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1. Introduction

1.1. Let r,n € (N U {occ})? such that 0 < r < n. The main purpose of this paper is to describe linear
maps between singular cohomologies B, , of complex Grassmannians G(r,n) induced by homogeneous
endomorphisms (basically the free fermions that the title alludes to) of the exterior algebra A Q™. By free
fermions one usually means the elements of the Clifford algebra Co, spanned by 1 and (¢;, 9} );cz, subjects
to the relations 1;y; + ith; = 0, Y77 +7¢; = 0 and Y0 + i = i, see e.g. [19] or [33, Section
1]. The elementary endomorphisms of the exterior algebra A Q™ (n € N U {c0}), when multiplied, are
subject to the same commutation relations of the Clifford algebra C., alluded to above. By wedging and
contracting, they define linear maps A" Q" — /\TJrs Q™ and, because of a certain finite type boson-fermion
correspondence, linear maps B, — B, s, whence, up to a slight abuse of terminology, the title of the paper.
The main motivation to pursue this goal is that it place itself at the crossroad of a number of subjects, such
as the theory of symmetric functions, Schubert Calculus for Grassmannians, as well as the representation
theory of Lie algebras of endomorphisms of infinite dimensional vector space a la Date, Jimbo, Kashiwara
and Miwa(DJKM) [6].

The simplest cases are those corresponding to the pair (1,n), for any n, and (r, o), for any r, which will
be partly discussed separately via ad hoc arguments in section 3. The case (00, 00) is related to the DJKM
bosonic vertex operator representation of the Lie algebra glo,(Q) of matrices A : Z x Z — Q, with finitely
many non-zero diagonals.

The general instance, especially the trickiest one for finite r and n, is taken into account by our main
result, Theorem 6.7, built out of a new determinantal expression which on one hand can be seen as a
generalization of the classical Giambelli’s formula of Schubert calculus and, on the other, keeps into account,
as a particular case, the structure of the Q—polynomial ring in r indeterminates as a representation of the
Lie algebra ¢glo(Q). To achieve the latter one may exploit suitable operators, carrying a classical flavor,
whose limit for » — oo is precisely those used by Date, Jimbo, Kashiwara and Miwa (DJKM), in [6], to
obtain the bosonic vertex operator representation of the Lie algebra glo.(C) (see also [19]).

To this respect, it should be mentioned that Laksov and Thorup, in their reworking of Schubert calculus
in terms of action on an exterior power, in the paper [26] affirm that “in the work of E. Date, M. Jimbo,
M. Kashiwara, and T. Miwa [6] Schur functions appear in connection with exterior power in another context”.
The present paper, on the other hand, is a further indication, besides e.g. [5,4] that the context is indeed
the same and that the celebrated bosonic vertexr operator representationof Date, Jimbo, Kashiwara and
Miwa could be seen as an instance of the general Schubert Calculus studied in [26] living on the Universal
Grassmann Manifold (inductive limit of finite dimensional grassmannians) by Sato [32]

The underlying conceptual framework is easy. If » < n < oo, the gl,,(Q)-module structure of B, , is
induced by the standard representation of the n x n square matrices on the exterior power A" Q", due
to the linear isomorphism B, , — A" Q". The latter can be understood, as we will, as a sort of “finite
dimensional” version of the boson-fermion correspondence, for which there are now many references in the
literature (see e.g. the relatively recent papers [22,31]), and which reflects the fact that both spaces possess
bases of the same cardinality. For finite 7 and n (in contrast to r = n = co as in the DJKM picture), the
determination of an explicit generating function of elementary matrices is tricky. One way to cope with
the issues is proposed in [16]. On the other hand one can notice that B, , is more generally a module
over the algebra of the degree 0 homogeneous endomorphisms of A Q", a Lie subalgebra of Endg(A Q™).
This was studied in [2] for n = oo, generalizing formulas deduced in [16]. The structure of B = Boo o0 a8
a representation of the endomorphisms of the exterior algebra A Q> is considered in [4]: the output are
formulas involving a vertex operators description of the generating function which reduces to the DJKM
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ones when the exterior algebra endomorphisms are induced by ¢l (Q) via the trace representation (see
Sec. 4.1). Exploiting the remarkable fact that the exterior algebra of a countably infinite vector space is
in turn a representation of the ring of symmetric functions, the aim of this paper is to provide a unified
framework to all the previously mentioned situations. The finite-dimensional boson-fermion correspondence
yields the general determinantal formula which Theorem 6.7 accounts for.

1.2. From a representation-theoretic perspective, the boson-fermion correspondence — first introduced in
quantum field theory (see, e.g., [11])— is merely an isomorphism between two modules over the infinite-
dimensional Heisenberg algebra (see e.g. [33, Section 1] for a concise enlightening overview). The former,
the bosonic Fock space, is Blg, ¢~ '], where B is the free polynomial algebra generated by infinitely many
indeterminates (21, za,...) (the bosonic Fock space in charge 0), whereas the latter, the fermionic one, is
usually understood as the linear span of the so-called charged partitions, which in turns can be thought of as
monomials of a semi-infinite exterior power of an infinite dimensional vector space V' (see [34,23,28] and also
[17, Section 4.1]). In charge zero, the boson-fermion correspondence maps a basis element of B, parametrized
by a partition, to an infinite exterior monomial attached to the same partition (see e.g. [25, Theorem 6.1]).
The irreducible B-module structure of the fermionic space allows to deal with a wealth of related situations
in mathematical physics and in (algebraic) geometry. Geometric realization of the fermionic Fock spaces and
Clifford and Heisenberg operators, after Nakajima and Grojnowskij, are faced e.g. in [33], also in connection
with the geometry of moduli spaces of framed torsion-free sheaves as in [28]. From the mathematical physics
point of view, one must mention soliton equations, the celebrated Kadomtsev-Petshiasvili (KP) hierarchy,
the bosonic vertex operators representation of infinite dimensional Lie algebras [6,19] and Jing’s article [22],
not to speak about the representation theory of Kac—-Moody algebras. In particular, the KP-hierarchy rules
equations of the group orbit of the highest weight vector of B into the projective space of the corresponding
highest weight module; in addition, the fact that the polynomial solutions of the celebrated KP-hierarchy are
parametrized by the points of the Sato’s Universal Grassmann Manifold (UGM), as constructed e.g. in [32],
can be recovered via the bosonic representation of the Clifford algebra Co, of free fermions; see [7,9,8,12,24]
and [35,37,36] for further information on highest weight modules and other kind of representations of affine
Kac-Moody Lie (super)algebras. Most of the above situations have been considered in their finite (type or
dimensional) counterparts in previous work of one of us (e.g. [16], [2], [17], [4], [18]) and this paper set itself
in the same stream.

1.3. To more precisely anticipate the shape of our results, let n € N U{oo}, so that V;, = Q[X]/(X™) is the
Qlea]
()
module via the map ¢1(p(X) + (X™)) = Xp(X) + (X™). Denote by V,* its (restricted) dual, spanned by
(07)0<j<n, where &7 denotes the unique linear form on V,, such that §7(X") = §%. If n = oo we write
V=V, = Q[X]. For all (I,J) = (i1,.--,in,J1,---,5k) € N* x N* the formal words (free fermions)

Q-algebra of all polynomials of degree < n in one indeterminate X. It will be considered a B ,, :=

XIaJ — Xi1 X’Lhajl 8ch (11)

induce homogeneous (elementary) endomorphisms of A V;, of degree h — k (which is zero if h < k) i.e., for
all 0 < r < n, a family of maps ®(; 5y, : \" Vo, = NPV, defined by

CD(I,J)JL(U) = XU .. XA L Gk (u)
= XT A AX AP (L (@), Yue \Vi (1.2)

where if « € V*, by au: A V,, = AV, one understands the unique odd derivation of the exterior algebra such
that cou = a(u). It is a derivation of degree —1 meaning that it maps /\k V,, to /\k_1 V.. (Cf. Section 4.7).
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The exterior algebra A V,, is an irreducible representation of the Clifford algebra spanned by the identity
1:= 1)y, and all the words of type (1.1), subject to the relations X0+ 09Xt =69, XiXT = -XIX!
and 0’07 = —070" holding in Endg (A Vi). Let (Sx)aep, ., be the Schur basis of B,.,, (basically the Schur
determinant of the Chern Classes of the universal quotient bundle over G(r,n)), where P, ,, denotes the set
of all partitions A := (n —r > A\; > --- > X\, > 0), in turns isomorphic to A" V,,. Wedging with h vectors
and contracting with & linear forms against elements of A"V, induce obvious vector space homomorphisms

(b(LJ)m; B?",n — Br+h—k,n (13)

which is our aim to encode all together into a generating function.
To this purpose, let

Zp = (21, .-, 2h)s wi = (wy,...,w;) and t,:= (t1,...,t)

be indeterminates over Q. For each A € P,.,, denote by sx(t,) the Schur polynomial (Section 2.5) attached
to the partition A and to the indeterminates t,., and

pi(ty) =1 + - 417,

be the (symmetric polynomial) sum of the i*" powers of the indeterminates t;. Our main Theorem 6.7 then
gives an explicit precise description of a B;4j— n-valued formal power series

i=1 i>1 i1 L= 5

I
T
L
=
—
=

D k) (Z, Wi tr) (1.4)

which we call structural generating series, enjoying the following property

The coefficient of z}Ilw,;‘]sA(tT) in the expansion of @, x)(zn, Wi, t,) is the image in B, p g of
Sx € B, through the natural map ®; 5, (1.3).

The key block of (1.4) is the determinant Dy, 1y.», whose explicit expression is displayed in (6.3). It has
a number of relevant particular cases. If h = k and n = oo, formula (1.4) simplifies the main statement of
[2], where one studied B, := B, o as a module over the Lie algebra of the endomorphisms of /\k V. I1f in
addition h = k = 1, one obtains the finite type counterpart of the Date-Jimbo-Kashiwara-Miwa (DJKM)
representation of gl (Q), as studied in [16]. Moreover, if r — oo, the formula provides a determinantal
expression of the vertex operators occurring in the DJKM representation (cf. also Section 3, Example b)).
The computations heavily rely on the use of the exponential of the trace representation of the Lie algebra
9ln(Q), as in [2,4], which in [13] was phrased in terms of Hasse-Schmidt derivation on an exterior algebra.
The general formula we obtain involves a determinant which may be considered as a deformed version of
the usual Giambelli’s one occurring in classical Schubert calculus. Our main formula also recovers, as a limit
when 7, n — o0, in the same spirit of previous work (e.g. [2,16,3]), the DJKM vertex operator representation
of the Lie algebra gl (Q), to emphasize that the latter is nothing but an extremal case of a general situation
(sloganized in [16] as the cohomology of the Grassmannian is a gl,-module) whose other extremal one is the
usual multiplication of matrices by vectors.

The referee kindly pointed out that Theorem 6.7 above also admits a natural interpretation from the
viewpoint of symmetric functions. We fully agree. Via the finite boson—fermion correspondence, the struc-
tural generating series acts on the Schur basis of B, ,, so that the determinant D, j ) may be regarded
as a deformation of the classical Jacobi-Trudi/Giambelli determinant. This perspective is closely related
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to the philosophy developed by Jing and Rozhkovskaya [21], in which the Clifford algebra action is con-
structed starting from generalized Jacobi—Trudi identities. The present paper adopts a different starting
point, namely the action of the Clifford algebra on the exterior algebra, from which the corresponding de-
terminantal identities on the bosonic side are recovered via the finite boson—fermion correspondence. The
two viewpoints therefore appear to be complementary, and we believe that it would be worthwhile to make
the relationship between the two approaches more explicit in future work.

1.4. About the content. The paper is organized as follows. Section 2 collects a few combinatorial preliminaries
which are, on the other hand, well available in the literature, possibly with a slight change of notation. We
also discuss a couple of special cases, to show the relationship of the present subject to the theory of
symmetric functions as in [29, p. 96] and/or the vertex operators occurring in the description of the KP
hierarchy (generating series of Bernstein operators like in [29, 1.5, Example 29, formula (6)]). For the sequel,
it is important to notice that we will be working with two rings of symmetric polynomials in two different
set of variables, B, and A,. The variables of B, are not explicitly invoked, while we use those of the ring
A,.. We hope this will not cause too much confusion.

Section 4 provides further details about the B, ,-module structure of the exterior power A" V. The
key homomorphisms 04 (z),54(2) : AV, — A Va[z] will be introduced and rigorously defined in terms of
exponential of linear differential operators on the exterior algebra, and they are related with the classical
Chern polynomials of the tautological and quotient bundle in the universal sequence over the Grassmannian.
In this section we also show (Proposition 4.2) how product of r Schubert derivations supplies a generating
function for the basis elements of the r-th exterior power /\k Q™, which is suited to study the gl,,(Q)-action
of B, ,, which is the finite dimensional shadow of the DJKM representation of glo.(Q).

In Section 5, the necessary combinatorics needed to work with the representation of the Clifford algebra
of “free fermions” on an exterior algebra is developed. This yoga was already partially used in [4,2] for the
bosonic representation of the Clifford algebra generalizing formulas due Date, Jimbo, Kashiwara and Miwa
[6].

Section 6 is finally devoted to the statement and proof of our main formula. As anticipated, it involves
a determinant that is as huge as the integer r» + h, but whose expression has a very elegant and regular
shape. Using Mathematica®, Example 7.5 fully works out the expression of the generating structural series
of the action of the 4 x 4 square matrices against the cohomology of the Grassmannian G(2,4): it is the first
instance of the DJKM representation in a finite dimensional context which is not just the multiplication of
a matrix times a vector.

Acknowledgment. We are grateful to Frank Neumann and Renato Vidal Martins for useful comments and
thoughtful remarks and Edoardo Ballico for constant encouragement. The present version of the paper
has greatly benefited from the careful reading and valuable suggestions of the anonymous referee, whose
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2. Preliminaries and notation

2.1. If A is any algebra over some commutative ring R and t, := (t1,...,t,) are indeterminates over A,
the notation A[t,] stands for the algebra of formal power series in those indeterminates with the usual
definition of product.

2.2. Let V := Q[X] be the vector space of polynomials with rational coefficients. Its natural basis is X :=
(X%);>0. For each n € N U {oo}, let

V, = — ifn<oo and Vyg:=V.
The linear maps

;1 d
T dX

Vo~ Q

X=0

define the linear forms 8 := (9%);>o of the (restricted) dual V;} of V,,, dual to X = (X%)o<j<n, i.e. 9/ (X?) =
57. We denote by X(z) and 8(w™!) the generating functions of the bases X and @ of V and V* respectively,
i.e.

X(z) = Z X and A(w™t) = Z O'w™t = exp <w1%> . (2.1)

0<i<n 0<i<n

2.3. Let (r,n) € (N U {oo})? such that 0 < r < n. To any such pair we attach three isomorphic vector
spaces, as follows. The first one is P,.,, : Q7" the Q-vector space freely generated by all the partitions of
length at most r whose Young diagram is contained in a r x (n — r) rectangle; the second one is B; ,, the
universal decomposition algebra of the polynomial T™ as the product of two monic polynomials of degree r
and n —r (see e.g. [26,27]), and A" Vj,, the r-th exterior power of an n-dimensional vector space. In all of
the above, n may be infinite. The three spaces are related by the commutative diagram

PT’I’L

s

y X (2.2)

Br n /\T Vn

El ¢Oﬂ7 1
where ¢ o 37! can be understood as the boson-fermion correspondence, as will be explained in the sequel.

2.4. The space P, ,,. A partition is a non-increasing sequence A : A\; > Ap > - -+ > 0 of non negative integers
with finite length £(X) := #{i| A; # 0}. We denote by P the set of all partitions, by P, := {A € P |[{(A) <r}
the set of all partitions of length at most r and by Py, := {X € P, | \1 > n—r} the set of all partitions whose
Young diagram is contained in a r x (n — r) rectangle. Clearly P, = Py o and P = Py Let Py, 1= QFrn
be the Q-vector space generated by all A € P,.,, Each element u € P, ,, can be written in bosonic (8(u)) or
fermionic (¢(u)) notation, in the sense specified below.

2.5. Exterior powers and algebra. The r-th exterior power of V;, is the vector space A" V,, generated by all
the expressions of the form X% A --- A X%, modulo the relations

XM A AXTM —gen(P) XA AX eS8,
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where sgn(7) denotes the sign of the permutation 7. Therefore, A" V,, = @ycp, Q- X"(X), where
XT(A) = X" (A, Ar) = X7 AL XM (2.3

whence the Q-linear isomorphism ¢ : P.,, — A" V;, mapping A to X" ().
The exterior algebra of V;, is (A Vi, A), where AV, = @, A" Vi and

r+s
A /\an/\v - A\ Va

is the (bilinear) the juxtaposition product.
Consider now the wedge product

X)) A AX(E) € (/T\Vn)[[tl,...,tr}].

It is clearly a (possibly infinite) linear combination of (X" (X))aep,,, which is divisible by the Vandermonde
determinant Ag(t,) := [];;(¢t; — t;). The equality

X(t) A AX () = Ag(tr) Y XT(N)salty)

AEPr n
defines the Schur symmetric polynomials sx(t,) in t, = (t1,...,t,). Therefore
> XA /\v [t1, .. t]
AEP,
is a generating function of the basis elements of A" V,." It is well known that (sx(t,)) Aep, forms a basis
of the ring A, := Q[t,]°" of the symmetric polynomials in the indeterminates (¢1,...,%,).
2.6. The “bosonic space” B, ,. Let ¢ := (c1,¢2,...) be a sequence of indeterminates over Q. To each

r € NU{oo} we attach a Q-algebra B,.. By definition By = Q and, for 0 < r < oo, one set B, := Q[eq, ..., ¢r].
In addition one sets B := B, = Q]c] for the polynomial Q-algebra in the infinitely many indeterminates
(¢;). One considers the generic (Chern) monic polynomial”

c(z)=1—c12"+---+ (=1)"c,.2" € B,[7]
and the formal (Segre) power series®

ZSZ )EB[[z]]

€L

In other words:

c (2) 1+ S1z24+--+Sp_r2") =1

! Here (A Vo)[t1,---,t.] are the A V,-valued formal power series in the indeterminates (t1, ... ,t,).

2 The indeterminate coefficients are denoted ci, to evoke the Chern classes of the tautological bundle over the Grassmannian
G(r,n).

3 The indeterminate coefficients are denoted S;, to reminish the Segre classes of the tautological bundle over the Grassmannian
G(r,n).
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the equality holding in B,.,[z] for finite n, or

e (2)(14 > 8;2) =1

j=21

the equality holding in B,[z] if n = occ.
Forn>r>0,let I, := (Sp—rt1,...,5,) be the ideal of B, generated by Sp_r11,...,Sn. Let

B,

Trm * B, — Br,n = I—u
rn

be the canonical projection. It is well known that B, ,, is the universal decomposition algebra of the monomial
T™ as the product of two monic polynomials, one of degree r (see e.g. [5]). This is in turn the presentation
of the singular cohomology ring of the Grassmannian, once the indeterminates (¢;) are interpreted as the
Chern classes of the tautological rank r bundle and the S;’s as the Chern classes of the universal quotient
bundle over the Grassmannian G(r,n) (or the Seegre classes of the tautological bundle). We denote S, ,, =
(ﬂ'nn(Sj))jeZ = (1 = So, Sl, ey Sn—r) and

Sr,n(z) =14+S12+-+ 82" € B?",n[z]
Let %X, = (21,2, ...) be the sequence of elements of B, ,, defined via the equality
exp Z x| = Srn(z)=1+S124+---+S,_,.2"". (2.4)
i>1
In other words

Xpn(2) 1= Z r;2' =log(1+ Sz + -+ 8, ,2"") = Z 1 (Slz + 4 Sn_rz"_r>j

i>1 i>1

Let p;(t,) := Z;Zl t; To each partition X € P,.,, we associate Sx € P,.,, defined as follows

Z Sx - salty) = eXP(Z zipi(tr)). (2.5)

XEP, i>1

It is well known that (Sx | A € P, ) is a Q-basis of B, ,:

Br,n = @ Q < Sx

AEP,n

so that exp (Z¢31 xipi(tr? is a generating function of the basis Sy. This gives us the second alluded natural
T

isomorphisms § : P,.,, = B, ,,, mapping A to Six.

Moreover, the equality
exp inpi(tr) = exp Z zit}t | - -exp Z it |, (2.6)
i>1 A>1 A1
along with (2.5), implies the celebrated Jacobi-Trudy formula

Sx = det(Sx;—j+i)
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obtained by equating the coefficients of sx(t,) on both members of (2.6). Since the S;’s generate B,.,, as a
ring, the structure of B, , as a Q-algebra is determined once one knows all the products

S’L' . S)\a

as linear combination of the basis (Sy). All such products are ruled by the obvious equality

exp Zﬂfzzz exp inpi(tr) = exp me(%h) = Z Sx - salz, tr). (2.7)

i>1 i>1 i>1 AEP, ,,

In other words S; - Sy is the coefficient of zsx(t,) in the most right hand side of (2.7) or, more practically,
the coefficient of 2t} of

AO(tT) - €xp inpi(zatr) 5

i>1

where t;\ = t’1'_1+’\1t;_2+)‘2 ~~~tf)r. The map 8 : P.,, = B, , maps any A € IP,,, to its bosonic expression
Shx.

2.7. If both r = n = 00, one is then concerned with the polynomial ring B := Q[z1,22,...,] in infinitely
many indeterminates. It corresponds to the cohomology ring of the Universal Grassmann Manifold (UGM),
an ind-variety which Sato constructs in [32] as a direct limit of finite dimensional Grassmannians. As
the UGM is a direct limit of finite dimensional Grassmannians, its cohomology is the inverse limit of the
cohomologies of the finite dimensional ones, and coincides with Bx.

3. Generating functions of linear maps: a few special cases

Recall that the purpose of this paper is to provide, inspired by the DJKM vertex operator representation
of the Lie algebra gl(o0), explicit descriptions of maps B, ,, = By4s., induced by elementary endomorphisms
of the exterior algebra A V,,, where V,, = Q[X]/(X™).

It seems convenient to anticipate a few special cases which, though elementary, seems interesting in their
own.

Qle1]
()
such that ¢; X* = X1 4 (X™).

Any matrix A € Endg(V,,) can be seen as linear combination of F;; := X ® §’ (notation as in 1.3).
Let &1, =1 o X'2" ® 7w ™7 which can be seen as the Q[z, w™!] valued matrix

a) Ifr=1,By, = . It is obviously isomorphic to V,, = Q[X]/(X™). We think of V,, as a B; ,,-module

4,J=0
1 w71 P w7n+1
z aw™t 2w~
Zn—l Zn—lw—l . Zn—lw—n-‘rl

If X* is any basis element of V}, one has

k k —k
S ) _— w
Ern(z,w)X* = g 1 X'z = E 1 AX0Zw Tk = T clzXO
1= 1=
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The expression can be further improved if, instead of acting just on X¥, we act on all the X* at once
(1 <k <n), using a generating series, which provides the elegant formula below:

" t"
i 1- =
1 n n
E1n(z,w, )X = &1 n(z,w) g XFth = w1 X = w X% (3.1
’ ’ 1—c1z t t
I—— (1—c12)(1——
w w

Since working over Q, we have the exponential form:

tn 1/, ., t
Ein(z,w,t) = <1 - w") exp Z H (clz + w’)

i>1

= exp Z ; <C?Z" + E _ wni) . (32)

i>1

We call (3.2) the generating structural series governing the multiplication of a matrix by a vector of V,,,
identified with a polynomial of degree < n — 1. In other words

Eink = ([ziwfjtk]é'l’n(z, w, t))XO

Expression (3.2) is a particular case of the general formula (6.4) forr=h =k =1andn < co.If n = 00

one has

1 tt
& t):=¢& t) = |t + —
1(2,10, ) 1,oo(Z7lU, ) €xp Z Z (Clz + ’LUZ> )

i>1

another case taken into account by the same formula (6.4).

The second example we propose points to the relationship of our subject to vertex operators and the
classical theory of symmetric functions at once. For sake of simplicity, let n = oo, so working in the ring
B, = Qley, ..., ¢]. The task is to describe the action of wedging a vector against a polynomial of B,.
To do so, one recalls that the basis element Sy of B, (A € P,.) does correspond to the basis element
Xr=HA AL A XA € AT V. We are so interested in computing X? A Sy, defined by

(XTAS0)X"H0) := XT A (SxX"(0)) := XPAX"(A) = XA XTIHFA AL A X (3.3)
Let us now stipulate the existence, established in Section 4.1, of an algebra homomorphism
o(2): /\V — /\V[[z]]

such that

0 i i X°
or(2) X" = ZXZzl =T—%
i>0

Denote by 74 (z) the inverse of o4 (2) in the power series algebra Endg (/A V)[#]: it is a A-homomorphism
as well, i.e. T4 (2)(u Av) =T (2)u A T4 (2)v, and is the unique such that 74 (2)u = u — (Xu)z, for all
u € V. Therefore
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oL (X0 (XM A A X)) =0 (2) (XO AT (2) (XTI A LA X*r))

=0, (2)(XONTL () XTI A AT (2) XA (3.4)

Formula (3.4) can be recast in two different ways. The former consists in considering the unique A-
algebra homomorphism 7_(z) : AV — A V[27!] (like in [16,17]) such that

T (2)y =1~ X171

where by X! one means the (locally) nilpotent endomorphism of V;, defined by X 1X7 = XJ=1 if
j > 1 and 0 otherwise. Then (3.4) can be written as

oL (2)XONXTTHM A LA XA = 20y (2)F- (2) (XM AL XA A XO)
= 2" Tr(2)S(x 2 X" TH(0)

where one sets
T (2)Song, o A XA AXTAXY =04 (2)7- ()X T (A, -+, M),
It is not that difficult to see, as shown in [14,15], that
I'(z) := lim T',(z) = exp szzL exp Z L0

i>1 i>1 v

which is precisely the expression of one of the Bernstein (vertex) operators occurring in the description of
the Boson-Fermion correspondence ([25,20] or [29, p. 96]). See also Rosas [31] for further combinatorial
aspects of these vertex operators.

This paper takes however an alternative approach, which brings the subject back in the realm of the
classical theory of symmetric functions, where vertex operators are clues of the presence of Vandermonde
determinants. Let o (t,.) = o4 (t1) - 04 (¢-) (a kind of multivariate Hasse-Schmidt derivation on the
exterior algebra, see also [1]). One of our outputs is the remarkable equality (Proposition 4.2)

> X" (A)salty) = op(tr) (XA AXO)
AEP,

This time one wedges o, (2)X" against not just one basis element of A"V, but rather the generating
series of the basis of \" V.
In this case we have that since

0'+(Z)X0 AN O'+(tr) I:Xr_l VARERIVAN XO}

vanishes whenever z = t; for some 1 <4 < r, it can be written as

H(z—ti)o+(z,t1,--- ) [XTAXTTE A AXTA XD

i=1

From a “bosonic” point of view, i.e. with B, coefficients, it can be seen as

T - tl s pi tT
AL (1o [ St | = o [ S PE o [ Somtat ). @)
i=1

i>1 i>1 i>1
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which is one more particular case of the main formula (6.4), putting » = 1 and k = 0. In passing, we
also remark that

(e G ex | St | = ea(E wew | X (5 5 ) mien)

i>1 i>1 i>1 i>1

whence

T',-(z) exp inpi(tr) = exp Z <xi + %) pi(ty) | . (3.6)

i>1 i>1

For r = oo, formula (3.6) is nothing but the sum over all the partitions of the right hand side of the
formula stated in [30, Theorem 3.4]. It is a consequence of the commutation rule (similar to those proven
within a similar framework see [2, Section 4] or [17, Section 8]).

7 (o) = [ 2P ) otz (2)

i>1

occurring also in a more general categorical context like in [10, formula (12), (13), (14)]. In sum, wedging
a generating function of the basis of /\h V' against a generating function of the basis of B,., in the sense
of (3.3), is the same as multiplying two exponentials.

4. The B, ,—module structure of the exterior algebra

To generalize the examples of Section 3, we recall the natural module structure of the exterior algebra
of a countably infinite dimensional Q—vector space over the ring B,.,,.

4.1. Let ¢1,,(Q) := (Q™*™,[-,]) be the Lie algebra of all the Q-valued n x n square matrices with respect
to the usual commutator. We understand it as

9, (Q) = @ Q- Ejj (4.1)

0<i,j<n

where, as customarily, we denote by E;; the elementary n x n matrix whose entries are all zero but 1
in position (i, j). Therefore, due to (4.1), if n = oo, by glo(Q) we understand the Lie algebra of all the
matrices of infinite size whose entries are all zero but finitely many.

The exterior algebra AV,, = @,+¢ A" Va is a gl,,(Q)-module via the trace representation. The trace tr(A)
of A € ¢gl,(Q) is the unique derivation of the exterior algebra such that it restrict to the multiplication by
A to the first degree of A V,,, i.e.:

tr(A)(uAv) = tr(AuAv+uAtr(Aw
{ tr(A)u = Au, VueV,=A\V,.

For all j > 0, let X7 : V,, = V,, denote the endomorphism given by multiplication by X7, which for finite
r can be identified with the elementary n x n nilpotent matrix of rank n — j, and let us denote by §(X7)
its trace. For any indeterminate z, let:

oy(z) = Zaizi = exp Z 6(Xj)zj : /\Vn — (/\ Vn) [=].

i>0 =
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Notice that X(2) = o4 (2)X°. Because it is the exponential of a derivation, it is clearly a /\-algebra homo-
morphism, namely o4 (2)(u Av) = o4 (2)u A oy (z)v. We also use the notation

— i= i o(X7) ;
g4(z) = Z(—l) 72" = exp —Z ng : /\Vn — (/\ Vn) [2]
>0 >
which is clearly the inverse of o4 (z) in the algebra Endg (A Vi)[z#], i-e.
04 (2)74(2) =04(2)o1(2) =1,
implying the following Cayley-Hamilton relations (see e.g. [18]):

0+ (2)([@+(2)uANv) =u Ao (2)v, (4.2)
T4 (2)(op(2)uAv) =uATL(2)0. (4.3)

‘We also denote

H0+ =04 (t1) o4 (tr),

the product in Endg (A V4.)[t-] regarded as an algebra over Endg (A V;,). We have:
4.2. Proposition. For all r > 1, the following equality holds:
o (t)XOA - Aoy (1) X0 = Ag(t,)oy (t,)X7(0). (4.4)

Proof. For r = 1, we set Ag(t1) = 1, so that formula (4.4) holds in this case. For r = 2 we have, using the
Cayley Hamilton relations:

0+(f1)X0 A 0'+(t2)X0 = 0+(t1,t2)(5+(t2)X0 /\E+(t1)X0)
= U+(t1,t2) [(XO — thl) A\ (XO - tQXl)]
= (t; —to)oy (t1, 1) X A XO (4.5)

and thus the property holds for r = 2. Then we argue by induction. Let us suppose that
U+(t1)X0 VANEERIVAN O'+(t7«_1)XO = Ao(tr_1)0+(tT)XT71(0).

Then, on one hand o (t1)X° A -+ Aoy (t,—1) X Aoy (t,) XY is clearly a multiple of [I;<;(ti — ;). On the
other hand, using induction:

O'+(t1)XO JARERIAN 0+(tr_1)X0 AN O'+(t7=)XO == Ao(tr_1)0'+(tr_1)XT71 AN 0+(tr)XO
Invoking the Cayley-Hamilton relations (4.2) we get, from the last side:

Ao(tr,1)0+(tT,1)XT71 AN O-Jr(tr)XO
= AO(tT71>U+(t )T+ (tT)XT_l(O) AT (tr\ tr)XO

= Z VXA A (X —eg (b X4 (1) e (b)) XL (4.6)
1=0
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The above expression is clearly a multiple of X"(0), which is divisible by []\_,(¢; — ¢.). To determine its
coefficient one looks at that of ¢1 ---t,_1 = e,_1(t,_1) in (4.6). In all cases one gets a summand of the form:

(=) Myt XTTHO0) A XL (4.7)
Now:
XTH0) A X7 = (—1) 71X AXTTH0) = (—1)7EXT(0).
Therefore
()" tepq(trr) = (=) Myt XTTHO)A X =1y - 11 X7(0),
proving that (4.6) is equal to Ag(t,.)X"(0), as claimed. O
4.3. Proposition. The equality
z; - X"(A) := 6(XHX"(N), AXEPrn

makes \" Vi, into a free B,.,,-module of rank 1 generated by X"(0) = X" "' A X""2 A -+ A XY, such that
X"™(A) = Sx - X"(0).

Proof. Since S; is a polynomial in x,.,, = (21,2, ...), it is enough to show that

Si(Sju) = (SlS])u, (V’U, S /T\Vn)

We will check it through generating functions:

exp szzl exp szwz X"(A) = exp Za:izi exp Zé(;(j)wj X"(A)

i>1 i>1 i>1 j>1

= exp Z —6()2(1) 2 | exp Z —5(Xj) w? | X"(A\) = exp Z —5(i(l) (2" 4+ w") | X"(0)

i>1 j>1 i>1

= exp 2:961(,2Z +w') | X7(0) = exp(z z;2") exp(z zw') | X7(0).

i>1 i>1 i>1

The assignment z; — ‘s(TXi)XT(O) is clearly injective. To prove that it is surjective, it is enough to show that
X"(A) = Sx - X"(0) and we do that all at once by using generating functions:

5(XY)

3 X (A)salte) = 0 (6)X7(0) = exp | S0 2 pie,) | X7 (0)

XEP; i>1

= exp inpi(tr) X"(0) = Z SAX"(0)sA(tr)-

i>1 AEPr n

More explicitly, we have the equality:
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SS/\l S:S\‘rl . g,\ﬁrﬂ

A+l A s S —rg2

XT(A) = XM A A X = > ST XTTIAXTIA L AXD, (4.8)
Sair—1 Sdotr—1 - S,

which can also be seen as the action of the word X"~ 'TA A ... A X* on By =Q! O
4.4. Corollary. The isomorphism By.,, = \" V,, makes B,.,, into a representation of the Lie algebra gl,(Q).
Proof. Indeed, the action ® defined by

(A® P)X"(0) = tr(A)(P - X"(0)), (4.9)
satisfies [A,B]|® P=A® (B® P) — B® (A ® P) because tr([A, B]) = [tr(A), tr(B)], as well known. 0O

3

4.5. We recall the formalism of two-rows-determinant introduced in [2] to deal with contractions. Let

(ag,...,ar—1) be any set of indeterminates (or rational numbers) and (vg,vi,...,v,—1) € V,7. Then we
let
ap ar -+ @y r=lo
=) _(=Dajvny (4.10)
Vo U1 e Up—1 7=0
where I = {0,...,r — 1} and v1\{j} is the wedge product of vo,v1,...,v,—1 with v; removed. For example

apg a1 az
:(Loi)l/\’l)Q—(ll'Uo/\Ug-l-aQ’Uo A vy.

Vo (% V2

4.6. Remark. Notice that the output of expression (4.10) changes sign whenever two columns are exchanged.
Hence, the linearity with respect to the first entry of the second row implies the linearity with respect to
all the other arguments.

4.7. The contraction of a vector of \"V,, against a linear form a can be defined using diagram (4.10) by
declaring;:

and, for r > 2

a(vy) -+ alvr)

as(vy Avg A+ Awy) = (4.11)
’l)l ... ’l)r
4.8. Proposition. Let r < n — 1. For each (a1,...,a,) and a partition Ay > --- > A, the following formula
holds
aq a9 “ee [e78
aq az s (279 SA +1 S/\ . S>w+ 9
= A TTIXTEAAXY (412)
Xr71+/\1 Xr72+)\2 . X/\T'

Sxigr—1 Srggr—2 - S,
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Proof. It is a consequence of (4.8). Given a partition A = (A; > --- > A,.), let AY) be the partition of length
at most 7 — 1 obtained by removing A; from A. Then

ay az e ar r

= Z(—l)jflajxr’l()\(j))

Xr71+)\1 X’r’72+)\2 . X)\T im1

= (Y (1) a;850) X7 (0)

i=1

which is precisely the expansion of the determinant occurring on the right hand side of (4.12). O

4.9. Corollary. Let wy = (wy,...,wg) be a k-tuple of indeterminates and keep the same notation as in
(2.1). Consider the map

r r—k
Owi o N Va = A\ Valwr s w ']

defined by
—1 —1
O(wy, " )ou = 0(wy—1)a(0(wy *)u)
Then
A(w;, ') aX"(A) := 8wy 1) (B(wy ) - 20(wy )X (N))
)4 = e o)A 1) 4 1 )4
wl—’r‘—‘rl—)\l wl—T+2—A2 . wl—)\T
= —r+1—-X1 —r+2—A2 -
Wy, wy, (e
Xr—1+M X T2+ L. X Ar
w1—>\1 w%—)\z w%—/\g, . w’i‘—l—f—kr
1 , . wifkﬂ\l wi*k*}\g w;k+3ﬂ\3 wlr;m,\,,, o .
e X1k A LA X0,
Sa+k Setk—1 Sxngtrh—2 0 Sh4h4r—3
Sxaidr—1 Srotr—2  Shp—rs1 oo S,

Proof. One first notice that @(w; ') X7 = w;”? and then merges it in the rephrasing (4.11) of the contraction,
eventually using Proposition 4.8. O

5. The action of the Clifford algebra

Let V¥ := @;:_01 Q - &7 be the restricted dual of V;, (which, for n < oo is the usual dual). Let us consider

the canonical Clifford Algebra C(V') supported on V & V*, defined by the canonical non-degenerate bilinear
form

(u® v @ f) = Bu) +alv).
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Write 8" () = 0"~ 1tr1 A9t € A" V. An element (a word) X"(A)8" (i) of the Clifford algebra C(V),
in normal form, acts on the exterior algebra A V by wedging and contracting:

Xh()\)ak(u,)(u): =X"A) A (Bk(u)Ju) (Vu € /\ V). (5.1)
If an element is not in normal form, one uses the well known and easy to check relations:
[(X507], =X + X" =6i1pv

The X and &7 plays the same role as the generators of the free-fermions Clifford algebra, usually denoted
by ©;, ¥ (see e.g. [19] or [33, Section 1]). Notice that if n < oo, the Clifford algebra is naturally isomorphic
to the algebra of the endomorphisms gl(A V;,) of A V,,, isomorphic to AV, @ A V,*. If n = co the action is
different, because the image of an element of the form u ® 1 is in general an infinite linear combination of
the basis elements of A V;,, contrarily to the image of any element of u ® a, with o # 1.

5.1. Let zp = (21,...,2,) and w,;l = (w;?,... ,wk_l) be, respectively, an h-tuple and a k-tuple of indeter-

minates. Let

Ernkyin (Zn, Wi ) = > X"(A) @ 8" (p)sa(zn)su(wi ).
(N EPR X Pr.n

Thus, for each r, h, k > 0, the Clifford algebra C(V') induces vector space homomorphisms
B, — Brip—izn, wi']

defined by

(Eneon (20, Wi )X7(0) = Y XP(A) A (8" (1) X7 (0)) s (2) 5,0 (W)
A p

which is clearly zero if » + h — k < 0. This enables us to define a graded linear homomorphims
* BT,n — Br-l—h—k,n (52)

through the equality:

r+h—k
X" (A)0* () % P = [sa(z0)su (Wi )] (Erniyn(zn Wi P) €\ Valz® wi'l.

Recall that E; ; € gl,,(Q) denotes the elementary matrix with all entries zero but 1 in position (i, j),
acting on u € V,, as E; j(u) = (X ® 87)(u) = X0 (u)

5.2. Proposition. For all u € \V,, tr(Eij)u= X" A (87 u)

Proof. If u € Vj,, then tr(E;j;)(u) = Ejj(u) = X% A &9 (u) and the property holds. Let us assume that it
holds for each v € A\’ V,, for all 0 < j < r — 1. Then if u € V,, and v € A\ 'V}, is arbitrarily chosen:

tr(Eij) (u Av) = tr(Eij)u Av+uAtr(Ej)v = X0 (u) Av+uA XA (0 w)
=X (u)Av—X"N_w=X"N(0(unv)).

Because of each element of AV, is a finite linear combination of monomials of the form u A v, with u € V,,,
the property is proven. 0O
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Ifh=4k=1,putz; =2z and w; ' =w™'. Then & ,(z,w) := Er1,1)m (2, w) is the generating function of
the elementary endomorphisms of V,:

Ernlz,w) = Z E; jz'w™7 € gl,(Q)[[z,w 1]

0<i,j<n

Erm(zw)= Y X'ZuwTl@dw =Xz @dw ") =0 (2)X"@dw™")

0<i,j<n

where 9(w™1) = Zizo d'w~" is a generating function of the dual basis of X. It follows that the action of
Ern(z,w) is given by

(&0 (20w) % 52) ) X7 (0) = (€0 (. w)) X" (N)
a particular case of (5.1).
5.3. Proposition. For allu € \V,
tr(Ern(z,w))u =04 (2)X° A O(w™)
Proof. It is a straightforward consequence of Proposition 5.2. 0O
6. The main theorem

6.1. Our main goal is to explicitly compute the action of & k):n(2n, W;l) against the generating function
exp (X, (t,)) of the Q-basis of B, ,. Recall that (Proposition 4.2)

exp(X,n (t,))X"(0) = o4 (t,.)X"(0).
To this purpose, one needs one more piece of notation.

6.2. Let &, be the symmetric group on r-elements and t, = (¢1,...,t,) be an r-tuple of indeterminates and
let

A, = Q[t,]®"

be the ring of symmetric polynomials in t,. For an arbitrary indeterminate ¢ over Q[t,], let

Er(tra C):]- - el(tr)C + 1+ (_1)T6r(tr)CT = H(l - tz() € Q[tr]v

=1

which is the generating function of the elementary symmetric polynomials. The equality

. 1
H.(t,,¢) = hi(t:)(? = ==
O e

defines the complete symmetric polynomials h;(t,) in t,. Let
pi(ty) ==t + -+t

be the i-th symmetric Newton power sum. They are related to e;(t,) and h;(t,) via the equality
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pi(tr) 1 j
P 270 = g — 2
i>1 r\lr, jez

holding in the algebra A,.[¢].

By the fundamental theorem of symmetric functions, A,=QJe;(t,), ..., e,(t.)]. The ring A, is also gener-
ated as a Q-algebra by (h1(t,),. .., hy(t;)), so that h;(t,) is a weighted homogeneous polynomial of degree
jin hyi(ty),..., he(t,). The same holds for (pi(t.),...,pr(t,)), i.e. they are algebraically independent and
each p;(t,) is a homogeneous polynomial expression of weighted degree i in (p;(t,))1<;<r-

6.3. Definition. For all (j,m) € N x N, define symmetric polynomials Uj ., (t,) via the equality:

S Uiim (6)¢7 = Enl6,0) Y hilt)C

>0 i>m

To get a feeling of how they explicitly look like is easy. For instance

UO,m(hM(tr>) = h7n<tr>7 Ul,m<hm<tr)> = hm+1<tr) - el(tr)hm(tr)7
UQ,m(tr) = hm+2(tr) - el(tr)herl(tr) + eQ(tr)hm(tr)~

In general: Uj (tr) = hymyj — €1(tr) Ry j—1(tr) + -+ + (1)7er (8 (1) Ao (t1)
6.4. Proposition.

1. For allm >0, Uryjm(t;) =0 for all j > 0;
2. The sum of the first m terms of H,.(t,,() is

= j 1 m
Z hj(t)¢? = m(l = ymC™)

j=

where
Ym = Uom(br) + Ut () + -+ + Ut (80)C7 (6.1)
Proof. To prove the first part, notice that for all j > 0
Urgjom () = hmgrgi(tr) — e1(tr) Rgrgio1 (b)) + - 4 (= 1) hngea (t7)

which vanishes due to the relation E,.(t,,()H,(t,,{) = 1 (all the coefficients of the positive powers of the
product vanish). The second part is a consequence of the first one. We have

3

1= Er(tra C) hj(tr)gj =+ Er(th) Z hj(tr)cj

j>m

<.
Il
o

—1
- Er(tra C) hj (tT)Cj + Cm (UO,m(tr) + Ul,m(tr)c e+ Ur—l,m(tr)gril)

3

<.
Il
o

due to the vanishing of Uj ,,,(t,) for all j > r. Therefore
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m—1

hj(tr)¢? = ———— (1 — ym(™) = exp ¢ | (1 =ym(™)
= E.(t,,() ; j

where y,,, is as in (6.1). O

6.5. One still needs to define linear combinations S;(t,) € By, ® A, of the polynomials S; € B, , with
coefficients in A,.. They are defined through the equality

> St = B, ()Y S50 (6.2)

jz-r Jj=0

Equating the coefficients of the same power of ¢ on both members of (6.2), one obtains the first values of
Si(t,), and the feeling of what they look like:

S_(tr) =1, S—rt1(tr) = —e1(t,)So + e2(tr)S1; So(tr) = So —er(t,)S1 4+ -+ (=1)"er(t,) Sy
or
Sn(z) = Sp — 28541, Sn(z,w) =S, — (2 + w)Spt1 + 2w - Spya.
Again, keeping into account that S; = 0 for j < 0:
S_a(t,) = ea(ty) —ez(t,)S1 + -+ (=1)" e (t,)S,_a.

6.6. Let us finally consider the (r + h) x (r + h) square matrix given by:

]D)(r,h,k),n =
0 cee 0 1-— yn_r+1wf"+“1 w1 (1 - yn_r+2w;"+T72) . wI_l (1 — ynwf")
0 . 0 1= gy ™ (1 _ yn_rﬂw;"“”) ! (1 - ynw;")
S_rik—1(tr) -+ S_pyr—n(tr) S_k+1(zn) S_k(zn) e S_rtx(zn)
S_rik—2(tr) -+ S_pir—nt1(tr) S_k+2(zn) S_k+1(zn) e S_rikt1(2n)
Sp—1(tr) -+ So(tr) Sr—1(zn) Sr—2(zn) e So(zn)

Recalling that (Cf. (5.2) for the definition of *)
Ege)n(Zn, W) xexp(D_ ;b)) | X7(0) 1= Er ) n (20, W) () X7 (0)
i>1
we are now in position to state our main theorem.

6.7. Theorem.

Etronk)n (Zn, Wi) * eXP(Z z;pi(t,))
i>1
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k

—r Di tr
() L D exp | 3 i) + Lot
i=1 i>1 ZHj:l U)J

Proof. The first step of the proof consists in using the equality

eXP(Z z;pi(t,)) (6.4)

Ern k) n(Zn, Wi) * eXP(Z zipi(t,))X"(0) = o4 (z4)X"(0) A O(w; )04 (£,)X7(0)

i>1
O(wy oy (6)X™7) oo Bwy ) (o (6,)X0)
= o @XM o) (o (6) XY 0w ) (o4 (6)X0)
o (t) X! o4 (t) X°
from which
Etrnk)n (Zh, Wi) * eXp(Z x;p;(t,))X"(0)
i>1
0 o 0 A(wy ) (o g (6,) X" O(wy ) (o4 (6,)X°)
I L o o
= (=D 0 0 A (o (t) X Ay ) (04 (£,)X0)
o (zp) XY o oy (z) X0 o (t) X ! o (t) X0
0 s 0 A(wy ) (o4 (t,) X7 A(wy ) (o4 (6,)X0)
\ : SRR : s
= (Wlowlmort)) 00 A (6K e 0w ) (o4 (6)X0) |
TL(t) X T () X0 T (zp) X! 7+ (2zn) X"
(6.5)
Now, forall0<j<r—land1<i<k
Bw; (o (b) X" 1) = Bw (Y k)X
0<i<n—r+j+1
= > hilt)w
0<i<n—r—+j+1
_ w7;—r+1+j Z hz(tf)wz_l
0<i<n—r+j+1
) 1 )
_ o —r+l4y _ ) _—n+r—j—1
= i E,(t,w; b (=t )
Keeping into account that
L (= log(B (b wi ) —exp | 30 22
ET(t”"wi ) §>1 ]wf

and that

T

oy (tr) /T\Vn = exp (Z l‘z'pz'(tr)) /\ Vi
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Formula (6.5) can be written as
: p;i(tr) 5
(D" [Jwr o | X wmilan) + =" Jexp | 3 api(tr) | Dirnpyn

i=1 j>1 31Tz wy i>1

where using Proposition 6.4.

D ey =
Yn—r+1 Yn—r42 r—1 Yn
0 . 0 1_ 1— . 1 I
s m (o) o ()
(6.6)
Yn—r41 Yn—r42 r—1 Yn
0 .. 0 1 1_ .. 1 In
wpr e ( w:z’””) o ( wk>
E+(tr)Xh_1 cee E+(tr)X0 E+(Zh)XT_1 E+ (Zh))(hr_2 tee E+(Zh)X0

We are only left to express ﬁ(r,h,k),n in the shape proclaimed in the statement. To this purpose we first

notice that
To(t) X7 = X0 — ey (6,) X+ (=) e (t,) X TIFT
and, forall 0 < j<r—1
Gi(zn) X" = X" —ey(zp) XTI 4 (=) e (z) XTI
Then we invoke Remark 4.6 and Corollaries 4.9 to put (6.6) in the shape (6.3). O
7. Special cases
7.1. Let kK = 0. Then for all h,r,n, one has

o (21)X"(0) A oy (6,)X7(0) = [ [ (25 — t) o (2, £:)XH4(0).

%,
The proof consists in observing that in the localization Q[zy, t,-] at the Vandermonde Ag(zp, t,-), one has

1
~ Ao(zn)Ao(ty)
Ao(zp, t,)

B m@r(zh,tr)xrﬁ(o)

= [[(z — t;)os(zn, t,)X"+"(0)

,J

o1 (zp)X"(0) A oy (t,)X"(0) o (z)XON - ANop(z) X Aoy () XOA - Ao (t,)

as desired. This is one of the possible spelling of the Cauchy formula.
7.2. Let now h = 0 and k = r. Then for any finite n

o(w,.

T

1) (8:,)X7(0) =
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If n = oo, formula (7.1) simplifies into:

Lo,

where Ag(w;) is the Vandermonde determinant [, ;(w;

pi(ty)

1T

Jj=1

—wj).

1 42
1- yr:z::rkl wy | 1 - yrfz—ﬁm
wy wy
—rt1 —
1- yi—:j-l wy (1 - y:Lz—TriQ T W
wr wh

wl> Ao(w,) exp(D_ mipi(t

i>1

ot (1-38)

i>1

r))

23

exp(z x;pi(ts))

(7.1)

7.3. Putting h = k = 1 in expression (6.4), one gets the formula describing B,.,, as gl,,(Q)-module, i.e.,

—w

where
0 1
S_r41(tr)
D,.,, = S_pta(ty)
So(tr)

7.4. In turn, putting » = 1 in formula (7.3), then B; ,, =

0

Dl,n =
So(t)

In this case, cf. (6.1),

&1 n(z,w) %

(1+hat+---

in(2):

putting & (2, w) := E(r1,1);

Ernlz,w)* exp(z zipi(t,))

i>1

D, exp Z z2t + ‘TLt:) exp(z x;pi(t;))
i>1 m i>1
Yn—ri1W n+r—1 w (1 R TR—T n+r—2) . wr—l (1 _ ynw—n)
So(2) S_1(2) S_ry1(2)
Sl(z) SO(Z) S_T+2 z
Sr—1(2) Sr—a(2) So(z)
Q[iﬂ and S; = ¢i. Thus:
(ct)
1—ypw™" 0 1—y,w™"
= =—(1—=ypw™™)(1 — c1t)
So(z) 1—tS  1-28

+ hnfltn_l)

Yn, = t". Then formula (7.2) reads as:

1 1

1

= 1 —
176121_1170115(
w
1 1
=———(1-yw
1—clzl_i
w

—n) 1- Ynw

t"w™")(1 — e1t)

—n

t

(1—c12) (1— -

(7.2)

which coincides with (3.1) that we already computed by hand in the introduction and which describes the
usual practice of multiplying a matrix by a vector. For example
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t t2 tn—l
Fyz x ¢} = [zzw_3t4](1+clz+c%z2+~-~)<1+—+—2+-~-+—> =0
wow

wnfl

and

t t2 t’n,fl
Eas * ¢ = [2Pw %] {(1+612’+C%Z2+"') <1+E+E+”'+ )} =ci.

wnfl
7.5. The case of B; 4. The ring

Bou — Qley, ea] Qley, c2]
’ (S3,81) (¢ —2ciea,cf — clea)

may be interpreted as the cohomology ring of the complex Grassmannian G(1,P3) of lines in P3. In this
case c1,cy would be the Chern classes of the universal quotient bundle. Put r = 2 and n = 4 in formula
(7.3). One has

0 1—ysw® w(l—yw™?
Do 4 = [S_i(ti,t2)  So(z) S_1(z)
So(t1,t2) S1(2) So(z)
whose expansion gives
0 1= Ry(ta)w™* + e2(t2)ha(t2)w™  w(l — ha(t2)w™ + ea(t2)hs(t2)w™°)
= —eqp(t2) + ea(t2)St 1-5:z —z
1 —e1(t2)S1 + ea(t2)S S1 — 25 1—5:2)

Therefore, using the fact that n = 4, we have

Er,4(z,w) * exp in(ti—l—t%) =&E4(z, w) % Z Sx - sal(ty, t2)

i>1 AEP2 4
w14 Sity 4+ Sotf) (1 + Sita + Sat3) (1 + Siz + Sa2?)
= ‘Day.
1_ t1 +to ’
w

Further simplifications are obtained by observing that

hi(t ha(t ha(t ha(t hs(t
. Ly alta) | falts) w(1+ i(ts) | hats) 3(33>>
w w w w w
Dog
1— th + to —61(132) + 62(1’;2)51 1-— Slz —Z
w

1 —€1<t2)51 +€2<t2)52 Sl —ZSQ 1—512

Using Mathematica, we have explicitly computed formula (6.4), using (6.3), for r = 2 and n = 4 and the
output is:

E,4(z,w) *+exp Z zipi(t2) =

i>1



L. Gatto, M. Yousofzadeh / Journal of Pure and Applied Algebra 230 (2026) 108356 25

14+ 5151 (tg) + .55 - 82(t2)+ Z[(S% — Sg) . Sl(tg) + (S? — 5152) . Sg(tg)]—f— 22[—(512 — 52) . Sl(tz) + SS . Sg(tg)]
+ w8y - s1(t2) + S - s(1,1)(b2)] + w T [—s(1,1)(b2) + 52 - S(2,2)(b2)] + w[—s(2,1(t2) — S1 - $(2,2)(t2)]

z z
+ o [14 (ST — 92) - s(1,1)(b2) + 5152 - 5(2,1)(b2)] + 2[5 (b2) + 5182 - 5(2,9) (t2)]

2 2
+ S5(s(t2) — (57— 52) - 5(2.2)(82)) + =[S+ SFs(a,1) (£2)] + =5 [S1 - s1(82) + (5T = ) - 51,1 (£2)]

2 3 3
+ % [S152(t2) (ST — S2) - 52,1 (b2)] + % [S2 — 53 51,1y (t2)] + % [S2 - s1(t2) + 5152 - 5(1,1) (t2)]

3
z
+ el [SQ . Sg(tz) + 5155 - 8(271)(132) + 522 - 8(2,2) (tg)] .

More explicitly
=1+ Cl(tl + t2) + (C% — 02) . (t? + t1ty + t%) 4+ z [02 . (tl + tg) + (Ci’ — 6102) . (t% + t1ty + t%)]
1
+ 22[—62 - (tl + tg) + (Czl1 — 20?02 + Cg) . (t% + t1to + t%)] + E[Cl - (tl + tQ) + (C% - CQ)tth]
1 1
+— [—tits + (] — c2) - B583] + E[*(tftg + t1t2) — ¢p - 342
z z
+ E [1 + co - tito + (C:; — 0102) . (t%tg + tltg)} + E[tﬂfg + Cl(Cf — Cg) . t%t%]

2 2
z z z
+ E(Sg(tg) —Co - t%t%) + E [Cl + (0411 + 2C%C2 —+ C%)(t%tg + tltg):l + E [Cl . (tl + t2) +co - (tltg)]

22 23
+ e [e1(t] + tits + 13) + o (it + 1183)] + o [(c] = c2) = (c] —2cfea + c3) - s(1,1)(t2)]
23,
+ w2 [(c] —c2) - (t1 +t2) + S152 - tats]
3
z
+ =g (=) - (1 +tato + 1) + (] — cr60) - (Hita + 1at3) + (c] — &2)*)tit3]

and, clearly, E;j x Six, n,) = [ziw_jso\l,&)] (52,4(27111) * exp 2121 :c,»pi(tg)) or, which is the same, and
somehow more effective:

Eij* St = [ziw_jtﬁht;‘ﬂ (t1 —t2) - E24(2, w) *expz x;pi(t2)
i>1

7.6. Let us consider now formulas (7.2) and (7.3) for n = oo, considering the gl (Q)-structure of B,. In
this case, one has

&z w) x exp(Y wipi(t,)

i>1

— 7’I‘+1']D) 0 pz(t'r‘) - (t 74
w r €XP ;IL'ZZ + W eXP(;szz( r))a ( . )

where D, := D, , simplifies into
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0 1 w w1t
S_r41(tr)  So(z)  S-i(2) -+ S_p4a(2)
Dr — —r+2(tr) Sl(z) SO(Z) e S—T+2(Z) (75)
So(tr)  Sr1(2) Swa(z) -+ So()

and the generators (x;) of the ring B, are given by formula (2.4) for n = co. Let us notice that determinant
(7.5) is nothing but the “bosonic” counterpart of

w Mo (2) X0 A O(wT ) oy (6,)X7(0) = w T oy (t:) 04 (2) [T4 (6:) X0 A T4 (2)F4 (w) X7 H0)]

The latter expression admits a determinantal description as well. For instance, for r = 2, we have

62(t1,t2) 62(2’,’[1)) 1
EJr(tg)Xo /\E+(z,w)X0 =|—ei(ti,t2) —ei(z,w) —c | XPAXO
1 1 Co
Thus
E(z,w)exp Zwi(ti + %)
i>1

1 o ot e2(t1, t2) e2(z, w) 1
= —exp Z (xi (t+t5+2") + 1—22) —ei(ty,t2)  —e1(z,w) —c1
w i>1 w 1 1 Co
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