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What Price Fiber Bundle Substantivalism? On How to Avoid 
Holes in Fibers

P. Berghofer1 · J. François1,2,3 · L. Ravera4,5,6

Abstract
On a mathematically foundational level, our most successful physical theories 
(gauge field theories and general-relativistic theories) are formulated in a frame-
work based on the differential geometry of connections on principal bundles. Af-
ter reviewing the essentials of this framework, we articulate the generalized hole 
and point-coincidence arguments, examining how they weight on a substantivalist 
position towards bundle spaces. This question, then, is considered in light of the 
Dressing Field Method, which allows a manifestly invariant reformulation of gauge 
field theories and general-relativistic theories, making their conceptual structure 
more transparent: it formally implements the point-coincidence argument and thus 
allows to define (dressed) fields and (dressed) bundle spaces immune to hole-type 
arguments.

Keywords  Gauge theories · Hole argument · Gauge-invariance · Dressing field 
method · Dressed spaces

1  Introduction

One of the central aims of philosophy of science, and philosophy of physics espe-
cially, is to determine how scientific theories relate to reality. A basic goal, in particu-
lar, is to identify the fundamental ontology suggested by our best physical theories. 
Sometimes, this task is relatively straightforward—or at least appears to be—as 
in the case of classical, or even special relativistic, mechanics. At other times, it is 
highly non-trivial and continues to puzzle even the most careful thinkers for decades. 
The prime example is quantum mechanics. For instance, whether the wave function 
is ontologically real, and what exactly it represents (if anything), remains one of the 
most debated questions in philosophy of physics. In between these extremes, we have 
the time-honored subject of the nature of spacetime in general-relativistic (GR) phys-
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ics, and in the past 25 years a growing interest in the status and meaning of gauge 
symmetries, which are at the heart of the Standard Model (SM) of particle physics.

Both these topics are actually deeply related. The SM, as a gauge field theory 
(GFT), is built on the principle of invariance under gauge transformations, i.e. the 
idea that the Lagrangian must be invariant under local “internal" transformations of 
its field variables. This is the Gauge Principle. GR is built on the principle of covari-
ance under diffeomorphisms, i.e. the idea that the Lagrangian must be covariant under 
local “space-time" transformations of its field variables. This is the General Covari-
ance Principle. Together, GFT and GR physics constitute the framework of general-
relativistic gauge field theory (gRGFT), based on principles of local symmetries.

Regarding the philosophical endeavor mentioned in the opening paragraph, these 
symmetries pose a significant challenge. They complicate the task of identifying 
which parts of the formalism refer directly to basic physical entities. Indeed, it is 
well-established in physics that physical magnitudes (and observables) ought to be 
invariants under local transformations—i.e. the latter are symmetries of the former. 
However, in GFT, the SM in particular, none of the fundamental field variables are 
gauge-invariant: if they refer to physical fields, physical degrees of freedom (d.o.f.) 
of distinct types, they do so in a non-trivially redundant way. This raises the question 
of what the meaning of this mathematical over-abundance is, and whether it is pos-
sible to describe the relevant physics without it (see, e.g., [1–3]).

Idem for GR, with the added complication that its local transformations, dif-
feomorphisms, also act on the mathematical object taken to refer to spacetime: the 
manifold on which the field variables “live". This is the starting point of the litera-
ture on the hole argument in GR, and the way it gives a new spin on the traditional 
philosophical dispute between substantivalist and relationalist views of space(time). 
What should be clear from GR is that the ontological status of the fields and that of 
spacetime are tightly interconnected: this is the fundamental insight of the point-
coincidence argument (see [4] and [5]).

What is less well appreciated is that the same holds true in GFT: the ontological 
status of the fields is better understood when put in relation with that of the space 
in which they “live" and on which gauge transformations act as well: fiber bundle 
spaces. Despite being as omnipresent (at least tacitly) in GFT as standard manifolds 
are in GR, the question of how much of a realist one can be toward fiber bundles has 
received little attention. Even scarcer is the literature that articulates or discusses gen-
eralizations of the hole and point-coincidence arguments and examines their implica-
tions for a realist view of bundles.1

This is the issue we aim to address in a systematic and unified way in this paper. 
We start by reviewing in section  2 the hole argument and its implications in GR 
physics. In section 3, we provide a dense presentation of the mathematical frame-
work underpinning gRGFT: the differential geometry of connections on principal 
bundles. This sets the stage for us to articulate precisely the generalized hole and 
point-coincidence arguments in section 4, and show how they weight in on the sub-
stantivalist vs relationalist views of principal bundles. As we shall see, the conceptual 
picture they invite does not exactly follow the dividing lines of the traditional debate 

1 Exceptions that treat this topic are [6–8], and [9].
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between relationalism and (sophisticated) substantivalism. This is due to how deeply 
conceptually entwined relata and relations are. Finally, in section 5 we show that the 
Dressing Field Method (DFM) allows an invariant reformulation of gRGFTs that 
makes their conceptual structure more transparent, and their philosophical analysis 
much easier: In particular, it allows to define dressed principal bundles and dressed 
fields which are, by construction, immune to hole-type arguments. In section 6, we 
conclude with a few remarks on the interpretive resources of the view presented here.

2  The Hole Argument in General-Relativistic Theory

The traditional opposition between the substantivalist and relationalist views on 
space(-time), famously a topic of the Leibniz-Clarke debate, hinges upon the question 
as to whether space(-time) has an existence autonomous from the physical objects it 
“contains": Substantivalists (with Newton and Clarke) affirm the proposition, rela-
tionalists (with Leibniz) deny it.2 It should be remarked that the debate is not neces-
sarily one opposing realist vs anti-realist views on space(-time), the substantivalist 
being the realist and the relationalist being the anti-realist. The relationalist can be as 
much a realist as the substantivalist, affirming the existence of space(-time) simply 
not at a primary ontological level, but rather at a secondary, emergent or effective 
one: it supervenes on ontologically primary physical objects.3

This debate must be reconsidered in light of the advent of General Relativity (GR), 
and general-relativistic physics more broadly, which not only imposes the notion of 
spacetime—with a dynamics coupled to that of matter-energy—but also forces us to 
confront the fact that this notion is no longer simple and primitive, but a layered one: 
In the best practice of physics, a general-relativistic spacetime is defined as a Lorent-
zian manifold (M, g), where M is a smooth differential manifold endowed with g, a 
Lorentzian metric. The bare manifold M may a priori be understood to represent the 
totality of “spatiotemporal events" in their topological and differential relations only.4 
To define their spatiotemporal relations, in particular the causal structure, g is needed. 
This leads to both an update and a “lifting of degeneracy" of the traditional debate, 

2 Of course, the word “contains" is already loaded and tacitly skews towards an a priori substantivalist 
view.

3 The space(-time) relations among ontologically primary physical objects being analogous to that of, say, 
the temperature of a gas or the fluidity of a liquid; an idea resonant with current physics’ speculations 
about an “emergent" spacetime.

4 The “bare" manifold is itself not a simple notion. We have first the set-theoretic level, the collection of 
points as an unstructured set. Then we have the topological one: endowing the set with a topology (set-
ting contiguity relations among points and subsets of points) resulting in a topological manifold. Finally, 
endowing the latter with a smooth structure (establishing the possibility of differential calculus) results 
in a differential manifold. The next level would be endowing it with a connection, to get a connected 
manifold (where geodesics, curvature and torsion may be defined), and/or endowing it with a metric, to 
get a metric manifold. Then one may ask compatibility between the connection and metric structures, or 
remark that a metric uniquely induces a connection, as is often the case in standard GR textbooks.
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which now comes in two related variants: the substantivalist vs relationalist views on 
spacetime, and the substantivalist vs relationalist views on the manifold of events.5

It should be no surprise that both variants are crucially informed by Einstein’s dual 
“hole argument" (“Lochbetrachtung") and “point-coincidence argument", as they were 
key to his timely understanding of the meaning of diffeomorphism covariance leading to 
the final completion of GR, and to his definite views on spacetime. It is unfortunate that 
subsequently most physicists misunderstood these as philosophical meanderings distract-
ing Einstein from the straight technical path, when they did not just ignore or outright 
forget them. Their deep significance was rediscovered and brought to a wider attention 
by Stachel in 1980 (published in [11]), and the arguments were given a modernized form 
in [10]. The literature on the subject is now considerable, and even involves physicists 
engaged in the open problem of the quantum nature of gravity/spacetime. Let us give a 
brief description of the issue, drawing from the account of [9].

General-relativistic physics describes the coupled dynamics of matter-energy and 
gravity, both fundamentally understood as fields. Their mathematical description starts 
with defining a smooth manifold M, representing the totality of spatio-temporal events. 
It is then endowed with a Lorentzian metric field g representing the gravitational field: 
the couple (M, g), a Lorentzian manifold, is taken to represent a relativistic spacetime. 
Other fields φ are then defined on M, representing matter and interaction fields. The latter 
may be thought of as the “content" of spacetime, or all fields ϕ = {g,φ} may be seen as 
the “content" of the manifold of events M. These fields satisfy (coupled) field equations 
E(ϕ) = E(g,φ) = 0 on M or on a finite region U ⊂ M . Usually they are derived from 
an action functional S(ϕ) =

´
U

L(ϕ), where L(ϕ) ∈ Ωm(M), with m = dim(M), is a 
Lagrangian differential top-form on M.

The mathematical object M has a natural group of automorphisms: the group of dif-
feomorphisms Diff (M). It acts by pullback on fields on M, so that ϕ �→ ϕψ := ψ∗ϕ 
for any ψ ∈ Diff (M).

Any field ϕ thus has a Diff (M)-orbit OOOϕ, and the space of all possible fields 
Φ = {ϕ} is partitioned into distinct orbits. The space of Diff (M)-orbits is the quo-
tient space MMM := Φ/ Diff (M), called a moduli space, and there is a natural projec-
tion π : Φ → MMM, ϕ �→ π(ϕ) =: [ϕ], s.t. [ϕ] = [ϕψ], i.e. there is a 1:1 correspondence 
OOOϕ ↔ [ϕ].

A defining feature of GR physics is the requirement of covariance of (the 
Lagrangian and thus of) the field equations under Diff (M): The  field equa-
tions then satisfy E(ϕ)ψ := E(ψ∗ϕ) = ψ∗E(ϕ) = 0. The space of solutions 
SSS := {ϕ ∈ Φ s.t. E(ϕ) = 0 } is therefore also partitioned into distinct Diff (M)
-orbits OOOϕ, s.t. π : SSS → MMMSSS , ϕ �→ [ϕ], with MMMSSS  the moduli space of solutions. 
The immediate dual consequence is that the theory cannot distinguish solutions in the 
same Diff (M)-orbit OOOϕ, and is blind to the points and regions of M.

5 Famously, [10] endorsed the view that M represents spacetime. Yet, when physicists are careful and 
self-aware, they use the word “spacetime", correctly, to refer to (M, g). Only when they are loose with 
language—as is often the case in the specialized literature—do they tend to (mis)use the term to refer to 
M. We might be well advised to follow physics best practice, and use a terminology that reflects it. We 
shall then care to distinguish the “manifold of events" and “spacetime" variants of the substantival vs 
relationalist debate.
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An a priori realism toward the formalism, i.e. a pre-critical ontological com-
mitment to mathematical objects—which is what e.g. manifold M substantival-
ism is predicated upon—would thus imply that the theory underdeterminates its 
ontology. It amounts to accepting a metaphysical multiplicity of fields ϕ ∈ OOOϕ 
that are physically indistinguishable—something that is disreputable in the natural 
sciences, and in physics especially, which tends to abide by a form of Ockham’s 
principle of parsimony.

The hole argument is meant to further highlight how this position appears to lead 
also to an ill-defined Cauchy problem, and can be thus formulated: Let us define the 
(normal) subgroup Diff c(M) ⊂ Diff (M) of diffeomorphisms with compact sup-
port, i.e. ψ ∈ Diff c(M) is s.t. ψ ̸= idM  on a domain D ⊂ U ⊂ M , and ψ = idM  
on M/D—such ψ are sometimes called “hole diffeomorphisms" or “hole transfor-
mations". One considers ϕ,ϕψ ∈ OOOϕ ⊂ Φ s.t. ψ ∈ Diff c(M), so that ϕ = ϕψ  on 
M/D, but ϕ ̸= ϕψ  on D. Then, given boundary conditions for the fields ϕ at ∂U , the 
field equations do not uniquely determine a solution in U since ϕ,ϕψ ∈ OOOϕ ⊂ SSS . 
This in particular implies a failure of determinism if instead one starts from Cauchy 
data and D is in the future of the Cauchy surface Σ ⊂ U ⊂ M . Many physicists 
and philosophers regard this form of indeterminism as unacceptable—specifically 
because it is not mandated by the formalism itself but arises from a substantivalist 
interpretation of it.

A way out of these predicaments, that will be essential to this paper, is Einstein’s 
point-coincidence argument—Norton [12] credits Stachel for the name—which con-
sists in the observation that the physical content of the theory (in particular its pos-
sible verifications) is exhausted by the pointwise coincidental values of fields—by 
which we mean e.g. the relation “[value g(x) of g at x] ↔ [value φ(x) of φ at x]"—
which are Diff (M)-invariant and represent physical events/magnitudes. This has 
two natural dual implications.

The first is immediate: points and regions of M are completely unphysical. Phys-
ical events and regions are encoded as the Diff (M)-invariant network of pointwise 
relations among the fields ϕ. As [13] says, “the full force of the hole argument is 
directed against manifold [M] substantivalism": The manifold M is there only to 
bootstrap one’s ability to erect a description of the relevant physics of fields, like a 
scaffold for a building. And like a scaffold, it is removed from the physical picture 
by the requirement of Diff (M)-covariance of the field equations. The physical 
manifold of events has no autonomous existence apart from the physical fields on 
which it supervenes.

The second, which Earman and Norton called “Leibniz equivalence", is that 
a whole Diff (M)-orbit OOOϕ ⊂ SSS  represents one and the same physical solution, 
so that physical field degrees of freedom (d.o.f.) are not best represented by any 
single ϕ ∈ OOOϕ ⊂ SSS , but by a point (a Diff (M)-equivalence class) [ϕ] ∈ MMMSSS  in 
the moduli space of solutions. This is indeed the standard view in physics. But the 
argument seems to further underlie that what is Diff (M)-invariant and physical 
are the relations among the d.o.f. of the fields ϕ, so that the physical fields d.o.f. 
mutually co-define each other: The d.o.f of the physical metric, i.e. of the gravi-
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tational field (redundantly described by g), are only well-defined in relation to the 
d.o.f. of matter and/or interaction fields (redundantly described by φ).6

The articulation of the hole and point-coincidence arguments makes a compel-
ling case for a relationalist view of the physical manifold of events, on which the 
physical field d.o.f. “live". In particular, the physical metric /gravitational field is as 
autonomous an entity as it is possible in the general-relativistic framework, physical 
field d.o.f. and the co-defining relations in which they participate being coextensive. 
Seeing that the gravitational field is the vessel of most of the essential properties usu-
ally attributed to spacetime, one may indeed consider that it embodies a substantive 
notion of spacetime, insofar as the “substantival" notion gets suitably “relational-
ized". This is not far from a family of views called “sophisticated substantivalism", 
see [8, 14].

Let us add two comments before concluding this section. First, let us remind that 
Norton argued in [13] that defining spacetime as “M + further structure" (“mpfs") 
is a form of sophisticated substantivalism that may still be vulnerable to a hole-
type argument if the “further structure" has symmetries, i.e. a non-trivial Kill-
ing group. As we noted, the consensus in physics is to define spacetime as (M, g). 
Furthermore, all exact solutions g of Einstein’s equations have a Killing group 
K(g) := { ψ ∈ Diff (M) | ψ∗g = g}, so substantivalism towards these symmetric 
spacetimes is undermined according to [13]. Yet, realistic physical solutions certainly 
have only approximate symmetries, so substantivalism towards these spacetimes 
would be possible. Relatedly, the discussion of the physical significance of Killing 
symmetries by [9] dissents from Norton’s view by denying that the (sophisticated) 
substantivalist has to see Killing related models as physically distinct in the fully 
dynamically coupled regime.7

Next, let us remark that in recent years there have been attempts to defuse the hole 
argument via what has been called “formalist responses" [15]. It was ushered by [16] 
defending the claim that modern mathematical practice (category theory) would short 
circuit the hole argument, while a complementary strategy was the attempt by [17] 
to show that a mathematical theorem prevents the hole argument to even be stated. 
There have been a number of rebuttals, some of which we essentially align with, 
notably [18] and [19].

We shall give our own account of the issue and a detailed answer in a separate 
contribution [20]. Here we restrict ourselves to a brief outline of our view of [16] and 
[17]. Both works aim to leverage the fact that the category Lor of Lorentzian manifolds 
(M, g) is the correct framework for GR,8 so that the ‘correct’ notion of transforma-
tion is that of isometry: ψ : (M, g) → (N, h) is an isometry if ψ ∈ Diff (N, M) s.t. 
h = ψ∗g. The special case N = M  and ψ ∈ Diff (M) is immediate. The authors of 

6 Considering a region of the Universe free of matter and interaction fields (without φ), one may submit 
that the d.o.f. of the physical metric/gravitational field are to be instantiated as invariant relations among 
those of the mathematical field g.

7 Killing symmetries of g being symmetries of (the energy-momentum tensor of) φ by Einstein equation 
E(g,φ) = G(g) − κT (g,φ) = 0.

8 This may be granted for present purposes. However, note that here, as in most physics literature, one 
would rather argue that the appropriate category is (at least) the category GR[ϕ], whose objects are 
(M,ϕ), where ϕ denotes a collection of fields (e.g. ϕ = {g, φ} as above).
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[17] aim to block the hole argument by arguing that a mathematical result by Geroch 
[21] proves that there can be no ‘hole isometry’ in Lor, so that “there is no math-
ematical fact that could underwrite the hole argument". We think this is incorrect, as 
Geroch’s result just proves that there can be no hole automorphism. The automorphism 
group is Aut (M, g) := {ψ ∈ Diff (M) | ψ∗g = g}, also denoted Iso(M,  g). Auto-
morphisms are special isometries (from an object in Lor to itself). Indeed, [21] does 
imply that Aut (M, g) ∩ Diff c(M) = {idM }, i.e. that there can be no compactly sup-
ported automorphism. However, the hole argument concerns Diff c(M) rather than 
Aut (M, g). Turning to [16], the key aspect of the argument, in our understanding, is 
the claim that there is no room for the hole argument, since, from the perspective of the 
formalism, all objects in Lor related by isometries—including hole isometries given 
by Diff c(M)— are mathematically identical. On this view, there is no standpoint from 
which (M, g) and (M, ψ∗g) can be regarded as physically distinct, since they have the 
same representational role. We do not object to anything technical here (but may do 
so in [20]), but simply observe that the latter statement, though reasonable, does not 
follow from the mathematics alone. Rather, it is a statement about the interpretation of 
the mathematics. And when it comes to it, [16] defends it in the spirit of the point-coin-
cidence argument, asking which empirical differences an ‘observer’ at a point would 
be able to notice (see section 3, especially footnote 20, where the relational undertones 
of the argument transpire). So, it is tempting to understand [16]’s argument as in some 
sense isomorphic to the articulation of the hole and point-coincidence arguments (pre-
viously summarized) but ‘done backwards’.9 In any case, we do not think that Weath-
erall’s conclusions are inconsistent with ours. However, it is instructive to emphasize 
the difference in our respective approaches. Weatherall’s formalist response maintains 
that the hole argument does not get off the ground because sound mathematical practice 
precludes its proper formulation. By contrast, we do not seek to block the hole argu-
ment by appealing to mathematical practice but embrace it and, as discussed below, 
by employing the Dressing Field Method we reformulate gauge theories in terms of 
dressed fields and spaces that are immune to it.

Indeed, if one sides, as we do, with the mainstream view that the hole argument 
stands in general, its resolution by the point-coincidence argument yields the physical 
insights summarized earlier. These insights seem to be those Einstein took to be the 
final word of the general-relativistic framework. In the note to the 15th edition of his 
book “Relativity: The Special and the General Theory" [22], he states that he added 
a new appendix, entitled “Relativity and the Problem of Space", to present his “views 
on the problem of space in general and on the gradual modifications of our ideas on 
space resulting from the influence of the relativistic view-point", which he summa-
rizes in the following few words: “I wished to show that space-time is not necessarily 
something to which one can ascribe a separate existence, independently of the actual 
objects of physical reality. Physical objects are not in space, but these objects are 
spatially extended. In this way the concept ‘empty space’ loses its meaning." The last 
paragraphs of this appendix are worth quoting extensively:

9 We indeed find statements that are interpretable to that effect, notably: “This argument is just a recapitu-
lation of the hole argument in different terms [...] this new, different sense in which (M, g) and  (M, ψ∗g)  
turn out to be equivalent is precisely the sense we began with, namely, that they are isometric."
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“We are now in a position to see how far the transition to the general theory of 
relativity modifies the concept of space. In accordance with classical mechan-
ics and according to the special theory of relativity, space (space-time) has an 
existence independent of matter or field. In order to be able to describe at all 
that which fills up space and is dependent on the co-ordinates, space-time or 
the inertial system with its metrical properties must be thought of at once as 
existing, for otherwise the description of ‘that which fills up space’ would have 
no meaning.10 On the basis of the general theory of relativity, on the other 
hand, space as opposed to ‘what fills space’, which is dependent on the co-
ordinates, has no separate existence. Thus a pure gravitational field might have 
been described in terms of the gik (as functions of the co-ordinates), by solu-
tion of the gravitational equations. If we imagine the gravitational field, i.e. 
the functions gik, to be removed, there does not remain a space of the type (1) 
[i.e. of SR], but absolutely nothing, and also no ‘topological space’. For the 
functions gik describe not only the field, but at the same time also the topologi-
cal and metrical structural properties of the manifold. A space of the type (1), 
judged from the stand-point of the general theory of relativity, is not a space 
without field, but a special case of the gik field, for which—for the co-ordinate 
system used, which in itself has no objective significance—the functions gik 
have values that do not depend on the co-ordinates. There is no such thing as an 
empty space, i.e. a space without field. Space-time does not claim existence on 
its own, but only as a structural quality of the field.

Thus Descartes was not so far from the truth when he believed he must exclude 
the existence of an empty space. The notion indeed appears absurd, as long as 
physical reality is seen exclusively in ponderable bodies. It requires the idea 
of the field as the representative of reality, in combination with the general 
principle of relativity, to show the true kernel of Descartes’ idea; there exists no 
space ‘empty of field’."

This is a masterful synthesis of the general-relativistic update of the substantivalist 
vs relationalist debate. Yet, it must be reconsidered once more, this time in light of 
a framework that is a direct heir of GR (see [23–25]): Gauge Field Theory (GFT).

This framework, of which Maxwell electromagnetism, the electroweak model and 
chromodynamics are models, offers prima facie a new view of spacetime. Taken 
together, general-relativistic field theory and GFT form the broad framework of 
general-Relativistic Gauge Field Theory (gRGFT). Its mathematical foundation is 
the differential geometry of connections on fiber bundles, of which we give a dense 
review in the next section. It provides the necessary background to appreciate the 
notion of “enriched spacetime" that naturally arises from gRGFT, and how general-
ized hole and point-coincidence arguments inform a realist view towards such an 
enriched spacetime.

10 “If we consider that which fills space (e.g. the field) to be removed, there still remains the metric space 
in accordance with (1) [the Minkowski metric], which would also determine the inertial behaviour of a 
test body introduced into it."
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3  Fiber Bundles and Basics of Gauge Theory

The geometry of fiber bundles, and their connections, provides the kinematics of 
gRGFTs. Yet, despite bundles being so fundamental to gauge theories, only a few 
mathematical physicists endorsed some form of fiber bundle realism—see next sec-
tion. Here, we shall give a fairly technical review of the basics of the bundle geom-
etry underpinning gRGFT, but with a more synthetic and careful logical progression 
than is typical. This will provide the clear conceptual picture upon which we will 
heavily rely in our subsequent sections on the generalized hole and point-coincidence 
arguments, and on the Dressing Field Method (DFM). Readers who feel confident in 
their mastery of the subject can skip this section, referring back to it only to check 
mathematical notations.

However, it is worth noting that while several authors such as [26, 27] or [28] have 
recently emphasized associated vector bundles when defending a form of bundle 
realism,11 we consider principal bundles as the key spaces naturally “hosting" all the 
physically relevant structures, their automorphism groups supplying both the diffeo-
morphisms and gauge groups of gRGFTs.12

Notably, this allows us to treat Yang-Mills (YM) theory and gravitational gauge 
theories in a unified manner, underpinned respectively by Ehresmann and Cartan 
connections.13

Our presentation in this section is technically demanding but thorough and we 
hope it may serve the wider pedagogical purpose of introducing a broader audience to 
the mathematical foundations of classical gRGFT, enhancing its appreciation of the 
geometric origin of concepts most have likely encountered mainly in a field-theoretic 
context, which may hopefully benefit philosophical discussions. The reader whose 
interest is piqued and who wishes to go further will profitably consult the book by 
[29], as well as the shorter text of [24] (sections 1-4).

A principal bundle is a smooth manifold P supporting the smooth right action of 
a Lie group H called its structure group, P × H → P , (p, h) �→ ph. The right action 
is also denoted Rh : P → P , p �→ Rhp := ph. The orbits of the action by H are the 
fibers of P: by definition this action is free and transitive, so fibers are identical and 
isomorphic to H as manifolds but unlike H have no group structure. The moduli space 
of all fibers is itself a manifold M, called the base of P: we have P/H := M , and 
there is a canonical projection π : P → M , π(ph) = π(p) = x, i.e. s.t. π ◦ Rh = π. 
One often says that the point x ∈ M  has a fiber P|x attached to it, or one calls P|x the 

11 Mainly on account that sections of vector or affine bundles seem (to these authors at least) more imme-
diate to interpret as physical fields. [27] e.g. thus proposing what the author calls “associated bundle 
Platonism".
12 Anticipating the next section, they are thus the spaces on which the generalized hole and point-coinci-
dence arguments operate.
13 It is well-known that the principal and associated bundles formulations are mutually translatable. For 
example, sections of associated bundles are equivariant functions (or tensorial 0-forms) on a principal 
bundle, both mathematical notions adequately representing matter fields. The conceptual significance of 
this fact for bundle realism is commented upon in [9]. We may yet observe that a principal bundle stands in 
relation with its associated bundles as a group stands in relation with its various representations: Arguably 
the former have some logical priority over, and “control", the latter.
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fiber over x. Sometimes a bundle P with structure group H is denoted P π−→ M . To 
give two examples, in electroweak theory the structure group is H = U(1) × SU(2)
, and the fibers are compact spaces isomorphic to S1 × S3. In the tetrad formulation 
of GR with spinors, the structure group is H = SL(2,C)—the double cover of ortho-
chronous Lorentz group SO+(1, 3)—and the fibers are non-compact and isomorphic 
to S3 × R3.

The local structure of a bundle P is trivial in that, given a finite region U ⊂ M
, P|U ≃ U × H . A bundle is said trivial if P = M × H . Bundles are meant to gen-
eralize the trivial case. Local sections of P over U are smooth maps σ : U → P|U , 
x �→ σ(x), s.t. π ◦ σ = idU . They provide bundle charts/coordinates.

The tangent bundle TP of P has a canonical vertical subbundle V P ⊂ TP  whose 
sections, the “vertical" vector fields, are tangent to the fibers of P; they may be defined 
as belonging to ker π∗, where π∗ : TP → TM  sends vectors on P to vectors on M. 
The infinitesimal action of H induces fundamental vertical vector fields: For X ∈ h 
an element of the Lie algebra of H, let c(τ) := ph(τ) = p exp {τX} be a curve in the 
fiber through p = c(0), then Xv

|p := d
dτ c(τ)

∣∣
τ=0 is tangent to the fiber at p.

Cartan calculus applies on P, so one may define the de Rham complex of dif-
ferential forms 

(
Ω•(P ), d

)
 with d the de Rham, or exterior, derivative. Forms that 

vanish when evaluated on vertical vector fields are said horizontal. The pullback 
of a form α by the right action of H defines its “equivariance": R∗

h : TphP → TpP
, α|ph �→ R∗

hα|ph for h ∈ H . It describes how α changes when moved along the 
fibers via H. Given a representation of H, ρ : H → GL(V ), h �→ ρ(h), with V a 
vector space, one defines the space of representation-valued equivariant forms 
as those whose equivariance is simple and controlled by the representation, 
Ω•

eq(P, V ) :=
{

α ∈ Ω•(P, V ) | R∗
hα|ph = ρ(h−1)α|p)

}
. Forms that are both hor-

izontal and equivariant are said tensorial, for reasons soon disclosed. Forms with 
trivial equivariance, i.e. s.t. R∗α|ph = α|p, are said invariant. Forms that are both 
horizontal and invariant are said basic: they are important as they induce forms 
on M, hence their name, and may be defined as belonging to Im π∗, the image 
of π∗ : Ω•(M) → Ω•(P ), β �→ α := π∗β. Some of the key structures described 
above can be displayed schematically as in Fig. 1.

The maximal group of transformations of the bundle P is its group of automorphisms,

	 Aut (P ) :=
{

Ξ ∈ Diff (P ) | Ξ(ph) = Ξ(p)h
}

,� (1)

i.e. its elements are those diffeomorphisms of P that respect its fibration structure 
by sending fibers to fibers, and thus induces well-defined diffeomorphisms of the 
base M: we have the natural surjection Aut (P ) → Diff (M). The subgroup of 
vertical automorphisms is Aut v(P ) :=

{
Ξ ∈ Aut (P ) | π ◦ Ξ = π

}
, i.e. its ele-

ments are those automorphisms of P that induce the identity transformation idM  
on M. It is a normal subgroup of Aut (P ), which is noted Aut v(P ) ◁ Aut (P )
, and implies that their quotient Aut (P )/Aut v(P ) is itself a group, which is 
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isomorphic to Diff (M).14 All this is synthesized in the short exact sequence of 
groups associated to a bundle P :

	 idP → Aut v(P ) ≃H ◁−→ Aut (P ) −→ Diff (M) → idM .� (2)

It also features the fact that the subgroup Aut v(P ) is isomorphic to the gauge group 
of P, which is defined as HHH :=

{
γ : P → H | R∗

hγ = h−1γh
}

, i.e. its elements are 
s.t. γ(ph) = h−1γ(p)h, the isomorphism being Ξ(p) = pγ(p).15 In electroweak the-
ory we have HHH = UUU(1) × SSSUUU(2), in GR with spinors we have HHH = SSSLLL(2,C).

The action by pullback of Aut v(P ) on a form α defines its gauge transforma-
tion, Ξ∗ : Ω•(P )|Ξ(p) → Ω•(P )|p, α �→ Ξ∗α =: αγ. The defined notation αγ is jus-
tified by the above isomorphism, by which the gauge transform is expressible in 
terms of γ ∈ HHH generating Ξ ∈ Aut v(P ). It describes how α changes when moved 
along the fibers via Aut v(P ) ≃ HHH. For tensorial forms, gauge transformations are 

14 Notice that our view is “top-down": we regard the bundle P, together with its automorphism group 
Aut (P ), as the primary structure, while the base manifold M is a secondary, derived structure, whose 
automorphism group Diff (M) is induced by Aut (P ). This is close in spirit to the ‘gauge natural bun-
dles’ mathematical school, as reflected e.g. in [30] or [31]. And it fits the spirit of the ‘bundle realist’ stance 
we defend here in the sense that, on a realist/substantivalist view, one expects a single bundle space with 
its given topology to be physically realized, and to be represented mathematically by a given P and its 
Aut (P )-class. It is a distinct, “bottom-up", attitude to consider M primary, with its automorphism group 
Diff (M)∗, and then to ask the classification question: “How many topologically distinct H-bundles could 
exist above M?", and the follow-up “Which subgroup of Diff (M)∗ lifts to Aut (P ) for a P in a given 
topology class?". The answer to the latter being Diff (M) = {ψ ∈ Diff (M)∗ | ψ∗P ≃ P }—where 
ψ∗P  means the pullback bundle. We thank a referee for suggesting clarifications on this point. The clas-
sification question may become especially relevant to a bundle realist view when considering (in direct 
analogy with quantum gravity) the issue of quantum fluctuations or tunneling between physical bundles 
with distinct topologies, or the issue of how these contribute to a path integral. We set these questions aside 
here, but will return to them in future work.
15 Beware not to confuse the notion HHH for the gauge group of P with the familiar notation for Hilbert 
spaces, H .

π
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Fig. 1  Schematic visualization of the principal bundle P, with structure group H, a vertical vector Xv , 
a (principal) connection ω, and tensorial 0-form (matter field) ϕ
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entirely controlled by their equivariance, thus by the representation, αγ = ρ(γ)−1α
: they are then homogeneous,“gauge-tensorial", hence their name. Remark that, 
since η ∈ HHH is also η ∈ Ω0

tens(P, H), the gauge transformation of a gauge group 
element is: ηγ = γ−1ηγ for η,γ ∈ HHH. For basic forms, gauge transformations are 
trivial αγ = α, as expected for a form inducing a well-defined object on M where the 
action of Aut v(P ) is trivial. Both tensorial and basic forms are essential for gauge 
field theory: the latter capture gauge-invariant (“physical") d.o.f., while e.g. tensorial 
0-form ϕ describe matter fields.

Up to now, all structures described on P are canonical—even the representation 
(ρ, V ) ingredients, which arguably come along with the structure group. The first 
and most important non-canonical object to be described is a connection 1-form, 
ω ∈ Ω1

eq(Ω, h): by definition its equivariance is controlled by the adjoint represen-
tation Ad : H → GL(h), so that R∗

hω = Ad(h−1) ω := h−1ω h, and it is required 
to satisfy ω(Xv) = X ∈ h on fundamental vertical vector fields. These two proper-
ties imply: First, that the space of connections is an affine space modeled on the 
vector space Ω1

tens(P, h), meaning that while addition of connections is impossible, 
still ω′ − ω = α ∈ Ω1

tens(P, h). Secondly, that the gauge transformation of a con-
nection is ωγ = γ−1ωγ + γ−1dγ, i.e. it is “gauge pseudo-tensorial". The above is 
known as an Ehresmann (or principal) connection. It is the one underlying “Yang-
Mills type" GFT.

Gauge theories of gravity are based on Cartan connections,16 which are 1-forms 
ϖ ∈ Ω1

eq(P, g), where g ⊃ h and g/h = V  supports a left-action of H, satisfy-
ing the same defining properties as ω, plus a third distinctive one: for all p ∈ P , 
ϖ : TpP → g is a linear isomorphism. This is the key feature of Cartan geometry, 
making it the foundation of gauge gravity, as it means that the geometry of P encodes 
that of M. In many cases, it implies that a Cartan connection splits as ϖ = ω ⊕ θ
, where ω is an Ehresmann connection and θ ∈ Ω1

tens(P, V ) is a soldering form. 
The properties of Cartan connections imply, first that they form an affine space mod-
eled on the vector space Ω1

tens(P, g), and secondly that their gauge transformation is 
ϖγ = γ−1ϖγ + γ−1dγ, which splits into ωγ = γ−1ωγ + γ−1dγ  and θγ = γ−1θ.

The reason to introduce an Ehresmann connection is to obtain a first-order dif-
ferential operator on Ω•

tens(P, V ): this space is not preserved by d, so one defines the 

16 By “gauge" theories of gravity we mean those with an ‘internal’ gauge group in addition to Diff (M). 
These include all kinds of “tetrad formulations" of GR, i.e. with HHH = SSSOOO(1, 3) (and g = so(1, 3) ⊕ R4

), which are necessary to describe the coupling of gravity to spinorial matter fields (fermions)—for which 
ρ : H = SO(1, 3) → SL(2,C)—and featuring non-vanishing torsion. It also encompasses more specu-
lative gauge theories of gravity for which HHH ⊃ SSSMMMOOO(1, 3)—or HHH ⊃ SSSLLL(2,C). A notable example 
is the historical “first" gauge theory, Weyl’s unified theory of 1918-1919, which relies on the restricted 
conformal group CO(1, 3) = SO(1, 3) × W , with W = R/{0} the Weyl group of rescaling; it is based 
on Cartan-Weyl geometry. Another is conformal gravity, based on the conformal Lie algebra g = so(2, 4), 
for which H = CO(1, 3) ⋉ R4∗, with R4∗ the group of special conformal transformations; it is grounded 
in conformal Cartan geometry, which is also the root of twistorial gravity and twistor theory—see [32]. 
Conformal Cartan geometry, together with projective Cartan geometry (the latter underlying projective 
gravity theories, and directly relevant to 2D conformal field theory), are prototypical examples of para-
bolic Cartan geometries—see [31]. Supergravity theories are similarly based (or ought to be) on Cartan 
supergeometry; see the review by [33].
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covariant derivative D_ := d_ + ρ∗(ω)_ : Ω•
tens(P, V ) → Ω•+1

tens(P, V ), α �→ Dα
, where ρ∗ : h → gl(V ). Which means in particular that α and Dα have the same 
gauge transformations, their “gauge-tensoriality" is preserved: αγ = ρ(γ)−1α and 
(Dα)γ = ρ(γ)−1Dα. As applied to α = ϕ ∈ Ω0

tens(P, V ), this is the geometric 
underpinning of the Gauge Principle, or gauge argument. It further implies, let us 
stress, that a connection introduces a standard against which “internal constancy" is 
determined; this is what it means for some α to be covariantly constant, Dα = 0. 
This property, which, notice, is a gauge-invariant one, determines the “parallel trans-
port" of α across the internal geometry of P, i.e. from fiber to fiber: it determines 
“free" motion in P.17

The curvature 2-form of a connection is Ω = dω + 1
2 [ω, ω] ∈ Ω2

tens(P, h). Its 
gauge transformation is thus Ωγ = γ−1Ωγ, it is a “gauge tensor". Its covariant deriv-
ative is trivial, which just expresses the Bianchi identity: DΩ = dΩ + [ω, Ω] = 0, 
where [ω, _] = ad(ω)_ = Ad∗(ω)_ . One also easily proves that D ◦ D = ρ∗(Ω) on 
Ω•

tens(P, V ). The curvature of a Cartan connection is ̄Ω = dϖ + 1
2 [ϖ, ϖ] ∈ Ω2

tens(P, g)
, splitting as Ω̄ = Ω ⊕ Θ, where Θ = Dθ is the torsion 2-form of ϖ. Its gauge trans-
formation is Ω̄γ = γ−1Ω̄γ, which splits into Ωγ = γ−1Ωγ and Θγ = γ−1Θ. It 
satisfies the Bianchi identity: D̄Ω̄ := dΩ̄ + [ϖ, Ω̄] = 0. One may check e.g. that 
the Cartan geometry based on (g, h) the Poincaré and Lorentz Lie algebras, is just 
Lorentzian geometry, H being then the Lorentz gauge group.

General-relativistic Gauge Field Theory (gRGFT) is written on the base mani-
fold M of a bundle P rather than on P itself, or even on a finite region U ⊂ M  over 
which the bundle is trivializable, P|U ≃ U × H . The fields of gRGFT are the local 
representatives on U of global objects “living" on P, the former being the pullback of 
the latter via any local section: given σ : U → P|U , we have σ∗: Ω•(P|U ) → Ω•(U)
, β �→ σ∗β =: b. Said otherwise, the local representatives b are the “bundle coordi-
nate" versions of the intrinsic global objects β.

Then, the local representatives of an Ehresmann connection ω and its curvature 
Ω are A := σ∗ω ∈ Ω1(U, h) and F := σ∗Ω = dA + 1

2 [A, A] ∈ Ω2(U, h), which 
represent respectively a gauge potential and its field strength. In electromagnetism, 
for H = U(1), this gives F = dA, which in coordinates is F = 1

2 Fµν dx µ ∧ dxν

, with Fµν  the Maxwell-Faraday tensor. The non-Abelian generalization yields 
in components the Yang-Mills field strength F a

µν , the Lie algebra index a being 
the internal “color" index. The local representatives of a tensorial form and 
its covariant derivative, α, Dα ∈ Ω•

tens(P, V ), are a := σ∗α ∈ Ω•(U, V ) and 
Da := s∗(Dα) = da + ρ∗(A)a. From which we have that F satisfies the (local) 
Bianchi identity DF = dF + [A, F ] = 0. In particular, the local representative of 
ϕ ∈ Ω0

tens(P, V ) is a matter field φ := σ∗ϕ, and Dφ = dφ + ρ∗(A)φ is just its mini-
mal coupling to the gauge potential—usually arrived at via the heuristic of the “gauge 
argument" in GFT.

17 This, with Cartan geometry, encompasses in particular parallel transport on pseudo-Riemannian mani-
folds, i.e. geodesic motion in GR.
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The local representative of a Cartan connection Ā := σ∗ϖ ∈ Ω1(U, g) rep-
resents the (generalised) gravitational gauge potential. It splits as Ā = A + e
, where e := σ∗θ ∈ Ω1(U, V ) is the vielbein 1-form, which is in coordinates 
e = ea = ea

µ dx µ, with ea
µ the co-tetrad field, and where a is an “internal" 

V-index (e.g., a Minkowski index). Given a (non-degenerate symmetric) bilinear 
form ⟨ , ⟩ : V × V → R, (v, w) �→ 〈v, w〉, the vielbein e induces a metric on M by 
g := ⟨ , ⟩ ◦ e : TM × TM → R, (X , Y ) �→ g(X , Y ) := 〈e(X ), e(Y )〉, in coor-
dinates: gµν = ηabea

µeb
ν . The  gravitational field strength is F̄ := σ∗Ω̄ = F + T

, with T := σ∗Θ = De ∈ Ω2(U, V ) the torsion, and s.t. D̄F̄ = 0. For g the Poin-
caré algebra, A is the Lorentz/spin connection and e the tetrad field, both featur-
ing in Einstein-Cartan gravity; then, F = R is the Riemann 2-form, in components 
R = 1

2 Ra
b, µν dx µ ∧ dxν , with Ra

b, µν  the Riemann tensor, and similarly T in com-
ponents is T a

µν , the torsion tensor.
General-relativistic physics requires covariance under Diff (M), while Gauge 

Field Theory requires invariance under the gauge group HHH, or rather the local gauge 
group on M i.e.

	 HHHloc :=
{

γ = σ∗γ,γ ∈ HHH | ηγ = γ−1ηγ
}

.� (3)

The defining property ηγ = γ−1ηγ reflects that of the elements of the gauge group 
HHH—as discussed after (2); it means that a local gauge group element γ acts on 
another η in the prescribed way. The full group of local symmetries of gRGFT is thus 
Diff (M) ⋉HHHloc which is just the local description of Aut (P ). The semi-direct 
product being

	 (ψ′, γ′)·(ψ, γ) =
(
ψ′ ◦ ψ, γ′ [γ ◦ ψ′−1]

)
,� (4)

where ◦ is the composition of maps and the product in Diff (M). The group Diff (M) 
acts on any fields or forms by pullback: Taking from now on as our elementary 
variables the Yang-Mills  and/or gravitational gauge potentials and matter fields, 
ϕ = {A, φ, e/g, }, for ψ ∈ Diff (M) we have ϕψ := ψ∗ϕ, i.e.

	 Aψ := ψ∗A, φψ := ψ∗φ, and eψ := ψ∗e → gψ := ψ∗g.� (5)

We write similarly for minimal couplings Dφ and for the Yang-Mills and/or gravi-
tational field strengths F, F̄ . The action of the gauge group HHHloc on b is obtained by 
pullback of the result of the action of HHH on β: bγ := σ∗(βγ). So, for γ ∈ HHHloc we 
have that ϕγ  is:

	 Aγ = γ−1Aγ + γ−1dγ, φγ := ρ(γ)−1φ, and eγ := γ−1e → gγ := g.� (6)

Similarly, or consequently, we have (Dφ)γ = ρ(γ)−1Dφ and F γ = γ−1Fγ, as well 
as F̄ γ = γ−1F̄ γ with T γ = γ−1T . Consider that in (6), one should typically under-
stand that HHHloc = HHHYM

loc × HHHgrav
loc : The Yang-Mills gauge group HHH YM

loc  acting only 
on the Yang-Mills gauge potential A = A′ and matter fields φ, but trivially on the 
gravitational potential Ā = A + e (thus on g), while the gravitational gauge group 
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HHHgrav
loc  acts trivially on a Yang-Mills potential A = A′, but non-trivially on matter 

fields φ, which are spinorial representations of HHHgrav
loc , and on gravitational potential 

Ā = A + e (yet still trivially on g if ⟨ , ⟩ is HHHloc-invariant).18 The combined action 
by (ψ, γ) ∈ Diff ⋉HHHloc is ϕ(ψ,γ) := ψ∗(ϕγ).19  

A general-relativistic gauge field theory is defined by a Lagrangian functional on 
the field space Φ = {A, φ, e/g},

	

L : Φ& → Ωm(U,R),
ϕ �→ L(ϕ) = L(A, φ, e/g), � (7)

with m = dimM, i.e. the Lagrangian is a top form on M. As said above, the Lagrang-
ian is required to be covariant under Diff (M) and quasi-invariant—i.e. invariant up 
to a boundary term—under HHHloc:

	 L(ϕ)ψ := L(ϕψ) = ψ∗L(ϕ) and L(ϕ)γ := L(ϕγ) = L(ϕ) + db(γ;ϕ).� (8)

For example, the YM Lagrangian LYM(A) = κ Tr (F ∧ ∗F ), with κ a constant (and 
where ∗ is the Hodge operator), is strictly invariant under HHHYM

loc = SSSUUU(n)loc. The 
Einstein-Hilbert-Cartan Lagrangian LYM(Ā) = κ Rab ∧ ec ∧ ed ϵabcd (with ϵabcd 
the Levi-Civita tensor) is strictly invariant under HHHgrav

loc = SO(1, 3)loc. This ensures 
that the field equations E(ϕ) = E(A, φ, g) = 0 are covariant under Diff (M) ⋉HHHloc
, that is:

	 E(ϕ)ψ = E(ϕψ) = ψ∗E(ϕ) = 0 and E(ϕ)γ = E(ϕγ) = ρ(γ)−1E(ϕ) = 0,� (9)

where ρ = {ρ, Ad, . . .} denotes the various representations of H (thus HHH), including 
the trivial one, to which the various fields under consideration belong to.

In gRGFT, the base manifold M is typically regarded as representing the manifold 
of (spatio-temporal) events, and (M,  g) representing spacetime. On that view, the 
bundle structure P “over" M may be understood as meaning that to each spatio-tem-
poral events x ∈ M  there are “attached" identical fibers P|x that represent an internal, 
i.e. non-spatio-temporal, space. The bundle P thus represents an enriched manifold 
of events whose “points" are not structureless, as in general-relativistic physics, but 
endowed with an internal structure. The various gauge fields of gRGFT then have 
access to (“probe") this enriched space, and have thus both spatiotemporal and inter-
nal d.o.f.

Yet, as reminded in section 2, the hole argument challenges “naive" substanti-
valism regarding both the manifold of events M and spacetime (M, g), and when 

18 In established physics HHHgrav
loc  is the Lorentz gauge group SO(1, 3)loc, so g is indeed invariant as 

⟨ , ⟩ is the Minkowski form on V = R4. In speculative theories the action of HHHgrav
loc  on g may be non-

trivial: e.g. in conformal geometry/gravity, it induces a conformal transformation, g �→ gγ = z2g for 
z ∈ W = C∞(U,R/{0}).
19 Which means that, in writing (ψ, γ), while the argument of ψ is (say) x, that of γ is ψ(x) =: x′. 
Iterating, in (ψ′, γ′), one evaluates ψ′ at x′ and γ′ at ψ′(x′) = ψ′ ◦ ψ(x). This is consistent with the 
product rule (4), where if ψ′ ◦ ψ is evaluated at x then γ′ [γ ◦ ψ′−1] is evaluated at ψ′ ◦ ψ(x), yielding 
γ′(ψ′(x′)) γ(ψ(x)).
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paired with the point-coincidence argument, invites a more subtle view whereby 
the true manifold of physical spatio-temporal events arises in the network of rela-
tions among fundamental fields, with the physical metric/gravitational field playing 
a co-defining role. Physical spacetime is then represented in the general-relativistic 
framework in a way that is strictly concordant with neither the usual relational nor 
substantival views. It is then natural to expect, given that in gRGFT M arises as the 
quotient of the richer space P, that generalized hole and point-coincidence argu-
ments similarly contribute to a better understanding of possible realist positions 
about the principal bundle.

4  The Generalized Hole Argument in General-Relativistic Gauge 
Field Theory

By bundle realism, we understand the view that the physical manifold of events has 
the structure of a fiber bundle; in addition to physical “spatio-temporal directions" 
there are physical “internal directions", the latter being of a distinct “nature" from 
the former and non-reducible to them. Or, said otherwise, each spatio-temporal point 
has an internal structure, a physical internal space, constituting a fiber of the total 
physical bundle space. The “motion" within which is controlled by its connection 
structure: matter fields (represented by tensorial forms) interact with gauge fields 
(represented by connections) via minimal coupling, which implements the parallel 
transport—i.e. “free" motion—of the matter fields within the (spatio-temporal and 
internal) geometry of the physical bundle.20

Given that our most fundamental physical theories are models of the gRGFT 
framework (and quantization thereof, in the case of the SM), one might expect that 
questions about the ontological status of fiber bundles would be among the most 
important topics discussed in the philosophy of physics. Yet, the literature on this is 
surprisingly sparse. Physicists and mathematical physicists may occasionally stress 
the technical importance of bundles, for example:

“It is a widely held view among mathematicians that the fiber bundle is a 
natural geometrical concept. Since gauge fields, including in particular the 
electromagnetic field, are [connections on] fiber bundles, all gauge fields 

20 Notice that accepting the physicality of the internal space does not imply accepting that one must think 
of it as just another spatial extension, i.e. as d.o.f. of the same ‘nature’ as those of the spatio-temporal 
order, as one would do in Kaluza-Klein (KK) type theories. In the latter, the higher-dimensional space-time 
indeed has the structure of a bundle space, as there is by hypothesis a privileged fibration along the “extra" 
(compact) dimensions; but it is endowed with a metric structure—decomposed into a standard metric, 
gauge fields off-diagonal, plus extra scalars (‘dilatons’ or ‘radions’, unphysical as far as is known)—which 
1) enforces the idea that the extra dimensions have the same ‘spatial’ quality as the extended ones, and 2) 
is a less general structure than a connection. In standard (gR)GFT, the connection or gauge field ‘on’ the 
physical bundle space 1) is just general enough to implement parallel transport across the internal geom-
etry, from fiber to fiber, and 2) respects the distinctive nature of the internal direction as non-reducible to 
‘spatio-temporal’ qualities. A KK type view of an enriched physical spacetime is thus rather conservative, 
and less radical ontologically than that underpinned by (gR)GFT; it is thus remarkable that the latter has 
considerable empirical support, while the former has none.
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are thus based on geometry. To us it is remarkable that a geometrical con-
cept formulated without reference to physics should turn out to be exactly 
the basis of one, and indeed maybe all, of the fundamental interactions of 
the physical world." [34]

“For me, a gauge theory is any physical theory of a dynamic variable which, at the 
classical level, may be identified with a connection on a principal bundle." [35]

“What is gauge theory? It is not an overstatement to say that gauge theory 
is ultimately the theory of principal bundles [...]. The fundamental geometric 
object in a gauge theory is a principal bundle over spacetime [...]." [29]

But they almost invariably stop short of truly expressing any ontological commit-
ment. In philosophy of physics, while the literature on the significance of gauge 
symmetries (HHHloc) has grown considerably in the last 25 years, making it a well-
established topic, the ontological status of the spaces of which they are automor-
phisms, bundle spaces, have comparatively received little attention.21 Exceptions we 
know of, which at least raise or strongly hint at the question, being [2, 4, 6, 7, 27, 
28, 36–44]. One may consult [8]’s extensive defense of the relevance of the bundle 
viewpoint both in GFT and GR.

We are now in a position to discuss substantivalist and relationalist approaches 
to the principal fiber bundle. Echoing the classical opposition, the former, tak-
ing the mathematical formalism at face value, would contend that P represents a 
physical entity, the enriched manifold of events, which has an existence autono-
mous from the various gauge fields inhabiting it, and thus acts as a ‘container’ for 
them. The latter would deny this claim. As far as we can tell, [40] and [41] lean 
toward a bundle substantivalist view. In the physicists’ camp, Ne’eman is a rare 
exception on the record insisting that “physics selects the realist or substantivist 
view" [45], with [37] reporting that in personal conversation Ne’eman explicitly 
characterized his position as a bundle substantivalism. On the contrary, [6] and 
[7] would appear to be at least anti-substantivalists; a position they rest on the 
fact that bundle substantivalism is vulnerable to an “internal hole argument". [6] 
saying that “there exists a straightforward extension of the spacetime manifold 
hole argument to a generalized bundle space hole argument", while [7] argues 
that “fiber bundle substantivalism [...] is subject to an analogue of the “hole" 
argument against space-time substantivalism".

We argue below for a form of sophisticated bundle substantivalism, not unlike 
the “sophistication" of [27], though our view is more explicitly and essentially 
relational—and the end result of an interpretive process, rather than its starting 

21 Which is not to say that bundles are not often acknowledged in this literature as important mathematical 
structures. This is a curious situation; comparable to a fictitious one in which the community would have 
extensively discussed the physical meaning of the group of diffeomorphism Diff (M), but neglected the 
issue of the ontological status of the manifold M.
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point. Let us first notice that, at least in traditions operating within a form of 
scientific realism,22

the empirical success of GR is often taken to provide prima facie support for a 
realist view of spacetime described as a Lorentzian manifold (M,  g), modulo the 
necessary refinements brought by the hole and point-coincidence arguments. By a 
similar logic, the empirical success of GFT arguably provides prima facie support for 
a realist view of the enriched connected spacetime described as a bundle with con-
nection (P, ω), modulo the necessary refinements brought by generalized hole and 
point-coincidence arguments.

It is interesting to remark that while realist/substantivalist positions on space 
and time predated GR (and SR), the former being significantly updated in light 
of the latter,23 no such positions towards an “enriched" space(time), i.e. a bundle 
space, existed before the advent of GFT—and that GFT could “update". This may 

22 Which, roughly construed, is the stance that we should adopt a positive epistemic attitude toward scien-
tific claims and take scientific theories and concepts at “face value.” More specifically, scientific realism is 
often analyzed along three dimensions of realist commitment. Ontologically, realists are committed to the 
existence of a mind-independent world investigated by the sciences. Semantically, they endorse a literal 
interpretation of scientific theories. Epistemologically, realists champion the view that science provides us 
with knowledge of the world. When we say that the empirical success of GR is typically taken to support 
a realist view of spacetime, we have in mind the “No Miracles Argument", according to which the most 
plausible explanation of the high degree of experimental accuracy of a theory is that its central concepts 
and structural features track, at least approximately, the way the relevant domain of reality is structured. 
Of course, the pessimistic meta-induction and the problem of underdetermination have challenged sci-
entific realism and prompted realists to refine their position in various ways. This has led to, e.g., entity 
realism, perspectivism, and various forms of structuralism—e.g. epistemic à la Worrall [46] or ontic à 
la Ladyman-French [47, 48]. We also note that although most discussions of GR and gauge symmetries 
operate within such more or less realist frameworks, there are viable alternatives. The phenomenological 
tradition, for example, suspends metaphysical commitments and instead takes the experiencing agent, 
or more generally the subject-object relationship, as its primary field of investigation. It has profoundly 
influenced several deep thinkers on issues of philosophy of physics: notably Hermann Weyl on spacetime 
[49]—who famously first articulate the gauge principle [23]—and Fritz London in his approach to the 
quantum measurement problem [50]. Given its deep interpretive challenges, the latter has proved to be a 
particularly fruitful domain for deploying the conceptual resources of phenomenology, including its more 
“structuralist" variants; see e.g. [51, 52] or [53–55]. Here we limit ourselves to drawing attention to the 
analogy between the interpretive attitudes towards GR and towards GFTs.
23 With precursors envisioning the geometry of space to be non-Euclidean; e.g. Gauss, Bolyai, Lobachevsky, 
Riemann, or Clifford [56]. While Bolyai and Lobachevsky merely hinted at the possibility, Riemann and 
Clifford explicitly argued that the geometry of space was an empirical matter. Gauss famously attempted 
one such test in his geodetic survey of Hanover kingdom in the 1820s; in the early 1880s—once Bessel 
opened in 1838 the era of the measure of star distances via parallax—Zöllner attempted the same type of 
test using triangles between Earth and two stars.
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in part explain why bundle substantivalism remains a position seldom articulated 
and defended.24

This is arguably on account of the fact that there is no possible “natural attitude" 
toward such a space, as it is beyond direct sensory perception/inference; contrary to 
space/time, inferred from the immediately perceived spatio-temporal order/quality of 
phenomena, and thus naturally part of pre-relativistic theoretical frameworks (though 
Galilean-Newtonian space-time is already somewhat removed from ordinary, pre-
theoretical perception).

Nonetheless, retrospectively, the development in the 18th and early 19th cen-
turies of potential theory (first for the gravitational field, next for the electric 
fields, then for the magnetic fields) and of Faraday-Maxwell electromagnetic 
field theory by the mid 19th century, could arguably be seen as already weighing 
in favor of the reality of such enriched space. Indeed, fields (potentials) assign 
new, non-spatiotemporal qualities, or degrees of freedom, to points of space. In 
the case of electromagnetic theory, it was furthermore argued by Faraday and 
confirmed by Hertz that these d.o.f have autonomy w.r.t. to those of the “sources" 
(electric charges/currents, and magnets), fleshing out an ontological view on 
(electromagnetic) fields, beyond their former status as mere computational book 
keeping devices. Decades later, in the late 50s and early 60s, Aharonov and Bohm 
[57, 58] would argue that the effect now named after them, does the same for the 
electromagnetic potential. The new “qualities" that electromagnetic (EM) field 
theory introduces, being irreducible to simple kinematic properties ‘bestowed’ by 
the (Newtonian or special relativistic) spatio-temporal order of phenomena, could 
have been seen as a genuine ‘overlay above’ space(-time) yielding an “enriched 
EM spacetime", foreshadowing the modern H = U(1) principal bundle picture. 
The EM gauge principle for UUU(1)(loc) gauge symmetry, introduced by Weyl in 
1929 and fully understood within the modern bundle picture, could then be seen 
as updating a “naive" (if not pre-theoretic) view of this enriched spacetime, 
introducing a relational refinement—like GR did for pre-relativistic and special 
relativistic spacetime theories. A similar logic might have been followed after 
the introduction of each new “quality" (i.e. ‘internal’ d.o.f.) found necessary to 
account for the phenomenology (of weak and strong interactions), together with 
the associated gauge symmetries and bundle pictures.

Our discussion does not rely on one finding such reconstructions convincing—
though it may help. It is enough to stress that, given the state of the art of estab-
lished physics, the logic by which one argues in GR for a realist/substantivalist 
position towards spacetime seen as a Lorentzian manifold, updated by the hole 
and point-coincidence arguments, ought to apply mutatis mutandis in GFT and 
to weight in favor of a realist/substantivalist position towards an enriched space-

24 We thank a referee for suggesting to comment on this observation.
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time seen as a fiber bundles with connection, updated by the generalized hole and 
point-coincidence arguments.25 Let us now articulate the case.

As reminded in section 3, GFT physics describes the coupled dynamics of matter 
and gauge interaction fields. The latter are the local, bundle coordinate, representatives 
of intrinsic objects on a principal bundle P. So, even if field theories are usually writ-
ten on M, the fundamental fields are those on P: The field space is thus Φ = { ω, α }
, with α representing a set of tensorial forms (matter fields, soldering form)—so that 
if α = θ, then (ω, θ) = ϖ is a Cartan connection for a gauge theory of gravity. The 
gauge group, or the vertical automorphism group HHH≃Aut v(P ), partitions Φ into 
orbits OOO. The moduli space of (HHH≃Aut v(P ))-orbits is the quotient MMM := Φ/HHH, and 
there is the projection π : Φ → MMM, s.t. [ω, α] = [ωγ = Ξ∗ω, αγ = Ξ∗α], i.e. there is 
a 1:1 correspondence OOO ↔ [ω, α].

The defining desideratum of GFTs is the HHHloc-covariance of field (9), whose solu-
tions ϕ = (A, a) are the local representatives of global objects (ω, α). The space 
of global solutions SSS := { (ω, α) ∈ Φ s.t. E(ϕ) = 0 } is then also partitioned into 
distinct HHH-orbits OOO, so that π : S → MS , (ω, α) �→ [ω, α], where MS  is the moduli 
space of global solutions. The immediate dual consequence is that GFT can neither 
distinguish solutions in the same HHH-orbit OOO, nor the points of the fibers, being indif-
ferent to the distinction p vs Ξ(p) = pγ(p), both in P|x ⊂ P .

Here as in GR, an a priori realism toward the formalism amounts to accepting a 
metaphysical multiplicity of fields, in OOO, that are physically indistinguishable. The 
“internal" hole argument further highlights that this position leads to an ill-defined 
Cauchy problem: Consider fields on P belonging to the same gauge orbit in solu-
tion space, (ω, α) and (Ξ∗OOO, Ξ∗α) ∈ OOO ⊂ SSS , s.t. the transformation relating them 
Ξ ∈ Aut v(P ) ∼ γ ∈ HHH has compact support; the “internal hole" P|D, a ‘cylin-
der’ in P over a compact region D ⊂ U ⊂ M , s.t. P|D ⊂ P|U ⊂ P . Which means 
that the transformation is non-trivial only on the “internal hole", Ξ ∼ γ ̸= id on 
P|D, so that the gauge-related fields differ only in it but are identical outside of it; 
(ω, α) = (ωγ, αγ) on P/P|D, but (ω, α) ̸= (ωγ, αγ) on P|D. For the local represen-

25 In this we push back against the argument that bundle realism might be primarily motivated by non-
perturbative features of GFT, such as monopoles and instanton solutions, tied to topologically non-trivial 
bundles. Indeed, as of now, these have little (at best indirect) to no empirical support, contrasting with 
the considerable wealth of data supporting (perturbative) GFT, i.e. ‘connection structure on a bundle’. 
If that were to change in the future, with non-perturbative topologically non-trivial effects cleanly show-
ing up experimentally, it would ‘only’ be an additional (and welcome) support to a bundle realist view. 
Similarly, pursuing the analogy with GR, if future experiments were to show that spacetime’s topology is 
non-trivial—either at the cosmological scale via correlations in the CMB or via galaxy image pairs in deep 
sky surveys, or at the local scale via wormholes detection/creation—it would constitute (admittedly strik-
ing) further support for “spacetime as a Lorentz manifold (M, g) realism" piling on the already established 
immense empirical success of GR. We observe that, as far as we know, it seems that most authors’ adhesion 
or reservation regarding “(M, g)-realism" has little to do with spacetime topology. Let us also stress that the 
hole and point-coincidence arguments are by essence local arguments, they are indifferent to the topology 
of M; the conceptual insight on the nature of spacetime they yield thus holds whatever its topology is—and 
whether it can be experimentally detected or not. And this is orthogonal to the fact that the very existence 
of some fields is in itself a constraint on M’s topology, notably spinors (fermions). Likewise, as we show 
next, the internal (and generalized) hole and point-coincidence arguments are local arguments indifferent 
to the topology of P, and thus deliver insights on the nature of the physical enriched spacetime whatever its 
topology actually is (discovered to be). And this is orthogonal to the fact that the existence of some fields 
is a constraint on P’s topology, notably scalar fields (Higgs fields)—see [9] on this.
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tatives ϕ = (A, a) this means that γ ∈ HHHloc has compact support on D, i.e. γ ̸= id 
on D ⊂ M , so that ϕ = ϕγ  on M/D, but ϕ ̸= ϕγ  on  D.26 Then, given boundary 
conditions for the fields ϕ at ∂U—or for (ω, α) at P|∂U —the field equations cannot 
uniquely determine a solution within U, as gauge related ones like ϕ and ϕγ  can 
differ on D ⊂ U , yet share the same boundary conditions. Thus, a global solution in 
P|U  cannot be determined either, since both (ω, α) and (Ξ∗ω, Ξ∗α) ∈ OOO ⊂ S . This 
in particular implies a failure of determinism if the domain D is in the future of some 
Cauchy surface for the fields.

The natural way out, as in GR, is to appeal to an “internal point-coincidence argu-
ment", which emphasizes that the physical content of a GFT (in particular, its empiri-
cally accessible predictions) is exhausted by the pointwise coincidental values of 
fields’ internal d.o.f.— meaning the relation “[value of ω at p] ↔ [value of α at 
p]"—which are Aut v(P )≃HHH-invariant, and thus define what a “physical internal 
point/event" is. The immediate dual consequences are as follows.

First, points p ∈ P|x of the fibers, the internal space over/within x = π(p) ∈ M
, are entirely unphysical. Physical fiber spaces, i.e. all the physical internal points, 
are (in actuality) realized as the Aut v(P )-invariant network of relations among the 
internal d.o.f. of the fields (ω, α)/ϕ; Together, the internal hole and point-coincidence 
arguments thus paint a relationalist view of the physical internal space of GFT, which 
is indeed an “anti-haecceitism for physical internal points". Secondly, the argument 
implies the standard physics view and practice, which is to consider that physical 
fields d.o.f. are not represented by any single ϕ, or (ω, α) ∈ OOO ⊂ §, but by a point in 
a HHH(loc)-equivalence class [ϕ], or [ω, α] ∈ MMMSSS  in the moduli space of solutions. This 
extends Earman and Norton’s “Leibniz equivalence" to GFT. The argument further 
suggests that what is physical are the Aut v(P ) ≃ HHH-invariant relations among the 
internal d.o.f. of the fields ϕ/(ω, α), so that physical fields internal d.o.f. mutually 
co-define each other: e.g. the internal d.o.f. of the gauge fields (redundantly described 
by A/ω) are only well-defined in relation to those of the matter fields (redundantly 
described by φ/ϕ).

In view of (2), the standard and internal hole arguments combine into a general-
ized hole argument which, articulated with a generalized point-coincidence argu-
ment, makes a strong case for the relationalist view of the principal bundle: The 
fibered manifold P only bootstraps our ability to erect a description of the relevant 
physics of fields with spatio-temporal and internal d.o.f.,27 but is removed from the 

26 Notice that one works here with a given trivializing section σ : U → P|U . So we are comparing the 
local representatives on U of distinct global objects on P|U , fields and their HHH-transforms, through a 
unique local section. It is different from comparing local representatives on U of the same global objects, 
through distinct local sections σ and σ′: this is the operation of “gluings" via transition functions of P, 
i.e. of bundle coordinate change, and represent passive gauge transformations akin to coordinate change 
in GR. These do not lead to ontological underdetermination, nor to indeterminism, as there is no hole 
argument holding. This is the internal counterpart of Stachel’s key remark [4, 8, 10] that the (external) 
hole argument has force only with “active" diffeomorphisms Diff (M), not with “passive" ones, i.e. mere 
coordinate changes. See [9] for a precise articulation of this point.
27 In the same way that in GR, [22] stressed that fields are not “in spacetime", but have spacetime extension 
i.e. spatio-temporal d.o.f., in GFT one may say that the fields do not in part “live" or “probe" an indepen-
dently existing internal space at each spatio-temporal event x—the fibers P|x ⊂ P —but have an “internal 
extension", i.e. internal d.o.f.
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physical picture by the requirement (9) of covariance of the field equations under 
Diff (M) ⋉HHHloc, which implies (or can be understood to stem from) sensitivity of 
gRGFTs to Aut (P )-orbits of global objects only. To paraphrase [22], the physical 
fibered manifold of spatio-temporal and internal events does not claim existence on 
its own, but only as a structural quality of the fields—represented by (ω, α).

One may define a notion of “enriched spacetime" as being represented by (P, ω)
, understood that ω =ω′⊕ ϖ, with ω′ an Ehresmann connection describing Yang-
Mills gauge interactions fields, and ϖ a Cartan connection describing the gravita-
tional field. A physical gauge field, represented by ω, is as autonomous an entity as is 
possible in GFT, with the physical field d.o.f. and the co-defining relations in which 
they participate being coextensive. Then one may consider physical gauge fields to 
embody a substantive notion of enriched spacetime, insofar as the “substantival”

notion gets suitably “relationalized”. This would be a form of “sophisticated sub-
stantivalism" towards enriched spacetime, exactly analogous to sophisticated sub-
stantivalism towards spacetime.28

It can be understood within a generalization of [13]’s “mpfs", which we may call 
“enriched manifolds plus further structures", “empfs". The further structure above 
being the connection ω. Emulating [13]’s argument, one could argue that empfs sub-
stantivalism is vulnerable to a hole-type argument if the “further structure" has a 
non-trivial Killing symmetry group. But we could first respond that realistic fields, 
even in best cases, have only approximate symmetries, and secondly that a [13] type 
argument cannot hold in a fully dynamically coupled regime.29

The significance of the covariance (9) of the field equation of gRGFT under 
Diff (M) ⋉HHHloc, analyzed in the framework’s own terms, is decisively clarified by 
the generalized hole and point-coincidence arguments, yielding a relationalist view 
of P and a correspondingly relationalized sophisticated substantivalism towards the 
field of gRGFT. In the next section, we describe how the Dressing Field Method 
(DFM) allows a technical framing of these insights, through the definition of invari-
ant dressed fields and dressed spaces.

5  Dressing Field Method: Dressed Fields and Spaces

As reflected in the above discussion, it is the established view in physics that physi-
cal magnitudes and observables must be invariant. This requirement is typically 
addressed by appropriately reducing the local symmetries of the theory. The Dress-
ing Field Method (DFM) is an approach allowing to do so systematically by produc-
ing invariant variables out of the field space Φ of a theory. It is a unified framework 
encompassing many constructions found in the physics literature, old and new, 
streamlining their technical underpinning and clarifying the conceptual landscape: 

28 [7] pointed out that, analogously to metric essentialism, one could define “connection essentialism" 
(though he rejects it).
29 Where e.g. no Killing gauge symmetries of a Yang-Mills gauge potential can fail to be symmetries of 
the matter fields due to the Yang-Mills equation E(A, φ) = D ∗F − J(φ, A) = 0, where J(φ, A) is 
the current (m − 1)-form of the matter field, and ∗F ∈ ωm−2(U, h) is the Hodge dual of the curvature/
field strength of A.
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e.g., Stueckelberg fields [59] are instances of ad hoc dressing fields, so are ‘edge 
modes’ à la [60]. Special cases of the DFM notably include: Dirac variables [61, 62], 
asymptotic dressed states à la Faddeev-Kulish [63–65],  ‘composite operators’ á la 
Fröhlich-Morchio-Strocchi (FMS) [66, 67], Bardeen-Wess-Zumino anomaly cancel-
ling counter-terms [68–70], ‘gravitational dressings’ à la [71, 72], ‘dressing 2-form’ 
à la [73, 74], ‘dynamical reference frames’ à la [75, 76], etc. See [77] (and references 
therein) for the most up-to-date technical account, [78–80] for recent applications to 
supersymmetric field theory and supergravity, [81, 82] for applications to quantum 
mechanics and anomaly cancellation.

What makes the DFM particularly attractive from a philosophical perspective is 
that by allowing to technically implement a manifestly invariant reformulation of 
gauge theories, it “wears its ontology on its sleeve", so to speak. Hence  it gained 
some traction in the foundations of gauge theories, see e.g. [1, 9, 83].

In what follows, we remind the basics of the DFM, introducing dressing fields, 
dressed fields, and dressed spaces. We shall see how the DFM technically imple-
ments the point-coincidence argument, meaning that dressed spaces are by definition 
immune to the hole argument, thus providing a transparent formal implementation of 
the conceptual insights discussed in sections 2 and 4.

5.1  The Case of Internal Gauge Symmetries

Consider a GFT with field content ϕ = {A, φ} and (internal) gauge group HHHloc. A 
dressing field is a smooth map

	 u : U ⊂ M → H, defined by uγ = γ−1u, γ ∈ HHHloc.� (10)

Key to the DFM is the fact that a dressing field should be extracted from the d.o.f. in 
the field space Φ of the theory. This means that it should be a field-dependent dressing 
field, u = u[ϕ], so that its defining gauge transformation is

	 u[ϕ]γ := u[ϕγ ] = γ−1u[ϕ], γ ∈ HHHloc.� (11)

Given a dressing field as above, one defines the HHHloc-invariant dressed fields, as 
“composite objects", as follows:

	 ϕu =
{

Au, φu
}

:=
{

u−1Au + u−1du, ρ(u)−1φ
}

.� (12)

To anticipate a contrast with the forthcoming discussion of dressings for Diff (M)
, notice that ϕu live on M still. This is the simplest illustration of the DFM “rule 
of thumb": To dress any object (fields, functional of fields), first compute its gauge 
transformation, then formally substitute in the resulting expression the gauge param-
eter γ by the dressing field u. The new expression is the “dressing" of the object and 
is by construction HHHloc-invariant.

It must be stressed that since the dressing field is not an element of the gauge 
group, as it does not have the defining HHHloc-transformation of such an element—
see (3)—the dressed fields (12) are therefore not gauge-transformed fields, and, in 
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particular, a dressing via the DFM is not a gauge fixing. See [78, 83] for a detailed 
discussion of this point.

Relatedly, notice that with ϕ-dependent dressing fields, the DFM has a very natu-
ral relational interpretation. The dressed fields ϕu[ϕ] = {Au[A,φ], φu[A,φ]} can be 
understood as resulting from a reshuffling of the d.o.f. of the “bare" fields ϕ, which 
mixes physical d.o.f. and non-physical pure gauge modes, whereby pure gauge 
modes are eliminated. Said otherwise, some of the internal d.o.f. of the bare fields 
ϕ are used (in u[ϕ]) to “coordinatize" the remaining internal d.o.f. of ϕ (yielding 
ϕu[ϕ]), invariantly  so. The dressed fields (12) thus represent the gauge-invariant 
relations co-defining the physical internal d.o.f. embedded in bare fields ϕ = {A, φ}
, they are “relational variables". Furthermore, insofar as dressed fields ϕu[ϕ] achieve 
gauge invariance relationally— whereby physical internal field d.o.f. coordinatize, 
even co-define, each other—they formally implement the internal point-coincidence 
argument as discussed in section 4, and are thus immune to the internal hole argu-
ment. See [77] for further discussion of this point, illustrating it in the simple case of 
scalar (C-) electrodynamics (section 5.2.7). Notably, all this is achieved already at 
the kinematical level.

The dynamics of the theory being specified by a Lagrangian L(ϕ) = L(A, φ) that 
is HHHloc-quasi-invariant, (8), given a dressing field u, by the DFM rule of thumb one 
defines the dressed Lagrangian

	 Lu := L(ϕu) = L(ϕ) + db(u;ϕ),� (13)

which is just the Lagrangian expressed in terms of the dressed fields. If L is strictly 
HHHloc-invariant, i.e. b = 0, then L(ϕu) = L(ϕ). In either cases, the field equations 
E(ϕu) = 0 for the dressed fields, obtained from (13), have the same functional 
expression as the field equations E(ϕ) = 0 for the bare fields, obtained from L. Man-
ifestly, here they only differ by a boundary term: i.e. E(ϕu) = E(ϕ) + dc(u;ϕ), 
see (391) in [77]. The dressed field equations are deterministic, in the sense that they 
uniquely determine the evolution of the relational d.o.f. ϕu of the theory, as expected 
from a scheme that solves the problem posed by the internal hole argument by techni-
cally implementing the internal point-coincidence argument in a manifest way.

It is worth noticing that, in the spirit of the internal point-coincidence argument, it 
is neither the bare nor a gauge-fixed version of a theory that is confronted to experi-
ment, but a version expressed via invariant, relational variables; i.e. a dressed version 
like (13), in the present framework.

5.2  The Case of Diffeomorphisms

We now consider a general-relativistic theory, with field content ϕ =
{

A, φ, e/g
}

 
subject to the action of Diff (M). A  Diff (M)-dressing field, introduced in [84], is a 
smooth map

	 υ : N → M, defined by υψ := ψ−1 ◦ υ, ψ ∈ Diff (M).� (14)
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Again, key to the DFM is the notion that the dressing field should be extracted from 
the d.o.f. of the theory, i.e. it should be a ϕ-dependent dressing field υ = υ[ϕ], so that 
its Diff (M)-transformation is

	 υ[ϕ]ψ := υ[ψ∗ϕ] = ψ−1 ◦ υ[ϕ].� (15)

Given a dressing field υ as above, we define the Diff (M)-invariant dressed fields

	 ϕυ := υ∗ϕ, i.e. {Aυ, φυ, eυ/gυ} = {υ∗A, υ∗φ, υ∗e/υ∗g}.� (16)

Again, this is a simple case of the DFM rule of thumb: To dress any object—field 
or functional thereof—one writes its Diff (M)-transformation and then formally 
replaces ψ in the resulting expression with the dressing field υ. The new expression 
is the dressing of the object, and is Diff (M)-invariant by construction.

The dressed fields ϕυ[ϕ] again admit a natural relational interpretation. Some of 
the spatio-temporal d.o.f. of the bare fields ϕ are used (in υ[ϕ]) to invariantly coordi-
natize the remaining spatio-temporal d.o.f. of ϕ, thereby yielding ϕυ[ϕ]. The dressed 
fields then represent the Diff (M)-invariant relations co-defining the physical d.o.f. 
embedded in bare fields ϕ; they are relational variables indeed. Seeing that they 
achieve Diff (M)-invariance relationally, with physical spatiotemporal field d.o.f. 
co-defining each other as coincidental values of fields, the dressed fields (16) for-
mally implement the point-coincidence argument as discussed in section 2, and are 
therefore immune to the hole argument. All this is achieved at the kinematical level. 
Again, see [77] for a thorough discussion, illustrating the point in the case of GR with 
a set of scalars (section 5.2.7)—on this see also the end of this section.

The dynamics of the theory being specified by a Lagrangian L(ϕ) transforming 
under Diff (M) as in (8), given a dressing field υ one defines the dressed Lagrangian 
as

	 Lυ := L(ϕυ) = υ∗L(ϕ),� (17)

which is strictly Diff (M)-invariant by construction. This is yet another application 
of the DFM rule of thumb. The field equations E(ϕυ) = 0 for the dressed fields have 
the same functional expression as those E(ϕ) = 0 for the bare fields: they are related 
by E(ϕυ) = υ∗(

E(ϕ) + dc(υ;ϕ)
)
, see (391) in [77]. But contrary to the bare ones, 

the dressed field equations are deterministic. Here again we may observe that, in the 
spirit of the point-coincidence argument, what is confronted to empirical tests is a 
version of a theory expressed via invariant relational variables, such as the dressed 
version (17) indeed, rather than the bare (or a gauge-fixed) version.

Contrary to the case discussed in section 5.1, observe that the dressed fields ϕυ do 
not live on “bare regions" U ⊂ M , but on field-dependent dressed regions defined as

	 Uυ := υ−1(U) = υ[ϕ]−1(U),� (18)

where υ−1 is the inverse map of υ, s.t. υ ◦ υ−1 = idM . These dressed regions are 
Diff (M)-invariant:
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	 (Uυ)ψ = (υ[ϕ]ψ)−1 ◦ (Uψ) = υ[ϕ]−1 ◦ ψ ◦ ψ−1 ◦ (U) = Uυ.� (19)

The ϕ-dependent Diff (M)-invariant regions Uυ[ϕ] represent physical regions of 
the physical manifold of events, and are thus obviously immune to the hole argu-
ment. The definition (18) comes from integration theory, telling that integration is a 
Diff (M)-invariant operation; e.g. S :=

´
U

L(ϕ) =
´

ψ−1(U) ψ∗L(ϕ)  yields by the 
DFM rule of thumb,

	
S =

ˆ

U

L(ϕ) =
ˆ

υ−1(U)
υ∗L(ϕ) =: Sυ.� (20)

In particular, a physical spatio-temporal event is a ϕ-dependent Diff (M)-invari-
ant point xυ[ϕ] := υ[ϕ]−1(x) ∈ Uυ , which  is the technical implementation of the 
basic intuition underlying the point-coincidence argument. Remark that the latter was 
always partly tacitly baked into integration theory: Indeed, integration of a 0-form φ 
over the 0-dimensional manifold x ⊂ M  is the Diff (M)-invariant evaluation opera-
tion evx(ϕ) :=

´
x

φ =
´

ψ−1(x) ψ∗φ giving the invariant “value of φ at the point x", 
which can be understood as saying that the “value of φ" and “the point x" are co-
defining, or relata coextensive with the relation they define. The DFM rule of thumb 
thus yields

	
evx(ϕ) =

ˆ

x

φ =
ˆ

υ−1(x)
υ∗φ =: evxυ (ϕυ).� (21)

Equations 20-21 implement in a mathematically concrete way the conceptual insight, 
described in section 2, according to which relational field d.o.f. “live" on the rela-
tionally defined physical regions. See [77] for technical details, which involve the 
definition of integration as an operation on the bundle of regions (of M) associated to 
the field space bundle Φ.

One may then define Mυ := Im (υ−1), which is identified as the physical mani-
fold of spatio-temporal events. Notice that Mυ, its regions Uυ and points xυ , simply 
do not exist without the fields ϕ, on which they are supervenient, and are thus the 
precise formal encapsulation of [22]’s remark, quoted already at the end of section 2, 
saying “If we imagine the [gravitational and other] field[s] [...] to be removed, there 
does not remain a space of the type (1) [of SR], but absolutely nothing , and also 
no ‘topological space’. [...] Space-time does not claim existence on its own, but only 
as a structural quality of the field" (our emphasis). While this is tacitly encoded by 
the Diff (M)-covariance of general relativistic-theories, it is made manifest via the 
DFM.

The physical spacetime may then be defined as the pair (Mυ, gυ), which formally 
realizes the “relationalized" sophisticated substantivalism emphasized in section 2. 
Alternatively, defining spacetime as (Mυ, S υ), for S  any other structure besides, 
or instead of, a metric—most likely an Ehresmann (spin) connection S = A, or 
S = (A, e)  a  Cartan connection—we obtain a “relationalized" sophisticated sub-
stantivalism of the “mpfs" kind. Clearly, Norton’s worry [13] that “mpfs substantival-
ism" might be vulnerable to hole-type arguments cannot even get off the ground here.
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The above is the general framework encompassing all manners of “scalar coordi-
natization" in GR: e.g. the Kretschmann-Komar approach [85] where υ = υ[g] and 
gυ[g] is a case of self-dressing, or approaches à la DeWitt [86] or Brown-Kuchař [87] 
where υ = υ[φ] and φ is some effective dust scalar field so that gυ[φ] is the metric as 
seen in the “coordinate system" provided by the dust field, which is also a point of 
view developed by [88, 89], and one that has been applied e.g. to cosmology by [90].

5.3  The Case of General-Relativistic Gauge Field Theories

Bringing together the results of sections 5.1 and 5.2, the DFM allows to reformulate 
gRGFTs in a manifestly invariant way: Defining a complete dressing field as the pair 
(υ, u) satisfying (10) and (14), the dressed fields

	 ϕ(υ,u) := υ∗(ϕu)� (22)

are 
(
Diff (M) ⋉HHHloc

)
-invariant by construction. These are fully relational vari-

ables, representing invariant relations among the d.o.f. of the bare fields ϕ, for-
mally implementing the generalized point-coincidence argument and thus immune 
to the generalized hole argument, as discussed in section 4. They represent physi-
cal spatio-temporal and internal d.o.f. of fields whose dynamics is given by the (
Diff (M) ⋉HHHloc

)
-invariant dressed Lagrangian

	 L(υ,u) := L(υ∗(ϕu)) = υ∗L((ϕu)),� (23)

yielding the fully deterministic (dressed) field equations E(ϕ(υ,u)) = 0. Again, these 
are functionally the same as those of the bare fields—to which they relate by (390) 
in [77]—which explains why gRGFTs could be empirically tested before the issue of 
their observables could be cleanly settled: it is the dressed theories that were put to 
test. A fact e.g. stressed, in his own language, by [89] in the case of GR.

As previously, the fields ϕ(υ,u) live on the physical manifold of spatio-temporal 
events M (υ,u) = Mυ (or regions Uυ thereof), immune to the hole argument. One 
may rightly suspect that the above is a local description of a global intrinsic structure: 
that of global dressed fields on a dressed bundle space.

Indeed, in the same way that (ψ, γ) ∈ Diff (M) ⋉HHHloc is the local (coordinate 
bundle) version of a global automorphism Ξ ∈ Aut (P ), the pair (υ, u) is the local 
version of a global dressing field, which is a smooth map

	 u : Q → P, defined by uΞ := Ξ−1 ◦ u, Ξ ∈ Aut (P ),� (24)

where Q is a “model" fibered manifold. Remark that u is not a principal bundle mor-
phism. Such a dressing field is built from the d.o.f. of the global fields ϕ̄ = (ω, α) 
on P—with local representatives on U ⊂ M  the bare fields ϕ. It is a ϕ̄-dependent 
dressing field u = u[ϕ̄], so that its defining Aut (P )-transformation is

	 u[ϕ̄]Ξ := υ[Ξ∗ϕ̄] = Ξ−1 ◦ u[ϕ̄].� (25)
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It allows to define Aut (P )-invariant dressed fields

	 ϕ̄u := u∗ϕ̄,� (26)

whose local representatives are (22), and like them are immune to the generalized 
hole argument. They live on the physical manifold of spatio-temporal and internal 
events, or physical bundle space, defined as P u := Im (u−1). Its regions are

	 V u := u−1(V )� (27)

for V ⊂ P , s.t. π(V ) = U ⊂ M , and are Aut (P )-invariant: 

(V u)Ξ =
(
u[ϕ̄]Ξ

)−1
◦

(
Ξ ◦ (V )

)
= u[ϕ̄]−1 ◦ Ξ−1 ◦ Ξ ◦ (V ) = V u. Both dressed 

fields (26) and regions (27) are thus immune to the generalized hole argument. The 
reason for the definition (27) being, as previously, integration theory (on P). It gives 
e.g. formal substance to the generalized point-coincidence argument via the notion of 
the Aut (P )-invariant ϕ̄-dependent physical point pu[ϕ̄] := u[ϕ̄]−1(p), which is both 
a spatio-temporal and an internal physical event. Indeed, as a special case of (27) we 
have that the physical internal space, the dressed fibers, are P u

|x u := u−1(P|x) ⊂ P u

, realizing the internal point-coincidence argument. This means that P u is a fibered 
manifold: the moduli space of physical fibers forming the physical manifold of 
spatio-temporal events M u = Mυ , there is a smooth projection π̄ : P u → Mυ , 
p u �→ π̄(p u) =: x u = xυ . Observe that the physical bundle P u—its regions, fibers 
and points—does not exist without the fields ϕ̄ on which it supervenes. It formally 
realizes our paraphrasing of Einstein in section 4: the physical fibered manifold of 
spatio-temporal and internal events does not claim existence on its own, but only as 
a structural quality of the fields.

The physical enriched spacetime may then be defined as the pair (P u, ωu), where 
ωu = ω′u ⊕ ϖu for ω and ϖ for ω and ϖ Ehresmann and Cartan connections with 
local representatives A′ and (A, e) respectively. It “projects" on the physical space-
time 

(
Mυ, e(υ,u)/gυ, A(υ,u), A′(υ,u)), where field theory is usually written. This 

enriched spacetime thus realizes the “relationalized sophisticated substantival" view.

5.4  Ambiguity in the Choice of Dressing and Physical Frame Covariance

The DFM would allow for a particularly clear ontology if the choice of dressing 
were unique, or unique up to a finite residual freedom. If so, it would provide what 
is called in [91] a “perspicuous" or “intrinsic formalism" for gRGFTs (see [92] for a 
further discussion of the value of intrinsic formalisms). Of course, in [91] the author 
is primarily concerned with internal sophistication and external sophistication, argu-
ing that only the former can succeed in offering an intrinsic formalism. Regarding 
the distinction between internal sophistication, external sophistication, and reduction 
(see [42, 91]): The DFM can be understood as a form of reduction, whose aim is 
characterized in [91] as “to construct a theory whose models uniquely correspond 
to equivalence classes of [symmetry-related models] of the old theory. The standard 
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way to achieve this is to reformulate the theory solely in terms of invariant quanti-
ties [...]". Yet, the paper remarks, reduction can be “brute forced" through simply 
quotienting by the relevant covariance group, i.e. by considering equivalent classes 
(which in but rare cases is impractical). The DFM may then be a “non-brute force" 
reduction, a form of ‘sophisticated reduction’ perhaps. This goes to show that it does 
not neatly fit the existing nomenclatures.

The DFM does not, a priori, claim that there should be a unique choice of dress-
ing field. This is bound to be a model-dependent issue, although it is plausible that 
the more sophisticated and realistic the model, the more constrained the available 
choices become. Still, the DFM naturally accounts technically for possible ambigui-
ties in the choice of dressing field through what have been called “transformations of 
the second kind" ([77]). In what follows, we describe how they arise in local gRGFT. 
We first consider the case of GFT to illustrate the discussion and then turn to the ques-
tion how they should be understood.

Given their general definition (10)-(11), two HHHloc dressing fields u, u′ may a pri-
ori be related by u′ = uξ, with ξ ∈ GGG := {ξ : U → G | ξγ = ξ}, for G ⊇ H , and GGG 
is a group under pointwise product. We may write its action on a dressing field as 
uξ := uξ, and its action on bare variables as ϕξ , so that it transforms dressed fields 
by (ϕu)ξ := (ϕξ)uξ. In the noteworthy special case where GGG leaves ϕ invariant, 
one has (ϕu)ξ := (ϕ)uξ, meaning that the GGG-transformation of the dressed fields is 
formally exactly the same as the HHHloc-transformation of the bare fields. In this case, 
the dressed theory is automatically GGG-(quasi-)invariant, for the same (formal) reason 
the bare theory was HHHloc-(quasi-)invariant. In the generic case, where ϕξ ̸= ϕ, the 
form of (ϕu)ξ must be worked out case by case. Remark that, at this stage, although 
GGG looks like a new gauge symmetry, somewhat isomorphic to HHHloc, it is generically 
a distinct mathematical object: a group of gauge-invariant maps. The action (ϕu)ξ 
thus appears to a priori generate a whole GGG-orbit, that is, a family of HHHloc-invariant 
objects. The relevance of this observation should, however, be assessed in light of 
the key desideratum that u should be a ϕ-dependent dressing field u = u[ϕ], see 
(11). Indeed, GGG will typically emerge as a byproduct of the constructive procedure 
by which u is built from the existing fields. This gives rise to two quite distinct situa-
tions, formally and conceptually: ϕ-dependent and independent variants of GGG.

First, in many cases (possibly all) the procedure may rely on some functional 
constraint C(ϕu) = 0 that one solves explicitly (if only formally) for u in terms of ϕ. 
Having done so, one then finds the solution u = u[ϕ] to satisfy the defining dressing 
property (11).30 Let us denote by GGG[∅] the subgroup of ϕ-independent elements of G
. These may appear either a) as the ‘homogeneous’ ϕ-independent solutions of the 
constraint (e.g. if it is some PDE), or b) as reflecting the inevitable formal freedom 
to insert the identity operation somewhere in the construction of u, which very rarely 
(as far as we know) will be mathematically well-motivated, thus of little physical and 
conceptual relevance. Nevertheless, in either case one obtains a GGG[∅]-orbit, or family, 
of HHHloc-invariant relational dressed variables. We shall see examples below.

30 Or one could enforce it from the outset, by requiring that the constraint be HHHloc-invariant, 
C ((ϕu)γ) = C(ϕu); it is clear that the solution for u must then possess the dressing property (10)-(11).
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Then, in a given theory there may be distinct fields’ d.o.f. that can serve as can-
didate dressing fields. Given the fields of the theory, ϕ = {ϕ1,ϕ2}, it may be that 
one has u[ϕ1], say built from C ((ϕ1)u) = 0, and u′[ϕ2], built from C′((ϕ2)u′) = 0. 
Since both satisfy the defining property (11), they must be related by a ϕ-dependent 
GGG via u′ = u ξ[ϕ]; or, seen another way, they define it by ξ[ϕ] := u[ϕ1]−1u′[ϕ2]. Let 
us denote by G[ϕ] the subgroup of such ϕ-dependent elements of GGG. Since ϕ-depen-
dent dressing fields u[ϕ] are naturally understood as (internal) physical reference 
frames, with some d.o.f. coordinatizing others, the action of G[ϕ] on dressed fields 
by ϕu �→ (ϕu)ξ[ϕ] is naturally interpreted as a change of physical reference frame. 
Furthermore, by the definition of ξ[ϕ] it seems clear that ϕξ[ϕ] = ϕ. So that the GGG[ϕ]
-transformations of ϕu formally mimic the HHHloc-transformations of ϕ, implying that 
the dressed theory is GGG[ϕ]-(quasi-)invariant. In other words, the dressed formulation 
automatically implements physical frame covariance.

Now, since the number of fields (d.o.f.) is limited, for all practical purposes (and 
realistic models), G[ϕ] will be discrete, reflecting the finite number of possible choices 
of fields (d.o.f.) that can serve as dressing fields. Yet, for each dressing there will be 
a continuous GGG[∅]-family. Since GGG[∅] is continuous, one may worry that an (internal) 
hole-type argument could be formulated for it. We do not regard this as a serious 
problem for either the DFM framework or the central thesis of this paper. First, it 
could simply be answered formally by another (internal) point-coincidence argu-
ment. More importantly, one would be hard-pressed to find any compelling reason to 
regard GGG[∅] as anything more than reflecting an unavoidable formal freedom encod-
ing no information of physical or conceptual relevance.31 Perhaps reinforcing this 
point, notice that each dressing gives a distinct GGG[∅] action: e.g. for as C ((ϕ1)u) = 0 
and C′((ϕ2)u′) = 0 above, one would get a GGG1

[∅]-action for u1-dressed fields, but a 
GGG2

[∅]-action for u2-dressed fields. In our view, it is clear that the mathematical, physi-
cal, and conceptual essence lies in the physical frame covariance implemented by the 
discrete group GGG[ϕ], which cannot give rise to a hole-type argument.

Similarly to the internal case, given their general definition (14)-(15), 
two Diff (M)-dressing fields are a priori related by υ′ = υ ◦ ζ =: υζ , with 
ζ ∈ N := {ζ ∈ Diff (N) | ζψ = ζ}, and N  is a group under composition. 
This gives an action on dressed fields (ϕυ)ζ := (ϕζ)υ◦ζ , with special case 
(ϕυ)ζ := (ϕ)υ◦ζ = ζ∗(ϕυ) if N  leaves ϕ invariant—in which case the dressed 
theory is N -covariant, for the same formal reason that the bare theory is Diff (M)
-covariant. See [77, 93]. All the above discussion applies mutatis mutandis: formal 
ambiguities in the constructive procedure(s) to build dressing field(s) give rise to the 
continuous group(s) N (i)

[∅] (with i = {1, 2, . . .}), while physical frame covariance of 
the dressed formulation is implemented by the discrete group N[ϕ], for which no hole 
argument can arise. Let us briefly consider some illustrative examples.

One sometimes encounters the claim that QED admits an ‘infinity of dressings’ 
built from the gauge potential ϕ = A. This is an instance of the formal ambiguity 
discussed above, namely U(1)[∅] arising from a constraint C(Au) = 0 solved for 

31 In contrast to the original symmetry ( Diff (M)⋉)HHHloc which, as argued in earlier sections, encodes the 
relational structure of (gR)GFT [9].
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u = u[A]. This, we notice, is often understood as ‘a dressing arising from a gauge 
fixing’;32 in this regard, we refer to the above discussion on the distinction between 
DFM and gauge fixing. See, in particular, [83], where the case of the ‘Lorenz gauge’-
type constraint C(Au) = ∂µ(Au

µ) = 0 is discussed in detail.
Working within C-scalar QED (or EM), with fields ϕ = {A, φ}, where φ is a 

C-valued (charged) matter field, one may extract a U(1)-dressing u = u[φ] from 
the polar decomposition φ = ρeiθ =: ρu[φ], where ρ = |φu| is the modulus of φ
. A possible ambiguity arises from the fact that one may insert any 1 = ξ−1ξ in 
φ = ρξ−1ξu[φ] so that u′[φ] = u[ϕ]ξ. Taking ξ to be U(1)-valued, the ambiguity 
group is U(1)′

[∅]. One may object that this does not respect the polar decomposition 
assumption (into a R+-valued modulus and a phase), which is enforced by writing the 
constraint to be solved for u as C(φu) = φu/|φu| − 1 = 0, for φu := u−1φ—which 
is a ‘unitary gauge’-like condition (see the previous comment). This forces ξ = 1, 
meaning that there is no non-trivial ambiguity group here, and the dressing u = u[φ] 
is thus unique. Now consider a model with two matter fields, ϕ = {A, φ1, φ2}. One 
then obtains two unique dressings, u = u[φ1] and u′ = u′[φ2]. The internal refer-
ence frame covariance of the dressed formulations is therefore implemented by 
U(1)[ϕ] = {ξ[ϕ] = u−1u′}, shifting between the frames, or ‘perspectives’, of one 
matter field to the other.33

Consider also the example of tetrad formulations of GR, where ϕ = {A, e}, with 
A the Lorentz connection and e the tetrad field, both supporting HHHloc = SO(1, 3)
-gauge transformations, which yet leave the theory LGR(A, e) invariant. The GL-val-
ued SO-dressing field u = u[e] = ea

µ is obtained by solving C(eu) = eu − dx µ = 0
, with eu := u−1e. The SO-invariant dressed fields − := Au and dx := u−1e are the 
linear connection and the basis 1-form, respectively. Yet, notice that baked in the 
constraint is a choice of coordinates; another would have led to u′[e] = u[e]ξ for 
ξ : M → GL(4), or, in more usual terms, ea

ν = ea
µ ξµ

ν . This means that the ambi-
guity group is GGGLLL[∅], which just encodes arbitrary coordinate changes, under which 
indeed dressed fields − and dx transform just like A and e transform under SSSOOO, and 
under which the dressed theory (‘metric’ GR) remains invariant. Remember also that, 
as noted in footnote 26, per Stachel [4, 8, 10] there is no hole argument for mere coor-
dinate changes GGGLLL[∅], a.k.a. ‘passive’ diffeomorphisms (see also [9]).

Consider GR once again, now coupled to a collection of scalar fields (i.e. phenome-
nological matter fields, as in cosmology for example), so that ϕ = {g, φ} with φ = φi 
and i = {1, . . . , 4}. The Diff (M)-dressing field υ = υ[φ] := φ−1 : N ⊂ R4 → M
, with N the value set (image) of φ, is immediately identified, or found, by solv-
ing the constraint C(φυ) = υ∗φ − idN = 0. The dressed metric, namely the rela-
tional variable gυ, is the gravitational field as defined by the reference frame of the 

32 To the best of our knowledge, this view can be traced back to the authors of [94], who also systematically 
introduced the notion and terminology of dressing, independently of [95, 96].
33 We remark that this encompasses technically the gauge-invariant account of (scalar) electrodynamics of 
[97], which is called “field monism" in [91] and whose flavor of relationalism we sympathize with. Yet, 
[91] rejects this approach on two grounds: 1) that it is not readily generalizable beyond the Abelian case, 
and 2) that it suffers from possible ambiguities which, in his view, are “hardly better than" those associated 
with gauge symmetries. We think that, as discussed above, the DFM answers both criticisms.
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matter field, while φυ = idN  is the matter field’s representation of itself in its own 
rest frame. This construction encompasses various forms of scalar coordinatiza-
tion via “material reference frames", e.g. à la DeWitt or Brown–Kuchař [86, 88, 98, 
99] (see also [100]). An ambiguity arises because the constraint is also satisfied by 
υ′[φ] = υ[φ] ◦ ζ, where ζ ∈ NNN [∅] ⊂ Diff (R4). Clearly, NNN [∅] represents arbitrary 
virtual coordinates that one is free to extrapolate from the existing physical reference 
frame given by u[φ].34 In a model with distinct matter fields ϕ = {g, φ1, φ2}, one 
thus has two candidate dressing fields υ[φ1] and υ′[φ2], with distinct (but isomor-
phic) ambiguity groups NNN 1

[∅] and NNN 2
[∅], while the physical frame covariance group 

is N[ϕ] = {ζ[ϕ] := υ−1 ◦ υ′}, and allows to shift from the reference frame of one 
matter field to the other.35

The freedom in the choice of dressing does not undermine the picture developed in 
sections 5.1-5.3 of an enriched physical spacetime for gRGFT represented by a dressed 
bundle space (P u, ωu, αu), locally seen as (Mυ,ϕ(υ,u)). Its multiple, discrete real-
izations via distinct dressing fields reflect genuinely distinct physical perspectives, 
permuted via the discrete group of physical frame covariance (NNN [ϕ] ⋉ GGG[ϕ]). We 
shall soon revisit this topic more extensively [103].

6  Conclusion

In this paper, we have outlined a framework for interpreting general-relativistic 
Gauge Field Theory (gRGFT) in which its covariance group of local transformations, 
Diff (M) ⋉HHHloc, is seen—via the articulation of the generalized hole and point-
coincidence arguments—to tacitly encode its fundamental relational structure. Yet, 
the ontological picture presented here does not follow the canvas set by the tradi-
tional substantivalist versus relationalist dichotomy.

Rather, it strongly suggests a relationalist realist view of a principal bundle as 
representing the manifold of physical spatio-temporal and internal events, which 
supervene on—or supervene as a “structural quality" of—the fundamental physical 
fields of the theory. The d.o.f. of these fields are coextensive with the mutually co-
defining network of their (invariant) relations (section 2 and 4). This nicely aligns 
with a “moderate" form of ontic structural realism regarding the fundamental fields 
of gRGFT; a form of OSR which, in contrast to [104], is not eliminativist regarding 
relata (“objects") and does not favor a primary ontology of relations (see [105, 106]) 
but regards relata and relations as inseparable and on equal-footing ontologically.

34 To form a mental picture that can help illustrate this, one may imagine a gravitational-wave interferom-
eter as the physical reference frame supplying υ[φ] and gυ  the physically measured gravitational pulse. 
Then, NNN [∅] encodes all virtual coordinate systems one may anchor to, or extrapolate from, the physical 
interferometer.
35 Such is the situation e.g. in the context of (relativistic) multifluid hydrodynamics [101, 102], where 
fluid distributions are described by a set of scalar fields labelling fluid particles, known as “Lagrangian 
coordinate fields" or “comoving coordinates", while standard, unphysical coordinates on M are referred to 
as “Eulerian coordinates".
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This form of structural realism traces back to [107], as noted by [108] and [109], 
and has been further developed specifically in the context of fiber bundles under the 
label of “dynamic structural realism" by [8].

Where we go beyond Stachel and others is by using the dressing field method 
(DFM), showing how dressed fields, bundles, and spaces are immune to any form 
of (generalized) hole argument. We indeed contend that the manifestly invariant and 
manifestly relational reformulation of gRGFTs via the DFM (section 5) is as close 
a technical realization of (moderate) ontic structural realist views as currently pos-
sible within the standard framework of differential bundle geometry (section 3). The 
dressed fields (12), (16), (26) and the dressed regions (18), (27) of the manifold of 
events Mυ and of the enriched manifold of events P u →Mυ, formally implement 
the generalized point-coincidence argument, and are by construction immune to the 
generalized hole argument. This, then, (re)opens the door for fiber bundle substanti-
valist views.

The “bundle-realism" elaborated here has several interesting interpretive 
implications, for example regarding the electroweak model (and the notion of 
spontaneous symmetry breaking), and the Aharonov-Bohm (AB) effect. Indeed, 
the view elaborated above rests crucially on the insight of the generalized point-
coincidence argument, and is then a completely local (in the field-theoretic sense) 
understanding of the physics of gRGFT. The AB effect is thus interpretable in a 
gauge-invariant local way, as a phenomenon of differential parallel transport in 
the physical bundle space P u resulting from the local interaction of the physical 
matter field ϕu and the physical electromagnetic potential ωu—even though the 
effect is seen to be “displayed" effectively on the (quotient) space Mυ  between 
the local representative fields φ(υ,u) and A(υ,u), which are “shadows" of the true 
play. The AB effect is thus not essentially different, and no more mysterious, 
than comparable parallel transport effects in GR inducing gravitational time dila-
tion—such as the Shapiro effect, the gravitationally induced phase shift in pho-
ton, or even the Langevin twins effect—and resulting from the local interaction 
between physical matter and interaction fields (φ(υ,u)/A(υ,u)) and the physical 
gravitational potential (gυ). Both types of effects can be understood in the same 
terms, and neither requires a form of “holism".36 We will expand on these terse 
remarks in a separate contribution [110] discussing the AB effect through the 
lens of the generalized hole and point-coincidence argument and, expanding on 
[9], framing it within the DFM approach. Relatedly, while [2] took holonomies 
(i.e. integrals of potentials A along curves/loops in M) as a favorite candidate 
for the fundamental ontology of (gR)GFT, it is clear that on the view proposed 
here, holonomies are derived quantities, and—like the physical bundle space, its 
regions, points and curves—supervene on the fundamental relational ontology of 
physical (dressed) fields.

36 The term is used by, e.g., [2, 37, 39] to denote a form of spatio-temporal non-locality or non-separability, 
and should not be confused with the better-known quantum variant often used in the context of entangle-
ment.
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