 
evolution before necking onset. In other words, during this uniform stage, the 
geometry alone carries no information about the specific hardening behavior. Then, 
beyond necking onset, the specimen develops spatial gradients of stress, strain, and 
possibly additional internal variables. The constitutive law dictates not only the 
force but also the neck shape itself and its evolution. Actually, as all material points 
within the gauge length experience equivalent plastic strains at least equal to that 
associated with incipient necking, the subsequent geometric evolution is governed 
by the post-necking constitutive behavior. This is also supported by some works 
that recognized 𝜀௘௤,௣ − 𝜀௘௤,௣,௡ as necking governing variable [13-15].  

Starting from this consideration, it can be proved that the shape-law correlation 
introduced in Section 2.1 referring to the absolute necking shape 𝑅(𝑥), remains 
valid also in relative terms, i.e., independently of the specimen size. Considering 
the circumferential strain, which is directly and accurately inferable from the 
necking profile 𝑅(𝑥), it results that: 

𝜀௖ − 𝜀௖,௡ = ln ቀ
ோ

ோబ
ቁ − ln ቀ

ோ೙

ோబ
ቁ = ln ቀ

ோ

ோ೙
ቁ ≝ ln 𝑅෠.   (2.1) 

This relationship indicates that the relevant measure for necking description is 
represented by the radial coordinate normalized by its value at the necking onset 
𝑅௡. Axial coordinates must be normalized by 𝑅௡ too, since axial elongation and 
radial contraction are coupled (primarily through plastic incompressibility). It 

follows that it is the normalized shape 𝑅෠(𝑥ො) which carries information about the 
normalized post-necking hardening rate. 𝑅௡ can be further expressed as:  

𝑅௡ = 𝑅଴𝑒ఌ೎,೙ = 𝑅଴𝑒ିఌ೐೜,೙/ଶ,      (2.2) 
by considering volume conservation and the fact that the necking onset is at the 
boundary of uniform deformation. This expression of the normalization factor 
highlights that the proposed approach uncouples the post-necking deformation from 
the initial size of the specimen and the pre-necking deformation.  

The need to remove the influence of the initial size could also be explained by 
considering two tensile specimens made of the same material but characterized by 
different initial diameters. Regardless of the initial dimensions, their deformed 
configurations must convey the same information regarding the strain-hardening 
rate (provided that the specimens are sufficiently long to avoid boundary effects). 
Conversely, uncoupling from the pre-necking phase could not be expected at first 
glance, but it is possible as uniform deformation preserves the shape of right 
cylinder and simply causes a different absolute size at the necking onset. This 
suggests that materials sharing the same post-necking hardening behavior but not 
the uniform response are equivalent in terms of normalized necking profile. Above 
considerations are valid not only for scenarios where the 𝜎௘௤(𝜀௘௤,௣) curve fully 

describes the material behavior, but also for more complex behaviors introduced at 
the end of Section 2.1.  
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Focuses on the simplest cases, the correlation described in Section 2.1 also 
includes the engineering response. Hence, materials sharing 𝜎௘௤

ே (𝜀௘௤,௣) should 

provide not only analogous necking profiles, but also analogous post-necking 
engineering responses. At first glance, this may seem unverified, but due to an 
improper viewpoint. Uncoupling pre- and post-necking behaviors enables a more 
appropriate comparison between engineering responses. 

As during necking the engineering strain of a length-based approach highly 
depends on the reference length itself [16], another definition of engineering strain 
is preferred. It is based on the radial contraction at the minimum cross-section, 
according to the following expression: 

𝑐 ≝
|୼ோ|೘೔೙

ோబ
=

ோబିோ೘೔೙

ோబ
= 1 −

ோ೘೔೙

ோబ
.     (2.3) 

This represents the radial engineering strain, as well as the circumferential 
engineering strain for definition. 

For removing the effect of uniform deformation from the engineering response 
𝑠(𝑐), it can be useful to consider the radial engineering strain at the necking onset: 

𝑐௡ = 1 −
ோ೙

ோబ
 .        (2.4) 

Plugging this relationship into Equation 2.3, it results: 

𝑐 = 1 −
ோ೘೔೙

ோ೙

ோ೙

ோబ
= 1 −

ோ೘೔೙

ோ೙
(1 − 𝑐௡).     (2.5) 

Then, a post-necking radial engineering strain 𝑐̂ can be defined: 

𝑐̂ ≝ 1 −
ோ೘೔೙

ோ೙
= 1 − 𝑅෠௠௜௡,      (2.6) 

which is consistent with the normalization applied to the necking silhouette. 
The relationship between 𝑐 and 𝑐̂ is, thus, derived from Equation 2.5:  

𝑐̂ = 1 −
ଵି௖

ଵି௖೙
=

௖ି௖೙

ଵି௖೙
       (2.7) 

It should be noted that also the engineering stress 𝑠 is affected by uniform 
deformation. The correction must ensure that modified engineering stresses 𝑠̂ 

coincide for materials sharing 𝜎௘௤
ே ൫𝜀௘௤,௣൯. Consider the following algebraic 

manipulation: 

𝑠 =
ி

஺బ
=

ఙೌ,ೌೡ೒஺

஺೙

஺೙

஺బ
= 𝜎௔,௔௩௚ ቀ

ோ೘೔೙

ோ೙
ቁ

ଶ

ቀ
ோ೙

ோబ
ቁ

ଶ

= 𝜎௔,௔௩௚(1 − 𝑐̂)ଶ ቀ
ோ೙

ோబ
ቁ

ଶ

. (2.8) 

Specimens of materials sharing 𝜎௘௤
ே ൫𝜀௘௤,௣൯ are characterized by the same 

normalized shape when their 𝑐̂ coincide, hence they also develop the same 𝜎௔,௔௩௚. 

Thus, the definition that ensures obtaining the same 𝑠̂ is: 

𝑠̂ ≝ 𝑠 ቀ
ோబ

ோ೙
ቁ

ଶ

=
௦

(ଵି௖೙)మ
.       (2.9) 

The conversion of 𝑠(𝑐) into 𝑠̂(𝑐̂) can be proved to depend on the amount of 
uniform deformation. Indeed, by plugging Equation 2.2 into Equation 2.4 and then 
into 2.7, it results: 

𝑐̂ = 1 − (1 − 𝑐)𝑒
ഄ೐೜,೙

మ ;       (2.10) 
while by substituting Equation 2.2 into 2.9, leads to: 
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𝑠̂ = 𝑠𝑒ఌ೐೜,೙ .        (2.11) 
The resulting engineering curve will be denoted as 𝑠̂ே(𝑐̂) in the post-necking phase. 

Above mathematical derivations are of utmost importance for meaningful 
comparison between post-necking of different materials. For comparing deformed 
shapes, it is sufficient to scale them down of the corresponding 𝑅௡. Regarding 
engineering response, it is necessary to apply Equations 2.7 and 2.9 (or 
equivalently, 2.10 and 2.11).  

Alternatively, instead of modifying all shapes and engineering responses, a 
material can be taken as reference, and all others are corrected to be comparable to 
it. Hereinafter, variables related to the reference material have no peculiar 
subscripts, whereas those related to a generic i-th material have i subscripts. 

Regarding deformed shapes, those of the i-th material 𝑅௜(𝑥௜) need to be scaled 
down of 𝑅௡,௜ and then up of 𝑅௡ to be comparable to 𝑅(𝑥). A scaling coefficient 

1/𝑘௚ can, thus, be defined as: 

1/𝑘௚ ≝ 𝑅௡/𝑅௡,௜        (2.12) 

By expressing the radii at the necking onset as 𝑅௡ = 𝑅଴𝑒ିఌ೐೜,೙/ଶ, it results: 

𝑘௚ =
ோబ,௜

ோబ
𝑒

ഄ೐೜,೙షഄ೐೜,೙,೔

మ .       (2.13) 

Regarding the radial engineering strain, Equation 2.7 applied to the i-th 
material, gives: 

𝑐̂௜ = 1 −
ଵି௖೔

ଵି௖೙,೔
.        (2.14) 

For obtaining a radial engineering strain 𝑐௜
ᇱ comparable to 𝑐 of the reference 

material, the following expression of 𝑐 must first be considered: 
𝑐 = 1 − (1 − 𝑐̂)(1 − 𝑐௡).      (2.15) 

Then, replacing 𝑐̂ of Equation 2.14 with 𝑐̂௜ of Equation 2.15, leads to the following 
radial engineering strain 𝑐௜

ᇱ for the i-th material: 

𝑐௜
ᇱ = 1 − (1 − 𝑐௜)

ଵି௖೙

ଵି௖೙,೔
.       (2.16) 

Regarding the engineering stress, a similar line of thinking is applied. For the 
i-th material, Equation 2.9 gives: 

𝑠̂௜ =
௦೔

൫ଵି௖೙,೔൯
మ.        (2.17) 

Then, for the reference material it holds: 
𝑠 = 𝑠̂(1 − 𝑐௡)ଶ.        (2.18) 

So, by plugging 𝑠̂௜ of Equation 2.17 into 𝑠̂ of Equation 2.18, the engineering stress 
𝑠௜

ᇱ for making the i-th material comparable to the reference one is obtained: 

𝑠௜
ᇱ = 𝑠௜ ൬

ଵି௖೙

ଵି௖೙,೔
൰

ଶ

.        (2.19) 

It can be useful to express how both 𝑐௜
ᇱ and 𝑠௜

ᇱ are related to 𝑘௚. To this aim, 

let’s replace 1 − 𝑐௡ = 𝑅௡/𝑅଴ and 1 − 𝑐௡,௜ = 𝑅௡,௜/𝑅଴,௜ in Equations 2.16 and 2.19: 

𝑐௜
ᇱ = 1 − (1 − 𝑐௜) 

ோ೙ ோబ⁄

ோ೙,೔ ோబ,೔⁄
= 1 −

ଵ

௞೒
(1 − 𝑐௜)

ோబ,೔

ோబ
;   (2.20) 
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𝑠௜
ᇱ = 𝑠௜ ൬

ோ೙ ோబ⁄

ோ೙,೔ ோబ,೔⁄
൰

ଶ

=
௦೔

௞೒
మ ቀ

ோబ,೔

ோబ
ቁ

ଶ

.      (2.21) 

Now, it is possible to move on to an example of these analogies for materials 
sharing the post-necking hardening law, but not the uniform deformation phase. 

Consider conducting a tensile test on a cylindrical bar (of initial radius 𝑅଴) 
made of a material characterized by the hardening law 1, plotted as solid light curve 
in Figure 2.6a. The marker ‘◁’ in that graph indicates the necking onset according 
to Considère condition. The macroscopic tensile response of the material is shown 
as solid light curve again, in Figure 2.6b in terms of engineering stress plotted 
against the radial engineering strain. Moreover, the specimen shape at a given time 
is the one plotted as solid light curve in Figure 2.6c.  

Consider now another material characterized by a hardening law 2, with the 
same post-necking as law 1, but smaller 𝜀௡. This is shown as solid dark line in 
Figure 2.6a. By horizontally translating law 2 to align necking onsets, the dashed 
dark line is obtained. It can be immediately noted that the post-necking part overlaps 
with that of law 1. If a cylindrical specimen (of initial radius 𝑅଴) made of the 
material with law 2 undergoes a tensile test, the macroscopic response will be the 
one plotted as dark solid line in Figure 2.6b. As expected, the maximum load 𝐹ଶ,௠௔௫ 

is reached at a smaller engineering strain compared to case 1. The maximum load 
𝐹ଶ,௠௔௫ is also higher than 𝐹ଵ,௠௔௫. This is consistent with the fact that at the necking 

Figure 2.6 Similarities between materials characterized by the same post-necking hardening law, in 
terms of hardening law itself (a), radial engineering response (b), and necking silhouettes (c). [10] 
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onset the two laws are characterized by the same equivalent stress but different 
equivalent plastic strains 𝜀௡,௣ (see Figure 2.6a). Being necking onset at the 

boundary of uniform deformation, this means that the same axial stress acts on 
different cross-section areas, hence resulting in different forces for the two cases. 
Nevertheless, as anticipated, it is possible to properly modify the engineering 
responses to level off the different 𝜀௡,௣.  

In this example, instead of modifying both engineering responses into 𝑠̂(𝑐̂), it 
was chosen to act only on case 2 for obtaining a response comparable to case 1 
(Equations 2.20, 2.21). This leads to the dashed dark curve of Figure 2.6b for case 
2, which indeed overlaps with case 1 in the post-necking domain. Regarding the 
specimen necking shape, it is possible to find a configuration of test 2 (solid dark 
line in Figure 2.6c) that, once properly scaled to compensate for the different 𝜀௡,௣ 

(dashed dark line in Figure 2.6c), coincides with the necking shape considered for 
test 1. 

These analogies can be readily proved through numerical investigations, but 

some experimental evidence of the correlation between 𝑅෠(𝑥ො) and 𝜎௘௤
ே ൫𝜀௘௤,௣൯ was 

already presented in [10] and is recalled hereinafter. Annealed and non-annealed 
pure copper specimens were tested. The pre-necking hardening law was identified 
with the length-based approach, while for the post-necking identification two 
FEMU methods were compared, one having the engineering curve as target and the 
other a single necking shape. Both methods are affected by experimental and 
modeling uncertainties; hence, it cannot be stated that one performs better than the 
other. However, the fact that their solutions were in good agreement supports the 
conclusion that both methods consistently captured the underlying material 
behavior. This is because, for these materials and testing conditions, the hardening 
law is uniquely correlated to both the engineering curve and the necking shape. In 
Figure 2.7a the laws were horizontally translated to align their 𝜀௡,௣. This highlights 

Figure 2.7 Experimental evidence of correlation between post-necking hardening law (a) and 
necking shape (b) for specimens of annealed and non-annealed pure copper. In (a) plastic flow 
curves obtained with the length-based approach during pre-necking and FEMU approaches during 
post-necking (adapted from [8]). 
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that the identified laws for annealed and non-annealed copper were very close to 
each other in the post-necking regime.  From a physical point of view, this peculiar 
behavior may be explained considering that the two specimens differed only for 
annealing. This heat treatment only reduced the dislocation density, thus restoring 
the capability of the material to plastically deform at lower stresses. Figure 2.7b 
shows that deformed shapes of these materials sharing the same post-necking 
behavior coincide when properly scaled.  

This experimental result further corroborates the existence of a correlation 
between the post-necking behavior and the normalized necking profile, rather than 
the absolute profile. 

2.3 Database-driven approach 

The shape-law correlation established in Section 2.2 forms the basis for the 
efficient approach presented in this section for the post-necking characterization of 
the hardening behavior of isotropic cylindrical specimens.  

The correlation could, in principle, be exploited to develop an analytical 
approach conceived as an extension of Bridgman’s theory [17] but formulated over 
the entire necking profile rather than restricted to the vicinity of the minimum cross-
section. However, such formulation would inevitably require simplifying 
assumptions that would compromise the accuracy of the results.  

Alternatively, higher levels of accuracy can be achieved when the correlation 
is exploited within a numerical framework, for instance through FE simulations. 
This strategy has already been proposed in the literature in the form of FEMU 
approaches, in which the objective function is defined in terms of the specimen’s 
necking geometry [1-9]. The increasing demand for efficient identification 
procedures has, however, exposed several limitations of standard FEMU strategies. 
Their computational cost is intrinsically high, since the information generated 
during each optimization is discarded once the procedure is completed; 
consequently, similar simulations must be repeatedly performed when moving from 
one material characterization to another. 

In this context, a database-driven approach provides a natural framework for 
exploiting the shape-law correlation systematically. More specifically, a library 
storing relevant results of FE analyses is used to establish such correlation. The 
simulations outputs considered relevant for this purpose are summarized in the 
tabular representation of Figure 2.8.  

They consist of some macroscopic responses, and several necking shapes, each 
with the corresponding superficial distributions of local variables (i.e., fields 
obtained from elements on the outer surface). The equivalent stress is considered 
only for a portion of the surface that has not undergone unloading yet in the 
configuration considered. Actually, this portion is determined as the one 
characterized by an equivalent plastic strain rate higher than a predefined threshold, 
namely 10% of the nominal strain rate. Even though FE simulation outputs appear 
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as continuous functions in Figure 2.8, they are actually discretized in space and time 
depending on the simulation mesh and settings. 

To understand the specific macroscopic responses and local variables saved to 
the database, observations made in Sections 2.1 and 2.2 must be considered. In 

particular, the fact that when normalized necking profiles  𝑅෠(𝑥ො) of different 
materials coincide, the corresponding superficial distributions 𝜀௘௤,௣(𝑥ො) − 𝜀௘௤,௣,௡, 

𝜀መ̇௘௤,௣(𝑥ො), and 𝜎ො௘௤(𝑥ො) can be considered approximately the same. The hat notation 

indicates that this consideration is valid once the different necking onset, stress 
scale and speed coefficient have been removed. Thus, equivalent plastic strain and 
strain rate and equivalent stress distributions are those of interest, but then 
macroscopic responses are needed for normalizing them. To compensate for the 
stress scale, engineering stress 𝑠 is stored as a function of radial engineering strain 
𝑐. Similarly, to account for the speed scale, the radial speed 𝑣௥ = 𝑑𝑅/𝑑𝑡 evaluated 
at the neck is stored as a function of radial engineering strain 𝑐.  

For material characterization purposes, this database can be queried with a 
“brute-force search”, thus avoiding the need for repeated simulations typical of 
FEMU approaches. This database-driven approach has been used in different 
studies [10-12, 18]. Detailed procedures for identifying the material constitutive 
law will be provided in Chapters 3, 4, and 5. Instead, the following paragraphs focus 
on the construction of the database through FE simulations.  

Monotonic tensile tests on cylindrical specimens made of isotropic Von Mises 
materials were simulated with the commercial FE code Ansys LS-DYNA. A 2D 
axisymmetric model of the sample was considered, exploiting material isotropy and 
the axisymmetric geometry and loading conditions. An axisymmetric shell 
formulation with a single integration point was adopted to limit the computational 
cost associated with the construction of the database. For the same reason, 
remeshing techniques to control element distortion at large deformations were not 
employed. Instead, a carefully designed mesh was adopted, with appropriate 
element sizes and shapes. The mesh is characterized by smaller elements in the 
region where necking is expected to develop, and progressively larger elements 

Figure 2.8 Schematic representation of data stored in the database for each FE simulation (“cfg" 
stands for “configuration”). [12] 
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moving away from this region, as shown in Figure 2.9. The initial element aspect-
ratios were chosen such that element shapes tend to regularize during necking. 
Similar mesh strategies have been commonly used since the work of Tvergaard and 
Needleman [19]. Although this technique limits excessive distortion, it cannot fully 
prevent it; therefore, simulation results were stored in the database only up to 
configurations where element distortion remained acceptable. Finally, elements of 
the central section of the specimen were assigned a slight reduction in mechanical 
strength to trigger necking at that location. It was verified that this numerical 
expedient did not affect the overall results. Alternatively, an equivalent effect could 
be obtained by introducing a small geometric imperfection instead of locally 
reducing the material strength [19-21].  

Regarding the specimen geometry, a cylindrical slender bar (𝐿଴ 𝐷଴⁄ = 4), 
rather than a dog-bone specimen, was used, as observable from Figure 2.9. This 
limited boundaries effect on the neck deformed shape and, hence, aimed to improve 
the generality of the method. As a result, the database could be applied to dog-bone 
specimens with different aspect-ratios 𝐿଴/𝐷଴ provided that the gauge length is 
sufficiently long to allow necking to develop undisturbed from the fillets. A detailed 
analysis of this aspect will be presented in Section 3.3. The diameter of the slender 
bar was arbitrarily set to 3 mm since, as discussed in Section 2.2, the shape-law 
correlation is independent of the absolute size of the specimen.  

The specimen was modeled only for half of its length by applying a symmetry 
constraint at the central section (highlighted with a dashed red line in Figure 2.9). 
Conversely, a prescribed speed 𝑣 was imposed at the specimen end for generating 
the tensile load. Since an explicit solver was used, it was verified that the prescribed 
motion, consisting of a smoothly varying curve, did not introduce inertial effects. 
In practice, the highest speed that did not generate inertial effects was chosen. Its 
specific value had no influence on the results because rate insensitive materials 
were used.  

This choice was motivated by the fact that, as explained in Section 2.1, a 
𝜎௘௤(𝜀௘௤,௣) curve could represent the material response either instantaneously or, in 

Figure 2.9 FE model used for building the database; elements on the outer surface, from which local 
quantities are extracted, are highlighted in blue. [12] 
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some cases, even completely, despite the material dependence on additional internal 
variables beyond the equivalent plastic strain. Consequently, when building the 
database, it was not necessary to account for all internal variables that can possibly 
govern plastic deformation. Instead, it was sufficient to explore different 
dependencies on the equivalent plastic strain. Moreover, the observation that scaled 
laws lead to analogous results allowed the size of the database to be further reduced. 
Accordingly, the FE models used to build the database differed from one another 
only in the normalized 𝜎ො௘௤(𝜀௘௤,௣) laws given as input.  

For ensuring a sufficient variety of material responses, linear, power-law, and 
saturating constitutive models were adopted and implemented through specific LS-
DYNA material models. Non-monotonically increasing laws were also included, as 
they are essential to capture softening phenomena, such as those induced by thermal 
effects. For each model, the corresponding parameters varied across simulations to 
populate the database. The parameterization was carried out carefully, taking into 
account that scaled constitutive laws would be redundant. For instance, considering 
the family of power-law hardening curves 𝜎௘௤ = 𝐾𝜀௘௤,௣௟

ே , the different responses 

were obtained simply by varying the hardening exponent 𝑁. This was enough to 
obtain all relevant shapes of the post-necking flow curve. For what the strength 
coefficient 𝐾 is concerned, its specific value is not meaningful, provided that the 
ratio 𝐾/𝐸, being 𝐸 the Young’s modulus, lies in the typical range for metals. 

Other material properties of the FE model used to build the database have a 
secondary effect on the post-necking behavior when compared to the hardening 
law. This is the case of material density, which did not influence the results since 
inertial effects were carefully avoided; it was therefore assigned a representative 
value for metals. Regarding elastic properties, such as Young’s modulus and 
Poisson’s ratio, they were fixed at predefined values too. This choice is justified by 
the fact that elastic deformations are two to three orders of magnitude smaller than 
the plastic deformations reached during the post-necking phase. 

To sum up, all simulations shared the same FE model in terms of geometry, 
boundary conditions, mesh and base material properties, while the plastic 
constitutive law varied across the database. Some choices adopted in building the 
database inherently limit its applicability in certain situations. For instance, since 
inertial effects were avoided, the present database cannot be directly applied to tests 
where inertia plays a significant role, because it cannot distinguish between 
plasticity and inertial contributions. Regarding specimen geometry, generality was 
pursued by using a cylindrical bar; therefore, cases in which the specimen aspect-
ratio is too small to prevent the influence of the fillets cannot be addressed. Finally, 
all materials included in the database are isotropic and follow a von Mises yield 
criterion; hence, the same assumptions must hold for the materials to which the 
present database is applied. Nevertheless, these limitations do not necessarily imply 
that the database-driven approach cannot be extended to other geometries or yield 
models, possibly including anisotropic ones. In principle, the approach is relatively 
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simple, being a “brute-force search” algorithm. Hence, extending the approach to 
other cases would be possible by constructing an adequate database, but the main 
challenge would lie in reasoning as in Sections 2.1 and 2.2. That line of thinking is 
fundamental for understanding whether and how the size of the database can be 
reduced without losing the capability to represent a wide range of material 
behaviors. 

Apart from the scenarios mentioned above, the resulting database proved 
flexible enough to represent a wide range of plastic behaviors. This will be shown 
in Chapter 3, 4, and 5 with its successful application to different strain-hardening 
behaviors, as well as strain rate and temperature sensitivities. It should, indeed, be 
noted that only the post-necking portion of the FE models is intended to represent 
the post-necking behavior of the analyzed material. Therefore, although specific 
material models were employed for building the database, the post-necking 
response would be representative also of materials whose pre-necking behavior is 
not consistent with the selected constitutive formulation. Moreover, when needed 
the database could be enriched with additional material laws without increasing the 
complexity of the proposed methodology. 
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Chapter 3 

Strain rate insensitive materials 

This chapter presents a post-necking characterization method that relies on the 
database-driven approach of Section 2.3 for exploiting the shape-law correlation of 
materials and/or conditions where the 𝜎௘௤(𝜀௘௤,௣) curve fully describes the material 

response. As stated in Section 2.1, this category includes cases with strain 
dependence only, but also cases in which other relevant variables remain constant 
during testing or are univocally linked to the equivalent plastic strain.  

In such cases, as deeply discussed in Section 2.1, a single highly deformed 
necking configuration is representative of the entire post-necking response in the 
𝜎௘௤ − 𝜀௘௤,௣ plane. More specifically, the normalized necking shape is linked just to 

the normalized post-necking hardening law. This means that the geometrical shape 
allows the normalized post-necking hardening law 𝜎ො௘௤

ே (𝜀௘௤,௣) to be identified, 

whereas information on the force is needed for determining the absolute stress 
values. In brief, the proposed method consists of a “brute-force search” within a 
precomputed library of FE analysis of the numerical shape which best matches the 
experimental one, regardless of the absolute size. The post-necking hardening law 
that led to the best numerical shape is known and is then properly adjusted to 
reconstruct the post-necking hardening law of the material under investigation.  

The analyses developed in this chapter have been partially published in [1]. In 
Section 3.1 the identification procedure is first explained. Then, its capability of 
dealing with thermal sensitivity is investigated in Section 3.2. Sections 3.3 and 3.4 
numerically evaluate how different sources of error can affect the results. Finally, 
the experimental application is illustrated with different case studies in Section 3.5. 

3.1 Identification procedure 

This section focuses on the procedure for characterizing the post-necking 
domain in the testing scenarios introduced above. As anticipated, the experimental 
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data required is the force history (or part of it) and one highly deformed necking 
silhouette. The identification procedure is composed of two main steps: searching 
the database for the best-matching numerical shape and modifying the 
corresponding law to obtain the experimental one.  

1) The algorithm searches the FE library for the best-matching numerical 
silhouette, i.e., the profile that most closely fits the experimental one when 
adopting a proper viewpoint. This requires removing the effect of absolute 
specimen size, which manifests as different radii at the necking onset, as 
explained in Section 2.2. However, determining such quantities may introduce 
unavoidable uncertainties, since necking onset can be difficult to identify 
precisely. Hence, the experimental silhouette is taken as reference, and all 
silhouettes in the database are optimally scaled to minimize the difference with 
the experimental profile itself.  
Being (𝑥ௗ௕ , 𝑅ௗ௕) the data couples representing a generic silhouette stored in the 
database, the optimized scaling coefficient 𝑘௚ leads to a modified silhouette 

(𝑥ௗ௕
ᇱ , 𝑅ௗ௕

ᇱ ), with 𝑅ௗ௕
ᇱ = 𝑅ௗ௕/𝑘௚ and 𝑥ௗ௕

ᇱ = 𝑥ௗ௕/𝑘௚. The experimental profile 

(𝑥௘௫௣, 𝑅௘௫௣) is, then, interpolated on 𝑥ௗ௕
ᇱ  and the distance 𝛿 between the 

resulting radii and 𝑅ௗ௕
ᇱ  is evaluated as Euclidean norm. Actually, the axial 

portion considered for computing 𝛿 is limited to the specimen gauge length (or 
even less). Otherwise, the fact that the database specimens are cylindrical bars, 
while experimental ones have a dog-bone geometry would affect the results. 
This procedure is repeated for each profile stored in the database and the one 
characterized by the smallest distance is selected. The corresponding scaling 
coefficient accounts for the different radii at the necking onset. Figure 3.1 
qualitatively shows the experimental shape with a solid dark line and the 
selected numerical shape with a lighter color both before and after scaling (solid 
and dashed lines respectively). 

2) Thanks to the shape-law correlation, once a numerical shape close enough to 
the experimental one has been found, then the post-necking law of the real 
material is well-represented by the post-necking law that led to the selected 

Figure 3.1 Scaling of the numerical profile to be comparable with the experimental one. [2] 
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numerical shape. This is valid in terms of normalized post-necking hardening 

law, i.e., 𝜎ො௘௤,௘௫௣
ே (𝜀௘௤,௣ − 𝜀௘௤,௡,௘௫௣) ≡ 𝜎ො௘௤,ௗ௕

ே (𝜀௘௤,௣ − 𝜀௘௤,௡,ௗ௕).  

For obtaining 𝜎௘௤,௘௫௣
ே ൫𝜀௘௤,௣൯, it is necessary to compensate for the different 

necking onset and stress scale, as described hereinafter in sub-steps I and II 
respectively.  

I) Due to the above-mentioned difficulty in identifying the necking onset 
precisely, the law shift Δ𝜀 = 𝜀௘௤,௡,௘௫௣ − 𝜀௘௤,௡,ௗ௕ can be obtained by 

considering the scaling coefficient 𝑘௚ determined in Step 1. Indeed, Section 

2.2 establishes the following relationship: 

𝑘௚ =
ோబ,೏್

ோబ,೐ೣ೛
𝑒

ഄ೐೜,೙,೐ೣ೛షഄ೐೜,೙,೏್

మ ,      (3.1) 

from which it results that: 

𝜀௘௤,௡,௘௫௣ − 𝜀௘௤,௡,ௗ௕ = 2 ln ൬𝑘௚
ோబ,೐ೣ೛

ோబ,೏್
൰.    (3.2) 

Hence, by knowing the difference in the initial size of the specimens and 
having determined 𝑘௚ in Step 1, the hardening law from the database can be 

properly shifted. Referring to Figure 3.2a, the solid light-colored line is the 
law identified from the database, while the dashed line represents its 
horizontal translation. 
 

II) For determining the stress scale, the experimental forces are compared with 
the numerical ones of the selected simulation. For meaningful comparison 
the radial engineering curve of the simulation 𝑠ௗ௕(𝑐ௗ௕) is modified 
accordingly to the expressions (derived in Section 2.2): 

𝑐ௗ௕
ᇱ = 1 − (1 − 𝑐ௗ௕)

ଵି௖೙,೐ೣ೛

ଵି௖೙,೏್
,      (3.3) 

Figure 3.2 Operations performed on the numerical hardening law (a) and the radial engineering 
curve (b) to identify the unknown post-necking hardening law of the investigated material. [2] 
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𝑠ௗ௕
ᇱ = 𝑠ௗ௕ ൬

ଵି௖೙,೐ೣ೛

ଵି௖೙,೏್
൰

ଶ

,       (3.4) 

being 𝑐௡,௘௫௣ and 𝑐௡,ௗ௕ the radial engineering strains at the necking onset for 

the experiment and the selected simulation respectively. As done in sub-step 
I, it is possible to exploit the scaling coefficient 𝑘௚ by using the following 

relationships (derived again in Section 2.2): 

𝑐ௗ௕
ᇱ = 1 −

ଵ

௞೒
(1 − 𝑐ௗ௕)

ோబ,೏್

ோబ,೐ೣ೛
,     

 (3.5) 

𝑠ௗ௕
ᇱ =

௦೏್

௞೒
మ ൬

ோబ,೏್

ோబ,೐ೣ೛
൰

ଶ

.       (3.6) 

The modified engineering stresses 𝑠ௗ௕
ᇱ  are now directly comparable to the 

experimental ones 𝑠௘௫௣. This allows the stress coefficient 𝑘ఙ to be 

determined as average of the ratio 𝑠௘௫௣/𝑠ௗ௕
ᇱ  over a certain surrounding of 

the configuration considered. The hardening law of the database, already 
shifted, can be scaled in stress for 𝑘ఙ, thus reconstructing the post-necking 
law of the material under investigation. 
Operations on the radial engineering curve are qualitatively shown in Figure 
3.2b. The solid light-colored line represents 𝑠ௗ௕(𝑐ௗ௕), while the dashed 
light-colored line represents 𝑠ௗ௕

ᇱ (𝑐ௗ௕
ᇱ ), i.e., the curve modified to account 

for the different necking onset. The latter is the one directly comparable to 

the experimental response 𝑠௘௫௣൫𝑐௘௫௣൯, represented with a solid dark line. 

Finally, the stress scale 𝑘ఙ is applied to 𝑠ௗ௕
ᇱ (𝑐ௗ௕

ᇱ ) and the shifted hardening 
law, leading to the dash-dot lines of Figure 3.2a and b respectively. 
It is important to underline that the experimental curve displayed in Figure 
3.2a is unknown a priori and represents the result of the procedure.  

The post-necking hardening law obtained with the above process should then 
be properly joined with the pre-necking law determined through analytical 
formulas. Transition between the two laws can be set in correspondence of the 
maximum load, neglecting the delay of the bifurcation with respect to instability 
[3]. Figure 3.3 schematizes the entire procedure in a flowchart. 



Chapter 3 Strain rate insensitive materials 

49 
 

3.2 Thermal sensitivity 

The identification procedure described above can be applied to the entire family 
of plastic behaviors analyzed in the present chapter. This includes cases in which 
plasticity is governed by the equivalent plastic strain and by additional internal 
variables 𝑞 that either remain constant during testing or are uniquely associated with 
the equivalent plastic strain. An example of these variables is represented by 
temperature in isothermal and adiabatic tests. 

Isothermal conditions are satisfied in quasi-static tests as the low strain rates 
allow heat generated by plastic deformation to dissipate, and thus temperature 
remains constant during testing. When tested at non-standard temperatures, 
materials exhibit strain-hardening rates that may differ from standard conditions. 
More specifically, due to thermally activated mechanisms of deformation, higher 
temperatures generally reduce the strain-hardening rate. Since the equivalent plastic 
strain is the only variable affecting plasticity that changes during testing, then a 
single necking profile still reflects the material’s response under the given 
conditions and the identification procedure explained in Section 3.1 can be applied. 

Adiabatic conditions occur, instead, at strain rates sufficiently high to prevent 
dissipation of the heat generated by plastic work. In these cases, heat remains within 
the material, leading to an increase in temperature, which in turn affects the material 
response, generally through thermal softening. Demonstrating that, under these 
conditions, a single necking configuration is enough for identifying the material 
response in the 𝜎௘௤ − 𝜀௘௤,௣ plane, requires proving that all material points follow 

the same path. Consider the thermo-mechanical law governing self-heating under 
adiabatic conditions for a monotonic loading history, the infinitesimal temperature 
increment is given by: 

Figure 3.3 Workflow of the identification process for strain rate insensitive materials. [2] 
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𝑑𝑇 =
ఉ

ఘ௖೛
𝜎௘௤൫𝜀௘௤,௣, 𝑇൯𝑑𝜀௘௤,௣,      (3.7) 

being 𝛽 the work-to-heat coefficient, also known as Taylor-Quinney coefficient, 𝜌 
the density and 𝑐௣ the specific heat. In this phase, for the sake of simplicity, these 

coefficients are considered constant.  
Writing Equation 3.7 in the following form: 

ௗ்

ௗఌ೐೜,೛
=

ఉ

ఘ௖೛
𝜎௘௤൫𝜀௘௤,௣, 𝑇൯       (3.8) 

makes it evident that it is an ordinary differential equation (ODE). Assuming that 
the temperature at zero strain, i.e. at the beginning of the test, is known, the above 
expression defines an initial value problem, or Cauchy problem. According to the 
global existence and uniqueness theorem for Cauchy problems, if the plastic flow 
law is continuous, locally Lipschitz continuous in 𝑇, uniformly in 𝜀௘௤,௣, and 

sublinear (i.e., it has at most linear growth in 𝑇), then the solution exists and it is 
unique. For the physical mechanisms governing plastic deformation in metals (see, 
for example, MTS-type models [4]), the plastic flow law satisfies these conditions 
(in particular, it is Lipschitz continuous because it is continuously differentiable). 
Therefore, the relationship between equivalent plastic strain and temperature is 
unique. Material points that at different times experience the same equivalent 
plastic strain are also characterized by the same temperature and, consequently, by 
the same equivalent stress. Hence, all material points evolve along the same path in 
the 𝜎௘௤ − 𝜀௘௤,௣ − 𝑇 space, and therefore also along the same path in the projected 

𝜎௘௤ − 𝜀௘௤,௣ plane. As a result, even in this case, necking geometry reflects the 𝜎௘௤ −

𝜀௘௤,௣ path followed by material points. This path can, thus, be identified as 

described in Section 3.1 and if thermal softening is significant, the resulting curve 
may become non-monotonically increasing, leading to more pronounced necking 
than in a perfectly plastic material.  

Figure 3.4 considers the two extreme conditions of isothermy and adiabaticity. 
On subfigure (a) the different paths are qualitatively shown, highlighting the 
progressive thermal softening occurring in the adiabatic case. In strain rate 

Figure 3.4 Stress-strain (a) and temperature-strain (b) paths for tests under adiabatic or isothermal 
conditions on a strain rate insensitive material. 
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insensitive materials, every material point, before being reached by the unloading 
boundary, follows the same deformation path of the profile center. Thus, the plastic 
work executed on every material point, until a given equivalent plastic strain (if 

achieved), coincides. Under the assumption of constant 𝛽
𝜌𝑐௣

ൗ  within the test, it 

results that every point follows also the same temperature vs. equivalent plastic 

strain paths shown in red in subfigure (b). This is valid even if 𝛽 𝜌𝑐௣
ൗ  varies in a 

way univocally related to equivalent plastic strain. These considerations provide an 
intuitive explanation of the unique relationship between equivalent plastic strain 
and temperature in strain rate insensitive materials. 

Nevertheless, it is worth noting that, due to such correlation, the identified 
deformation path intrinsically accounts for thermal effects and distinguishing the 
contributions of temperature and equivalent plastic strain in a single adiabatic test 
may be unfeasible if information about isothermal conditions is not available. 
Nevertheless, this does not represent a limitation of the present approach but a 
problem that would affect any identification method in these conditions. Hence, the 
issue of separating different physical contributions affecting plasticity (equivalent 
plastic strain and temperature in this case) is not addressed in the present chapter 
which, instead, aims to assess the capability of the proposed identification strategy 
to determine a law able of reproducing the observed behavior. 

3.3 Applying a database of cylinders to dog-bone 
specimens 

The database used for identification was built by simulating tensile tests on 
cylindrical bars, with the aim of ensuring applicability to experimental specimens 
characterized by different aspect-ratios. In this section, a numerical study is 
presented, to investigate the effect of dog-bone geometry on identification. To this 
aim, tensile tests on dog-bone samples characterized by different aspect-ratios and 
made of materials with different strain-hardening rates were simulated with Ansys 
LS-DYNA. 

Regarding specimen geometry, reference was made to the sketch shown in 
Figure 3.5a and five different values of the gauge length 𝐿଴ were considered for 

Figure 3.5 Sketch of a cylindrical dog-bone specimen (a) and corresponding FE model (b) (adapted 
from [1]). 
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varying the slenderness from a ratio 𝐿଴/𝐷଴ of 1 up to a ratio of 7. Specimens were 
actually modelled up to the end of the fillets, as shown in Figure 3.5b and no 
strength or dimensional perturbation was necessary to trigger necking in the central 
cross-section. All other features of the FE model (e.g., boundary conditions, mesh 
strategy, etc.) were the same described in Section 2.3. 

Regarding material hardening, five different behaviors were considered. They 
were all defined to guarantee necking immediately at yielding so that only post-
necking influenced the result of the analysis. The laws are denoted with capital 
letters and are plotted as black lines in Figure 3.6, each normalized for the stress at 
the necking onset 𝜎௡.  

For each law, five tensile tests were simulated that differed from one another 
for the ratio 𝐿଴/𝐷଴. Each simulation was treated as an experimental test and the 
post-necking identification procedure described in Section 3.1 was applied.  

The gray regions of Figure 3.6 offer a graphical representation of the highest 
errors made by the proposed identification procedure when applied to the different 
materials. It can be noted that lower hardening rates are associated with smaller 
uncertainties. This can be attributed to more localized deformation, which makes 
the identification less sensitive to the fillets. 

The error between identified and reference equivalent stress (𝜎෤௘௤ and 𝜎௘௤ 

respectively) was quantified, over the strain range shown in Figure 3.6, by 
computing the Normalized Root-Mean-Square Errors (NRMSE). More 
specifically, the expression adopted was the following: 

NRMSE =
ට

భ

ಿ
∑ ൫ఙ෥೐೜,೔ିఙ೐೜,೔൯

మಿ
೔సభ

భ

ಿ
∑ ఙ೐೜,೔

ಿ
೔సభ

      (3.9) 

Table 3.1 collects this error for all 25 tests analyzed. As expected, the slenderer the 
specimen, the lower the error on the identified law. Indeed, the boundary effect 
introduced by dog-bone geometry becomes negligible with specimen slender 
enough.  

Figure 3.6 Effect of applying a database of cylinders to dog-bone specimens: the gray region 
represents the highest error made when identifying the corresponding reference law in black. [1] 
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Table 3.1 Error of the identified law with respect to the reference one, evaluated as NRMSE 
(Equation 3.9). [1] 

 A B C D E 

𝐿଴/𝐷଴ = 1 < 1 % 1.6 % 2.5 % 3.3 % 2.4 % 

𝐿଴/𝐷଴ = 1.5 < 1 % 1.1 % 1.8 % 2.1 % 1.8 % 

𝐿଴/𝐷଴ = 2 < 1 % < 1 % 1.4 % 1.7 % 1.0 % 

𝐿଴/𝐷଴ = 3 < 1 % < 1% < 1 % 1.1 % < 1 % 

𝐿଴/𝐷଴ = 7 < 1% < 1% < 1 % < 1% < 1 % 

 
Even though the acceptable error depends on the engineering application, the 

results overall demonstrate that a database of cylinders can be effectively used for 
tests on dog-bone specimens. 

3.4 Effect of experimental uncertainties in measuring 
necking silhouette 

Both the specimen deformed shape and the radial engineering strain are 
essential for the proposed identification strategy. Since they highly depend on the 
capability of measuring the necking profile, this section presents a numerical 
investigation into the approach robustness against noisy experimental 
measurements. 

To this aim, noisy profiles were generated by perturbing a reference silhouette 
selected from the database; in this way other sources of error were not introduced. 
The perturbation consisted of a uniformly distributed random noise with zero mean 
and amplitude 𝜂. More precisely, four noisy profiles were considered by varying 
the amplitude 𝜂 from 10 μm up to 100 μm. An example of reference and noisy 
profile is depicted in Figure 3.7, but the noisy silhouette could be a random one 
within the gray region. The identification procedure described in Section 3.1 was 
applied to each noisy profile, as if they came from experimental measurements. The 
error made by the identification strategy was computed as NRMSE, according to 
Equation 3.9 and is reported in the table of Figure 3.7 for the different levels of 
noise. Considering again that the threshold for error acceptability varies from one 
engineering application to another, the proposed method appears sufficiently 
robust. Indeed, the non-physical high-frequency perturbations are automatically 
filtered when searching the FE library for the best-matching profile. The only 
exception is represented by the case of 100 μm of noise amplitude, which however 
corresponds to a very noisy profile (the one shown in Figure 3.7). Such large 
measurement errors are in practice difficult to obtain if reasonable care is taken 
during image acquisition. 
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 NRMSE 

𝜂 = 10 μm < 1% 

𝜂 = 20 μm 1.4 % 

𝜂 = 50 μm 3.7 % 

𝜂 = 100 μm 6.7 % 

3.5 Experimental case studies 

After demonstrating the method’s robustness with respect to different sources 
of error, the proposed strategy was applied to experimental case studies for 
highlighting its adaptability to different hardening behaviors.  

 
As anticipated, the family of plastic behaviors analyzed in the present chapter 

includes cases in which plasticity is governed by the equivalent plastic strain and 
by additional internal variables 𝑞 that either remain constant during testing or are 
uniquely associated with the equivalent plastic strain. Both isothermal and adiabatic 
tests formally fall within this category, provided that materials can be considered 
strain rate insensitive over the range of strain rates experienced during the tests. As 
will be discussed in Chapter 4, strain rate sensitivity alters the loading path followed 
by material points, hence the problem would no longer belong to the simplified 
framework considered here. The assumption of rate insensitive material is 
reasonable for isothermal tests on FCC metals, since their rate sensitivity within a 
single test is negligible at low strain rates. Conversely, at the high strain rates at 
which adiabaticity is typically satisfied, even strain rate sensitivity of an FCC metal 
becomes evident within a single test. Hence, practically, isothermal tests are the 
main application field for the proposed identification strategy.  

Since isothermal tests at non-standard temperatures complicate the 
experimental setup but not the characterization, which is the focus of this thesis, the 
experimental case studies presented in this section are limited to room-temperature 
quasi-static tests. The materials under investigations were pure copper (simply 
called Cu), aluminum alloy Al6082-T6, and martensitic stainless steel 17-4PH 
H900. Since the proposed method relies on material isotropy, specimen axial-
symmetry was verified with post-mortem analyses. The experimental setup and data 
analysis are described, followed by results and discussion. For comparison, 
identification was also carried out using Bridgman’s correction and FEMU 
methods. 

Figure 3.7 Effect of uncertainties in the input profile: graphical example of a noisy profile (a random 
one within the gray region) and table collecting NRMSEs of the identified laws for different levels 
of noise. [1] 
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3.5.1 Experimental setup and image analysis 

Tensile tests were conducted with a standard electromechanical testing 
machine, Zwick-Z100, at a speed of 0.05 mm/s. Considering that the specimens had 
a gauge length of 5 mm, this results in a nominal strain rate of 10-2 s-1. Specimens 
were characterized by threaded ends and a gauge diameter of 3 mm, according to 
the sketch of Figure 3.5a. This is not a standard geometry for quasi-static tests that 
allows investigating the practical applicability of the proposed identification 
strategy in a case of limited sample slenderness. 

A 100 kN load cell was used for acquiring the force at 10 Hz, while a PixeLINK 
PL-B777 equipped with a Tokina Macro 100 F2.8 D camera lens was employed for 
acquiring images at 1 Hz. Load data and images were properly synchronized since 
a time mismatch could lead to significant errors in the identification. 

The imaging setup provided a resolution of 7 μm/px, which the analysis of 
Section 3.4 suggests being adequate for applying the proposed identification 
strategy. Since the aim of image acquisition is extracting the specimen silhouette, 
the camera was focused on the plane on which the profile lied. The fact that this 
plane reasonably remains fixed during testing means that the measurements did not 
suffer from loss of focus.  

 For determining the specimen outer contour, recorded images were post-
processed in the programming environment MATLAB. For this purpose, several 
edge detection algorithms were developed in past research [5-7]. In this thesis, an 
image segmentation technique based on k-means clustering [8] was used for 
separating the area of interest from the background. This was done via the 
MATLAB built-in function “imsegkmeans”. Then, specimen edges were detected; 
an example of segmented images is shown in Figure 3.8. 

Exploiting the ideal symmetry of the specimen during testing, the silhouettes 
on the two sides of the longitudinal axis were used to determine the diameter, and 

Figure 3.8 Sequence of images, cropped for graphical reasons (test on Al6082-T6), with highlighted 
the silhouette detection result. 
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hence the radius, as a function of the axial coordinate. Theoretically, this must be 
done by measuring the distance of the edges along a direction normal to the 
longitudinal axis of the specimen. This is straightforward if the longitudinal axis is 
aligned with one of the image axes, otherwise the tilt angle needs to be determined. 

With reference to Figure 3.8, denote the two edges as 𝑋ଵ(𝑌) and 𝑋ଶ(𝑌). A first 

estimate of the axis 𝑋௔௫௜௦
௧௠௣(𝑌) can be found as linear fit of the average of 𝑋ଵ(𝑌) and 

𝑋ଶ(𝑌). This raw estimate can be improved to 𝑋௔௫௜௦(𝑌) by minimizing the difference 
between ‖𝑋ଵ − 𝑋௔௫௜௦‖ଶ and ‖𝑋ଶ − 𝑋௔௫௜௦‖ଶ (being ‖𝑋௜ − 𝑋௔௫௜௦‖ଶ the distance 
between 𝑋௜ and 𝑋௔௫௜௦ along the direction normal to 𝑋௔௫௜௦). This means finding the 
axis that ensures the maximum symmetry between the two edges. Considering 

𝑋௔௫௜௦
௧௠௣(𝑌) instead of 𝑋௔௫௜௦(𝑌) introduces an error of cos 𝜃, which can be considered 

acceptable if the longitudinal axis is only slightly tilted with respect to the image 
axis (y-axis with reference to Figure 3.8).  

In the present analysis, despite the small tilt angles, the rigorous approach was 
applied with the aim of limiting as much as possible the uncertainties in specimen 
silhouette determination. 

 Once the radius as a function of the axial coordinate was obtained, 
measurements were further averaged for minimizing the noise. Before the necking 
onset, the silhouettes were used to determine an average radius over the entire gauge 
length. Conversely, each silhouette during necking was used to determine an 
average semi-profile, by taking advantage of the theoretical symmetry at the two 
sides of the neck. The position of the symmetry axis was identified by minimizing 
the difference between the radii of corresponding points on the two sides of the axis 
itself.  

3.5.2 Data analysis 

This section explains how acquired and post-processed data was used to 
determine the strain-hardening law of the materials under investigation.  

The area-based approach presented in Section 1.2.1 was used for pre-necking 
identification. The equations used (i.e., Equations 1.4 and 1.8) are rewritten here 
explicitly for the case of round cross-sections: 

𝜎௧ =
ி

గோೌೡ೒
మ  ,      𝜀௧ = 2ln ൬

ோబ

ோೌೡ೒
൰.      (3.10) 

𝑅௔௩௚ stands for the current radius of the specimen determined by averaging over 

the gauge length, as anticipated. Before the necking onset, true strain and true stress 
are known to coincide with equivalent variables 𝜎௘௤ and 𝜀௘௤. Hence, the plastic flow 

curve during uniform deformation can be straightforwardly identified. 
Conversely, for comparative purposes, post-necking behavior was determined 

by applying different strategies. As none of them explicitly account for ductile 
damage, preliminary tests were conducted to guarantee that the present data 
analysis was limited to a stage of the tests in which void nucleation and coalescence 
did not significantly affect the mechanical strength [9]. The post-necking 
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identification strategies applied were Bridgman’s correction formula [10], the 
proposed database-driven approach and two FEMU methods. All methodologies 
exploited the specimen silhouettes obtained through DIA, as detailed hereinafter. 

 For applying Bridgman’s correction, i.e., Equations 1.12 and 1.14, it was 
necessary to evaluate the radius and the curvature at the neck at different 
configurations. To limit the noise, especially in evaluating the curvature, a 
polynomial function was fitted to each average necking semi-profile (as done 
in [11, 12] for example). In this way, the unknown radius and curvature at the 
neck were approximated with those of the fitting polynomial.  

 Regarding the proposed database-driven strategy, the procedure described in 
Section 3.1 was implemented in MATLAB. For applying it, the time history 
of the radius at the neck 𝑅௠௜௡(𝑡) needed to be considered, as well as one 
highly deformed necking configuration. The former was obtained from the 
measured semi-profiles, by applying a moving average filter to reduce the 
level of noise. The latter was actually represented by an average necking 
semi-profile 𝑅(𝑥), the one to be compared with numerical semi-profiles 
stored in the FE library. At the time these analyses were carried out, the 
database included only power-law hardening behaviors. Nevertheless, the 
satisfactory results shown in Section 3.5.2 indicate that, for the materials 
considered, such a limited database proved to be acceptable. 

 For the two FEMU methods, the required optimization was implemented on 
the commercial program Ansys LS-OPT. In particular, a metamodel-based 
optimization was adopted and a sequential strategy with domain reduction 
was chosen. Regarding the FE model, it was analogous to the one presented 
in Section 3.3. Strain-hardening was defined as a piecewise linear law 
(implemented as *MAT_024 in Ansys LS-DYNA), in which the pre-necking 
phase was analytically computed, while the post-necking phase needed to be 
identified via optimization. For meaningful comparison with the proposed 
database-driven approach, the post-necking law was defined as the post-
necking part of a power-law hardening model, properly parametrized. By 
enforcing continuity at the Considère condition for necking onset, it resulted 
that only one parameter, i.e., the hardening exponent, was needed. 
One of the two FEMU approaches used the radial post-necking engineering 
curve as target of the optimization. To this aim, the time evolution of the 
radius at the neck 𝑅௠௜௡(𝑡) was required and was determined as explained in 
the previous point. The other FEMU approach employed a single average 
semi-profile (the same used by the proposed method) as target. More details 
on the implementation of this target can be found in [13]. 
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3.5.3 Results and discussion 

The resulting plastic flow curves 𝜎௘௤ − 𝜀௘௤,௣ of the three materials analyzed are 

presented in Figures 3.9-3.11, subfigure (a). When necking did not occur 
immediately at yielding, i.e., for Al6082-T6 and 17-4PH, Equations 3.10 were used 
for analytically determining the pre-necking hardening laws, plotted as black solid 
lines. If the same expressions were applied to the minimum cross-section (see 
Equations 1.12 and 1.13) beyond the necking onset, the so-called area-based true 
curves would be obtained. They are shown as black dashed lines which, as expected, 
soon deviate from all other estimates of the post-necking behavior, since the 
neglected triaxiality introduces a non-negligible error. 

Among the post-necking estimates resulting from the different identification 
procedures, the laws identified by FEMU approaches can be considered as the most 
reliable ones, since they are not based on simplifying assumptions that, instead, 
characterize the database-driven method and Bridgman’s correction. Plots 
displayed in subfigures (b) and (c) of Figures 3.9-3.11 prove the capability of 
FEMU to replicate experimental results in terms of engineering response and 
deformation respectively. The first is shown with black dot markers, while the 
second with black dotted lines. The latter is actually shown via the four semi-
profiles that were averaged altogether to obtain the average semi-profile used as 

Figure 3.9 Results for Cu: comparison of experimental data and numerical predictions done by
different identification strategies, in terms of radial engineering curve (a), area-based true curve and 
hardening law (b) and specimen profile (c) in comparison with. [1] 
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target for one of the two FEMU strategies, as well as for the database-driven method 
and Bridgman’s theory. A vertical dashed line indicates the region considered for 
averaging, highlighting that, within such portion, it is reasonable to consider a 
unique semi-profile given the small discrepancy between the four. Regarding FE 
predictions, as observable from subfigures (b) of Figures 3.9-3.11, the FEMU 
method having the engineering curve as target describes this experimental 
macroscopic response better than the other method. Viceversa, as shown in 
subfigures (c), the method having the necking semi-profile as target better describes 
experimental deformation. When analyzing deformed silhouettes, it is useful to 
compare the markers associated with the two FEMU methods (red circles and green 
crosses). Since they represent the positions of nodes and the two FE models use the 
same mesh, their overlap indicates that the identified laws are in good agreement 
with each other.  

Overall, the two FEMU strategies provided very similar results, especially for 
Al6082-T6 and 17-4PH. The slightly higher difference noticed for Cu can, 
however, be attributed to the use of a power-law hardening model which may not 
be the most suitable for representing Cu post-necking behavior. In any case, the 
hardening laws identified by the two FEMU approaches do not perfectly coincide. 
Nevertheless, it is not possible to state that one strategy performs better than the 
other, as discussed in [13] and in Section 2.2. Hence, both laws (red dashed line and 
green dotted line) are considered for evaluating if the database-driven method, 

Figure 3.10 Results for Al6082-T6: comparison of experimental data and numerical predictions 
done by different identification strategies, in terms of radial engineering curve (a), area-based true 
curve and hardening law (b) and specimen profile (c) in comparison with. [1] 
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which is far less computationally expensive than FEMU methods, is able to give 
comparable results.  

In subfigures (c) of Figures 3.9-3.11 blue plus markers display the best semi-
profiles found in the database, once properly scaled, as explained in Section 3.1, 
step 1. The vertical dashed line indicates that, when searching the FE library, the 
specimen shoulders were excluded from the average experimental semi-profile 
considered as reference. This was done to limit the effects of applying a database 
built from cylindrical bars on dog-bone specimens. The engineering curves 
corresponding to the database silhouettes are shown as blue solid lines on 
subfigures (b), once modified for being comparable with the experimental one in 
terms of necking onset and stress scale. The vertical dashed lines indicate the region 
of the curve used to determine the stress coefficient, as explained in Section 3.1, 
step 2)II. The macroscopic response reconstructed by the database-driven approach 
is in good agreement with the experimental one, especially for Al6082-T6 and 17-
4PH. Conversely, Cu is characterized by a larger discrepancy. This could be 
attributed to the above-mentioned limitation of having assumed power-law 
hardening. Finally, the hardening laws identified with the database-driven 
methodology are plotted in subfigures (a) as blue solid lines. They could then be 
properly joined with the pre-necking law to guarantee continuity and ensure the 
monotonically decreasing hardening rate typical of metals. Overall, the discrepancy 
of the proposed method with respect to FEMU strategies, was found to be 2.5% for 

Figure 3.11 Results for 17-4PH: comparison of experimental data and numerical predictions done 
by different identification strategies, in terms of radial engineering curve (a), area-based true curve 
and hardening law (b) and specimen profile (c) in comparison with. [1] 
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Cu, 1% for Al6082-T6, and 2% for 17-4PH (evaluated as NRMSEs on equivalent 
stress, according to Equation 3.9). These results are consistent with the trend 
observed in the numerical analysis of Section 3.3, namely that better results are 
obtained for lower hardening rates. 

For comparison purposes, Bridgman’s theory was applied too, and the resulting 
hardening laws are shown on subfigures (a) as purple square markers. This method 
is as fast as the proposed database-driven approach but relies on simplifying 
hypotheses about stress and strain fields. The result obtained for Al6082-T6 
confirms that Bridgman’s correction fails to provide reliable results for materials 
with low hardening rates [14, 15]. Conversely, the results of Cu and 17-4PH 
highlight that the correction is good at relatively low post-necking strains, while it 
introduces an increasing error at larger strains. Moreover, there are some outliers in 
Bridgman’s equivalent stress estimate for Cu. They may be explained by the fact 
that Bridgman’s theory is based on a local evaluation of the silhouette. In the present 
analysis, the experimental average semi-profiles were fitted with polynomials that 
then allowed the circles osculating the neck to be determined. The polynomial 
fitting region was limited to the vertical dashed lines in subfigures (c), and the 
resulting osculating circles are represented by purple solid lines for the 
configurations analyzed. Finally, it is well known that the technique used to 
determine these circles affects the resulting hardening law. In this sense, the 
database-driven approach takes advantage of not being limited to a local analysis 
of the necking center. 

Before moving on to the final remarks, it is worth explaining why the hardening 
laws are plotted up to different strains: each law was limited to the maximum 
equivalent plastic strain 𝜀௘௤,௣

௠௔௫ that can be determined by the respective method. For 

instance, FEMU approaches also account for internal deformation, hence 𝜀௘௤,௣
௠௔௫ 

represented the value reached at the center of the specimen. Conversely, the 
database-driven approach can only determine the equivalent plastic strain at the 
outer surface of the minimum cross-section, while Bridgman’s theory can estimate 
the average value over the minimum cross-section. 

Overall, the results presented here demonstrate that the proposed method aligns 
well with computationally expensive techniques that do not rely on simplifying 
geometric hypotheses. At the same time, a comparison with Bridgman’s correction, 
which offers similar computational speed, highlights the benefits of avoiding 
specific stress and strain field assumptions and of analyzing a broader portion of 
the profile (rather than focusing solely on the necking center). These considerations 
are valid for quite different behaviors like those analyzed. Satisfying results were 
obtained for conventional behaviors (17-4PH) as well as for more peculiar ones (Cu 
and Al6082-T6). More specifically, Cu reached instability soon after yielding, 
while Al6082-T6 showed an abrupt change in hardening behavior at the onset of 
necking, with a sharp reduction in the hardening rate. These two cases clearly 
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illustrate that simply extrapolating the pre-necking hardening law can lead to 
significant errors in the identified equivalent curve. 

Furthermore, it is worth noting that saturating behaviors, such as that observed 
in the aluminum alloy, can be captured even when using a database constructed 
from a power-law hardening model. This is possible because only the post-necking 
part of the power-law model is used to describe the corresponding phase of the 
analyzed material. Consequently, a hardening exponent approaching zero yields a 
behavior very similar to that of a saturating law.  

Finally, since the characterization process consists of a straightforward search 
within a precomputed database, the proposed method is much more efficient than 
FEMU techniques: it requires only a few seconds to determine the plastic flow 
curve.  

3.6 Concluding remarks 

This chapter focused on materials and/or conditions where the 𝜎௘௤(𝜀௘௤,௣) curve 

fully describes the material response. The objective was to demonstrate that the 
post-necking phase of this response can be effectively determined using a database 
of necking profiles. The identification method focuses on a single experimental 
silhouette and operates by searching the FE database for the hardening law that 
produced a numerical profile which closely matches the experimental one.  

First, numerical analyses were conducted to ensure that acceptable errors are 
introduced when applying a database built from cylindrical specimens to dog-bone 
geometries. Then, method’s robustness against uncertainties in silhouette 
measurement was also verified. This result can be explained by the fact that the 
proposed approach actually interpolates the experimental profile by using curves 
that represent physically feasible necking shapes. Finally, experimental case studies 
on materials characterized by different behaviors (in terms of strength, ductility, 
and hardening rate) were presented. These experiments demonstrated the practical 
applicability of the proposed method, which maintains a computational effort 
comparable to analytical strategies, but significantly improves accuracy, 
approaching that of FEMU methods. Although it was shown that a database built 
with a power-law hardening model could describe saturating behaviors too, for the 
analysis conducted in the remainder of this thesis the database was enriched with 
other constitutive models as explained in Section 2.3. 
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Chapter 4 

Strain rate sensitive materials 

In this chapter, the focus shifts to material behaviors for which the 𝜎௘௤൫𝜀௘௤,௣൯ 

paths followed by material points during necking do not overlap. As stated in 
Section 2.1, these behaviors are due to internal variables 𝑞෤ that affect plasticity but 
whose variation with the equivalent plastic strain is not unique for all material 
points.  

When a unique path does not exist, a single necking profile is no longer 
sufficient to identify the post-necking behavior. If the database-driven method were 

applied as presented in Chapter 3, it would still be possible to identify a 𝜎௘௤൫𝜀௘௤,௣൯ 

curve associated with the observed necking shape. However, the dependence on 
additional variables  𝑞෤ causes the strain-hardening rate inferred from a single 
necking profile to differ from that obtained from the temporal evolution of the test. 

Hence, the engineering curve associated with that 𝜎௘௤൫𝜀௘௤,௣൯ law would not 

approximate the experimental one. This shows that the methodology proposed in 
Chapter 3 cannot be directly applied since it cannot account for this type of 
variables 𝑞෤. More generally, no identification method that neglects them can 
reproduce the observed behavior. 

Nevertheless, even in these situations, the necking profiles contain information 
about material behavior; more specifically, about the superficial distributions of 
equivalent plastic strain, equivalent plastic strain rate, and equivalent stress, as 
discussed in Section 2.1. When the normalized necking profiles of two materials 
coincide, one material can be used to instantaneously approximate the other in terms 
of such distributions. In the remainder of this chapter, “instantaneous 
approximation” will always refer to such superficial distributions. If the normalized 
necking profile of the tested material (which is sensitive to variables 𝑞෤) coincides 
with that of a material insensitive to 𝑞෤, then the first material can be instantaneously 
approximated by the second. As a result, the material behavior throughout the test 
may be approximated as a sequence of different materials insensitive to 𝑞෤. This idea 
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can be implemented through the database-driven approach presented in Section 2.3. 
Briefly, a brute-force search within a precomputed database of FE analysis can be 
used for associating each necking profile measured experimentally with a 

𝜎௘௤൫𝜀௘௤,௣൯ curve. All the 𝜎௘௤൫𝜀௘௤,௣൯ curves correspond to the states of superficial 

material points at different times of the test and represent the projections of curves 
located in the 𝜎௘௤ − 𝜀௘௤,௣ − 𝑞෤ space. The method can also be attractive for materials 

insensitive to these variables since in such cases it provides a set of overlapping 
curves, thereby adding redundancy to the approach of Chapter 3. 

This chapter focuses on the most common variable  𝑞෤, namely equivalent 
plastic strain rate  𝜀௘̇௤,௣. Indeed, due to the deformation mechanisms of metals, their 

mechanical response does not only depend on strain and temperature, but also on 
strain rate. Its heterogeneity during necking is caused by the kinematics of the 
localization itself and may affect the tensile response of a material sufficiently rate 
sensitive, as detailed in Section 4.1. To isolate the effect of this variable, isothermal 
testing conditions are considered. This scenario is nevertheless representative of 
real situations, as it corresponds, for instance, to BCC metals, whose strain rate 
sensitivity remains significant even at quasi-static strain rates. The identification 
procedure is detailed in Section 4.2, while Section 4.3 presents two experimental 
case studies: one involving a strain rate insensitive material and one involving a 
strain rate sensitive material. The analyses and considerations presented in this 
chapter have been published partially in [1] and partially in [2]. 

4.1 Strain rate sensitivity in tensile tests 

This section examines the strain rate evolution during tensile testing and the 
influence of strain rate sensitivity on the material response.  

During the pre-necking phase, strain rate in the gauge length can be computed 
as:  

𝜀௘̇௤ =
ଵ

௅

ௗ௅

ௗ௧
=

௩(௧)

௅
,        (4.1) 

where 𝑣 is the speed imposed on the specimen gauge length. As the specimen 
elongates, the speed applied to the gauge length cannot be precisely controlled, and 
strain rate cannot be maintained constant. However, it remains uniformly 
distributed in the gauge length allowing different material points to follow the same 

evolution in the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ plane. Thus, a unique 𝜎௘௤൫𝜀௘௤,௣൯ curve, that implicitly 

accounts for strain rate hardening, represents material behavior during uniform 
deformation. 

In contrast, during necking the central cross-section deforms faster than the 
surrounding regions and its equivalent plastic strain rate continuously increases, 
reaching values up to ten times the nominal strain rate of the test [3]. Other material 
points, after an initial acceleration, undergo deceleration and eventually stop 
deforming plastically as they return to the elastic domain. This is schematically 
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illustrated in Figure 4.1 through materials points denoted by capital letters from A 
to E, moving farther from the profile center.  

Considering the specimen surface, when a generic material point (e.g., B, C, D 

or E) reaches the same equivalent plastic strain previously achieved by the central 
point (A), it will be characterized by a lower equivalent plastic strain rate than that 
experienced earlier by the central point. It is, hence, evident that equivalent plastic 
strain rate is not uniquely associated with equivalent plastic strain. While this 
heterogeneity has no effect on strain rate insensitive materials, it may affect the 
response of strain rate sensitive ones. 

It is well-known that, under isothermal conditions and in the thermally 
activated regime, increasing strain rate reduces the possibility for dislocation 
motion to be activated, causing the material to experience higher stresses at the 
same strain. During necking, the central point of the silhouette is always 
characterized by the highest equivalent plastic strain rate, hence when other points 
achieve the same equivalent plastic strain previously experienced by that central 
point, they do so at lower stresses. This can be seen on the 𝜎௘௤ − 𝜀௘௤,௣ plane as a 

progressive deviation of the deformation paths followed by different material points 
with respect to that of the profile center (see Figure 2.4). 

Above considerations demonstrate that strain rate sensitive materials belong to 
the behaviors analyzed in the present chapter for which a unique path on the 𝜎௘௤ −

𝜀௘௤,௣ plane cannot be identified. Traditional direct methods would deal with it by 

following the time evolution at the minimum cross-section (and by averaging over 
it) via Equation 1.12 for the equivalent plastic strain, Equation 4.1 for the equivalent 
strain rate and correction formulas for the equivalent stress. Instead, the database-
driven approach considers multiple necking configurations, thus providing 
information about material hardening at different combinations of strain and strain 
rate. Thanks to the correlation highlighted in Section 2.1, it can determine the 
equivalent stress experienced by superficial material points at any given 
configuration, even if the flow curve is unknown yet; Section 4.2 explains in detail 
how this is implemented. 

Figure 4.1 Strain rate – strain paths followed during a tensile test by different material points on the 
specimen surface. 
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4.2 Identification procedure 

This section focuses on the procedure for characterizing the post-necking 
domain in the testing scenarios introduced above. As explained in Section 2.1, the 
outer shape is correlated to the normalized 𝜎ො௘௤ − 𝜀௘௤,௣ curve representing the 

instantaneous state of superficial material points, as well as to the normalized 

equivalent plastic strain rate distribution 𝜀መ̇௘௤,௣(𝑥) at that moment on the specimen 

surface. Hence, the procedure entails, at each time instant 𝑡௜, searching the FE 
database for a necking profile that very closely matches the experimental one in 
relative shape and over a wide axial region. When the adequate numerical profile is 
found, its superficial post-necking normalized distributions 𝜀௘௤,௣(𝑥ො) − 𝜀௘௤,௣,௡, 

𝜀መ̇௘௤,௣(𝑥ො), 𝜎ො௘௤(𝑥ො) well approximate those of the experimental silhouette. This is 

valid regardless of whether the numerical material model is strain rate sensitive or 
not; thus, no additional material behavior needs to be included in the database. 
Finally, estimating the experimental distributions 𝜀௘௤,௣,௘௫௣(𝑥), 𝜀௘̇௤,௣,௘௫௣(𝑥), 

𝜎௘௤,௘௫௣(𝑥) starting from the numerical ones, i.e., 𝜀௘௤,௣,ௗ௕(𝑥), 𝜀௘̇௤,௣,ௗ௕(𝑥), 𝜎௘௤,ௗ௕(𝑥), 

requires accounting for uniform deformation, test speed and stress scale. Hence, the 
experimental data required are the engineering curve (or part of it), the speed of 
radial contraction at the minimum cross-section and multiple necking silhouettes. 
A detailed explanation of the operations to be carried out at each time of interest is 
provided hereinafter. 

1) The algorithm searches the database for the numerical shape that best matches 
the experimental one over a wide axial region of the specimen gauge length. 
The search identifies a database profile (𝑥ௗ௕ , 𝑅ௗ௕) and a scaling coefficient 𝑘௚ 

that allow the data couples ൫𝑥ௗ௕/𝑘௚, 𝑅ௗ௕/𝑘௚൯ to overlap with the experimental 

ones ൫𝑥௘௫௣, 𝑅௘௫௣൯. For further details, refer to Section 3.1, since the present 

operation coincides with Step 1 of that section too. From this perspective, the 
present strategy can, hence, be conceived as an extension of the method of 
Chapter 3 to more complex responses. 

2) As discussed in Section 2.2, when the numerical and experimental silhouettes 
are characterized by the same normalized shape, the distributions of post-
necking equivalent plastic strain coincide: 𝜀௘௤,௣,ௗ௕(𝑥ො) − 𝜀௘௤,௣,௡,ௗ௕ ≡

𝜀௘௤,௣,௘௫௣(𝑥ො) − 𝜀௘௤,௣,௡,௘௫௣. Thus, it results that the experimental distribution can 

be determined as: 

𝜀௘௤,௣,௘௫௣(𝑥ො) = 𝜀௘௤,௣,ௗ௕(𝑥ො) − 𝜀௘௤,௣,௡,ௗ௕ + 𝜀௘௤,௣,௡,௘௫௣.   (4.2) 

By plugging Equation 3.2 into 4.2, it also results that: 

𝜀௘௤,௣,௘௫௣(𝑥ො) = 𝜀௘௤,௣,ௗ௕(𝑥ො) + 2 ln ൬𝑘௚
ோబ,೐ೣ೛

ோబ,೏್
൰    (4.3) 
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Since 𝑘௚ was optimized in the previous step, this latter expression can be useful 

for determining 𝜀௘௤,௣,௘௫௣(𝑥ො) without introducing uncertainties related to 

identification of the necking onsets.  

In practice, the data couples ൫𝑥ௗ௕ , 𝜀௘௤,௣,ௗ௕൯ are modified to ൬𝑥ௗ௕ 𝑘௚⁄ , 𝜀௘௤,௣,ௗ௕ +

2 ln ൬𝑘௚
ோబ,೐ೣ೛

ோబ,೏್
൰൰, as shown in Figure 4.2, to estimate the experimental 

൫𝑥௘௫௣, 𝜀௘௤,௣,௘௫௣൯. 

3) The database also allows estimating the actual equivalent plastic strain rate. It 

holds that 𝜀መ̇௘௤,௣,௘௫௣(𝑥ො) ≡ 𝜀መ̇௘௤,௣,ௗ௕(𝑥ො), where the normalization accounts for both 

the different specimen sizes at the necking onset and the different speeds at the 
configuration considered. The latter is actually the speed of radial contraction 
𝑣௥ at the minimum cross-section, computed as time derivative of 𝑅௠௜௡(𝑡). This 
is consistent with the entire approach that primarily focuses on radial 
measurements rather than axial ones. Hence, once the geometric coefficient 𝑘௚ 

and the instantaneous speeds 𝑣௥,ௗ௕ and 𝑣௥,௘௫௣ are known, 𝜀௘̇௤,௣,௘௫௣(𝑥ො) can be 

determined as: 

𝜀௘̇௤,௣,௘௫௣(𝑥ො) = 𝜀௘̇௤,௣,ௗ௕(𝑥ො)𝑘௚
௩ೝ,೐ೣ೛

௩ೝ,೏್
.     (4.4) 

Practically, by adjusting the pairs ൫𝑥ௗ௕ , 𝜀௘̇௤,௣,ௗ௕൯ to ൫𝑥ௗ௕/𝑘௚, 𝜀௘̇௤,௣,ௗ௕𝑘௚𝑣௥,௘௫௣/

𝑣௥,ௗ௕൯, the experimental pairs ൫𝑥௘௫௣, 𝜀௘̇௤,௣,௘௫௣൯ are found, as shown in Figure 

4.3. 

 

Figure 4.2 Operation performed on the equivalent plastic strain distribution of the database to 
estimate the experimental one. [2] 
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4) Finally, the experimental distribution of equivalent stress can be estimated from 
the numerical one by considering the same correction adopted in Section 3.1, 
Step 2)II. Briefly, a stress coefficient 𝑘ఙ is determined by proper comparison of 
the numerical and experimental engineering quantities at the configuration 

considered. Then, the pairs ൫𝑥ௗ௕ , 𝜎௘௤,ௗ௕൯ are modified into 

ቆ
௫೏್

௞೒
, 𝜎௘௤,ௗ௕

௞഑

௞೒
మ ൬

ோబ,೏್

ோబ,೐ೣ೛
൰

ଶ

ቇ, leading to an estimate of ൫𝑥௘௫௣, 𝜎௘௤,௘௫௣൯ as shown in 

Figure 4.4. 

To sum up, the output of this procedure is represented by a locus of points in 
the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ space, whose projection in the 𝜎௘௤ − 𝜀௘௤,௣ plane is expected 

to be an increasing curve. This is because, at a given configuration, material points 
characterized by higher equivalent plastic strains are also characterized by higher 
equivalent plastic strain rates and both equivalent plastic strain and strain rate cause 
material hardening. The portion of the locus (𝜀௘௤,௣, 𝜀௘̇௤,௣, 𝜎௘௤) satisfying the 

condition 𝜀௘̇௤,௣௟ > 0 reflects the visco-plastic behavior of the material. This 

condition, thus, determines the range of equivalent plastic strain 𝐼ఌ = [𝜀௘௤,௣௟
௠௜௡ , 𝜀௘௤,௣௟

௠௔௫ ] 

over which the shape provides information on material visco-plastic behavior. A 
subsequent profile would provide information over a range of equivalent plastic 
strains shifted to higher values. Applying Steps 1 to 4 to multiple necking 
silhouettes allows the generation of a 3D point cloud and ensures consistent results 

Figure 4.4 Operation performed on the equivalent plastic strain rate distribution of the database 
to estimate the experimental one. [2] 

Figure 4.3 Operation performed on the equivalent stress distribution of the database to estimate 
the experimental one. [2] 
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over a broader strain and strain rate domain. The projection of the 3D point cloud 
on the 𝜎௘௤ − 𝜀௘௤,௣ plane provides qualitative insights on strain rate sensitivity. If 

the projection is well approximated by a unique curve, then the material can be 
considered rate insensitive under the tested conditions. Otherwise, this may suggest 
material dependence on strain rate within the test. The advantage of the proposed 
method is the capability of efficiently detecting the possible presence of these 
effects without the need to assume any a priori dependence, as would be required 
with a FEMU approach instead. 

Finally, a visco-plastic law for FE simulations can be derived by applying 
proper data fitting techniques to the 3D point cloud. The entire process is 
schematically depicted in Figure 4.5.  

Figure 4.5 Workflow of the identification process for strain rate sensitive materials (adapted from 
[4]). 
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4.3 Experimental case studies 

After explaining the identification procedure, this section presents the 
application of the proposed method to two quasi-static tensile tests. The aim is to 
highlight how the proposed approach can deal with two extreme conditions, i.e., 
negligible and considerable strain rate sensitivity, under isothermal conditions.  

The first case study regards pure copper since it is a well-known and widely 
studied material [5-7], which exhibits low strain rate sensitivity. Thus, it can be 
reasonably considered strain rate insensitive within a quasi-static test. The second 
study is represented by pure molybdenum as it is instead known to be highly 
sensitive to strain rate [8, 9]. In this case, the strain rate variation and non-
uniformity that characterizes necking causes the material response to be affected by 
the strain rate even within a single test. 

In Section 4.3.1 the experimental setup, that the two tests shared, is described. 
It was very similar to the one described in Section 3.5.1, except for the imaging 
apparatus, as the present tests offered the opportunity to further refine it. Data 
analysis is then explained in Section 4.3.2, while the results are reported separately 
for the two case studies in Sections 4.3.3 and 4.3.4. For comparison, identification 
was also carried out using analytical corrections and a FEMU strategy. Finally, 
since all adopted methods rely on the assumption of material isotropy, this 
hypothesis was verified through post-mortem analyses. 

4.3.1 Experimental setup 

A standard electromechanical testing machine, Zwick-Z100, was employed for 
testing the specimens at nominally 10-3 s-1. The specimen geometry was the same 
as in Section 3.5, characterized by a 3 mm gauge diameter and a 5 mm gauge length. 
A 100 kN load cell acquired the load at 10 Hz, while a high-resolution camera (Opto 
Engineering ITA81-GM-20C) monitored the specimen deformation at 0.5 Hz. The 
two acquisitions were properly synchronized. 

The main difference with respect to the experimental setup described in Section 
3.5.1 is represented by some improvements in the imaging apparatus. Indeed, 
accurately measuring the profile is essential in all procedures that highly rely on the 
specimen silhouette. Special care was taken not only regarding resolution but also 
regarding image distortion and perspective errors. Since these issues typically affect 
entocentric lenses, which are also the most common ones, telecentric optics were 
employed in these tests. They are characterized by a constant magnification factor 
independently of the object’s location, thus eliminating perspective effects.  

Object-space telecentric lenses are designed to collect only rays parallel to the 
main opto-mechanical axis, however these rays can still reach the detector from 
different angles. This introduces some inaccuracies, for instance, by making the 
system highly sensitive to vignetting, i.e., to the reduction in image brightness at 
the periphery compared to the center of the image. Ideally, for blurred images, the 
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centroid height of the blur does not change with the object location, but since the 
system is not image-space telecentric vignetting causes the blur spots to become 
asymmetric and their centroid to shift from true location. This is why bi-telecentric 
lenses are preferred. Since they are telecentric in both object and image space, 
principal rays enter and exit the lenses parallelly to the opt-mechanical axis, thus 
ensuring the height of the blurred image to be independent of axial object shifts or 
image plane shifts. 

Moreover, since the proposed method does not need to track markers on the 
specimen surface, images were acquired in backlight so to improve image contrast 
and accurate edge detection. Backlight configurations represented another reason 
for employing bi-telecentric lenses. Indeed, in backlighting, all rays that reach the 
detector are considered as part of the background, but with entocentric optics some 
rays can actually come from object reflections. This could happen due to the 
ambient light and the specimen geometry, causing imprecise image segmentation 
(since some portions of the object would appear as belonging to the background). 
Telecentric optics significantly limit this issue as reflected rays that can reach the 
detector are restricted to those parallel to the main axis. To further optimize 
telecentric effect in backlight configuration, a collimated illuminator was used.  

Specifically, for the present tests the optical bench Opto Engineering 
TCBENCH036, which featured a bi-telecentric lens and a collimated illuminator, 
was used for installing the camera. As shown in Figure 4.6, this equipment required 
accurate positioning of the specimen between the camera and the light source.  

Figure 4.6 Experimental setup with the telecentric optical bench. [1] 
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As deeply explained above, this imaging setup allowed high contrast images to 
be obtained with minimum distortion errors and perspective effects. This is the key 
experimental advancement with respect to the setup adopted in Section 3.5. The 
improved contrast can be seen from the frames presented in Figure 4.7. Thanks to 
such higher signal-to-noise ratio, DIA, especially image segmentation, was 
facilitated. The extracted silhouettes shown in Figure 4.7 were, then, post-processed 
for obtaining an average semi-profile for each time considered. This was done in 
the programming environment MATLAB by implementing the same procedure 
already described in Section 3.5.1. 

4.3.2 Data analysis 

Data acquired during experiments was analyzed to determine material 
hardening behavior as described in the present section.  

Regarding the pre-necking phase, analytical expressions with an area-based 
approach were used (see Equations 3.10). This was also the only feasible approach 
since the traditional length-based one could not be applied since backlight 
illumination would prevent tracking markers on the specimen surface. 

Theoretically, for rate sensitive materials, it would also be necessary to determine 
the true strain rate history 𝜀௧̇(𝑡) by computing the time derivative of the true strain. 
However, due to the well-known logarithmic dependence of flow stress on strain 
rate in the thermally activated regime, strain rate effects can be considered 
negligible during pre-necking of a single test. Hence, this phase of the test can be 
associated with a single equivalent plastic strain rate value. 

For the post-necking phase, different approaches were applied: analytical 
corrections, the proposed database-driven approach, and a FEMU strategy, as 
detailed in the bullet list. Actually, the tests were not analyzed in their entirety: only 
the portion sufficiently far from the onset of a significant reduction in mechanical 
strength was considered to limit the effects of void nucleation and coalescence [10].  

Figure 4.7 Sequence of images acquired with telecentric optics in backlighting, with highlighted the 
silhouette detection result. [1] 
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 Regarding analytical corrections, Bridgman’s [11] and Gromada’s [12] 
formulas were considered. The first was chosen for still being widely used, 
the second for providing an improvement with respect to the first, while still 
using local curvature measures. They used Equations 1.14 and 1.15 
respectively for estimating the equivalent stress, while they both used 
Equation 1.12 for the equivalent strain. In both cases, the curvature at the neck 
was estimated as the curvature of a fourth order polynomial that fits the 
silhouette region satisfying the condition 2 ln(𝑅଴ 𝑅⁄ ) > 𝜀௘௤,௡. This was done 

to exclude the specimen shoulder from the fitting. 

 For the proposed method, several experimental necking configurations were 
considered, and the procedure described in Section 4.2 was applied (once 
implemented in MATLAB). At the time these analyses were conducted, the 
proposed method relied on a database built according to the explanation of 
Section 2.3. In particular, it contained 1250 sets of parameters able to describe 
the plastic flow curve 𝜎௘௤ − 𝜀௘௤,௣ of metallic materials. When searching the 

database for the best-matching numerical profile, only the region of the 
experimental semi-profile satisfying the condition 2 ln(𝑅଴ 𝑅⁄ ) > 𝜀௘௤,௡ was 

considered. This was again done to exclude the specimen shoulder from the 
analysis. 

 For the FEMU approach, a metamodel-based optimization was implemented 
on Ansys LS-OPT as detailed in Section 3.5.1. The target function was 
represented by the force at given increments of radial contraction. Regarding 
FE simulation, the same modeling choices described in Section 3.3 and 
depicted in Figure 3.5 were adopted. Briefly, a 2D axisymmetric model of 
half specimen (up to the end of the fillets) with a prescribed motion applied 
to one end (and a symmetry constraint on the other) was used and the mesh 
was specifically designed for limiting element distortion during necking. For 
what the material law is concerned, it was properly parametrized, depending 
on the model adopted. Further details are provided in the following sections 
as different models were used in the two case studies. 

4.3.3 Results for a rate insensitive material 

This section refers to the test conducted on pure copper, which was already 
known to neck immediately at yielding from Section 3.5. Experimental results are 
collected in Figure 4.8. Subfigure (a) shows the radial engineering response as a 
black solid line, whereas some necking silhouettes (indicated in subfigure (a) with 
black crosses) are displayed in subfigure (b) as black circular markers. Both the 
engineering curve and the necking shapes clearly show that necking occurred at 
yielding. Thus, proper strategies were required from the very beginning to identify 
the hardening law. 
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Similarly to what was done in Section 3.5, the FEMU approach was first 
applied, since it can be considered the most reliable strategy. However, differently 
from Section 3.5, the hardening law was modelled as a piecewise linear function 
(implemented as *MAT_024 in Ansys LS-DYNA) to ensure a better description of 
material plastic behavior. The optimization variables were, hence, represented by 
the slopes of the different intervals. The results of the FE model in terms of 
engineering curve and necking profiles are displayed in Figure 4.8a and b, as blue 
dashed lines. They show that the experiment is predicted very well, thus validating 
the identified hardening law shown in Figure 4.8c (as a blue dashed line). 

Figure 4.8c also allows comparing this reference law with other identification 
approaches, i.e., Bridgman and Gromada analytical corrections, and the proposed 
database-driven approach. The area-based true curve is presented too (black dashed 
line), to highlight the effect of triaxiality. It can be noticed that Bridgman and 
Gromada theories, plotted as red and green markers respectively, provided a good 
estimate up to values of 50 % and 80 % of equivalent plastic strain respectively, but 
fail to estimate the hardening behavior at larger strains. Conversely, the proposed 
method (solid light blue curve) agrees very well with the reference law.  

Actually, as explained in Section 4.2, the proposed method identified a locus 
of points in the space 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ for each necking configuration 

Figure 4.8 Experimental results of Cu, in terms of radial engineering curve (a) and necking shapes 
(b) predicted by the hardening law (c) identified with different strategies; (d) is a zoomed-in view 
of (c) for a closer comparison of FEMU and database-driven approach. [1] 
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considered. In Figure 4.8b, the numerical semi-profile that allowed these loci to be 
identified are shown in light blue. They match very well with the experimental 
average semi-profiles within the region considered, i.e., below the horizontal black 
dashed line. This line, indeed, indicates the experimental portion considered for 
searching the database. In Figure 4.8a, the modified engineering curves 
corresponding to the selected numerical shapes are shown in light blue. The fact 
that they are all close to the experimental one indicates that pure copper can be 
considered strain rate insensitive during the tested conditions. Although this is 
already known in the present case, it suggests that the proposed method can, in 
general, reveal strain rate sensitivity. This is further highlighted in Figure 4.8d by 
the limited discrepancy of the loci projections in the 𝜎௘௤ − 𝜀௘௤,௣ plane (light blue 

curves). The maximum percentage difference is, indeed, 2.4 % in terms of stress. 
In subfigure (d) each locus is shown over the strain range 𝐼ఌ for which it provides 
information about plastic behavior, i.e., the portion satisfying the condition 𝜀௘̇௤,௣ >

0. Practically, a threshold equivalent plastic strain rate was defined (10 % of the 
nominal strain rate) and only the part above it was considered. For determining a 
unique curve representative of the material behavior, different techniques could be 
used; however, the chosen method would not significantly affect the result. In the 
present analysis, the final output was obtained by joining the points at 𝜀௘௤,௣

௠௔௫ of the 

different configurations, indicated with black vertical markers in subfigure (d). The 
resulting law is the light blue one of subfigure (c). As in Section 3.5.3, in this 
subfigure the hardening laws identified with different strategies are plotted up to 
different equivalent plastic strains: analytical corrections up to the average 
equivalent plastic strain at the last configuration considered and the database-driven 
approach up to the maximum superficial equivalent plastic strain. 

To conclude, the advantages of the proposed method compared to analytical 
corrections are the same as the method presented in Chapter 3: a higher accuracy at 
large strains and a more robust procedure. From a certain perspective, the approach 
proposed in this chapter can be conceived as an evolution of Bridgman-like 
methods. For each necking shape, Bridgman-like corrections focus on the necking 
center and determine a single point of the hardening law. However, each silhouette 
is representative of a region of the plastic flow curve (and not only of a point), and 
the proposed method can extract this information.  

With respect to the method presented in Chapter 3, the one proposed here, when 
applied to rate insensitive materials, improves stability and robustness by means of 
redundancy, since multiple necking configurations are considered. This comes at 
the cost of a slightly higher computational effort, but still lower than that of FEMU 
strategy. 

4.3.4 Results for a rate sensitive material  

This section refers to the test conducted on pure molybdenum, but the purpose 
is not simply to illustrate the application of the proposed method to a strain rate 
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sensitive material. On one hand, it aims to show the consequence of neglecting 
strain rate dependence. On the other hand, it intends to highlight the capability of 
the database to adapt to strain rate sensitive behaviors by comparison with a 
constitutive law identified through the FEMU approach. Analytical solutions are 
not reported here, as they may be affected by larger errors, as shown in the previous 
section, and are generally less robust since they rely only on average quantities 
evaluated at the minimum cross-section. 

Experimental results are shown in Figure 4.9a in terms of some necking semi-
profiles (black circular markers) and in Figure 4.9b in terms of engineering response 
(black line). First, the results of the FEMU strategy are presented since they are 
then used for critically analyzing the results of the proposed method. Since the 
material is known to be highly sensitive to strain rate [8, 9], a material model 
accounting for strain rate sensitivity was adopted. More specifically, the Johnson-
Cook hardening model was chosen (implemented as *MAT_015 in Ansys LS-
DYNA). Under quasi-static conditions, the flow stress equation can be expressed 
as: 

𝜎௘௤ = ൫𝐴 + 𝐵𝜀௘௤,௣
௡ ൯ ቀ1 + 𝐶 ln

ఌ̇೐೜,೛

ఌ̇బ
ቁ,     (4.5) 

where 𝐴, 𝐵, 𝑛, and 𝐶 were the optimization variables. 
Even though Johnson-Cook model is not generally appropriate for BCC metals, 

it could be successfully used in this analysis, since only a local approximation of 
strain rate dependence was needed. This is proved by the FE results displayed in 
Figure 4.9a and b as blue dashed lines, which show a very good prediction of both 
deformation and engineering response.  

Regarding the database-driven approach, the best-matching numerical shapes 
found in the database are displayed in Figure 4.9a as light blue curves. Again, they 
were identified by considering only the experimental region below the black dashed 
line. The good agreement observable from this subfigure supports the fact that strain 
rate insensitive material models are able to represent a rate sensitive behavior 
instantaneously. Nevertheless, the FE simulation that provided the closest 

Figure 4.9 Experimental results of Mo, in terms of necking profiles (a) and radial engineering curve 
(b), in comparison with the prediction obtained from different identification strategies. [1] 
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numerical profile changes from one configuration to another. None of the 
corresponding radial engineering curves, shown in the subfigure (b), can 
approximate well the experimental response. This is because the radial engineering 
curve refers to the history of the minimum cross-section, which is affected by the 
increasing strain rate and this effect cannot be captured with a unique strain frate 
insensitive hardening law. 

The curves 𝜎௘௤(𝜀௘௤,௣) of the database found for the necking shapes plotted in 

Figure 4.9a are shown in Figure 4.10 as light blue lines. Each of them is defined 
over the strain range 𝐼ఌ satisfying the condition 𝜀௘̇௤,௣ > 𝑒̇/10, being 𝑒̇ the nominal 

strain rate. The area-based true curve is displayed too (as dashed line) for the sake 
of comparison and since it is representative of the pre-necking behavior. As 
explained in Section 4.2, the database 𝜎௘௤(𝜀௘௤,௣) curves represent the equivalent 

stress-strain states experienced by superficial material points at different instants 
during necking and do not overlap for a strain rate sensitive material.  

If this discrepancy was mistakenly attributed to measurement errors and a 
single 𝜎௘௤(𝜀௘௤,௣) curve was sought, the average curve could be considered a 

possible choice. Such curve is displayed in Figure 4.10 as orange solid line and was 
used as hardening law of a strain rate insensitive material in a FE simulation of the 
tensile test under analysis. The model accurately predicted the experimental force 
(as shown Figure 4.11a) but did not match the experimental silhouettes (as depicted 
in Figure 4.11b). This result could be expected as strain rate sensitivity was 
neglected, although it was known to affect the material response. 

 
 
 

Figure 4.10 Loci of points identified by the database-driven approach and a fitting hardening law if 
strain rate sensitivity was neglected (adapted from [2]) 
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The discrepancy between the database 𝜎௘௤(𝜀௘௤,௣) curves shown in Figure 4.10 

is inherent to the material behavior and should not be removed. Instead, it must be 
properly considered by associating the strain rate distribution to the loci of points 
in the 𝜎௘௤ − 𝜀௘௤,௣ plane, hence reconstructing loci of points in the 𝜀௘௤,௣௟ − 𝜀௘̇௤,௣௟ −

𝜎௘௤ space. To this end, it is possible to exploit the capability of the proposed method 

to estimate the strain rate distribution on the specimen surface. This was explained 
in Step 3 of Section 4.2, and the results are shown in Figure 4.12 for the different 
configurations analyzed. 

 This figure, in addition to highlighting the non-uniformity of the strain rate 
experienced during necking, also proves that the database-driven approach 
estimates the superficial distribution very well. Such conclusion derives from 
observing that the database distributions are in very good agreement with those 
obtained from the reference law identified at the beginning of the present section.  

Figure 4.12 Equivalent plastic strain rate distribution at the same configurations of previous figures: 
comparison between the prediction of the FEMU-identified law and of the database-driven 
approach. [1] 

Figure 4.11 Comparison of experimental and numerical results, in terms of radial engineering curve 
(a) and necking profiles (b), if strain rate sensitivity was neglected (adapted from [2]). 



Chapter 4 Strain rate sensitive materials 

81 
 

This finding is of utmost importance: it practically proves that the normalized 
equivalent plastic strain rate distribution only depends on the necking silhouette; 
otherwise, the database-driven approach would not have been able to provide such 
good results. This also means that the proposed approach allows the strain rate 
distribution to be estimated with very limited experimental effort and a priori of 
material characterization. Indeed, direct experimental evaluation of the strain rate 
distribution would require tracking markers painted on the specimen surface, 
estimating their strain with DIC and then computing the time derivative, which 
could also be very noisy. A simplification could consist of considering only the 
silhouette, determining the average strain at the minimum cross-section through 
Equation 1.12, and then computing its time derivative. However, this would only 
provide average strain rate information over a single cross-section, while the 
proposed method provides local strain rate values of several superficial points. 
Through FEMU techniques, instead, equivalent plastic strain rate fields would be 
fully determined, on the surface and inside the specimen, but only once the material 
had been identified.  

The above results show that the database-driven method allows material strain 
rate sensitivity to be detected and a series of points on the hardening surface 
𝜎௘௤(𝜀௘௤,௣௟ , 𝜀௘̇௤,௣௟) to be determined. In a practical application, the material behavior 

is intended to be identified directly by the database-driven method, without 
previously applying a FEMU strategy, in order to reduce the computational cost. 
The reliability of the law identified using the proposed method can be readily 
verified by using it as input of a FE simulation of the tensile test and by comparing 
the predicted and experimental responses.  

This was applied to the present experiment. First, a function 𝑓(𝜀௘௤,௣௟ , 𝜀௘̇௤,௣௟) 

was fitted to the 3D point cloud obtained by associating equivalent plastic strain 
rates to the loci of Figure 4.10 (and to many other loci). Actually, the point cloud 
also included pre-necking data. This was obtained by applying the area-based 
approach for true strain and stress, while the true strain rate was considered constant 
and equal to nominal strain rate of the test. The 𝑓(𝜀௘௤,௣௟ , 𝜀௘̇௤,௣௟)  function was then 

used as material hardening law input into the FE simulation of the test. Figure 4.13 
compares the results (green dashed lines) with experimental results (black lines and 
markers), demonstrating that the identified model was able to accurately predict 
both the deformation and the engineering response, as shown in subfigures (a) and 
(c) respectively. In subfigure (b), instead, some equivalent plastic strain rate 
distributions obtained from the FE simulation are compared with those estimated 
by the database-driven approach, further confirming the reliability of this estimate. 
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4.4 Concluding remarks 

This chapter analyzed material and/or conditions for which a unique 𝜎௘௤൫𝜀௘௤,௣൯ 

path cannot fully describe the post-necking behavior. In particular, the investigation 
focused on strain rate sensitive materials, first showing that they belong to this class 
of behaviors and then demonstrating how the database-driven method can be used 
for post-necking characterization. More specifically, although strain rate variation 
and heterogeneity can affect material response during a single test, the observed 
behavior can be instantaneously approximated by the rate insensitive material 
model of the database that predicted the closest necking silhouette. Appropriate 
techniques and considerations, hence, allow the equivalent plastic strain, strain rate 
and equivalent stress distributions on the specimen’s outer surface to be estimated. 
From the experimental point of view only force history and silhouette evolution are 
needed. With the purpose of improving accuracy and repeatability in silhouette 
detection, this chapter proposed to modify the imaging apparatus to frame the 
specimen in backlight with bi-telecentric lenses and a collimated illuminator. 

The capability to estimate the superficial equivalent plastic strain rate field 
during the necking and without the need for speckle painting or extremely high-
frame-rate imaging is an important advancement of the proposed approach. Even 
more significant, however, is the possibility of estimating the corresponding 

Figure 4.13  Comparison of experimental and numerical results, in terms of radial engineering curve 
(a), necking profiles (b), and equivalent plastic strain rate distributions (c), if strain rate sensitivity 
is accounted for with the database-driven approach (adapted from [2]). 
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distribution of equivalent stress. The output of the proposed method is represented 
by a point cloud in the space 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ that reflects the material’s visco-

plastic behavior, without any assumption about material behavior, apart from 
isotropic Von Mises plasticity.  

The potential of the approach was illustrated through the successful 
experimental application to pure molybdenum, a material known to be highly 
sensitive to strain rate. The method developed in this context still remains 
applicable to the special case of negligible strain rate sensitivity, as proved by its 
application to the experimental case study of pure copper. In this sense, compared 
to the method described in Chapter 3, considering multiple silhouettes slightly 
increases the computational cost, but significantly improves stability and 
robustness. 
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Chapter 5 

Strain rate - temperature 
interaction 

The methods presented in Chapters 3 and 4 allow the material behavior to be 
identified under quasi-static conditions, even in the presence of significant strain 
rate sensitivity. In that form, the approach is already applicable to experimental 
campaigns of quasi-static tensile tests performed at different controlled 
temperatures. The procedure would simply consist of applying the method to each 
test and constructing the corresponding material response surface 𝜎௘௤ =

𝑓 ൫𝜀௘௤,௣, 𝜀௘̇௤,௣൯, which varies with temperature. If desired, each response surface, 

or the whole set of surfaces altogether, can then be fitted with an appropriate 
constitutive model. This approach is useful, for example, to characterize material 
behavior at different working temperatures. 

For many applications, however, it is also necessary to evaluate the material 
response at higher strain rates. In the context of such tensile campaigns, the issue 
of self-heating during testing arises. The deformation process may be sufficiently 
fast to prevent thermal equilibrium with the environment, causing the material 
temperature to increase. The resulting stress experienced by material points would, 
thus, be the result of both strain rate and temperature dependencies. Moreover, both 
variables would be characterized by heterogeneous fields during necking. The 
present chapter addresses material post-necking characterization under such 
complex conditions. 

Section 3.2 showed that, in case of adiabatic self-heating and negligible strain 
rate sensitivity, material thermal dependence does not increase the complexity of 
post-necking characterization, because temperature is uniquely related to 
deformation. Chapter 4, conversely, demonstrated how strain rate complicates the 
identification of the material behavior during necking, even under isothermal 
testing conditions. Hence, if adiabatic self-heating occurs and the material is 
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sufficiently sensitive to strain rate (in addition to strain and temperature), the same 
issue described in Chapter 4 arises, namely the non-uniqueness of the deformation 
paths in the 𝜎௘௤ − 𝜀௘௤,௣ plane. A similar situation occurs under testing conditions 

that are neither isothermal nor adiabatic.  

In any situation in which a single 𝜎௘௤൫𝜀௘௤,௣൯ law cannot describe the tensile 

response, the methodology described in Chapter 4 remains applicable. The method 
is, indeed, based on the idea that a normalized necking profile provides information 
on the instantaneous state of the material, independently of the variables influencing 
plastic behavior. These variables are determined by the physics of plastic 
deformation mechanisms and mainly include strain, strain rate, and temperature. 
Back-projecting the loci of points representing necking configurations onto the 
𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝑇 − 𝜎௘௤ space reflects the thermo-visco-plastic behavior (for the 

part characterized by 𝜀௘̇௤,௣ > 0). However, to do so temperature distributions are 

needed.  
In the present chapter, the first section is devoted to introducing self-heating 

and how consequent temperature rises can be theoretically evaluated. Section 5.2 
deals, instead, with measuring this temperature rise through infrared imaging. 
Before moving on to the proposed identification strategy (Section 5.4), an overview 
of the literature regarding material thermo-visco-plastic characterization is 
provided. This allows understanding the context in which the proposed method is 
located. Finally, Section 5.5 reports an experimental case study for proving the 
method’s capability of characterizing a material over broad ranges of strain and 
strain rate, also accounting for self-heating, regardless of whether adiabatic 
conditions are satisfied. This topic has been objective of the publication [1]. 

5.1 Self-heating and consequent temperature rise 

During irreversible deformation of metals, part of the plastic work is used to 
generate defects, while the remainder (typically the majority) is released as heat. 
When deformation occurs sufficiently fast, the material experiences rising 
temperatures because the heat produced by plastic deformation cannot be fully 
transferred to the external environment. This thermal increase can influence the 
material’s mechanical behavior, a phenomenon commonly known as thermal 
softening.  

In coupled thermo-mechanical problems of solids, the thermal field 𝑇 and the 
mechanical field are linked through the heat conduction equation [2]: 

𝑇̇ =
ఉ

ఘ௖೛
𝑊̇௣ + 𝛼𝛻ଶ𝑇 −

௞

ఘ௖೛

ா

ଵିଶఔ
𝑇଴tr(𝜺̇𝒆),    (5.1) 

being 𝛼 the thermal diffusivity, 𝑊̇௣ the rate of plastic work, 𝑘 the coefficient of 

thermal expansion, 𝐸 the Young’s modulus, 𝜈 the Poisson’s ratio, 𝑇଴ the initial 
temperature, and 𝜺̇𝒆 the elastic strain rate tensor. The term on the left side represents 
the variation in internal energy, which typically depends on irreversible plastic 
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deformation (first term on the right side [3, 4]), as well as on heat conduction 
(second term on the right side) and reversible thermoelasticity (third term on the 
right side). This last term is generally considered negligible when large plastic 
deformation takes place, resulting in the simplified equation: 

𝑇̇ =
ఉ

ఘ௖೛
𝑊̇௣ + 𝛼𝛻ଶ𝑇.       (5.2) 

Furthermore, when the strain rate is high enough to assume adiabatic 
conditions, Equation 5.2 can be simplified even further by taking advantage of the 
fact that no heat conduction occurs [2, 5-13]. In these cases, it results: 

𝑇̇ =
ఉ

ఘ௖೛
𝑊̇௣.        (5.3) 

The strain rate level at which adiabatic conditions are verified specifically 
depends on material properties. A dimensionless parameter that is commonly used 
for characterizing transient conduction and, thus, assessing adiabaticity is the 
Fourier number 𝐹𝑜. This is defined as: 

𝐹𝑜 =
ఈ௧

௅మ
,         (5.4) 

where 𝑡 is the test duration, and 𝐿 the characteristic length through which 
conduction occurs. 10-2 is the commonly accepted threshold below which the 
process can be considered essentially adiabatic [14]. 

Equation 5.3 shows that, under adiabatic conditions, temperature results just 
from the integral of the deformation path. This highlights that temperature 
represents a special variable, meaning that it cannot be a priori defined as either a 
𝑞 variable or a 𝑞෤ variable, according to the notation introduced in Section 2.1. 
Indeed, it may behave like one type or the other depending on whether additional 
variables (e.g., strain rate sensitivity) alter the deformation paths of material points. 

When Equation 5.2 holds because of non-negligible heat conduction, different 
material points follow different paths even in the absence of strain rate sensitivity. 
When a material point reaches a given strain, its temperature is generally different 
from that experienced by another point when it reached the same strain. This 
difference is caused by different heat conduction contributions, i.e., to different 
temperature distributions in the surroundings of the two points. As a result, 
deformation paths on the 𝜎௘௤ − 𝜀௘௤,௣ plane deviate from one another. This is 

another example in which, due to a certain phenomenon, temperature behaves as 
a 𝑞෤ variable.  

As anticipated, the method proposed in this chapter requires knowing self-
heating temperature rise on the specimen outer surface. This information cannot be 
determined directly from the database established as explained in Section 2.3. 
Indeed, as evident from above equations, temperature represents an integral 
quantity that depends on previous deformation path and on thermal conduction from 
the surroundings of the point analyzed. No curve in the precomputed database may 
be able to represent the entire temporal evolution of the test in the presence of strain 
rate sensitivity and/or thermal conduction. Even though the database could be in 
principle enriched with further simulations, this would come at the cost of a much 
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larger database, so this solution was not pursued. Furthermore, although 
temperature rises could in principle be computed by solving Equations 5.2 and 5.3, 
there are some issues in applying them. In presence of thermal conduction, using 
Equation 5.2 requires knowing the thermal field within the specimen, which cannot 
be reconstructed without simplifying assumptions. Conversely, under adiabatic 
conditions, the following equation could be applied: 

𝑇 = 𝑇଴ +
ఉ

ఘ௖೛
∫ 𝜎௘௤൫𝜀௘௤,௣௟൯𝑑𝜀௘௤,௣

ఌ

଴
,     (5.5) 

by using the initial temperature, and assuming the Taylor-Quinney coefficient, the 
density, and the specific heat. However, the plastic work (i.e., the integral of 
Equation 5.5) can be computed easily only for rate insensitive materials. In these 

cases, the 𝜎௘௤൫𝜀௘௤,௣௟൯ path is common to all material points and can be identified 

immediately using the database-driven approach. For rate sensitive materials, 
instead, the paths of the different material points are not reconstructed 
straightforwardly, since this would require tracking the evolution of material points 
in a Lagrangian perspective. Thus, the final choice for the method proposed in this 
chapter was to measure temperature experimentally, rather than computing it. 

5.2 Infrared imaging 

The present section focuses on temperature measurements through devices 
based on infrared radiation. The aim is twofold: highlighting their effectiveness in 
investigating material behavior and underlining some important aspects for reliable 
thermal measurements. 

Infrared detectors have been widely used for temperature measurement in high 
strain rate experiments because of their short response time and high acquisition 
rate [2, 5-8]. Recently, however, there has been an increasing use of infrared 
imaging, which enables full-field measurements.  

Assuming uniform and adiabatic deformation, full-field thermal information is 
employed to improve measurement consistency by calculating the average 
temperature across a specific sample area [9-11]. For example, Vazquez-Fernandez 
et al. [9] used infrared imaging to qualitatively evaluate whether the adiabatic 
assumption was valid. As a matter of fact, during uniform deformation, adiabaticity 
is expected to produce a uniform temperature distribution within the gauge section; 
if this does not occur, the assumption of adiabaticity is probably incorrect. 

As demonstrated in a comparative study by Goviazin et al. [15], the main 
drawback of high-speed cameras with respect to infrared detectors during dynamic 
loading is their lower sampling frequency. In this sense, this technology still has 
significant room for improvement, as also thoroughly discussed by Soares et al. 
[16]. Nevertheless, infrared imaging remains highly effective for full-field analysis 
of non-uniform temperature distributions resulting from complex stress states 
and/or non-adiabatic conditions. This application field includes studies on Lüders 
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band propagation [17-20], Portevin-Le Chatelier effect [21,22] and post-necking 
deformation [13,16,23-25].  

Since the latter case is the focus of the present thesis, infrared imaging was 
chosen to monitor temperature distribution. Acquisition rates of infrared cameras, 
however, are lower than those of modern optical cameras, which partially limited 
the possibilities of simultaneous optical and infrared imaging.  

An important setting parameter in infrared cameras is integration time, which 
needs to be suitable for monitoring the temporal evolution of the event. For fast 
thermal processes, a shorter integration time is better for measuring instantaneous 
temperatures; otherwise, the recorded values reflect the mean temperatures over the 
integration window. This effect is especially relevant when recording an object that 
is both heating up and moving (like in tensile testing), as its motion also leads to 
spatial averaging. This phenomenon is analogous to motion blur in photography 
and can be limited by reducing the integration time. Nevertheless, the integration 
time must be long enough for sufficient infrared radiation to be captured by 
camera’s sensor. In this sense, the amount of radiation emitted by the specimen 
(which is partially determined by its temperature) affects the sensitivity of the 
camera. Although short integration windows are suitable for high-temperature 
measurements (where much radiation is emitted), their use at near-room-
temperature experiments may prevent measuring temperatures reliably. In cases 
where temperature changes significantly during testing, selecting the integration 
time required balancing the need to accurately measure low temperatures and to 
follow high-speed deformation. 

Another important aspect of infrared imaging is the conversion of radiometric 
measurements into temperature. This requires accounting for the emissivity of the 
target surface which mainly depends on the material, but that may also be affected 
by temperature and observation angle [26]. A typical dependence of metal 
emissivity on the observation angle is displayed in Figure 5.1. It remains nearly 

Figure 5.1 Emissivity dependence on viewing angles for metals (adapted from [26]). 
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constant up to about 50°, then it increases rapidly and reaches a maximum beyond 
80°, before dropping to zero at 90°. 

Sometimes the emissivity is increased and uniformized by coating the target 
surface, e.g. as done by Salehi and Kingstedt [27]. Nevertheless, during necking 
material undergoes large plastic deformations, which may cause the coating to not 
remain perfectly adherent to the material surface throughout the test, thus leading 
to unreliable measurements. It was, hence, preferred to convert measured 
radiometric temperatures to actual ones by performing a calibration with the same 
configuration and setting used during testing (as already done in some works [9, 24, 
25]). The last aspect is important since the resulting calibration curve is specific to 
material, experimental setup, and camera setting. This approach allows the thermal 
and angular dependencies of emissivity to be accounted implicitly, provided that 
the two effects are uncoupled.  

Finally, a variation of the material emissivity may also be caused by changes in 
surface roughness during plastic deformation; nevertheless, some studies showed 
this effect to be relatively small in metals [2, 24, 28]. 

5.3 Literature background 

Before going into details of the proposed method for thermo-visco-plastic 
characterization, this section summarizes empirical approaches proposed in the 
literature. They usually entail conducting experimental tests under different 
conditions, in terms of temperature and strain rates. 

Considering tensile tests, the analytical formulas summarized in Section 1.2.1 
can be used to directly convert the engineering response during uniform 
deformation into the pre-necking hardening law. This law is generally assumed to 
be isothermal and associated with a constant strain rate. Data obtained from 
different loading conditions can then be fitted with a selected material model. It can 
be an empirical material model, such as Johnson-Cook [29], or a physically based 
material model, such as Zerilli-Armstrong [30] or the Mechanical Threshold Stress 
model [31]. A common calibration approach consists of dividing the process into 
subsequent steps, each aimed at identifying a single term of the model (as 
illustrated, for instance, in Song and Sanborn [32]). Alternative fitting strategies 
were also proposed; regarding Johnson-Cook hardening model, several calibration 
procedures were thoroughly reviewed by Gambirasio and Rizzi [33]. 

In some cases, tensile tests on ductile metals are characterized by limited 
uniform deformation, as necking occurs soon after yielding. Nevertheless, useful 
information about material behavior can still be obtained from post-necking data. 
This was already discussed for strain-hardening laws, but the problem complexity 
increases here, as it is necessary to account for the non-uniformity of strain rate and, 
in cases of self-heating, of temperature too. In these cases of strain rate-temperature 
interaction distinguishing hardening from self-heating becomes challenging. 
Moreover, in such scenarios, thermal dependence should not be inferred from quasi-



Chapter 5 Strain rate - temperature interaction 

91 
 

static tests performed at different temperatures because the underlying physical 
mechanisms differ. Adiabatic heating mainly affects the ability of dislocations to 
overcome obstacles, whereas high working temperatures can also influence 
microstructural structure, such as grain size, texture, or dislocation density. 

Another difficulty arises when attempting to combine post-necking information 
from different tests for identifying material behavior over broad ranges of strain, 
strain rate and temperature. 

Among the analytical approaches proposed in the literature, it is worth citing 
the work of Vilamosa et al. [34]. Tests at different temperatures and strain rates 
were conducted. For each test, Bridgman’s theory was employed to reconstruct the 
stress-strain path of the minimum cross-section. Then, each path was associated 
with the corresponding evolution of the local strain rate and temperature. According 
to an area-based approach, the average strain rate at the neck was evaluated as: 

𝜀௘̇௤ = −
ଶ

௥
 
ௗ௥

ௗ௧
.        (5.6) 

For adiabatic tests, the temperature history was also required, and it was estimated 
from the conversion of plastic work into heat. Finally, data from all tests was 
combined and parameters of a constitutive model were optimized. 

Actually, for this kind of characterization, hybrid experimental-numerical 
methods are more commonly adopted than analytical approaches. Despite their 
higher computational effort, they have the advantage of not relying on strong 
assumptions and of considering the entire specimen rather than only the minimum 
section. Hereinafter, only works that employ FEMU approaches are mentioned, due 
to the difficulties in applying DIC, and hence VFMs, to cylindrical geometries. 

A widely used identification strategy consists of optimizing material 
parameters by simultaneously considering different loading conditions. Since this 
can be computationally expensive, techniques are adopted to reduce the number of 
optimization variables. For instance, a good fitting of the quasi-static test can be 
forced, so that only the parameters describing temperature and/or strain rate 
dependencies still need to be identified with other tests. This was done, for instance, 
by Sasso et al [35] and Sedighi et al. [36]. However, the resulting set of parameters 
may not optimally predict the material behavior in case of simultaneous variation 
of strain, strain rate and temperature. A better prediction would be obtained if strain-
hardening parameters were optimized together with strain rate and temperature 
coefficients. This was demonstrated with compression tests by Milani et al. [37]. In 
this regard, identification strategies that differed from one another for optimization 
variables were compared by Scapin et al. [38]. They proved that the influence of 
parameters changes depending on the range of variation of strain rate and 
temperature occurring during the experiments. This observation, despite originally 
being related to compression tests, could be extended to tensile tests too and leads 
to the conclusion that a universally optimal optimization strategy does not exist. It 
depends on the application of interest, more specifically on the variation range of 
the variables of interest. 
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Previous approaches, despite being able to provide an acceptable description of 
the overall behavior, may not accurately predict single loading conditions. Hence, 
an effective alternative is to optimize each loading condition separately, allowing 
the chosen hardening law to approximate material behavior locally within specific 
ranges of strain rate and temperature. This provides a better description of each test, 
as presented by Zinovev et al. [39]. However, the issue of non-uniqueness of the 
identified model arises. Such issue can be addressed by using both force and 
deformed geometry measurements as objective of the optimization process. For 
example, in Scapin et al. [40] the necking shape was used as additional target 
function. Once the material models for the different loading conditions have been 
identified, several states (in terms of strain, strain rate, temperature, and stress) 
experienced during the tests can be reconstructed. All resulting data can be used to 
re-fit a single global constitutive model. A similar approach was applied by Yao et 
al. [41], even though it used a damage evolution model for describing necking. 

Overall, the main drawbacks of these approaches, independently of the specific 
optimization strategy, are the need to assume the material model a priori and the 
high computational cost required by multi-objectives optimizations involving many 
optimization variables. The procedure described in the next section aims to 
overcome these issues through the database-driven approach. 

5.4 Identification procedure 

When self-heating causes coupling of thermal and strain rate effects, the 
database-driven post-necking identification procedure to be applied to the test 
basically corresponds to that presented in Section 4.2.  

Several necking silhouettes are considered and, for each of them, a locus of 
points in the 𝜎௘௤ − 𝜀௘௤,௣ plane is identified by searching for the closest profile in 

the database. When only strain and strain rate dependences are relevant, this locus 
is generally expected to be a monotonically increasing curve. When temperature 
dependence is introduced, however, thermal softening may lead to a necking profile 
associated with a non-monotonically increasing curve. Since this locus represents 
the states exhibited by the material in a given configuration, this simply means that 
the point corresponding to the maximum strain (at the necking center) is associated 
with a lower stress than other points. This may occur despite the higher strain rate, 
due to the particularly high temperature that can be reached in that region. 

The loci obtained from multiple necking configurations must, then, be mapped 

onto the hypersurface 𝜎௘௤൫𝜀௘௤,௣, 𝜀௘̇௤,௣, 𝑇൯. To this aim, the surface distributions of 

strain rate and temperature at each configuration must also be known. While the 
strain rate distributions can be obtained from the database itself due to the 
kinematics of the phenomenon, temperature distributions are assumed to be 
measured through an infrared camera, as anticipated in Section 5.1.  
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The resulting point cloud in the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝑇 − 𝜎௘௤ space, hence, collects 

the states experienced by material points during the post-necking phase of the test 
analyzed. Then, various monotonic tensile tests can be considered, each one 
conducted under a different loading condition. This allows enriching the 4D point 
cloud (𝜀௘௤,௣, 𝜀௘̇௤,௣, 𝜎௘௤ , 𝑇) with additional states so that a broader strain rate and 

temperature domain is explored. The portion of the point cloud characterized by 
𝜀௘̇௤,௣ > 0 reflects the thermo-visco-plastic behavior of the material, regardless of 

the variables influencing it and of the testing conditions (isothermal, adiabatic, or 
with conduction). Figure 5.2 summarizes this identification process with a 
schematic representation. 

Figure 5.2 Workflow of the identification process for thermo-visco-plastic characterization (adapted 
from [42]). 
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Finally, data fitting techniques can be applied to the 4D point cloud for deriving 

a material model 𝜎௘௤ = 𝑓൫𝜀௘௤,௣, 𝜀௘̇௤,௣, 𝑇൯ for FE simulations. In this phase, 

distinguishing the contribution of thermal softening from strain and strain rate 
hardening becomes challenging. Furthermore, thermal effects from self-heating 
should be separated from those associated with externally imposed temperatures, 
because of the different underlying physical mechanisms. Such difficulties are 
common to all identification methods and lie beyond the scope of the present 
chapter, which instead focuses on evaluating the proposed strategy’s ability to 
reproduce the observed material behavior. 

If temperature distributions were not available, data fitting techniques would 
be applied to a 3D point cloud in the space 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ by implicitly 

considering thermal effects. In this case, the point cloud of each test would be fitted 

with a different model 𝜎௘௤ = 𝑓௝൫𝜀௘௤,௣, 𝜀௘̇௤,௣൯ and none of them could be generalized 

to other applications. Each model would be valid only if the temperature exhibited 
at a given strain and strain rate coincides with that experienced, at the same strain 
and strain rate, during the test used for calibration. This does not generally occur; 
hence, the previous approach that explicitly accounts for thermal effects is 
preferable. Indeed, it can deal with applications where different temperatures are 
encountered at the same strain and strain rates (compared to calibration tests). 
Although this entails extrapolating the model, the results would still be more 
reliable compared to the other approach. 

5.5 Experimental case study 

In this section the proposed method is applied to a campaign of tensile tests 
performed at different speeds. The main purpose is proving that it can deal with 
self-heating, whether under adiabatic conditions or not. Hence, the material under 
investigation was 17-4PH (H900), a martensitic stainless steel, moderately sensitive 
to strain rate and prone to exhibit significant self-heating because of its low thermal 
conductivity. 

In Section 5.5.1 the experimental setups adopted for the different strain rates 
are described. Data acquisition still resembles that of experimental case studies 
presented in Section 3.5.1 and 4.3.1, except for the introduction of an infrared 
camera to monitor the temperature field. Section 5.5.2 is, thus, entirely devoted to 
thermal data acquisition and infrared images post-processing. Finally, Section 5.5.3 
reports the analyses of acquired data and the results, together with a critical 
discussion. As in all previous tests, data analysis regarded only the portion 
sufficiently far from a significant reduction in mechanical strength to limit the 
effects of void nucleation and coalescence [43]. Finally, post-mortem investigations 
were conducted to verify the assumption of material isotropy underlying the 
proposed methodology. 
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5.5.1 Experimental setup 

The tests were conducted at room temperature and at four different nominal 
strain rates: 10-2, 1, 10, 103 s-1. The two intermediate speeds were chosen based on 
the behavior exhibited in dynamic tests. The details of all experimental tests are 
summarized in Table 5.1. 

A servo-hydraulic testing machine, Dartec-HA100, was used for all tests, 
except for the highest strain rate test (103 s-1), which was conducted with a Split 
Hopkinson Tension Bar (SHTB) apparatus in direct configuration. A detailed 
description of the setup developed at DYNLab can be found in [40], here only a 
very brief explanation is provided. A specimen is mounted between an input and an 
output bar by means of the threaded ends. A tensile stress wave in the input bar is 
generated by pneumatically accelerating a striker which hits an anvil connected to 
one end of the bar itself. When the wave reaches the specimen, a part is reflected 
into the input bar while the remainder is transmitted into the output bar. By 
measuring the strain on the output bar, the stress on the bar and, thus, the force 
acting on the specimen can be determined by considering one-dimensional wave 
propagation in elastic bars and that dynamic equilibrium has been reached.  

Table 5.1 Details of experimental tests (adapted from [1]). 

Test 
type 

Nominal 
strain rate  

(1/s) 
Equipment Optical camera Infrared camera 

1 10-2 
Dartec 
HA100 

Opto Engineering 
ITA81-GM-20C 

2856×2848 px×px 
11 μm/px 

1 fps 

- 

2 1 
Dartec 
HA100 

Photron Mini AX50 
1024×1024 px×px 

24 μm/px 
500 fps 

FLIRX6900sc SLS  
640×512 px×px 

45 μm/px 
500 fps 

3 10 
Dartec 
HA100 

Photron Mini AX50 
1024×1024 px×px 

24 μm/px 
5,000 fps 

FLIRX6900sc SLS  
640×88 px×px 

45 μm/px 
5,000 fps 

4 103 SHTB 

Photron SA 5 
640×208 px×px 

37 μm/px 
50,000 fps 

 
Photron Nova S6 
256×128 px×px 

15 μm/px 
100,000 fps 

FLIRX6900sc SLS  
640×16 px×px 

45 μm/px 
16,040 fps 
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Regarding specimen geometry, the same adopted throughout this thesis was 
chosen: cylindrical dog-bone with threaded heads, 5 mm gauge length and 3 mm 
gauge diameter. This was specifically designed for SHTB tests [40] but was also 
used for all other tests, despite not being the standard, to guarantee consistency 
across all loading conditions. 

Tests were recorded with both different optical cameras depending on the test 
speed. In quasi-static tests, the high-resolution camera Opto Engineering ITA81-
GM-20C was used, while in intermediate-speed tests, the high-resolution high-
speed camera Photron Mini AX50 was employed. The latter captured the full 
specimen shape at 500 and 5,000 fps for tests at nominal strain rates of 1 and 10 s⁻¹, 
respectively. In SHTB tests, two high-resolution high-speed cameras were used, a 
Photron FASTCAM SA 5 and a Photron FASTCAM Nova S6. The first recorded 
the entire specimen shape at a maximum frame rate of 50,000 fps. The second was 
used, instead, to reach higher frame rates for monitoring the minimum radius. By 
cropping the image to frame a smaller region around neck, this camera was able to 
achieve an acquisition rate of 100,000 fps. The two cameras were placed at small 
angles, one with respect to the other. Apart from quasi-static tests in which bi-
telecentric optics and illumination were used (as previously done in Section 4.3), 
entocentric lenses were employed. In these cases, preliminary analyses with a 
checkerboard pattern were conducted to verify that the imaging setup minimized 
distortion and perspective effects. Finally, in all tests, backlight illumination was 
used to obtain high-contrast images. Figure 5.3 displays a sequence of images 
acquired by the Photron FASTCAM SA 5 during a SHTB test. The final frames 
highlight the cup-and-cone fracture, resulting from microcracks nucleation and 
growth within the specimen [43]) and significant heat release (with temperatures 
exceeding 350°C on the specimen surface). 

All images acquired by optical cameras were post-processed in MATLAB as 
explained in Section 3.5.1 for extracting the specimen silhouette and then 
determining a single average semi-profile by exploiting the symmetry of the 
deformed sample. 

Figure 5.3 Sequence of recorded images during a test on the SHTB. [1] 
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Additionally, an infrared high-speed camera (FLIRX6900sc SLS) was 
employed to monitor temperature changes due to self-heating. All infrared images 
were post-processed in MATLAB to obtain the temperature distribution along the 
axial direction, as described in the following section.  

Optical and infrared cameras were arranged orthogonally to each other as 
schematically shown in Figure 5.4. It was checked that the light source used for 
backlight acquisition of the optical camera did not affect thermal measurements. 
Moreover, the fact that optical and infrared cameras recorded different sides of the 
specimen was not considered as an issue, since this would be automatically included 
in the assumption of axialsymmetry at the basis of the entire procedure.  

Finally, acquisition of visible and infrared images should be synchronous and 
simultaneous ideally. This was feasible during the tests at low-medium strain rates, 
but not at high strain rates, as reported in Table 5.1 and better explained hereinafter. 
In any case, the same signal was used for triggering both systems so that they shared 
the same time reference. 

5.5.2 Thermal data acquisition and analysis 

This section provides details on the thermal measurements performed in the 
present test campaign and their post-processing.  

Regarding acquisition rates, synchronous visible and infrared acquisition was 
possible in low-medium strain rates tests, as reported in Table 5.1; acquisition rates 
of 500 and 5,000 fps were used for tests at 1 and 10 s-1 respectively. Figure 5.5 
shows some configurations during a test at nominally 10 s-1 by graphically coupling 
infrared and optical images.  

At the highest strain rates, very high frame rates were needed. For ensuring an 
adequate spatial resolution, an acquisition rate of 50,000 fps was used the optical 

Figure 5.4 Schematic representation of experimental setup and data acquisition. [42] 
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camera monitoring the whole shape. Conversely, the infrared camera could reach 
only 16,040 fps (with an image size of 16 x 640 pixels). Thus, instead of reducing 
the optical camera’s rate to obtain synchronous and simultaneous acquisitions, each 
camera used a different frame rate. As a result, fewer infrared frames were grabbed, 
and at different times with respect to optical frames. Nevertheless, a shared time 
reference was maintained since the same signal was used for triggering them.  

A critical point of infrared imaging was the choice of the integration time, as 
explained in Section 5.2. Indeed, the specimens, which were initially at room 
temperature, achieved temperatures above 300 °C during necking in some tests 
under investigation. The selected integration time (50 μs for all tests) was, therefore, 
a trade-off between accuracy at low temperature and capability of following high-
speed deformation. Actually, this integration time was relatively long for high strain 
rate tests so that it was chosen to temporally locate infrared images at the center of 
the integration window. 

Finally, for converting the measured radiometric temperatures to actual ones, a 
single calibration curve was used for all tests. This was possible by ensuring that 
all tests shared the same features of the calibration in terms of camera settings, 
distance from the sample and viewing angle. In practice, calibration was carried out 
by heating the specimen with an induction system and then by monitoring its 
cooling using both the infrared camera and K-type thermocouples spot-welded to 
the samples’ surface. Since the emissivity depends on the viewing angle (see 
Section 5.2) and the target surface was cylindrical, the region indicated with a white 
dashed rectangle in the first frame of Figure 5.5 was used for evaluating radiometric 
temperatures. This was chosen to avoid the effects of both reflection and high 
observation angles. The resulting calibration curve (specific to material, 
experimental setup, and camera setting) is shown in Figure 5.6. For measuring 
temperature during the tests, the same region was considered, assuming that the 

Figure 5.5 Optical and infrared images acquired during a 10 s-1 test, with indicated in the first image 
the region of interest for the analyses and the boundary viewing angles of the infrared camera. [42] 
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corresponding observation angles, although affected by necking, remain within the 
nearly constant region of emissivity. 

The selected region of each infrared image was post-processed to determine the 
thermal field on the specimen’s surface, specifically its variation in the axial 
direction. Full-field imaging improves redundancy by allowing distributions 
obtained from different sets of pixels aligned with the axis to be averaged. Indeed, 
thanks to the axialsymmetry of isotropic materials considered, all pixels aligned 
along the axial direction yield theoretically the same temperature distribution. 

Image post-processing is illustrated in Figure 5.7. With reference to Figure 
5.7a, the columns in region A and B were extracted, thus leading to the temperature 
distributions plotted with dotted lines in Figure 5.7b. It can be noted that the regions 
at lower temperatures, located farther from the neck center, were characterized by 
higher data scatters. Nevertheless, this would not affect material thermo-visco-

Figure 5.6 Calibration curve determined for the specific material, experimental setup, and camera 
settings. [42] 

Figure 5.7 Example of infrared images post-processing: in (a) an infrared image from a 10 s-1 test,
highlighting the regions used for determining the thermal field along the axial direction; in (b) the
temperature distributions from region A, B (adapted from [1]). 
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plastic characterization. Indeed, the database-driven approach showed that these 
high-scatter parts did not belong to the plastic domain and, thus, the procedure 
described in Section 5.4 automatically excluded them from subsequent analyses. 

Since the proposed method focuses on a semi-profile, only one-half of the mean 
temperature distribution was considered, specifically the one corresponding to the 
specimen side moving more slowly (to limit motion blur effects). At low-medium 
strain rates, the center of the profile can be estimated by either overlapping the 
silhouettes from the visible and infrared frames or by identifying the position of the 
maximum temperature. The two methods were found to provide very similar 
results. Therefore, in high strain rate tests, where infrared images were so cropped 
that it was not possible to determine the silhouettes, the profile center was 
determined as the point at the maximum temperature. 

Some of the resulting mean temperature semi-profiles are shown in Figure 5.8 
for tests at different nominal strain rates. To facilitate comparison across tests, the 
selected configurations shared approximately the same equivalent plastic strain at 
the profile center (according to the database-driven estimate). These values are 
written close to the corresponding configuration. As could be expected, the 
temperatures experienced by the material during a 1 s-1 test were lower than the 
corresponding ones in a 10 s-1 test. It is reasonable to attribute this evidence mainly 
to heat conduction. However, it cannot be excluded a contribution from the positive 
strain rate sensitivity which causes lower plastic work to be executed on material 
points at lower speeds. This observation is only partially confirmed by a test at 103 
s-1. Less deformed configurations exhibited higher temperatures compared to the 
analogous configurations of other tests, whereas the maximum temperature 
achieved at the last configuration was lower. Furthermore, the thermal field at this 
last configuration was less localized than the corresponding one for a test at 10 s-1, 
while it would be expected that adiabatic conditions enhanced localization at higher 
strain rates. This might also be an artefact due to a relatively high integration time 

Figure 5.8 Temperature distributions recorded during tests at different strain rates; next to each 
configuration the database estimate of 𝜀௘௤,௣ at the profile center is written (adapted from [42]). 



Chapter 5 Strain rate - temperature interaction 

101 
 

with respect to the motion of the specimen, which causes resulting thermal fields to 
be averaged more significantly both in time and space. Reducing the integration 
time would improve this aspect but would worsen the camera sensitivity to infrared 
radiation at near-room temperatures.  

5.5.3 Data analysis and results 

In this section data analysis is explained along with the presentation and 
discussion of intermediate and final results.  

Uniform deformation was analyzed using an area-based approach (Equations 
3.10). Theoretically, each point (𝜀௘௤,௣, 𝜎௘௤) should also be associated with the 

correct 𝜀௘̇௤,௣ and 𝑇 even during uniform deformation [44]. This is because, as 

uniform deformation proceeds, the specimen elongation changes the strain rate, 
while self-heating can generate temperature rises (if thermoelasticity is neglected). 
Nevertheless, in the present experimental campaign necking began soon after 
yielding. On one hand, this led to negligible strain rate and temperature variations 
during pre-necking so that nominal strain rate and room temperature were 
considered for the pre-necking deformation. On the other hand, a post-necking 
identification strategy was essential for characterizing material behavior.  

The proposed database-driven strategy explained in Section 5.4 was 
implemented in MATLAB and applied to the present tests. Only one test per 
condition was analyzed and presented here due to the low dispersion of 
macroscopic results. For each condition, the test closest to the average of all tests 
performed under that same condition was chosen. For each selected test, several 
necking deformed configurations were considered and the corresponding set of 3D 
loci of points in the space 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ was identified. The results are 

displayed in Figure 5.9 as projections on the two planes 𝜀௘̇௤,௣௟ − 𝜀௘௤,௣ and 𝜎௘௤ −

𝜀௘௤,௣ (gray scale lines). Actually, only the portions within the plastic domain are 

shown; they were found by considering only the part of each locus satisfying the 
condition 𝜀௘̇௤,௣ > 𝑒̇/10. At each configuration, the state exhibited by the point at 

the profile center corresponds to the one at the maximum strain and is denoted with 
a light blue marker. 

Area-based true curves were plotted too, as dashed lines, in 𝜎௘௤ − 𝜀௘௤,௣ planes. 

These lines are thicker in the pre-necking phase to indicate that they correspond to 
the hardening laws, while they are thinner after necking onset where they no longer 
represent material hardening. The comparison of pre-necking phase between 
different loading conditions shows the moderate strain rate sensitivity of 17-4PH. 

Then, by focusing on the paths followed by material points at the profile center 
(light blue dots), it can be observed that they are non-monotonic for intermediate-
high strain rate tests. This underlines that considerable thermal softening was taking 
place prevailing over strain rate hardening. This is typical of stainless steels, whose 
low thermal conductivity makes them prone to exhibit noticeable self-heating. 
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The 𝜎௘௤(𝜀௘௤,௣) path followed by the profile center is not representative of all 

material points, as suggested by the discrepancy of light blue dots and gray lines of 
Figure 5.9, 𝜎௘௤ − 𝜀௘௤,௣ planes. The degree of overlap among the lines qualitatively 

Figure 5.9 Material response (in the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤  space) during different tensile tests (one per 
condition), according to the database predictions; light blue dots refer to the profile center. [1] 
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indicates the effects of strain rate and thermal conduction within each test: the 
greater the divergence, the higher these effects.  

Given the low thermal conductivity of 17-4PH, tests at 103 s-1 reasonably 
satisfied adiabatic conditions. This suggests that the divergence observed between 
loci of points in the 𝜎௘௤ − 𝜀௘௤,௣ plane is due to strain rate sensitivity combined with 

the strain rate heterogeneity that characterizes necking. Adiabaticity was verified 
referring to the Fourier number 𝐹𝑜, as anticipated in Section 5.1. By considering a 
characteristic length of conduction equal to half the initial gauge, 𝐹𝑜௅ ≈ 2 · 10ିସ 
was obtained, which is two orders of magnitude lower than the adiabaticity 
threshold of 10-2 [14].  

Tests at 10 s⁻¹ resulted, instead, to lie at the boundary of adiabaticity, being 

𝐹𝑜௅ ≈ 1 · 10ିଶ. Furthermore, since heat conduction occurs both in the axial and in 
the radial direction, it is interesting to compute the Fourier number considering also 
the initial gauge radius as characteristic length. It resulted that 𝐹𝑜ோ ≈ 4 · 10ିଶ, 
suggesting that the process is not fully adiabatic. Hence, for the test at 10 s⁻¹, the 
divergence between loci of points in the 𝜎௘௤ − 𝜀௘௤,௣ plane may be due to both strain 

rate sensitivity and thermal conduction. This statement holds even more so for the 
1 s⁻¹ test, for which 𝐹𝑜௅ ≈ 1 · 10ିଵ. 

Regardless of whether adiabatic conditions are verified or not, each 3D loci of 
points in the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ space is representative of material response under 

given loading conditions. As anticipated, this data was enriched with experimental 
measurements of the superficial thermal field, thus obtaining for each loading 
condition a 4D point cloud in the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝑇 − 𝜎௘௤ space.  

The final step consisted of fitting the material response with a model that could 
then be easily implemented in FE simulations for the application of interest. More 
specifically, the chosen strategy consisted of fitting a unique material model to the 
different loading conditions altogether. An empirical model was chosen since it 
aligned more closely with the overall approach. More specifically, the following 
equation was employed: 

𝜎௘௤ = 𝑓ଵ൫𝜀௘௤,௣൯ 𝑓ଶ൫log൫𝜀௘̇௤,௣൯൯ 𝑓ଷ(𝑇).     (5.7) 

To enhance adaptability a tabular definition was adopted, thus avoiding 
predefined influences of strain, strain rate and temperature. The strain-dependent 

term 𝑓ଵ൫𝜀௘௤,௣൯ was directly obtained from the quasi-static test, since strain rate 

sensitivity was proved to be negligible in such condition (see Figure 5.9). Regarding 

the coefficients 𝑓ଶ൫log(𝜀௘̇௤,௣)൯ and 𝑓ଷ(𝑇), simple linear functions were found to 

already provide satisfactory results. Since both coefficients must be set to 1 at 
standard conditions (room temperature and quasi-static strain rates), it resulted that 
two parameters were to be optimized for fitting the 4D point cloud. To this purpose, 
the error was computed according to the following expression: 

𝑒𝑟𝑟𝑜𝑟 =  
ଵ

√ே
∑

ఙ೐೜,೔ି௙భ൫ఌ೐೜,೛,೔൯ ௙మ൫୪୭୥൫ఌ̇೐೜,೛,೔൯൯ ௙య(்೔)

ఙ೐೜,೔

ே
௜ୀଵ .   (5.8) 
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A minimum of 2% was obtained with the coefficients displayed in Figure 5.10, 

alongside the cold curve 𝑓ଵ൫𝜀௘௤,௣൯.  

It is important to remark that the material model was identified from dynamic 
tests conducted at initial room temperature. Temperature is, however, known to 
affect material behavior in two different ways: by facilitating dislocation motion (in 
the thermally activated regime) and by changing material structure (e.g., in terms 
of grain size, texture, etc.) [45]. Since the present model only accounts for the first 
contribution, its application is limited to self-heating scenarios. For dealing with 
applications characterized by different initial temperatures, further experiments for 
model calibration would be needed. 

The accuracy of the identified material model was evaluated via FE simulations 
performed in Ansys LS-DYNA and subsequent comparison with experimental 
responses. The same FE model described in Section 3.3 was used, but it 
implemented the constitutive model obtained above (using material type 
*MAT_224). Accounting for self-heating during plastic deformation requires 
defining thermal properties, such as specific heat and thermal conductivity, as well 
as the work-to-heat conversion coefficient. This may introduce additional 
uncertainty. To limit this issue and focus mainly on assessing the capability of the 
identified model to reproduce the observed behavior, only isothermal and nearly 
adiabatic conditions were considered in this chapter. This included all test 
conditions except for the test performed at a nominal strain rate of 1 s⁻¹ which would 
require a fully coupled thermo-mechanical analysis to properly account for heat 
conduction. All other tests could be, instead, simulated through structural-only 
analyses. For adiabatic simulations, a Taylor-Quinney coefficient of 0.95 was used, 
according to preliminary estimation that assumed the density and specific heat to 
be 7800 kg/m3 and 460 J/(kg·K), respectively.  

The results of the FE simulations are shown in Figure 5.11 in comparison with 
experimental data in terms of radial engineering curves, geometric profiles, and 
temperature evolution. 

Figure 5.10 Functions of the model 𝜎௘௤ = 𝑓ଵ ൫𝜀௘௤,௣ ൯𝑓ଶ൫𝜀௘̇௤,௣൯𝑓ଷ(𝑇) representing material behavior
according to the fitting of the 4D point cloud provided by the database-driven approach. [1] 
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 A very good agreement is observed for all tests, proving the potentiality of the 
method. Slightly larger discrepancies can be found in the temperature distributions 
for the test at nominally 10 s-1. This can be attributed to the fact that this test 
condition is only nearly adiabatic, so that heat conduction may still affect the 
temperature field without compromising force and deformation predictions. 

5.6 Concluding remarks 

This chapter addressed the strain rate-temperature interaction that characterizes 
testing conditions in which self-heating occurs. It was shown that the database-
driven methodology developed in Chapter 4 can be directly applied to such 

Figure 5.11 Comparison between experimental and numerical results, predicted with the identified 
model, in terms of engineering radial curve, necking profiles and temperature profiles (for dynamic 
tests); next to each geometric and thermal profile, the corresponding value of 𝑐 is written. [1] 
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conditions. Indeed, the approach relies on the idea that, even if not all relevant 
variables are explicitly included in the database, the latter can still provide a good 
approximation of the instantaneous stress distribution on the specimen surface 
based solely on the deformed geometry, independently of the physical variables that 
generated it. Then, if the objective is to identify the plastic flow surface, such stress 
distribution can be associated with the distributions of the physical variables 
affecting plastic response. For instance, the strain and strain rate distributions can 
be estimated through the database, while other variables that cannot be inferred 
from it can be measured experimentally, such as temperature via infrared imaging. 

During dynamic tests, the proposed approach provides, for each necking 
configuration, the quadruplets (𝜀௘௤,௣, 𝜀௘̇௤,௣, 𝑇, 𝜎௘௤) experienced by superficial 

material points. By simply applying it to multiple configurations of different tests, 
the plastic flow hypersurface can be progressively enriched. The capability of 
identifying material response as a point cloud represents a significant advantage of 
the proposed approach for thermo-visco-plastic characterization. It does not require 
any hypotheses on whether tests are adiabatic or not and on material behavior, in 
addition to isotropic Von Mises plasticity. 

A tensile campaign on martensitic stainless steel 17-4 PH was used as 
experimental case study for the proposed method. The identified point cloud was 
fitted with a tabularly defined material model for strain, strain rate and temperature 
dependencies. The resulting model was able to successfully predict experimental 
results for tests under isothermal and nearly adiabatic conditions. This was shown 
to be valid also in terms of superficial thermal fields, despite the preliminary 
assumption of constant Taylor-Quinney coefficient. The next chapter focuses on 
further exploiting thermal measurements combined with the database-driven 
approach to gain insight into the work-to-heat conversion during non-isothermal 
tests, whether adiabatic conditions are verified or not. 
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Chapter 6 

Work-to-heat conversion in non-
isothermal tests 

Accounting for the conversion of plastic work into heat is important in both 
material characterization and engineering applications involving large plastic 
deformation under dynamic conditions. It is well-known that material temperature 
rises if the deformation process is sufficiently fast, and this temperature increase 
may in turn affect the mechanical response of the material. Accurate prediction of 
temperature fields and consequent mechanical response depends not only on a 
reliable constitutive model, as highlighted in Chapter 5, but also on the knowledge 
of the fraction of plastic work converted into heat. In thermo-mechanics, this 
fraction is referred to as Taylor-Quinney Coefficient 𝛽 (TQC), named after the 
researchers who first investigated this issue experimentally [1]. This coefficient and 
the heat conduction equation governing coupled thermo-mechanical problems in 
solids have been already introduced in Section 5.1. The present chapter investigates 
how the database-driven approach can be used to characterize effectively this 
phenomenon during the post-necking phase of non-isothermal tensile tests.  

First, combining the database-driven approach with tracking of superficial 
material points allows the plastic work done on each point to be estimated. Then, 
by comparing it with the thermal history of those points the work-to-heat 
conversion coefficient can be identified via Equation 5.3, provided that adiabaticity 
holds. Conversely, under non-adiabatic conditions, the database-driven approach 
can still be used for thermo-visco-plastic identification (as explained in Chapter 5), 
but then some iterations are needed to characterize the work-to-heat conversion. 
This is because of thermal heat conduction, which is difficult to be directly 
accounted for.  

Figure 6.1 provides a concise yet complete overview of both methods, 
highlighting that, in any case, for applying the database-driven approach, it is 
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necessary to monitor the test with optical and infrared cameras and to acquire the 
applied load. Then, which of the two strategies should be adopted depends on 
whether adiabatic conditions are verified or not: one approach is characterized by 
higher versatility, while the other by higher efficiency when applicable. 

Before going into the details of the two approaches, in Section 6.2 and 6.3 
respectively, an overview of past research on the coupling between plastic 
deformation and heat generation is provided in Section 6.1. This aims to show how 
this phenomenon was investigated in the past and which advantages can be obtained 
with these newly proposed methods. Finally, the practical application of the 
proposed methods is illustrated with the experimental case study of Chapter 5. The 
work presented in this chapter has been published in [2]. 

6.1 Literature background 

A comprehensive review of the work-to-heat conversion was recently presented 
by Nassar [3]. The present section focuses on studies that proposed particularly 
relevant approaches or reported significant results in relation to the methods 
introduced in this chapter. 

Over the past decades, both physical and phenomenological approaches have 
been used. The first were based on the mechanisms underlying the energy storage 
in metals, hence they include models founded on the residual stress theory or on the 
dislocation theory, as done by Aravas et al. [4] and Zehnder respectively [5] in the 
early nineties. More recently, thermodynamically consistent frameworks for stored 
energy were developed, for instance by Rosakis et al. [6] and Lieou and Bronkhorst 
[7]. Meanwhile, more insights into the physics of stored energy were provided by 
advanced numerical methods, like crystal plasticity [8], dislocation dynamics [9], 
and molecular dynamics [10]. These studies highlighted the complexity of the 
phenomenon, which cannot be described with simple physically based models. 
Conversely, phenomenological approaches for investigating work-to-heat 
conversion lack direct physical interpretation but offer a relatively easier way of 
analysis. They are able to provide experimentally informed TQC, which is 
particularly attractive for industrial applications. The following paragraphs focus 

Figure 6.1 Workflow of the proposed methods for investigating the work-to-heat conversion
(adapted from [2]). 
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on phenomenological approaches for establishing the context of the novel strategies 
proposed in this chapter which belong to this category too, since they rely on the 
database-driven approach. 

Under adiabatic conditions, empirical methods usually entailed applying the 
heat equation to experimental data. The equation was already presented in Chapter 
5, but is recalled here for the sake of readability:  

𝑇̇ =
ఉ

ఘ௖೛
𝑊̇௣.        (6.1) 

Once the physical quantities 𝜌 and 𝑐௣ had been measured or assumed, the TQC 𝛽 

can be determined by considering the time derivatives of both the temperature and 
the plastic work of material points. This is why past research usually referred to this 
variable as 𝛽ௗ௜௙௙. Being based on derivatives, this quantity is prone to noise and 

can be unstable. Hence, an engineering evaluation of the TQC, denoted as 𝛽௜௡௧ was 
sometimes preferred, especially in combination with experimental analyses. 
Specifically, this quantity was defined as: 

𝛽௜௡௧ =
ఘ௖೛௱்

ௐ೛
,        (6.2) 

being 𝑊௣ and 𝛥𝑇 the total plastic work and temperature rise until a given time of 

the test. This quantity was used in many works, such as Kapoor and Nemat-Nasser 
[11], Rittel et al. [12], Zhang et al. [13], Kingstedt et al. [14], and Lew et al. [15]. 
However, as first pointed out by Rittel [16], 𝛽௜௡௧ cannot reflect the work-to-heat 
evolution during deformation, so that 𝛽ௗ௜௙௙ is more adequate for material 

constitutive description. 
For applying Equations 6.1 or 6.2, plastic work was estimated based on 

experimental measurements of strains and stresses. Since adiabatic conditions 
generally resulted from high strain rate tests carried out with Hopkinson bar 
apparatuses, strains and stresses were determined with the theory one-dimensional 
wave propagation if specimen deformation was uniform [12-15, 17-20]. Regarding 
temperature measurements in these high strain rate tests, infrared detectors were 
commonly employed thanks to their short response time and high acquisition rates 
[12, 13, 17-19], as already mentioned in Section 5.2. Nevertheless, for dealing with 
heterogeneous thermal fields, which may also occur under adiabatic conditions in 
case of localized deformation, infrared imaging was used. In the field of work-to-
heat conversion, these measurements were often integrated with DIC technique, as 
deeply discussed in the review by Soares et al. [21]. In such cases, spatial 
synchronization was needed for adopting the Lagrangian viewpoint required by 
Equations 6.1 or 6.2. For instance, Smith et al. [22] performed a projective 
transformation on the coordinates of the infrared image pixels to map the measured 
temperatures to the coordinate space of the DIC image. 

Infrared imaging was also commonly adopted in case of non-adiabatic self-
heating conditions and, as for adiabatic conditions, it was usually combined with 
DIC measurements. Regarding spatial synchronization, it is worth citing the motion 
compensation technique applied by Pottier et al. [23] and the algorithm to map the 



Chapter 6 Work-to-heat conversion in non-isothermal tests 

114 
 

deformation field to the thermal one employed by Nowak and Maj [24]. 
Conversely, Dæhli et al. [25] chose to avoid such complex approaches by limiting 
the analysis to the maximum temperature achieved within a predefined subdomain. 
This was possible since the study regarded notched sheet specimens, for which the 
maximum temperature is known to be reached in the central region of the sample. 
However, using this thermal data for investigating the TQC in non-adiabatic test 
requires accounting for all heat transfer phenomena, mainly conduction and 
convection. Knysh and Korkolis [26], for instance, adopted a Eulerian viewpoint 
by focusing on a single point, fixed in space, and applying Equation 5.1 (in its 
Eulerian formulation). This was enabled by considering only the pre-necking phase 
of tensile tests conducted on specimen slender enough to be subjected to uniaxial 
stress state. Generally, however, this simplification was not feasible and FEMU 
approaches were used instead. Nevertheless, in low strain rate tests a different 
simplification is possible: plastic and thermal responses could be uncoupled thanks 
to the limited temperature increments. First, an optimization identified the plastic 
flow curve using the engineering response as target function, then another 
optimization determined the TQC by comparing temperatures [23, 25]. The main 
drawback is the typical one of FEMU methods: they are computationally expensive, 
especially when a lot of parameters need to be identified. 

Regarding the experimental tests used for investigating the work-to-heat 
conversion, tensile tests have been widely used, given their ease of execution and 
the possibility of exploring different strain rates and/or temperatures. Much 
research focused on the pre-necking phase [12, 15, 27], however post-necking data 
can provide further insights into the TQC, especially at large deformation. Indeed, 
if temperature rises are of utmost importance during localization, then this phase 
can also be exploited to gain information about work-to-heat conversion. This was 
done, for instance, by Smith et al. [22], who estimated the TQC at different locations 
along the length of flat specimens by combining full-filed strain and temperature 
measurements. Nevertheless, this study was limited to adiabatic scenarios. The 
methods proposed in the next section developed further the idea of exploiting post-
necking deformation to investigate the TQC. By adopting the database-driven 
approach, the experimental effort is reduced since only the specimen silhouette is 
required. This makes the method suitable for cases where DIC measurements are 
not available (e.g., on cylindrical specimens). Furthermore, a method adequate also 
for non-adiabatic test conditions is proposed. 

6.2 Direct approach 

This section presents a method for determining the TQC during necking under 
adiabatic conditions by directly applying the heat equation; this is why it will be 
referred to as “Direct approach”. As other direct strategies proposed in the 
literature, it entails measuring the temperature history of material points, as well as 
their equivalent plastic strain and equivalent stress histories (needed for computing 
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the plastic work). While temperature is obtained by post-processing infrared 
images, as commonly done, equivalent plastic strain and equivalent stress are 
derived by adopting the database-driven approach explained in Section 4.2. 
Nevertheless, both infrared camera and the database-driven approach offer a 
Eulerian viewpoint of the deformation process. 

On one hand, the Eulerian formulation of the heat equation could in principle 
be used for investigating the TQC. However, even in the simplest case of 
adiabaticity and negligible thermoelasticity, the velocity field and temperature 
gradient would be needed, but there could be difficulties and uncertainties in 
computing them. On the other hand, the Lagrangian expression of Equation 6.1 
could be used, provided that superficial material points are tracked during 
deformation. Tracking allows equivalent plastic strain, equivalent stress and 
temperature to be converted from a Eulerian to a Lagrangian perspective.  

Overall, the second strategy is preferred. The equivalent plastic strain and 
equivalent stress histories of different material points are used to compute the 
plastic work associated with each material point by integrating its path in the 𝜎௘௤ −

𝜀௘௤,௣ plane. Then, comparing them with temperature rises via Equations 6.1 or 6.2 

provides the evolution of 𝛽ௗ௜௙௙ and 𝛽௜௡௧ during necking. Finally, for each material 

point, it is possible to plot the identified TQC as a function of the equivalent plastic 
strain, strain rate and/or temperature experienced by that point. This highlights 
TQC’s dependencies on such variables, even within a single test. In this sense, 
direct methods are advantageous since they provide insights into these 
dependencies without relying on any a priori assumptions. This is important since 
past research proved that the work-to-heat conversion can depend on strain [15, 16, 
18, 20, 25, 27, 28] and the strain rate [15, 16, 18, 27, 29]. 

Furthermore, applying the proposed method to several material points enhances 
stability and reliability of the results. However, when images are acquired in 
backlight to facilitate edge detection, only the profile center is tracked 
straightforwardly during necking. Thus, a technique for tracking also other material 
points during necking, even with a backlight imaging setup, was developed. Section 
6.2.1 is devoted to explaining this method, while Section 6.2.2. presents a numerical 
benchmark to test this novel direct TQC identification strategy. 

6.2.1 Tracking strategy 

In this section, a novel strategy for tracking superficial points during necking 
is proposed. Unlike traditional techniques that track markers painted on the 
specimen itself and recorded by a camera, this proposal simply relies on the 
silhouette evolution.  

The theoretical foundations of the present approach lie in the 1D necking model 
developed by Audoly and Hutchinson [30, 31] for axisymmetric bars. It consists of 
an analytical framework that describes necking by adopting a Lagrangian 
viewpoint. The key outcome exploited here is the material independence of the 
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relationship between material points’ coordinates in the undeformed configuration 
and the corresponding coordinates in a given deformed configuration. Audoly and 
Hutchinson shown it to be valid for both strain rate insensitive [30] and sensitive 
materials [31]. More specifically, deformed and undeformed coordinates were 
proved to be related to each other through the silhouette itself but regardless of the 
material that led to that specific silhouette. This means that, once material points in 
the undeformed configuration have been selected, it is possible to determine their 
position in each deformed configuration of interest, by simply knowing the 
corresponding silhouette. Hence, by considering the same undeformed coordinates 
and subsequent silhouettes, material points can be tracked. Focusing on superficial 
material points of initial coordinates (𝑥଴, 𝑅଴), this means identifying their 
coordinates (𝑥, 𝑅) on the specimen outer surface at subsequent times. 

The mathematical expressions of the 1D model are reported at the beginning of 
Appendix A but are not directly employed here. The precomputed FE database 
established in Section 2.3 already contains the correlation between undeformed and 
deformed coordinates of material points. Hence, when a numerical shape is found 
to match well with the experimental one, the experimental undeformed-deformed 
correlation coincides with the numerical one. Then, the numerical correlation can 
be interpolated on the initial coordinates of interest, and their deformed position is 
determined. 

Nevertheless, the numerical shapes of the database and the experimental one 
are compared in normalized terms due to the pre- and post-necking uncoupling 
discussed in Section 2.2. This must be taken into account when attributing the 
numerical undeformed-deformed correlation to the corresponding experimental 
configuration. As done in Section 4.2 for different variables, it is necessary to post-
process properly the undeformed-deformed correlation to compensate for the 
different necking onset that may characterize the experimental and numerical 
configurations. To this aim, it is required to identify which material points of the 
numerical model best represent experimental ones.  

Referring to Figure 6.2a, consider that the numerical profile shown as orange 
solid line is the one that best matches the outer shaper of the deformed specimen 
(gray region), after proper scaling (dashed orange line). Numerical material points 
that, after scaling, overlap with experimental ones are those that best represent 
experimental points. In Figure 6.2a they are plotted as orange vertical markers 

overlapping black dots. For instance, points ൫𝑥௘௫௣,௜, 𝑅௘௫௣,௜൯ and ൫𝑥ௗ௕,௜, 𝑅ௗ௕,௜൯ 

represent analogous point: 𝑥ௗ௕,௜ = 𝑥௘௫௣,௜𝑘௚ and 𝑅ௗ௕,௜ = 𝑅௘௫௣,௜𝑘௚. It is evident that, 

despite being coincident in the deformed configuration, these analogous points 
differ in the undeformed configuration. Thus, the corresponding undeformed-
deformed correlations are apparently different between the experiment and the 
simulation. Nevertheless, the 1D model by Audoly and Hutchinson can be used to 
identify the relationship between initial coordinates of experimental and numerical 
points that appear analogous in the deformed configuration. Specifically, if 𝑅଴,ௗ௕ =
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𝑅଴,௘௫௣ it resulted that 𝑥଴,ௗ௕,௜ = 𝑘௚
ଷ𝑥଴,௘௫௣,௜. This proves that accounting for the 

different necking onsets actually allows the two undeformed-deformed correlations 
to become analogous one to another. Complete analytical derivations are reported 
in Appendix A. 

Coming to the practical aspects of the tracking procedure, a set of points 
characterized by initial coordinates 𝑥଴,௘௫௣

∗  is selected on the specimen’s outer 

surface. For each experimental necking silhouette, the best-matching shape of the 
FE database is identified together with the scaling coefficient 𝑘௚, as explained in 

Section 3.1. Then, numerical material points analogous to the selected experimental 
ones are those characterized by initial coordinates 𝑥଴,ௗ௕

∗ = 𝑘௚
ଷ𝑥଴,௘௫௣

∗ . Since the FE 

simulation provides the relationship between 𝑥଴,ௗ௕ and 𝑥ௗ௕ at the given 

configuration, this can be interpolated at 𝑥଴,ௗ௕
∗  as shown in Figure 6.2b. This allows 

the deformed position 𝑥ௗ௕
∗ , coincident with 𝑥௘௫௣

∗ , to be determined. By applying this 

process to subsequent necking silhouettes, i.e., at subsequent times during necking, 
superficial material points are tracked throughout the deformation. The potential 
concern related to applying this tracking technique to dog-bone specimens, despite 
being the theoretical framework developed for slender bars, is addressed with 
numerical investigations in the following section. 

6.2.2 Numerical examples 

Two ad-hoc numerical benchmarks are presented in this section, with the aim 
of showing the accuracy of the proposed tracking technique and of the direct 
method for TQC identification during necking of cylindrical dog-bone specimens. 
The two benchmarks differ from one another for the TQC, which was considered 
constant in one case and dependent on equivalent plastic strain in the other 
(indicated in the remainder as strain-dependent TQC for the sake of conciseness). 
This was motivated by the fact that past research highlighted the possible 
dependence of work-to-heat conversion on various factors, among which plastic 
strain. 

Figure 6.2 Tracking material points during necking: the numerical shape that best matches the 
experimental one (a) establishes the undeformed-deformed axial position correlation (b), that is 
interpolated to estimate the deformed position of experimental material points (adapted from [2]). 
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Ansys LS-DYNA was used for simulating monotonic tensile tests on dog-bone 
cylindrical specimens characterized by the same geometry used throughout this 
thesis, namely a 5 mm gauge length and 3 mm gauge diameter. The FE model 
shared the same features as that described in Section 3.3 and depicted in Figure 3.5. 
Regarding the material, Armco Iron was considered since its considerable strain 
rate and thermal sensitivity make it a relevant case study. Specifically, the Johnson-
Cook model was used, as reported hereinafter and according to Johnson and Cook’s 
work [32]: 

𝜎௘௤ = ൫175 + 380𝜀௘௤,௣
଴.ଷଶ൯൫1 + 0.06 ln 𝜀௘̇௤,௣൯ ൬1 − ቀ

்ିଶଽ଼

ଵ଼ଵଵିଶଽ଼
ቁ

଴.ହହ
൰ . (MPa) 

          (6.3) 
This model was actually implemented as a tabular one with strain rate and 

thermal uncoupling that also allowed for introducing a variable TQC (*MAT_224). 
Then, to be consistent with Johnson and Cook’s work [32], the density and heat 
capacity were assumed to be constant and equal to 7890 kg/m3 and 452 J/(kg·K) 
respectively. A structural-only simulation was run since adiabatic conditions were 
considered, in agreement with the hypothesis of the direct approach. 

The numerical simulations were then considered as if they were real 
experiments: several necking configurations were chosen and the tracking 
technique explained in Section 6.2.1 was applied. By choosing to track material 
points that coincided with FE nodes it was possible to evaluate directly the 
prediction of the proposed strategy.  

Figure 6.3 shows some necking silhouettes for the case of variable TQC, 
providing a comparison between node positions 𝑥௜௝ known from the simulation and 

their predictions 𝑥෤௜௝ from tracking. This plot proves that a good agreement was 

obtained but points farther from the neck are affected by a larger discrepancy. This 
can be attributed to geometrical differences between the dog-bone specimen of the 
case study and the slender bars of the database.  

In addition, Figure 6.3 presents a table with a quantitative analysis of the 
tracking error. This was evaluated as relative difference between the reference value 
𝑥௜௝ and the estimated one 𝑥෤௜௝, then averaged over the different 𝑁௡ nodes in the gauge 

Figure 6.3 Comparison between the nodes’ position estimated by tracking and the actual one in the
numerical benchmark of strain-dependent TQC; the table collects the average errors (Equation 6.9) 
obtained by varying the axial portion considered 𝑥଴ ≤ 𝑥଴,௠௔௫ (in a Lagrangian perspective) [2]. 
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length and over the different 𝑁௖௙௚ configurations. For the sake of clarity, the 

expression is explicitly written hereinafter: 

𝑒𝑟𝑟𝑜𝑟 =  
ଵ

ே೎೑೒
 ∑ ൤

ଵ

ே೙
∑ ൬

௫೔ೕି௫෤೔ೕ

௫೔ೕ
൰

ே೙
௝ୀଵ ൨

ே೎೑೒

௜ ୀ ଵ
.    (6.4) 

The table reports how this error varies when considering smaller portions of the 
initial gauge length. In practice, the error was evaluated considering only the nodes 
up to a maximum distance 𝑥଴,௠௔௫ from the profile center and 𝑥଴,௠௔௫ is 

progressively reduced. The resulting trend is reasonable considering the 
geometrical effects mentioned above. 

The same analysis was carried out for the case of constant TQC and similar 
results were obtained. Overall, a maximum tracking error of about 0.3% 
(corresponding to having considered the whole gauge length) was obtained for both 
cases of constant and variable TQC. This can be considered as a relatively low error, 
thus demonstrating the accuracy of the developed tracking strategy. 

After having successfully tracked material points, the next step required for 
TQC identification consisted of converting the superficial distributions 𝜀௘௤,௣(𝑥) and 

𝜎௘௤(𝑥) from Eulerian fields estimated with the database-driven approach (see 

Section 4.2) to Lagrangian fields. The accuracy of the estimated fields can be 
evaluated by comparing them with the actual fields computed by the FE simulation. 
Specifically, the error was computed for each material point as relative difference 
between the predicted and the actual values. Figure 6.4 graphically illustrates it for 
the case of variable TQC, but similar results were obtained for the constant TQC. 
In particular, error maps along the specimen silhouette and at different 
configurations (the same of Figure 6.3) are shown; for the sake of readability, each 
silhouette was normalized by its radius at the neck. A Lagrangian viewpoint was 
adopted by using the initial axial coordinate of material points as abscissa. Although 
this representation is in principle affected by tracking accuracy too, in practice it 
mainly reflects the accuracy of estimating equivalent plastic strain and equivalent 
stress fields. This is because tracking errors proved to be relatively low.  

Overall, equivalent plastic strain and equivalent stress fields were found to be 
predicted quite well over a relatively wide portion. The larger discrepancies 

Figure 6.4 Error maps of the Lagrangian equivalent plastic strain and equivalent stress fields 
estimated with the database approach for the benchmark test with variable TQC. [2] 
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observable farther from the neck can be, again, ascribed to the geometrical 
difference between the case study and the database. Nevertheless, the resulting 
effect on the TQC identification is limited by the fact that progressive unloading 
causes the regions farther from the neck (or at least part of them) to not contribute 
to the plastic work. 

Before moving on to TQC identification, it should be highlighted that the 
assumption of adiabaticity was not necessary for the above analyses. Indeed, both 
the tracking strategy and the database-driven approach are valid regardless of 
whether adiabatic conditions are met or not.  

Conversely, adiabaticity becomes essential when directly comparing, for each 
material point of interest, the temperature rise and the plastic work for determining 
the TQC. For numerical benchmarks, temperatures were determined by 
interpolating the thermal field resulting from the FE simulation onto the points 
considered, while plastic work was computed as the integral of the 𝜎௘௤(𝜀௘௤,௣) path 

followed by the same material points. Then, Equation 6.2 was used to estimate 𝛽௜௡௧ 
for different points and at different configurations, thus obtaining a point cloud. 

This is shown in Figure 6.5a with orange dots for both cases of constant TQC 
(case I) and strain-dependent TQC (case II). For comparison reasons, Figure 6.5a 
also shows in black solid lines the 𝛽௜௡௧ that would be expected for these numerical 
benchmarks. Indeed, 𝛽ௗ௜௙௙ was known because it represented the input for the FE 

simulations, and 𝛽௜௡௧ could then computed as integral average of 𝛽ௗ௜௙௙, according 

to the following expression: 

𝛽௜௡௧൫𝜀௘௤,௣൯ =
ଵ

ఌ೐೜,೛
∫ 𝛽ௗ௜௙௙൫𝜀௘̃௤,௣൯

ఌ೐೜,೛

଴
 𝑑𝜀௘̃௤,௣,    (6.5) 

in case of strain dependence. As expected, for the case of constant TQC, the integral 
and differential definitions coincide. Figure 6.5a shows that, for both cases I and II, 
theoretical expectations were captured well by the proposed direct approach. 

As discussed in Section 6.1, material behavior is better represented by 𝛽ௗ௜௙௙ 

rather than 𝛽௜௡௧. This could be determined through Equation 6.3, even though time 

Figure 6.5 Result of the direct method applied to adiabatic tests with constant TQC (I) and strain-
dependent TQC (II), in terms of  𝛽௜௡௧൫𝜀௘௤,௣൯ (a) and 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ (b), in comparison with the 
reference laws. [2] 
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differentiation may lead to noisy results. One possibility to limit this effect consists 
of fitting both the plastic work history and the temperature rise history with 
predefined functions to facilitate time differentiation. This was done, for instance, 
by Smith et al. [22]. In contrast, an alternative approach was adopted in the present 
analysis: each point cloud representing 𝛽௜௡௧ was directly fitted with an analytical 
function, and the inverse formula of 6.5 was applied to derive 𝛽ௗ௜௙௙. 

To determine such inverse formulation, 𝐵൫𝜀௘̃௤,௣൯ is first defined as the 

indefinite integral of 𝛽ௗ௜௙௙: 

𝐵൫𝜀௘̃௤,௣൯ ≝ ∫ 𝛽ௗ௜௙௙൫𝜀௘̃௤,௣൯ 𝑑𝜀௘̃௤,௣.     (6.6) 

Then, by plugging this equation into Equation 6.5, it results that: 

𝛽௜௡௧ =
ଵ

ఌ೐೜,೛
ቀ𝐵൫𝜀௘௤,௣൯ − 𝐵(0)ቁ,      (6.7) 

and thus: 

𝐵൫𝜀௘௤,௣൯ = 𝛽௜௡௧𝜀௘௤,௣ + 𝐵(0).      (6.8) 

Considering that Equation 6.6 can also be written as: 

𝛽ௗ௜௙௙ =
ௗ஻

ௗఌ೐೜,೛
,        (6.9) 

and plugging Equation 6.8 into 6.9, it is finally obtained that: 

𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ =
ௗఉ೔೙೟

ௗఌ೐೜,೛
𝜀௘௤,௣ + 𝛽௜௡௧.     (6.10) 

Hence, Equation 6.10 allows 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ to be analytically derived from a 

mathematical expression of 𝛽௜௡௧൫𝜀௘௤,௣൯. The results are plotted in Figure 6.5b as 

dashed orange lines, in comparison with the reference TQC (black solid lines) 
inputted into the FE simulations. Again, the results were in good agreement for both 
cases I and II. This demonstrates the capability of the proposed direct method to 
estimate 𝛽௜௡௧ and 𝛽ௗ௜௙௙ in both cases of constant and strain-dependent TQC. 

Furthermore, considering a wide axial region of the specimen enhanced reliability 
of the results with respect to considering only the profile center. 

6.3 Inverse approach 

This section addresses TQC identification during post-necking of tests 
conducted under non-adiabatic conditions. In such cases, using a direct approach to 
account for heat loss phenomena other than plastic dissipation would be 
challenging. For example, considering the heat conduction contribution in the heat 
equation (see Equation 5.1) would require estimating the Laplacian of the thermal 
field. Since internal temperature distribution influences this quantity but cannot be 
measured experimentally, assumptions on it would be necessary. However, 
introducing hypotheses may affect the reliability of the identification. Therefore, an 
inverse method, based on thermo-mechanical FE simulations, is proposed 
hereinafter to better deal with complex heat transfer phenomena.  
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A first drawback is related to the fact that inverse methods can account for 
strain, strain rate, and/or temperature dependencies of the parameters governing 
heat losses only through a priori selection of the variables expected to be relevant. 

Moreover, inverse approaches are generally characterized by a high 
computational cost. This is even more valid in this field due to the strong coupling 
between mechanical and thermal responses. Indeed, the first is affected by 
temperature rises, which may be generated by heat loss phenomena that in turn 
partially depend on the mechanical response itself. This means that simultaneous 
identification of mechanical behavior and heat conversion is needed. Even though 
separate identification is possible when limited temperature rises occur, as 
underlined in Section 6.1, the computational cost would not decrease significantly. 
Moreover, this last strategy would not be applicable to scenarios in which 
significant temperature rises occur along with non-negligible heat conduction.  

The proposed inverse method overcomes some of the above limitations by 
adopting the plastic flow identification strategy presented in Section 5.4. Indeed, 
such strategy is capable of estimating the mechanical response independently of the 
heat conversion and without assumptions about it. This is possible because the 
database-driven approach can estimate the current distributions 𝜀௘௤,௣(𝑥), 𝜀௘̇௤,௣(𝑥), 

𝜎௘௤(𝑥), without knowing the temperature experienced by material points. Then, the 

temperature distribution is obtained separately from infrared camera acquisition. 
Once thermo-visco-plastic behavior is identified by fitting altogether the 4D point 
clouds (𝜀௘௤,௣, 𝜀௘̇௤,௣, 𝑇, 𝜎௘௤) representing material responses during different tests, 

the only remaining aspect to be determined is the heat conversion. Hence, the 
overall computational cost is significantly reduced with respect to traditional 
FEMU approaches. The main drawback that is still present is related to the need to 
define in advance the variables affecting heat loss phenomena.  

Being the proposed inverse method in an early stage of development, it was 
essential to focus on relatively simple cases. Thus, in the next sections, radiant and 
convective losses are neglected, while conduction is considered but under the 
hypothesis of constant thermal conductivity. Regarding the work-to-heat 
conversion, which actually represents the focus of the analysis, the case of a strain-
dependent TQC is analyzed. Based on these simplifying assumptions an iterative 
procedure for TQC identification was developed, as explained in Section 6.3.1. The 
application of the method to numerical benchmarks is then presented in Section 
6.3.2. 

6.3.1 Iterative procedure 

Under the hypothesis mentioned above, this section presents a tentative 
iterative procedure for identifying the work-to-heat conversion and its possible 
dependence on equivalent plastic strain. The proposed strategy can be conceived as 
a FEMU method with well-guided iterations that allow convergence to be achieved 
in a few steps, as proved in Section 6.3.2. 
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The target function is represented by the experimental temperature distribution 
𝑇௘௫௣(𝑥) on the outer surface of the specimen and at a highly deformed 

configuration, while the optimization variable is represented by a strain-dependent 

TQC, 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯. In other words, the strategy consists of iteratively updating 

𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ until the numerical temperature distribution 𝑇ிா(𝑥) on the outer 

surface of the specimen is close enough to the experimental one 𝑇௘௫௣(𝑥). It is worth 

highlighting that a single highly deformed configuration is sufficient to identify the 
TQC thanks to the heterogeneous equivalent plastic strain distribution typical of 
necking. From this perspective, the idea is similar to the one illustrated in Chapter 
3, where the hardening law was obtained using a single highly deformed 
configuration. That approach was valid only for strain-dependent hardening laws, 
similarly also the present one is valid provided that a function of the type 

𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ can represent adequately the work-to-heat conversion.  

In practice, the proposed method requires running a first thermal-structural FE 

simulation of the test under investigation, using as input a trial 𝛽ௗ௜௙௙
(଴)

൫𝜀௘௤,௣൯. The 

temperature of the elements on the outer surface is, then, extracted at a highly 
deformed configuration to obtain 𝑇ிா(𝑥). The comparison with the experimental 
thermal distribution 𝑇௘௫௣(𝑥) is then attributed to an incorrect TQC. Hence, a 

correction factor is computed, according to the following definition 𝑘ఉ(𝑥) ≝

Δ𝑇௘௫௣/Δ𝑇ிா, where Δ𝑇 are the temperature rises with respect to room temperature. 

This can be converted into a strain-dependent correction factor, denoted as 
𝑘ఉ(𝜀௘௤,௣), by exploiting the discrete distribution 𝜀௘௤,௣(𝑥) from the FE simulation 

(after having verified that the necking profile predicted numerically well 

approximated the experimental one). Finally, the updated TQC 𝛽ௗ௜௙௙
(ଵ)

൫𝜀௘௤,௣൯ =

𝑘ఉ𝛽ௗ௜௙௙
(଴)  is input into a subsequent simulation. The above procedure is repeated until 

Figure 6.6  Scheme of the inverse approach; the colored elements of the FE model are those 
considered for extracting 𝛥𝑇ிா,௜(𝑥). [2] 
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the distance ฮΔ𝑇௘௫௣ − Δ𝑇ிாฮ
ଶ
 is below a certain threshold (which depends on the 

specific application). A schematic representation of the process is depicted in 
Figure 6.6.  

Even if the present strategy must be conceived as a preliminary proposal, some 
simplifying hypotheses are reasonable and commonly accepted (i.e., negligible 
radiation), whereas others are less restrictive than one could expect. This last case 
regards the choice of strain-dependent TQC, which apparently limits the 
applicability to cases where equivalent plastic strain is the only governing variable. 
Actually, during the test under investigation, there may be variables which evolve 
similarly to equivalent plastic strain; in this case, no method would be able to 
distinguish the effect of equivalent plastic strain from that of other variables. This 
means that a strain-dependent model for TQC can catch its variation without 
expecting equivalent plastic strain to be the only governing variable. Adequacy of 

a function of the type 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ in representing the work-to-heat conversion 

during a specific test can be assessed easily, provided that other hypotheses are 
verified. This can be done by comparing numerical and experimental results on 
different configurations, not used in the identification. If good results are obtained, 
then a strain-dependent model is appropriate; otherwise, this indicates that some 
variables are missing. This may be the case of a strain rate dependence of the TQC. 
Since during necking equivalent plastic strain rate variation differs significantly 

from that of equivalent plastic strain (see Section 4.1), a 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ function 

cannot account for it. 
Finally, it is worth highlighting that the incapability of the method to 

distinguish which variables are physically affecting the work-to-heat conversion, is 
a limitation of the specific loading condition considered. Nevertheless, the purpose 
of this study is to exploit as much tensile data as possible for studying material 
behavior, and the resulting TQC would still represent a good starting point if further 
investigations are needed. 

6.3.2 Numerical examples 

This section aims to show the capability of the developed iterative procedure to 
rapidly converge on the expected result. To pursue this objective, numerical 
benchmarks were simulated in Ansys LS-DYNA via coupled thermal-mechanical 
FE analyses that satisfied the hypotheses discussed above. The structural analysis 
was solved with the explicit algorithm, while the thermal problem was solved with 
the implicit one. 

The same thermo-visco-plastic material model of Armco Iron of Section 6.2.2 
was used, as well as the same strain-dependent TQC. In addition, heat conduction, 
with a constant conductivity of 76.1 W/(m·K) was introduced. Actually, two 
simulations were run, differing one from the other for the test speed, to prove the 
versatility of the method in dealing with non-isothermal testing conditions, 
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regardless of whether adiabaticity is verified or not. As stated in Section 5.1, the 
strain rate at which heat conduction becomes significant depends on material’s 
thermal diffusivity. In the present analysis, nominal strain rates of 1 s-1 and 102 s-1 
were suitable to represent scenarios with significant and negligible thermal 
conduction respectively. 

These numerical simulations were considered as if they were experimental 
tests. For each one, a highly deformed configuration was chosen, and the 
corresponding temperature distribution was considered as target of the iterative 
procedure. The optimization variable was represented by the TQC, while both 
thermal conduction and plastic behavior were supposed to be known and/or 
correctly identified. In this way, it was possible to focus the attention only on the 
iterative strategy.  

Algorithm effectiveness can be inferred, for both analyzed cases, from the 
results summarized in Figure 6.7. A quantitative assessment is provided by the 
tables, which collect the errors on the temperature predictions at all iterations. 
Specifically, for each iteration, the error accounted for several configurations, 

despite only one was used for updating 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ from one simulation to the 

next.  

 
 

Figure 6.7 Result of the inverse approach applied to two benchmarks with variable TQC, one under 
non-adiabatic conditions (top part of the figure) and one under adiabatic conditions (bottom part of 
the figure); tables report the error on temperature computed via Equation 6.11 (adapted from [2]). 
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The errors were calculated according to the following expression: 

𝑒𝑟𝑟𝑜𝑟 =  ටଵ

ே
∑ ቀ

୼்೔ି୼ ෨்೔

୼்೔
ቁ

ଶ
ே
௜ୀଵ ,      (6.11) 

being Δ𝑇 the temperature increment (with respect to the room temperature) 

obtained from the benchmark simulation, Δ𝑇෨  the temperature increment predicted 
by the simulation of the current iteration, and 𝑁 the number of nodes multiplied for 
the number of configurations considered.  

Moreover, Figure 6.7 also provides a graphical representation of the results. 
The plots on the left compare the reference temperature distributions at different 
configurations (black solid lines) with the corresponding temperature distributions 
predicted by the first (light and thin dashed line) and by the last simulation (dark 
and thick dashed line). This comparison highlights that the final simulation well 
predicted the reference thermal distribution, as indicated by the table of errors. 
Furthermore, the comparison of temperature distributions of the two benchmarks 
underlines the effect of heat conduction in limiting temperature localization. 

It should be noted again that, although only the most highly deformed 
configuration was given as optimization target, previous configurations were 
predicted accurately too. This was possible because a wide axial portion of the 
specimen was considered, so that information about the work-to-heat conversion at 
different equivalent plastic strains was automatically provided.  

As expected from previous considerations, the plots on the right of Figure 6.7, 
which display TQC trials from some iterations, show that they progressively 

approach the reference 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ given as input into the benchmark simulation 

(black solid line). 
Overall, the accuracy of the results obtained in both scenarios of relevant and 

negligible heat conduction supports the general applicability of the proposed 
method and motivates its application to an experimental case study.  

6.4 Experimental case study 

In this section some experiments are analyzed to evaluate the practical 
applicability of the methods proposed in Section 6.2 and 6.3 for investigating the 
work-to-heat conversion during necking.  

The tests are actually those presented in Section 5.4. Briefly, the material 
studied was 17-4PH (H900), which was tested at room temperature and at various 
strain rates. Details about experimental setup, thermal data post-processing, and 
plastic flow identification can be found in Section 5.4. Here, attention is focused on 
non-isothermal tests, i.e. those at 1, 10, and 103 s-1 of nominal strain rate. They 
represented suitable case studies for two main reasons: necking occurred at 
relatively low strains, and significant self-heating occurred even under conditions 
where thermal conduction could not be neglected. Thus, for still gaining 
information about the work-to-heat conversion, both the proposed techniques were 
applied. 
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For what the direct method for TQC identification is concerned, the starting 
point was represented by the Eulerian fields of temperature, equivalent plastic strain 
and equivalent stress at different times. The first were obtained by infrared imaging 
(see Section 5.5.2), while the second and the third by the proposed database-driven 
strategy (see Section 5.5.3). Then, the tracking strategy developed in Section 6.2.1 
and implemented in MATLAB was applied to some selected material points. This 
allowed the deformation paths on the 𝜎௘௤ − 𝜀௘௤,௣ plane to be identified for those 

material points. An example is provided in Figure 6.8a for the 10 s-1 test. Only a 
few material points were considered for the sake of readability. They were denoted 

with capital letters from A to G and were plotted as solid lines characterized by 
different colors. For reference, the positions of these points on the necking 
silhouette at different moments are shown in subplot (b) with the same color used 
in subplot (a). It is evident that the various paths progressively detach and deviate 
from that of the profile center. This is the typical result for cases where strain rate 
heterogeneity caused by necking affects material response within a single test, as 
highlighted in Section 2.1. 

Moreover, it may be interesting to indicate in Figure 6.8a the states experienced 
by different material points at the same time. These states are marked with a 
different symbol for each configuration: first square, then triangle, circle, and 
finally diamond. Each curve that would be obtained by connecting identical 
symbols represents the locus of points identified by the database-driven approach 
at the given configuration.  

The deformation paths were used to evaluate how the total plastic work 
executed on each material point varied during each test. Then, constant material 
density and specific heat were considered, equal to 7800 kg/m3 and 460 J/(kg·K) 
respectively. Finally, the direct approach required applying Equation 6.2 to identify 
a set of integral TQCs for each test. Each set could be analyzed as function of any 
desired variable. In particular, the equivalent plastic strain was chosen to obtain 
results comparable with the inverse approach, which in the current form can deal 
only with strain-dependent TQC. Each resulting point cloud of integral TQCs was 

Figure 6.8 Deformation paths of various material points (a) and their position on the specimen’s 
surface (b) at different configurations for a test at nominally 10 s-1. [2] 
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fitted with a mathematical law 𝛽௜௡௧൫𝜀௘௤,௣൯, which was then inputted in Equation 

6.10 for estimating 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯. Figure 6.9 presents these functions as dashed lines, 

using different colors for different loading conditions; integral TQCs are displayed 
in subplot (a), whereas differential TQCs in subplot (b). Each line is shown over 
the entire post-necking range analyzed, underlining that considering necking in 
TQC identification allows it to be identified up to large strains.  

Nevertheless, it should be noted that, having ignored thermal dependencies of 
density and specific heat, these possible variations are implicitly accounted in the 
identified TQCs. Furthermore, in case adiabaticity is not satisfied, the resulting 
TQC implicitly includes the effect of heat conduction and thus loses its meaning of 
work-to-heat conversion coefficient. 

To deal better with non-adiabatic conditions, the proposed inverse approach 
was adopted. In this case, the starting point was represented by the thermo-visco-
plastic model representing material response under self-heating conditions and the 
evolution of the thermal field on the specimen’s outer surface. The first was 
identified in Section 5.5.3 by employing the database-driven approach and was 
input into the coupled thermal-mechanical simulations required by the inverse 
approach. Conversely, the second was obtained from infrared imaging (see Section 
5.5.2) and was used partially as target of the iterative procedure. According to the 
procedure explained in Section 6.3.1, only one highly deformed configuration per 
test was actually used as target and a strain-dependent TQC was identified. 
Moreover, thermal conductivity was considered constant to 10 W/(m·K)), a value 
optimized for the test configuration. Density and specific heat were assumed to 
remain constant, as done in the direct approach.  

The identified 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ and the corresponding 𝛽௜௡௧൫𝜀௘௤,௣൯, computed via 

Equation 6.5, are displayed in Figure 6.9 as solid lines, colored on the basis of the 
corresponding loading condition. 

Figure 6.9 Integral (a) and differential (b) TQC estimated by both the direct and the inverse approach 
for three different nominal strain rates. [2] 
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Comparing these results with those of the direct approach, it can be noted that 
similar results were obtained for the high strain rate test. Indeed, this testing 
condition satisfied adiabaticity requirements, as already proved in Section 5.5.3 by 
analyzing the Fourier number (specifically, a value of 2 · 10ିସ was obtained). 
Regarding the 10 s-1 test, the direct and inverse method provided slightly different 
results that could be attributed to small deviations from adiabatic conditions. This 
consideration is also supported by the Fourier number estimate (found to be 10ିଶ, 
at the boundary of adiabaticity). Finally, the 1 s⁻¹ test was characterized by a larger 
difference between the results of the two methods: due to non-negligible heat 
conduction (Fourier number of 10ିଵ), the direct method underestimated 
significantly the conversion of plastic work into heat. 

Another aspect that is worth discussing is related to the dependence of the TQC 
on equivalent plastic strain. To pursue this objective, attention should focus on 

𝛽ௗ௜௙௙൫𝜀௘௤,௣൯  results of the inverse approach as the direct one cannot deal with non-

adiabatic conditions properly. Starting from the lowest strain rate, an increasing 

trend of 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ was found, as depicted in Figure 6.9b. This agrees with 

findings from previous research on steels and other metals too, for example with 
the work by Smith et al. on a titanium alloy [28], the one by Dæhli et al. on DP 
steels and aluminum alloys [25], and the one by Lew et al. [15] on austenitic 
stainless steel. The result for the intermediate strain rate, shown in Figure 6.9b, is 

characterized by a similar trend, even though 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ saturates above 20% of 

equivalent plastic strain. The deviation from a constant value at relatively low 
strains may explain why in Section 5.5.3 a constant TQC did not provide accurate 

results (see Figure 5.11). Finally, 𝛽ௗ௜௙௙൫𝜀௘௤,௣൯ obtained for the highest strain rate 

was found to remain nearly constant or even to slightly decrease at large strains. 
This could be attributed to the difficulty of measuring local temperature in 
experiments at such extreme conditions. This is mainly related to an integration 
time not short enough with respect to the characteristic time of mechanical 
deformation. The consequent temperature averaging can be further worsened by the 
fact that the neck (so the hottest point) changes its Eulerian position during the test. 
This is mainly due to a loading system that causes one end of the specimen to move 
faster than the other. Although improvements would be possible by decreasing the 
integration time, this would come at the cost of a lower sensitivity near room 
temperature. 

Furthermore, comparison of the TQCs for the different tests suggests the 
presence of strain rate dependence too. Even if this effect was already 
acknowledged in literature for certain metals, the present results are not enough to 
prove it for 17-4PH. Further investigations are needed, in which strain rate effects 
must also be considered within single tests because of necking.  

In addition, the TQCs identified here may implicitly account for other possible 
variables affecting thermal fields, including thermal sensitivity of specific heat, 
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thermal conductivity and TQC itself. This feature is typical of empirical 
approaches, and attention must be paid to giving physical meaning to the results.  

After having presented and discussed the identified differential TQCs, it must 
be verified that the thermal fields they numerically predict are in good agreement 

with experimental ones. For the inverse approach the fields were readily provided 
by the final iteration, whereas for the direct approach adiabatic FE simulations with 
the identified TQCs were run. In this last case, adiabaticity was needed since the 
TQCs already implicitly included heat conduction. Figure 6.10 compares, for each 
test, some temperature distributions: the experimental ones are shown as colored 
lines with circle markers, those associated with the direct approach as black dashed 
lines, and those corresponding to the inverse approach as black solid lines.  

It can be observed that the inverse approach enabled accurate predictions for 
all tests considered, also for configurations different from the target one. As 
anticipated in Section 6.3.1, this does not necessarily mean that equivalent plastic 
strain is the only governing variable but indicates that the TQC variation during the 
tests analyzed can be modeled effectively as a function of 𝜀௘௤,௣. Regarding the 

direct method, very good results can be seen at the highest strain rate, but 
discrepancies appeared in the other two testing conditions, especially in the lowest 
strain rate one. This could be attributed to heat conduction and its possibility of 
being modelled effectively via strain-dependent TQC. At 10 s-1, this approach was 
found to be adequate since conductive losses were relatively low, but when such 
losses were relevant, as for the 1 s-1 test, the above approach failed to represent heat 
losses phenomena altogether. Thus, the inverse approach was found to be essential 
for considering thermal conduction properly and separating its contribution from 
that of the work-to-heat conversion. 

Figure 6.10 Experimental temperature distributions compared with numerical predictions; next to 
each configuration the database estimate of 𝜀௘௤,௣ at the profile center is written. [2] 
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Finally, it is worth proving that the identified models, combined with the 
thermo-visco-plastic model of Section 5.5.3, well reflect the overall thermal-
mechanical behavior exhibited by 17-4PH in the tests analyzed. This is illustrated 
in Figure 6.11 by comparing numerical predictions and experimental results in 
terms of necking profiles and engineering response.  

Actually, numerical predictions were obtained using the TQC identified by the 
direct and/or the inverse approach depending on the specific test. In particular, 
reference was made to the direct strategy, when applicable, for its lower 
computational cost. This was the case of the highest strain rate. Conversely, the 
inverse approach was adopted when non-negligible heat conduction occurred, as 
this strategy was found to outperform the direct one under such conditions. This 
was the case of the lowest strain rate. For the intermediate strain rate test, which 
was not fully adiabatic, both approaches were applied and proved to be analogous 
in terms of structural response. 

6.5  Concluding remarks 

The present chapter investigated the possible use of the database-driven 
approach to gain information about the work-to-heat conversion up to large strains, 
by exploiting the post-necking phase of tensile tests.  

Specifically, a direct approach and an inverse one were proposed. The first 
directly employs the heat equation for adiabatic conditions, so it is very efficient 

Figure 6.11 Comparison of experimental and numerical results in terms of necking profiles and 
radial engineering curve; the maximum superficial 𝜀௘௤,௣ at each configuration is the same of Figure 
6.10 for 𝜀௡̇௢௠ of 1 s-1 and 10 s-1, while for 𝜀௡̇௢௠ of 103 s-1 is written on the plot. [2] 
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but lacks generality. Conversely, the second requires an iterative process, thus it is 
less efficient but able to deal with heat losses other than plastic dissipation. The 
novelty of these proposals, published in [2], lies in the use of the database-driven 
approach. On one hand, this limits the applicability to cylindrical specimens made 
of isotropic Von Mises materials if the database is established according to Section 
2.3. On the other hand, the database-driven approach facilitates TQC identification 
from experimental and analysis perspectives. 

Indeed, direct methods generally entail measuring the strain field with DIC 
technique; however, these measurements can be challenging on cylindrical 
specimen. The database-driven approach, instead, provides strain fields by simply 
relying on the silhouette of the specimen. Moreover, it also allows tracking material 
points (essential for applying the Lagrangian formulation of the heat equation), 
even if backlighting has been used to improve silhouette detection. 

Regarding the inverse method, the database-driven approach can be exploited 
to limit the computational time of FEMU strategies that require simultaneous 
identification of structural behavior and heat losses. As a matter of fact, and as 
proved in Chapter 5, the database-driven strategy can identify the thermo-visco-
plastic flow without knowing how the measured temperature has been affected by 
heat losses. Thus, the inverse approach proposed here only needs to focus on this 
second aspect. 

The overall feasibility and accuracy of both methods was demonstrated first 
through ad-hoc numerical benchmarks and then through an experimental case 
study. The direct method proved to be successful in identifying the TQC up to large 
strains, when the hypothesis of adiabaticity was verified, thus validating the 
proposed tracking strategy. The inverse approach, instead, provided very promising 
results regardless of whether adiabatic conditions were satisfied or not. Since such 
good results were obtained despite an approximate modeling of heat losses (e.g., 
only heat conduction with constant thermal conductivity in addition to plastic 
dissipation), the method appears worthy of future attention for further 
improvements. Finally, future efforts may also concern the experimental side; 
specifically, limiting motion blur in infrared acquisitions during high strain rate 
tests. 
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Chapter 7 

Investigation into anisotropic 
materials 

With the aim of investigating scenarios of increasing complexity, the present 
chapter shifts the focus from the isotropic materials considered in all previous 
chapters to anisotropic ones. Anisotropy may result not only from metal working 
operations executed on the components but also from the material itself, as for the 
case of hexagonal close-packed (HCP) structures (e.g., magnesium and titanium 
alloys). In any case, this makes the material response, both in terms of strength and 
deformation, dependent on the direction. Typically, anisotropic materials are 
studied by testing sheet specimens characterized by different orientations of 
material preferential directions with respect to the loading axis. However, testing 
cylindrical specimen may still be relevant for characterizing the hardening behavior 
of bulk components. The purpose of this chapter is to provide a strategy for 
investigating hardening of an anisotropic material even via tensile tests (virtually 
only one) performed on equally oriented cylindrical specimens. Key requirements 
of the proposed method were limited experimental and computational costs, along 
with the capability of extracting as much information as possible, consistently with 
the approaches adopted so far. To this end, managing post-necking data properly is 
of utmost importance. For anisotropic cylindrical specimens, this is significantly 
more challenging than for isotropic ones, since the cross-sections deviate 
progressively from circular shapes towards non-axisymmetric and generally 
unknown shapes. Given the complexity of dealing with anisotropic necking, the 
analysis is restricted here to strain-dependent hardening, under the assumption of 
negligible strain rate sensitivity and self-heating. Moreover, since only one 
orientation is assumed to be tested, the hypothesis of isotropic hardening is also 
adopted. 
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On one hand, it could be interesting to extend the database-driven approach to 
anisotropic materials, since it provided successful results in previous chapters. On 
the other hand, such approach relied on specific lines of reasoning, reported in 
Sections 2.1 and 2.2, based on the hypothesis of isotropic behavior. If analogous 
line of thinking is not developed for anisotropic materials, the size of the database 
would increase dramatically when 3D FE analyses would be added to account for 
anisotropic behaviors.  

Thus, in this chapter a database-driven solution was not pursued, adopting 
instead a simplified inverse approach. This consists of applying an analytical 
correction to the post-necking area-based true curve and then verifying, and 
possibly refining, the identified strain-hardening law through a FE analysis. Since 
the cross-sectional shape is unknown, even the determination of the area-based true 
curve is not straightforward. 360° shape-monitoring techniques may in principle be 
used, however the proposed method hypothesizes elliptical cross-section so that a 
more versatile setup could be used. 

To understand the literature background in which this approach is placed, 
Section 7.1 reviews the main works on post-necking characterization of anisotropic 
cylindrical specimens, as well as possible experimental setups and post-processing 
techniques for reconstructing the 3D shape. In Section 7.2 and 7.3 the proposed 
reconstruction technique and the identification strategy are presented respectively, 
while Section 7.4 reports an experimental application. 

7.1 Literature background 

In this section, a literature review on post-necking analysis of anisotropic 
cylindrical specimens is presented. Research contributions in this field have 
addressed both the identification strategy and the experimental setup. These two 
elements are tightly related: while the identification method depends on the 
information gathered from the experimental setup, the choice of the setup itself can 
be driven by the identification method for reasons of computational efficiency or 
accuracy. Hereinafter, the discussion focuses first on identification methods and 
subsequently on possible experimental configurations. 

Early research on the topic was presented by Eisenberg and Yen [1, 2] in the 
eighties. They elaborated an analytical model to account for necking triaxiality in 
initially axisymmetric bars made of orthotropic materials, similarly to what 
Bridgman did for isotropic ones. Indeed, the method determines the average 
equivalent stress at the neck cross-section by correcting the average axial stress, 
i.e., the true stress 𝜎௧. The proposed correction formula was the following: 

𝜎௘௤,௔௩௚ = 𝜎௧ ൥
ଵ

ଶ
+

ଵ

ସቀଵା
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ೌ

ഐೌ
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+
ଵ
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್

ഐ್
൰
൩ൗ ,   (7.1) 

being 𝑎 and 𝑏 the major and minor semi-axes of the ellipse representing the neck 
cross-section, and 𝜌௔ and 𝜌௕ the radii of curvature at the neck in the major and 
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minor symmetry planes. This correction was recently employed by Arthington et 
al. [3] to evaluate the average equivalent stress at the neck just before failure of 
zirconium specimens. 

A different correction formula to account for triaxiality during necking of 
cylindrical specimens made of anisotropic materials was used by Mirone and 
Corallo [4]. Specifically, it was the MLR correction developed for isotropic metals 
by Mirone [5]. The validity of the methodology on X100 steel was confirmed by 
the fact that the numerical predictions implementing the identified law matched 
well the experimental results, in terms of true curve and evolution of the ratio of the 
semi-axes at the neck. Mirone and Corallo [4] also demonstrated that, when 
employing a Hill yield criterion [6], the true curve from a single experiment is 
mostly independent of yielding parameters, which primarily influence the 
specimen's deformed geometry. This finding explains why both the MLR and 
Eisenberg’s corrections allow the hardening behavior to be identified regardless of 
parameters that explicitly describe anisotropy. 

 Finally, another analytical method for dealing with investigated scenarios was 
introduced by Chandran and Verleysen [7]. It consists of imposing the plane-stress 
condition within Hill’s normal yield criterion [6], thus obtaining the same 
correction formula for anisotropic sheet specimens. The only difference lies in the 
fact that the r-ratio represented the differential ratio between average strains along 
the major and minor axes of the neck cross-section. This approach differs from the 
previous ones for the need to assume a yield criterion and identify its parameters. 

While above researchers were working on direct identification strategies, others 
preferred implementing hybrid experimental-numerical methods. For instance, 
Khadyko et al. [8] employed a FEMU technique with the experimental true curve 
as target function for optimizing the hardening parameters. The anisotropic yield 
function needed for the FE simulations was previously calibrated through crystal 
plasticity (CP) simulations based on material’s crystallographic structure. 
Specifically, the 18-parameter empirical model by Barlat et al. [9] was chosen and 
calibrated. Comparison of simulated and experimental r-ratio suggested that further 
improvement was necessary. Thus, in a follow-up study, Khadyko et al. [10] used 
CP-FE models to simulate experiments directly. The unknown parameters of the 
models were optimized using as target function the equivalent stress-strain curve 
previously identified by the empirical FE model. Despite the significant 
improvement in predicting cross-section shapes, some discrepancies appeared in 
the force vs. diameter response. These differences were attributed to mesh 
simplification and assumptions in estimating the equivalent curve used as target of 
the optimization. Overall, as already stated for isotropic materials, the principal 
drawback of FEMU strategy is represented by the computational cost; this issue is 
further worsened when CP simulations are run. The proposal of this chapter is, thus, 
to correct the true curve with Eisenberg’s formula and then run a FE analysis with 
the identified strain-hardening law to possibly refine it without significantly 
compromising efficiency. 
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All above methods rely on true stress evolution: in analytical methods, it 
represents the variable to which the correction is applied, whereas in hybrid 
experimental-numerical strategies it represents the target function of the 
optimization. True stress can be computed as the ratio between the current force 
and the current cross-section area at the neck (as for isotropic materials). However, 
while this areal measurement is straightforward for isotropic materials, it is much 
more challenging for anisotropic ones. As a matter of fact, recordings of a single 
fixed camera provide sufficient information for isotropic materials but not for 
anisotropic ones.  

This issue has been addressed with different experimental configurations, also 
depending on additional deformation data needed by the selected identification 
method. Moreover, some shape-monitoring techniques have been proposed but 
have not yet been employed for hardening identification in this field. These include, 
for instance, Computed Tomography (CT), whose main advantage would be the 
possibility of gathering information about the inner material too. However, 
conducting in situ CT tests [11] for the considered application may not worth the 
cost of this facility. If only superficial data are needed, a 360° DIC system can be 
preferrable. This was proposed by Genovese et al. [12] and employs a single camera 
which grabs images while rotating about the specimen axis. Moreover, if only the 
outer shape, and not strain data, is of interest, an alternative strategy could be to 
post-process a 360°-scan by a single camera with the shape-from-silhouette 
technique pioneered by Baugmart [13] and Laurentini [14]. Nevertheless, 360°-
access to the specimen is not always possible, since, for example, dynamic tests 
cannot be interrupted at predefined elongations for executing the scan over 360°.  

This is why imaging setups based on two or more cameras, maintained in a 
fixed position, and possibly replaced by mirrors [15], were those practically adopted 
for material identification. For instance, Chandran and Verleysen [7] employed two 
cameras and reconstructed the specimen’s outer shape, along with the strain field, 
by combining DIC stereovision with monocular cues. Other researchers chose 
silhouette-based approaches, instead of DIC-based techniques. For instance, 
Arthington et al. [15] proposed to reconstruct the 3D geometry of the sample by 
using the silhouettes seen from three distinct views and assuming an elliptical shape 
of the cross-sections at every time and axial position. Mirone and Corallo [4] also 
hypothesized elliptical cross-sections but focused the analysis only on the evolution 
of the neck. Moreover, differently from Arthington et al. [15], they employed only 
two views, and the information from the third view was replaced by the 
measurement of the major axis orientation on the failed specimen at the end of the 
test. This strategy implicitly assumed that the major axis orientation remained 
constant during testing. Finally, Khadyko et al. [8] simply monitored, through a 
custom laser-based measuring system, the dimensions of the neck along two 
directions representing the semi-axes of a hypothetical ellipse. This solution is, 
however, limited to situations in which the orientation of the main axes is known a 
priori. Given this context and the intended use of the proposed method, the 
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approach described in the next sections adopts the two-cameras-solution for 
reconstructing the 3D geometry of the specimen and, thus, the area-based true 
curve. 

7.2 Geometrical reconstruction of the necking shape 

This section details how, under the hypothesis of elliptical cross-sections, the 
silhouettes seen from two different viewing angles can be combined with the 
orientation of the major axis to reconstruct the 3D geometry of the specimen. 

It is crucial to note that when the cross-sections are no longer circular, the 
measurements derived directly from recorded images typically represent apparent 
quantities, namely, the projections of actual physical dimensions of the specimen 
onto the plane perpendicular to the optical axis of the camera. This aspect should 
be accounted for appropriately when dealing with anisotropic deformation of 
cylinders.  

Consider an initially axisymmetric bar made of an anisotropic material, whose 
cross-sections become perfect ellipses during deformation; also hypothesize that 
the semi-axes of the different cross-sections remain aligned as deformation 
proceeds. At a given necking deformed configuration, a neighborhood of the neck 
would have the geometry displayed in Figure 7.1. Furthermore, consider a camera 
whose optical axis is perpendicular to the specimen's longitudinal axis and whose 
projection plane is oriented at an angle α relative to the ellipse's minor axis. 

At each longitudinal coordinate 𝑧, the silhouette seen by the camera is defined 
by the two points where the optical path is tangent to the ellipse of that specific 
cross-section. Physically, the segment connecting these two tangency points has a 
length 𝐷. However, in the 2D image acquired by the camera, only the projection of 

𝐷 onto the sensor plane is measurable; this quantity is indicated as 𝐷෩. Consequently, 

Figure 7.1 Scheme of a specimen with elliptical cross-sections: (a) zoom view of a small surrounding 
of the neck, with highlighted in blue the projection seen by a camera, (b) top view of the minimum 
cross-section, showing the apparent diameters that would be measured by two cameras. 
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the camera detects a projected diameter 𝐷෩ that varies along the longitudinal axis 𝑧. 
Only if the optical axis of the camera is aligned with one of the ellipse’s semi-axes, 

do the projected and physical dimensions coincide. In such cases, 𝐷 = 𝐷෩ 

corresponds to twice the other semi-axis. Otherwise, 𝐷෩ can be analytically related 
to the ellipse semi-axes (𝑎 and 𝑏) and to the angle 𝛼 between the minor axis and the 

projection plane. This means that, when two projected dimensions 𝐷෩ଵ and 𝐷෩ଶ are 
known, as well as the orientation of their projection axes relative to the minor axis 
(indicated as 𝛼ଵ and 𝛼ଶ), the semi-axes can be determined. It can be proved that the 
expressions are the following: 

𝑎 =
ଵ

ଶ
 ට

(஽෩భ ௦௜௡ ఈమ)మି(஽෩మ௦௜௡ఈభ)మ

(௖௢௦ ఈభ)మି(௖௢௦ఈమ)మ
,          (7.2) 

𝑏 =
ଵ

ଶ
 ට

(஽෩మ௖௢௦ఈభ)మି(஽෩భ௖௢௦ఈమ)మ

(௖௢௦ఈభ)మି(௖௢ మ)మ
.      (7.3) 

These definitions need to be interchanged if that 𝐷෩ଵ < 𝐷෩ଶ. 
Applying Equations 7.2 and 7.3 at each longitudinal coordinate allows the 3D 

geometry of the specimen to be reconstructed as a series of elliptical slices. In the 
special case where the two cameras are oriented at 90° one to another, previous 
equations can be simplified into the following ones: 

𝑎 =
ଵ

ଶ
 ට

஽෩భ
మ

௖௢௦మ ఈି஽෩మ
మ

௦௜௡మ ఈ
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,      (7.4) 
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,       (7.5) 

with 𝛼 = 𝛼ଵ. Practical aspects related to estimating the required variables, 
especially the major axis orientation relative to the cameras, are addressed in 
Section 7.4. Finally, it is worth noting that this 3D reconstruction technique is not 
strictly related to the identification strategy presented in the next section but could 
in principle be used with any identification strategy based on the specimen 
deformed shape. 

7.3 Identification strategy 

Coming to the identification methodology, it is worth recalling that the pre-
necking regime of anisotropic materials is characterized by stress uniaxiality and 
uniform strain and stress fields, as in the case of isotropic materials. Thus, pre-
necking strain-hardening law can be identified using the same Equations reported 
in Section 1.2.1. The traditional length-based approach is recalled hereinafter: 

𝜀௘௤,௣ = 𝜀௔,௣ ≃ ln(1 + 𝑒),      (7.6) 

𝜎௘௤ = 𝜎௔ = 𝑠(1 + 𝑒).       (7.7) 

Instead, during post-necking, strain localization and stress triaxiality need to be 
accounted for properly. As anticipated, the present proposal entails applying 
Eisenberg’s theory, hence it is first necessary to estimate the true curve through the 
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area-based approach applied at the neck section. The equations, despite being the 
same as Section 1.2.1, are rewritten here for the sake of readability: 

𝜀௧ = 𝜀௔,௔௩௚ = ln(𝐴଴/𝐴),       (7.8) 

𝜎௧ = 𝜎௔,௔௩௚ = 𝐹/𝐴.       (7.9) 

To estimate the current area 𝐴 of the minimum cross-section, it is suggested to 
apply the ellipse-based 3D reconstruction technique described in Section 7.2. By 
repeating this at different times, the time history of the area is found, and the true 
curve 𝜎௧(𝜀௧) is determined. Then, Eisenberg’s analytical correction (Equation 7.1) 
is used to scale down the part of the true curve beyond the necking onset in order 

to obtain a first estimate of the hardening law 𝜎௘௤
(଴)

൫𝜀௘௤൯. Such correction requires 

the semi-axes at the neck and the curvature radii in the corresponding planes which 
can be derived from the 3D reconstruction. 

Finally, an FE analysis is used to improve the estimate of the post-necking 
hardening law by comparing numerical results with experimental ones. Practically, 

the previously identified hardening law 𝜎௘௤
(଴)

൫𝜀௘௤൯ is input into a FE simulation 

modeling the experimental test. Then, the numerical prediction of the true curve 
𝜎௧,ிா(𝜀௧), determined by applying Equations 7.8 and 7.9 to the simulation outputs, 

is compared with the experimental one. The possibly difference between them is 
attributed to an incorrect hardening law since the true curves have been seen to be 
influenced mainly by the hardening law [4]. The hardening law is, thus, modified 
by following an approach originally proposed by Joun et al. [16] for isotropic 

materials. Specifically, 𝜎௘௤
(଴)

൫𝜀௘௤൯ is multiplied for a strain-dependent coefficient 

determined as: 

𝑘ఙ,ா =
ఙ೟

ఙ೟,ಷಶ
,        (7.10) 

trying to improve the prediction of the experimental true curve and, hence, of the 
hardening law.  

To minimize the computational effort of this last identification step, the 
assumption of elliptical cross-section can be exploited to model only one-eighth of 
the specimen, as displayed in Figure 7.2. A prescribed speed is applied to one end, 

Figure 7.2 Example of a necking deformed configuration of the 3D FE model used for simulating 
tensile tests on anisotropic materials. 
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while symmetry constraints can be assigned to the opposite end and to the side 
surfaces aligned with the expected principal deformation planes. To further limit 
the computational effort, the geometry can be meshed using hexahedral elements 
with one integration point. Moreover, another advantageous strategy is to use 
smaller elements near the necking region. 

For executing FE simulations, additional information on material behavior is 
required, among which the yield criterion is the most critical due to the 
hypothesized unavailability of specimens with different orientations. To address 
this issue a simplified approach based on Hill’s 1948 yield criterion [6] is proposed 
in Section 7.3.1. 

Furthermore, it should be noted that the entire procedure cannot be applied if 
the 3D shape reconstruction fails due to unfavorable configurations which cause 
Equations 7.4. and 7.5 to degenerate. This may happen when the material principal 
directions are unknown, so that this issue cannot be overcome by mounting the 
specimen with the desired orientation relative to the cameras. Section 7.3.2 
investigates a possible approach for handling these cases. 

7.3.1 Simplified modelling of anisotropic yielding 

As anticipated, Hill’s 1948 yield criterion is chosen for the FE-assisted stage of 
the proposed identification method. The present section motivates this choice and 
discusses its calibration with the limited available data. 

Nowadays, when characterizing material anisotropy, Hill’s yield criterion with 
associated flow rule is not commonly used. This is due to its acknowledged 
incapability to concurrently reflect both stress and strain anisotropy [17]. Indeed, 
when the model is calibrated through yield stresses obtained from tests in various 
directions, the corresponding deformations are often poorly predicted. Viceversa, a 
calibration based on directional deformations lead to imprecise predictions of the 
corresponding stresses. To address this limitation, non-quadratic orthotropic yield 
criteria can be used [18-21], sometimes combined with non-associated flow rules 
[22]. These advanced models would, however, need identification of several 
parameters, which is unfeasible for the cases under investigation here. 

Nevertheless, for these scenarios, such complex models may not even be 
necessary. As a matter of fact, a test campaign in which cylindrical specimens are 
all characterized by the same material orientation does not aim to identify an 
anisotropic yielding model for predicting stress response in directions other than 
the one of the campaign itself. Instead, the intent is to identify a material model able 
to predict the strength and deformation that the material would exhibit when loaded 
primarily in the direction of the campaign itself. Considering that in a single tensile 
test the main evidence of anisotropy is given by deformation, using Hill’s 1948 
yield criterion, calibrated on strains (which is the only possible way), can still 
provide satisfactory results. 
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Moving on to the calibration, first consider that the chosen yield criterion can 
be written as: 
𝜎௘௤

= ට𝐹൫𝜎௬௬ − 𝜎௭௭൯
ଶ

+ 𝐺(𝜎௭௭ − 𝜎௫௫)ଶ + 𝐻൫𝜎௫௫ − 𝜎௬௬൯
ଶ

+ 2𝐿𝜎௬௭
ଶ + 2𝑀𝜎௭௫

ଶ + 2𝑁𝜎௫௬
ଶ , 

(7.11) 
being 𝑥, 𝑦, 𝑧 material directions, and 𝐹, 𝐺, 𝐻, 𝐿, 𝑀, 𝑁 the yield parameters. Such 
parameters are unique up to a multiplicative constant, and the loading direction 
(represented by the 𝑧-axis in Figure 7.2) is selected as the reference direction; this 
implies 𝐹 + 𝐺 = 1. 

Under the hypothesis of associated flow rule, strain-based calibration relies on 
the following expressions: 

ௗఌೣೣ,೛

ௗఌ೤೤,೛
=

ீ

ி
;    

ௗఌೣೣ,೛

ௗఌ೥೥,೛
= −𝐺;   

ௗఌ೤೤,೛

ௗఌ೥೥,೛
= −𝐹;    (7.12) 

which refer to the case of pure tension along the principal 𝑧-axis. 
Hypothesizing that the anisotropy axes are initially aligned with the global 

reference frame, they remain aligned with it for elements located on the symmetry 
planes, as long as the specimen undergoes uniform deformation. During such phase, 
thus, the strains 𝜀௫௫ and 𝜀௬௬ can be calculated using polar positions 𝑎 and 𝑏 of the 

points on the symmetry planes as: 

𝜀௫௫ = ln
௔

ோబ
;    𝜀௬௬ = ln

௕

ோబ
.      (7.13) 

It can be concluded that, during pre-necking, an analytical estimate of the 𝐺/𝐹 
ratio is possible (under the assumption of constant 𝐺/𝐹) by knowing the semi-axes 
of the elliptical cross-section. Then, as 𝐺 is the additive complement of 𝐹 with 
respect to unity, both parameters can be identified.  

In experimental campaigns on specimens characterized by the same material 
orientations, if material anisotropy can be considered constant among the loading 
conditions analyzed, it may be advantageous to conduct one test using a 360° shape-
monitoring technique. Since this approach allows the actual 3D geometry to be 
determined, it would be more suitable for calibrating anisotropic yielding. 

In any case, issues arise if uniform deformation is too short to appreciate the 
differential deformation of the semi-axes. During necking, extracting information 
analytically on anisotropy may be challenging and requires further investigation, 
not addressed in this thesis. 

Finally, Equation 7.12 demonstrates that the yield parameter 𝐻 does not 
influence the tensile response during uniform deformation and, as a result, cannot 
be identified. Nevertheless, Mirone and Corallo [4] showed that such parameter is 
negligible throughout the test in the loading conditions considered. Finally, the 
shear-related parameters 𝐿, 𝑀, and 𝑁 could not be determined using the proposed 
methodology and are arbitrarily set. 
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7.3.2 Equivalent isotropic approach 

As anticipated, the entire approach could not be applied if the ellipse-based 3D 
reconstruction fails due to particular orientations of the hypothetical semi-axes 
relative to the cameras’ optical axes. Focusing on a setup with two orthogonally 
arranged cameras, this occurs when the semi-axes are found to lie between the two 
optical axes, i.e. 𝛼 = 45° + 𝑘𝜋/2. When the material principal directions are 
unknown a priori, it cannot be guaranteed that such situations are always avoided. 
To address these problematic configurations, a further simplification is explored in 
this section. Specifically, each cross-section is assumed to be a circle with a 
diameter equal to the average of the apparent diameters evaluated from cameras’ 
recordings. Since the resulting 3D geometry is axisymmetric, as if the material was 
isotropic, this strategy has been called “equivalent isotropic” approach. 

Given the significant simplification that it represents, assessing the consequent 
error in area estimation is essential, as this in turn affects hardening identification. 
This evaluation was performed on an idealized necked specimen, as the one shown 
in Figure 7.1. For a generic elliptical cross-section with semi-axis 𝑏 inclined at an 
angle 𝛼 to the projection plane of camera 1, the two orthogonal cameras measure 
apparent diameters given by: 

𝐷෩ଵ = 2ඥ(𝑎𝑠𝑖𝑛𝛼)ଶ + (𝑏𝑐𝑜𝑠𝛼)ଶ,      (7.14) 

𝐷෩ଶ = 2ඥ(𝑎𝑐𝑜𝑠𝛼)ଶ + (𝑏𝑠𝑖𝑛𝛼)ଶ.      (7.15) 

These quantities can be averaged either arithmetically (Equation 7.16) or 
geometrically (Equation 7.17) to estimate approximate cross-sectional areas with 
the following relationships: 
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These expressions can be reformulated as: 
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By defining a percentage error as: 

𝑒𝑟𝑟𝑜𝑟 (%) =  
஺෨ି஺

஺
∙ 100,       (7.20) 



Chapter 7 Investigation into anisotropic materials 

146 
 

where 𝐴 = 𝜋𝑎𝑏 = 𝜋𝑏ଶ(𝑎/𝑏) for an ellipse, it is evident that the parameters 
influencing it are the ratio between the semi-axes and the ellipse orientation relative 
to the cameras. These dependencies are illustrated through contour plots in Figure 
7.3; dashed and solid lines refer to arithmetic and geometric average respectively.   

Regarding the aspect ratio, the error of both equivalent isotropic methods is 
zero when the cross-section is a circle (𝑎/𝑏 = 1), as expected. Then, for higher 𝑎/𝑏  
ratios, both strategies share a monotonically increasing trend of the error; this is 
valid at any given angle 𝛼 ∈ (0°, 45°]. For the orientation angle, investigating the 
0°÷45° range was enough thanks to periodicity and symmetry properties of the 
problem. It is interesting to notice that 𝛼 = 45° represents the worst configuration 
for both methods and for any 𝑎/𝑏 ratio, but with errors remaining smaller than 5% 
for 𝑎 𝑏⁄ < 1.4. Moreover, arithmetically and geometrically equivalent isotropic 
approaches generate almost identical errors for angles close enough to 45° but 
progressively deviate for decreasing angles. The geometrically equivalent isotropic 
approach is exact for 𝛼 = 45° since, being the cameras aligned with the semi-axes, 
they are directly measured and Equation 7.19 recovers the correct area of an ellipse. 
Conversely, the arithmetically equivalent isotropic approach introduces a non-
negligible error, even if smaller than that of the 45°-configuration. 

Overall, this analysis leads to the conclusion that, despite its simplicity, the 
equivalent isotropic approach (especially the one based on the geometrical mean) 
can yield acceptable results for limited 𝑎/𝑏 ratios. This is essential for unfavorable 
configurations (i.e, 𝛼 ≈ 45°) but may also be useful in all other cases, if an 
extremely simple method for determining the area-based true curve is needed. 

Figure 7.3 Contour plot of the percentage error made in the determination of the cross-section area 
when adopting the equivalent isotropic approach. 
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7.4 Experimental case study 

This section evaluates the effectiveness of the proposed post-necking 
identification method for anisotropic materials through its application to 
experimental tests. Even though the method has been developed for critical 
scenarios with limited optical access to the specimen, in principle it could be applied 
even to less demanding conditions by intentionally considering only two 
viewpoints. Nevertheless, a true critical case study was chosen to highlight the 
practical relevance of the proposed method.  

The material investigated was a precipitation hardened copper alloy, 
specifically Copper Chrome Zirconium (CuCrZr), which underwent annealing at 
580 °C for two hours. Since the cylindrical specimens were machined along the 
transversal direction of a plate with 13 mm of thickness and 85 mm of width, the 
exhibited anisotropic behavior (immediately detectable from the fractured surface, 
as shown Figure 7.4) could be reasonably attributed to the plate manufacturing 
process.  

Moreover, as CuCrZr is of particular interest to the nuclear field [23] where 
components are subjected to extreme loading conditions, among which high 
temperatures, the present tests were performed across a temperature range reaching 
580°C.  

Details on the experimental setup are provided in Section 7.4.1, but it is worth 
anticipating that the limited optical access to the specimens was caused by the need 
to perform experiments within a closed chamber with inert atmosphere to avoid 
material oxidation. As anticipated in Section 7.2, the geometrical reconstruction 
from two camera views requires knowing how the hypothetical ellipses are oriented 
with respect to the cameras. This is addressed through post-mortem analyses, 
explained in Section 7.4.2. Then, Section 7.4.3 regards data analysis for identifying 
the strain-hardening laws, finally reported and discussed in Section 7.4.4. 

Figure 7.4 Fractured surface of an initially cylindrical CuCrZr specimen. 
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7.4.1 Experimental setups 

As already mentioned, given the high temperatures involved and the expected 
anisotropic deformation resulting from the plate manufacturing process, the 
experimental setup required careful attention. It must allow tests to be conducted 
under a non-oxidizing atmosphere, while preserving the possibility of monitoring 
specimen deformation.  

For this purpose, a specialized chamber featuring water-cooled supports was 
used, as illustrated schematically in Figure 7.5. Before testing, a vacuum pump 
connected to the chamber removed air, while an argon reservoir supplied inert gas; 
then, a slight overpressure of inert gas was maintained during testing.  

Optical access to the sample was enabled by two windows arranged 
perpendicularly one to the other and the illumination was placed inside the chamber. 
Tests were recorded using two high-resolution cameras Opto Engineering ITA32-
GM-10C, fitted with Tokina AT-X Pro 100 mm f/2.8 lenses. This configuration 
allowed for resolutions of 9 μm/px and 12 μm/px. Image acquisition from the two 
cameras was carefully synchronized to ensure accurate reconstruction of the 3D 
specimen geometry. 

The specimens were heated with an induction system employing an open 
solenoid coil to maintain optical access to the samples. Throughout the tests, two 
K-type thermocouples spot-welded onto the gauge length were used to monitor the 
temperature. Figure 7.6a shows a picture of the specimen as seen through one of 
the optical ports. 

To verify temperature uniformity within the gauge length, a preliminary 
validation phase was conducted on a pure copper dummy sample. Five 
thermocouples were spot-welded along its gauge length, and a high-emissivity 
coating was applied on its surface. One of the two optical ports was equipped with 
a ZnSe window and an infrared camera viewed at a dummy sample through it. The 
dummy specimen was heated to each target temperature and, once steady-state 

Figure 7.5 Detailed schematic representation of the experimental setup. 
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conditions were attained, infrared imaging and thermocouple readings were used to 
assess the axial temperature profile. Figure 7.6b presents an example of this thermal 
uniformity assessment. 

Two linear actuators, moving at identical speeds in opposite directions, were 
used to apply a uniaxial tensile load to the specimens, as depicted in Figure 7.5. 
This arrangement guaranteed that the specimen stayed centered relative to the 
induction coil during testing, thereby enabling consistent heating. The load exerted 
by the system was measured by a load cell. Regarding specimen geometry, it was 
characterized by a 4 mm gauge diameter, 20 mm gauge length, and threaded ends. 
The speed applied to its heads, resulted in a nominal strain rate of 2.5 10-4 s-1. 

Finally, a post-mortem analysis of each fractured sample was performed; this 
aims at providing useful information for the 3D reconstruction of the specimen 
geometry during the test. This practically consisted of a 360°-scan realized by 
recording the failed specimen as it rotated around its axis. The Opto Engineering 
TCBENCH036 telecentric optical bench (11 μm/px of resolution) was used, and the 
acquisition of 600 frames during the specimen rotation was time-gated by an 
encoder. 

In addition to above tests executed in the closed chamber, an auxiliary room-
temperature test with full 360° shape-monitoring was executed. Since all specimens 
were obtained along the same plate direction, the purpose of this test was to better 
understand the evolution of the cross-sections and, thus, the anisotropic behavior. 
Practically, the setup of Figure 7.5 was modified by removing the chamber and 
adding the telecentric optical bench Opto Engineering TCBENCH036. While 
grabbing images, the system rotated around the specimen's axis; it was also fitted 
with an angular position sensor to correlate each image with the corresponding 
viewing angle. 

Figure 7.6 Specimen mounted inside the chamber (a) and preliminary evaluation of heating 
uniformity (b). 
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7.4.2 Post-mortem analysis 

Before explaining how images acquired during each post-mortem scan were 
post-processed, it is important to underline that these analyses aim at identifying 
how cameras were oriented with respect to the ellipse semi-axes during each test. 
Knowing a priori this orientation with sufficient accuracy may not be feasible. For 
instance, in the present campaign, specific information regarding the specimen 
orientation within the plate was missing. However, even if it was available, it would 
have been helpful to use the method proposed hereinafter to precisely determine the 
orientation. Basically, the post-mortem scan is used to reconstruct the 3D geometry 
of the failed specimen, whose principal directions can be identified. Then, 
comparison with test recordings allows cameras’ viewing angles to be determined. 
The detailed explanation provided in the following paragraphs refers to a single 
test, but the procedure was actually applied to all those of interest. 

The proposed post-mortem 3D reconstruction entailed applying the shape-
from-silhouette technique to images acquired during the 360°-scan. Although this 
method cannot detect internal voids and special concave shapes, it is suitable for 
describing typical necking shapes of tensile specimens. More specifically, it 
required segmenting the images obtained from several viewpoints, and then 
projecting the silhouettes into the 3D space to form visual cones, one for each 
silhouette. The intersection of these cones provided the specimens’ outer envelope, 
referred to as “visual hull”. This technique was implemented in MATLAB, starting 
from an open-source script [24] and customizing it for the present experimental 
arrangement. A representative example of this result is depicted in Figure 7.7. 

Subsequently, the resulting geometry was post-processed through the Principal 
Component Analysis (PCA) so that the longitudinal axis was determined and the 
specimen could be aligned with the reference frame (as already done in Figure 7.7). 
By analyzing the cross-sections, it was possible to roughly verify the hypothesis of 
elliptical cross-section for a wide axial portion of the specimen. The principal axes 
of individual cross-sections were again determined by PCA. In this phase, the part 

Figure 7.7 Post-mortem analysis of a specimen tested at 450°C: (a) 3D reconstruction together with 
identified symmetry planes; (b) view normal to the longitudinal axis, indicating the cameras’ 
viewing angles. 
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of the specimen close to the fracture was excluded due to the likely presence of 
ductile damage. Likewise, the part far from the necking zone was ignored too in 
tests where necking occurred soon after yielding. As a matter of fact, in such 
situations the cross-sections far from the neck remained nearly circular throughout 
deformation, which means that the determination of principal axes would be badly 
conditioned.  

The principal axes orientations derived from the analyzed cross-sections were 
averaged to establish a single, time-invariant orientation for the entire duration of 
the test. In the example of Figure 7.7, the planes perpendicular to the two principal 
directions of the cross-sections are shown in gray. 

Finally, the viewing angles of the cameras during the test were identified by 
comparing the images at the end of the test with post-mortem scan images. In Figure 
7.7b cameras’ optical axes are indicated through arrows; in the chosen reference 
frame, Camera 1 was aligned with the x-axis and Camera 2 with the y-axis.  

7.4.3 Data analysis 

This section provides a description of the post-processing steps required for 
determining the hardening law, along with the presentation of intermediate results. 
Briefly, the 3D specimen geometries during the tests were reconstructed, thereby 
allowing the area-based true curves to be determined, and corrected with 
Eisenberg’s theory; finally, the laws were refined through FE simulations.  

As already mentioned, quasi-static tensile tests were carried out across a wide 
range of temperatures. The analysis presented here focuses on five temperatures, at 
intervals of about 150 °C, namely room temperature, 150 °C, 300 °C, 450 °C, and 
580 °C. One test per condition was considered since repetitions for high temperature 
tests proved high repeatability. 

The first step involved reconstructing the 3D specimen geometries by assuming 
elliptical cross-sections and then applying the method described in Section 7.2. 
Ellipses were determined by combining their orientation with respect to the cameras 
(see Section 7.4.2) with measurements of the cameras. The latter data was obtained 
by analyzing the specimen silhouettes extracted using image segmentation. Figure 
7.8 shows some frames acquired synchronously by the two cameras, with the 
specimen contours highlighted in blue and red for Camera 1 and Camera 2 
respectively. An experiment in which the cameras were nearly aligned with the 
main axes of the elliptical cross-sections was chosen to emphasize material 
anisotropy; this was the same one of the post-mortem analysis of Figure 7.7. 

Then, the apparent diameters 𝐷෩ଵ and 𝐷෩ଶ along the specimen longitudinal axis 𝑧 
were calculated, for each camera and time, as the distance between edges on 
opposite sides of that axis. During necking development, the resulting datasets 

(𝑧ଵ, 𝐷෩ଵ) and (𝑧ଶ, 𝐷෩ଶ) were spatially referred to one another by considering the 
position of the neck. For subsequent analysis, only the portion of the datasets 
corresponding to the specimen side with the longest axial extension was considered. 
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A fourth-order polynomial fit was applied to reduce experimental noise and 
Equations 7.4 and 7.5 were used to determine the specimen profiles on the planes 
of minor and major deformation, namely 𝑎(𝑧) and 𝑏(𝑧) respectively. These profiles 
were in turn fitted with a fourth-order polynomial to facilitate determination of 
curvature radii 𝜌௔ and 𝜌௕ at the neck. This analysis was repeated for each time and 
also for each analyzed test, since none of them was in an unfavorable condition for 
elliptical fitting. Figure 7.9a displays the results for the same test considered in 
previous figures. Figure 7.9b, instead, shows four contour plots representing the 

Figure 7.8 Sequence of acquired images for the same test of Figure 7.7 (Camera 1 on the left, Camera 
2 on the right). 

Figure 7.9 3D reconstruction for the same test of previous figures: (a) evolution of semi-axes (thick 
lines) and of corresponding curvature radii; dashed lines indicate configurations analyzed in (b) in 
terms of cross-sections at 10 constant axial offsets from the neck, with a spacing of 0.2 mm. 
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ellipse-based reconstructed geometry at various stages, those indicated by dashed 
lines in subplot (a). Each contour plot provides a top view of the specimen, 
depicting cross-sections at specific axial distances from the minimum area, with 0.2 
mm intervals, until 2 mm. For reference, the initial circular cross-section is 
indicated by dashed lines. The fact that the last contour line, corresponding to the 
z-coordinate of 2 mm, progressively reduces its size is due to having considered a 
limited portion of the specimen with a Eulerian perspective.  

Once the specimens’ cross-sections, especially the one at the neck, had been 
reconstructed, true strain and stress were calculated using Equations 7.8 and 7.9. 
The resulting true curves are displayed in Figure 7.10a with each color representing 
a different testing temperature. Figure 7.10b, instead, focuses on a single test, the 
room-temperature one, to highlight the true curves that would be found with 
methods other than the ellipse-based one. The dotted lines refer to cases where 
single-camera measurements are considered as if they were diameters of a circular 
cross-section. Such an approach completely ignored material anisotropy, hence 
introducing a significant error. Instead, the equivalent isotropic approach (dashed 
line) of Section 7.3.2 provided results quite similar to the elliptical-based method 
(solid line). Although both curves are affected by experimental errors (apparent 
diameter measurements the first and also orientation angle the second), their 
similarity can still be partly attributed to an 𝑎/𝑏 ratio that remains enough close to 
1. As a matter of fact, although post-mortem fracture surfaces might suggest higher 
ratios, tests where specimens were favorably oriented relative to the cameras (e.g., 
Figure 7.7) showed that the ratio reached a maximum of 1.25 at the last 
configuration. According to the analysis of Section 7.3.2, such ratio introduces an 
acceptable error in the true curve identified by the equivalent isotropic approach.  

Finally, it is important to notice, from triangular markers of Figure 7.10a, that 
the onset of necking occurred at decreasingly lower strains as the test temperature 

Figure 7.10 Result of the ellipse-based approach in terms of true curves (a); the approach is 
compared to simpler strategies for the test at room-temperature (b). 
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rose. This highlights the importance of correcting the true stress for the necking 
triaxiality, especially for the high temperature tests, to determine the hardening 
behavior. For this purpose, Eisenberg’s analytical correction (Equation 7.1) was 
applied first, using the semi-axes and curvature radii at the neck derived from the 
3D reconstruction. 

Subsequently, FE simulations were conducted with Ansys LS-DYNA to 
evaluate whether the identified laws were able to predict experimental results. The 
main features of the models have been described in Section 7.3. For what the mesh 
size is concerned, given that the specimen gauge length was 20 mm, the minimum 
element size in the axial direction in the undeformed configuration was set to 0.05 
mm. This proved to be a good trade-off between computational cost and accuracy. 
Regarding material constants, density, Poisson’s ratio, and Young’s modulus were 
treated as isotropic and independent of temperature. These assumptions are justified 
by the negligible inertial effects in quasi-static tests and the negligible elastic strains 
during large plastic deformation. Plastic behavior was modelled through Hill’s 1948 
yield criterion [6] and a tabular definition of the stress-strain-temperature 
relationship (*MAT_HILL_3R_3D). 

Since all tested specimens were obtained along the same plate direction, 
complete calibration of an anisotropic yield criterion, even as simple as the chosen 
one, was unfeasible. Thus, the simplified approach proposed in Section 7.3.1 was 
adopted for estimating at least 𝐹 (and its complement 𝐺) from pre-necking data. To 
this end and to avoid uncertainties related to the elliptical approximation, the 
additional room-temperature test with 360° shape-monitoring technique was 
conducted. The scans were executed at given elongations and post-processed via 
the shape-from-silhouette technique, explained in Section 7.4.2. Once the major and 
minor axes of the cross-sections had been estimated for uniformly deformed 
configurations, the strains along such directions were determined via Equation 7.13. 
Assuming constant yield parameters, 𝐹 and 𝐺 were identified as 0.62 and 0.38, 
respectively. Then, 𝐻 was set equal to 𝐺 under the assumption of transverse 
isotropy, and shear parameters were set to 1.5 due to the lack of data. These 
parameters were supposed to be representative of all tests as the specimens came 
from the same plate. 

The results from these FE simulations suggested that there was room for 
improvement and this was accomplished with the refinement strategy proposed in 
Section 7.3. This aimed at a more precise description of the material's true response 
by accounting for inaccuracies from experimental uncertainties and simplifying 
assumptions of Eisenberg’s theory. Results are presented and analyzed in the 
following section. 
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7.4.4 Results and discussion 

The resulting hardening laws identified from tests at different temperatures are 
compared in Figure 7.11. In spite of the copper-based matrix, the overall thermal 
softening behavior is not the typical one of FCC metals, instead, it is more similar 
to that of BCC ones. This can be attributed to the presence of precipitates which 
alter the behavior with respect to pure copper. Similar results were reported for the 
dispersion hardened copper alloy Glidcop Al-15 [25]. 

The capability of these laws to describe experimental results in terms of area-
based true curves and silhouettes can be evaluated from Figures 7.12-7.16. The 
silhouettes were actual profiles recorded by the cameras at specific post-necking 
true strains 𝜀௧ − 𝜀௧,௡, starting from 0.25 and increasing by 0.25 increments. Within 

the stress-strain diagrams, the hardening laws are also included to emphasize how 
much true stress deviates from equivalent stress.  

Regarding the true curves, good experimental-numerical agreement can be 
observed over a wide strain range. Deviations begin to appear at large strains, with 
a maximum relative error of about 4% for the test at 450 °C test, at 120% of plastic 
deformation. On one hand, it must be recalled that the experimental true curve was 
used as a sort of target function when correcting the first estimate of the hardening 
law. On the other hand, the fact that a single iteration was able to provide such good 
results was not guaranteed. This highlights the potential of well-guided FE-assisted 
iterative strategies (as those proposed in Section 6.3.2 too). 

Coming to the comparison of projected silhouettes, the difference between 
experiments and FE models was evaluated using the following expression: 

𝑒𝑟𝑟𝑜𝑟 =  ඨଵ
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where 𝑅෨௜,ிா and 𝑅෨௜,௘௫௣ are the numerical and experimental apparent radii of the i-th 

point of the projection. For the experiments performed at room temperature and at 

Figure 7.11 Identified hardening laws; the last configuration analyzed refers to those shown in 
Figure 7.12-7.16. 
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150 °C, this discrepancy remains lower than 1.1% for both cameras and the different 
configurations analyzed. For the 300 °C test, it can be readily observed from Figure 
7.14b that the model's predictions worsen towards more highly deformed 
configurations. Nevertheless, the error always remains lower than 2%.  At 450 °C, 
the error increases further, reaching a peak of 3% in configuration D. On the 
contrary, at 580 °C, the largest discrepancy recorded is 1.2%.  

It can be noted from subplots (b) of Figures 7.12-7.16 that, in some cases, the 
numerical and experimental profiles mainly differ in the portion where convexity 
changes. This may be caused by shear-related yield parameters as these portions are 
subjected to relatively high shear stress. In other cases, instead, the profiles differ 
also at the neck, thus suggesting potential inaccuracies in the yield parameter 𝐹. 
Furthermore, discrepancies could also be attributed to the influence of temperature 
on the yield parameters. Actually, understanding the physical cause of these 
differences, thereby knowing which specific aspect requires adjustment, is 
extremely challenging due to the complex interaction between hardening and 
anisotropy and the limited data availability.  

Nevertheless, the results can be considered satisfactory, in view of the 
simplifications adopted to deal with the limited data available, especially regarding 
anisotropy. This underlines the effectiveness of the proposed approach in 
characterizing strain-hardening behavior for anisotropic cases where it is not 
possible to explore various loading conditions or directions.  

Figure 7.12 Experimental results at 25 °C compared with FE predictions in terms of true curve (a)
and projected silhouettes seen by the two cameras (b), being 𝑅෨ = 𝐷෩/2. 
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Figure 7.13 Experimental results at 150 °C compared with FE predictions in terms of true curve (a) 
and projected silhouettes seen by the two cameras (b), being 𝑅෨ = 𝐷෩/2. 

Figure 7.14 Experimental results at 300 °C compared with FE predictions in terms of true curve (a) 
and projected silhouettes seen by the two cameras (b), being 𝑅෨ = 𝐷෩/2. 
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Figure 7.15 Experimental results at 450 °C compared with FE predictions in terms of true curve (a) 
and projected silhouettes seen by the two cameras (b), being 𝑅෨ = 𝐷෩/2. 

Figure 7.16 Experimental results at 580 °C compared with FE predictions in terms of true curve (a) 
and projected silhouettes seen by the two cameras (b), being 𝑅෨ = 𝐷෩/2. 



Chapter 7 Investigation into anisotropic materials 

159 
 

7.5 Concluding remarks 

This chapter dealt with the identification of post-necking hardening from a 
tensile test during which a cylindrical specimen exhibits anisotropic deformation. 
This involved addressing two issues: one related to determining the non-
axisymmetric geometry of the specimen precisely, and the other related to 
considering the complex strain and stress fields developed during necking 
appropriately. The former required balancing versatility and accuracy of the 
experimental setup, while the latter efficiency and reliability of the characterization 
strategy.  

The proposed method accomplished the first requirements by adopting an 
ellipse-based reconstruction technique for the determination of the 3D shape of the 
specimen. Being based on test recordings from only two different viewpoints, this 
strategy is adequate even for demanding loading conditions with limited optical 
access to the specimen. Nevertheless, if more viewpoints are available, the method 
can be extended to account for all of them, thus resulting in improved accuracy. It 
was then proposed to use the acquired geometrical data for estimating the post-
necking hardening law by combining Eisenberg’s correction of the area-based true 
stress-strain curve with subsequent refinement through a FE simulation. This 
strategy enhances efficiency, while still capturing the main features of anisotropic 
necking. Since FE simulations require a yield criterion, the present chapter also 
tackled the yield criterion determination in critical scenarios where only a material 
orientation is available for testing.  

The proposed framework provided acceptable results when applied to a case 
study characterized by all above-mentioned critical points, namely limited optical 
access and availability of specimens obtained along the same plate direction. Since 
only the true curve was used directly in the FE-assisted refinement phase, 
improvements could be possible by including also the deformed specimen 
geometry. Overall, in light of the simplifications applied, the results suggest the 
suitability of the approach for experiments under demanding testing conditions 
(such as high temperature or high strain rate) which aim at a first-order estimate of 
the material strain-hardening behavior. Finally, it is worth noting that validation 
was carried out on manufacturing-induced anisotropy; thus, future endeavors 
should be devoted to investigating cases where anisotropy arises from the 
crystallographic structure (e.g., HCP metals). 
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Chapter 8 

8Conclusions 

During the last decades, the use of FEA has become increasingly widespread 
in many engineering applications, thus highlighting the importance of reliable 
material models for describing accurately the material response under the 
conditions of interest. This in turn leads to the capability of calibrating appropriately 
those models. Focusing on plastic deformation in metals, a crucial aspect is 
represented by characterizing hardening behavior. 

The main objective of this thesis was the development of efficient 
phenomenological methods for identifying hardening up to large strains. More 
specifically, for limiting experimental complexity, all identification methods were 
devised for relying on experimental data provided by uniaxial tensile tests on dog-
bone cylindrical specimens. This choice also aimed to enhance versatility, since 
proper setups allow tensile tests to be conducted at different speeds and 
temperatures, hence enabling investigation into both strain rate and temperature 
sensitivity of the material.  

As necking usually occurs during tensile tests on ductile materials, the primary 
issue to tackle was accounting for the resulting non-uniformities of strain and stress 
fields, as well as the loss of stress uniaxiality. It is well established that necking is 
an intrinsic feature of tensile tests that can still provide useful data when analyzed 
properly. Thus, the first part focused on post-necking identification strategies 
proposed in the literature, from the pioneering work by Bridgman (1952), who 
paved the way for analytical corrections, up to advanced numerical strategies based 
on FEA or VFM. Most of the methods proposed so far were found to have opposite 
advantages and drawbacks: direct methods are computational efficiency but lack 
accuracy and sometimes robustness, while advanced numerical strategies 
prioritized reliability over computational cost, resulting in time-consuming 
techniques. In light of these observations, the present thesis pursued alternative 
approaches that improve accuracy while maintaining a limited computational effort. 
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The core idea was to fulfill the first requirement by relying on FEA and the 
second by storing precomputed simulations in a database queried during the 
identification process. In developing this strategy, a key aspect was the choice of 
an adequate query variable, similar to the definition of the target function required 
in FEMU approaches. Specifically, the deformed shape of the specimen during 
necking was chosen. This mainly resulted from observing its central role in 
interpreting post-necking data in several proposed methods. Virtually all analytical 
corrections consider the time history of the geometry in a small neighborhood of 
the neck, while advanced numerical strategies extend the analysis to a wider 
specimen region, usually adopting DIC technique for full-field strain 
measurements. Comparison of these two ways for accounting specimen 
deformation highlighted that the first is less robust whereas the second is more 
challenging, especially considering the cylindrical geometry of the specimens used. 
Hence, the present work employed a trade-off solution: considering the specimen 
silhouette over a wide region surrounding the neck. This enhanced robustness 
without requiring complex experimental techniques, such as stereo-DIC: only 
segmentation and edge-detection algorithms are needed for silhouette 
determination. Since the quality of the results depends on the acquired images, 
special care was taken to employ appropriate imaging systems in terms of 
resolution, lighting, lens distortion, and acquisition rates in dynamic tests. 

As profile-based identification methods are quite uncommon in literature, a 
detailed analysis to highlight the shape-law correlation for cylindrical bars of 
isotropic materials subjected to uniaxial monotonic tensile loading was conducted. 
The resulting outcomes supported the use of necking profile as query variable in 
the proposed database-driven approach, and more generally profile-based post-
necking identification strategies. 

Going into more details of the shape-law correlation, it was first demonstrated 
that there are cases in which a single highly deformed necking configuration is 
representative of the entire post-necking response in the 𝜎௘௤ − 𝜀௘௤,௣ plane. More 

specifically, this was shown to be valid in normalized terms and regardless of the 
uniform deformation phase. This category of behaviors includes materials and/or 
conditions where equivalent plastic strain is the only variable affecting plasticity. 
For these scenarios, one geometrical shape allows the normalized post-necking 
hardening law to be identified, whereas information on the force is needed for 
determining the absolute stress values. As anticipated, this was implemented with 
a database-driven approach. The identification procedure simply consisted of 
searching this database for the numerical shape which best matches the 
experimental one, regardless of the absolute size. This allows the normalized post-
necking hardening to be determined and adjusted to reconstruct the actual post-
necking hardening law of the material under investigation. 

Regarding the precomputed library, the explicit solver of the commercial FE 
code Ansys LS-DYNA was used to run the simulations. Several tensile tests, 
conducted on cylindrical bars that differed one from another in terms of strain-
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hardening behavior, were modelled. It was verified, through numerical benchmarks, 
that a database of cylindrical bars enhances generality (from the geometric point of 
view) without introducing significant errors when used for experiments conducted 
on dog-bone specimens. Moreover, numerical benchmarks also validated the 
method against geometrical uncertainties in silhouette measurements. Finally, 
experiments conducted on pure copper, Al6082-T6, and 17-4PH were used as 
relevant case studies for the proposed method, due to their different behavior in 
terms of strength, ductility, and hardening rate. They demonstrated the practical 
applicability of the database-driven approach for strain-hardening identification, 
with a computational effort comparable to analytical strategies and an accuracy 
approaching that of FEMU techniques.  

The range of applicability of the method, however, is not limited to cases where 
equivalent plastic strain is the only governing variable. It can be applied in principle 
to all cases in which other relevant variables remain constant during testing (e.g., 
isothermal tests at non-standard temperatures) or are univocally linked to the 
equivalent plastic strain (namely, temperature for strain rate insensitive materials). 
Issues would arise when there are variables affecting plastic behavior, which evolve 
within the single test in a way not univocally linked to the equivalent plastic strain. 

This is the case of strain rate: if strain rate sensitivity is sufficiently high, it can 
affect the material response within a single test due to the strain rate heterogeneity 
typical of necking. As a matter of fact, in these cases, a single necking profile is not 
sufficient to identify the post-necking behavior. However, it was proved that, even 
in such critical scenarios, necking profiles contain information about superficial 
distributions of equivalent plastic strain, equivalent plastic strain rate, and 
equivalent stress. This was shown to be valid again in normalized terms, which 
implies that if the normalized necking profiles of two materials coincide, one 
material can be used to instantaneously approximate those distributions for the other 
one, once instantaneous force and speed are accounted for. More importantly, this 
correlation is valid even between a rate sensitive material and a rate insensitive one. 
This means that a rate sensitive material during a test can be approximated as a 
sequence of different rate insensitive materials, one per each time considered. 
Hence, the database-driven approach was readily extended for dealing with these 
situations, without the need to include rate sensitive materials in the database. The 
proposed procedure involves repeating the brute-force search at different times, 

thus obtaining 𝜎௘௤൫𝜀௘௤,௣൯ curves that represent the states of superficial material 

points at these times. Then, the information of local equivalent plastic strain rate 
can be added thanks to the database itself and by accounting for the instantaneous 
speed of radial contraction. The output of the proposed method is finally 
represented by a point cloud in the space 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝜎௘௤ that reflects the 

material’s visco-plastic behavior during the single test, without any assumption 
about material behavior, apart from isotropic Von Mises plasticity. The potential of 
the approach was illustrated through the successful application to pure 
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molybdenum, a material known to be highly sensitive to strain rate. Nevertheless, 
the method remains applicable to the special case of negligible strain rate 
sensitivity, as proved with an experimental case study on pure copper: despite 
slightly increasing the computational cost, it significantly improved stability and 
robustness. 

Among the possible issues that may arise when focusing on a single tensile test, 
the one that still needed to be addressed was the strain rate-temperature interaction 
typical of self-heating conditions. For these cases, it was shown that determining 
the thermo-visco-plastic response in the 𝜀௘௤,௣ − 𝜀௘̇௤,௣ − 𝑇 − 𝜎௘௤ hyperspace did not 

represent a problem of higher complexity for the database-driven approach in the 
generalized form summarized above. This is thanks to its distinctive capability of 
providing a good approximation of the instantaneous equivalent stress distribution 
on the specimen surface, independently of the physical variables that generated it 
and even if some relevant variables are not explicitly included in the database. 
Nevertheless, this was possible as the database included also non-monotonically 

increasing 𝜎௘௤൫𝜀௘௤,௣൯ laws to account for thermal softening behaviors. If the 

objective is to identify the plastic flow surface, equivalent stress distribution can be 
associated with the fields of physical variables affecting plastic response. 
Equivalent plastic strain and strain rate distributions can be estimated through the 
database, while temperature can be measured experimentally via infrared imaging. 
In practice, the database-driven approach is applied to several necking 
configurations and to each of them the superficial thermal field measured by an 
infrared camera is added. The resulting point cloud in the 4D space represents the 
states experienced by superficial material points during the test analyzed. The 
identification of material response as a point cloud represents a significant 
advantage of the proposed approach for thermo-visco-plastic characterization since 
it does not require assuming a model a priori. By simply applying the proposed 
method to tests conducted under different loading conditions the material response 
is reconstructed over broad ranges of strain, strain rate and temperature. This was 
practically demonstrated through some experimental tests conducted on 17-4 PH, 
at different loading rates. Material self-heating during non-isothermal tests was 
monitored with a high-speed high-resolution infrared camera and the measured 
thermal fields were used within the proposed framework of analysis. Then, for 
verifying the reliability of the identified model by implementing it in FE 
simulations of the tests, the identified point cloud was fitted with a tabularly defined 
material model for strain, strain rate and temperature dependencies. However, it 
was also necessary to define heat conversion in all non-isothermal tests: in a 
preliminary phase, a constant TQC was roughly estimated and no additional heat 
losses were considered. Thus, the resulting model was used for simulating only 
isothermal and adiabatic tests, which were both found to be in good agreement with 
experimental results (also in terms of superficial thermal fields for the adiabatic 
test).  
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With the aim of gaining further insights into intermediate strain rates condition, 
where thermal fields result from both self-heating and heat conduction, the focus 
shifted to investigating the work-to-heat conversion. Specifically, the possibility of 
further exploiting the database-driven approach for determining the TQC from the 
post-necking phase of tensile tests was explored. It was found that, under adiabatic 
conditions, the method allowed the work-to-heat conversion to be estimated with a 
direct approach based on the heat equation. Instead, for dealing with non-adiabatic 
conditions, an inverse approach based on thermal-structural FE simulations was 
developed, but the use of the database-driven approach for mechanical 
identification proved to be advantageous. This is because the database-driven 
strategy can identify the thermo-visco-plastic flow without knowing how the 
measured temperature has been affected by heat losses. Thus, the inverse approach 
only needs to focus on this second aspect, thereby limiting the computational time 
of FEMU strategies that, in the more general case, would require simultaneous 
identification of structural behavior and heat losses. The overall feasibility and 
accuracy of both methods was demonstrated first through ad-hoc numerical 
benchmarks and then through the 17-4PH experimental case study. In particular, it 
is worth underlining that the inverse procedure, despite employing an approximate 
modeling of heat losses and a tentative iterative procedure, provided very promising 
results in all conditions analyzed. 

Extending the analysis to even more complex scenarios, the last part of the 
thesis took the first steps towards post-necking hardening identification for initially 
cylindrical specimens that exhibit anisotropic deformation. In this phase, the current 
form of the database-driven approach lost representativeness, as it relies on lines of 
reasoning formulated for isotropic materials. Nevertheless, the overarching 
objective of developing accurate and efficient methodologies was still considered 
when seeking an alternative strategy for anisotropic materials. FE simulations were 
again employed to ensure that the main features of plastic anisotropic deformation, 
especially during necking, were caught. Regarding the computational cost, this was 
limited by relying on an analytical estimate of the hardening law as a starting point 
for a single FE-assisted refinement step, properly targeted. From the experimental 
point of view, determination of the deformed shape was more challenging than for 
isotropic materials due to the loss of axialsymmetry. In agreement with the 
methodologies adopted throughout this thesis, a simple and versatile solution was 
chosen. Two cameras were used during the test for measuring the projected 
silhouettes of the specimen, whose 3D shape was reconstructed a posteriori by 
hypothesizing elliptical cross-sections orientated as found from a post-mortem 
360°-scan. The applicability of the method was verified on quasi-static 
experimental tests on CuCrZr specimens obtained along the transversal direction of 
a plate. Given the limited information about anisotropy that could be gained from 
such tests, isotropic hardening was assumed and simplified yield modeling was 
adopted. Despite its simplicity, the proposed approach yielded encouraging results. 
This demonstrated that whenever the intent is determining the strain-hardening 
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behavior under a given tensile loading condition, rather than a complete description 
of yield anisotropy, tensile tests on cylindrical samples can provide first-order 
results if anisotropic necking is addressed properly.  

To conclude, necking deformed shapes were seen to provide insightful 
information about the plastic behavior of isotropic materials, which consequently 
led to considerable advantages in plastic flow identification. This suggests that 
future work on post-necking identification of initially cylindrical specimens made 
of anisotropic materials should focus on better exploiting their necking deformed 
shapes. Further investigation is required to assess whether an efficient database-
driven approach, analogous to the one developed for isotropic materials, can be 
feasible.  
For what isotropic materials are concerned, the database-driven approach can be 
seen, from a broader perspective, as a preliminary study towards silhouette-based 
ML algorithms. In its final form, the proposed method shows how effective datasets 
can be established for efficient and informed implementation of ML algorithms for 
thermo-visco-plastic characterization, using necking silhouettes as main input. 
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9Appendix A 

Consider a cylindrical bar of radius  𝑅଴ and denote with coordinate 𝑋 each 
cross-section in the undeformed configuration. During necking, the cross-sections 
become curved and cannot be identified by a unique axial position. The average 
coordinate is, thus, used and is denoted by 𝛬(𝑋). This is schematically depicted in 
Figure A.1. 

Figure A.1 Cylindrical bar in undeformed and necking deformed configuration (adapted from [1]). 

Assuming material isotropy and incompressibility, Audoly and Hutchinson’s 
1D theory [2] predict that the deformed coordinates (𝑥, 𝑟) of a point of initial 
coordinates (𝑋, 𝑅) become: 

𝑥(𝑋, 𝑅) = 𝛬(𝑋) +
ଵ

ସ ఒ(௑)య

ௗఒ(௑)

ௗ௑
ቀ𝑅ଶ −

ோబ
మ

ଶ
ቁ,    (A.1a) 

𝑟(𝑋, 𝑅) =
ோ

ඥఒ(௑)
,        (A.1b) 

where 𝜆(𝑋) ≝
ௗ௸

ௗ௑
 represents the stretch and terms of higher order than 

ௗఒ

ௗ௑
 have 

been neglected. 
Focusing on material points on the specimen surface, 𝑅 =  𝑅଴ and previous 

Equations A.1 become: 

𝑥(𝑋) = 𝑥(𝑋, 𝑅଴) = 𝛬(𝑋) +
ଵ

ସ ఒ(௑)య

ௗఒ(௑)

ௗ௑

ோబ
మ

ଶ
,    (A.2a) 

𝑟(𝑋) = 𝑟(𝑋, 𝑅଴) =
ோబ

ඥఒ(௑)
.      (A.2b) 

This last equation highlights that the stretch at a certain configuration is related 
to specimen normalized profile: 

𝜆(𝑋) = ቀ
ோబ

௥(௑)
ቁ

ଶ

.        (A.3) 
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By introducing the radius 𝑅௡ (the one at the necking onset configuration), it is 
possible to separate the “total” stretch into a contribution from uniform deformation 
and another one from necking deformation: 

𝜆(𝑋) = ቀ
ோబ

ோ೙

ோ೙

௥(௑)
ቁ

ଶ

= ቀ
ோబ

ோ೙
ቁ

ଶ

ቀ
ோ೙

௥(௑)
ቁ

ଶ

.     (A.4) 

The first multiplicative factor represents the stretch at the necking onset (as 
inferable from Equation 3): 

𝜆௡ = ቀ
ோబ

ோ೙
ቁ

ଶ

.        (A.5) 

The other multiplicative factor of Equation A.4, thus, represents the 
contribution of the post-necking deformation: 

𝜆௣(𝑋) = ቀ
ோ೙

௥(௑)
ቁ

ଶ

.        (A.6) 

It results that Equation A.4 can be rewritten as: 
𝜆(𝑋) = 𝜆௨𝜆௣(𝑋).        (A.7) 

 
At this point, consider two geometrically identical cylindrical bars made of two 

materials (1 and 2), that share the same normalized necking silhouette, namely the 
pairs (𝑥ଵ/𝑅௡ଵ, 𝑟ଵ/𝑅௡ଵ) overlap with (𝑥ଶ/𝑅௡ଶ, 𝑟ଶ/𝑅௡ଶ). By introducing the 
geometric scaling coefficient 𝑘௚ = 𝑅௡ଵ/𝑅௡ଶ, it results that the pairs (𝑥ଵ, 𝑟ଵ) overlap 

with (𝑘௚𝑥ଶ, 𝑘௚𝑟ଶ). Nevertheless, it is challenging to understand which are the 

material points of material 2 equivalent to those of material 1. In other words, which 
j-th point of material 2 is equivalent to the i-th point of material 1, i.e., which are i 
and j satisfying the Equations A.8: 

𝑥ଵ௜ = 𝑘௚𝑥ଶ௝;        (A.8a) 

𝑟ଵ௜ = 𝑘௚𝑟ଶ௝.        (A.8b) 

The solution to this problem was derived in [3] and is reported hereinafter. 
As stated at the right beginning of this appendix, points are identified by their 

position in the undeformed configuration: (𝑋ଵ௜, 𝑅ଵ௜) and (𝑋ଶ௝, 𝑅ଶ௝). Considering 

that the analysis focuses on points on the outer surface and that the specimens share 
the same initial radius 𝑅଴, material points can be identified by their initial axial 
coordinates 𝑋ଵ௜ and 𝑋ଶ௝. To find the relationship between these positions, Equation 

A.8a is enforced, expressing each term through Equation A.2a: 

𝑥ଵ௜ = 𝛬ଵ௜ +
ଵ

ସ ఒభ೔
య

ௗఒభ

ௗ௑భ
ቚ

௑భ೔

ோబ
మ

ଶ
;      (A.9a) 

𝑥ଶ௝ = 𝛬ଶ௝ +
ଵ

ସ ఒమೕ
య

ௗఒమ

ௗ௑మ
ቚ

௑మೕ

ோబ
మ

ଶ
.      (A.9b) 

Regarding the first addendum, the following equations are obtained: 

𝛬ଵ௜ = ∫ 𝜆ଵ(𝑋ଵ)
௑భ೔

଴
𝑑𝑋ଵ = ∫ 𝜆௡ଵ𝜆௣ଵ(𝑋ଵ)

௑భ೔

଴
𝑑𝑋ଵ = 𝜆௡ଵ ∫ 𝜆௣ଵ(𝑋ଵ)

௑భ೔

଴
𝑑𝑋ଵ 

          (A.10a) 

𝛬ଶ௝ = 𝜆௡ଶ ∫ 𝜆௣ଶ(𝑋ଶ)
௑మೕ

଴
𝑑𝑋ଶ.      (A.10b) 
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For further developing these expressions, consider that the post-necking stretch 
is the same (see Equations A.6 and A.8b): 

𝜆௣ଵ(𝑋ଵ௜) = 𝜆௣ଶ൫𝑋ଶ௝൯,       (A.11) 

or more concisely 𝜆௣ଵ௜ = 𝜆௣ଶ௝.  

This result allows a change of variables to be applied in Equations A.10. 
Specifically, the following relationship between 𝛬ଵ௜ and 𝛬ଶ௝ can be found:  

𝛬ଵ௜ = 𝜆௡ଵ ∫ 𝜆௣ଶ(𝑋ଶ)
௑మೕ

଴
𝑑𝑋ଶ𝑐 = 𝑐𝜆௡ଵ

௸మೕ

ఒ೙మ
=

௖

௞೒
మ 𝛬ଶ௝ ,   (A.12) 

by reasonably hypothesizing 
ௗ௑భ

ௗ௑మ
= 𝑐 and considering that: 

ఒ೙భ

ఒ೙మ
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(ோబ ோ೙భ⁄ )మ

(ோబ ோ೙మ⁄ )మ
= ቀ

ோ೙మ

ோ೙భ
ቁ

ଶ

=
ଵ

௞೒
మ.      (A.13) 

Referring again to Equations A.9, attention shifts to the stretch derivatives. 
Using Equation A.7 first and Equation A.6 subsequently, the following expressions 
are obtained: 
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య(௑భ)

ቁ =

                        −𝜆௡ଵ
ଶோ೙భ

మ
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ௗ௥భ

ௗ௑భ
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and similarly: 
ௗఒమ

ௗ௑మ
ቚ
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.      (A.14b) 

By replacing 𝑟ଵ(𝑋ଵ) with 𝑘௚𝑟ଶ(𝑋ଶ) in Equation A.14a, it results that: 
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while Equation A.14b can be used for deriving the following relationship: 

𝜆௡ଶ
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.      (A.16) 

Hence, plugging it into Equation A.15, the latter becomes: 
ௗఒభ
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.    (A.17) 

Finally, it is possible to plug Equations A.12 and A.17 into Equation A.9a, 
obtaining: 

𝑥ଵ௜ =
௖

௞೒
మ 𝛬ଶ௝ +

௞೒
ల

ସ ఒమೕ
య

ଵ

௞೒
మ௖

ௗఒమ

ௗ௑మ
ቚ

௑మೕ

ோబ
మ

ଶ
.     (A.18) 

Comparing this result with the condition imposed by Equation A.8a, it is 
evident that 𝑐 must be equal to 𝑘ଷ. This leads to the conclusion that material points 
analogous for the post-necking phase are characterized by initial axial coordinates 
linked through the relationship: 𝑋ଵ௜ = 𝑘ଷ𝑋ଶ௝. 
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