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AN ALTERNATIVE APPROACH TO WELL-POSEDNESS OF
MCKEAN-VLASOV EQUATIONS ARISING IN
CONSENSUS-BASED OPTIMIZATION

ALESSANDRO BALDI

ABSTRACT. In this work we study the mean-field description of Consensus-Based
Optimization (CBO), a derivative-free particle optimization method. Such a descrip-
tion is provided by a non-local SDE of McKean—Vlasov type, whose fields lack global
Lipschitz continuity. We propose a novel approach to prove the well-posedness of the
mean-field CBO equation based on a truncation argument. The latter is performed
through the introduction of a cut-off function, defined on the space of probability
measures, acting on the fields. This procedure allows us to study the well-posedness
problem in the classical framework of Sznitman. Through this argument, we recover
the established result on the existence of strong solutions, and we extend the class
of solutions for which pathwise uniqueness holds.

1. INTRODUCTION

Consensus-Based Optimization (CBO) is a particle optimization method, first intro-
duced in [36], designed to address global optimization problems of the form

min f(z), (1.1)

where f: R? — R is a, possibly non-convex and non-differentiable, continuous objective
function. The CBO method consists of a population of N € N agents, whose microscopic
state at time ¢ € [0, 7] is determined by their positions X; € R% i =1,..., N, on the
domain of the objective function f. The initial positions X§, i = 1,..., N, of the particles
are assumed to be independent and identically distributed with law py € P(R?). The
time evolution of the system is described by the following Ito stochastic differential
equations

AX] = MX{ ~ My(p))) dt + (X[~ Ms(p)) dB.  i=L...N.  (12)

for t € [0,7], where T > 0 is a fixed time horizon. The processes (B})eo,r], 7 =1,..., N,
are d-dimensional independent standard Brownian motions, and A > 0 is a fixed drift
parameter. The point Mﬂ(p,{v ) describes the instantaneous consensus point of the
population, and it is defined as the convex combination of the positions of the agents

Bz N _
M) o S 7D dpN () 5 D (1.3)
P fRd e~ P dpN (x) ZN —Bf(XY) v

i=1 j=1€

where 3 > 0 is a fixed parameter, and the (random) measure p) = + Z;\le dyj is
t
the empirical measure of the system. The instantaneous consensus point encodes the
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interaction among particles, and it is defined in such a way that the agents located at
positions where f attains lower values contribute more to the weighted average in .
Furthermore, it acts as an instantaneous guess for the global minimizer of f; its form
is justified by the fact that, when (3 is large, provides a good approximation of
argmin;_; _y f(X}). The map S: R — R®? modulates the diffusive effects, and we
assume that it is globally Lipschitz continuous and satisfies the condition S(0) = Ogx 4,
where 04y 4 is the zero matrix. This choice includes, as special cases, both the original
isotropic CBO [36], where S(u) = v/20||u||I; (with @ > 0), and the anisotropic CBO [12],
where S(u) = v/20 diag(u).

The stochastic evolution features a drift term driving particles towards the
consensus point, and a diffusive term allowing them to explore the state space and, at
the same time, to escape local minima. The aim of the method is to induce concentration
(consensus) of the agents around a global minimizer of f after a sufficiently long time. In
the computational practice, an Euler-Maruyama time discretization of is typically
implemented. See the review [40] for more details about the ideas and motivations
underlying the CBO method, as well as variants and scenarios of application. We also
mention that, since its introduction, the CBO paradigm has given rise to a variety of
methods aimed at tackling diverse classes of optimization problems, including, but not
limited to, constrained optimization [ [I8] [19], optimal control [6], and multi-objective
optimization [7, [32]; see also [I6] 23] for comprehensive reviews of applications.

The CBO method exhibits two remarkable features: it achieves very good performance
in computational optimization [12] [40], even when the dimension d of the state space is
large, and it is amenable to a rigorous theoretical study by means of techniques pertaining
to the mathematical analysis of interacting multi-agent systems. A powerful tool in
the study of particles interacting through their empirical measure is mean-field analysis.
One allows the number N of agents to go to infinity, and seeks to approximate the
coupled particle dynamics with the statistical behaviour of a representative particle.
The mean-field equation for the CBO system, which describes the time evolution of the
representative particle X, reads

{dXt = (X — Mg(pr)) dt + S(X; — Mp(p:)) dBs,

N (1.4)
Pt = LaW(Xt)7
for t € [0, 77, subject to a po-distributed initial state Xo. Here, the consensus point is

I ze P dp, ()
Mi(pe) = =550 '
fRde dpt(x)

(1.5)

The mean-field equation is obtained by formally replacing the empirical measure
pN in with the measure p; = Law(X;), thus uncoupling the interactions in the
particle system. A rigorous justification of this formal procedure amounts to proving a
propagation of chaos result. This was first achieved through a compactness argument in
[27]; stronger quantitative results have been obtained in the recent works by means of a
synchronous coupling approach, which allows one to obtain uniform-in-time estimates;
see [24} 28], B1] and references therein.

In the mean-field model, the fact that provides a reasonable approximation
for the global minimizer of f is heuristically corroborated by the well-known Laplace
principle |15 135 36], according to which, if p € P(R?) is absolutely continuous,

1
lim (—=1o e A1@) dp(x )> = inf x),
5_’+°°< B g(/}Rd PLo) x€supp(p) /@)
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suggesting that, when f admits a unique global minimizer z., the weighted measure
efﬁf(””)p/(fRd e @) dp(x)) is a proxy for &, for large values of 3, so that Mg(p) = ..

The mean-field SDE (1.4) is of McKean—Vlasov type, since its fields depend on the law
of the solution itself. The study of (and of its associated Fokker—Planck equation)
allows to deduce the long-time behaviour of the CBO method at an aggregate level: the
works [I11, 12} 20, 21] establish conditions under which the mean-field law p; concentrates
around the global minimizers of the objective function f, thus providing theoretical
guarantees for the efficacy of the CBO methodology.

The present work is devoted to the presentation of a novel technique to prove the well-
posedness of the mean-field CBO equation . This result was originally achieved in
the seminal work [II] through an application of the Leray—Schauder fixed-point theorem
in the space of curves C([0,T],R¢). Here, we propose an alternative strategy based on
a cut-off function defined on the space of probability measures, by means of which we
suitably truncate the fields driving equation . The truncated fields turn out to be
globally Lipschitz continuous, so that the existence of strong solutions to the associated
McKean—Vlasov SDE can be obtained within the classical framework of Sznitman [39].
Finally, the truncation is relaxed until a strong solution to the original mean-field CBO
equation is recovered.

Moreover, the present argument allows us to improve the pathwise uniqueness results
available in the literature. Indeed, we prove that pathwise uniqueness holds in the class
of strong solutions for which the map ¢ — Mg(p;) is bounded over [0, 7], thus relaxing
the continuity requirement on the aforementioned map (see, e.g., [25] Theorem 2.3] for
comparison). We now present the statement of the main result.

Theorem 1.1. Let f € O(s, (), with s,£ >0, andp > 2Vpa(s, £) (see Definition[3.] and
below). Given a d-dimensional standard Brownian motion B defined on a filtered
probability space (0, F, (F)iejo,r), P), and an Fo-measurable random variable Xo: Q0 —
R? belonging to LP(S), ., P), there exists a strong solution X :  — C([O, 7], ]Rd) to
with initial state Xo. The solution X is pathwise unique in the class of strong solutions
to such that the map t — Mg(p:) is bounded over [0,T).

We remark that, while the core content of Theorem [I.1]is well-known in the literature,
the main goal of this work is to illustrate an alternative technical possibility in the study
of the well-posedness of mean-field equations arising in CBO-type models.

1.1. Plan of the paper. This paper is structured as follows. In Section 2] we recall
Sznitman’s well-posedness argument [39] for McKean-Vlasov-type SDEs with globally
Lipschitz fields, we review the established approach for the CBO equation , and we
outline our alternative approach. In Section [3] we present our structural assumptions on
the objective function f, together with their consequences on the structure of the fields
driving ; here, we recall the relevant stability and sublinearity estimates available in
the literature. The argument for the existence of solutions via truncation is presented in
Section [ whereas Section [f is devoted to pathwise uniqueness. We conclude the paper
with Appendix [A] where, for the reader’s convenience, we present in detail the version
of Sznitman’s argument employed in this work.

1.2. Notation and preliminaries. Given a measure space (X, 2, 1), a measurable
space (), %), and a measurable function g: X — ), we denote by gy the push-forward
of w through g, defined as gyu(B) = (g~ (B)), for all B € . By construction, gu is
a measure on (), %) having the same mass of u. When g: 2 — ) is a random variable
defined on a probability space (€2,.#,P), we denote its law gz by Law(g). Given a
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metric space (X, dx), we indicate with P(X’) the convex set of Borel probability measures
on X. Moreover, for all p > 1, we denote with P,(X) the collection of all probability
measures with finite moment of order p, namely

Pp(X) = {u eEPX) : /X dx(x,20)? du(x) < +oo for some xg € X}.

For all fixed p > 1, the set P,(X) can be endowed with a metric structure by means of
the Wasserstein distance of order p, defined as

1/p
Wy (1, p2) = ( inf / dx(x1,22)P dw(zl,x2)>
el (n1,p2) Jxyxx

for all py, pa € Pp(X). The set I'(u1, p2) is the collection of transport plans (or couplings)
between the measures p; and ps, which is defined as

T(p, po) = {71' € P(X?) : m(AxX) = 1 (A), 7(X xB) = ua(B), for all Borel A7B}.

If the metric space (X, dx) is separable and complete, so is (P,(X), W,). Throughout
this work, we shall primarily consider the cases where X is either the Euclidean space
R? or the space of continuous functions C([0,7],R?) (equipped with the uniform norm),
both of which are separable and complete. For more details on the Wasserstein spaces,
we refer the reader to the texts [2) B} 37, 41].

For the sake of conciseness, by denoting with ||z|| the Euclidean norm of the vector
r € R%, we adopt the notation

1/p
mi = ([ ol aut))  for il € Py, (16)
R4
and, for all fixed R > 0 and p > 1, we define the class of measures
Py r(RY) = {u e P(RY) : my(p) < R}. (1.7)

On the vector space of real square matrices R**? we shall consider the standard
Frobenius norm |-||p. If H € R?*9 is symmetric and positive semidefinite, we denote
by VH its matriz square root, namely, the unique symmetric and positive semidefinite
matrix Q € R¥? satisfying QT Q = H (for further details, see, e.g., [5, Chapter 6]).

We shall indicate by ev; the evaluation map at time ¢, namely, the map C([0, T], RY) —
R< such that evy(y) :== 7(¢). The symbols V¢, Hy, and Ay will respectively denote the
gradient, Hessian matrix, and Laplace operator of a function ¢: R — R.

2. STRATEGIES FOR THE PROOF OF WELL-POSEDNESS OF MCKEAN-VLASOV SDES

Here, we recall the established techniques for the proof of existence and pathwise
uniqueness of strong solutions to McKean—Vlasov SDEs with globally Lipschitz fields, as
well as the special techniques developed for the CBO mean-field equation , where
global Lipschitz continuity of the fields is no longer ensured. We conclude the section by
presenting an outline of the alternative approach devised in this work, together with the
main result.

Throughout this section, we shall consider a McKean—Vlasov SDE of the form
dX; = v,,(X¢)dt +0,,(X;)dBy,
¢ = v (X0 p(X1) By for ¢ € [0, 7], (2.1)

Pt = LaW(Xt),

where B is a d-dimensional standard Brownian motion defined on a filtered probability
space (€0,.7, (%)ie(0.1],P). The dynamics is driven by the fields v: R? x P(R?) — R?
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and o: RY x P(R?) — R4 and the initial state of the system is assigned by an
Fo-measurable random variable X: Q — R<.

2.1. The classical proof of Sznitman in the case of globally Lipschitz fields.
The study of well-posedness of McKean—Vlasov equations dates back to the work of
McKean himself [33]. Two decades later, in his lecture notes [39], Sznitman introduced
a technique based on a fixed-point argument on the space of probability measures over
the path space. This approach relies on the global Lipschitz continuity of the fields v
and o with respect to both space and measure arguments. More precisely, Sznitman’s
argument requires the existence of p > 1, and of positive constants L,, L., such that,
for all £, x5 € RY, puy, g € ’PI;(Rd)7

[0, (@1) = vy (22) | < Lo (21 — 2|l + Wplpa, p2)), (2.2a)
[0y (1) = 0y (2) | < Lo (l21 — @all + Wp(pa, p2))- (2.2b)

Under the additional assumption that the initial state X for problem (2.1]) belongs to
LP(Q, #,P), with p > 2V jp, one can consider a fixed measure ¥ € P,(C([0,T],R?%)) and
formulate the auxiliary stochastic differential equation (with X as initial state)

dXY = vy, (XF)dt + oy, (X}*)dB;, for t € [0, 7], (2.3)

where U, := (evy)y W, for all ¢ € [0, T]; by recalling the definition of push-forward given
at the beginning of Section since W is probability measure in P,(C([0,7],R%)),
then one has that ¥, is a probability measure belonging to P,(R?) for all ¢ € [0,T].
Then, as a consequence of 7 one can show that the map S: P,(C([0,T],R%)) —
P (C([0,T], R

T S(V) := Law(X7) (2.4)
(where XY is the pathwise unique strong solution to (2.3)) is well-defined and admits
a unique fixed point p € P,(C([0,T],R%)) through the Banach—Caccioppoli fixed-point
theorem (see, e.g.,[30]). Since by construction S(p) = Law(X*) = p, taking the push-
forward through the evaluation map ev; yields that p; = Law(X?) for all t € [0,T7;
indeed, by virtue of the associativity of the push-forward operation, we have that

pr = (ev)zp = (ove); Law(X?) = (ev)y((XP);B) = (ov, 0 XP),P = (X);P = Law(X7).

Hence, the process X = X” is a strong solution to the original McKean-Vlasov SDE
. Pathwise uniqueness is obtained (in a particular class of strong solutions) through
a Gronwall-type argument. For future reference, we state below the version of this
classical result that will be used throughout the present work.

Theorem 2.1. Let us assume that conditions are satisfied, and let p > 2V p.
Given a d-dimensional standard Brownian motion B defined on a filtered probability space
Q. F, (Ft)tepo,1), P), and an Fo-measurable random variable Xo: Q — R? belonging to
LP(Q,.F,P), there exists a strong solution X : Q — C([O,T],Rd) to problem with
initial state Xq. Moreover, the solution X satisfies
E[ sup |Xt|p] < 00, (2.5)
te[0,T)

and it is pathwise unique in the class of strong solutions such that (2.5) holds.

Proof. The original proof of Sznitman [39, Theorem 1.1, p. 172] covers the case where v
is bounded and linear in the measure argument and o = I;. The case p = 2 is treated in
[34, Theorem 2.2] (see also [10, Theorem 1.7] and [I4, Proposition 1, Section 2.2|). For
the reader’s convenience, we present a proof in the case p > 1 in Appendix [A] O
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2.2. Lack of global Lipschitz continuity: the established proof for the mean-
field CBO equation. One of the main technical difficulties in the study of is
the lack of global Lipschitz continuity of the fields. Indeed, even assuming reasonable
continuity and growth conditions on the objective function f, the CBO fields

ou(@) = =Mz — Ms(),  0u(@) = S(z — Ms(n)) (2.6)

satisfy the Lipschitz condition only in a local sense in the measure argument. More
precisely, under suitable structural assumptions on f, one can show that there exists
P =pm(s,£) > 1 (the nature of the exponent pr((s,¥) shall be clarified in Section ,
such that, for all p > p and R > 0, there exist constants L, r, L, g > 0 satisfying

[0, (1) = vy (22) || < Lo r (|21 — 22| + Wy (1, p2)), (2.7a)
0, (21) = 0y (222) | < Lo g (|21 — m2|| + Wp(p1, p2)), (2.7b)

for all 21,22 € R and p1, s € Pp r(R?) (the set P, r(R?) has been defined in (L.7)).
Inequalities are an immediate corollary of Proposition which is a result of [25].

This obstruction to the application of the classical Sznitman’s argument of well-
posedness was already identified and addressed in [II]. There, the authors devise a proof
based on a fixed-point argument on the space C([0, 7], R%). The first step involves the
formulation of an auxiliary equation, where the trajectory of the instantaneous consensus
point in is replaced by a fixed continuous curve v € C([0, 7], R?), namely

dX; = —NX] — ) dt + S(X{ — ) dBy, for ¢t € [0, T7; (2.8)
then, the fixed points of the map 7 : C([0,T],R%) — C([0,T], R?), defined as
7= T() = {t = Mp(Law(X[))}, (2.9)

are sought for. The fixed-point problem for 7 is handled via the Leray—Schauder fixed-
point theorem [26], Theorem 11.3|; indeed, it can be shown that 7 is compact, and that
the set of v satisfying v = 77 () for some 7 € [0, 1] is bounded. This argument proves
the existence of a strong solution to (1.4)). Finally, through a Gronwall-type argument,
pathwise uniqueness for problem obtained in the class of strong solutions such
that the map ¢t — Mg(p,) is continuous over [0, T'.

For the details, we refer the reader to the well-posedness results in [II] and to their
generalization in [25] Theorem 2.3], which is, to the best of our knowledge, the most
comprehensive account of the well-posedness results for the mean-field CBO equation.

We point out that this proof strategy is now well established in the CBO literature,
and variants of it appear in several related works; see, for instance, [13], 17, 22| 28] [29].

2.3. An alternative approach for the mean-field CBO equation: a proof a
la Sznitman through a truncation argument. In this paragraph, we outline the
well-posedness argument for equation developed in the present work. The main
idea is to recover the global Lipschitz continuity of the fields by means of a truncation
procedure, thereby bringing the problem back within the scope of Sznitman’s framework
described in Section 2.11

Since, for fixed p > p = pam(s, ) (see below) and R > 0, the local Lipschitz
continuity conditions hold on the set R* x P, r(R?), we may localize the problem
through a truncation function ¢g: P, r(R?) — [0,1] satisfying

{17 mp(ﬂ) <R,
)

- 2.10
07 mp(,u Z R+17 ( )

or(p) =
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and formulate the R-truncated problem as
<R =R <R =
dXy = -MX, = ¢r(pf) Ms(pf))) dt + S(X;" = r(pf") Ms(py")) dBe ,

2.11

plt = Law(X,), =
for t € [0, T], with the prescription that X (1)% = X. The fields driving the McKean-Vlasov
SDE will be shown to be globally Lipschitz on R? x P,(R%); therefore, under the
assumption that the initial datum X satisfies Law(Xg) € P,(R%), with p > 2V p, the
argument of Sznitman (see Section and Appendix [A]) yields the existence of a strong
solution to the R-truncated problem, which also coincides with a strong solution to
as long as pr(pf) = 1. Finally, we derive an estimate on the growth of m,(pf) that
is uniform in R, which allows us to conclude that, if R is taken large enough, we can
extend the time interval on which pr(pf) =1 to the whole [0, 7). In this way, we obtain
a strong solution to the original problem .

Pathwise uniqueness is proved as a consequence of an a priori estimate on the p-th
moment of solutions to , together with the uniqueness result provided by Sznitman’s
argument. This strategy allows us to obtain pathwise uniqueness in the class of strong
solutions to such that the map ¢ — Mg(p;) is only bounded over [0, 7.

The form of the R-truncated problem can be heuristically justified by observing
that, when the p-th moment grows too large, the consensus point is replaced by the origin
of R?, thereby inducing a contraction effect on the distribution of the representative
particle and preventing the violation of the local Lipschitz conditions , which we
recall to be valid, for all fixed R > 0, in the subset P, r(R?) of probability measures
such that the p-th moment satisfies m,(p) < R.

We remark that a similar approach has been used by the author in the recent work [I]
to study the well-posedness of a CBO-inspired mean-field model coupled with dynamics
in the convex set [0,1], where this additional variable models the knowledge of the
environment. Here, we expand the ideas of the aforementioned work to treat the original
mean-field CBO equation.

3. STRUCTURAL ASSUMPTIONS AND THEIR CONSEQUENCES

In this section, we state the standing assumptions on the objects defining the mean-
field CBO equation (|1.4) and their consequences on the fields driving the dynamics. We
start by specifying the class of objective functions f considered in this work.

Definition 3.1. Let s,¢ > 0 be fixed. We say that a function f: R¢ — R belongs to
the class O(s, ) if
(1) there exists a constant Ly > 0 such that

[f(@) = f@) < Le(+ llll + lyl)*lle = yll,  for all 2,y € RY; (3.1a)

(2) f is bounded from below by f. := inf, cra f(2) and there exist constants cp, cq,
Cy, Cy > 0 such that

eollzll® — Cy < f(x) — fu < callz|| + Cu, for all 2 € RY. (3.1b)

Conditions of this form are standard in the literature on CBO-type algorithms (see,
e.g., [11L 25]). We also remark that the class O(s, £) coincides with the class A(s, ¢, )
introduced in [25]. The collection O(s,¥) is empty unless ¢ < s+ 1, and in the case
¢ =0, condition (3.1bf) reduces to a boundedness assumption on f. The continuity and
growth condition(]sT_E.fD on the objective function play a central role in establishing the
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stability and growth estimates on the fields in (1.4]). Before stating the relevant results,
we introduce the critical exponent
s+2, ifl=0,

Pumls, ) = {1 it £>0.

We are now in a position to recall the fundamental stability and sublinearity estimates
regarding the instantaneous consensus point Mg.

(3.2)

Proposition 3.2 (|25, Proposition 3.1, Proposition A.4]). Let f € O(s, ), with s,£ > 0,
and let p > pa(s, ). Then, for all R > 0, there exists Ly, g > 0, depending on R and
p, such that

1M (1) = M ()|l < Law.e Wy (puas o), for all i, pz2 € Ppr(RY). (3.3)
Moreover, there exists a constant Caq > 0, depending on p, £, cp, Cy, cq, Cq, such that

IMa()]| < Cramyp(s),  for all € Py(RY). (3.4)

Remark 3.3. We recall that, for the sake of generality, we assume the map S: R? — R4*4
in to be globally Lipschitz continuous, and to satisfy S(0) = 0gxq4, where Ogxq is
the null matrix in R%*?. We henceforth denote by Lg its Lipschitz constant. Notice
that the these two conditions imply the estimate

IS@)||p < Ls|lz|l, for all z € R

Estimates (3.3]) and (3.4)) are the key tool to implement our alternative technique of
well-posedness of the mean-field CBO equation.

4. PROOF OF EXISTENCE THROUGH A TRUNCATION ARGUMENT

In this section, we present in detail the truncation argument outlined in Section [2.3]
which will provide the existence of a strong solution to equation .

We begin by constructing a cut-off function defined on the space P, (R?) and satisfying
condition . For all fixed R > 0, we consider a cut-off function ng belonging to
C2°([0,00)) (the space of infinitely differentiable functions [0,00) — R with compact
support), such that 0 < nr <1 and

1, z<R, i1
o ={y IR (1.1)

Whence, we define the truncation function ¢r: P,(R%) — [0, 1] as
or(1) = nr(my(p)), for all € P, (R?). (4.2)

The function pg clearly obeys (2.10]) and satisfies the following global Lipschitz property.

Lemma 4.1. For all fivxed R > 0 and p > 1, the truncation function pr: Pp(RY) — [0, 1]
defined in ([£.2)) is Lipschitz continuous on the Wasserstein space (P,(R%), W,,). More
explicitly, there exists a constant L, r > 0 such that for all 1, po € P, (RY)

lor(p) — er(p2)| < L, r Wp(,ulvﬂQ)' (4.3)

Proof. Since nr € C2°([0,00)) is Lipschitz continuous by construction, it is enough to
prove that the function m,: P,(R) — [0,0) is Lipschitz continuous on (P,(R9), W,,).
To this end, we observe that for every p € P,(R?) we have

my (1) = Wi (s, 6o), (4.4)

where dp denotes the Dirac measure centered at the origin. Equation (4.4)) is a consequence
of the fact that the only admissible transport plan between p and &g is u ® &g, namely,
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(i, 60) = {1 ® o}, in the notations of Section To prove that this is the case, it is
enough to show that, if 7 € I'(u, dp), then 7 = u ® do; it is well-known that a sufficient
condition for the last equality to hold is

0, 0¢ B,

w(A), 0€ B, (45)

m(A x B) = u(A)6o(B) = {

for all Borel subsets A, B C R%. To prove ([4.5)), we distinguish between two cases: if
0 ¢ B, by monotonicity of 7 and the transport constraint 7(R? x B) = 6y(B), we have
that

0 <7(Ax B) <n(R?x B) = 6y(B) = 0;

whereas, if 0 € B, by additivity of 7, the constraint 7(A x R%) = u(A), and the relation
(A x (B\{0})) =0 =m(A x (R?\ {0})) (descending from the previous case), we have

(A x B) = (A x {0}) + 7(A x (B\ {0})) = 7(A x R%) = u(A).

This proves (4.5), whence T'(i, 6g) = {1+ ® o} follows.
Therefore, by combining (4.4)) with the triangle inequality for W, we obtain that, for
all yu1, p2 € Pp(RY),

[my (p1) — myp(p2)| = Wy (1, 00) — Wy(pa, 60)| < Wylpa, p2),

which proves that m,, is 1-Lipschitz on (P,(R%), W,). The claim follows. O

We are now in a position to investigate the well-posedness of the R-truncated problem

(2.11)). We observe that, for any R > 0, the McKean—Vlasov SDE ([2.11)) is driven by the

R-truncated drift and diffusion fields 97 : R? x P,(R?) — RY, 67: R? x P, (R?) — RI*4

U (@) = =Mz = or(W) M), 5,5(x) = S(x — or(p) Ms(n).  (4.6)

In the following proposition, we shall prove that the R-truncated fields defined in (4.6))
are globally Lipschitz continuous.

Proposition 4.2. Let f € O(s,¢), with s,£ > 0, and let p > pam(s,£). Then, for all

fixzed R > 0, there exist EU,R, Lo, r > 0 such that

195 (1) = T3, (22) | < Lo, r (|21 — w2l + Wy (p1, p2)), (4.7a)
153, (21) = 635 (@2)l| P < Lo r(lzy — @2l + Wy (a1, 12)), (4.7b)

for all x1,22 € RY and pq, p2 € Pp(RY).

Proof. Let R > 0 be fixed. It is sufficient to prove that the R-truncated fields are
Lipschitz with respect to each variable separately. Let us begin with the field v. We
have that, for all fixed u € P,(R%),

155 (21) = 0,7 (22) || = Al — 22,

for all 21,22 € R?. On the other hand, if we fix € R?, then we can write
155, () = B, ()| = Ml (k1) Mg (1) — @r(p2) Mg (p2)]|
<A(ler()] [Ma(n) = Mp(u2) || + [Mp(p2) |l lor (1) — or(p2)l)

for all py,ps € Pp(Rd). Now, we observe that the hypotheses of Proposition are
satisfied and that three cases can occur. If both measures p1, o satisfy m,(u1), my(ug) <

(4.8)
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R+ 1, then by recalling Lemma the local Lipschitz property (3.3), the sublinearity
property (3.4), and the fact that 0 < g < 1, estimate (4.8]) becomes

155 () — 05 ()| < M Lag,rer Wplpa, p2) + Caramp (pi2) Lo, r W, p12))
<ML, 41+ Cm(R+ 1)Ly r) Wy(pa, i)

If instead m, (1) > R+1 and my,(u2) < R+1 (the case m, (1) < R+1 and my,(u2) > R+1
being completely symmetric), we have that pr(u1) = 0, and again by the sublinearity

property (3.4) and estimate (4.8]) we obtain
13} (x) = 05, (2) ]| < ACMm(R + 1) Lo rWy (1, p2)-

Finally, when m,(11), m,(p2) > R+1, the inequality trivializes since r(u1) = pr(p2) =
0. Therefore, estimate (4.7al) holds with EU,R = max{/\(LMﬂH +Cm(R+ 1)L¢7R) , )\}.
Recalling the assumptions on S of Remark [3:3] we observe that

65 (1) = 6, (22) [l < LA™ [0 (1) — 0,7, (2.
Hence, we may take EU’R = LS)FIEMR in (4.7b)). The proof is concluded. O

By virtue of Proposition [I.2] we can now apply Theorem [2.I] to obtain the well-
posedness of the R-truncated problem ([2.11)) for all R > 0.

Proposition 4.3. Let f € O(s, ), with s,£ > 0, and R > 0 be fived. Given a
d-dimensional standard Brownian motion B defined on a filtered probability space
(Q,F,(F)iepo,1), P), and an Fo-measurable random variable Xo: @ — R? belonging to

LP(Q, Z,P), with p > 2V pam(s, L), there exists a strong solution x* oo C([O,T],Rd)
to problem (2.11) with initial state Xo. Moreover, the solution x" satisfies

E[ sup ||Xf||p} <o, (49)
t€[0,T]

and it is pathwise unique in the class of strong solutions such that (4.9) holds.

Proof. It is a direct consequence of the global Lipschitz estimates (4.7)) and of Sznitman’s
argument of well-posedness, as stated in Theorem 0

. . . . R .
We now consider the pathwise unique strong solution X  to (2.11]) constructed in
Proposition £.3] We observe that, as a consequence of the Dominated Convergence
Theorem, condition (4.9) implies the continuity of the map ¢ — m,(pf) on [0,T]. More

importantly, the strong solution X  is also a strong solution to the original equation
(1.4) on the time interval [0, Tg], where

Tg = inf{t € [0,T] : m,(pf) > R}, (4.10)

with the prescription that Tr = T when this set is empty; indeed, @ r(pt) = 1 on [0 T }
Furthermore, by pathwise uniqueness, if R, < Ry, then, P-almost surely, X = = X fiz
on [0,Tg,], whence Tr, < Tg,. The following estimate, which is uniform in R, on
the growth of m,(pf¥) allows us to extend the time interval [0, 7] to the whole [0, 77,
provided that R is chosen large enough.

Proposition 4.4. Let us assume that the hypotheses of Proposition[[.3 are satisfied.
Moreover, let XR denote, for each R > 0, the solution to problem (2.11) constructed
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therein, and let po be the law of the initial state Xo. Then there exists a constant Co > 0,
depending only on A\, Cnrq, Ls, p, d, and T, such that

sup my,(pft) < Comy(po), for all R > 0. (4.11)
te[0,T]

Proof. Since, by hypothesis, p > 2 V paq(s, £), we can apply Ito’s formula to the C%(R9)
function ¥ (z) = ||z||” and to the process X" for all fixed R > 0 to obtain

Gl = [ (6@ Vo) @) + 5 [ (5@ H@ah@) ol

(see (1.6) for the definition of m,); since Ve)(x) = p||z||P~2x, we get
d R —2/~R R
Gl = [ plelr 6l (a). ) (o)
) tf( () T Hy ()37 ())d()-1+11
2 Jpa Pt »\T pr () =L + 1L

By recalling the form (4.6 of the R-truncated fields, we can now estimate the two
terms I;, IT;. Let us begin with the quantity I;. By Cauchy-Schwarz inequality, triangle
inequality, and the fact that the truncation function ¢ satisfies 0 < pp < 1, we have
that

W< [ el e @ apf @) < [ el (lall + ler(DMa (] dofia)

< (w4 [ el 1Ms o dpf) ).

Let us now focus on the last integral. By Holder inequality applied with exponents p
and 1%, and growth estimate (3.4]), we have

)P~ [ Mg (i) | dpf (x | ][” dpy* (= - | Ma(pIP dpf(z) )
I = ([t " (/, )

= (my(p)" ™ - IMa (eIl < (mp (o))" - Crumy (pf!) = Crumb(of).
Hence, we can write that for all ¢t € [0,T]
L < Ap(1 4 Ca)mb(pfh).

Let us now address the term II;. Since, under our hypotheses, v is of class C2(R%) and
convex, its Hessian matrix Hy (x) is symmetric and positive semidefinite at every point
z € R%; therefore, its matrix square root is well-defined and we can write

x) = <\/H¢(x))T\/H¢(x), for all z € R%.

Whence, by recalling the representation formula for the Frobenius norm || A||% = tr(AT A),
and using its submultiplicative property, namely ||AB||r < ||A||r||B|r, for all A, B €
R¥*4 we can estimate the integrand defining II, as

tr(55 (I)THw(z)(?RR(as)) = tr<( Hy(z) 51%(;1;))T Hy () 5%, (3:))

-], < |Vm@], o], = wmw- e,

= Au(z) - ||5 gR@)HF_p(p 24 d)al?= - |55 @)
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where we have made explicit the Laplacian Ay (z) = p(p — 2 + d)||z||P~2 in the last
equality. We now let K := p(p — 2+ d)/2. As a consequence of the previous estimate
and of the assumed properties of S (see Remark 7 we deduce that

o~ 2 _ 2
< K [ ol o) dnfie) < KI5 [ el el + M5 (/1) dofi @)

<ok 3 (mof) + [ Il MG a0 0) )

Now, by using Hélder inequality with exponents £ and ﬁ and property (3.4), we can
estimate the last integral as follows

[ 1121l dofta) < ([ 117 antio )( / d|MB<pF>|pdpf<x>)‘2’

= (my (o))" - M2 < (my(pf))" " - Chem2(oft) = CRymi(pf).
Therefore, for all ¢ € [0,T], we have
I, <plp—2+ d)LZS (1 + C?Vl)mg(pf).
Hence, letting C; := Ap(1 + Caq) + p(p — 2+ d)LE(1 + C3), we finally obtain that
%mﬁ( ) < CLmb(pfh), for all ¢ € [0, 7).
Since, by virtue of (£.9), the function ¢ — m&(pff) = E[H)?,?Hp] is bounded over [0, T7,

we can apply Gronwall inequality to infer that

mp(pf) < ecltmp(po) for all ¢ € [0, T].

By taking the p-th root of both sides and the supremum over [0, 7], inequality -
follows with Co = (e&1T)1/P.

By virtue of the previous estimate (4.11)), it is enough to consider R > 0 such that

sup m,(plt) < Comy(po) < R
t€[0,T)

to deduce that Tz = T, so that the process X=X " is a strong solution to the mean-field
CBO equation (1.4) on the whole interval [0,7]. The existence part in Theorem is
completely proved.

5. AN A PRIORI ESTIMATE AND THE PROOF OF UNIQUENESS

In this section we address the problem of pathwise uniqueness of the solution to (|1.4]).
The result will be obtained by combining the uniqueness result for the R-truncated
problem ([2.11)) with an a priori estimate on the p-th moments of the solutions to (1.4).

Proposition 5.1. Let f € O(s,f), with s, > 0, and let Xo: Q — RY be an Fo-
measurable random variable belonging to LP(Q, %, P), with p > 2V pa(s,£). Then any
strong solution to problem with initial state Xo, and such that the map t — Mg(pr)
is bounded over [0,T], satisfies the following a priori estimate

| sup ISP < €, (1+E[ITolP]), 6.1)

where the constant C;, > 0 depends only on A, Ls, p, T, and sup,cio 11| Mg(pe)|-
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Proof. Since by assumption the map ¢t — Mg(p;) is bounded over [0, T, the fields v and o
(see ([2.6)) driving the McKean—Vlasov equation (1.4)) satisfy the following sublinearity
estimates, uniformly in time:

lvp, (@) < Mo(LNlzl), Nlop, (@)l < Mo(1+]jz]),  for all (z,t) € RYx[0,T], (5.2)

with M, = Amax{1, M,} and M, = Lgmax{1l, M,}, where M, = sup,c o || Mga(p:)]|-
Indeed, we readily have that, for all (x,t) € R? x [0, 7]

[0p, (@)[| < MM () | + [l2]]) < A(M + [[]]),
lop, (@) < Ls([Mp(po)ll + ll2l]) < Ls(M, + [|])),

and the claim follows (we observe that the considerations of Remark have been
exploited in the first inequality in the estimate for o). Therefore, by virtue of the
sublinearity estimates , we can invoke the result of [4, Theorem 9.1] to deduce the a
priori estimate , with €, depending only on A, Lg, p, T, and M,,. O

Finally, we are in a position to prove the pathwise uniqueness result of Theorem

Corollary 5.2. Let us assume that the hypotheses of Proposition [5.1| are satisfied.
Pathwise uniqueness for problem (L.4) holds in the class of strong solutions such that
the map t — Mg(p:) is bounded over [0, T].

Proof. Let us consider two strong solutions X 1, X to problem (1.4)), relative to the
same initial datum X, € LP(Q, Z,P) (with p > 2V pa(s,£)) and to the same Brownian
motion B. Moreover, denoting by pi, p? their respective law at time ¢, we assume that
the two maps t — Mg(pi), i = 1,2, are both bounded over [0,7]. We observe that, as a
consequence of Proposition we can choose R > 0 large enough so that

A M _ p
sup my(p;) < IE{ sup ||Xt||p} < |:Cpi (1 +E[||X0||p])} < R,
te[0,T] te[0,T]

for i = 1,2. Hence, the processes X 1, X? can also be regarded as two solutions to the
R-truncated problem (2.11). Indeed, the truncation function ¢y is always equal to 1
along the law of these two solutions, and the truncated problem ([2.11) coincides with

the original CBO (|1.4). Since X 1, x? necessarily satisfy condition (4.9)), the pathwise
uniqueness result for the R-truncated problem (see Proposition 4.3) implies the desired
pathwise uniqueness result for the mean-field CBO equation ((1.4)). O

APPENDIX A. SZNITMAN’S ARGUMENT OF WELL-POSEDNESS

We begin this appendix by recalling a useful LP estimate for Ito stochastic integrals
(see, e.g., [4, Proposition 8.4] and [38] page 116]).
Theorem A.1 (Burkholder-Davis-Gundy inequality). Let (B;)¢cjo,r] be a standard R™-
valued Brownian motion and let (Gt):epo, 1) be a progressively measurable, R¥&*™ _yalued
stochastic process, both defined on a common filtered probability space (Q, F(Ft)reio,) IP).

Let p > 2 and suppose that fOT |G¢||% dt < +o0, P-almost surely, then, for all t € [0,T],
the following inequality holds:

/ G, dDB;
0

P
2

P , t
]E[ sup } <ept'T ]E{/ G % dS} (A1)
0

u€[0,t]

where ¢, = [% PP (p — 1)1_1’]
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By means of this classical result, we can illustrate in detail the formulation of
Sznitman’s argument stated in Theorem [2.1]

Proof of Theorem[2.1, We first observe that, since p > 2V p, inequalities still
hold with p replaced by p, by the properties of the Wasserstein distance. Next, we fix
W € P,(C([0,T],R?)) and formulate the auxiliary time-dependent SDE (2.3). Since the
measure on path space ¥ has finite p-th moment, as a consequence of the Dominated
Convergence Theorem one has that the map t — U, := (ev,); ¥ € P,(R?) is continuous
over [0, T] with respect to the metric W,,. Whence, by , the (time dependent) fields
driving the auxiliary equation satisfy the following global Lipschitz estimates

v, (71) = v, (22)]| < Ly|lz1 — 22|, low, (z1) — 0w, (z2)|F < Lo|lz1 — 22|, (A.2)

for 1,22 € R? and ¢ € [0, 7], as well as the sublinearity estimates
lvw, (@)l < MY (1 +Nlll),  Nlow, (@)lF < M7 (1 + [l2]]), (A.3)

for x € R? and t € [0,7], where MY, MY > 0 depend on supyepo, ] Wp(Wo, ¥r) <
+00. Therefore, by virtue of the standard theory of well-posedness for SDEs (see,
e.g., 4, Chapter 9]), estimates , , and the integrability assumption on the
initial datum X imply that equation admits a pathwise unique strong solution
XY:Q — C([0,T],R?) whose law belongs to P,(C([0,T],R%)), hence, the map S in
is well-defined.

Now we prove that S admits a unique fixed point in the complete and sparable metric
space (P,(C([0,T],R%)), W,). To this end, we introduce, for all ¢ € [0,T], and for all
measures U1, U2 € P,(C([0,T],R?)), the following quantity

1/p
1 @2\ — : _ P
Wy (B7,07) = (ﬂerégfy,l,z)/c([QT],Rd)Qusel[l()l?t]||301(u) P2 (u) dW(<P17<P2)> - (A4)
We observe that the infimum in is always achieved, by the standard theory of
Optimal Transport on complete and sparable metric spaces (see, e.g.,[2l, Theorem 2.10]).
Moreover, if s <t, then W, ; < W, ;, and clearly W), r coincides with the metric W,
Next, let us fix W1, ¥2 € P,(C([0,T],R?)), and let us denote by X' and X? the
solutions to (2.3) associated to ¥! and W2, respectively. By applying the elementary
estimate |la 4 b[|P < 2P=1(||a||? + ||b]|"), Holder inequality, the Burkholder-Davis-Gundy
inequality , and the global Lipschitz estimates we obtain, for all ¢ € [0,T],

t
E[ sup [} X —XSIP] < (2t)”‘11E[ JACeS —v¢z<X§>pds}
u€0,t] 0 ° °

t
#2705 B [ ows 061 - rus (X211 0 (4.5)
0

t
<o l((2t)p P 4 7 et [P E X1 - X2|P + wr(wl, v?)) ds|.
v P o s s P s s
0

Now we estimate the last integrand above. Let us fix s € [0,¢], and let us consider a
measure 7 € I'(U!, ¥2) which is optimal for W, ;. If we consider the probability measure
over R? x R? defined as 7; == (evs,evy)y@ € I'(¥!, ¥2), then we have that

Wr(w!, v?) < / 21 — 2a|P da (a1, 22) = / lo1(s) — wa(s) 17 di(r, )
(Rd)2 C([0,T],R?)2

< / sup o1 (1) — o) [P A (o1, ip2) = WP (W), W2),
C([0,T],R%)? u€[0,s]
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where the last equality follows from the optimality of the transport plan 7.
Hence, if we let Ko := 2P~ ((2t)P~ 1 LE 427" 1¢,, tpz;QLp) we have that, for all ¢ € [0, T,

t
]E[ sup ||X;—X3||P] <IC0(/ [ sup || X} — X2||p} ds+/ (U W) ds )
u€|0,t] 0 u€l0,s]
therefore, by Gronwall inequality (whose validity is ensured by the boundedness of

the map ¢ — E[sup,c( X4 — X2|[P] over [0,7], and by the fact that the map ¢
fg WP (¥, %) ds < TWEP(¥', ¥?) is non-decreasing and bounded), we conclude that

]E[ sup [ X1 — X?H < Kotk / (0,0 ds.
we[0,t]
Finally, since Law(X*, X?) = (X!, X?),P € T'(S(¥'), S(¥?)), we obtain the estimate
t
WES). s < sup 1) - xip| <k [wpienes 4o
ue|0,

for all ¢ € [0,T], with K := e*TKy. From , we readily obtain the following set of
inequalities, which hold for all ¢ € [0,7] and n € N

Wy (S(1),S(¥?%)) < Kt Wp (¥, v2), (A.7a)
wh (8" (e),s" </C/ J(STTHU), 8" H(W?)) ds; (A.7b)

here, 8™ denotes the composition of & with itself n times. Therefore, by induction on n,
we obtain the crucial estimate

n (Ks)n=t Ke)n
WP ,(8™(¥h),S </c/ (n 1] T WE(W W) ds = ( n!) WP(Uh, %),
whence, by taking t =T,
wity sy < (KDY g g
W (8"(Wh),8"(¥2)) < (= WU, 02). (A.8)

Since the quantity ((KT)"/n!)'/? < 1 for n sufficiently large, estimate implies
that S™ is a contraction on the complete metric space (P,(C([0,T],R%)),W,). Hence, a
classical variant of the Banach—Caccioppoli fixed-point theorem (see the original paper
[9], or again the review [30, Theorem 5|) provides the existence of a unique fixed point
p € Pp(C([0,T],R?)) for S. As previously mentioned in Section the process X”
solving the auxiliary SDE (2.3 associated to p is a strong solution to the original
McKean—Vlasov SDE ([2.1)), thus proving the existence result. Moreover, since X* solves
a particular instance 0, condition is automatically satisfied.

Now we prove pathwise uniqueness in the class of strong solutions to satisfying
condition . Let us consider two processes X1, Xo belonging to this class. Through
a computation completely analogous to , we obtain that

t
E{ sup % - Xz,unp] < KoE [ [ %0 = Kol + Wy o)) ds| - (A9)
u€(0,t 0

for all ¢ € [0,7]. Now, by virtue of the McKean—Vlasov condition p; ; = Law(X; ), we
can deduce that

WE (P15, p2,6) < E[I1X 10 = 7]
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hence, from ([A.9) we obtain, for all ¢ € [0, T,

t
E| sup || X1 —X27u||p} < QICO/ ]E{ sup || X1 .4 —Xg,ulp:| ds. (A.10)
we(0,t] 0 u€(0,s]

Since condition (2.5 ensures that the map ¢ E[supue[w] 1 X 1,0 — AYQ,qu} is bounded

over [0, 7], we can apply Gronwall inequality to conclude that

E[ sup X17UX2,u|p] =0,
w€e[0,T]

and pathwise uniqueness follows. The theorem is completely proved. O
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