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 A B S T R A C T

Heat pumps are key to reducing building 𝐶𝑂2 emissions and supporting EU decarbonization goals, but 
fully exploiting their potential requires integration with Thermal Energy Storage (TES) systems. Accurately 
analyzing their dynamic behavior and energy flexibility demands high resolution, dedicated dynamic models; 
by capturing component interactions and transient phenomena during operational transitions, such models 
can reveal flexibility potentials undetected in steady state simulations. This paper presents an open source 
Python model integrating water to water heat pumps (WSHPs) with sensible TES. Serving as a preliminary 
modeling framework, this work lays the foundation for a future digital twin of the HPFlexLab, an experimental 
facility at the Energy Department (DENERG) of Politecnico di Torino dedicated to advanced building energy 
management. Results demonstrate the model’s ability to reproduce real system behavior across all operating 
regimes. Validation against an equivalent Modelica model shows that TES temperature profiles exhibit an 
RMSE below 0.30 ◦C, a maximum MAE of 0.22 ◦C, and an MBE up to 0.09 ◦C; meanwhile, another plant 
temperature profile of interest yields RMSE, MAE, and MBE values up to 2.19 ◦C, 0.51 ◦C, and 0.15 ◦C, 
respectively, depending on the operating mode. Furthermore, the Python code is 3 to 9 times faster than 
Modelica depending on the simulated operating mode and simulation duration. Finally, multiple day energy 
simulations reveal that the proposed cost minimized control strategy reduces plant operating costs by 5.0% 
compared to a reference case without TES, despite increasing energy consumption by 10.5% and carbon 
emissions by 5.7%. Conversely, an emission minimized strategy fails to lower environmental impacts, resulting 
in an 11.7% increase in electricity consumption and a 1.4% increase in carbon emissions. Consequently, for 
this case study, TES integration consistently deteriorates both energy consumption and environmental impact 
compared to the reference configuration.
1. Introduction

One of the greatest challenges facing the energy sector is the energy 
transition, which encompasses a series of measures aimed at decar-
bonization through emission reductions [1]. This process is founded on 
three pillars: lowering energy demand via improved efficiency, shifting 
to cleaner sources through electrification, and maximizing the inte-
gration of variable renewable energy sources (VRES). Achieving these 
objectives inherently depends on technological advancements, the de-
velopment of novel materials, and the implementation of advanced 
control systems [2,3].

The building sector represents a primary target for implementing 
this transition effectively. It is a highly energy intensive sector, account-
ing for 26% of total energy consumption in Italy in 2022, primarily 
driven by heating, cooling, and household appliances [4]. While effi-
ciency technologies such as thermal insulation, heat recovery systems, 

I This article is part of a Special issue entitled: ‘SDEWES 2025’ published in Applied Thermal Engineering.
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and natural ventilation are well established and widely applicable to 
both new and existing buildings [5–7], their widespread deployment is 
still hindered by economic barriers.

Beyond efficiency, the transition requires deep electrification, espe-
cially in space heating. In 2022, IEA data for Italy show that 30.5% of 
final energy consumption directly relied on natural gas as an energy 
carrier, predominantly burned in conventional boilers [4]. Displacing 
this fossil source necessitates substituting traditional boilers with heat 
pumps, a transition heavily regulated by the Energy Performance of 
Buildings Directive (EPBD) [8]. Its latest version, approved in May 
2024, mandates a progressive phase out of low efficiency boilers and 
strictly prohibits the installation of new ones after 2040.

The final stage of this framework relies on successfully integrating 
VRES into the energy mix [9–11]. However, due to the inherent in-
termittency of renewables, maximizing their utility requires advanced 
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 Nomenclature
 Acronyms  
 COP Coefficient of Performance  
 CV Control Volume  
 DR Demand Response  
 DSM Demand-Side Management  
 EPBD Energy Performance of Buildings Directive  
 GSHP Ground-Source Heat Pump  
 HEX Heat Exchanger  
 HP Heat Pump  
 HVAC-R Heating, Ventilation, Air Conditioning and 

Refrigeration
 

 IEA International Energy Agency  
 KPI Key Performance Indicator  
 MAE Mean Absolute Error  
 MBE Mean Bias Error  
 PLR Partial Load Ratio  
 RMSE Root Mean Square Error  
 SIMPLE Semi-Implicit Method for Pressure-Linked 

Equations
 

 SOC State of Charge  
 TES Thermal Energy Storage  
 VRES Variable Renewable Energy Sources  
 WSHP Water-Source Heat Pump  
 Symbols  
 𝑡 Time [s]  
 𝑡 (vector) Pump pressure rise vector [Pa]  
 𝜌 Density [kg∕m3]  
 𝑣 Velocity [m∕s

]  
 𝜏 Viscous stress tensor [MPa]  
 𝐿 Length [m]  
 𝐷 Diameter [m]  
 𝐷ℎ Hydraulic diameter [m]  
 𝛺 Perimeter [m]  
 𝑆 Cross section [m2]  
 𝐴 Surface area [m2]  
 𝐴 (matrix) Incidence matrix [−]  
 𝑉 Volume [m3]  
 𝑧 Elevation [m]  
 𝑝 Static pressure [Pa]  
 𝑃 Total pressure [Pa]  
 𝜖 Surface roughness [m]  
 𝑓 Darcy friction factor [−]  
 𝛽 Local pressure loss coefficient [−]  
 𝐺 Mass flow rate [kg∕s]  
 𝑀 Mass [kg]  
 𝑀 [matrix] Mass matrix [kg]  
 𝑇 Temperature [◦C]  
 𝑐𝑝 Specific heat capacity [J∕kg K

]  
 𝑘 Thermal conductivity [W∕m K

]  
 𝐾 (matrix) Thermal stiffness matrix [W∕K]  
 𝑈 Global heat transfer coefficient [W∕m2 K

]  
 𝛼 Relaxation factor [−]  

control strategies and energy storage systems to synchronize generation 
with demand [12,13]. Furthermore, as high renewable penetration 
poses risks to grid stability, control strategies must adopt a holistic de-
sign capable of incorporating grid requirements [14,15]. Consequently, 
modern buildings must become both electricity driven and flexible, 
adapting their load to the needs of the grid, a capability that relies 
almost entirely on heating and cooling systems. Accurately simulating 
HVAC-R plant behavior is therefore a fundamental prerequisite; since 
2 
energy flexibility assessments are strictly dependent on plant simula-
tion, developing detailed and reliable modeling tools is essential to 
predict performance and validate new control logics. In the following 
Section 1.1, different modeling approaches found in the literature are 
reviewed, highlighting their strengths and limitations.

1.1. Literature review

A variety of numerical modeling techniques have been developed in 
the literature to simulate heating, cooling, and thermal energy storage 
(TES) systems, providing essential tools to explore the multitude of 
flexibility strategies required for a successful energy transition. Liu 
et al. [16] investigated the energy flexibility of different HVAC con-
figurations, demonstrating that the potential to support grid stability 
through demand response (DR) programs varies significantly depend-
ing on whether air conditioning or underfloor heating is deployed. 
Similarly, Arteconi et al. [17] implemented demand-side management 
(DSM) strategies for a domestic heating system comprising a heat 
pump, a TES unit, and two different distribution networks, namely 
radiators and underfloor heating. Both studies reinforce the premise 
that unlocking the full flexibility of thermal systems requires robust, 
dynamic models capable of faithfully representing complex interac-
tions, such as TES charging cycles and setpoint modulations, which 
steady-state or quasi-steady-state analyses typically overlook.

To establish a systematic framework for these modeling choices, 
Afram et al. [18] reviewed the literature on HVAC systems to categorize 
the available modeling methodologies into black, gray, and white box 
approaches. Although recent trends in artificial intelligence have driven 
increasing interest in data driven analysis and black box formulations, 
developing accurate empirical models demands large amounts of histor-
ical data. Such data are often unavailable in practice, particularly when 
the energy plant has yet to be constructed. Consequently, to overcome 
potential data scarcity while ensuring high physical fidelity, the current 
work focuses on white box modeling.

A significant body of literature uses white box models to conduct 
flexibility analyses, frequently relying on established commercial tools 
such as TRNSYS and Modelica, either directly for system simulation or 
as a baseline for validation. For instance, Wang et al. [19] investigated 
the feasibility of retrofitting a chiller-gas boiler system with a ground-
source heat pump operating in both cooling and heating modes, using 
TRNSYS to conduct energy performance simulations on an hourly 
basis. Following a similar methodological approach, Coccia et al. [20] 
analyzed an integrated HVAC, refrigeration, and water loop heat pump 
system in a supermarket by developing a TRNSYS model integrated 
with external manufacturer performance curves, utilizing a 5 min time 
step to test predictive rule based control strategies under real-time 
pricing.

In parallel, the equation based language Modelica, executed within 
the Dymola environment, has emerged as a powerful tool for dis-
trict and building scale flexibility assessments. Guo et al. [21] used 
hourly Modelica simulations to evaluate a novel bidirectional thermal 
substation incorporating thermal energy storage and a space heating 
heat pump within a fifth-generation district network, proving that 
such models successfully optimize network interaction. At the building 
level, Tian et al. [22] developed a physical lumped parameter RC 
equivalent circuit model validated in Modelica to reproduce the multi-
zone thermal dynamics of an air conditioning system. Discretizing the 
dynamic thermal equations with a 5 min time step enabled a convex op-
timization framework to map the flexible power of the HVAC system in 
real time. Extending this toolset to the industrial sector, Vogt et al. [23] 
analyzed the energy flexibility of an HVAC system serving a lithium-
ion battery cell manufacturing dry room. Due to strict hygrothermal 
requirements, the authors developed a validated Modelica model of 
the air conditioning plant and controlled volumes, generating physical 
simulation data at a 15 min output interval while evaluating predictive 
rule based control strategies via an hourly check.
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1.2. Aim of the work

The literature review reveals that the majority of research in the 
field of energy simulation and flexibility analysis predominantly relies 
on commercial software, such as TRNSYS and Modelica based environ-
ments (e.g., Dymola), often utilizing larger time steps. Consequently, 
these approaches might overlook certain fast transient behaviors that 
could be fundamental for flexibility analysis, potentially limiting the 
ability to fully evaluate and exploit the system flexibility potential. 
Therefore, a distinct gap remains for a robust, open source numerical 
model capable of operating with reduced simulation time steps at 
a low computational cost to conduct detailed simulations of HVAC 
systems integrated with heat pumps and TES, as proposed in this 
study. To this end, a different methodology is introduced for modeling 
the HVAC hydraulic network, based on the Semi-Implicit Method for 
Pressure-Linked Equations (SIMPLE) algorithm [24]. While tradition-
ally employed to solve complex fluid dynamics problems, this approach 
is adapted here to handle a 1D hydraulic network. This mathematical 
formulation proves to be highly efficient and computationally fast, 
successfully overcoming the overhead of simultaneous equation solvers.

This research is conducted within the framework of the HpFlexLab 
project, an experimental facility currently under development at the 
Energy Department (DENERG) of the Politecnico di Torino. Designed 
to test and optimize innovative building energy management solutions, 
the laboratory plant features a symmetrical configuration consisting 
of two separate thermal loops: a hot circuit and a cold circuit. Both 
loops are equipped with their own TES and thermal load, and the 
entire system is powered by two parallel Water Source Heat Pumps 
(WSHPs). The ultimate goal of the broader project is to develop a 
comprehensive digital twin of this facility to enable real time sim-
ulations and validate advanced control logics capable of enhancing 
system flexibility. Consequently, this infrastructure will support the 
investigation of active management strategies, such as load shifting 
and demand-side management, under dynamic pricing scenarios and 
fluctuating renewable energy contributions.

Within the context of this extensive initiative, the present work 
focuses specifically on the hot side of the system. The primary objec-
tive is to develop an open source Python tool capable of accurately 
modeling the transient operations of the flexible heating loop with 
heat pumps and storage units. As the physical laboratory is currently 
under construction and experimental data are not yet available, the 
proposed numerical model is validated against an equivalent high 
fidelity model developed in the Modelica environment. Once validated, 
the Python tool is applied to a specific case study to conduct detailed 
energy flexibility analyses. Through this approach, this study serves as 
a foundational step, integrating a preliminary modeling framework into 
a full digital twin for the HPFlexLab experimental facility.

2. Methodology

This section is divided into three main parts, starting with a descrip-
tion of the modeling approach adopted in this work, followed by an 
analysis of the operating modes of the analyzed heating systems, and 
concluding with the validation methodology for the developed model.

2.1. Heating systems modeling

Heating systems typically consist of complex hydraulic networks, 
frequently in looped configurations, interacting with active components 
like circulation pumps, valves, boilers, heat pumps, thermal loads, heat 
exchangers, and thermal storage units. Accurate simulation requires a 
modular approach where each component is modeled and dynamically 
coupled to capture the true operational behavior of the system.

Based on this modular requirement, this section details the modeling 
approaches used to describe the main components, including the heat 
3 
pump, thermal load, TES, and hydraulic network, as well as the integra-
tion of these individual models to simulate the entire system. It should 
be noted that the description provided in the following subsections fo-
cuses on the modeling approach, without reference to specific software. 
While specific tools were employed in this work (see Section 3), the 
methodology is generalizable; any tool capable of deriving equivalent 
parameters and results may be adopted.

2.1.1. Heat pump model
The heat pump employed in this work is a variable-speed water 

source heat pump (WSHP); its modeling is essential to characterize 
the machine’s performance under the specific operating conditions it 
is required to maintain.

In particular, the model accepts as inputs the water inlet tempera-
tures and flow rates at both the condenser and evaporator. Additionally, 
it requires the supply temperature set-point, which corresponds to the 
target outlet temperature at the condenser (in heating mode) or the 
evaporator (in cooling mode). The model outputs the COP and the 
provided thermal capacity, which are used to evaluate the overall 
energy consumption of the system.

Based on the previous discussion (see Section 1.1), a white-box 
modeling approach has been chosen for the heat pump. Consequently, 
this necessitates a physics-based method involving the modeling of 
each individual component (i.e., compressor, condenser, evaporator, 
and expansion valve).

2.1.2. Thermal load model
The user’s required thermal load is defined as a known, time-

dependent thermal power profile. It is modeled using a single heat 
exchanger (HEX), where technical water transfers energy to the fluid 
circulating in the user’s distribution system.

On the user side, supply and return temperatures are maintained 
constant, while the exchanged thermal power varies with the flow rate. 
Consequently, the model calculates the outlet temperature based on the 
technical water’s inlet flow rate and temperature by solving the energy 
balance equation.

2.1.3. Thermal energy storage model
The thermal energy storage (TES) consists of a sensible water tank 

with an internal copper serpentine coil designed to exchange heat with 
the circulating technical water. The tank is modeled as a fully mixed 
volume due to the presence of stirrers; these increase the fluid velocity, 
thereby enhancing the heat transfer coefficient between the stored 
water and the serpentine.

The model solves the transient energy balance equations for the tank 
fluid and the fluid flowing through the serpentine. Given the inlet flow 
rate and temperature of the technical water, the model dynamically 
calculates the serpentine outlet and tank temperatures.

Further details regarding the TES constitutive equations are pro-
vided in Appendix  A.2.

2.1.4. Hydraulic network model
The hydraulic network is the subsystem responsible for transfer-

ring energy among the heating system’s components. Modeling such 
a network requires calculating pressure, flow rate, and temperature 
distributions to accurately represent the system’s state.

In Fig.  1, a scheme representing the methodology workflow is 
shown. The first step consists of deriving the Navier–Stokes equa-
tions (mass and momentum conservation equations) along with the 
energy conservation equation for the constitutive elements of a network 
(branches and nodes). Since HVAC pipes typically have length to 
diameter ratios in the tens or even hundreds, the modeling goal shifts 
from describing the distribution of temperature, pressure, and flow rate 
across the pipe cross section to determining these values at the main 
nodes and branches. This makes the 1D assumption highly effective and 
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Fig. 1. Methodology workflow.
not at all restrictive, allowing the governing equations to be reduced to 
a single dimension.

To solve the problem, these equations must be applied to all el-
ements of the network, meaning that an effective modeling of the 
network is required, which can be achieved by applying graph the-
ory [25]. Then, by combining this model with the previously derived 
1-D equations, a set of equations describing the fluid dynamics and 
thermal problem for the entire network can be easily derived. These 
equations can then be grouped together in matrix form.

At this point, the matrix equation must be solved. First, the fluid 
dynamic problem is addressed, using the SIMPLE algorithm, which is 
suitable for efficiently solving large networks typically found in district 
heating applications [26]. Once the pressure and flow rate distributions 
in the network are known, the thermal problem can be addressed, also 
deriving the temperature distribution in the network.

Further details regarding network modeling, the derivation of the 
thermo-fluid dynamic equations for this application, and their solution 
using the SIMPLE method can be found in Appendix  A.1 or more 
specifically in the book by Sciacovelli et al. [27].

2.1.5. Solving procedure
The final step of the simulation involves integrating the component 

models with the network model. These components are essential for 
computing specific boundary conditions required to solve the net-
work, thereby determining pressures, temperatures, and flow rates 
throughout the nodes and branches under various operating conditions.

Fig.  2 schematically represents the overall solution procedure. Cer-
tain aspects of the flowchart, particularly the initial steps concerning 
the pump pressure gain computation, will be detailed in Section 3.1.1. 
Assuming the pump pressure gain is correctly defined to ensure the 
target flow rate for a specific operation, it serves as the primary 
boundary condition for the SIMPLE algorithm. This algorithm computes 
nodal pressures and branch flow rates with a time step of 1 min; during 
this interval, the pressure gain BC is held fixed, and consequently, the 
hydraulic variables are determined.

Subsequently, using the computed flow rates and the nodal temper-
atures from the previous time step, the component models are solved. 
This enables the computation of specific thermal boundary conditions 
(temperatures at specific nodes), allowing the thermal problem to be 
solved with a finer time step of 1 s to define the temperatures at all 
nodes.

Regarding time discretization, once the SIMPLE algorithm is solved, 
the hydraulic variables (pressure and flow rates) are considered con-
stant for the duration of the 1-minute time step. Within this interval, 
the thermal problem is solved with a finer resolution of 1 s (i.e., 60 
4 
iterations per hydraulic step). This iterative process, where fluid dy-
namics are updated every minute and the thermal state every second, 
continues until the end of the simulation time.

The choice of using two different time steps is further detailed in 
Section 3.1.1.

2.2. Heating system operating modes

The plant was designed for maximum flexibility, allowing it to 
switch between multiple operating modes and strategies. Fig.  3 shows a 
functional diagram of the plant, highlighting its main components (HP, 
TES, and thermal load).

Specifically, the operating modes are:

• Preheating: the water flow bypasses the TES and the thermal 
load, recirculating through the HP, which operates at constant 
power (half of the nominal capacity) and flow rate. This mode 
is activated when the plant is cold; before supplying the load or 
charging the TES, the water must be preheated to reach a usable 
temperature level.

• Energy charging: the flow is directed through the TES to heat 
the stored water until the SOC reaches 1. The HP supplies water 
at a constant temperature and flow rate.

• Direct heating: the HP directly supplies hot water to the user at 
a constant temperature. The flow rate is variable, depending on 
the required thermal load.

• Energy discharging: the HP is off, and the TES provides the ther-
mal power required by the user. The flow rate varies according 
to the thermal load, and the process continues as long as the SOC 
is greater than 0, meaning the TES temperature stays above a 
minimum threshold.

In practice, the plant could be operated in additional modes. How-
ever, as a starting point for the modeling, just these four have been 
considered.

2.3. Heating system model validation

The model developed in this work is validated by building an 
equivalent version in the Modelica language, specifically within the 
OpenModelica environment, and comparing the simulation results of 
both. Modelica was chosen because it is widely used and well es-
tablished for HVAC system simulations. The validation model was 
constructed using standard components from the Modelica Standard 
Library (MSL) and the Buildings Library [28].

The two models are compared across simulations of the three main 
operating modes: direct heating, energy charging, and discharging. 
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Fig. 2. Flowchart of the overall solution procedure.
Fig. 3. Functional diagram of the heating system.

Specifically, the temperature profiles upstream of the thermal load are 
compared during the direct heating and discharging phases. For the 
charging phase, the temperature profile of the TES is evaluated over 
a sequence of charging and discharging cycles, separated by periods 
when the system is inactive (rest mode).

To quantify the discrepancy between the temperature profiles simu-
lated in Modelica (taken as the reference) and those from the developed 
model, three metrics are calculated: root mean square error (RMSE), 
mean absolute error (MAE), and mean bias error (MBE). Additionally, 
the computation times are compared to evaluate the computational cost 
of both models (they operate with the same time step).

3. Case study

3.1. Plant description

The heating plant under analysis is an experimental facility to be 
built at the Politecnico di Torino. Although the plant is not yet oper-
ational and its exact geometric and constructive details are not fully 
finalized, the necessary parameters for the simulations have already 
been defined. Specifically, the pipe lengths, diameters, insulation thick-
nesses, insulation materials, and valve pressure loss coefficients have 
been defined based on the system design to conduct the simulations.

Fig.  4 shows the network topology of the heating system, which 
consists of 17 branches (branches 𝑏12 and 𝑏13 are not included in the 
count) and 14 nodes. The valves located on the branches allow for 
continuous control by varying their cross-section from fully open to 
closed. This regulation permits changing the operating mode of the 
system, as discussed in Section 2.2.

Branches 𝑏3 and 𝑏4 feature two identical water-to-water heat pumps. 
Specifically, each branch represents the heat exchanger side where the 
5 
technical water flows, absorbing heat from the heat pump condenser. 
Similarly, branch 𝑏9 represents the technical water side of the heat 
exchanger (HEX) connected to the external load, where the water 
releases thermal energy to the user. The two pink rectangles represent 
identical TES tanks connected in parallel. Each tank contains a copper 
serpentine coil where the system water flows to exchange heat with 
the water stored inside the tank. These coils are not included in the 
network model.

To simulate the complete system shown in Fig.  4, both the hydraulic 
network and its main components must be modeled. While Section 2 
outlines the general methodology, this section provides the plant spec-
ifications and further modeling details. Specifically, the network and 
TES models were developed directly in Python by translating the 
mathematical methods into numerical code. Conversely, the HP and 
HEX components are simulated using the Thermal Engineering Systems 
in Python (TESPy) library [29], an open-source tool for steady-state 
simulations of energy systems.

The following subsections describe each component and its imple-
mentation in detail.

3.1.1. Hydraulic network specifications
Table  1 lists the main geometric characteristics of the hydraulic 

network modeled in Python, along with the initial and boundary con-
ditions. These conditions are used to solve the fluid-dynamic problem, 
which defines the pressure and flow rate distributions in the network 
through the SIMPLE algorithm (see Section 2.1.4).

As regard the fluid-dynamic problem, from a plant control perspec-
tive, the primary target to impose on the system is the circulating 
mass flow rate. During the preheating and energy charging phases, this 
mass flow rate is set by the user to a fixed value. Conversely, during 
the direct heating and energy discharging phases, the mass flow rate 
varies according to the thermal power required by the load, which 
is enabled by operating the circulating pump at variable speed. By 
imposing a temperature drop across the HEX of 𝛥𝑇𝐻𝐸𝑋 = 5◦C and 
knowing the supplied thermal power, the target mass flow rate can be 
readily calculated.

However, within the SIMPLE algorithm, it is not possible to impose 
the mass flow rate directly as a boundary condition; instead, the fluid 
dynamics problem requires boundary conditions expressed in terms of 
pressure. Regarding these boundary conditions, the total pressure is 
fixed at a single node in the circuit, specifically node 14, downstream 
of the circulating pump, to establish a reference pressure value for the 
network. The critical boundary condition to define, however, is the 
pump pressure gain, which directly governs the circulating mass flow 
rate.
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Fig. 4. Schematic representation of the heating system (not in scale).
Table 1
Hydraulic network specifications, numerical settings and initial and boundary 
condition for the fluid-dynamic problem.
 Specification  
 Number of branches 17  
 Number of nodes 14  
 Pipe inner diametera 0.035 m  
 Pipe length 4 m  
 Pipe insulation thickness 0.020 m  
 Pipe roughness (𝜖) 15𝑒−7 m  
 Insulation thermal conductivity 0.03 W

mK
 

 Valve’s loss coefficient (𝛽𝑗 ) 3  
 Numerical settings  
 Time-step (fluid dynamic problem) 1 min  
 Time-step (thermal problem) 1 s  
 Fluid dynamic boundary conditions (for all the operating modes)  
 Total pressure at node n14 200000 Pa  
 Target flow rate (in preheating and energy charging) Input (1.8m3∕h) 
 Target flow rate (energy charging) Input (2.9m3∕h) 
 Fluid dynamic initial conditions  
 Total pressure across all nodes 100000 Pa  
 Pump pressure gain 0 Pa  
a The inner diameter indicated in the table applies to all branches except for 𝑏1, 𝑏2, 
𝑏3, 𝑏4, 𝑏5 and 𝑏6 whose inner diameters are 0.025m.

To bridge this gap and achieve the target flow rate, the relationship 
between pressure gain and flow rate must be established for each 
network configuration across the various operating modes. This is 
achieved by simulating a parameter sweep of the pump pressure gain 
for each circuit configuration to define the characteristic curve relating 
pressure gain to mass flow rate. From this curve, the pump pressure 
gain required to achieve a specific target flow rate can be determined 
and imposed in the simulation.

Finally, the fluid dynamic problem is solved under steady condi-
tions because the transient duration depends on the propagation speed 
6 
of pressure waves in water. Since this speed is extremely high, the 
resulting transient is so rapid that it can be safely considered negligible.

Although the problem is solved under steady conditions, any varia-
tion in the boundary conditions alters the distribution of pressures and 
flow rates. Since the thermal load profile (see Section 3.2) is discretized 
using a 1 min time step, and given that the load determines the mass 
flow rate and consequently the pump pressure gain, the time step for 
the fluid dynamics problem is likewise set to 1 min.

The thermal problem is solved once the fluid dynamics are defined, 
meaning the flow rate distribution is already known. For this analysis, 
a small time step is necessary to capture the phenomenon because 
the thermal transient evolves at the speed of the water in the pipe, 
which reaches a maximum of 1m/s. Specifically, the time step value 
of 1 s was determined through a sensitivity analysis conducted during 
the validation process. By progressively decreasing the time step, the 
error metrics reached an asymptote at that specific value, ensuring 
that further reductions would not significantly improve accuracy. Con-
sequently, while a new pump pressure gain is updated every 60 s, 
the transient thermal model is solved at each 1 s interval, using the 
conditions from the previous second as the starting point. Finally, the 
boundary conditions required to solve the thermal problem are derived 
from the component models described in the following subsections. 
Specifically, these conditions consist of temperature values imposed at 
specific nodes of the network, which enables the solution of the thermal 
equations.

3.1.2. Thermal energy storage specifications
Table  2 summarizes the main geometric characteristics of each 

storage unit, including details regarding their operating conditions. The 
TES constitutive equations are implemented directly in Python (see 
Appendix  A.2). Within the context of the thermal problem, the model is 
used to calculate the time evolution of both the TES temperature and 
the water outlet temperature from the internal coil. Once this outlet 
temperature is calculated, it is imposed as a boundary condition for 
the network thermal problem, specifically setting the temperature at 
node 11 or node 10, depending on the operating mode (TES charging 
or discharging).
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Table 2
TES specifications and operating conditions.
 Specification  
 TES water mass 2450 kg  
 TES dimensions (𝐿 × 𝜙 - cylindrical shape) 2 × 1.25m 
 Insulation thermal conductivity 0.03 W

mK
 

 TES insulation thickness 0.030m  
 TES operating conditions  
 Maximum TES temperature (𝑇𝑇𝐸𝑆,𝑚𝑎𝑥) 55◦C  
 Minimum TES temperature (𝑇𝑇𝐸𝑆,𝑚𝑖𝑛) 45◦C  

Fig. 5. Scheme of the HP implemented in TESPy.

3.1.3. Heat pump specifications
Fig.  5 presents the schematic of the heat pump simulated in TESPy. 

It is a variable-speed, water-to-water unit that uses R410a as the refrig-
erant and operates on a simple single-stage vapor compression cycle 
with a rated heating capacity of 10 kW. An internal heat exchanger 
ensures the superheating of saturated vapor from the evaporator while 
simultaneously subcooling the saturated liquid from the condenser. 
While constant pressure drops and efficiencies are assumed for all 
heat exchangers, a variable isentropic efficiency is considered for the 
compressor, which varies based on the partial load ratio.

On the evaporator side, the technical water has a constant flow rate 
and inlet temperature, which are not relevant to this research since the 
focus is on the hot side of the system. Conversely, on the condenser 
side, the inlet water flow rate and temperature are defined by the values 
computed at the previous time step from the network thermal problem 
solution at nodes 𝑛2 and 𝑛4 (see Fig.  4). The supply temperature or the 
heating capacity is imposed on the HP model based on the operating 
mode, such as direct heating, energy charging, or discharging (see 
Table  3). The model then computes the remaining variable (heating 
capacity or supply temperature), along with the refrigerant flow rate 
and the resulting COP. Regarding the thermal problem, the HP supply 
temperature is used as a boundary condition at nodes 𝑛3 and 𝑛5, 
whether it is directly imposed or computed by the model.

Fig.  6 illustrates the performance map of the HP modeled in TESPy 
as a function of the hot water supply temperature and the partial 
load factor, defined as the ratio of the actual capacity to the nominal 
capacity of the machine. All parameters regarding the source side of 
the HP, the cold one, are kept constant. As expected, the COP increases 
as the supply temperature decreases.
7 
Table 3
HP specifications and operating conditions.
 Specification  
 HP rated thermal capacity 10 000W 
 Refrigerant R410a  
 HP operating conditions  
 HP thermal capacity (preheating) 5000W  
 HP supply temperature (energy charging) 60◦C  
 HP supply temperature (direct heating) 50◦C  

3.1.4. Thermal load specifications
Fig.  7 illustrates the schematic of the heat exchanger representing 

the thermal load. Like the HP model, this component is implemented in 
TESPy and operates under steady conditions. The gray pipes represent 
the secondary circuit, where an ideal power absorption equal to the 
thermal load and the temperatures across the heat exchanger are 
imposed, while the flow rate varies accordingly. Conversely, the black 
pipe represents branch 𝑏9 (see Fig.  4) of the primary circuit. Using the 
inlet flow rate and temperature from the previous time step obtained 
from the network thermal model solution, this model computes the 
outlet temperature at node 𝑛9. This temperature is then fed back to the 
network as a thermal boundary condition.

The minimum temperature to be maintained at node 𝑛8 to supply 
thermal power is set to 𝑇8,𝑚𝑖𝑛 = 40◦C.

3.2. Thermal load

Once the development of the model has been detailed and its 
validation completed (see Section 2.3), it can be used to perform energy 
simulations. Specifically, in the case study analyzed in this work, the 
energy consumption, operating costs, and carbon emissions of the plant 
are computed over a three day period. Different control strategies are 
then tested to assess the plant’s flexibility potential in reducing either 
operating costs or carbon emissions.

To carry out the simulation, the thermal load profile must first 
be defined, which remains identical across all the adopted strategies. 
Fig.  8 describes its trend over the three day simulation window. The 
load profile is discretized on a one minute basis, repeating identically 
each day with an active window from 7:00 to 20:00 and a peak 
power of 19 500W. This profile has been defined based on the average 
energy needs of the various experimental facilities within the university 
laboratory where the plant will be installed [30].

3.3. Energy simulation boundary conditions

As illustrated in the previous subsection, the flexibility analysis 
relies on evaluating the plant’s operating costs and carbon emissions. 
Consequently, both the electricity price and carbon intensity profiles 
must be defined for the simulation window. Specifically, Fig.  9 shows 
the trend of these two profiles from October 15 to 17, 2024, focusing 
on the Northern Italy bidding zone. This specific period was selected 
due to data availability.

The electricity prices were retrieved from the official database of the 
Italian electricity market operator [31], while the carbon intensity data 
were sourced from Electricity Maps [32]. Both datasets are discretized 
on a fifteen minute basis.

3.4. Plant control strategies

Considering the plant architecture (see Fig.  4), TES units repre-
sent the primary source of flexibility. These systems allow electricity 
consumption to be shifted over time, decoupling it from the thermal 
load curve. Consequently, they can prevent HPs from operating during 
periods of high electricity costs or high carbon intensity.
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Fig. 6. HP performance map as a function of the supply temperature and partial load ratio (PLR).
Fig. 7. Scheme of the HEX implemented in TESPy.

However, thermal storage also introduces certain drawbacks. While 
their capital cost is excluded from this analysis, their energetic penalties 
are fully considered. First, storage units introduce thermal losses, which 
inherently increase overall energy consumption. Second, as discussed in 
Section 3.1.3, charging the storage requires a higher supply tempera-
ture from the HP compared to direct heating. This temperature increase 
degrades the efficiency of the machine (see Fig.  6), leading to higher 
electricity consumption.

Therefore, the net benefit of using thermal storage is not obvious 
a priori. To evaluate this trade-off, this case study compares three 
scenarios with identical thermal loads but different control strategies. 
The baseline scenario relies entirely on direct heating, meaning the 
heat pumps feed the user thermal load directly, as if the storage were 
absent. In contrast, the second and third scenarios utilize the storage, 
managing its operation to minimize either the operational costs or the 
carbon emissions of the system.

3.4.1. Cost or emissions minimization strategy
The cost or emissions minimization strategy is based on a simple 

algorithm. Given the cost or emissions profile and the thermal load 
curve for the simulated period (see Figs.  8 and 9), the algorithm 
determines the optimal schedule to charge and discharge the thermal 
storage.

Specifically, the charging period is restricted to the timeframe from 
20:00 to 07:00 the following day, when there is no thermal load. Since 
8 
the cost and emissions curves are discretized every fifteen minutes, 
this potential charging window is divided into quarter-hour intervals. 
These intervals are then sorted in ascending order, from the lowest to 
the highest cost or emissions. Based on the maximum energy capacity 
of the tank and the average thermal flux between the coils and the 
storage, the time required to fully charge the system is known. The 
best quarter-hour intervals (those with the lowest cost or emissions) 
are then selected for the charging process.

The discharging process follows a similar logic. Given the period 
with thermal load demand (from 07:00 to 20:00) and the energy 
available in the storage, the quarter-hour intervals are sorted in de-
scending order, from the highest to the lowest cost or emissions. Based 
on the available energy, the algorithm selects the best intervals to 
discharge the storage (those with the highest cost or emissions). During 
the remaining hours, the heat pumps operate in direct heating mode. 
Consequently, at the end of the load demand period, the state of charge 
(SOC) of the storage reaches 0, which corresponds to a temperature of 
45◦C.

The initial TES temperature is set to 44.5◦C because it typically 
drops by 0.5◦C between the end of the discharging phase and the start 
of the next charging cycle.

3.4.2. The flexibility factor
Following the simulation of the different control scenarios, a com-

parative analysis is performed to evaluate the energy flexibility of the 
system. The literature offers various metrics for quantifying the energy 
flexibility of buildings and HVAC systems, which have been thor-
oughly reviewed in the IEA EBC Annex 67 Energy Flexible Buildings 
report [33]. Among the KPIs discussed in the literature, the flexibil-
ity factor defined by Le Dréau and Heiselberg [34] is selected and 
calculated using the following equation: 

Flexibility factor =
∫fav 𝑞̇heating𝑑𝑡 − ∫unfav 𝑞̇heating𝑑𝑡

∫fav 𝑞̇heating𝑑𝑡 + ∫unfav 𝑞̇heating𝑑𝑡
(1)

The numerator of the flexibility factor represents the difference 
between the energy consumed during favorable and unfavorable pe-
riods. The denominator, instead, consists of the sum of these two 
terms, representing the total energy consumption. The definition of a 
‘‘favorable’’ period depends on the specific objective of the analysis. In 
this study, favorable and unfavorable time windows are defined based 
on two variables: energy cost and carbon intensity.
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Fig. 8. Thermal load curve on a minute basis [30].
Fig. 9. Energy cost and carbon intensity profiles for the simulated period [31,32].
By definition, this factor ranges from −1 to +1. A value of −1 
indicates a rigid, non-flexible system that is unable to shift its con-
sumption to favorable periods. Conversely, a value of 1 represents a 
highly flexible system, capable of fully displacing its energy demand to 
coincide with favorable time intervals.

The definition of favorable and unfavorable periods is essentially 
arbitrary. In this work, the distribution of electricity cost and carbon 
intensity was divided into quartiles: a favorable period is defined as 
any time interval falling within the first quartile, while an unfavorable 
period corresponds to the fourth quartile.

4. Results

This section is divided into two parts. The first part focuses on 
the validation of the numerical model developed in Python through 
a comparison with the Modelica model. The second part presents an 
energy flexibility analysis performed using the Python model.
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4.1. Model validation

The numerical model validation is performed by comparing the tem-
perature profiles simulated in Python with those simulated in Modelica, 
focusing on specific plant nodes and elements under distinct operating 
modes.

Fig.  10 illustrates the temperature evolution at the thermal user 
upstream node (𝑛8) during direct heating mode for both Python and 
Modelica models. In this mode, the heat pump directly supplies the 
load to meet the thermal demand. Initially, the temperature is 15◦C 
as the system is off and cold; once demand arises, the heat pumps 
deliver flow at the required setpoint of 50◦C. A notable difference is 
the oscillation observed in the Modelica simulation, which is absent 
in the Python model. This discrepancy stems from the control logic: 
Modelica utilizes a PI controller to regulate the supply temperature, 
whereas Python treats the supply temperature as a boundary condition, 
maintaining it constant as soon as demand occurs. Furthermore, the 
Python model temperature slightly exceeds 50◦C due to a preheating 
phase prior to direct heating, which raises the water temperature to 
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Fig. 10. Simulated temperature profiles at the upstream node of the thermal user (𝑛8) during direct heating mode.
 

55◦C. Consequently, when the operating mode changes, the initial hot 
water front reaching node 𝑛8 is above the 50◦C setpoint.

Using the Modelica results as a reference, the Python model achieves
an RMSE of 2.19◦C, a MAE of 0.24◦C, and an MBE of 0.10◦C. In terms 
of computational cost, the Modelica simulation requires 615 s, while 
the Python model completes in 184 s.

Fig.  11 illustrates the temperature evolution at the thermal user 
upstream node and the TES temperature during a discharging phase, 
comparing the Python and Modelica models. Initially, the system op-
erates in charging mode, with the TES temperature increasing until 
minute 20, when the thermal load requires power and the system 
switches to discharging mode. As previously noted, the sections of 
the plant not involved in charging remain idle and cold. When the 
operating mode changes, the water within the TES coils is directed 
toward the thermal load, causing a temperature rise at node 𝑛8. In both 
models, this temperature exceeds the bulk TES value because the initial 
front reaching the user was heated to 60◦C during the charging phase.

Using the Modelica results as a reference, error metrics were calcu-
lated. For the user temperature (𝑇𝑢𝑠𝑒𝑟), the RMSE is 1.29◦C, the MAE is 
0.51◦C, and the MBE is −0.15◦C. Regarding the TES temperature, the 
model achieves an RMSE of 0.046◦C, a MAE of 0.043◦C, and an MBE 
of 0.038◦C. In terms of computational cost, the Modelica simulation 
requires 124 s, while the Python model completes in 41 s.

Fig.  12 shows the TES temperature profile over a day. The system 
operates in various modes, selected in an arbitrary sequence to evaluate 
the TES response in each case. At the start of the simulation, the SOC is 
0 as the temperature is near 45◦C. A charging phase follows, bringing 
the storage to approximately 55◦C, which corresponds to SOC = 1. 
Subsequently, rest and discharging modes alternate (identifiable by the 
different slopes in the temperature profile) until the storage is fully 
discharged, returning to 45◦C. The sequence of operating modes follows 
the same schedule in both models, and the boundary conditions for 
both simulations are identical.

Using the Modelica results as a reference, the error metrics are cal-
culated as follows: RMSE is 0.30◦C, MAE is 0.22◦C, and MBE is 0.09◦C. 
Regarding computational cost, the Modelica simulation requires 1853 s, 
while the Python simulation takes 200 s.
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4.2. Energy simulations

Once the python model is validated, it is used to analyze the case 
study described in Section 3.2. The main results regarding temperature 
profiles and other key variables are reported below to compare the 
different simulated scenarios.

Fig.  13 illustrates the TES temperature profile and electricity cost 
over the three-day simulation period, under a cost-minimized operating 
schedule. The colored areas represent the plant operating modes, while 
the absence of shading indicates the rest mode. Since storage charging 
is restricted to nighttime, the charging phases occur when electricity 
costs are at their lowest. Similarly, the alternating use of discharging 
and direct heating to meet the daytime thermal load is managed by 
prioritizing the storage when energy costs are higher, while the heat 
pumps operate in direct heating mode during periods of minimum cost.

Fig.  14 mirrors Fig.  13 but replaces energy cost with carbon inten-
sity, reflecting an emission-minimized operating schedule. The timing 
and logic for switching between modes remain consistent with the 
previous case, though carbon intensity now serves as the primary driver 
for mode selection.

Fig.  15 compares the TES temperature profiles for the cost and emis-
sion minimization schedules. Because energy cost and carbon intensity 
follow similar trends during nighttime, the charging phases in both 
scenarios are largely overlapping. Significant differences emerge during 
daytime hours, resulting in distinct storage discharge schedules.

Table  4 reports the total electricity consumption of the system (heat 
pumps and circulation pumps), along with the resulting costs and CO2 
emissions, based on the three-day energy simulation. These results 
are calculated for both the cost-minimized and emission-minimized 
scenarios, as well as for a direct heating reference case. In the reference 
scenario, storage is not used and the thermal load is met directly by the 
heat pumps as required.

Fig.  16 presents three charts comparing the performance of the 
various operating schedules based on the metrics in Table  4. As ex-
pected, the two solutions using thermal energy storage (TES) lead to an 
increase in electricity consumption. This is due to thermal losses from 
the storage and the fact that during charging phases, the heat pump 
supply temperature is 60◦C compared to 50◦C for direct heating, which 
degrades the HP COP.
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Fig. 11. Simulated temperature profiles at the upstream node of the thermal user (𝑛8) and the TES during discharging mode.
Fig. 12. Simulated temperature of the TES under an imposed operating routine consisting of charging, rest, and discharging phases.
Table 4
Main results in terms of energy, cost, and emissions for different operating 
schedules.
 Scenario Eel [kWh] Cost [e] Carbon emissions [kgCO2 ] 
 Direct heating (reference) 157.68 19.44 30.25  
 Cost minimization 174.23 18.47 31.96  
 Carbon minimization 176.09 19.95 30.66  
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However, from an economic perspective, using the TES proves to 
be an effective choice if properly controlled, as it reduces operating 
costs compared to the base case despite the higher energy consumption. 
Conversely, regarding emissions, using the TES results in a performance 
penalty, even with a dedicated operating schedule. Evidently, the vari-
ability of carbon intensity is not sufficient to offset the extra emissions 
generated by the additional energy consumed by the TES, making the 
base case the superior solution.

With reference to the chart describing the system electricity con-
sumption across different scenarios (see Fig.  16), the cost minimization 



L. Pellizzon et al. Applied Thermal Engineering 303 (2026) 132261 
Fig. 13. TES temperature and energy cost profiles under a cost-minimized operating schedule.
Fig. 14. TES temperature and carbon intensity profiles under a carbon-minimized operating schedule.
case is slightly more favorable than the emission minimization one. 
Since the storage units are the same size, the energy available during 
discharge remains constant, as does the user demand. Consequently, 
the total thermal energy supplied by the heat pumps is also the same.

However, because the TES discharge schedule differs between the 
due cases, the timing of heat pump activity and the required thermal 
capacity also change, while the total thermal energy over the entire 
period remains constant. Since the COP is a function of capacity, it 
varies between the two cases, creating the discrepancy in electricity 
consumption. Fig.  17 shows the HP COP profiles during the first day 
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of simulation for both cases; values are omitted when the machines are 
off. Notably, between 400 and 1200 min, when the units are active in 
direct heating mode, they operate at different COPs, which accounts 
for the difference in absorbed electrical energy. Similar COP trends are 
observed during the other two days of simulation.

Table  5 reports the flexibility factor values calculated for each simu-
lation scenario, in terms of both cost and carbon emissions. The results 
show that the direct heating scenario lacks flexibility for both emissions 
and cost, as the timing of energy consumption is strictly constrained 
by demand. In contrast, the cost and emission minimization scenarios 
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Fig. 15. TES temperature profiles under cost and carbon minimization operating schedules.
Fig. 16. Performance comparison of cost-minimized and carbon-minimized operating schedules against the direct heating reference in terms of energy, cost, and 
emissions.
Table 5
Flexibility factors for different operating schedules.
 Scenario Economic flexibility 

factor
Environmental 
flexibility factor

 

 Direct heating (reference) −0.58 −0.32  
 Cost minimization 0.45 0.06  
 Carbon minimization −0.02 0.50  

exhibit higher flexibility factors, demonstrating the system’s ability to 
shift consumption toward periods of lower cost or environmental im-
pact. This analysis reflects the trends shown in Fig.  16, illustrating the 
reduction in operating costs or emissions when the appropriate strategy 
is adopted. As previously observed, since the cost and carbon intensity 
curves are out of phase, minimizing cost does not yield optimal results 
for emissions, and vice versa.
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5. Conclusions

This paper presents the development, validation and application of 
a numerical model for a flexible energy system, integrating water-to-
water reversible heat pumps (WSHPs) with sensible Thermal Energy 
Storage (TES) systems. This work is part of a larger project aiming to 
convert this preliminary modeling framework into a full digital twin 
for the HPFlexLab experimental facility at the Politecnico di Torino.

The conclusions section discusses the two main categories of results 
obtained and the future developments of this work.

5.1. Model validation

Regarding model validation, the error metrics for the TES temper-
ature remain remarkably low across both simulated scenarios (pure 
discharging and the complete charge/discharge routine). The RMSE 
does not exceed 0.3◦C, while the maximum MAE is 0.22◦C. The MBE 
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Fig. 17. HP COP profiles during the first day of simulation under cost and carbon minimization operating schedules.
is also minimal, reaching a maximum of 0.09◦C; its slightly positive 
value in both cases indicates a minor tendency of the Python model to 
overestimate the temperature compared to Modelica.

In contrast, the temperature upstream of the load shows more 
pronounced differences. During direct heating, while the MAE and MBE 
remain low, the RMSE reaches a maximum of 2.19◦C. This discrepancy 
is justified by the different control implementations on the heat pump. 
Modelica utilizes a PI controller, whereas Python instantaneously im-
poses the target temperature, which is a less realistic behavior. For 
the discharging phase, the MAE and MBE are again low, while the 
RMSE reaches 1.29◦C. Although this difference cannot be attributed 
to a single specific factor, Fig.  11 shows that the two temperature 
profiles diverge only during the initial stages of the discharge process 
and align closely afterward. This suggests that the discrepancy stems 
from transient factors related to the operational mode switch of the 
plant. Furthermore, because the MBE for the temperature upstream 
of the load changes sign between the two cases, it is impossible to 
conclude whether the Python model systematically overestimates or 
underestimates that specific temperature.

5.2. Computational performance

In terms of computational cost, the Python model proves to be sig-
nificantly more efficient. In the shorter direct heating and discharging 
simulations, Python requires approximately one third of the simulation 
time of Modelica. This performance gap widens drastically during the 
full charge/discharge routine, where the simulation time ratio reaches 
9 to 1 in favor of Python.

Interestingly, the ratio between computation time and simulated 
time remains nearly constant for the Python model. It decreases slightly 
as the simulated period lengthens because the circuit characteristics are 
computed only once at the beginning of the simulation, acting as a fixed 
overhead.

Conversely, for the Modelica model, this ratio behaves differently. 
It remains roughly equal between the direct heating and discharging 
scenarios (at about 0.62 s per simulated minute), even though the direct 
heating simulation covers a period five times longer than the discharg-
ing one. However, during the full charge/discharge routine, this ratio 
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doubles. This demonstrates that modeling the TES heat transfer across 
multiple operational modes (charging, rest, and discharging) requires 
substantial computational effort from Modelica.

Consequently, for multi-day simulations involving alternating TES 
charging and discharging phases, which represents the typical applica-
tion of this type of model, the Python model is far preferable, especially 
considering its high fidelity in replicating the TES temperature profile.

5.3. Energy simulations

The analyzed case study compares different plant control scenarios 
by evaluating energy consumption, operational costs, carbon emissions, 
and the flexibility factor.

Regarding cost minimization, the system equipped with thermal 
storage and managed by the proposed control strategy successfully 
reduces operational costs by 5.0% compared to the baseline scenario. 
However, this savings comes at the expense of a 10.5% increase in 
energy consumption and a 5.7% increase in carbon emissions, high-
lighting that this economic advantage carries a considerable environ-
mental impact. Conversely, when the control strategy aims to minimize 
emissions, the storage-equipped system proves unable to reduce the 
environmental impact compared to the baseline case, as shown in 
Fig.  16. Although this outcome is undoubtedly influenced by the spe-
cific emissions profile of the three simulated days, it remains highly 
significant.

Within the scope of this case study, it can be concluded that if a 
thermal storage unit is adopted, the environmental impact and energy 
consumption will consistently be higher than in the reference case 
without storage, regardless of the control strategy applied.

5.4. Limitations and future developments

In terms of plant modeling, the main improvements involve im-
plementing more sophisticated models for the thermal load and the 
heat pump. While the current heat pump and external load models 
are simplified because the experimental facility is currently under con-
struction and sufficiently accurate data for detailed dynamic modeling 
are not yet available, they have been temporarily modeled using this 
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simplified approach. Future developments should fully describe their 
transient behavior, leveraging the capability of the method used to 
model the entire hydraulic network. Furthermore, the model requires 
experimental validation in addition to the numerical one.

Instead, regarding the analysis of the case study, this is simplified 
by factors such as a thermal load that repeats identically every day 
and thermal energy storage control strategies that are overly refined, 
as they rely on input data that would normally be unavailable when 
controlling the plant in real time. Therefore, specifically from a real 
time control perspective and keeping in mind that this work is intended 
as a preliminary modeling framework for digital twin applications, 
it becomes necessary to make both the thermal load and the plant 
control more realistic. This can be achieved by utilizing estimates for 
the load profile, energy costs, and carbon intensity for the following 
day, combined with appropriate optimization algorithms.

Finally, regarding scalability and applicability to other HVAC sys-
tems, the framework is designed to easily adapt to different hydraulic or 
ventilation network topologies simply by updating the network layout 
in the input. If different components are present, introducing specific 
models to describe their behavior is sufficient for their integration 
into the overall system. Furthermore, since the numerical algorithm is 
tailored for district heating networks, the size of the system in terms 
of branches and nodes does not pose significant challenges during the 
modeling and resolution phases.
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Appendix

This appendix presents the mathematical derivation of the constitu-
tive equations for two components of the modeled system, specifically 
the hydraulic network and the TES.
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A.1. Constitutive equations and numerical formulation of the hydraulic 
network

This section details the formulation of the fluid dynamic and ther-
mal problems for network elements, namely nodes and branches. These 
element level equations are then combined based on the network 
topology to formulate the global fluid dynamic and thermal problems 
in a structured matrix form. Finally, the solution strategy for the fluid 
dynamic problem using the SIMPLE method is described.

A.1.1. The fluid dynamic problem
As regard the fluid dynamic problem, velocity and pressure in a flow 

system are governed by the continuity and the momentum equations 
which are: 
𝜕𝜌
𝜕𝑡

+ ∇ ⋅ 𝜌𝑣 = 0 (A.1)

𝜌
𝐷𝜌
𝐷𝑡

= −∇𝑝 − ∇ ⋅ 𝜏 + 𝐹 (A.2)

where F is the momentum source term that also includes the gravity 
term 𝜌𝑔, 𝜏 is the viscous stress tensor, 𝑣 ≡ 𝑣(𝑥1, 𝑥2, 𝑥3, 𝑡) is the velocity 
vector and 𝑝 ≡ 𝑝(𝑥1, 𝑥2, 𝑥3, 𝑡) is the static pressure. The Eqs. (A.1) and 
(A.2) are expressed for the 3D case, but, for the one-dimensional model, 
along the direction 𝑥1, they can be simplified in the following form: 
𝜕𝜌
𝜕𝑡

+
𝜕(𝜌𝑣1)
𝜕𝑥1

= 0 (A.3)

𝜌
𝜕𝑣1
𝜕𝑡

+ 𝜌𝑣1
𝜕𝑣1
𝜕𝑥1

= −
𝜕𝑝
𝜕𝑥1

− 𝐹𝐹𝑅𝐼𝐶𝑇 + 𝐹1 (A.4)

The mathematical formulation of 𝜏 involves partial derivatives with 
respect to the directions orthogonal to 𝑥1, which have been neglected, 
which means that the viscous stress tensor 𝜏 loses significance in the 
case of a one-dimensional formulation. So in order to take viscous 
forces into account, the term (∇⋅𝜏)1, which represents the net force due 
to viscous stress acting along the direction 𝑥1, is replaced by 𝐹𝐹𝑅𝐼𝐶𝑇 , 
which is formulated on the basis of semi-empirical correlations.

The momentum source term 𝐹1 considers the effects of pumps pres-
sure rises and local fluid dynamic resistance due to valves or junctions 
in addition to the gravitational term, and so it can be expressed as: 
𝐹1 = 𝜌𝑔𝑥1 − 𝐹𝐿𝑂𝐶𝐴𝐿 + 𝐹𝑃𝑈𝑀𝑃 (A.5)

In the context of a one-dimensional model, it is useful to derive the 
integral form of the momentum equation (A.4) for a duct. This is done 
by integrating the equation over the control volume CV1 (see Fig.  A.1) 
which includes a portion of pipe between the inlet and outlet cross 
sections, as shown in Fig.  A.1. The integration of Eq.  (A.4) over CV1
gives:

∫𝐶𝑉1
𝜌
𝜕𝑣1
𝜕𝑡

𝑑𝑉 + ∫𝐶𝑉1
𝜌𝑣1

𝜕𝑣1
𝜕𝑥1

𝑑𝑉 +

= ∫𝐶𝑉1
−

𝜕𝑝
𝜕𝑥1

𝑑𝑉 − ∫𝐶𝑉1
𝐹𝐹𝑅𝐼𝐶𝑇 𝑑𝑉 + ∫𝐶𝑉1

𝐹𝑥1 𝑑𝑉 (A.6)

Fig. A.1. Control volume of a branch (CV1).
The control volume 𝐶𝑉1 corresponds to the volume of the pipe, so 

𝑑𝑉 = 𝑆, 𝑑𝑥1, where 𝑆 is its cross-sectional area. This means that the 
volume integral can be expressed as an integral along the pipe length, 
from the inlet to the outlet. Based on this consideration, Eq.  (A.6) can 
be reformulated in the following way:

𝜌
𝑑𝑣1 𝑆𝐿 + 𝜌

[
(

𝑣1,𝑜𝑢𝑡
)2 −

(

𝑣1,𝑖𝑛
)2 ]

𝑆 =
(

𝑝𝑖𝑛 − 𝑝𝑜𝑢𝑡
)

𝑆 − 𝜌𝑔
(

𝑧𝑜𝑢𝑡 − 𝑧𝑖𝑛
)

𝑆+

𝑑𝑡 2
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Fig. A.2. Control volume of a node (CV2).

− 𝛥𝑃𝐹𝑅𝐼𝐶𝑇𝑆 − 𝛥𝑃𝐿𝑂𝐶𝐴𝐿𝑆 + 𝛥𝑃𝑃𝑈𝑀𝑃𝑆 (A.7)

where 𝐿 is the pipe length. The total pressure 𝑃  is defined as 

𝑃
⋅
= 𝑝 + 𝜌𝑣

2

2
+ 𝜌𝑔𝑧 (A.8)

and the distributed and localized pressure losses can be expressed as 

𝛥𝑃𝐹𝑅𝐼𝐶𝑇 = 1
2
𝑓 𝐿
𝐷ℎ

𝜌(𝑣1)2 (A.9)

𝛥𝑃𝐿𝑂𝐶𝐴𝐿 = 1
2
∑

𝑘
𝛽𝑘𝜌(𝑣1)2 (A.10)

where 𝑓 and 𝐷ℎ are the friction factor and hydraulic diameter of the 
pipe, respectively, and 𝛽𝑘 is a local loss coefficient related to the 𝑘th 
local loss occurring in the pipe.

Replacing the expressions (A.8), (A.9) and (A.10) in Eq.  (A.7), it 
momentum equation can be expressed as follows 

𝜌
𝑑𝑣1
𝑑𝑡

𝐿+
(

𝑃𝑜𝑢𝑡 − 𝑃𝑖𝑛
)

= −1
2
𝑓 𝐿
𝐷ℎ

𝜌(𝑣1)2−
1
2
∑

𝑘
𝛽𝑘𝜌(𝑣1)2+𝛥𝑃𝑃𝑈𝑀𝑃𝑆 (A.11)

After applying the momentum equation on the pipe, the attention 
goes to the junction that connects the pipes. Here a mixing or separa-
tion between different streams take place and the mass conservation in 
the junction can be expressed by integrating the continuity Eq. (A.3) 
over the control volume CV2 (see Fig.  A.2) which results in 

∫𝐶𝑉2

𝜕𝜌
𝜕𝑡

𝑑𝑉 + ∫𝐶𝑉2

𝜕(𝜌𝑣1)
𝜕𝑥1

𝑑𝑉 = 0 (A.12)

Applying the divergence theorem and solving the integrals, the 
following expression is obtained 

𝑑
𝑑𝑡

𝑀 +
𝑁𝐵
∑

𝑗=1
𝜌𝑗𝑣1,𝑗𝑆𝑗 = 0 (A.13)

where 𝑀 refers to the mass of fluid in CV2, 𝑆𝑗 is the cross-section of 
the 𝑗th pipe connected to the junction and NB is the total number of 
branches connected to the node enclosed in CV2. Further, it is possible 
to add a term in Eq.  (A.12) to account for a possible injection or 
extraction of fluid from a junction to the external environment as 

𝑑
𝑑𝑡

𝑀 +
𝑁𝐵
∑

𝑗=1
𝜌𝑗𝑣1,𝑗𝑆𝑗 + 𝐺𝑒𝑥𝑡 = 0 (A.14)

A positive 𝐺𝑒𝑥𝑡 means extraction of fluid form the junction, while a 
negative value means injection into it.

A.1.2. The thermal problem
Dealing with a heating system requires to consider the heat transfer 

in the analysis. Since the circulating fluid is water, the compressibility 
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effects and the viscous heating are negligible, allowing to apply the 
following expression of the energy equation: 

𝜌𝑐𝑝
𝜕𝑇
𝜕𝑡

+ 𝜌𝑐𝑝𝑣 ⋅ ∇𝑇 = ∇ ⋅ 𝑘∇𝑇 + 𝜑𝑠 (A.15)

where 𝑘 is the fluid thermal conductivity (assumed constant), 𝑐𝑝 is the 
fluid specific heat capacity and 𝑇 ≡ 𝑇 (𝑥1, 𝑥2, 𝑥3, 𝑡) is the temperature. 
As for the fluid dynamic problem, assuming one-dimensional flow, 
Eq. (A.15) can be simplified and expressed as 
𝜕
(

𝜌𝑐𝑝𝑇
)

𝜕𝑡
+

𝜕
(

𝜌𝑐𝑝𝑣1𝑇
)

𝜕𝑥1
= 𝑘𝜕

2𝑇
𝜕𝑥21

+ 𝜑𝑠 (A.16)

where the volumetric heat source can be split into two terms: 
𝜑𝑠 = 𝜑𝑣 − 𝜑𝑙 (A.17)

𝜑𝑣 represents the heat generated within the system, while 𝜑𝑙 accounts 
for the effect of heat exchange at the walls, which would not be 
represented anyway because the corresponding temperature gradient 
is orthogonal to the 𝑥1 direction and thus not modeled here.

As for the fluid dynamic problem, it is useful to integrate Eq.  (A.16) 
over a proper control volume CV3, which includes the junction node 
and half of each pipe entering or exiting the junction, as depicted in Fig. 
A.3. Adiabatic and perfect mixing is assumed and all the flows exiting 
from the junction are at the same temperature 𝑇 . Then the following 
equation is obtained:

∫𝐶𝑉3

𝜕
(

𝜌𝑐𝑝𝑇
)

𝜕𝑡
𝑑𝑉 + ∫𝐶𝑉3

𝜕
(

𝜌𝑐𝑝𝑣1𝑇
)

𝜕𝑥1
𝑑𝑉 +

= ∫𝐶𝑉3
𝑘𝜕

2𝑇
𝜕𝑥21

𝑑𝑉 + ∫𝐶𝑉3
𝜑𝑣 𝑑𝑉 − ∫𝐶𝑉3

𝜑𝑙 𝑑𝑉 (A.18)

Applying the divergence theorem and solving the integrals, the above 
equation leads to the energy equation for a junction: 
𝜕(𝜌𝑐𝑝𝑇 )

𝜕𝑡
𝛥𝑉

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
I

+
𝑁𝐵
∑

𝑗=1
𝜌𝑗𝑐𝑝,𝑗𝑣1,𝑗𝑇𝑗𝑆𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
II

=
𝑁𝐵
∑

𝑗=1

𝜕𝑇
𝜕𝑥1

|

|

|

|𝑆𝑗
⏟⏞⏞⏞⏟⏞⏞⏞⏟

III

+ 𝛷𝑣,𝑖
⏟⏟⏟

IV

− 𝛷𝑙,𝑖
⏟⏟⏟

V

(A.19)

The term I refers to the rate of change of energy within CV3 whose 
volume is 𝛥𝑉  and which is evaluated using the fluid temperature 𝑇
at the junction. The term II refers to the net rate of energy transfer 
resulting from the mass flow rate entering and exiting the junction. The 
temperatures 𝑇𝑗 are taken at the boundary of the control volume, which 
is something to define since the temperatures are only defined at the 
ends of each pipe (called nodes). The term III represents the net rate of 
energy transfer due to heat conduction, which is normally negligible in 
convection dominated problems (as this one). Finally, the terms IV and 
V derive from the volumetric source term (A.17) and are formulated 
using semi-empirical correlations. In particular, the term accounting for 
the heat losses 𝛷𝑙,𝑖 can be expressed as 

𝛷𝑙,𝑖 =
𝑁𝐵
∑

𝑗=1

𝐿𝑗
2
𝛺𝑗𝑈𝑗 (𝑇𝑖 − 𝑇∞) (A.20)

being 𝛺𝑗 the perimeter of the 𝑗th branch, 𝑈𝑗 the global heat transfer 
coefficient, 𝑇𝑖 the node temperature and 𝑇∞ the external temperature.

A.1.3. Graph-based network formulation of governing equations
In the one-dimensional approach adopted for this application, the 

structure of the heating system is modeled as a network of pipes con-
nected through junctions and is described using graph theory [25]. A 
graph represents a set of interconnected objects, where each connection 
links a pair of objects (called nodes), although each object can be 
connected to multiple others through several links (called branches).

In the context of a heating network, nodes typically correspond 
to junctions, while branches represent components like pipes, ducts, 
channels, and similar elements that are bounded by two nodes.
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Fig. A.3. Control volume of a node (CV3).

A fluid network is described through the interconnections between 
nodes and branches. These interconnections define the network topol-
ogy and are represented by the incidence matrix 𝐴, which has one row 
for each node and one column for each branch. A generic element 𝐴𝑖𝑗
of this matrix is defined as follows:

• 𝐴𝑖𝑗 = 1 if the 𝑖th node is the inlet of the 𝑗th branch;
• 𝐴𝑖𝑗 = −1 if it is the outlet ;
• 𝐴𝑖𝑗 = 0 if the node and branch are not directly connected.

Previously, the continuity Eq. (A.14) and the momentum equa-
tion (A.11) have been derived for, respectively, a single branch and a 
single node. Dealing with a network requires to apply those equations 
to all the nodes and branches of system, which can be easily done using 
the incidence matrix 𝐴.

As regard the continuity equation, assuming steady-state condi-
tions, Eq.  (A.14) can be formulated in matrix form for all the nodes 
of the network: 

𝐴 ⋅ 𝐺 + 𝐺𝑒𝑥𝑡 = 0 (A.21)

where 𝐺 is a column vector containing the mass flow rates in the 
branches, and 𝐺𝑒𝑥𝑡 is the vector of mass flow rates injected into or 
extracted from the nodes by the external environment.

As done in the case of continuity, the momentum equation (A.11) 
can be extended to the whole network using the matrix formulation. In 
case of steady-state conditions, the equation becomes: 

𝐴𝑇 ⋅ 𝑃 = 𝑅 ⋅ 𝐺 − 𝑡, (A.22)

where 𝐴𝑇  is the transpose of the incidence matrix, 𝑃  is a vector 
containing the total pressures at the nodes, 𝐺 is the vector containing 
the mass flow rates in the branches, 𝑡 is the vector of pressure increases 
due to pumps, and 𝑅 is a diagonal matrix defined by 

𝑅𝑗 =
1
2

𝐺𝑗

𝜌𝑆2
𝑗

(

𝑓𝑗
𝐿𝑗

𝐷𝑗 +
∑

𝑘
𝛽𝑘,𝑗

)

(A.23)

Isolating 𝐺, one obtains: 

𝐺 = 𝑌 ⋅ 𝐴𝑇 ⋅ 𝑃 + 𝑌 ⋅ 𝑡, (A.24)

with 𝑌 = 𝑅−1 representing the fluid dynamic conductance. Proper 
boundary conditions must be applied to Eq.  (A.24): typically the pres-
sure is specified at the node corresponding to the pressurization system 
(downstream of the pump). Moreover, the mass flow rate boundary 
conditions for flows entering or exiting the network must be imposed 
on 𝐺 .
𝑒𝑥𝑡
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The same procedure for extending the equation to the entire net-
work must also be carried out for the energy Eq. (A.19); neglecting 
conduction and remembering that 𝐺 = 𝜌𝑣𝑆, it can be reformulated as: 
𝑑(𝜌𝑐𝑝𝑇𝑖)

𝑑𝑡

𝑁𝐵
∑

𝑗=1

𝑆𝑗𝐿𝑗
2

+
𝑁𝐵
∑

𝑗=1
𝑐𝑝,𝑗𝐺𝑗𝑇𝑗 = 𝛷𝑣,𝑖 −

𝑁𝐵
∑

𝑗=1

𝐿𝑗
2
𝛺𝑗𝑈𝑗 (𝑇𝑖 − 𝑇∞) (A.25)

Note that the energy equation must be expressed in transient form 
because thermal perturbations propagate much slower than pressure 
waves. While flow variations are rapidly transmitted as pressure waves 
(typically in tenths of a second), temperature changes travel at water 
velocity (around 1 m∕s in a heating system) and may reach end-users 
after several minutes, especially over long distances. For this rea-
son, the model employs a quasi-dynamic approach: flow and pressure 
are obtained via static analysis, whereas temperature is dynamically 
evaluated.

Furthermore, as shown in Eq.  (A.25), it is necessary to define the 
temperature 𝑇𝑗 at each control volume boundary (i.e., at the midpoint 
of each branch) as a function of the nodal temperatures 𝑇𝑖, which 
are the unknowns of the problem. Once this relation is established, 
the equations can be formulated in matrix form. For a convective 
dominated problem, as this one, the most suitable numerical scheme 
is the upwind differencing scheme, which takes into account the flow 
direction of the stream. Using this method, the temperature value at a 
cell face is taken equal to the one of the upstream node.

The last aspect to define in Eq.  (A.25) is the time discretization, 
which can be done using the backward Euler method, obtaining the 
following expression:
(

𝜌𝑖𝑐𝑝,𝑖𝑇𝑖
)𝑡 −

(

𝜌𝑖𝑐𝑝,𝑖𝑇𝑖
)𝑡−𝛥𝑡

𝛥𝑡

𝑁𝐵
∑

𝑗=1

𝑆𝑗𝐿𝑗
2

+
𝑁𝐵
∑

𝑗=1
𝑐𝑝,𝑗𝐺

𝑡
𝑗𝑇

𝑡
𝑗

= 𝛷𝑡
𝑣,𝑖 −

𝑁𝐵
∑

𝑗=1

𝐿𝑗
2
𝛺𝑗𝑈𝑗 (𝑇 𝑡

𝑖 − 𝑇∞) (A.26)

Finally, extending Eq.  (A.26) for each node of the network, the com-
plete set of energy equations can be written in matrix form: 
(

𝑀 𝑡 +𝐾 𝑡) ⋅ 𝑇 𝑡 = 𝑓 𝑡 +𝛷𝑡
𝑣,𝑖 +𝑀 𝑡−𝛥𝑡 ⋅ 𝑇 𝑡−𝛥𝑡 (A.27)

where 𝑀 is the mass matrix (diagonal), whose entries are related to 
the time-dependent term of Eq.  (A.26), 𝐾 is the stiffness matrix whose 
entries are related to the convective term and to those terms of the heat 
losses depending on 𝑇𝑖, 𝑓 is a vector containing the known term related 
to the heat source 𝛷𝑣,𝑖 and those terms of the heat losses depending on 
𝑇∞. Finally, 𝑇  is the vector containing the temperatures at each node 
of the network.

The boundary conditions need to be defined when solving
Eq.  (A.26), and typically this is done by imposing the temperature at 
the appropriate nodes of the network.

A.1.4. The Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) 
algorithm

Since the matrix 𝑌  itself depends on the mass flow rates, the re-
sulting system of equations is nonlinear. Moreover, the strong coupling 
between the mass (A.21) and momentum (A.22) equations requires 
an iterative solution method. According to [26], the SIMPLE (Semi-
Implicit Method for Pressure-Linked Equations) algorithm [24] can 
be efficiently applied. This algorithm uses a guess-and-correction ap-
proach. First, a pressure vector 𝑃 ′ and a mass flow rate vector 𝐺′

0 are 
guessed, thereby allowing the construction of 𝑌 ′. Then, 𝑌 ′ is used to 
compute the new value of 𝐺′ as: 
𝐺′ = 𝑌 ′ ⋅ 𝐴𝑇 ⋅ 𝑃 ′ + 𝑌 ′ ⋅ 𝑡 (A.28)

where the solution of (A.28) is obtained with a fixed-point algo-
rithm [35]. Since the guessed pressure and mass flow rates differ from 
the correct values, corrections are introduced: 
𝑃 = 𝑃 ′ + 𝑃 (A.29)
𝑐𝑜𝑟𝑟
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Fig. A.4. Scheme of the TES model.

𝐺 = 𝐺′ + 𝐺𝑐𝑜𝑟𝑟 (A.30)

and, by combining (A.22) and (A.28), one obtains 

𝐺 − 𝐺′ = 𝑌 ⋅ 𝐴𝑇 ⋅ 𝑃 − 𝑌 ′ ⋅ 𝐴𝑇 ⋅ 𝑃 ′ + (𝑌 − 𝑌 ′) ⋅ 𝑡 (A.31)

Assuming 𝑌 ′ = 𝑌  and substituting (A.29) and (A.30) into (A.31), the 
mass flow rate correction is given by 

𝐺𝑐𝑜𝑟𝑟 = 𝑌 ⋅ 𝐴𝑇 ⋅ 𝑃𝑐𝑜𝑟𝑟 (A.32)

Substituting (A.30) and (A.32) into the mass conservation Eq. (A.21) 
yields 

𝐴 ⋅ 𝑌 ′ ⋅ 𝐴𝑇 ⋅ 𝑃𝑐𝑜𝑟𝑟 = −𝐴 ⋅ 𝐺′ − 𝐺𝑒𝑥𝑡 (A.33)

Defining 𝐻 = 𝐴 ⋅ 𝑌 ′ ⋅ 𝐴𝑇  and 𝑑 = −𝐴 ⋅ 𝐺′ − 𝐺𝑒𝑥𝑡, Eq. (A.33) can be 
rewritten in a compact form as 
𝐻 ⋅ 𝑃𝑐𝑜𝑟𝑟 = 𝑑 (A.34)

Once 𝑃𝑐𝑜𝑟𝑟 is computed from (A.34), 𝐺𝑐𝑜𝑟𝑟 is obtained from (A.32), and 
the updated values 𝑃  and 𝐺 are given by (A.29) and (A.30), respec-
tively. To improve convergence, under-relaxation factors are applied 
so that (A.29) and (A.30) become 
𝑃 = 𝑃 ′ + 𝛼𝑃𝑐𝑜𝑟𝑟 (A.35)

𝐺 = 𝐺′ + 𝛼𝐺𝑐𝑜𝑟𝑟 (A.36)

with 𝛼 being the under-relaxation factor. Finally, appropriate boundary 
conditions must be enforced: the mass flow rates at the network bound-
aries (imposed on 𝐺𝑒𝑥𝑡) and the pressure in at least one node of 𝑃 ′ are 
prescribed exactly.

Once the pressures and flow rates are computed, respectively, in 
all the nodes and branches of the network, the mass matrix 𝑀 , the 
stiffness matrix 𝐾 and the known term 𝑓 can be assembled and the tem-
poral evolution of the nodes temperature can be calculated solving Eq. 
(A.27).

A.2. Thermal energy storage constitutive equations

The mathematical formulation of the storage component is based on 
transient energy balance equations. The physical system and the ther-
mal interactions between the fluid domains are schematically shown in 
Fig.  A.4.

The governing equations are structured to evaluate the temperature 
evolution within the system. Specifically, Eq. (A.37) defines the average 
fluid temperature within the serpentine coil. Eq.  (A.38) describes the 
transient energy balance of the storage tank, which is used to calculate 
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the tank fluid temperature 𝑇𝑇𝐸𝑆 . Finally, Eq. (A.39) governs the ther-
mal behavior of the fluid within the serpentine, allowing the calculation 
of its outlet temperature 𝑇𝑜𝑢𝑡.

Note that 𝑇𝑜𝑢𝑡 depends on the flow direction, which changes dur-
ing the charging and discharging phases. Furthermore, the convective 
heat transfer coefficients are evaluated through fluid dynamic correla-
tions [36] that account for the local velocity variations induced by the 
system stirrers. 

𝑇 =
𝑇𝑜𝑢𝑡 + 𝑇𝑖𝑛

2
(A.37)

𝑀𝑇𝐸𝑆𝐶𝑝
𝑑𝑇𝑇𝐸𝑆
𝑑𝑡

= 𝑈𝐴(𝑇 − 𝑇𝑇𝐸𝑆 ) − 𝑈𝑇𝐸𝑆𝐴𝑇𝐸𝑆 (𝑇𝑇𝐸𝑆 − 𝑇∞) (A.38)

𝑀𝐶𝑝

2
𝑑𝑇𝑜𝑢𝑡
𝑑𝑡

= 𝑚̇𝐶𝑝(𝑇𝑖𝑛 − 𝑇𝑜𝑢𝑡) − 𝑈𝐴(𝑇 − 𝑇𝑇𝐸𝑆 ) (A.39)

Data availability

Data will be made available on request.
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