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‘We prove a dynamical restriction principle, asserting that ev-
ery restriction estimate satisfied by the Fourier transform in
R9 is also valid for the propagator of certain Schrédinger
equations. We consider smooth Hamiltonians with an at most
quadratic growth, and also a class of nonsmooth Hamiltoni-
ans, encompassing potentials that are Fourier transforms of
complex (finite) Borel measures. Roughly speaking, if the ini-
tial datum belongs to L?(R?), for p in a suitable range of expo-
nents, the solution u(t,-) (for each fixed ¢, with the exception
of certain particular values) can be meaningfully restricted
to compact curved submanifolds of R¢. The underlying prop-
erty responsible for this phenomenon is the boundedness of
the propagator LP — (FLP)ioc, with 1 < p < 2, which is de-
rived from almost diagonalization and dispersive estimates in
function spaces defined in terms of wave packet decomposi-
tions in phase space.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction and discussion of the main results

The regularizing effect of the Schrodinger propagator has been object of extensive

research and underlies notable space-time estimates, like local smoothing and Strichartz
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estimates (see, e.g., [17,40]), along with fized-time estimates in weighted Sobolev spaces
(see, e.g., [12]). The existing literature is really vast, and we do not attempt to recount
the principal contributions here.

This note explores an additional instance of this regularizing effect, which, to our
knowledge, has not been explicitly studied in the literature before.

Let F denote the Fourier transform in R¢ and let v be a positive Radon measure in
R? — for example, a surface measure of a compact hypersurface of R Let LP(RY,v)
denote the associated Lebesgue spaces and use LP = LP(R?) for the spaces corresponding
to the Lebesgue measure.

The idea at the core of this note is highlighted by the following basic observation.
Consider the free Schrodinger equation in R x R,

. 1
10yu = — §Au7

and let

)] 0) = s [ €7 T dy

Rd
be the corresponding propagator, that is, u(t,z) = Up(t)f(z) is the solution satisfying
u(0,2) = f(z). By expanding the exponent of the integral kernel, considering that the
pointwise multiplication by ¢*l*I” with a € R, is bounded in LP(R%) and L?(R%, v), we
see that the following facts are equivalent for every 1 < p,q < oo, t # 0:

(a) F:LP(RY) — L9(R? v) continuously;
(b) Up(t) : LP(R?) — LI(R% 1) continuously.

=3

The investigation of conditions on p, ¢, v that ensure (a) is valid represents one of the
main research areas in modern harmonic analysis — the so-called restriction problem.
This issue has numerous connections with other problems and the literature on it is
extensive. We refer the reader to the works [39,46] and the books [11,38] for an in-depth
exploration of this captivating subject; see also [28] for a new, noncommutative perspec-
tive. In essence, the core philosophy can be summarized by stating that, even though the
Fourier transform Ff of a function f € LP(R?), with p > 1, is typically not continuous,
if p belongs to a certain range [1,pg), Ff can still be meaningfully restricted to a curved
k-dimensional submanifold of R? — that is, F extends to a bounded operator from
LP(R?) to some Lebesgue space LI(R?, ), where v is the k-dimensional Hausdorff mea-
sure restricted to that submanifold. For example, the Stein-Tomas restriction theorem
for the (d — 1)-dimensional sphere S4~1 C R? states that

2(d + 1)

Sl 1.1
d+3 "’ (1.1)

[ 1FiPa <Clf, feS@Y, 1<p<
gd—1
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where v is the surface measure (see e.g. [39,46]).

Hence, by the above observation, we see that the same restriction phenomenon occurs
for the solution u(t,-) = Uy(t)f of the free Schrédinger equation, with the initial datum
f € LP(RY), for the same range of exponents. This exemplifies the widely recognized
principle that the Schréodinger propagator frequently behaves like the Fourier transform
(see, e.g., [45, page 519]).

One may wonder if a similar phenomenon persists when a potential is present. In this
note, we affirmatively address this query for two classes of Hamiltonians, that is, smooth
Hamiltonians with at most quadratic growth and a class of nonsmooth Hamiltonians,
which includes potentials that are Fourier transforms of complex (finite) Borel measures.
Hence, we provide a dynamical version of the restriction problem, in line with recent
interest in exploring dynamic versions of classical results in harmonic analysis; refer, for
example, to the contributions [4,10,16].

The following proposition shows that the underlying property responsible for this
phenomenon is an LP(R?) — (FLP)1,.(RY) estimate, for 1 < p < 2.

Proposition 1.1. Let A : S(RY) — S'(R?) be a linear continuous operator such that, for
every function p € C°(R?) and 1 < r < 2, there exists a constant C' > 0 such that

IFeANL- < Cllfll- f e SRY). (1.2)

Let1 <p<2,1<q< o0, and let v be a positive Radon measure in R with compact sup-
port, such that the Fourier transform extends to a bounded operator LP(R?) — L4(R%, v).
Then, for the same p,q,v, there is a constant C > 0 such that

IAfl Lara,y < CllfllLr®ay f e SRY.

The proof is immediate: write ¢ A = F~1FpA, with ¢ = 1 on the support of v. This
observation motivates the following definition.

Definition 1.2. We say that a continuous linear operator A : S(R?) — &’(R%) has the
restriction property if, for every ¢ € C>°(R?) and r € [1,2], the inequality (1.2) holds

for some C > 0.

Hence, we will focus on the problem of proving the restriction property for the prop-
agator of the aforementioned Schréedinger equations.

1.1. Smooth Hamiltonians

Consider a real-valued function a(t,z,¢), t € R, z,& € RY, satisfying the following
conditions.

(i) The map R >t + a(t, z,€) is continuous for every fixed z, ¢ € RY;
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(ii) For every t € R, a(t,z,€) is smooth with respect to z,{ and, for every T" > 0,
o, 3 € N¢ with |a| + |8] > 2 there exist C, 5 > 0 such that

050 a(t,x,€)| < Cap ol + 18122, z,¢€RY, | <T.

Let x¢.s, 5,t € R, be its associated Hamiltonian flow, i.e. 2(t) := x¢.s(20), 20 € R??, is
the solution of the equation

i(t) = JV:a(t, 2(1)),

0 I
= (%)

satisfying the initial condition z(s) = zo.
Consider the Cauchy problem in R x R:

with

{iatu =a"(t)u (13)

u(s) = f

where a™(t) stands for the Weyl quantization of a(¢,-). This problem is forward and
backward globally wellposed in L2(R%) (see [41, Proposition 7.1]) and we will denote by
U(t, s) the corresponding propagator, that is, u(t) = U(¢, s) f is the solution to (1.3). We
write (2%, £5%) = x¢.5(y, n). Let

t,s

ox
C(t,s):= inf |det ;)|
(t,s) b |90t 5 (y,m)

Theorem 1.3. For every T > 0, ¢ € S(R?) and p € [1,2], there is a constant Cy > 0
such that, for everyt,s € [-T,T] such that C(t,s) >0,

(2
IF (Ut 5)H)Le < CoCt,s)" 5V fle f € SRY). (1.4)
In particular, for such t,s’, U(t,s) has the restriction property.

As an example, by combining this result with Proposition 1.1 and the aforementioned
Stein-Tomas restriction estimate (1.1) we see that, for all ¢ € R such that C(¢,0) > 0,
the solution u(t,-) = U(t,0)f satisfies the estimate

2(d +1)

[ 1ty < Colfls fes®Y, 1<p< 2D,

S

with a constant Cy depending on ¢.
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Remark 1.4.

)

1.2.

Estimate (1.4) does not extend to the “exceptional times” where C(t,s) = 0. For
example, for t = s, U(s, s) is the identity operator, which obviously does not have any
regularizing effect. Indeed, the estimate is expected to degenerate when C(t,s) = 0.
The blow-up rate C(t, 3)7(%71) is optimal in general, as one can see in the case of the
free Schodinger equation, with initial datum at time s = 0 given by fy(x) := e"”‘z,
A > 0. Denoting by uy(¢,x) the corresponding solution, an explicit computation

gives, with ¢t = A7 1,
I F (pux(A™5 N e ~ cp)fd(lfl/p) A— oo, 1 <p<oo (e >0).

Since in this case C(t,0) = [t|~¢, this proves the claimed optimality.

For simplicity, we supposed ¢ € S(R?), although it is possible to consider a more
general multiplier ¢ that is not necessarily a Schwartz function. In Remark 3.2 we
observe that, roughly speaking, FL' regularity and a suitable decay of ¢ at infinity
are in fact sufficient (determining the minimal assumptions on ¢ under which the
estimate is expected to hold seems delicate and we do not pursue this question in
this note). Observe that the estimate does not hold without any multiplier, as one
already sees for the free Schrodinger equation, whose propagator U(t) fails to be
continuous LP(RY) — FLP(RY) if p # 2 and t # 0.

The above result is, notably, of a global nature — it holds “beyond caustics” (the
points where C(¢,s) = 0).

In contrast to the Strichartz and local smoothing estimates (see, e.g., [40]), the
previous result does not involve time averaging.

Nonsmooth Hamiltonians

We now consider the same problem for certain nonsmooth Hamiltonians. While we

defer a more thorough exploration of this topic for later, here we focus on the simple yet

nontrivial instance of a time-independent Hamiltonian of the form

a(l‘,g) = a2((£a£) + al(waf) + aO(x7£)a

where

(iii)
(iv)

(v)

az(z,€) is a real-valued quadratic form in RY x R? (that is, a second degree real-
valued homogeneous polynomial);
a; € C®(R?9) is a real-valued function satisfying

0500 a1(2,6)| < Cap ol +18] 21, @,6€RY

ap € M1 (R?).
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The space M1 (R?%) is the so-called Sjostrand class (after the work [37] on the Wiener
property of pseudodifferential operators; see also [19,26]). Its definition will be recalled
in Section 2. To get a sense of this space, the reader is notified that the functions in
MY (R?) are bounded and have local FL! regularity (uniformly with respect to trans-
lations). Our interest in this space, as a class of (possibly pseudodifferential) potentials,
lies in the fact that if V : RY — C is the Fourier transform of a complex (finite) Borel
measure, then ag(z,¢) := V() belongs to M1 (R29) ([31]). This class of potentials is
a popular choice in several contexts, for example, in the literature about the rigorous
construction of the Feynman path integral (see, e.g., [1,22] and also [32] for a phase-space
approach).

Let Sp(d,R) be the group of real 2d x 2d symplectic matrices. Consider the Hamilto-
nian flow associated with the quadratic Hamiltonian as(z, £), that is,

Rt S = (AZ Bi) € Sp(d,R),

and let U(t) = e~t®" be the Schrodinger propagator associated with the Hamiltonian
a = as + a1 + ag, with ag, aq, as as above.

Theorem 1.5. Consider a Hamiltonian a(x,§) = az(z,§) + a1(z, &) + ao(z,§), with
ag, a1, az as above. For every T > 0, ¢ € S(R?) and p € [1,2], there exists a constant
Co > 0 such that, for everyt € [=T,T) such that det(B;) # 0,

IF @U@0l < Coldet(B) ™V fllr € SR. (1.5)
In particular, for such t’s, U(t) enjoys the restriction property.
1.8. Strategy of the proof

Let us briefly describe the strategy of the proof of Theorems 1.3 and 1.5. First, we
prove a transference principle (Proposition 3.1), asserting that the restriction property
holds for any operator A that satisfies a refined Hausdorff-Young — alias dispersive —
inequality, namely A : W2 ?(R%) — W»» (R9), 1 < p < 2, where the spaces W4 (R%)
are the so-called Wiener amalgam spaces. They are defined in terms of wave packet
decompositions in phase space and were first introduced by Feichtinger in [15] (their def-
inition and properties will be recalled in Section 2 below). Hence, we are led to study the
continuity W?'?(R%) — W» (R%), 1 < p < 2, of the above propagators (cf. (6.1)). This
will be accomplished by exploiting certain almost diagonalization estimates with respect
to wave packets, proved in [6,19,41]. In summary, we have the following implications,
each of which appears to be of independent interest.

Almost diagonalization with respect to Gabor wave packets

4
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Dispersive estimates in Wiener amalgam spaces

¢

Dynamical restriction estimates

We observe that dispersive estimates in Wiener amalgam spaces, in the simpler case of
a quadratic Hamiltonian, have already been obtained (using the explicit formula for the
solution) in [7,8,23,24,43,48].

In Section 7 we will prove a microlocal version of the above results, for smooth Hamil-
tonians of the form as(x,&) + a1(x,&), with az and a1 as in Section 1.2, in terms of the
so-called global (alias Gabor) wave-front set [20,33,34,36] (see also [2] for an analytic
version). In fact, the almost diagonalization estimates mentioned earlier can be seen as
a type of propagation of singularities, offering a phase-space-based explanation for the
above regularization effect.

We restricted our focus to Hamiltonians of the type described in Sections 1.1 and 1.2
to illustrate the general approach while avoiding heavy technicalities, but the method
of this note can similarly be used to address other Hamiltonians, as those considered in
[47], including smooth magnetic potentials with at most linear growth, as well as other
dispersive equations.

2. Notation and preliminaries
2.1. Notation

We denote by C2°(R?) the space of smooth functions with compact support in R¢
and by S(R?) the space of Schwartz functions, along with the space &'(R?) of temperate
distributions. As in the Introduction, F denotes the Fourier transform in R¢, normalized
as

FFE) = / e f(z)dz, £ €RC

Rd

We write FLP(R?) for the space of temperate distributions whose (inverse) Fourier
transform belongs to LP(R?), equipped with the obvious norm. Also, the notation
(FLP)1oc(RY) stands for the space of all f € &'(R%) such that of € FLP(RY), for
every ¢ € C°(R?), equipped with the obvious family of seminorms.

2.2. Modulation and Wiener amalgam spaces

For z,¢ € R?, g € L?(R?), define the phase-space shift 7(z, &) by

m(z,&)gly) =e¥gly—z) yeR™L (2.1)
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If g € S(RY) \ {0}, the functions 7(x,&)g are sometimes called Gabor wave packets, or
Gabor atoms, or even coherent states [18,27].
Given g € S(R?) \ {0}, we define the short-time Fourier transform of f € &'(R¢) by

Vof(2) = (fim(2)g) =€ R™.

One can verify that, if ||g|| 2 = (27) "2, V, : L2(R?) — L?(R??) is a (not onto) isometry,
ie., ViV, = 1.

Then, the modulation spaces MP9(R%), 1 < p,q < oo (cf. [3,15,18]), are defined as
the set of temperate distributions f € S’(R%) such that

I fllazpea := (/ ||ng("§)”%p d€>1/q “
Ré

(with obvious changes if ¢ = 00). Different ¢’s give rise to equivalent norms.

Similarly, we consider their Fourier images WP4(R%) = FMP4(R4), 1 < p,q < oo,
also called Wiener amalgam spaces and often denoted by W (FLP, L?) in the literature,
which can be equivalently defined by requiring that

| fllwe.a = (/ ||ng(x, )Hqu dx)l/q .
Rd

(with obvious changes if ¢ = 00).

We observe that for p = ¢, MPP(RY) = WPP(R?) and for p = q = 2, M*2(RY) =
W22(RY) = L2(R?). Moreover, the reader should keep in mind that both M%P(R%) and
Wr4(R?) are constituted of (generalized) functions with local FLP regularity and L9
decay at infinity. This makes the following properties intuitively clear (see the original
papers [15,42] or the books [3,9,32] for the proofs).

Embeddings. If 1 < p1, p2, q1,q2 < 0o, WPra(R?) ¢ WP2:22(R?) if and only if p; < po
and ¢ < go. Moreover, if 1 < p < 2, LP(R%) ¢ W?"?(R%) and WPP(R?) C LP(R%). All
these inclusions are, in fact, continuous embeddings.

Convolution. If 1 < p1,p2,q1,q2,p,q < 0o, and

1 1 1 1 1

1
—+ — = -, — 4+ —=—-+4+1,
p1 b2 p q1 q2 q

we have

1 * gllwea < Cllfllwrralgllwrs.az.

Pointwise multiplication. If 1 < p1,ps2,q1,q2,p,q < 00, and
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we have

1fgllwr.a < Cllfllwerallgllwes.ee.
2.83. Pseudodifferential operators

We define the Weyl quantization of a temperate distribution a(z, ) in R?? formally
as

v f@) = n) [ (T ) )y f € S(RY.
]RQd,

For our purposes, the relevant classes of symbols will be the Hérmander class 5870(R2d),
constituted of smooth functions a € C°°(R??) such that 9% € L*°(R?) for every
multi-index o € N2¢_ and the class M°1(R??) — the so-called Sjéstrand class, which
represents the natural symbol class for a noncommutative version of the celebrated
Wiener theorem [37].

According to our previous discussion, the functions in M°*!(R?%) are bounded and
have a local FL' regularity. Moreover, we have S ,(R?®) € M1 (R2%).

Almost diagonalization. The issue of almost diagonalization of pseudodifferential and
Fourier integral operators has a long tradition that dates back at least to pioneering work
[13,19,29,37,41]. We do not attempt to list the huge number of subsequent contributions,
but we address the interested reader to the books [9,30,32], the survey [44] and the
references therein.

For future reference, it is important to recall that the above symbol classes can be
characterized in terms of almost diagonalization estimates for the corresponding Weyl
operators.

(a) If a € S'(R??) then a € M°>1(R2?) if and only if a satisfies the estimate
[(a“7(2)g,m(w)g)| < H(w — z) z,w € R* (2.2)

for some H € L'(R??) and some (and therefore, every) g € S(RY) \ {0} [19].
(b) If a € S'(R*®) then a € 5§ 4(R??) if and only if

[(a“m(2)g, m(w)g)| < Cn(1+|w—2))™N  zweR* (2.3)

for every N € N and some (and therefore, every) g € S(R?) \ {0} [41] (that is, (2.2)
holds with H(z) = Cn(1+ |2|)~ for every N € N).

These characterizations imply that such symbol classes are closed with respect to the
Weyl product (see below) and also imply at once the corresponding continuity properties.
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Continuity. If a € M°1(R??) then a¥ : MP4(RY) — MP4(R?) continuously, for
1 < p,g < oo [19] (in particular a® : L?2(R?) — L?(R9)). This is also an immediate
consequence of the above characterization (a) and the formula (4.3) below, using Young’s
inequality for mixed norm spaces

LY(R?) « LY(RY; LP(RY)) ¢ LY(RY; LP(RY)).

The same argument shows that if a € M°1(R2?) then a¥ : WP4(R?) — Wr4(RY)
continuously, for 1 < p, ¢ < co.
We will also make use of the following Banach algebra property [19,37].

(c) The set of Weyl operators a®, with Weyl symbol a € M>°-}(R2?), endowed with the
norm ||a”|| := |la|[ps.1, is a Banach algebra of bounded operators in L?(R%). An
equivalent norm is given by

IHa‘”III:/ S%{pd|<awﬂ(3+w)gm(w)g>|dz, (2.4)
weR?

for any g € S(RY) \ {0} (cf. item (a) above). That is, for a € S'(R?9),
CHlallsrer < MMla®|ll < Cllallar=a

for some constant C' > 0.

Incidentally, we observe that lower bounds of pseudodifferential operators for these
symbol classes have also been studied; for example, the classical Fefferman-Phong in-
equality is known to hold for a nonnegative symbol with fourth derivatives in M1 (R24)
[26].

3. A transference principle

In this section we show that any operator satisfying a refined form of the Hausdorff-
Young inequality enjoys the restriction property (see Definition 1.2).

The classical Hausdorff-Young inequality asserts that the Fourier transform extends
to a bounded operator LP(R?) — LP'(R%), for 1 < p < 2, S+ 2 = 1. In fact, Feichtinger
proved (in the more general context of locally compact Abelian groups) that, for 1 <
p < q < oo, F:WeP(RY) — Wre(RY) continuously [14]. Since LP(R?) — Wr'»(R%)
and WP (RY) — LP'(R?) for 1 < p < 2, this result represents an extension and an
improvement of the Hausdorff-Young inequality.

We can state our first result.
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Proposition 3.1 (Transference principle). Let 1 < p < 2 and ¢ € S(R?). There is a
constant C > 0 such that, for every bounded operator A : Wp/’p(Rd) — wrr (R%), we
have

IF(@ANe < CllAllw oo I fle f € SRY. (3.1)
As a consequence, A has the restriction property (see Definition 1.2).

Proof of Proposition 3.1. Since 1 < p < 2, we have W??(R%) — LP(R¢) and, moreover,
the Fourier transform is bounded in W??(R%). Hence

[F(pAf)ILe < CllpAflwes.

Observe that ¢ € S(R?) ¢ Wh4(R?) for every ¢ € [1, +00]. Choosing g so that % = %—1%,
by the pointwise multiplication property of Wiener amalgam spaces (see Section 2) we
have

leAfllwer < C'llellwrallAfllwr .
< C//

Al o swrw [|f [l
Since LP(R?) < W ?(R?) for 1 < p < 2, this concludes the proof of (3.1). O

Remark 3.2. From the above proof it follows that (3.1) holds true for ¢ € W14(R4),

with 1 = L.
q p

1
P
4. Almost diagonalization

The proof of Theorems 1.3 and 1.5 is based on some almost diagonalization estimates
from [6,19,41]. We focus on almost diagonalization with respect to the Gabor wave
plackets 7(z)g, for g € S(RY) \ {0}, z € R%4, following [5,30,41].

Let x : R2¢ — R?? be a smooth “tame” symplectomorphism, that is:

(a) x is smooth;
(b) We have

0°X(2)| € Ca 2 €R, Ja] 2 13 (4.1)

(c) x preserves the symplectic structure of R??, i.e. with (z,¢) = x(y,n), dz A df =
dy A dn.

The Hamiltonian flow x; s, for every fixed ¢, s € R, considered in Section 1.1, is a typical
example of a tame symplectomorphism.
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We consider a continuous linear operator A : S(RY) — S’(R?) that satisfies the
estimate

[(Ar(2)g, m(w)g)| < H(w = x(2)) 2w € R, (42)
for some H € L'(R??), g € S(R?) \ {0}.

Theorem 4.1. Suppose that A : S(R?) — S'(R?) satisfies (4.2) for some H € L'(R%),
g € S(R?)\ {0}, and x as above. Let (x,€) = x(y,n) and suppose

. Ox
B := y;gﬂ%m | det a—n(y,n)’ > 0.

For 1 <p<q< oo, there exists a constant C > 0 depending only on g (and the choice
of the window in the definition of the spaces WP4) such that

1Afllwea < CB=S" D | H || flwar | € S(RY).

Proof. We can suppose that the function g € S(R24)\ {0} in (4.2) is normalized so that
lgllze = (2m)~%2. Moreover, we will use g as a window in the definition of the spaces
Wr4(R?) (see Section 2).

We use the inversion formula f = V'V f:

f0) = [ Vifemgwyd: yeRe
o

Applying the operator A we have

VaAf)(w) = [ (An(2)g. m(w)g) Vs () = (43)

i

Using (4.2) we see that

VAN < [ Hw - x()IV,f ()] dz.

o

Since x : R2¢ — R?? is a symplectomorphism, its derivative has a determinant equal to
1, so that

IV, (Af)(w)] < / Hw — 2)|Vy £ (2))] d.
R2d

By Young’s inequality for mixed-norm Lebesgue spaces we deduce that
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IVe(AN I Laey < HH e (Vef) o xHlzaen)-
Therefore, it is sufficient to prove that
IFox "L (e < B~Gs ”FHL”

for (continuous) functions F(y,n) on R24. This is clear if p = ¢. By interpolation it is
enough to prove the case 1 < p < 00, ¢ = 0o, namely

sup / Py, €).n(x, )P dé < B / sup |F(y, )P dy. (4.4)
Rd

R4 R4
IS Rd neR

Now, we have

/ Py, €),n(,€)) P dé < / sup [F(y(z,€),n)|” dé.
Rd R4

neR

Moreover, by Hadamard’s global inverse function theorem (see, e.g., [25, Theorem 6.2.4]),
we can perform the change of variable y = y(z, ) in the right-hand side, regarding x as
a parameter. Indeed, since the inverse of a symplectic matrix M € Sp(d,R) is given by
J LM J, we see that

Oy
¢

—(2,8) = - (gi) (y, ).

Hence,
Ay

and we deduce

g neRd neR

/ sup [F(y(z,€),n)P d < B / sup [F(y, )" dy,
R4

which concludes the proof of (4.4). O
5. Almost diagonalization of Schrodinger propagators

This section is devoted to almost diagonalization results for the Schrédinger equations
considered in Sections 1.1 and 1.2.

We recall the following result from [41, Corollary 7.4] (there a Gaussian window was
considered, but the same result holds for every g € S(RY) \ {0}) by the argument in the
proof of [5, Lemma 3.3] — with sums over lattices replaced by integrals over R2?).



14 F. Nicola / Journal of Functional Analysis 291 (2026) 111467

Theorem 5.1. Let a(xz,£) be a Hamiltonian that satisfies assumptions (i) and (i) of
Section 1.1, let x1,s be the corresponding Hamiltonian flow and let U(t, s) be the corre-
sponding Schrédinger propagator. Let g € S(R4)\ {0}. Then for every T >0 and N € N
there exists Cn > 0 such that

(Ut 5)7(2)g, 7(@)g)] < On(1+ [ — xu(2)) N 2w e R¥, t,s€ [-T,T].

We now focus on the class of nonsmooth Hamiltonians considered in Section 1.2. We
restrict to time-independent Hamiltonians mainly for the sake of simplicity (as the proof
is somewhat technical), and we expect that a time-dependent version of the result should
also hold.

First, we need the following result, which follows from the proof of [6, Theorem 3.4].

Proposition 5.2. Let g € S(RY), with ||g||z: = (2m)~%2. Let A; : S'(RY) — S'(R%),
7 =1,2, be continuous linear operators satisfying the estimates

(Ajm(2)g, m(w)g)| < Hj(w — Ajz), 2w eR*

for some H; € L*(R??), A; € Sp(d,R), j = 1,2.
Then

|<A1A27T(Z)ga W(U))QH < H(U) - AlAQz)? Z, W € R2d7

where H € L'(R??) is given' by H = ((Hy o Ay) * Hy) o AT'. In particular, |H||p <
[ Hy o[ Ha -

Theorem 5.3. Consider a Hamiltonian a(x,§) = az(z,§) + a1(x, &) + ao(x, &), with
ag, a1, as satisfying assumptions (i), (iv), and (v) of Section 1.2. Let R > t — S,
be the Hamiltonian flow of as and let U(t) = e~ be the corresponding Schrodinger
propagator, as in Section 1.2. Let g € S(R?)\ {0}. Then

(U ) (2)g, m(w)g)| < He(w — Siz) z,w € R teR (5.1)

for some time-dependent function Hy € L*(R??), with ||Hy||1: locally bounded as a func-
tion of t € R.

Proof. This result was already proved in [6, Theorem 4.1] in the case a3 = 0, hence
a = ay + ag, regarding the nonsmooth term ag € M1 (R?9) as a perturbation. Later,
that proof was slightly simplified in [32, Theorem 6.4.1]. There we worked in the so-called
interaction picture and therefore we studied the evolution of the operator

L Here the matrices Aj; are identified with the corresponding linear maps, o stands for the composition of
functions, and * for the convolution.
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itay a¥

u e—ita;”

)

e

a key point being that this is still a pseudodifferential operator with symbol in
M1 (R?d), as a consequence of the symplectic covariance of the Weyl quantization.
This is no longer a priori guaranteed if as is replaced by as + a1 in the above formula (in
fact, this is still the case, as a consequence of the result we are proving, but we cannot
use this fact yet). Consequently, we will use an approach similar to that in [6,32], but
several modifications will be necessary at certain crucial points.

Let

Ui(t) = e~ itlazta)”

be the propagator associated with the Hamiltonian as +ay, and let o; € S’'(R?9), t € R,
be defined by

oy’ = Ur(t)ay Uy (—t).
Since ag € M1 (R??), o is a bounded operator in L2(RY) and o is a strongly con-

tinuous family of bounded operators in L?(R?).
We will prove, in order, the following facts.

(a) For every T > 0 and N € N there exists Cy > 0 such that
(UL ()7 (2)g, T(w)g)| < Cn(1+ |w— Spz|)™N zweR¥, te[-T,T]. (5.2)
(b) We have
(o' (2)g, m(w)g)| < Hy(w — 2) z,we R, t eR,

for some function H; € L*(R29), with ||H||;: locally bounded, as a function of t.
Equivalently, for every ¢t € R, oy € M*!'(R?4), and for every T > 0 there exists
C > 0 such that

lotllaea <C,  te [-T,T]. (5.3)

(c) For every t € R, k > 1, the iterated integral

t t1 th—1
W w _w w
t,k —// / UtlUtz~-Utkdtkdtk71-~dt1,
0 0 0

which converges in the strong topology of bounded operators in L2(R%), defines an
operator with Weyl symbol b, € M°1(R24), and for every T > 0 there exists
C > 0 such that
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16| are < CF /KL, te[-T,T). (5.4)

Let us prove (a). It follows from the almost diagonalization result in Theorem 5.1,
applied to the Hamiltonian as(z, &) 4+ a1(x, ), that for every T > 0 and N € N there
exists C'y > 0 such that

[(Ui(t)m(2)g, m(w)g)| < On(L+ Jw = xe(2)) ™Y zweR¥, te[-T.T], (5.5)

where x; is the Hamiltonian flow of the Hamiltonian as(z,§) + a1(z,€). Hence, it is
sufficient to prove that (5.5) continues to hold with x(z) replaced by S;z, which is the
flow associated only with as(z,&). To see this, observe that

d

EX:&(Z) = JVas(xt(2)) + JVai(xe(2))

and similarly

d
ES}Z = JVag(Stz).

Hence, since xo(z) = Soz = z,

t

xt(z) — Sz = / (JVag(xT(z)) — JVas(S-z) + JVal(xT(z))) dr.

Now, JVay is a linear map, whereas JVa; has entries in L>(R%) by the assumption on
ap in (iv), Section 1.2. Hence, by Gronwall’s inequality we deduce that

Ixt(2) — Sz| < Clt]eN!

for some constant C' > 0 independent of z. By the triangle inequality we therefore see
that we can replace x:(z) by S:z in (5.5), which concludes the proof of (a).

Let us prove (b). Since U (t) satisfies the estimate (5.2), while af satisfies (2.2), it
follows from Proposition 5.2 that the composition o}’ enjoys the estimate in (b). The
claimed equivalence in terms of the Weyl symbol o, namely (5.3), is a consequence of
item (c) in Section 2.3.

Now, prove (c). To verify b, , € M°1(R?), and to estimate its norm, we can use the
equivalent norm in (2.4). We observe that, since the operators o}’ and the phase space
shifts 7(2) are strongly continuous in L?(R?), the supremum

sup |(of/op ...op w(z +w)g, m(w)g)|
weR2d
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is a lower semicontinuous function of t¢1,...%, z, hence Borel measurable. As a conse-
quence, we can apply Fubini’s theorem to exchange the integrals with respect to the ¢’s
and with respect to z, and we deduce that

t ty th—1
|||bt,k||g|//... / oo ..o |l dx by ... dt1]
00 0

The desired estimate (5.4) then follows from the Banach algebra property and (5.3) (see
item (c¢) in Section 2.3).

Now, regarding a¥ as a perturbation of (ag+a;)™, bounded in L?(R%), by a standard
argument from operator theory (cf., e.g., [32, Theorem 6.4.1]) we can write U(t) = e~ %"
as

U(t) = Up(t)ey’, (5.6)

where ¢’ is given by the so-called Dyson series

0o t ty th_1
c;w:IJrZ(—i)k//.../agag...agdtkdtk,l...dtl
0 0 0

k=1
=1+ Z(_Z)k gjka
k=1

which converges in the space B(L?(R?)) of bounded operators in L2(R9), endowed with
the strong operator topology. However, by (5.4), this series also converges absolutely
in the Banach algebra of pseudodifferential operators with Weyl symbol in M1 (R?4),
which is continuously embedded in B(L%(R%)). Hence, we have ¢; € M°(R2?), and
[ctll a1 (r2ey < C(T) for [t| < T. This implies (see again item (c) from Section 2.3),
that

(e (z)g, m(w)g)| < Hy(w — 2) z,w € R¥, t € R,
for some function H; € L'(R??), with ||H||z locally bounded, as a function of ¢. Com-
bining this latter estimate with (5.2), we deduce again from Proposition 5.2 that the
operator U(t), as given in (5.6), satisfies the estimate in (5.1) and this concludes the
proof of Theorem 5.3. O

6. Proof of the main results (Theorems 1.3 and 1.5)

We are now able to prove our main results.



18 F. Nicola / Journal of Functional Analysis 291 (2026) 111467

Proof of Theorem 1.3. As a consequence of the almost diagonalization result in Theo-
rem 5.1 and Theorem 4.1 we deduce the following dispersive estimate for the propagator
U(t,s): for every 1 < p < g < oo there exists a constant Cy > 0 such that

Ut ) fllwea < CoClt,s)" 50| flwan (6.1)

for all s,t € [-T,T] such that C(t,s) > 0. The estimate (1.4) then follows from Propo-
sition 3.1. O

Proof of Theorem 1.5. The proof follows the same pattern as that of Theorem 1.3. That
is, now we apply Theorem 5.3, Theorem 4.1 and Proposition 3.1. O

7. Microlocal restriction estimates
Let A:S'(R?) — S'(R?) be a continuous linear operator, that satisfies the estimate
(Am(2)g, m(w)g)| < Cn(1+ Jw — Az|)~™V z,w € R (7.1)

for some A € Sp(d,R), g € S(R?)\ {0} and every N € N. For such an operator, we will
prove a microlocal improvement of (3.1).

We begin by recalling from [20,34] the definition of the global (alias Gabor) wave front
set WEg(f) € R2?\ {0} of a temperate distribution f € S’(R%), as well as its role in
the problem of propagation of singularities.

Global wave front set. We say that zp € R?¢\ {0} does not belong to WFg(f) C
R24\ {0} if there exists an open conic neighborhood I' € R??\ {0} of zq such that V, f
has rapid decay in I for some g € S(R?) \ {0}, namely

su? (1+ \z|)N\ng(z)| < 00.
ze

Equivalently, zog ¢ W Fg(f) if there exists a smooth function 9(z) in R??, positively
homogeneous of degree 0 for |z|] > 1 (in the sense that coincides for |z| > 1 with a
function positively homogeneous of degree 0) and such that ¥ (Azg) # 0 for A > 0 large
enough, such that ¥ f € S(R?).

It turns out that W Eg(f) is a closed conic subset of R??\ {0}, and W Fg(f) = 0 if
and only if f € S(R?). Hence W Fg(f) encodes both the lack of regularity and decay
of f. Despite the similarity with the usual wave front set [21], there are some striking
differences; for example, the global wave front set is invariant under phase-space shifts:

WFg(n(2)f) = WEq(f)  zeR*,

Microlocality. Given a € S'(R??), we define its cone support conesupp(a) C R??\ {0}
as the complementary in R24\ {0} of the set of the z’s such that there exists an open
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conic neighborhood I' € R24\ {0} of zq such that, for every N € N and every multi-index
Q,

sup (1 + [2))V|0%a(z)| < cc.

zel
Therefore, conesupp(a) is a closed conic subset of R24\ {0}. For example, if ¢(x) is a
Schwartz function, regarded as a function in R?¢ (independent of the covariable ¢) we
have

conesupp() = {0} x (R {0}). (7.2)

The reader is notified that the set conesupp(a) is called microsupport in [35] and alter-
native terminology is also used in the literature (see the footnote in [35, page 95]).
As expected, if a € 5§ 4(R?*?) and f € S'(R?) we have

WFg(a f) C WFg(f) N conesupp(a). (7.3)

This was proved in [20] for @ in Shubin’s symbol classes and in [34] for a € 3870(R2d),
except for a slightly different definition of conesupp(a). This set is defined there (following
[20]) as the complementary in R2¢\ {0} of the set of z’ such that there exists an open
conic neighborhood I' C R??\ {0} of 2 such that

I'Nsupp(a) is compact.

With our definition of conesupp(a), (7.3) is slightly stronger (and perhaps more natural
— for example, we recapture the basic fact that a € S(R??) and f € S'(RY) imply
a® f € S(R?)). However, (7.3) follows immediately from the corresponding result in [34],
because if a € 5§ o(R??) has a rapid decay in an open conic neighborhood I' ¢ R?#\ {0}
of zp, for every conic open neighborhood IV CC T there exists d(z) that vanishes for z
in IV and |2| > 1, such that a — @ € S(R??), so that (a — a)* f € S(R?) if f € S'(RY).
Propagation of singularities. If A : S8'(R%) — S’(R?) is a linear continuous operator
satisfying the almost diagonalization estimate (7.1) for every N, for f € &'(R?) we have

WFEg(Af) C AWFa(f)), (7.4)

where the matrix A is identified with the corresponding linear map. Indeed, this is an
immediate consequence of the formula (4.3): using (7.1) we obtain

Vo Af)(Aw)| < O [ (1 o = 2l) VIV, ()
R2d
from which it is easy to show that if V; f(2) has a rapid decay in an open conic neighbor-

hood T', and if I is an open conic subset of R??\ {0}, with IV CC T, then V(Af)(Aw)
has a rapid decay for w € T (see [34]).
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We can then state the promised microlocal improvement of (3.1).

Theorem 7.1. Let A : S'(RY) — S'(R?) be a continuous linear operator satisfying the

estimates (7.1) for every N € N and some g € S(RY) \ {0}, where A = (é lB;) c

Sp(d,R) is a symplectic matriz with det B # 0. Let 1(z), with z € R??, be a smooth
function, positively homogeneous of degree 0 for |z| > 1, with ¥(z) =1 for z in an open
conic neighborhood of A~1({0} x (R4\ {0})) and |z| > 1.

If o € S(RY), 1 < p < 2, there exists C > 0 and, for every N € N, there exists
Cn > 0 such that

IF(AN)e < Ol flre + Cnll{ae) N flla-~  f € S(RY),

where (z) == (1 + |z|?)"/? and || - |g-~ denotes the (L*-based) Sobolev norm of order
—N in R

Proof. We write f = ¢ f 4 (1 —¢)¥f. The term FpAy™ f can be estimated using the
assumption (7.1), Theorem 4.1 with ¢ = p’, and (3.1). Hence, it is sufficient to prove
that for every N > 0,

[F(eAM =) f)llr < Onll{@) "N fllg-»~ (7.5)
for f € S(R?). In fact, we will prove in a moment that
feS'(RY = A1l —¥)*f e S(RY). (7.6)

This shows that FpA(1—1)", as a continuous linear operator S’(RY) — S’(R%), in fact
maps S’ (R%) into S(R?). Consider, for every N > 0, the Banach space Xy of temperate
distributions f € S&'(R?) such that ||(z) ™" f||z-~ < oo, with the obvious norm. By the
closed graph theorem, for every N > 0, FpA(l — ¥)* : Xy — LP(R?) continuously,
which gives (7.5).

It remains to prove (7.6). Let V = {0} x (R \ {0}). By assumption we have

conesupp(1 — ) N A™H(V) = 0.

On the other hand, using (7.2), (7.3) and (7.4) (where ¢ is regarded as a symbol in
50,0 (R?%) independent of the covariable &), we have

WFEq(pA(l — )V f) C V N A(conesupp(l — ¢)) = 0.
Hence, pA(1 —)* f € S(R?), which concludes the proof of (7.6). O

Corollary 7.2. Let v be a positive Radon measure in R% with compact support, and let
1<p<2,1<q< o0 such that F : LP(RY) — LY(R%,v) continuously. Under the same
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notation and assumptions as in Theorem 7.1, there exists C > 0 and, for every N € N,
there exists Cn > 0 such that

IAfllLara ) < ClIY™ fllrray + ON @) N Fllzr-v (Ra)s f€SRY. (7.7)

Proof. The desired result follows from Theorem 7.1 by writing pA = F~!FpA with
¢ =1 on the support of v. O

This result applies to the Schrodinger propagator A = Ui (t) corresponding to a
smooth Hamiltonian of the type as(z,§) + a1(z,§), with as and a; satisfying as-
sumptions (iii) and (iv) of Section 1.2. Indeed, by (5.2) we see that (7.1) holds with
A = St - (

and the estimate (7.7) therefore holds for A = U;(t), with constants depending on ¢, for
all ¢ such that det(B;) # 0.

c, Dt) € Sp(d,R) — that is, the Hamiltonian flow associated with ag —

Acknowledgments

The author expresses his gratitude to Patrik Wahlberg for reading a preliminary
version of the manuscript and providing valuable comments. He also thanks the anony-
mous Referee for interesting comments that led to the discussion of the optimality in
Remark 1.4 (item 1).

The author is a Fellow of the Accademia delle Scienze di Torino and a member of the
Societa Ttaliana di Scienze e Tecnologie Quantistiche (SISTEQ).

Data availability
No data was used for the research described in the article.

References

[1] S. Albeverio, R. Hoegh-Krohn, Oscillatory integrals and the method of stationary phase in infinitely
many dimensions, with applications to the classical limit of quantum mechanics. I, Invent. Math.
40 (1) (1977) 59-106.

[2] V. Asensio, C. Boiti, D. Jornet, A. Oliaro, Global wave front sets in ultradifferentiable classes,
Result. Math. 77 (2) (2022) 65.

[3] A. Bényi, K.A. Okoudjou, Modulation Spaces—with Applications to Pseudodifferential Operators
and Nonlinear Schrédinger Equations, Applied and Numerical Harmonic Analysis, Birkhduser/
Springer, New York, 2020, ©2020.

[4] E. Cordero, G. Giacchi, E. Malinnikova, Hardy’s uncertainty principle for Schrédinger equations
with quadratic Hamiltonians, J. Lond. Math. Soc. (2) 111 (4) (2025) €70134.

[5] E. Cordero, K. Grochenig, F. Nicola, L. Rodino, Wiener algebras of Fourier integral operators,
J. Math. Pures Appl. (9) 99 (2) (2013) 219-233.

[6] E. Cordero, K. Grochenig, F. Nicola, L. Rodino, Generalized metaplectic operators and the
Schrodinger equation with a potential in the Sjostrand class, J. Math. Phys. 55 (8) (2014) 081506.

[7] E. Cordero, F. Nicola, Metaplectic representation on Wiener amalgam spaces and applications to
the Schrodinger equation, J. Funct. Anal. 254 (2) (2008) 506-534.


http://refhub.elsevier.com/S0022-1236(26)00131-X/bib68A0829570ED4DE65F43AB7EDC3E2B36s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib68A0829570ED4DE65F43AB7EDC3E2B36s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib68A0829570ED4DE65F43AB7EDC3E2B36s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibC3CC9BF7BA85C4B45AE65106FAB49531s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibC3CC9BF7BA85C4B45AE65106FAB49531s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib0BAD5FF8558CAC6CE9FD5D2B7DED1584s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib0BAD5FF8558CAC6CE9FD5D2B7DED1584s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib0BAD5FF8558CAC6CE9FD5D2B7DED1584s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibFEF53C23A2C51BF314BFBD30088A5E73s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibFEF53C23A2C51BF314BFBD30088A5E73s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib839CAE84FF40E8E2F60F6175AFAEE487s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib839CAE84FF40E8E2F60F6175AFAEE487s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib41C3A104C2FF18FB94FE7F39974DD096s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib41C3A104C2FF18FB94FE7F39974DD096s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib2F2F2D3F3BCD2F80B14C09A683C09526s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib2F2F2D3F3BCD2F80B14C09A683C09526s1

22 F. Nicola / Journal of Functional Analysis 291 (2026) 111467

[8] E. Cordero, F. Nicola, Strichartz estimates in Wiener amalgam spaces for the Schrédinger equation,
Math. Nachr. 281 (1) (2008) 25-41.

[9] E. Cordero, L. Rodino, Time-Frequency Analysis of Operators, De Gruyter Studies in Mathematics,
vol. 75, De Gruyter, Berlin, 2020, ©2020.

[10] P. D’Ancona, D. Fiorletta, A dynamical Amrein-Berthier uncertainty principle, arXiv:2504.13746,
2025.

[11] C. Demeter, Fourier Restriction, Decoupling, and Applications, Cambridge Studies in Advanced
Mathematics, vol. 184, Cambridge University Press, Cambridge, 2020.

[12] S.-i. Doi, Smoothness of solutions for Schrédinger equations with unbounded potentials, Publ. Res.
Inst. Math. Sci. 41 (1) (2005) 175-221.

[13] C.L. Fefferman, The uncertainty principle, Bull. Am. Math. Soc. (N.S.) 9 (2) (1983) 129-206.

[14] H.G. Feichtinger, Banach spaces of distributions of Wiener’s type and interpolation, in: Func-
tional Analysis and Approximation, Oberwolfach, 1980, in: Internat. Ser. Numer. Math., vol. 60,
Birkhauser, Basel-Boston, Mass., 1981, pp. 153—165.

[15] H.G. Feichtinger, Banach convolution algebras of Wiener type, in: Functions, Series, Operators,
vol. I, IT, Budapest, 1980, in: Colloq. Math. Soc. Janos Bolyai, vol. 35, North-Holland, Amsterdam,
1983, pp. 509-524.

[16] A. Fernédndez-Bertolin, E. Malinnikova, Dynamical versions of Hardy’s uncertainty principle: a sur-
vey, Bull. Am. Math. Soc. (N.S.) 58 (3) (2021) 357-375.

[17] M. Goldberg, W. Schlag, A limiting absorption principle for the three-dimensional Schrédinger
equation with LP potentials, Int. Math. Res. Not. 75 (2004) 4049-4071.

[18] K. Grochenig, Foundations of Time-Frequency Analysis, Applied and Numerical Harmonic Analysis,
Birkhauser Boston, Inc., Boston, MA, 2001.

[19] K. Grochenig, Time-frequency analysis of Sjostrand’s class, Rev. Mat. Iberoam. 22 (2) (2006)
703-724.

[20] L. Hérmander, Quadratic hyperbolic operators, in: Microlocal Analysis and Applications, Monte-
catini Terme, 1989, in: Lecture Notes in Math., vol. 1495, Springer, Berlin, 1991, pp. 118-160.

[21] L. Hérmander, The Analysis of Linear Partial Differential Operators. I: Distribution Theory and
Fourier Analysis, Classics in Mathematics, Springer-Verlag, Berlin, 2003, Reprint of the second
(1990) edition [Springer, Berlin].

[22] K. It0, Generalized uniform complex measures in the Hilbertian metric space with their application
to the Feynman integral, in: Proc. Fifth Berkeley Sympos. Math. Statist. and Probability (Berke-
ley, Calif., 1965/66), vol. II: Contributions to Probability Theory, Part 1, Univ. California Press,
Berkeley, Calif., 1967, pp. 145-161.

[23] K. Kato, M. Kobayashi, S. Ito, Remarks on Wiener amalgam space type estimates for Schrodinger
equation, in: Harmonic Analysis and Nonlinear Partial Differential Equations, in: RIMS Kékyturoku
Bessatsu, vol. B33, Res. Inst. Math. Sci. (RIMS), Kyoto, 2012, pp. 41-48.

[24] T. Kato, N. Tomita, A remark on the Schrédinger propagator on Wiener amalgam spaces, Math.
Nachr. 292 (2) (2019) 350-357.

[25] S.G. Krantz, H.R. Parks, The Implicit Function Theorem, Modern Birkhéduser Classics, Birkhduser/
Springer, New York, 2013, History, theory, and applications, Reprint of the 2003 edition.

[26] N. Lerner, Metrics on the Phase Space and Non-selfadjoint Pseudo-Differential Operators, Pseudo-
Differential Operators. Theory and Applications, vol. 3, Birkhduser Verlag, Basel, 2010.

[27] E.H. Lieb, M. Loss, Analysis, second edition, Graduate Studies in Mathematics, vol. 14, American
Mathematical Society, Providence, RI, 2001.

[28] F. Luef, H.J. Samuelsen, Fourier restriction for Schatten class operators and functions on phase
space, Int. Math. Res. Not. (2) (2025) rnae291.

[29] Y. Meyer, Wavelets and Operators, Cambridge Studies in Advanced Mathematics, vol. 37, Cam-
bridge University Press, Cambridge, 1992, Translated from the 1990 French original by D.H.
Salinger.

[30] C. Muscalu, W. Schlag, Classical and Multilinear Harmonic Analysis. Vol. I, Cambridge Studies in
Advanced Mathematics, vol. 137, Cambridge University Press, Cambridge, 2013.

[31] F. Nicola, S.I. Trapasso, On the pointwise convergence of the integral kernels in the Feynman-Trotter
formula, Commun. Math. Phys. 376 (3) (2020) 2277-2299.

[32] F. Nicola, S.I. Trapasso, Wave Packet Analysis of Feynman Path Integrals, Lecture Notes in Math-
ematics, vol. 2305, Springer, Cham, 2022, ©2022.

[33] L. Rodino, S.I. Trapasso, An introduction to the Gabor wave front set, in: Anomalies in Partial
Differential Equations, in: Springer INAAM Ser., vol. 43, Springer, Cham, 2021, pp. 369-393, ©2021.

[34] L. Rodino, P. Wahlberg, The Gabor wave front set, Monatshefte Math. 173 (4) (2014) 625-655.


http://refhub.elsevier.com/S0022-1236(26)00131-X/bib6101A12E721A669E89CB6B79D0863840s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib6101A12E721A669E89CB6B79D0863840s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib532B7E2EDD3AF5F630F6F06786FCA0C2s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib532B7E2EDD3AF5F630F6F06786FCA0C2s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib154F1D1DC21C789C189C75E3AE032D0Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib154F1D1DC21C789C189C75E3AE032D0Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib2FBC2A2A769E4F9CC94569C8D6ADC991s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib2FBC2A2A769E4F9CC94569C8D6ADC991s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib44CC026ECA4028B6BBEC35AABC3457ECs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib44CC026ECA4028B6BBEC35AABC3457ECs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA53F661477A5F474EFF7E06D8601C4E7s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibF9F3FD0C27B35E2E39CDBBC2696189C8s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibF9F3FD0C27B35E2E39CDBBC2696189C8s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibF9F3FD0C27B35E2E39CDBBC2696189C8s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib5D01A6D1D17B06F20C23D5F9CF789501s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib5D01A6D1D17B06F20C23D5F9CF789501s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib5D01A6D1D17B06F20C23D5F9CF789501s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib49A6ED5A29C3F4DF1774AD472236D0B7s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib49A6ED5A29C3F4DF1774AD472236D0B7s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA9813077A23BB7F83385C9C2621806DFs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA9813077A23BB7F83385C9C2621806DFs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibD7DAFA056802CABBF8DA1424EA093318s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibD7DAFA056802CABBF8DA1424EA093318s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibAAF76B1E601F3C2D82128A8DDD4A5227s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibAAF76B1E601F3C2D82128A8DDD4A5227s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib5E2F5AB7A5880A39AD1BCE487F6BFC3As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib5E2F5AB7A5880A39AD1BCE487F6BFC3As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib303495B873A10A24C5310313FD97C73Fs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib303495B873A10A24C5310313FD97C73Fs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib303495B873A10A24C5310313FD97C73Fs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibEEA4B00254E083EB7D82697CD6C48D6Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibEEA4B00254E083EB7D82697CD6C48D6Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibEEA4B00254E083EB7D82697CD6C48D6Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibEEA4B00254E083EB7D82697CD6C48D6Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA1C2D3348D8B020DD77C49CF0616030As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA1C2D3348D8B020DD77C49CF0616030As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA1C2D3348D8B020DD77C49CF0616030As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib7DAC34C20581A41EC2678BCF33CAE9CBs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib7DAC34C20581A41EC2678BCF33CAE9CBs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibFB4CD2F825010B3B62D81A2F85E522FCs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibFB4CD2F825010B3B62D81A2F85E522FCs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib8895E2CB459AF049908F02CDB827292Bs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib8895E2CB459AF049908F02CDB827292Bs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib313387FDD4E888BD7E56178A0A42150Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib313387FDD4E888BD7E56178A0A42150Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib930057E21BEAC0F92A1EE31919402DEAs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib930057E21BEAC0F92A1EE31919402DEAs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibB6273C0BA3AE37A4D3D1C6B084797F2Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibB6273C0BA3AE37A4D3D1C6B084797F2Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibB6273C0BA3AE37A4D3D1C6B084797F2Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib4F6FC39A7B6179B7B141EC0906482FCDs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib4F6FC39A7B6179B7B141EC0906482FCDs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib9772C6BA54648FD4A4664C474AE80018s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib9772C6BA54648FD4A4664C474AE80018s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibBB1EC32FEC869BEF1531DCC5E46F1349s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibBB1EC32FEC869BEF1531DCC5E46F1349s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibCB24736C3828053F414BE02566FC2039s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibCB24736C3828053F414BE02566FC2039s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibAA74005EC2CF611D15972446D50E1393s1

F. Nicola / Journal of Functional Analysis 291 (2026) 111467 23

[35] R. Schulz, P. Wahlberg, Microlocal properties of Shubin pseudodifferential and localization opera-
tors, J. Pseudo-Differ. Oper. Appl. 7 (1) (2016) 91-111.

[36] R. Schulz, P. Wahlberg, Equality of the homogeneous and the Gabor wave front set, Commun.
Partial Differ. Equ. 42 (5) (2017) 703-730.

[37] J. Sjostrand, Wiener type algebras of pseudodifferential operators, in: Séminaire sur les Equations
aux Dérivées Partielles, 1994-1995, Ecole Polytech, Palaiseau, 1995, pages Exp. No. IV, 21.

[38] E.M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, in:
Monographs in Harmonic Analysis, III, in: Princeton Mathematical Series, vol. 43, Princeton Uni-
versity Press, Princeton, NJ, 1993, With the assistance of Timothy S. Murphy.

[39] T. Tao, Some recent progress on the restriction conjecture, in: Fourier Analysis and Convexity, in:
Appl. Numer. Harmon. Anal., Birkhduser Boston, Boston, MA, 2004, pp. 217-243.

[40] T. Tao, Nonlinear Dispersive Equations: Local and Global Analysis, CBMS Regional Conference
Series in Mathematics, vol. 106, American Mathematical Society, Providence, RI, 2006, Published
for the Conference Board of the Mathematical Sciences, Washington, DC.

[41] D. Tataru, Phase space transforms and microlocal analysis, in: Phase Space Analysis of Partial
Differential Equations. Vol. II, in: Pubbl. Cent. Ric. Mat. Ennio Giorgi, Scuola Norm. Sup, Pisa,
2004, pp. 505-524.

[42] J. Toft, Continuity properties for modulation spaces, with applications to pseudo-differential calcu-
lus. I, J. Funct. Anal. 207 (2) (2004) 399-429.

[43] J. Toft, D.G. Bhimani, R. Manna, Fractional Fourier transforms, harmonic oscillator propagators
and Strichartz estimates on Pilipovié and modulation spaces, Appl. Comput. Harmon. Anal. 67
(2023) 101580.

[44] S.I. Trapasso, Almost diagonalization of pseudodifferential operators, in: Landscapes of Time-Fre-
quency Analysis, in: Appl. Numer. Harmon. Anal., Birkhduser/Springer, Cham, 2019, pp. 323-342.

[45] P. Wahlberg, The Gabor wave front set of compactly supported distributions, in: Advances in
Microlocal and Time-Frequency Analysis, in: Appl. Numer. Harmon. Anal., Birkhduser/Springer,
Cham, 2020, pp. 507520, ©2020.

[46] T.H. Wolff, Lectures on Harmonic Analysis, University Lecture Series, vol. 29, American Mathemat-
ical Society, Providence, RI, 2003, With a foreword by Charles Fefferman and a preface by Izabella
Laba.

[47] K. Yajima, Schrodinger evolution equations with magnetic fields, J. Anal. Math. 56 (1991) 29-76.

[48] G. Zhao, W. Guo, Schrédinger propagator on Wiener amalgam spaces in the full range, Nagoya
Math. J. 256 (2024) 953-969.


http://refhub.elsevier.com/S0022-1236(26)00131-X/bib6F56AA4E2561EB66F17F6D8DE8070A77s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib6F56AA4E2561EB66F17F6D8DE8070A77s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA2B20AB73FC101E512B24728F9812DFCs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibA2B20AB73FC101E512B24728F9812DFCs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib98E7302B4987F49C69FFF3C93AE703A0s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib98E7302B4987F49C69FFF3C93AE703A0s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibD609E64F851052A2B215FA9B7E8903D4s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibD609E64F851052A2B215FA9B7E8903D4s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibD609E64F851052A2B215FA9B7E8903D4s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib016E73C3C4DE5F7C1B1DCF51ACEAEFC6s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib016E73C3C4DE5F7C1B1DCF51ACEAEFC6s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib941707A019ACA7CAEE3563BC5053D96Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib941707A019ACA7CAEE3563BC5053D96Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib941707A019ACA7CAEE3563BC5053D96Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib3AFFF5526003DC337DA108904E26F77Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib3AFFF5526003DC337DA108904E26F77Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib3AFFF5526003DC337DA108904E26F77Cs1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibB4F445A2E2C16F4B8AB6496BB54EF265s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bibB4F445A2E2C16F4B8AB6496BB54EF265s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib37A63A8A39A431C7BE00BAC3C315FE12s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib37A63A8A39A431C7BE00BAC3C315FE12s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib37A63A8A39A431C7BE00BAC3C315FE12s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib933BDCD5577B08A24EB12C90C9F52263s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib933BDCD5577B08A24EB12C90C9F52263s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib4789E168BFC8CA7CBD3179495EC41E57s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib4789E168BFC8CA7CBD3179495EC41E57s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib4789E168BFC8CA7CBD3179495EC41E57s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib7158513BCDAD9FBDF2409E8EF89B878As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib7158513BCDAD9FBDF2409E8EF89B878As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib7158513BCDAD9FBDF2409E8EF89B878As1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib8AA785E69673FC22FD92E3D2AA17E10Es1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib3651669E523D719A62AB6D110E0C21B4s1
http://refhub.elsevier.com/S0022-1236(26)00131-X/bib3651669E523D719A62AB6D110E0C21B4s1

	Dynamical restriction for Schrödinger equations
	1 Introduction and discussion of the main results
	1.1 Smooth Hamiltonians
	1.2 Nonsmooth Hamiltonians
	1.3 Strategy of the proof

	2 Notation and preliminaries
	2.1 Notation
	2.2 Modulation and Wiener amalgam spaces
	2.3 Pseudodifferential operators

	3 A transference principle
	4 Almost diagonalization
	5 Almost diagonalization of Schrödinger propagators
	6 Proof of the main results (Theorems 1.3 and 1.5)
	7 Microlocal restriction estimates
	Acknowledgments
	Data availability
	References


