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 a b s t r a c t

We develop a continuum mechanics framework for active anisotropic plates within the Föppl-
von Kármán limit, incorporating a preferential direction and inelastic active contractions in ge-
ometrically nonlinear plate theory. Through asymptotic expansion, we derive coupled equilib-
rium equations for plates with transversely isotropic and possibly inhomogeneous reinforcement 
undergoing spatially varying active contractions through their thickness. The framework high-
lights the coupling between material anisotropy and active deformations, with target curvatures 
that compete with geometric constraints. To demonstrate its capabilities, we apply the model to 
curvature-induced cell alignment, where substrate geometry, cytoskeletal anisotropy, and con-
tractility interact to determine orientation. For cylindrical substrates, the model predicts a super-
critical bifurcation in preferred orientation, from perpendicular to parallel through an oblique 
orientation, governed by the ratio of active contractility to substrate curvature. For ellipsoidal 
geometries, we capture stable parallel, perpendicular, and oblique configurations set by principal 
curvatures, whereas spherical substrates show no preferred alignment. These predictions quali-
tatively reproduce experimental observations across cell types, providing a mechanistic interpre-
tation of the distinct behaviors of contractile epithelial cells and stiffer fibroblasts. As a further 
illustration, we analyze the buckling of active anisotropic rings, showing how reinforcement and 
contractility jointly modulate the instability threshold. More broadly, the model applies to thin 
fiber-reinforced active structures arising in soft robotics, morphogenesis, and tissue engineering.

1.  Introduction

Thin structures exhibiting both anisotropic material response and active internal strains represent a class of mechanical systems 
with applications spanning multiple scales and domains. From liquid crystal elastomers and shape-morphing thin films (Mihai and 
Goriely, 2020; Pezzulla et al., 2016) to cell layers and biological tissues (Wang et al., 2024a), understanding the interplay between 
anisotropic elasticity, geometric nonlinearity, and active strain generation is crucial for predicting morphogenetic processes and 
designing programmable materials. While the mechanics of passive anisotropic plates and active isotropic systems have been studied 
extensively, a comprehensive theoretical framework unifying these features, particularly within the geometrically nonlinear Föppl–
von Kármán (FvK) regime, has remained elusive.
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A compelling application motivating such a framework arises from cellular mechanics, specifically the behavior of adherent 
cells on curved substrates. Experimental observations reveal that cells actively reorganize their cytoskeleton in response to substrate 
geometry: preferred orientation angles depend on curvature magnitude and on the trade-off between passive elastic deformation and 
active contractility along stress fibers. Mechanically, alignment arises from a competition between bending elasticity, which resists 
substrate-induced deformation, and directionally organized contractile stresses. Because stress fibers and microtubules form aligned 
bundles, cells behave effectively as anisotropic materials with direction-dependent stiffness. Experiments on cylindrical substrates 
have systematically demonstrated curvature-dependent orientation across cell types. For example, Bade et al. (2017) reported axial 
alignment of human vascular smooth muscle cells (hVSMCs) and fibroblasts as wire radius decreased, with reorientation thresholds 
that differ between cell types (mouse embryonic fibroblasts showed stronger alignment than hVSMCs, plausibly related to higher 
F-actin content). In contrast, Yevick et al. (2015) observed that epithelial monolayers tend to align circumferentially on cylinders 
with small radii, while Yu et al. (2018) and Bade et al. (2017) highlighted the decisive role of active contractility: Rho activation can 
induce thick circumferential stress fibers (reversing alignment tendencies), whereas inhibition of Rho kinase reduces myosin-driven 
contractility and promotes perpendicular orientation. These studies report deflections comparable to or exceeding cell thickness, and 
radii of curvature down to 𝑅 = 200 𝜇m, justifying a moderately large-deflection framework and emphasizing the interplay between 
substrate curvature, anisotropic cytoskeletal organization, and activity in determining cellular alignment. This complexity goes beyond 
the more studied problem of reorientation on planar substrates, which has been investigated both experimentally (Livne et al., 
2014; Roshanzadeh et al., 2020) and theoretically (Lucci and Preziosi, 2021; Lucci et al., 2021; Ciambella et al., 2022), requiring a 
formulation that explicitly handles intrinsic geometry (see also Giverso et al., 2023 and references therein).

One of the few theoretical frameworks developed to capture these observations was proposed by Biton and Safran (2009) who 
postulated that an interplay between passive bending deformation and active cellular contractility gives rise to an optimal orientation. 
While pioneering, this model incorporates stress fiber contraction in an experimentally motivated way, without fully resolving the 
coupling between geometry, anisotropy, and activity. Although over a decade has passed since its publication, to the best of our 
knowledge no refinements of this framework based on 3D continuum mechanics have been proposed, while biological interest in this 
phenomenon remains high (Callens et al., 2020; Schamberger et al., 2023).

In this work, we develop a comprehensive continuum mechanical framework for transversely isotropic active plates undergoing 
moderately large deflections. Our approach is grounded in three-dimensional elasticity with distortions, accounting for the decom-
position of the total deformation gradient into passive elastic and active components, thereby extending the classical FvK theory 
to incorporate both material anisotropy and active strains through a systematic asymptotic reduction. This construction generalizes 
growth-based models (Dervaux and Ben Amar, 2008; Dervaux et al., 2009; Wang et al., 2024b; Ackermann et al., 2022; Iakunin and 
Bonilla, 2018; Liang and Mahadevan, 2009), formulations for nematic elastomers (Mihai and Goriely, 2020) and tissues as active 
liquid crystal shells (Khoromskaia and Salbreux, 2023), as well as surfaces with prescribed incompatible metrics (Efrati et al., 2009; 
Klein et al., 2007; Zurlo and Truskinovsky, 2017) or pre-stress (Ciarletta et al., 2022), by providing a framework that rigorously 
couples activity to anisotropic elasticity. The resulting model consists of coupled nonlinear partial differential equations governing 
in-plane membrane stresses and out-of-plane deflections, with constitutive parameters reflecting both passive elastic anisotropy and 
active strain magnitude. The coupling between these two aspects naturally emerges in the final equations, which we write both 
for the case of spatially varying and constant anisotropic director fields. Furthermore, we demonstrate that introducing differential 
active strains along the plate thickness, essential for describing the contraction of cell stress fibers, produces a significant source of 
incompatibility and results in active bending moments.

In the context of cellular mechanics, this framework allows us to analyze how bending rigidity, anisotropic cytoskeletal stiffness, 
and active contractility jointly determine the orientation of cells adhering to curved substrates. The theory predicts curvature- and 
contractility-dependent alignment transitions on different prototypical surfaces, revealing that the preferred orientation arises from 
a minimization of the energy involving bending resistance and active contraction. Predictions are qualitatively compared against 
experimental observations, suggesting how differences in cytoskeletal organization – for example, the higher F-actin content of 
fibroblasts compared to epithelial cells - may give rise to distinct mechanical responses under identical geometric conditions.

Although this study focuses on adherent cell mechanics, the framework also applies more generally to thin active anisotropic 
structures encountered in solid mechanics, including liquid crystal elastomer sheets and layered active composites. In such systems, 
much like in cells, the interplay between direction-dependent stiffness and internal stress generation governs shape adaptation and 
mechanical response.

The remainder of the paper is organized as follows. Section 2 introduces the three-dimensional formulation, notation, and con-
stitutive assumptions for transversely isotropic active bodies. Section 3 performs the asymptotic expansion to derive the equilibrium 
equations for active anisotropic FvK plates. Section 4 illustrates an application of the framework by analyzing the buckling of an 
active anisotropic ring. Then, in Section 5 we apply the model to substrates of cylindrical and ellipsoidal shape to determine cell 
preferential alignment and compare our results with experimental literature. Finally, Section 6 summarizes the results and outlines 
directions for future research.

2.  Theoretical framework

In this section, we introduce the general theoretical framework for a three-dimensional hyperelastic active body with anisotropic 
reinforcement. This framework forms the basis for the dimensional reduction performed in the next section, which yields a Föppl–von 
Kármán plate formulation. The nonlinearity of the model necessitates careful treatment of the two contributing deformation mech-
anisms: the passive bending, imposed by the substrate geometry, and the active cellular response. Active deformations are typically 
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modeled using one of two approaches (Giantesio et al., 2019; Nardinocchi and Teresi, 2007): (i) a multiplicative decomposition 
of the deformation gradient, or (ii) an additive decomposition of the stress tensor. Both approaches are mathematically consistent 
and widely used in modeling active materials, although the active stress approach may present certain constitutive issues (Ambrosi 
and Pezzuto, 2012). In this work, we favor the multiplicative decomposition due to its conceptual clarity. This approach has also 
been employed in previous studies on Föppl–von Kármán inelastic plates (Dervaux et al., 2009; Xu et al., 2020; Wang et al., 2024b; 
Ackermann et al., 2022) to model growth processes. Yet the coupling between activity and anisotropy in this plate limit remains 
unexplored.

2.1.  Kinematics

Let 𝑟 ⊂  be the reference configuration of the body, identified with a regular subregion of the Euclidean space  , and let 𝜒 ∶ 𝑟 → 
be the vector field referred to as deformation map, assigning to each point 𝐗 ∈ 𝑟 a position 𝐱 = 𝜒(𝐗). The image of the body through 
this map, i.e., the set  = 𝜒(𝑟), is referred to as deformed configuration. As usual, the displacement field is denoted by 𝐮 ∶ 𝑟 →  , and 
defined by 𝐮(𝐗) = 𝐱(𝐗) − 𝐗.

The deformation of the body from the reference configuration to the deformed one is described by the deformation gradient
F = ∇𝜒 = I + ∇𝐮. This tensor characterizes the local variation of length and orientation of material line elements and is purely 
kinematic in nature. For a purely elastic material, the deformation gradient F defined above is sufficient to characterize the mechanical 
response of the body. However, the framework must be extended when there are changes in the microstructure of the material as 
occurs, for instance, in plasticity, growth processes, and active behavior. In these cases, the material undergoes distortions that are 
not directly associated with energy storage but rather with a variation in the reference configuration itself, requiring an additional 
level of complexity (Nardinocchi and Teresi, 2007). Mathematically, this is achieved by introducing an additional kinematic variable 
Fa, and the deformation gradient F follows the multiplicative decomposition (Rodriguez et al., 1994; Sadik and Yavari, 2017)

F = FeFa. (1)

In particular, the elastic part of the deformation Fe accounts for elastic distortions and is the only contribution that stores energy 
in the body, while Fa describes the active behavior and is prescribed constitutively, possibly following its own evolution law. This 
multiplicative decomposition can be visualized through the introduction of an intermediate natural state 𝜈 , as shown in Fig. 1, and 
has been widely used in contexts such as plasticity (Lubarda, 2004), viscoelasticity (Sadik and Yavari, 2024; Ciambella et al., 2024), 
biological growth (Grillo and Di Stefano, 2023; Fraldi and Carotenuto, 2018), and active materials mechanics (Giantesio et al., 2019; 
Nardinocchi and Teresi, 2007), just to mention a few examples. The determinants will be denoted by 𝐽 = det F > 0, 𝐽a = det Fa > 0, 
and 𝐽e = det Fe > 0, such that 𝐽 = 𝐽e𝐽a.

Note that F is a gradient by definition, whereas Fa and Fe are generally not, that is, they may not be integrable. In particular, 
assuming the body to be simply connected, compatibility of Fa is granted if and only if curlFa = O. Therefore, an incompatible
tensor Fa implies that, locally, an elastic deformation Fe is needed to restore overall compatibility and to ensure that their product 
is a gradient. Indeed, if the active deformations could be described by a gradient of a displacement field, there would only be an 
evolution of the reference configuration. In general, however, the active deformation tensor appears as incompatible, leading to the 
development of residual stresses (Dervaux et al., 2009; Efrati et al., 2009).

The multiplicative decomposition introduces the standard strain measures C ∶= FTF and B ∶= FFT, where C and B are respec-
tively the right and left Cauchy–Green strain tensors, and the corresponding elastic strain measures, computed as

Ce = FT
eFe = F−T

a CF
−1
a , Be = FeF

T
e = FC−1

a F
T, (2)

where Ca ∶= FT
aFa describes the strains induced by the active deformation field.

The elastic Green–Lagrange strain tensor Ee is then

Ee ∶=
1
2
(Ce − I) =

1
2

(

F−T
a F

−1
a +F−T

a ∇𝐮TF−1
a +F−T

a ∇𝐮F−1
a +F−T

a ∇𝐮T∇𝐮F−1
a − I

)

. (3)

As specified before, the active deformation tensor Fa in general may follow its own dynamics, and its expression is necessary to 
compute the macroscopic deformation field. Typically, material symmetries or physical observations are used to impose restrictions 
on the structure of Fa, which is assumed a priori. The general structure of this tensor can be written as

Fa = 𝛼a𝐯1 ⊗ 𝐯1 + 𝛽a𝐯2 ⊗ 𝐯2 + 𝛾a𝐯3 ⊗ 𝐯3,

where 𝐯𝑖, 𝑖 = 1,… , 3 are the principal directions of activation, often related to the alignment of active fibers, while 𝛼a, 𝛽a, 𝛾a are 
scalar fields that may depend on external stimuli. For instance, a simple structure where there is only one preferential direction for 
activation has been used in Riccobelli and Ambrosi (2019) to model muscle contraction, whereas an orthotropic fiber alignment has 
been employed in heart mechanics (Nardinocchi and Teresi, 2013).

2.2.  Constitutive assumptions

We postulate the existence of a strain energy function per unit volume of the natural state 𝒲  dependent only on the elastic
distortion tensor Fe and such that there exists a minimal energy state (Nardinocchi and Teresi, 2007; Giantesio et al., 2019). This is 
summarized as

𝒲 ∶ Fe → 𝒲 (Fe), 𝒲 (I) = 0. (4)
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It is important to note that the minimal energy state can be reached for a non-vanishing visible deformation:
I = Fe = FF−1

a ⟺ F = Fa. (5)

This identity carries an important physical meaning: if the active distortion Fa, which changes the reference configuration through 
the material microstructure, is the gradient of a given vector field, then the observed macroscopic deformation is identified by that 
gradient. Hence, the deformed state is the minimum of the energy, i.e., it is a stress-free configuration.

In the following, we will consider a transversely isotropic material, with a preferential direction locally identified by the unit 
vector 𝐦(𝐗) in the reference configuration. The corresponding structural tensor is denoted by M = 𝐦⊗𝐦. Therefore, the strain 
energy density function, as a result of frame indifference and material symmetry, may be written as:

𝒲 (Fe,M) = 𝒲 (𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼5), (6)

where 𝐼1,… , 𝐼5 are the isotropic and anisotropic elastic invariants:
𝐼1 ∶= Ce ∶ I, 𝐼2 ∶= C∗

e ∶ I, 𝐼3 ∶= detCe, 𝐼4 ∶= Ce ∶M, 𝐼5 ∶= C2
e ∶M,

with Ce defined in Eq. (2), C∗
e ∶= (detCe)C−1

e , and the operator ∶ denoting double contraction, i.e. the scalar product between second-
order tensors. We remark that, in writing Eq. (6), we have implicitly assumed that the material structure remains unaltered by active 
distortions.

The material will be assumed as elastically incompressible, a condition described by the constraint
(Fe) ∶= det Fe − 1 = 0 ⇒ det F = det Fa = 𝐽 , (7)

which introduces a Lagrange multiplier 𝑝 associated with this constraint. Then, we define an incompressible strain energy density 
function 𝒲  per unit volume of the reference state as

𝒲 (F,Fa,M) = 𝐽a𝒲 (FF−1
a ,M) − 𝐽a 𝑝

(

det(FF−1
a ) − 1

)

. (8)

In what follows, we assume that the strain energy per unit volume of the natural state is given by the sum of a Neo-Hookean model 
and a quadratic reinforcement:

𝒲 (𝐼1, 𝐼4) =
𝜇
2
(𝐼1 − 3) +

𝑘44
2

(𝐼4 − 1)2. (9)

Note that we have omitted the dependence on the second invariant 𝐼2 and on the fifth invariant 𝐼5. This choice is motivated by the 
fact that, as we will show later, due to displacements scalings one can prove that the contribution of 𝐼2 can be absorbed into 𝐼1
(Dervaux et al., 2009), while the contribution of 𝐼5 is equivalent to that of 𝐼4.

Therefore, the first Piola-Kirchhoff stress tensor P reads

P = 𝜕𝒲
𝜕F

= 𝐽a
𝜕𝒲
𝜕F

− 𝐽a𝑝
𝜕(Fe)
𝜕F

= 𝐽 𝜕𝒲
𝜕Fe

F−T
a − 𝐽𝑝F−T. (10)

The second Piola-Kirchhoff stress tensor S is defined by S = F−1P. Finally, the Cauchy stress tensor T is related to the first Piola-Kirchhoff 
stress tensor by:

T = 𝐽−1PFT = 𝜕𝒲
𝜕Fe

FT
e − 𝑝I. (11)

The choice of the strain energy density in Eq. (9) implies a Cauchy stress tensor of the form:
T = 𝜇Be + 2𝑘44(𝐼4 − 1)FeMF

T
e − 𝑝I, (12)

where we used the relations
𝜕𝐼1
𝜕Fe

= 2Fe,
𝜕𝐼4
𝜕Fe

= 2FeM. (13)

3.  Active anisotropic plate model

Building on the framework of Section 2, the goal of this section is to exploit the geometrical properties of the body to perform a 
dimensional reduction. Many natural systems exhibit a characteristic length scale that is much smaller than the other two, so that the 
body effectively behaves as a plate. Starting from the three-dimensional continuum formulation summarized above, several strategies 
can be used to perform this dimensional reduction, including Γ–convergence (Lewicka et al., 2011), asymptotic expansions of the 
equilibrium equations (Kaplunov et al., 1998), or the identification of leading-order contributions in the three-dimensional stored 
energy (Audoly and Pomeau, 2005). For the present purposes, we adopt the last approach, following related mathematical models in 
the recent literature (Dervaux and Ben Amar, 2008; Dervaux et al., 2009; Mihai and Goriely, 2020; Wang et al., 2024b; Xu et al., 2020; 
Ackermann et al., 2022; Ciarletta et al., 2022). In particular, we assume that the vertical displacement of the plate is comparable to 
its thickness, corresponding to a moderate-deflection regime. This setting is commonly referred to as the Föppl–von Kármán plate 
limit, which describes the situation in which the stretching and bending energies of the plate are of the same order of magnitude, 
often resulting in systems of equations with the following characteristic structure:

{

𝐷Δ2𝜉 −𝐻[𝜉, 𝜙] = 𝑓𝜉,inc
Δ2𝜙 + 𝐸[𝜉, 𝜉] = 𝑓𝜙,inc

(14)
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Fig. 1. Schematic of the reference configuration 𝑟 of the plate and of the decomposition F = FeFa. The middle surface of the plate is denoted by 
.

where 𝜉 represents the deflection, 𝜙 is the Airy stress function, while 𝐷,𝐸 depend on the material properties and the terms 𝑓𝜉,inc, 𝑓𝜙,inc
encode the effect of incompatible deformations, such as growth or active remodeling. The nonlinear coupling between equations arises 
through the bilinear operator [⋅, ⋅], defined as

[𝑎, 𝑏] ∶= 1
2
𝜕2𝑎
𝜕𝑋2

𝜕2𝑏
𝜕𝑌 2

+ 1
2
𝜕2𝑎
𝜕𝑌 2

𝜕2𝑏
𝜕𝑋2

− 𝜕2𝑎
𝜕𝑋𝜕𝑌

𝜕2𝑏
𝜕𝑋𝜕𝑌

. (15)

Under these conditions, we derive the equilibrium equations for an anisotropic active plate of FvK type. To our knowledge, current 
geometrically nonlinear plate models with incompatible strains do not incorporate constitutive anisotropy. However, the presence 
of reinforcing fibers must be accounted for in several contexts and is essential for capturing the phenomenon of cell alignment on 
curved surfaces. Our model extends existing frameworks by incorporating constitutive anisotropy that can vary spatially throughout 
the plate and by capturing its interplay with active deformation, which naturally emerges in the derivation.

3.1.  Setup and assumptions

Let the reference configuration be a flat plate with thickness 𝐻 , that is, 𝑟 =  ×
[

−𝐻
2 ,

𝐻
2

]

, where  is the middle surface that 
describes the shape of the plate, as shown in Fig. 1. In particular, we assume that the lateral dimensions of the plate are of order 𝐿, 
with 𝐻 ≪ 𝐿. Introducing a system of Cartesian coordinates, a material point will be denoted by

𝐗 = 𝑋𝐞1 + 𝑌 𝐞2 +𝑍𝐞3,

where 𝐞𝛼 (𝛼 = 1, 2) are the in-plane directions, while 𝐞3 is the thickness direction, hereafter referred to as the transverse direction. Thus, 
the displacement field writes as

𝐮(𝑋, 𝑌 ,𝑍) = 𝑢𝛼(𝑋, 𝑌 ,𝑍)𝐞𝛼 + 𝑢3(𝑋, 𝑌 ,𝑍)𝐞3. (16)

In the equation above, and throughout the remainder of this work, we adopt the Einstein summation convention. Specifically, Greek 
indices refer to the 1 and 2 coordinates, whereas Latin indices are used when considering both in-plane and transverse components.

Let us denote the transverse deflection of the central surface 𝑍 = 0 of the plate by the field 𝜉, such that 𝑢3(𝑋, 𝑌 ,𝑍 = 0) = 𝜉(𝑋, 𝑌 ). 
Hence, the transverse component of the displacement can be split as 𝑢3(𝑋, 𝑌 ,𝑍) = 𝑊 (𝑋, 𝑌 ,𝑍) + 𝜉(𝑋, 𝑌 ), with 𝑊 (𝑋, 𝑌 ,𝑍 = 0) = 0. 
Moreover, we assume that the anisotropy of the material does not have a transverse component, so that 𝑚3 = 0. This reflects the 
hypothesis that the material structure is confined in-plane and notably simplifies the problem, as will be discussed later on (see 
Remark 3).

Since the parameter 𝜀 = 𝐻∕𝐿 is small, it is convenient to introduce a new transverse coordinate 𝑍̄ ∶= 𝑍∕𝜀, which varies in 
[−𝐿∕2, 𝐿∕2]. An arbitrary field 𝑓 ∶ 𝑟 →  defined on the three-dimensional body can then be expanded as follows:

𝑓 (𝑋, 𝑌 ,𝑍) = 𝑓 (𝑋, 𝑌 , 𝑍̄) = 𝑓 [0](𝑋, 𝑌 , 𝑍̄) + 𝑓 [1](𝑋, 𝑌 , 𝑍̄)𝜀 + 𝑓 [2](𝑋, 𝑌 , 𝑍̄)𝜀2 + (𝜀3),
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where the symbol (⋅) indicates that the quantity is, at most, of the order of its argument. This can be interpreted as a Taylor expansion 
of 𝑓 around 𝑍 = 0, where 𝑍 is small under the plate assumptions.

Therefore, by considering the expansion of the terms involved in the strain energy density of Eq. (8), i.e., 𝐼1, 𝐼4, and 𝑝, the total 
energy of the body breaks down into two components (Dervaux et al., 2009):

𝒲tot = ∫𝑆 ∫

𝐻∕2

−𝐻∕2
𝐽
[

𝒲 (𝐼1, 𝐼4) − 𝑝(det Fe − 1)
]

d𝑍 d𝐴 ≈ 𝐻 ∫𝑆
𝜓 [0] d𝐴 + 𝐻3

12 ∫𝑆
𝜓 [2] d𝐴, (17)

where 𝜓 [0] and 𝜓 [2] contain the 0th-order and 2nd-order terms in 𝜀, respectively. This separation highlights the two contributions to 
the energy. The first term, proportional to 𝐻 , accounts for the in-plane deformation of the middle surface  and is referred to as the 
stretching energy. On the other hand, the second term, which is proportional to 𝐻3, is referred to as the bending energy and contains 
information about the deformation of the plate in the third dimension. The explicit form of these two contributions will be derived 
in Section 3.2.

In order to set the problem in a specific plate limit, it is necessary to make some assumptions on the scaling of the quantities 
involved. This reflects the fact that, depending on the scaling of the external forces applied to the body, we observe different final 
behaviors (Audoly and Pomeau, 2005). Regarding the displacement field, we assume that

𝑢𝛼(𝑋, 𝑌 ,𝑍) = 
(

𝜉2

𝐿

)

, 𝜉(𝑋, 𝑌 ) = (𝐻), 𝑊 (𝑋, 𝑌 ,𝑍) = 
(

𝜉2𝐻
𝐿2

)

. (18)

The second hypothesis is of geometric nature: it describes the order of magnitude of the deflection 𝜉, which in the classical Föppl-
von Kármán scaling satisfies 𝜉 ∼ 𝐻 . This implies that we are considering finite but moderate rotations, which will be the reason 
for geometric nonlinearity in the equilibrium equations. Instead, the first scaling assumption is necessary to ensure that the two 
energy components, bending and stretching, have a comparable order of magnitude. Note that the nonlinearities that arise in the 
equilibrium equations are not a consequence of large deformations, since the strains remain small (at least of order 𝜀, which is small 
by assumption). Rather, they have a geometric origin, since they arise from the compatibility between the strain and displacement 
fields in the model.

Regarding the active deformation tensor, we take it in the form
Fa = I +A = I + 𝕒 +𝑍ka. (19)

In particular, we make the following assumptions on the structure of Fa:

1. 𝕒 = 𝕒(𝑋, 𝑌 ) and ka = ka(𝑋, 𝑌 ), so that the dependence on the transverse coordinate 𝑍 is linear and explicit;
2. 𝑎33 = 𝐞3 ⋅ 𝕒𝐞3 is constant in space;
3. ka is assumed to have no transverse components, that is, 𝑘𝛼3 = 𝑘33 = 0.

We further note that, as can be easily shown, only sym(ka) contributes to the FvK reduction performed here. This stems from the fact 
that only sym(ka) enters the target metric Ca at first order in 𝑍 (see Section 3.3). Without loss of generality, we therefore take ka
symmetric in the following, keeping in mind that every occurrence of 𝑘12 could in principle be replaced by 12 (𝑘12 + 𝑘21). Following 
these choices, to highlight the spatial dependencies and the structure of A, its expression can be rewritten as:

A =
[

𝕒2D(𝑋, 𝑌 ) +𝑍k𝑎(𝑋, 𝑌 )
]

+ 𝐚1(𝑋, 𝑌 )⊗ 𝐞3 + 𝐞3 ⊗ 𝐚3(𝑋, 𝑌 ) + 𝑎33𝐞3 ⊗ 𝐞3,

where we explicitly highlighted the planar component 𝕒2D(𝑋, 𝑌 ) of 𝕒 and introduced 𝐚1 ∶= (𝑎13, 𝑎23, 0)T, 𝐚3 ∶= (𝑎31, 𝑎32, 0)T.
In addition, we impose the following scaling assumptions on the in-plane and transverse components of A:

𝑎𝛼𝛽 = (𝜉2∕𝐿2), 𝑎𝛼3 , 𝑎3𝛽 = (𝜉∕𝐿), 𝑎33 = (𝜉2∕𝐿2), 𝑘𝛼𝛽 = (𝜉∕𝐿2). (20)

These hypotheses on the active part ensure that the contribution of Fa remains compatible with the assumptions of the Föppl–von 
Kármán limit. In the particular case where A = 𝕒, so that the active deformation field Fa (or its approximation) is independent of the 
transverse coordinate 𝑍, the active part of the model is equivalent to the growth setting considered in Dervaux et al. (2009).
Remark 1.  (on the compatibility of Fa) Following the definition of Eq. (19), we have

curlFa = curl𝕒 +𝑍 curlka + [(𝐞3)×]ka, (21)

where [(𝐞3)×] is the skew tensor whose axial vector is 𝐞3. Clearly, if ka = O, the compatibility of Fa is equivalent to the compatibility 
of 𝕒. Otherwise, it follows that:

1. if ka is compatible, then it is possible to find 𝕒 (possibly incompatible) such that Fa is compatible;
2. if 𝕒 is compatible, then the only way to obtain a compatible Fa is ka = O;
3. compatibility of both 𝕒 and ka does not guarantee a compatible Fa, in general.

In particular, the ability of the plate to exhibit 𝑍-dependent contractions introduces a significant additional source of incompatibility 
into the model.
Remark 2.  (on the compatibility of Ca) We recall that, in a simply connected domain, as the one we consider here, a compatible 
(curl-free) active deformation Fa implies that the associated metric tensor Ca = FT

aFa is also compatible, that is, its Riemann curvature 
tensor vanishes: 𝖱(Ca) = 𝟢 (Ciarlet, 2005; Argento et al., 2021; Colorado-Cervantes et al., 2022). The induced metric is therefore flat 
and can be embedded in the Euclidean space without residual stresses. The converse is true in the sense that, if Ca is a metric such 
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that 𝖱(Ca) = 𝟢, then there exists an embedding 𝜒 such that ∇𝜒T∇𝜒 = Ca, but the choice of Fa is not unique. In fact, if we set Fa = ∇𝜒 , 
any superposed local rotation provides the same metric tensor Ca. However, the energy is insensitive to such rotation, as it can be 
absorbed into the elastic part of the deformation without altering any of the elastic invariants. The geometric meaning of metric 
compatibility in the plate limit is discussed in Section 3.3.

In the absence of externally applied forces, the boundary conditions for the Cauchy stress tensor along the transverse direction 𝐧, 
that is, the direction orthogonal to the central surface in the deformed configuration, are summarized by the interface conditions

T𝐧 = 𝟎. (22)

At this point, we adopt the membrane assumption1 for moderate deflections (Dervaux et al., 2009; Audoly and Pomeau, 2005): since 
the plate is thin and the boundary is stress-free, cf. Eq. (22), we assume that T𝐞3 = 𝟎 throughout the plate at leading order. This 
assumption implies that (T 𝐞3)1 = (T 𝐞3)2 = 0 everywhere at leading order. These stress relations can be used to make the dependence 
on the transverse coordinate explicit and to reduce the dimensionality of the problem. Specifically, using the scaling assumptions of 
Eq. (18), the definition of the elastic deformation Fe from Eq. (1), and the Cauchy stress expression from Eq. (12), the vanishing of 
the out-of-plane shear stresses at leading order yields:

𝜕𝑢1
𝜕𝑍

= −
(

𝜕𝜉
𝜕𝑋

− 𝑎13 − 𝑎31

)

+ 
(

𝜉3∕𝐿3), (23)

𝜕𝑢2
𝜕𝑍

= −
(

𝜕𝜉
𝜕𝑌

− 𝑎23 − 𝑎32

)

+ 
(

𝜉3∕𝐿3). (24)

Note that the gradient of 𝑊  has been neglected, since it is of higher order compared to 𝜉. Moreover, the anisotropic term within the 
Cauchy stress T contributes only at higher order due to the presence of the anisotropic invariant 𝐼4 − 1, which are therefore included 
in the term (𝜉3∕𝐿3). This follows from the planarity assumption for the structure tensor M. If 𝐦 had an out-of-plane component, 
additional terms would appear at leading order, significantly complicating the analysis. Consequently, this ensures that the transverse 
components of the Cauchy stress, T𝛼3, vanish up to order 𝜉3∕𝐿3 (Audoly and Pomeau, 2005).

The leading-order terms on the right-hand side of Eqs. (23)-(24) consist of quantities that do not depend on the transverse co-
ordinate. Indeed, 𝜉 is defined as the vertical displacement of the middle surface , while 𝑎𝛼3 are independent of 𝑍 by assumption. 
Therefore, upon integration, we find that the in-plane displacements exhibit the classical linear dependence on 𝑍:

𝑢1(𝑋, 𝑌 ,𝑍) = −𝑍
(

𝜕𝜉
𝜕𝑋

− 𝑎13 − 𝑎31

)

+ 𝑢(0)1 (𝑋, 𝑌 ),

𝑢2(𝑋, 𝑌 ,𝑍) = −𝑍
(

𝜕𝜉
𝜕𝑌

− 𝑎23 − 𝑎32

)

+ 𝑢(0)2 (𝑋, 𝑌 ).
(25)

In general, depending on the scaling of the in-plane displacements 𝑢(0)𝛼 , different plate models can be derived. Under the present 
scaling assumptions from Eq. (18), we have 𝑢(0)𝛼 = (𝜉2∕𝐿), effectively rendering all terms on the right-hand side of Eq. (25) of the 
same order. We remark that the kinematic relations of Eq. (25) are equivalent to those derived in Dervaux et al. (2009). However, 
as will become clear, in the following the presence of anisotropy and 𝑍-dependent activity will significantly affect 𝑢(0)1 , 𝑢(0)2 , and 𝜉, 
leading to marked differences in the model compared to others. The last condition about transverse stresses, which is (T 𝐞3)3 = 0, 
allows the computation of the unknown Lagrange multiplier 𝑝:

𝑝 = 𝜇 (Be)33 + 2𝑘44(𝐼4 − 1) (FeMF
T
e )33.

This expression can be simplified further by making the following observations:

• The displacement fields computed in Eq. (25) from the membrane assumption allow us to conclude that, at leading order,
(Be)33 = (FeF

T
e )33 ≈ (FT

eFe)33 = (Ce)33.

• As noted previously, the planar assumption on M implies that the anisotropic component of the Cauchy stress is proportional to
(FeMF

T
e )33 = (𝜉2∕𝐿2),

which, after multiplication by (𝐼4 − 1), results in a term which is at least of order 𝜉4∕𝐿4. Therefore, this term is negligible compared 
to the isotropic one.

Thus, exploiting the identity Ce = 2Ee + I, where Ee is the elastic Green-Lagrange deformation tensor defined in Eq. (3), the pressure 
may be approximated as:

𝑝 ≈ 𝜇(Be)33 ≈ 𝜇 (Ce)33 = 𝜇
(

2(Ee)33 + 1
)

. (26)

1 This formulation accommodates elastic thickness changes through the incompressibility constraint, but does not introduce an independent 
kinematic descriptor for significant through-thickness distension; richer thin-body theories (Deseri et al., 2008; Deseri and Zurlo, 2013; DiCarlo 
et al., 2001) would be needed to capture such effects in regimes of highly inhomogeneous active deformation.
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Note that the pressure can be divided into two components: one contains an isotropic term independent of the displacement field, 
while the other depends on the deformation through (Ee)33. Moreover, the anisotropic part does not contribute because of the in-plane 
structure hypothesis on M. We observe that

det Fe = 1 ⟺ detCe = 1 ⟹ 2 trEe = 0 (at leading order),
and, consequently,

𝑝 ≈ 𝜇
(

2(Ee)33 + 1
)

≈ 𝜇
(

1 − 2(Ee)𝛼𝛼
)

= 𝜇
(

1 − 2(Ee)11 − 2(Ee)22
)

. (27)

As discussed earlier, the strain energy function may, in general, depend on the full set of invariants, in particular on 𝐼2 and 𝐼5. However, 
the scalings associated with the Föppl–von Kármán regime (18) imply that, as shown in Dervaux et al. (2009), the contribution of 𝐼2
becomes asymptotically equivalent to that of 𝐼1. Moreover, to leading order, we have

𝐼5 − 1 = C2
e ∶M − 1 ≈ 2(Ce ∶M − 1) = 2(𝐼4 − 1),

so that the 𝐼5 contribution effectively reduces to that of 𝐼4. Therefore, our choice of the strain energy density 𝒲  in the natural state 
represents a fairly general constitutive form for a transversely isotropic material in the FvK limit.

The membrane assumption and the expansions of the relevant terms allow us to reduce the kinematics of the problem from 3D to 
2D, with unknowns 𝑢(0)1 (𝑋, 𝑌 ), 𝑢(0)2 (𝑋, 𝑌 ), and 𝜉(𝑋, 𝑌 ). In what follows, we derive the governing equations by variational arguments.

3.2.  Leading order of the energy

Recalling Eq. (17), we now compute both the in-plane stretching energy density 𝜓 [0] and the bending energy density 𝜓 [2] by using 
the energetic conjugation between the elastic Green-Lagrange tensor and the second Piola–Kirchhoff stress tensor pushed forward in 
the natural state 𝜈 :

S𝑛 = 𝐽−1
a FaSF

T
a = 𝐽eF

−1
e TF

−T
e . (28)

Using the expression of the Cauchy stress and the fact that 𝐽e = 1, we find
S𝑛 = 𝜇 I + 2𝑘44(𝐼4 − 1)M − 𝑝C−1

e . (29)

The hypothesis from Eq. (18) about the leading order of the displacement, combined with the leading order of the pressure field in 
Eq. (27), allows us to further simplify this tensor as

S𝑛 = 2𝜇
[

Ee +
(

(Ee)11 + (Ee)22
)

I
]

+ 4𝑘44𝐽4M, (30)

where 𝐽4 ∶= Ee ∶M = 1
2 (𝐼4 − 1). Note that the in-plane components of this stress tensor depend solely on in-plane quantities. This 

result is typical of reduced plate models, and Eq. (30) is referred to as the effective constitutive equation.
Before deriving the energy expression, it is useful to compute the expansion along the transverse direction of the elastic strain 

tensor Ee. We write
Ee ≈ E[0]

e +𝑍E[1]
e +𝑍2E[2]

e (31)

and, by using the scaling assumptions together with the kinematic definitions of Eq. (25), we find the following leading orders:

(

E[0]
e
)

𝛼𝛽 = 1
2

⎛

⎜

⎜

⎝

−𝑎𝛼𝛽 − 𝑎𝛽𝛼 − 𝑎3𝛼𝑎3𝛽 +
𝜕𝑢(0)𝛼
𝜕𝑋𝛽

+
𝜕𝑢(0)𝛽
𝜕𝑋𝛼

+
𝜕𝜉
𝜕𝑋𝛼

𝜕𝜉
𝜕𝑋𝛽

⎞

⎟

⎟

⎠

, (32)

(

E[1]
e
)

𝛼𝛽 = 1
2

(

−𝑘𝛼𝛽 − 𝑘𝛽𝛼 − 2
𝜕2𝜉

𝜕𝑋𝛼𝜕𝑋𝛽
+ 𝜕
𝜕𝑋𝛽

(𝑎𝛼3 + 𝑎3𝛼) +
𝜕
𝜕𝑋𝛼

(𝑎𝛽3 + 𝑎3𝛽 )
)

, (33)

(

E[2]
e
)

𝛼𝛽 = 1
2

(

𝜕2𝜉
𝜕𝑋𝛼𝜕𝑋𝛾

− 𝜕
𝜕𝑋𝛼

(𝑎𝛾3 + 𝑎3𝛾 )
)(

𝜕2𝜉
𝜕𝑋𝛽𝜕𝑋𝛾

− 𝜕
𝜕𝑋𝛽

(𝑎𝛾3 + 𝑎3𝛾 )
)

. (34)

Therefore, the total energy can be written as

𝒲tot =
1
2 ∫𝑛

S𝑛 ∶ Ee d𝑉𝑛 ≈
𝐻
2 ∫𝑆

S[0]𝑛 ∶ E[0]
e d𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝒲str

+ 𝐻3

24 ∫𝑆
S[1]𝑛 ∶ E[1]

e d𝐴
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝒲bend

. (35)

Note that, in writing the bending energy, we have neglected the terms S[0]𝑛 ∶ E[2]
e  and S[2]𝑛 ∶ E[0]

e . Indeed, from Eqs. (32)–(34), we 
have (E[0]

e )𝛼𝛽 = (𝜉2∕𝐿2), (E[1]
e )𝛼𝛽 = (𝜉∕𝐿2) and (E[2]

e )𝛼𝛽 = (𝜉2∕𝐿4). Thus, the reduced constitutive Eq. (30) yields S[0]𝑛 ∶ E[2]
e = S[2]𝑛 ∶

E
[0]
e = (𝜉4∕𝐿6), and these terms are of higher order.

Remark 3.  (on the dependence of M on 𝑍) In the previous section, we made a single assumption on the vector field 𝐦, namely 
that its transverse component vanishes, i.e., 𝑚3 = 0. No additional hypotheses were introduced concerning the scaling of the in-plane 
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components. Hence, in general, 𝐦 = 𝐦(𝐗) may depend on the transverse coordinate 𝑍. Accordingly, as done for the other fields, the 
structural tensor can be expanded as

M(𝑋, 𝑌 ,𝑍) = M̄(𝑋, 𝑌 , 𝑍̄) = M̄[0](𝑋, 𝑌 , 𝑍̄) + M̄[1](𝑋, 𝑌 , 𝑍̄) 𝜀 + M̄[2](𝑋, 𝑌 , 𝑍̄) 𝜀2 + (𝜀3) .

If one assumes that M̄[0] = (1), which must hold since I ∶M = 1 by the definition of the unit vector 𝐦, one obtains
1
2
(

𝐼4 − 1
)

= 1
2
(

Ce ∶M − 1
)

= Ee ∶M = (Ee)𝛼𝛽M𝛼𝛽 , (36)

where, in the last step, we used 𝑚3 = 0. The expansion above, combined with the approximation (31), yields
Ee ∶M ≈ E[0]

e ∶M[0] +
(

E[1]
e ∶M[0] +E[0]

e ∶M[1])𝑍 .

Hence, the leading-order term is of order (𝜉2∕𝐿2). Given the previously established scalings for Ee, a non-negligible contribution 
from M[1] would require M[1] = (1∕𝜉), implying a singular behavior across the thickness. In the following, we exclude such behavior 
and assume 𝐦 to be independent of 𝑍, so that M(𝐗) =M[0](𝑋, 𝑌 ).

The detailed computation of the bending energy at leading order is shown in Appendix A. Here, we report and discuss the final 
expression:

𝒲bend =
𝜇𝐻3

6 ∫𝑆

[

(

Δ𝜉 − 𝐶𝑚
)2 − ∇𝜉 ⋅ 𝐛a − − 

]

d𝐴 +
𝑘44𝐻3

6 ∫𝑆

(

M ∶Wa
)2 d𝐴, (37)

where Δ denotes the in-plane Laplacian,  collects boundary contributions and  gathers terms independent of 𝜉. For convenience, 
we define

𝐶𝑚 ∶= 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) +
𝜕
𝜕𝑌

(𝑎23 + 𝑎32) − 𝑘11 − 𝑘22 = div(𝐚1 + 𝐚3) − 𝑘11 − 𝑘22, (38)

Wa ∶=

⎛

⎜

⎜

⎜

⎜

⎝

𝜕2𝜉
𝜕𝑋2

− 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) + 𝑘11 𝑊12

𝑊12
𝜕2𝜉
𝜕𝑌 2

− 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) + 𝑘22

⎞

⎟

⎟

⎟

⎟

⎠

, (39)

𝑊12 =
𝜕2𝜉
𝜕𝑋𝜕𝑌

− 1
2
𝜕
𝜕𝑋

(𝑎23 + 𝑎32) −
1
2
𝜕
𝜕𝑌

(𝑎13 + 𝑎31) + 𝑘12, (40)

𝐛a ∶=
⎛

⎜

⎜

⎜

⎝

𝜕𝑘12
𝜕𝑌

−
𝜕𝑘22
𝜕𝑋

𝜕𝑘12
𝜕𝑋

−
𝜕𝑘11
𝜕𝑌

⎞

⎟

⎟

⎟

⎠

=

(

−(curlka)32
(curlka)31

)

. (41)

where div is the in-plane divergence operator and, with a slight abuse of notation, we denote 𝐚1 = (𝑎13, 𝑎23)T and 𝐚3 = (𝑎31, 𝑎32)T. It 
is also useful to introduce the symmetric tensor 𝕗 ∶= sym∇(𝐚1 + 𝐚3) and the target curvature tensor h ∶= 𝕗 − ka, in terms of which 
𝐶𝑚 = tr h and Wa = H(𝜉) − h, with H the Hessian matrix.

3.3.  Geometric interpretation of 𝐛a and target metric compatibility

The bending energy of Eq. (37) has some interesting features and clearly highlights several novel aspects of our approach. For the 
first term in the isotropic part we note that, in the FvK limit, the Laplacian Δ𝜉 represents twice the mean curvature of the deformed 
mid-surface. The term 𝐶𝑚, on the other hand, encodes the target (or spontaneous) mean curvature generated by out-of-plane active 
distortions. Thus, the quantity Δ𝜉 − 𝐶𝑚 measures the mismatch between the geometric mean curvature of the plate and the natural 
curvature imposed by activity. This interpretation is consistent with classical theories of incompatible growth or swelling, in which 
out-of-plane distortions induce residual bending and drive the sheet toward a preferred shape (e.g., Dervaux and Ben Amar, 2008; 
Efrati et al., 2009). In our formulation, the same mechanism arises directly from the incompatible active strain, and the structure of 
Eq. (37) makes explicit how activity determines a curvature field that the plate attempts to accommodate. Regarding the term 𝐛a, 
which represents one of the main novelties in our model, we note that, if ka is curl-free (i.e., compatible), then 𝐛a = 𝟎. This vector 
field is therefore a measure of the incompatibility of active contractions along 𝑍, and the contribution ∇𝜉 ⋅ 𝐛a can be thought of as the 
work done by active bending moments generated by incompatible deformations through the thickness. Since this kind of distortion 
cannot be accommodated in the plane without introducing stresses, it drives out-of-plane bending, as expected. This term also admits 
a clear differential-geometric interpretation in terms of the target metric Ca = FT

aFa (Ciarlet, 2005; Argento et al., 2021; Colorado-
Cervantes et al., 2022). To illustrate it, consider first the case 𝕒 = O, in which Fa = I +𝑍ka. The target metric then expands as 
Ca = I + 2𝑍 symka + (𝑍2), so that the symmetric part of ka plays the role of the second fundamental form of the target midsurface, 
whose first fundamental form is the identity (Argento et al., 2021; Colorado-Cervantes et al., 2022). Given the structure of Ca and 
the scalings, the six independent compatibility conditions 𝖱(Ca) = 𝟢 actually reduce to three, i.e., 𝑅1212 = 𝑅1213 = 𝑅1223 = 0, which 
govern the embeddability of the target surface with these fundamental forms in the Euclidean space. The remaining three conditions 
appear at higher order in 𝑍 and are therefore filtered out by the plate reduction. Thus, in the FvK limit, the problem of compatibility 
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of the target metric corresponds to the Gauss and Codazzi–Mainardi conditions (Ciarlet, 2005) for the target surface, which reduce 
respectively to

det ka = 0 (Gauss),
𝜕𝑘22
𝜕𝑋

−
𝜕𝑘12
𝜕𝑌

= 0,
𝜕𝑘12
𝜕𝑋

−
𝜕𝑘11
𝜕𝑌

= 0 ⇒ 𝐛a = 𝟎 (Codazzi-Mainardi). (42)

Therefore, if 𝕒 = O, the metric Ca is flat if and only if ka does not develop Gaussian curvature and defines an integrable midsurface. 
The Gauss defect enters the energy through  via detWa (see Eq. (A.5)). Instead, the defect of integrability is represented by 𝐛a, 
whose coupling ∇𝜉 ⋅ 𝐛a in the bending energy can be interpreted as the energetic cost of accommodating a target curvature that does 
not satisfy the integrability conditions for surfaces in R3. In the general case 𝕒 ≠ O, the same geometric structure persists, but the 
first fundamental form of the target surface is no longer flat, and the effective target curvature h introduced above appears. The 
leading-order Gauss equation for the target metric becomes

det h = 𝐶𝑎,𝜙 (43)

with 𝐶𝑎,𝜙 defined by

𝐶𝑎,𝜙 ∶= 𝜕2

𝜕𝑋𝜕𝑌

(

𝑎12 + 𝑎21 + 𝑎31𝑎32
)

− 𝜕2

𝜕𝑌 2

(

𝑎11 +
1
2
𝑎231

)

− 𝜕2

𝜕𝑋2

(

𝑎22 +
1
2
𝑎232

)

, (44)

whereas the Codazzi–Mainardi conditions at leading order read curlh = O. So, in this case, the surface characterized by the target 
curvature h must be integrable, and its Gaussian curvature must match the one prescribed by the metric, as per Eq. (43). A competition 
between the effects of 𝕒 and ka is then introduced, so that the incompatibility effects induced by one contribution can be compensated 
by the other, providing a surface that can be realized without residual stresses. Finally, the tensor Wa = H(𝜉) − h reduces to the 
linearized Weingarten map of the deformed midsurface when h = O, and in general measures the mismatch between the actual 
curvature H(𝜉) and the target curvature h imposed by the active distortions. Hence, the anisotropic term in the bending energy, 
𝐦 ⋅Wa𝐦, penalizes curvature mismatch along the reinforcement direction 𝐦.
Another interpretation of the different terms in the bending energy can be provided by noting that

trWa = Δ𝜉 − 𝐶𝑚 and detWa =  +  + ∇𝜉 ⋅ 𝐛a = [𝜉, 𝜉] − 𝐶𝐺 ,

where 𝐶𝐺 is the target Gaussian curvature (the complete expression is reported in Appendix A) and 𝐶𝑚 represents the target mean 
curvature of Eq. (38), as previously observed. Consequently,

𝒲bend =
𝜇𝐻3

6 ∫𝑆

[

(

trWa
)2 − detWa

]

d𝐴 +
𝑘44𝐻3

6 ∫𝑆

(

M ∶Wa
)2 d𝐴, (45)

and the isotropic part is coherent with the standard form for the bending energy of a plate (Landau et al., 2012) and with metric-
based formulations of non-Euclidean plates (Helfrich, 1973; Seifert, 1997; Efrati et al., 2009). However, note that, if 𝐛a ≠ 𝟎, the 
contribution of detWa is not limited to the boundary, because the Gauss–Bonnet theorem cannot be applied to 𝐶𝐺 if it does not 
represent the curvature of a compatible surface. Hence, the tensor Wa encodes information about the target mean 𝐶𝑚 and Gaussian 
𝐶𝐺 curvatures induced by active contractions, which in general may be non-realizable in a physical surface due to incompatibility 
(Dervaux et al., 2009; Iakunin and Bonilla, 2018).

3.4.  Equilibrium equations in the general case

Having identified the contribution of each term, we can now deduce the equilibrium equations and boundary conditions by 
variational arguments, as shown in Appendix B. In particular, the system of FvK equations for an active anisotropic plate reads:

divS[0]𝑛 = 𝟎, (46)

𝐷
(

Δ2𝜉 − Δ𝐶𝑚
)

+𝐷𝑘 div div
(

(M ∶Wa)M
)

+ 𝐷
2
div𝐛a −𝐻 div

(

S[0]𝑛 ∇𝜉
)

= 𝐹 , (47)

with 𝐷 ∶= 𝜇𝐻3∕3 and 𝐷𝑘 ∶= 𝑘44𝐻3∕3, while div stands for the in-plane divergence operator.
A standard strategy to rewrite the equilibrium equations consists in the introduction of the Airy potential 𝜙, defined by

(S[0]𝑛 )11 =
𝜕2𝜙
𝜕𝑌 2

, (S[0]𝑛 )22 =
𝜕2𝜙
𝜕𝑋2

, (S[0]𝑛 )12 = −
𝜕2𝜙
𝜕𝑋𝜕𝑌

. (48)

Then, Eq. (46) is automatically satisfied. A natural governing equation for the Airy potential 𝜙 follows from imposing the compatibility 
condition associated with the constitutive relation of Eq. (30) between in-plane stress and strain, resulting in the following PDE (see 
Appendix C for the full derivation):

1
𝐸𝑌

Δ2𝜙 − 1
𝐸𝑘

div div
[

(M̃⊗ M̃)H(𝜙)
]

= 𝐶𝑎,𝜙 − [𝜉, 𝜉], (49)

where 𝐶𝑎,𝜙 has been defined in Eq. (44), H(𝜙) is the Hessian matrix of 𝜙, and

M̃ ∶=M − 2
3
I, 𝐸𝑌 ∶= 3𝜇, 𝐸𝑘 ∶=

𝜇2

𝑘44

(

1 + 4
3
𝑘44
𝜇

)

. (50)
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Note that the anisotropic component vanishes for 𝑘44 → 0, as expected. Introducing the Airy potential in the equation for the transverse 
deflection yields the final set of equations in terms of 𝜙 and 𝜉:

𝐷(Δ2𝜉 − Δ𝐶𝑚) +𝐷𝑘 div div
(

(M ∶Wa)M
)

+ 𝐷
2
div𝐛a − 2𝐻[𝜙, 𝜉] = 𝐹 , (51)

1
𝐸𝑌

Δ2𝜙 − 1
𝐸𝑘

div div
[

(M̃⊗ M̃)H(𝜙)
]

= 𝐶𝑎,𝜙 − [𝜉, 𝜉]. (52)

If 𝐷𝑘 = 0 (so 1∕𝐸𝑘 → 0) and ka = O, then the set of Eqs. (51)-(52) corresponds to the result obtained in similar mathematical contexts, 
such as the morphogenesis of plates in Dervaux et al. (2009), petal/leaf growth in Wang et al. (2024b), Liang and Mahadevan (2009), 
or nematic plates in Mihai and Goriely (2020). On the other hand, for 𝑎𝛼3 = 𝑎3𝛼 = 0, the system falls into the framework obtained 
in Lewicka et al. (2011) by means of Γ-convergence, although there are differences between the two methodologies. Our model 
generalizes these frameworks and the general structure of Eq. (14) by accounting for spatially varying anisotropy of the plate and for 
inhomogeneous active contractions along the thickness, which may be relevant for capturing a wide range of phenomena.

To connect with the geometric compatibility discussed in Section 3.3, we observe that, if the Gauss condition of Eq. (43) holds and 
the deflection adapts so that [𝜉, 𝜉] = det h = 𝐶𝑎,𝜙, the right-hand side of Eq. (52) vanishes and, in the absence of imposed boundary 
stresses, 𝜙 = 0, thus no residual membrane stresses develop. If instead the Gauss condition is violated, then [𝜉, 𝜉] = det h ≠ 𝐶𝑎,𝜙, and 
membrane stress arises. Conversely, violation of the Codazzi–Mainardi conditions enters directly in Eq. (51) through div𝐛a.
Remark 4.  (on the curl of h) We note that Eq. (51) does not depend on 𝐡a ∶= (−(curlh)32, (curlh)31)T, but only on 𝐛a. The two 
are related by 𝐡a = 𝐟a − 𝐛a, where 𝐟a ∶= (−(curl 𝕗 )32, (curl 𝕗 )31)T. However, since div 𝐟a = 0 identically, this difference contributes to the 
energy only through boundary and does not affect the equilibrium equations, where only div𝐛a enters.

3.5.  Equilibrium equations for spatially uniform anisotropy

The system obtained in the previous section describes the governing equations of an active Föppl–von Kármán plate endowed 
with a generic anisotropic microstructure characterized by the tensor field M =M(𝑋, 𝑌 ), which may vary spatially in general. There 
exist, however, situations in which the anisotropic structure can be considered spatially uniform. In this case, the coupling between 
stress and spatial inhomogeneities vanishes. Indeed, when the tensor field M is constant in space, we can observe that

M ∶Wa = ΔM𝜉 − 𝐶𝑚,𝑘, (53)

where the directional Laplacian ΔM(⋅) and 𝐶𝑚,𝑘 are defined as
ΔM(⋅) ∶= div

[

M∇(⋅)
]

,

𝐶𝑚,𝑘 ∶= div
[

M (𝐚1 + 𝐚3)
]

−M ∶ ka =M ∶ h.
(54)

Thus, the bending energy density writes as:

𝒲bend =
𝐻3

6 ∫𝑆

{

𝜇
[

(

Δ𝜉 − 𝐶𝑚
)2 − ∇𝜉 ⋅ 𝐛a − − 

]

+ 𝑘44
(

ΔM𝜉 − 𝐶𝑚,𝑘
)2
}

d𝐴. (55)

Moreover, the operators involved in the non-linear system (51)-(52) reduce to (see also Appendix C):

div div
(

(M ∶Wa)M
)

= div
(

M∇(ΔM𝜉 − 𝐶𝑚,𝑘)
)

=
(

Δ2
M
𝜉 − ΔM𝐶𝑚,𝑘

)

, (56)

div div
(

(M̃⊗ M̃)H(𝜙)
)

=
(

M̃⊗ M̃
)

∶∶ ∇∇H(𝜙) =
(

ΔM − 2
3
Δ
)2
𝜙, (57)

where ∶∶ denotes the inner product between fourth-order tensors. Hence, the system of equations in the case of homogeneous 
anisotropy simplifies as:

𝐷
(

Δ2𝜉 − Δ𝐶𝑚
)

+𝐷𝑘

(

Δ2
M
𝜉 − ΔM𝐶𝑚,𝑘

)

+ 𝐷
2
div𝐛a − 2𝐻 [𝜉, 𝜙] = 𝐹 , (58)

1
𝐸𝑌

Δ2𝜙 − 1
𝐸𝑘

(

ΔM − 2
3
Δ
)2
𝜙 + [𝜉, 𝜉] − 𝐶𝑎,𝜙 = 0. (59)

4.  Buckling of active anisotropic rings

To further illustrate the governing equations derived in Sect. 3, we investigate the onset of transverse buckling in an active 
annular plate characterized by azimuthal reinforcement and possibly subject to radial compressive stress at its outer boundary. The 
ring geometry is chosen so that the base state is radially symmetric and admits an analytical in-plane solution, allowing for a clean 
reduction to a single-mode eigenvalue problem. We specifically examine how the anisotropy ratio 𝜅 ∶= 𝑘44∕𝜇 = 𝐷𝑘∕𝐷 and active 
contractions modulate the critical loading threshold, as well as the onset of buckling instabilities driven purely by active contraction 
in the absence of external loading.

Let the reference configuration be defined by the annular domain (𝑅,Θ, 𝑍) ∈ (𝑅0, 1) × [0, 2𝜋) × (−𝐻,𝐻) in cylindrical coordinates, 
where 0 < 𝑅0 < 1 denotes the dimensionless inner radius rescaled by the outer radius. The direction of anisotropy is purely azimuthal, 
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Fig. 2. (a) Critical loading 𝐶∗ = 6𝑠∗0∕𝐻
2 as a function of the anisotropy ratio 𝜅 = 𝑘44∕𝜇, for modes 𝑚 = 2,… , 6 and fixed inner radius 𝑅0 = 0.15 and 

active strains 𝑎1 = 0.005, 𝑎2 = 0.01. (b) Critical loading 𝐶∗ as a function of ring width 1 − 𝑅0, for modes 𝑚 = 2,… , 6 at fixed 𝜅 = 0.3 (solid lines) and 
active strains 𝑎1 = 0.005, 𝑎2 = 0.01. The dashed lines show the isotropic case 𝜅 = 0. (c) Critical active contractility 𝛼c for radial active contraction 
𝐚̂ = (−1, 0) in the absence of external compression (𝑠0 = 0), as a function of ring width 1 − 𝑅0, for modes 𝑚 = 2,… , 5 at fixed 𝜅 = 0.3. Solid and 
dashed lines as in (b).

i.e., 𝐦 = 𝐞Θ, such that the structural tensor is M = 𝐞Θ ⊗ 𝐞Θ. Note that M varies in space, which requires us to use the general formu-
lation of Eqs. (51)-(52). At the inner boundary, 𝑅 = 𝑅0, we prescribe clamped conditions 𝑢(0) = 𝑣(0) = 𝜉 = 0. At the outer boundary, 
𝑅 = 1, we apply a radial compressive stress [S(0)𝑛 ]𝑅𝑅 = 2𝜇𝑠0 and vanishing shear stress [S(0)𝑛 ]𝑅Θ = 0, where 𝑠0 ≤ 0 serves as the di-
mensionless loading parameter. An in-plane active deformation Fa = diag(1 + 𝑎1, 1 + 𝑎2, 1) is prescribed, with 𝑎1 and 𝑎2 representing 
the constant radial and hoop active strains, respectively. In this curvilinear setting, such a deformation is generally geometrically 
incompatible, thereby generating non-trivial residual stresses even in the absence of external loads.

For a radially symmetric configuration, the azimuthal displacement vanishes (𝑢Θ = 0) and 𝑢𝑅 only depends on 𝑅. The in-plane equi-
librium Eq. (46) then reduces in cylindrical coordinates to a second-order ordinary differential equation for the radial displacement 
𝑢𝑅(𝑅):

𝑅2𝑢′′𝑅 + 𝑅𝑢′𝑅 − (1 + 𝜅) 𝑢𝑅 = 1
2𝑅

[

𝑎1 − 𝑎2(1 + 2𝜅)
]

, (60)

whose general solution, depending on 𝜅, is given by:

𝑢𝑅(𝑅) =

⎧

⎪

⎨

⎪

⎩

𝐶1𝑅
𝛽 + 𝐶2𝑅

−𝛽 −
𝑎1 − 𝑎2(1 + 2𝜅)

2𝜅
𝑅, 𝜅 ≠ 0,

𝐶1𝑅 + 𝐶2𝑅
−1 −

𝑎1 − 𝑎2
4

𝑅 ln𝑅, 𝜅 = 0,
(61)

where 𝛽 ∶=
√

1 + 𝜅 and the constants 𝐶1, 𝐶2 are determined by the in-plane boundary conditions stated above. The resulting base-state 
stress components 𝑆(0)

𝑅𝑅 and 𝑆
(0)
ΘΘ are inserted into the out-of-plane governing Eq. (51).

For the active deformation Fa, the terms Δ𝐶𝑚 and div𝐛a vanish identically. Consequently, the governing Eq. (51) for the transverse 
displacement 𝜉 simplifies to:

Δ2𝜉 + 𝜅 div div
(

(M ∶Wa)M
)

= 3
𝜇𝐻2

[

𝑆(0)
𝑅𝑅

𝜕2𝜉
𝜕𝑅2

+ 𝑆(0)
ΘΘ

(

1
𝑅
𝜕𝜉
𝜕𝑅

+ 1
𝑅2

𝜕2𝜉
𝜕Θ2

)]

, (62)

subject to clamped conditions 𝜉(𝑅0,Θ) = 0, 𝜕𝑅𝜉(𝑅0,Θ) = 0 at 𝑅 = 𝑅0 and traction-free conditions at 𝑅 = 1, as derived in 
Eqs. (B.14)-(B.15) of Appendix B. Decomposing the solution as 𝜉(𝑅,Θ) = 𝜁 (𝑅) cos(𝑚Θ) for integer modes 𝑚 ≥ 1, the governing equation 
for the radial profile 𝜁 becomes:

𝑅4𝜁 (iv) + 2𝑅3𝜁 ′′′ −
(

1 + 2𝑚2 + 𝜅 + 𝐶 𝑆(0)
𝑅𝑅𝑅

2
)

𝑅2𝜁 ′′

+
(

1 + 2𝑚2 + 𝜅 − 𝐶 𝑆(0)
ΘΘ𝑅

2
)

𝑅𝜁 ′

− 𝑚2[4 − 𝑚2 + 𝜅(2 − 𝑚2) − 𝐶 𝑆(0)
ΘΘ𝑅

2]𝜁 = 0, (63)

where 𝐶 ∶= 6∕(𝜇𝐻2). The boundary conditions at 𝑅 = 𝑅0 are 𝜁 (𝑅0) = 𝜁 ′(𝑅0) = 0, while at 𝑅 = 1 we have:

𝜁 ′′ + 1
2
𝜁 ′ − 𝑚2

2
𝜁 = 0, 𝜁 ′′′ + 𝜁 ′′ −

(

1 + 3
2
𝑚2 + 𝜅

)

𝜁 ′ + 𝑚2
( 5
2
+ 𝜅

)

𝜁 = 0. (64)

To determine the buckling threshold, we treat the boundary value problem (63)-(64) as a linear generalized eigenvalue problem 
and solve it numerically by Chebyshev spectral collocation. For the case in which the loading parameter is the external compression, 
with 𝑎1 and 𝑎2 fixed, the discretization yields a generalized eigenvalue problem whose eigenvalue is the dimensionless critical loading 
𝐶∗ ∶= 6𝑠∗0∕(𝜇𝐻

2), where 𝑠∗0 is the smallest-magnitude negative real value of 𝑠0 for which a non-trivial buckled mode exists. Conversely, 
when 𝑠0 = 0 and the buckling is driven solely by activity, we fix the direction of contraction 𝐚̂ ∶= (𝑎̂1, 𝑎̂2) and treat the contractility 
magnitude 𝛼c such that (𝑎1, 𝑎2) = 𝛼c(𝑎̂1, 𝑎̂2) as the control parameter of the eigenvalue problem. The critical contractility is the smallest 
positive real value of 𝛼c for which a non-trivial buckled mode exists.
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Fig. 2a illustrates the critical loading 𝐶∗ as a function of 𝜅 for a fixed 𝑅0 = 0.15 and 𝑎1 = 0.005, 𝑎2 = 0.01, to investigate the 
influence of anisotropy. For all values of 𝜅 shown, the mode 𝑚 = 2 remains the first to become unstable across the entire range. 
For each individual mode with 𝑚 ≥ 3, the buckling threshold decreases with increasing anisotropic stiffness, indicating that larger 
compression is required to trigger instability, i.e., azimuthal reinforcement stabilizes these modes. The dominant mode 𝑚 = 2 behaves 
differently: its sensitivity to 𝜅 is low, with a slight non-monotonic variation for small values of 𝜅, leading to a re-stabilization at small 
values before the threshold decreases again. Furthermore, higher-order modes (e.g., 𝑚 = 5, 6) cease to appear as isolated instabilities 
beyond a critical value of 𝜅 in the plotted range; this behavior results from the coalescence of two distinct real eigenvalues of the 
ODE, which collapse and become complex, signaling a qualitative change in the solution structure.

The dependence of the critical loading 𝐶∗ on the ring width 1 − 𝑅0 is shown in Fig. 2b for 𝜅 = 0.3 (solid lines) and the same active 
strains. The results highlight modal crossings: as the ring width varies, the dominant instability shifts between consecutive modes. 
For thick annular bands (large 1 − 𝑅0), the first mode to be triggered is 𝑚 = 2, while for thin annular bands (small 1 − 𝑅0) instability 
first occurs for higher modes. Consequently, each mode is critical only within a specific interval of widths. The comparison between 
anisotropic (solid lines) and isotropic (dashed lines) cases in Fig. 2b shows that azimuthal reinforcement provides a destabilizing 
effect for narrow rings (small 1 − 𝑅0, thin annular band), requiring lower external compression to trigger buckling, while acting as a 
stabilizing factor for wide geometries (large 1 − 𝑅0, thick annular band). The isotropic and anisotropic curves cross at mode-specific 
values of the ring width, separating the destabilizing and stabilizing regime.

Finally, Fig. 2c demonstrates that buckling can be induced solely by radial active contraction, i.e., 𝐚̂ = (−1, 0), in the absence of 
external mechanical loads (𝑠0 = 0). The critical contractility 𝛼c follows a modal structure qualitatively similar to the purely mechanical 
case, including mode crossings at specific ring widths. We also note that, in this case, anisotropy has a destabilizing effect across all 
widths, because it requires a smaller contractility value to trigger instability, especially for narrower rings. Conversely, a purely hoop 
active contraction is not sufficient to destabilize the ring by itself. Both the critical loading 𝐶∗ and contractility 𝛼c are found to be 
within physically relevant ranges that remain consistent with the moderate-deflection assumptions of the present model.

5.  An application to cell alignment on curved substrates

Numerous experiments and a growing body of recent literature have demonstrated that substrate curvature significantly influences 
cellular behavior. Among the resulting curvature-induced responses, curvotaxis (i.e., the curvature-guided reorientation and migration 
of cells), actin fiber alignment, and directed cell migration are particularly notable, as remarked in the Introduction. In this section, 
we show how the theoretical model developed above captures the experimentally observed relationship between the orientation angle 
𝜃 of the cell and the curvature of the substrate.

From the biological point of view, the actin-myosin system is the main machinery responsible for the active deformation of the 
cell. This apparatus depends on the physical properties of the environment and is constantly subject to remodeling (Engler et al., 
2006; Hotulainen and Lappalainen, 2006). The activation patterns of the actin stress fibers are concentrated towards the basal surface 
of the cell, where focal adhesions are located, as shown by numerical simulations in Ronan et al. (2012), and by biological evidence 
in Feld et al. (2020). Inspired by these observations, we assume an active deformation Fa in the form

Fa = I +
(𝐻
2

−𝑍
)

𝑓𝑎(𝐗)M, (65)

where 𝑓𝑎 is a non-positive scalar field, representing a measure of the active deformation induced by changes at the microscopic 
level, and M = 𝐦⊗𝐦 is the anisotropic structural tensor, representing the alignment of the cell cytoskeleton identified by the unit 
vector 𝐦 = (cos 𝜃, sin 𝜃)T in the plane. For simplicity, we assume 𝐦 constant in space. This structure for Fa is built on the assumption 
that active strains are higher on the basal surface of the cell nearby focal adhesion sites. Indeed, each component of Fa achieves a 
maximum in magnitude at 𝑍 = −𝐻∕2, hence on the basal surface. The tensor Fa describes directional shortening along the stress 
fibers, with the field 𝑓𝑎 representing deformation along the anisotropy axis 𝐦:

Fa𝐦 =
(

I +
(𝐻
2

−𝑍
)

𝑓𝑎(𝐗)M
)

𝐦 =
(

1 +
(𝐻
2

−𝑍
)

𝑓𝑎(𝐗)
)

𝐦,

so that (𝐻2 −𝑍)𝑓𝑎(𝐗) is the activity-induced deformation factor. Note that it must be −1 < 𝑓𝑎(𝐗) < 0 ∀𝐗 ∈  to ensure a valid 
deformation tensor. Moreover, the scaling assumption on the active strains (20) implies that 𝑓𝑎 = (𝜉∕𝐿2) and it has the unit of 
measure of a curvature.

We first analyze a cylindrical substrate and compare our model predictions with the relevant literature. The cylinder is a common 
experimental geometry for studying curvature effects on cells, while also being relevant in physiological contexts, such as blood 
vessels. We then examine how more complex geometries (such as ellipsoids and spheres) affect cell alignment within our framework.

5.1.  Cell adherent to a cylindrical substrate

Following the basic assumption proposed in Biton and Safran (2009), we model the cell as an active anisotropic plate bent over 
a cylinder. Exploiting our novel formulation, we directly incorporate the anisotropic cellular structure into the model. This accounts 
for the internal cytoskeletal structure of the cell, specifically the myosin-activated stress fibers inducing active contraction. Starting 
from the active strain of Eq. (65), we prescribe the visible deformation and look for alignments that minimize the plate energy.

In general, the expression of 𝑓𝑎 needs to be prescribed constitutively based on experimental observations. Although this field 
would typically satisfy its own evolution equation (Ruiz-Baier et al., 2014), here we do not consider the dynamics of contraction, 
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Fig. 3. Sketch of the mechanical setup for a cell adhering to a cylindrical surface.

since we only aim to describe the final alignment of the cell on the curved surface. For simplicity, to assess the features of the model 
and compare the results with the literature, we assume that

𝑓𝑎(𝐗) = 𝑓𝑎 = 𝛼 < 0 ∀𝐗 ∈  . (66)

The uniform deformation across the cell layer is an oversimplifying assumption, since it implies that the activation level of the stress 
fibers is uniform below the cell. Instead, activated stress fibers bundles appear to be concentrated in the periphery of the cell, far 
from the nucleus, and are highly localized (Dembo and Wang, 1999; Schwarz et al., 2002; Peschetola et al., 2013). Still, as we show 
next, this assumption is sufficient to examine some of the model implications while maintaining an analytical treatment. Note that 
this choice of Fa corresponds to choosing

𝕒 = 𝐻
2
𝛼M, ka = −𝛼M. (67)

Since both tensors are constant in space, they are trivially compatible. However, recalling Eq. (21), the resulting active strain tensor 
Fa is not compatible, since curlFa ≠ O. This example shows that choosing both 𝕒 and ka compatible does not guarantee a compatible 
overall active deformation, due to the presence of out-of-plane active contractions. Nevertheless, the associated target metric Ca is 
compatible, since h = 𝛼M is such that det h = 𝐶𝑎,𝜙 = 0 and curlh = O (see Remark 2 and Eq. (43)).

The cell bending is introduced by assuming that it adheres to a cylindrical surface of radius 𝑅, with 𝐿 ≪ 𝑅, so that the deflection 
is prescribed as

𝜉(𝑋, 𝑌 ) = 𝑅 cos
(𝑌
𝑅

)

− 𝑅 = 1
𝜅1

(

1 − cos(𝜅1𝑌 )
)

, (68)

where 𝜅1 ∶= −1∕𝑅 denotes the (negative) curvature of the cylinder. With this choice and the active strains of Eq. (67), we have 
𝐶𝑚 = 𝐶𝑚,𝑘 = [𝜉, 𝜉] = 𝐶𝑎,𝜙 = 0 and 𝐛a = 𝟎. Therefore, Eq. (59) gives 𝜙 = 0, meaning that no in-plane membrane stresses are developed. 
Instead, Eq. (58) becomes

−𝐷𝜅31 cos(𝜅1𝑌 ) −𝐷𝑘 𝜅
3
1 sin

4 𝜃 cos(𝜅1𝑌 ) = 𝐹 in  , (69)

which may not be satisfied in general. It follows that a forcing term 𝐹ad must be included in the external load 𝐹  to sustain this 
deformation. Alternatively, a Lagrange multiplier 𝜆ad enforcing the geometric constraint 𝜉 = 𝑓 could be introduced. In either case, 
𝐹ad or 𝜆ad represents the adhesive force that maintains the cell in contact with the curved substrate, which is not otherwise accounted 
for in the model.

The fact that the Airy potential 𝜙 = 0 implies that the in-plane stretching energy 𝒲str = 0 and that no residual stresses arise in the 
plane. Thus, the total energy density coincides with the bending energy density 𝜓bend of the body, which after some algebra becomes

𝜓bend =
𝜇𝐻3

6

[

(

𝜅1 cos(𝜅1𝑌 ) − 𝛼
)2 + 𝛼𝜅1 cos2 𝜃 cos(𝜅1𝑌 )

]

+
𝑘44𝐻3

6
[

𝜅1 sin
2 𝜃 cos(𝜅1𝑌 ) − 𝛼

]2
, (70)

where we substituted the expression of 𝜉 from Eq. (68) and used the definitions of Eq. (67) inside the bending energy of Eq. (55).
Stationary configurations of the system are found by setting the derivative of the total strain energy density with respect to the 

fiber alignment angle 𝜃 to zero:
𝜕𝜓bend
𝜕𝜃

= 𝐻3

6
𝜅1 sin 2𝜃

[

−𝛼𝜇 − 2𝛼𝑘44 + 2𝑘44𝜅1(1 − cos2 𝜃)
]

= 0, (71)

where we used the approximation 𝜅1 cos(𝜅1𝑌 ) ≈ 𝜅1 to further simplify the problem. This approximation is justified within the Föppl–
von Kármán limit, consistent with the assumptions 𝜉 = (𝐻) and with the geometry of the system. Indeed, the coordinate dependence 
of 𝜅1 cos(𝜅1𝑌 ) appears only in higher-order terms. Since 𝜅1𝑌  is small under the Föppl–von Kármán hypothesis, the additional terms 
in the expansion are of smaller order and can be neglected. Consequently, we disregard these contributions, which depend on the 
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specific cell geometry and on the coordinate dependence of Δ𝜉. Nevertheless, such effects could be incorporated in the model at the 
cost of an increased computational complexity.

Eq. (71) highlights the existence of two trivial stationary configurations, namely 𝜃
‖

= 0 and 𝜃⟂ = 𝜋∕2, corresponding to cell align-
ment along the cylinder axis and in the circumferential direction, respectively. Additionally, there may be a third stationary config-
uration 𝜃∗ satisfying

cos2 𝜃∗ = 1 − 𝛼
𝜅1

(

1 +
𝜇

2𝑘44

)

, (72)

which exists if and only if

0 ≤ 𝛼
𝜅1

(

1 +
𝜇

2𝑘44

)

≤ 1.

The left inequality is trivially satisfied given the signs of the terms involved, whereas the right inequality restricts the parameter 
regime for the existence of 𝜃∗, depending on material (𝜇, 𝑘44), active (𝛼), and geometric (𝜅1) parameters.

Stability of these alignments may be directly assessed through the analysis of the second derivative of the energy, due to the 
smoothness hypothesis of the fields involved:

𝜕2𝜓bend

𝜕𝜃2
= 𝐻3

3
𝜅1 cos 2𝜃

[

−𝛼𝜇 − 2𝛼𝑘44 + 2𝑘44𝜅1(1 − cos2 𝜃)
]

+ 𝐻3

3
𝑘44 𝜅

2
1 sin

2 2𝜃. (73)

Therefore, we have for the stationary configurations found above:
𝜕2𝜓bend

𝜕𝜃2
(𝜃

‖

) = −𝐻
3

3
𝜅1𝛼(𝜇 + 2𝑘44) < 0 for all values of the parameters; (74)

𝜕2𝜓bend

𝜕𝜃2
(𝜃⟂) =

𝐻3

3
𝜅1
[

𝛼(𝜇 + 2𝑘44) − 2𝑘44𝜅1
]

; (75)

𝜕2𝜓bend

𝜕𝜃2
(𝜃∗) = 𝐻3

3
𝑘44𝜅

2
1 sin

2 2𝜃∗ > 0. (76)

The stability analysis is then immediate. The parallel configuration 𝜃
‖

, i.e., where the anisotropy of the cell is oriented along the 
cylinder axis, is never stable. Even though this may seem counterintuitive, it is observed in experiments, as discussed later. On the 
other hand, recalling that 𝜅1 < 0, the stability of the orthogonal configuration 𝜃⟂ arises if and only if

𝛼(𝜇 + 2𝑘44) − 2𝑘44𝜅1 < 0 ⟺
𝛼
𝜅1

(

1 +
𝜇

2𝑘44

)

> 1, (77)

which corresponds to the opposite inequality proven for the existence of the oblique alignment 𝜃∗. Therefore, if 𝜃∗ exists, it is 
always a stable configuration, otherwise the cell aligns with the circumferential direction, orthogonal to the cylinder axis. Thus, the 
system undergoes a bifurcation depending on the active contractility measure 𝛼, on the substrate curvature 𝜅1 and on the mechanical 
properties of the cell itself. Each of these parameters plays a crucial role in determining the preferential alignment, and a detailed 
analysis is able to qualitatively explains some of the experimental observations, as we will show next.

5.1.1.  Discussion
The bifurcation analysis presented above reveals several noteworthy insights. First, Eq. (72) clearly separates the influence of 

material parameters from that of the deformation fields. In particular, material properties emerge through the stiffness ratio 𝜇∕2𝑘44, 
where 𝜇 denotes the isotropic shear modulus and 𝑘44 characterizes the stiffness along the stress fibers (SF). Since 𝑘44 describes the 
reinforcement provided by the SF network, which is typically stiffer than the surrounding structure, it is reasonable to assume that 
𝜇∕𝑘44 < 1.

On the other hand, the ratio 𝛼∕𝜅1 plays a central role in our model, representing the competition between active contractility and 
substrate curvature. Its variation captures the range of possible optimal cell orientations on the cylinder. Once the material parameters 
are fixed, high contractility relative to curvature promotes alignment in the circumferential direction, while high curvature with 
relatively low contractility favors a more axial orientation. This admits two complementary interpretations. For a given substrate 
curvature, more contractile cells tend to align perpendicular to the cylinder axis, while less contractile cell types are expected to align 
obliquely or more parallel to it. Conversely, for fixed contractility, high curvature drives axial alignment, whereas low curvature 
yields oblique or perpendicular orientation.

The bifurcation diagrams in Fig. 4 illustrate this behavior. The parallel configuration 𝜃
‖

 is never strictly optimal but may be 
approached asymptotically for large curvature. The bifurcation point at which the oblique configuration 𝜃∗ ceases to exist and the 
perpendicular configuration 𝜃⟂ becomes stable is given by:

Λ𝑐 ∶=
(

1 +
𝜇

2𝑘44

)−1
. (78)

This bifurcation threshold depends only on the material properties of the cell. Cells with a stiff anisotropic architecture exhibit a 
shift of the bifurcation point toward the upper limit of 1. The fact that this bifurcation depends solely on material characteristics 
is consistent with general features of cell reorientation and also emerges in other modeling frameworks (Lucci and Preziosi, 2021; 
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Fig. 4. (a) Bifurcation diagram showing stable (solid lines) and unstable (dashed lines) orientations on a cylinder, as a function of 𝛼∕𝜅1, for a fixed 
value of 𝜇∕2𝑘44 = 0.3. The bifurcation point Λ𝑐 is defined in (78). (b) Bifurcation diagram in the space (𝛼∕𝜅1, cos2 𝜃) for the cylinder case and different 
values of 𝑘44.

Livne et al., 2014). Furthermore, the slope of the bifurcation curve in the (𝛼∕𝜅1, cos2 𝜃) plane is also governed by material parameters, 
as shown in Fig. 4b. For a fixed ratio 𝛼∕𝜅1, increasing the stiffness along the fiber direction shifts the optimal configuration toward 
parallel alignment.

From a geometric perspective, one should note that the dependence on the cell’s own geometric properties is lost due to the Föppl–
von Kármán approximation. This occurs because we assumed deflection of the order of the thickness, which remains small compared 
to the radius of the cell. However, this approximation breaks down for large displacements 𝜉 or large polarization of the cell, i.e., high 
aspect ratio between the typical sizes of the cell. In such cases, it may be necessary to introduce a measure of perceived curvature 
that accounts for the cell size relative to the cylinder radius. These theoretical results qualitatively align with several biological 
observations. For instance, epithelial cells, typically characterized by a softer cytoskeletal structure and relatively high contractility, 
tend to align perpendicularly to the axis of the cylinder, as observed in Yevick et al. (2015), Yu et al. (2018). In contrast, muscle-like 
cells such as myofibroblasts, which exhibit a stiffer and more elongated architecture, are more sensitive to curvature and tend to 
align parallel to the cylinder axis to avoid bending, as reported in several studies (Bade et al., 2017; Jin et al., 2021). However, an 
important property must be emphasized: while we mathematically treat 𝛼 (contractility) as an independent variable, it is tightly linked 
to the cytoskeletal architecture. Since stress fibers contribute both to active contractility and to anisotropic stiffness, any experimental 
manipulation that alters one may affect the other. For example, increasing contractility by activating Rho proteins (Bade et al., 2017) 
or reducing it through pharmacological agents (Frey et al., 2025) may produce complex and sometimes counterintuitive behaviors. 
Specifically, one might naively expect that reducing 𝛼 through chemical treatment should shift the preferred orientation toward the 
parallel configuration. However, if the drug also disrupts the cytoskeleton, thereby reducing 𝑘44, the net result may paradoxically 
reinforce the shift toward perpendicular alignment. This underscores the importance of interpreting biological experiments cautiously, 
as chemical stimuli often simultaneously affect both active and passive mechanical properties of the cell.

5.1.2.  Comparison with modeling literature
To the best of our knowledge, only two models have been proposed on this topic. Sanz-Herrera et al. (2009) introduced a framework 

that accounts for a pre-deformed state arising from the underlying geometry and includes an active term operating in a suboptimal 
bent configuration. However, their formulation did not incorporate any explicit energy dependence on the bending deformation itself. 
As a result, it could not reproduce the experimental observations for cylindrical substrates, although it did provide new qualitative 
insights.

In contrast, Biton and Safran (2009) successfully captured the experimental trends at a qualitative level. Their model describes the 
cell as an isotropic elastic plate and emphasizes the interplay between passive bending and stress fibers contractility. To account for the 
anisotropic effect of stress fibers, they included an additional energy term corresponding to the bending of individual fibers modeled 
as elastic rods. In their formulation, the passive bending deformation is prescribed, while the active contractility is represented as a 
linear compressive strain field that reaches its maximum (in absolute value) at the apical surface of the cell. Following this approach, 
the total strain energy density is expressed as (Biton and Safran, 2009)

𝜓tot ∝ 𝐻3
[

𝛼2 + 𝜅21 + 𝛼𝜅1
( 1
2
cos 2𝜃 − 3

2

)

− Γ𝜆𝛼𝜅21 sin
4 𝜃

]

, (79)

where 𝜆 is the ratio between the central surface area and the plate thickness, while Γ is a dimensionless parameter capturing the 
effect of stress fiber density, bending stiffness of individual fibers, and the stiffness of the isotropic matrix.

Structural similarities can be observed between Eq. (79) and the total energy derived in our formulation (see Eq. (70)). Both models 
include an isotropic bending term, an active term, and a fiber-related bending contribution, all modulated by the orientation angle 
𝜃. Notably, both models feature mixed 𝛼𝜅1 terms and curvature-squared contributions 𝜅21 weighted by angular functions and stiffness 
ratios. Two key methodological differences distinguish the frameworks. First, in Biton and Safran (2009), the bending contribution of 
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stress fibers is introduced as a correction to an isotropic plate model. Our approach instead incorporates anisotropy at the constitutive 
level by assuming transverse isotropy in the material symmetry group itself, yielding a description of the cell’s mechanical response 
grounded in Continuum Mechanics common approaches. Second, Biton and Safran (2009) model active contractility as a macroscopic 
compressive strain applied along the apical surface of the cell, motivated by experimental observations. Our formulation instead 
introduces active strains based on the organization and activation pattern of the cytoskeleton, producing a basal-biased activation 
profile consistent with the biological function of stress fibers, although simplified to maintain analytical tractability. Despite these 
conceptual differences, both models ultimately admit the same class of macroscopically admissible deformations, differing only by a 
sign convention in the active term.

Although our model introduces additional mathematical complexity, it has the advantage of being consistent with theoretical 
frameworks commonly employed in active matter mechanics, while aligning with both experimental observations and prior theo-
retical studies. By embedding anisotropy and activity directly at the kinematic and constitutive level before performing dimensional 
reduction, the present formulation remains very general and offers an alternative systematic description that complements existing 
approaches.

5.2.  Cell adherent to an ellipsoidal or spherical substrate

The main advantage of the Föppl-von Kármán formulation lies in its intrinsic coupling between the deflection 𝜉 and the Airy stress 
function 𝜙. In particular, when the substrate is described as a surface with non-zero Gaussian curvature, an elastic deformation is 
necessarily induced in order to map the reference flat configuration onto the target geometry.

We consider the deformation of a thin plate from a flat configuration to an ellipsoidal surface defined by
𝑋2

𝐴2
+ 𝑌 2

𝐵2
+𝑍2 = 𝑅2, (80)

where 𝐴𝑅,𝐵𝑅, and 𝑅 are the semi-axes of the ellipsoid. This equation reduces to several relevant special cases: if 𝐴 = 𝐵 we obtain a 
rotational ellipsoid; if 𝐴 = 𝐵 = 1 it corresponds to a sphere of radius 𝑅; while in the limit 𝐴→ +∞ it becomes a cylinder (specifically, 
the same cylinder considered in Section 5.1 if 𝐵 = 1). The deflection at the apex of the surface is approximated as

𝜉(𝑋, 𝑌 ) = − 1
𝑅

(

𝑋2

2𝐴2
+ 𝑌 2

2𝐵2

)

= 𝜅1

(

𝑋2

2𝐴2
+ 𝑌 2

2𝐵2

)

. (81)

For 𝐴 = 𝐵, this expression coincides with the deflection of a spheroidal cap.
In contrast to the cylindrical case, the non-zero Gaussian curvature associated with 𝜉 necessarily induces stretching deformations 

that must be accounted for in the energy balance. However, it enters the governing equations through a constant forcing term in 
the Airy equation. Furthermore, when the mid-surface  is rotationally symmetric, it can be proven that the stretching energy 𝒲str
defined in Eq. (35) is independent of the anisotropy orientation angle 𝜃: under the rotation 𝑔𝜃 that aligns the coordinate axes with 
the fiber direction, the Airy equation retains the same structure and  maps onto itself, so that a change of variables in the energy 
integral yields 𝒲str (𝜙, 𝜃) = 𝒲str (𝜙0, 0) for all 𝜃 (see Appendix D for additional details). The stretching energy therefore contributes 
a constant term that is independent of the director orientation, and its contribution can be neglected in the analysis of preferential 
alignment that follows.

In this situation, we have 𝐶𝑚,𝑘 = 𝐶𝐺 = 0, 𝐶𝑚 = −𝑘11 − 𝑘22,𝐛a = 𝟎, and [𝜉, 𝜉] = 𝜅21∕(𝐴
2𝐵2). Moreover, the choice of the deflection 

yields Δ2𝜉 = Δ2
M
𝜉 = 0. Following the same approach as in the cylindrical case, the stationary configurations of the bending energy 

satisfy

𝜕𝜓bend
𝜕𝜃

= 𝐻3

6
𝜅1
( 1
𝐵2

− 1
𝐴2

)

sin 2𝜃
[

−𝛼(𝜇 + 2𝑘44) + 2𝑘44𝜅1

(

1
𝐵2

+
(

1
𝐴2

− 1
𝐵2

)

cos2 𝜃
)]

. (82)

It follows that, in the case 𝐴 = 𝐵, no preferential orientation exists, because the dependence on 𝜃 in Eq. (82) vanishes. This is expected 
and consistent with experimental observations, since at the apex of a rotational ellipsoid the principal curvatures are equal and there 
are no preferred directions. When 𝐴 ≠ 𝐵, the parallel 𝜃

‖

= 0 and orthogonal 𝜃⟂ = 𝜋∕2 orientations are stationary points of the energy. 
In addition, a third oblique configuration 𝜃∗ may exist, satisfying

cos2 𝜃∗ = 𝐴2

𝐴2 − 𝐵2

[

1 − 𝛼
𝜅1
𝐵2

(

1 +
𝜇

2𝑘44

)]

. (83)

The existence of 𝜃∗ is not guaranteed and depends sensitively on the ellipsoidal geometry and its principal curvatures through 𝐴,𝐵, 
and 𝑅. Note that, for 𝐵 = 1 and 𝐴→ +∞, Eq.  (83) reduces to Eq. (72), i.e., to the cylindrical case.

To complete the analysis, we focus on the case 𝐴 > 𝐵; the opposite case 𝐵 > 𝐴 is symmetric and leads to analogous conclusions. 
The oblique solution 𝜃∗ exists if and only if

𝛼
𝜅1

∈
[

Λ0,Λ⟂
]

, where Λ⟂ ∶= 1
𝐵2

(

1 +
𝜇

2𝑘44

)−1
, Λ0 ∶=

1
𝐴2

(

1 +
𝜇

2𝑘44

)−1
. (84)

The stability analysis through the second derivative yields:
𝜕2𝜓bend

𝜕𝜃2
(𝜃

‖

) = 𝐻3

3
𝜅1
( 1
𝐵2

− 1
𝐴2

)

[

−𝛼(𝜇 + 2𝑘44) +
2𝑘44𝜅1
𝐴2

]

, (85)
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Fig. 5. (a) Plot of cos2(𝜃) as a function of Λ = 𝛼∕𝜅1 for the ellipsoid case, with 𝐴 = 2 and 𝐵 = 1. (b) Plot of the stationary angles 𝜃 as a function of 
Λ = 𝛼∕𝜅1 for different values of 𝐴∕𝐵. The dashed and solid lines describe unstable and stable configurations, respectively.

Fig. 6. Plots of the normalized bending energy 𝒲bend as a function of the angle, for different values of the ratio 𝐴∕𝐵. (a) 𝛼 = 10−3𝜇m−1. (b) 
𝛼 = 3 ⋅ 10−3𝜇m−1. (c) 𝛼 = 5 ⋅ 10−3𝜇m−1. (d) Comparison for different values of 𝛼 and 𝐴∕𝐵. For each value of 𝛼, darker curves correspond to 𝐴∕𝐵 = 2, 
while lighter curves correspond to 𝐴∕𝐵 = 20.

𝜕2𝜓bend

𝜕𝜃2
(𝜃⟂) = −𝐻

3

3
𝜅1
( 1
𝐵2

− 1
𝐴2

)

[

−𝛼(𝜇 + 2𝑘44) +
2𝑘44𝜅1
𝐵2

]

, (86)

𝜕2𝜓bend

𝜕𝜃2
(𝜃∗) = 𝐻3

3
𝑘44𝜅

2
1

( 1
𝐵2

− 1
𝐴2

)2
sin2 2𝜃∗. (87)

Thus, whenever the oblique configuration 𝜃∗ exists, it is stable. Furthermore, the system exhibits two bifurcations at the critical 
values Λ0 and Λ⟂, which coincide with the boundaries of existence of 𝜃∗. Specifically, for 𝛼∕𝜅1 < Λ0, the parallel configuration 𝜃‖
is stable, while 𝜃⟂ is unstable and 𝜃∗ does not exist. Conversely, for 𝛼∕𝜅1 > Λ⟂, the orthogonal configuration 𝜃⟂ is stable, while 𝜃0
becomes unstable. In the intermediate regime Λ0 < 𝛼∕𝜅1 < Λ⟂, the only stable solution is the oblique orientation 𝜃∗.
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5.2.1.  Discussion
The main qualitative difference from the cylindrical case lies in the fact that, for the ellipsoidal geometry, the parallel orientation 

𝜃
‖

 can be stable over a finite range of 𝛼∕𝜅1 values, whereas on the cylinder it is attained only as a limiting case. This behavior is clearly 
illustrated in Fig. 5, where the parallel orientation becomes optimal for values of 𝛼∕𝜅1 smaller than the bifurcation point Λ0, defined 
in Eq. (84). This result aligns with the physical intuition of the problem: since the ellipsoidal surface exhibits different curvature 
in the principal directions, active contractility does not favor a single preferred orientation. Consequently, the parallel direction is 
less energetically penalized than in the cylindrical case. Furthermore, Fig. 5b shows that increasing the ratio 𝐴∕𝐵, and thus making 
the ellipsoid approach a cylindrical shape, the bifurcation diagram progressively tends to that of the cylinder reported in Fig. 4, as 
expected.

Fig. 6 reports the normalized bending energy 𝒲bend as a function of the orientation angle 𝜃 ∈ (0, 𝜋∕2) for different values of 𝛼 and 
aspect ratios 𝐴∕𝐵 of the ellipsoid. The three panels correspond to the regimes where the optimal configuration is parallel (small Λ), 
oblique (intermediate Λ), or orthogonal (large Λ). In particular, for the spherical case (𝐴 = 𝐵 = 1, blue solid line), the bending energy 
is independent of 𝜃, as expected, since the curvature is constant in all directions. Conversely, for large 𝐴∕𝐵, the bending energy 
profile approaches that of the cylindrical case, consistent with the bifurcation results. An important feature is the increasing energy 
gap between stationary orientations as 𝐴∕𝐵 grows, indicating that although multiple stationary configurations exist, their energy 
differences may be small enough for other effects, such as thermal fluctuations, to overcome them.

6.  Conclusions

In this work, we developed a theoretical framework for modeling the mechanics of active anisotropic plates, which we applied 
to the alignment of cells adherent to curved substrates. Building upon the Föppl–von Kármán limit, we introduced a constitutive 
formulation that incorporates both passive bending imposed by the underlying substrate geometry and active remodeling induced by 
stress-fiber contractility. Unlike previous isotropic approaches to the problem, our model explicitly accounts for transverse isotropy 
through the material properties, thereby capturing the directional mechanical response induced by cytoskeletal architecture.

The main contribution of this study is the derivation of a reduced plate model that consistently integrates active anisotropic 
deformations, possibly varying through the thickness, within a nonlinear continuum mechanics framework. Through asymptotic 
expansion, we obtained coupled equilibrium equations linking the out-of-plane deflection and in-plane stresses, and demonstrated 
their ability to qualitatively reproduce key experimental observations on curvature-induced cell alignment. In particular, the model 
predicts the existence of bifurcation regimes for the preferred fiber orientation depending on the interplay between active contractility, 
substrate curvature, and material properties. Our theoretical results align with experimental observations and demonstrate the model’s 
flexibility in analyzing curvature effects across different prototypical surfaces.

Although our main application concerns cell mechanics, the proposed framework is very general and can describe the mechan-
ics of active fiber-reinforced plates with potentially non-homogeneous fiber distribution, as observed in the example of Section 4. 
Applications are envisaged in the fields of soft robotics, tissue engineering, and active composite materials, among others.

Despite its flexibility, the present framework has some limitations. First, the formulation is restricted to transversely isotropic 
materials. Capturing the full range of cellular responses and material behavior would require extension to an orthotropic model. 
As shown in (Lucci and Preziosi, 2021), modeling cell orientation under cyclic stretching requires adopting orthotropic constitutive 
relations, which significantly increases the number of parameters. Second, the analysis is limited to moderately large deflections 
consistent with the Föppl–von Kármán regime, thus neglecting possible effects of extreme bending or large in-plane strains. Although 
the membrane assumption employed here accounts for elastic thickness changes via the incompressibility constraint, it lacks an inde-
pendent descriptor for significant through-thickness distension. More comprehensive thin-body theories that explicitly track thickness 
variations, such as those in Deseri et al. (2008), Deseri and Zurlo (2013), DiCarlo et al. (2001), could capture additional physical 
effects in regimes of highly inhomogeneous active deformation. Most notably, the cell alignment model derived herein is restricted 
to substrates with negative curvature. For positively curved geometries, experimental evidence often indicates cell detachment and 
loss of adhesion, phenomena that lie beyond the scope of the current framework.

Future work will focus on overcoming these limitations by incorporating adhesion dynamics, extending the formulation to handle 
positive curvature regimes, and refining the constitutive description to include orthotropic effects. In particular, treating the cell 
deflection as a variational unknown subject to a finite adhesion energy, rather than prescribing it from the substrate geometry, would 
allow the model to capture shape transitions arising from a stretching-versus-bending competition, complementing the orientation 
analysis presented here. Additionally, spatially dependent fiber distributions and non-uniform active deformation fields, potentially 
stronger near the cell periphery, could be incorporated. Nevertheless, the proposed model provides a rigorous and versatile tool for 
studying the coupled influence of substrate geometry and active remodeling on cellular alignment, and can be readily adapted to 
more refined descriptions.
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Appendix A.  Leading order of the bending energy

In the following, we compute the leading order of the bending energy introduced in Section 3, following the procedure outlined in 
Dervaux et al. (2009). Given the assumptions made in Section 3.1, the leading order of the bending energy 𝒲bend provided in Eq. (35) 
can be expanded using the effective constitutive Eq. (30):

𝒲bend =
𝜇𝐻3

6 ∫𝑆

[

(E[1]
e )211 + (E[1]

e )222 + (E[1]
e )212 + (E[1]

e )11(E[1]
e )22

]

d𝐴 +
𝑘44𝐻3

6 ∫𝑆
(𝐽 [1]

4 )2 d𝐴 (A.1)

∶= 𝒲𝜇 +𝒲𝑘,

where we have denoted by 𝒲𝜇 the isotropic part and by 𝒲𝑘 the anisotropic one, and 𝐽 [1]
4 = E[1]

e ∶M. By using the expressions of E[1]
e

provided in Eq. (33), after some algebra we arrive at the following expression for the isotropic bending energy:

𝒲𝜇 =
𝜇𝐻3

6 ∫𝑆

{

(

𝜕2𝜉
𝜕𝑋2

+
𝜕2𝜉
𝜕𝑌 2

− 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) −
𝜕
𝜕𝑌

(𝑎23 + 𝑎32) + 𝑘11 + 𝑘22

)2

(A.2)

+ 𝜕
𝜕𝑋

[

𝜕𝜉
𝜕𝑋

( 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) − 𝑘22
)

−
𝜕𝜉
𝜕𝑌

( 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) − 𝑘12
)

]

+ 𝜕
𝜕𝑌

[

𝜕𝜉
𝜕𝑌

( 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) − 𝑘11
)

−
𝜕𝜉
𝜕𝑋

( 𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 𝑘12
)

]

+ 1
4

[

− 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) −
𝜕
𝜕𝑋

(𝑎23 + 𝑎32) + 2𝑘12

]2

− 𝑘11𝑘22 + 𝑘11
𝜕
𝜕𝑌

(𝑎23 + 𝑎32) + 𝑘22
𝜕
𝜕𝑋

(𝑎13 + 𝑎31)

− 𝜕
𝜕𝑋

(𝑎13 + 𝑎31)
𝜕
𝜕𝑌

(𝑎23 + 𝑎32) −
𝜕2𝜉
𝜕𝑋2

𝜕2𝜉
𝜕𝑌 2

+
(

𝜕2𝜉
𝜕𝑋𝜕𝑌

)2

+
𝜕𝜉
𝜕𝑋

(

𝜕𝑘22
𝜕𝑋

−
𝜕𝑘12
𝜕𝑌

)

+
𝜕𝜉
𝜕𝑌

(

𝜕𝑘11
𝜕𝑌

−
𝜕𝑘12
𝜕𝑋

)

}

d𝐴

which can be rewritten compactly as

𝒲𝜇 =
𝜇𝐻3

6 ∫𝑆

[

(Δ𝜉 − 𝐶𝑚)2 − ∇𝜉 ⋅ 𝐛a − − 
]

d𝐴, (A.3)

where 𝐶𝑚 and 𝐛a have been defined in Eqs. (38)-(39), while  and  are given respectively by

 ∶= [𝜉, 𝜉] + 𝜕
𝜕𝑋

[

𝜕𝜉
𝜕𝑌

( 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) − 𝑘12
)

−
𝜕𝜉
𝜕𝑋

( 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) − 𝑘22
)

]

(A.4)

+ 𝜕
𝜕𝑌

[

𝜕𝜉
𝜕𝑋

( 𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 𝑘12
)

−
𝜕𝜉
𝜕𝑌

( 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) − 𝑘11
)

]

= [𝜉, 𝜉] − div(h∗∇𝜉) − ∇𝜉 ⋅ 𝐟a,

with h∗ ∶= (det h)h−1 the cofactor of the target curvature tensor h and 𝐟a = (−(curl 𝕗 )32, (curl 𝕗 )31)T, and

 ∶= −1
4

[

− 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) −
𝜕
𝜕𝑋

(𝑎23 + 𝑎32) + 2𝑘12

]2

+ 𝑘11𝑘22 (A.5)
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− 𝑘11
𝜕
𝜕𝑌

(𝑎23 + 𝑎32) − 𝑘22
𝜕
𝜕𝑋

(𝑎13 + 𝑎31) +
𝜕
𝜕𝑋

(𝑎13 + 𝑎31)
𝜕
𝜕𝑌

(𝑎23 + 𝑎32) = det h.

The operator [⋅, ⋅] computes the Gaussian curvature at leading order and is defined by

[𝜉, 𝜉] =
𝜕2𝜉
𝜕𝑋2

𝜕2𝜉
𝜕𝑌 2

−
(

𝜕2𝜉
𝜕𝑋𝜕𝑌

)2

= 1
2
div

⎛

⎜

⎜

⎜

⎜

⎝

𝜕𝜉
𝜕𝑋

𝜕2𝜉
𝜕𝑌 2

−
𝜕𝜉
𝜕𝑌

𝜕2𝜉
𝜕𝑋𝜕𝑌

𝜕𝜉
𝜕𝑌

𝜕2𝜉
𝜕𝑋2

−
𝜕𝜉
𝜕𝑋

𝜕2𝜉
𝜕𝑋𝜕𝑌

⎞

⎟

⎟

⎟

⎟

⎠

. (A.6)

Note that  is a purely boundary contribution: [𝜉, 𝜉] and div(h∗∇𝜉) are divergence terms, while ∇𝜉 ⋅ 𝐟a reduces to a boundary integral, 
since div 𝐟a = 0 identically.

Moreover, we observe that the isotropic part of the bending energy can be rephrased as

𝒲𝜇 =
𝜇𝐻3

6 ∫𝑆

[

(trWa)2 − detWa

]

d𝐴 =
𝜇𝐻3

6 ∫𝑆

[

(Δ𝜉 − 𝐶𝑚)2 − ([𝜉, 𝜉] − 𝐶𝐺)
]

d𝐴, (A.7)

where Wa has been defined in Eq. (39) and

𝐶𝐺 ∶= − 𝜕
𝜕𝑋

[

𝜕𝜉
𝜕𝑌

( 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) − 𝑘12
)

−
𝜕𝜉
𝜕𝑋

( 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) − 𝑘22
)

]

(A.8)

− 𝜕
𝜕𝑌

[

𝜕𝜉
𝜕𝑋

( 𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 𝑘12
)

−
𝜕𝜉
𝜕𝑌

( 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) − 𝑘11
)

]

−  − ∇𝜉 ⋅ 𝐛a

= div(h∗∇𝜉) − det h + ∇𝜉 ⋅ (𝐟a − 𝐛a).

A similar reasoning can be applied to compute the anisotropic component 𝒲𝑘. Note that
𝐽 [1]
4 = E[1]

e ∶M = 𝑚2
1(E

[1]
e )11 + 2𝑚1𝑚2(E[1]

e )12 + 𝑚
2
2(E

[1]
e )22. (A.9)

Thus, the anisotropic part of the bending energy reads:

𝒲𝑘 =
𝑘44𝐻3

6 ∫𝑆

{

𝑚2
1

[

𝜕2𝜉
𝜕𝑋2

− 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) + 𝑘11

]

+ 𝑚2
2

[

𝜕2𝜉
𝜕𝑌 2

− 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) + 𝑘22

]

(A.10)

+2𝑚1𝑚2

[

𝜕2𝜉
𝜕𝑋𝜕𝑌

− 1
2
𝜕
𝜕𝑋

(𝑎23 + 𝑎32) −
1
2
𝜕
𝜕𝑌

(𝑎13 + 𝑎31) + 𝑘12

]}2

d𝐴,

which can be rewritten compactly as

𝒲𝑘 =
𝑘44𝐻3

6 ∫𝑆

(

M ∶Wa
)2 d𝐴. (A.11)

Finally, the total bending energy is given by 𝒲bend = 𝒲𝜇 +𝒲𝑘, as shown in Eq. (37).

Appendix B.  Variation of the energy

In this section, we derive the equilibrium equations and boundary conditions of the plate model through variational arguments. 
The variation of the stretching energy can be computed directly by using the definition of the central surface strain E[0]

e , given in 
Eq. (32), and the symmetry of the second Piola-Kirchhoff stress tensor S[0]𝑛 :

𝛿(S[0]𝑛 ∶ E[0]
e ) = 2S[0]𝑛 ∶ 𝛿E[0]

e = 2(S[0]𝑛 )𝛼𝛽

(

𝜕𝛿𝑢[0]𝛼
𝜕𝑋𝛽

+
𝜕𝛿𝜉
𝜕𝑋𝛽

𝜕𝜉
𝜕𝑋𝛼

)

. (B.1)

Thus, upon integration by parts, the variation of the stretching energy is written as

𝛿𝒲str =
𝐻
2 ∫𝑆

𝛿(S[0]𝑛 ∶ E[0]
e )d𝐴 (B.2)

= −𝐻 ∫𝑆

[

𝜕(S[0]𝑛 )𝛼𝛽
𝜕𝑋𝛽

𝛿𝑢[0]𝛼 + 𝜕
𝜕𝑋𝛽

(

(S[0]𝑛 )𝛼𝛽
𝜕𝜉
𝜕𝑋𝛼

)

𝛿𝜉

]

d𝐴 +𝐻 ∮𝜕𝑆

[

(S[0]𝑛 )𝛼𝛽 𝑛𝛽 𝛿𝑢[0]𝛼 + (S[0]𝑛 )𝛼𝛽
𝜕𝜉
𝜕𝑋𝛼

𝑛𝛽 𝛿𝜉
]

d𝓁

= −𝐻 ∫𝑆

[

div(S[0]𝑛 ) ⋅ 𝛿𝐮[0] + div(S[0]𝑛 ∇𝜉) 𝛿𝜉
]

d𝐴 +𝐻 ∮𝜕𝑆

[

S[0]𝑛 𝐧 ⋅ 𝛿𝐮[0] + S[0]𝑛 ∇𝜉 ⋅ 𝐧 𝛿𝜉
]

d𝓁,

being 𝐧 the outward unit normal to the boundary of the central surface .
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Regarding the bending energy, we begin with the isotropic part of Eq. (A.3). We find that

∫𝑆
1
2
𝛿
(

(Δ𝜉 − 𝐶𝑚)2
)

d𝐴 = ∫𝑆
(Δ𝜉 − 𝐶𝑚) Δ𝛿𝜉 d𝐴 = ∫𝑆

(Δ𝜉 − 𝐶𝑚) div∇𝛿𝜉 d𝐴

= ∫𝑆
div

(

(Δ𝜉 − 𝐶𝑚)∇𝛿𝜉
)

d𝐴 − ∫𝑆
∇𝛿𝜉 ⋅ ∇(Δ𝜉 − 𝐶𝑚)d𝐴

= ∫𝑆
div

(

(Δ𝜉 − 𝐶𝑚)∇𝛿𝜉
)

d𝐴 − ∫𝑆
div

(

𝛿𝜉∇(Δ𝜉 − 𝐶𝑚)
)

d𝐴 + ∫𝑆

(

Δ2𝜉 − Δ𝐶𝑚
)

𝛿𝜉 d𝐴

= ∮𝜕𝑆
(Δ𝜉 − 𝐶𝑚)∇𝛿𝜉 ⋅ 𝐧d𝓁

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=1

−∮𝜕𝑆
𝛿𝜉∇(Δ𝜉 − 𝐶𝑚) ⋅ 𝐧d𝓁

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=2

+∫𝑆

(

Δ2𝜉 − Δ𝐶𝑚
)

𝛿𝜉 d𝐴,

(B.3)

where we have introduced the 2D bilaplacian Δ2. Note that 1 and 2 represent boundary terms.
Then, we compute

∫𝑆
𝛿(∇𝜉 ⋅ 𝐛a)d𝐴 = ∮𝜕𝑆

𝛿𝜉 𝐛a ⋅ 𝐧d𝓁
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=3

−∫𝑆
𝛿𝜉 div𝐛a d𝐴. (B.4)

For the last term, recalling Eq. (A.4) and following the procedure outlined in Landau et al. (2012), Dervaux et al. (2009), Mihai 
and Goriely (2020), we have

4 ∶= ∫𝑆
𝛿d𝐴 (B.5)

= ∮𝜕𝑆
(𝐧 ⋅ ∇𝛿𝜉)

[

𝑛21

(

𝜕2𝜉
𝜕𝑌 2

− 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) + 𝑘22

)

+ 𝑛22

(

𝜕2𝜉
𝜕𝑋2

− 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) + 𝑘11

)

+ 𝑛1𝑛2

(

−2
𝜕2𝜉
𝜕𝑋𝜕𝑌

+ 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) +
𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 2𝑘12

)

]

d𝓁

+ ∮𝜕𝑆
𝛿𝜉 𝐭 ⋅ ∇

[

(

𝑛21 − 𝑛
2
2
) 𝜕2𝜉
𝜕𝑋𝜕𝑌

− 𝑛21
( 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) − 𝑘12
)

+ 𝑛22
( 𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 𝑘12
)

+ 𝑛1𝑛2

(

𝜕2𝜉
𝜕𝑌 2

−
𝜕2𝜉
𝜕𝑋2

− 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) +
𝜕
𝜕𝑋

(𝑎13 + 𝑎31) + 𝑘22 − 𝑘11

)

]

d𝓁, (B.6)

= ∮𝑆
(𝐧 ⋅ ∇𝛿𝜉)

(

𝐧 ⋅W∗
a 𝐧

)

d𝓁 − ∮𝑆
𝛿𝜉 𝐭 ⋅ ∇

[

𝐧 ⋅W∗
a 𝐭

]

d𝓁 − ∮𝑆
𝛿𝜉 𝐧 ⋅ 𝐟a d𝓁, (B.7)

where 𝐧 =
(

𝑛1, 𝑛2
)T and 𝐭 ∶= (

−𝑛2, 𝑛1
)T is the tangent vector to the boundary. The contribution of 𝐟a is therefore confined to the 

boundary, since div 𝐟a = 0, so that the bulk contribution only includes div𝐛a.
Similarly, the variation of the anisotropic term 𝒲𝑘 of Eq. (A.11) is computed after some algebra as

∫𝑆
1
2
𝛿
(

(M ∶Wa)2
)

d𝐴 = ∫𝑆
(M ∶Wa)(M ∶ 𝛿Wa)d𝐴 (B.8)

= ∮𝜕𝑆
(M ∶Wa)M∇𝛿𝜉 ⋅ 𝐧d𝓁

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=5

−∮𝜕𝑆
𝛿𝜉 div

(

(M ∶Wa)M
)

d𝓁
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=6

+∫𝑆
𝛿𝜉 div div

(

(M ∶Wa)M
)

d𝐴,

where the operator div div is defined by div divQ = 𝜕𝑄𝑖𝑗
𝜕𝑋𝑖𝜕𝑋𝑗

 for a second-order tensor Q.
Putting together all the terms:

𝛿𝒲bend =
𝜇𝐻3

6

(

2∫𝑆
𝛿𝜉 (Δ2𝜉 − Δ𝐶𝑚)d𝐴 + ∫𝑆

𝛿𝜉 div𝐛a d𝐴 + 21 − 22 − 3 − 4
)

(B.9)

+
𝑘44𝐻3

6

(

2∫𝑆
𝛿𝜉 div div

(

(M ∶Wa

)

d𝐴 + 25 − 26
)

.

Therefore, assuming that 𝐹  denotes the density of external forces acting along the normal to the surface, which scales as 𝐹 = (𝜉4∕𝐿4), 
and by imposing 𝛿𝒲tot = 𝛿𝒲str + 𝛿𝒲bend − 𝛿𝐹 = 0 in the bulk for all admissible variations 𝛿𝐮[0] and 𝛿𝜉, one obtains the two equilibrium 
equations:

divS[0]𝑛 = 𝟎, (B.10)
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𝐷
(

Δ2𝜉 − Δ𝐶𝑚
)

+𝐷𝑘 div div
(

(M ∶Wa)M
)

+ 𝐷
2
div𝐛a −𝐻 div

(

S[0]𝑛 ∇𝜉
)

= 𝐹 , (B.11)

where we have used Eqs. (B.2)-(B.9) and introduced the bending stiffness 𝐷 ∶= 𝜇𝐻3∕3 and the anisotropic bending stiffness 𝐷𝑘 ∶=
𝑘44𝐻3∕3.

Regarding the boundary conditions, from 𝛿𝒲str = 0 we get S[0]𝑛 𝐧 = 𝟎, in the absence of external boundary forces. Then, the remain-
ing part reads:

𝜇𝐻3

6
(21 − 22 − 3 − 4) +

𝑘44𝐻3

6
(25 − 26) = 0. (B.12)

Upon expanding

5 = ∮𝜕𝑆
(M ∶Wa)(𝐦 ⋅ 𝐧)2 𝐧 ⋅ ∇𝛿𝜉 d𝓁 − ∮𝜕𝑆

𝛿𝜉 𝐭 ⋅ ∇
[

(M ∶Wa)(𝐦 ⋅ 𝐧)(𝐦 ⋅ 𝐭)
]

d𝓁, (B.13)

by combining the results of Eqs. (B.3)-(B.4)–(B.6)–(B.8)–(B.13) and considering that the variations 𝛿𝜉,𝐧 ⋅ ∇𝛿𝜉 are independent, we 
arrive at the final system of boundary conditions:

2𝜇(Δ𝜉 − 𝐶𝑚) − 𝜇

[

𝑛21

(

𝜕2𝜉
𝜕𝑌 2

− 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) + 𝑘22

)

+ 𝑛22

(

𝜕2𝜉
𝜕𝑋2

− 𝜕
𝜕𝑋

(𝑎13 + 𝑎31) + 𝑘11

)

(B.14)

+ 𝑛1𝑛2

(

−2
𝜕2𝜉
𝜕𝑋𝜕𝑌

+ 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) +
𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 2𝑘12

)

]

+ 2𝑘44(M ∶Wa)(𝐦 ⋅ 𝐧)2 = 0,

2𝜇 𝐧 ⋅ ∇(Δ𝜉 − 𝐶𝑚) + 𝜇 𝐭 ⋅ ∇
[

(

𝑛21 − 𝑛
2
2
) 𝜕2𝜉
𝜕𝑋𝜕𝑌

− 𝑛21
( 𝜕
𝜕𝑌

(𝑎13 + 𝑎31) − 𝑘12
)

+ 𝑛22
( 𝜕
𝜕𝑋

(𝑎23 + 𝑎32) − 𝑘12
)

+ 𝑛1𝑛2

(

𝜕2𝜉
𝜕𝑌 2

−
𝜕2𝜉
𝜕𝑋2

− 𝜕
𝜕𝑌

(𝑎23 + 𝑎32) +
𝜕
𝜕𝑋

(𝑎13 + 𝑎31) + 𝑘22 − 𝑘11

)

]

+ 𝜇𝐧 ⋅ 𝐛a + 2𝑘44 𝐧 ⋅ div
(

(M ∶Wa)M
)

+ 2𝑘44 𝐭 ⋅ ∇
[

(M ∶Wa)(𝐦 ⋅ 𝐧)(𝐦 ⋅ 𝐭)
]

= 0. (B.15)

Appendix C.  Formulation in terms of Airy potential

The equation for the Airy potential 𝜙 can be computed by eliminating the in-plane displacements 𝑢[0]𝛼  from the in-plane strain 
equations and by exploiting the effective constitutive equation defined in Eq. (30). In particular, recalling Eq. (32), one can observe 
that

𝜕2(E[0]
e )11

𝜕𝑌 2
+
𝜕2(E[0]

e )22
𝜕𝑋2

− 2
𝜕2(E[0]

e )12
𝜕𝑋𝜕𝑌

= − 𝜕2

𝜕𝑌 2

(

𝑎11 +
1
2
𝑎231

)

− 𝜕2

𝜕𝑋2

(

𝑎22 +
1
2
𝑎232

)

+ 𝜕2

𝜕𝑋𝜕𝑌

(

𝑎12 + 𝑎21 + 𝑎31𝑎32
)

− [𝜉, 𝜉]. (C.1)

This expression does not depend on the in-plane displacements 𝑢[0]𝛼 . The next step is to express the in-plane strain E[0]
e  as a function 

of the in-plane stresses S[0]𝑛 . Hence, it is necessary to invert the effective constitutive relation (30). One way to view this problem is 
to write it using Voigt notation, namely,

⎡

⎢

⎢

⎢

⎣

(S[0]𝑛 )11
(S[0]𝑛 )22
(S[0]𝑛 )12

⎤

⎥

⎥

⎥

⎦

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜇
⎡

⎢

⎢

⎣

4 2 0
2 4 0
0 0 1

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
∶=V

+4𝑘44

⎡

⎢

⎢

⎢

⎣

M2
11 M11M22 M11M12

M11M22 M2
22 M12M22

M11M12 M12M22 M2
12

⎤

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝐯⊗𝐰

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎡

⎢

⎢

⎢

⎣

(E[0]
e )11

(E[0]
e )22

2(E[0]
e )12

⎤

⎥

⎥

⎥

⎦

. (C.2)

The Sherman-Morrison formula then allows us to compute the inverse of the matrix block K above as

K−1 = V−1 − V
−1𝐯⊗V−1𝐰
1 + 𝐯 ⋅V−1𝐰

, (C.3)

to express the in-plane strain E[0]
e  in terms of the stress S[0]𝑛 . Then, the denominator on the right-hand side is given by:

1 + 𝐯 ⋅V−1𝐰 = 1 + 4
3
𝑘44
𝜇

∶= 𝐸𝑘, (C.4)
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which does not depend on the fiber angle 𝜃. Consequently, the resulting relation is expressed as

(E[0]
e )11 =

1
3𝜇

(

(S[0]𝑛 )11 −
1
2
(S[0]𝑛 )22

)

−
𝑘44
𝜇2𝐸𝑘

[

(S[0]𝑛 )11
(

cos2 𝜃 − 1
3

)2
+ (S[0]𝑛 )22

(

cos2 𝜃 sin2 𝜃 − 2
9

)

+ 2(S[0]𝑛 )12 sin 𝜃 cos 𝜃
(

cos2 𝜃 − 1
3

)

]

,

(E[0]
e )22 =

1
3𝜇

(

(S[0]𝑛 )22 −
1
2
(S[0]𝑛 )11

)

−
𝑘44
𝜇2𝐸𝑘

[

(S[0]𝑛 )11
(

cos2 𝜃 sin2 𝜃 − 2
9

)

+ (S[0]𝑛 )22
(

sin2 𝜃 − 1
3

)2

+ 2(S[0]𝑛 )12 sin 𝜃 cos 𝜃
(

sin2 𝜃 − 1
3

)

]

,

(E[0]
e )12 =

1
2𝜇

(S[0]𝑛 )12 −
𝑘44
𝜇2𝐸𝑘

[

(S[0]𝑛 )11 sin 𝜃 cos 𝜃
(

cos2 𝜃 − 1
3

)

+ (S[0]𝑛 )22 sin 𝜃 cos 𝜃
(

sin2 𝜃 − 1
3

)

+ 2(S[0]𝑛 )12 sin
2 𝜃 cos2 𝜃

]

.

(C.5)

After some algebraic manipulation, one can rearrange these terms to obtain

𝜕2(E[0]
e )11

𝜕𝑌 2
+
𝜕2(E[0]

e )22
𝜕𝑋2

− 2
𝜕2(E[0]

e )12
𝜕𝑋𝜕𝑌

= 1
3𝜇

Δ2𝜙 − 1
𝐸𝑘

div div

(

[(

M − 2
3
I
)

⊗
(

M − 2
3
I
)]

H(𝜙)

)

, (C.6)

where H denotes the Hessian matrix. Combining Eqs. (C.1) and (C.6) yields the result presented in Eq. (52).
Note that the div div term can be expanded using the Leibniz rule as:

div div
(

(M̃⊗ M̃)H(𝜙)
)

= div div
(

M̃⊗ M̃
)

∶ H(𝜙) + 2 div
(

M̃⊗ M̃
)

⋮ ∇H(𝜙) +
(

M̃⊗ M̃
)

∶∶ ∇∇H(𝜙), (C.7)

where we have denoted by ⋮ the scalar product between third-order tensors and by ∶∶ the one between fourth-order tensors. In 
particular, the gradient of the Hessian and the divergence of ̃M⊗ M̃ are the third-order tensors defined respectively by

[∇H(𝜙)]𝑖𝑗𝑘 =
𝜕3𝜙

𝜕𝑋𝑖𝜕𝑋𝑗𝜕𝑋𝑘
, div[(M̃⊗ M̃)]𝑖𝑗𝑘 =

𝜕
𝜕𝑋ℎ

(

𝑀𝑖𝑗𝑀𝑘ℎ

)

. (C.8)

Clearly, if M does not depend on space, the first two terms on the right-hand side of Eq. (C.7) vanish, yielding the result presented 
in Eq. (57).

Appendix D.  Ellipsoidal case: Invariance of the stretching energy

In this Appendix, with reference to Section 5.2, we show that, for a rotationally symmetric mid-surface , the stretching energy 
is independent of the angle 𝜃. We assume for instance that  is a thin disk, which is a reasonable idealization for cells that are not 
strongly elongated. The latter case lies beyond the scopes of this work, as discussed in Section 5.1.

From Eqs. (65) and (81), on an ellipsoidal surface with principal curvatures determined by 𝐴,𝐵, and 𝑅, one has [𝜉, 𝜉] = 𝜅21
𝐴2𝐵2 , and 

𝐶𝑎,𝜙 = 0, so that Eq. (59) governing the Airy potential 𝜙 reduces to

1
𝐸𝑌

Δ2𝜙 − 1
𝐸𝑘

(

ΔM − 2
3
Δ
)2
𝜙 = −

𝜅21
𝐴2𝐵2

, (D.1)

supplemented by clamped boundary conditions on 𝜕.
Let 𝜙0 denote the solution of Eq. (D.1) for the reference orientation 𝜃 = 0, in which the anisotropy axis is aligned with the 𝑋-

direction so that M = 𝐞1 ⊗ 𝐞1. For a general angle 𝜃 ∈ [0, 𝜋), introduce the in-plane rotation

𝑔𝜃 ∶ (𝑋, 𝑌 ) ⟼ (𝑋, 𝑌 ),
(

𝑋
𝑌

)

=
(

cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

)(

𝑋
𝑌

)

, (D.2)

which maps physical coordinates (𝑋, 𝑌 ) to fiber-aligned coordinates (𝑋, 𝑌 ) so that the fiber direction is mapped onto ̃𝐞1. Under 𝑔𝜃 , 
the differential operators transform as

Δ ⟼ Δ̃, ΔM ⟼
𝜕2

𝜕𝑋2
, (D.3)

since the Laplacian is rotationally invariant and the directional Laplacian ΔM reduces to the second derivative along the fiber direction 
in the rotated frame. Eq. (D.1) therefore takes the same form in the rotated frame:

1
𝐸𝑌

Δ̃2𝜙 − 1
𝐸𝑘

(

𝜕2

𝜕𝑋2
− 2

3
Δ̃
)2
𝜙 = −

𝜅21
𝐴2𝐵2

, (D.4)
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which is structurally identical to Eq. (D.1) at 𝜃 = 0. Since the cell  is mapped onto itself by any rotation and the clamped boundary 
conditions are preserved, by uniqueness the solution of (D.4) at angle 𝜃, expressed in physical coordinates, is the pull-back of 𝜙0
under 𝑔𝜃 :

𝜙
(

𝑋, 𝑌 ; 𝜃
)

= 𝜙0
(

𝑔𝜃(𝑋, 𝑌 )
)

. (D.5)

Under the assumption of homogeneous anisotropic angle 𝜃, the stretching energy associated with 𝜙 is

𝒲str (𝜙; 𝜃) = ∫

{

1
3𝜇

[

(Δ𝜙)2 − 3 [𝜙, 𝜙]
]

− 1
𝐸𝑘

(

ΔM𝜙 − 2
3
Δ𝜙

)2}

d𝐴. (D.6)

Applying the change of variables (𝑋, 𝑌 ) = 𝑔𝜃(𝑋, 𝑌 ) and using the chain rule, together with the rotational symmetry of  (so that the 
Jacobian is unity and the integration domain is unchanged), one obtains

𝒲str (𝜙, 𝜃) = ∫

{

1
3𝜇

[

(Δ̃𝜙)2 − 3 [𝜙, 𝜙]
]

− 1
𝐸𝑘

(

𝜕2𝜙
𝜕𝑋2

− 2
3
Δ̃𝜙

)2}

d𝐴

= ∫

{

1
3𝜇

[

(Δ𝜙0)2 − 3 [𝜙0, 𝜙0]
]

− 1
𝐸𝑘

(

𝜕2𝜙0

𝜕𝑋2
− 2

3
Δ𝜙0

)2}

d𝐴

= 𝒲str (𝜙0, 0),

(D.7)

for all 𝜃 ∈ [0, 𝜋). Hence, under the assumption that the reference cell domain is rotationally symmetric, the stretching energy is 
independent of the anisotropy orientation angle. 
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