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ARTICLE INFO ABSTRACT
Keywords: The transition from toughness-controlled to strength-controlled fracture with changing specimen
Peridynamics size — known as the size effect (SE) — is a key feature of quasi-brittle materials. While widely

Finite element
Size-effect
Quasi-brittle materials
Ansys LS-DYNA

investigated through experiments and conventional numerical models, studies employing Peri-
dynamics (PD) to capture this phenomenon remain scarce and often yield limited accuracy. This
work addresses that gap by analyzing the size-dependent fracture behavior of quasi-brittle ma-
terials using Bond-Based (BB) PD theory implemented with native elements in Ansys LS-DYNA
(PD-DYNA). A novel combination of a bilinear PD model, a 3D stochastic field to represent ma-
terial heterogeneity, a spatial attenuation kernel, and a discretized micro-modulus function is
proposed. The model is validated against two experimental campaigns involving three-point
bending tests on notched concrete beams under both mode-I and mixed-mode conditions. Sim-
ulations successfully reproduce peak loads, softening behavior, and kinked crack paths observed
experimentally. To quantify the scale effect, a fractal-based framework is employed, enabling a
consistent interpretation of the mechanical response across specimen sizes. The results demon-
strate that the proposed PD-DYNA model can accurately capture the size effect in quasi-brittle
fracture, overcoming limitations of earlier PD approaches and validating the potential of
fractal-based analysis in PD modeling.

1. Introduction

A persistent challenge in structural engineering lies in accurately translating the mechanical behavior observed in small-scale
laboratory tests into reliable predictions for full-scale structures. This issue is particularly relevant for quasi-brittle materials,
whose failure mechanisms are sensitive not only to material properties but also to the physical dimensions of the structure, known as
the size effect phenomenon [1-3]. Since laboratory specimens are typically several orders of magnitude smaller than real-world
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Nomenclature

ap Initial crack length

ac Critical crack length

Ag Cross-sectional area of the beam ligament
b Beam thickness

b External body force density vector

c Micro-modulus

¢(0,60) Concentration function for bond stiffness at zero distance
Cous Cof,Cey Dimensional constants in the BPD scaling relations

dv Infinitesimal volume

d Fractal exponent for a given mechanical property
D,, Dy,Dg Fractal dimension for strength, rotation, and fracture energy
D.D Damage parameterFractal dimension

E Young’s modulus

f Bond force

f Pairwise force density vector

g(€ 60)  Spatial distribution function

G Energy release rate (or fracture energy)

H Characteristic structural size (beam depth)

h Thickness of the specimen

K, Governs the shape of the softening path

KPP PD spring constant between nodes i and j

lex, Iy, and I; Correlation lengths

L Beam length

ng Brittleness number

Prax Peak load

qc Critical loading in the dimensional scaling framework
r Box side length

s Bond stretch

So Critical bond stretch

Sp Maximum elastic stretch

Sr Rupture stretch

S Beam span length

t Time step

wu Displacement vectors

Vv Volume

w Dissipated energy (area under force-CMOD curve)
x,X Position vectors in the undeformed configuration
Y Geometric shape function

Z Characteristic size in brittleness number

a Notch-to-depth ratio

B Notch eccentricity

So Numerical Peridynamic horizon

Se Beam vertical displacement

5 Horizon characteristic material length

A Grid spacing

€y Critical strain

n Relative displacement vector

A Volume correction factor

E Relative position vector

i Bond status parameter

% Poisson’s ratio

P Mass density

00 Failure stress of the material under tension

oN Flexural strength

¢ Rotation angle

@ Local damage index

BBPD  Bond-based peridynamics
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BPD Bilinear Peridynamics material model
CTOD  Crack tip opening displacement
CMOD  Crack mouth opening displacement
CVgr Coefficient of variation for Gy

CZM Cohesive Zone Model

DG Discontinuous Galerkin

FPZ Fracture Process Zone

LC, ULC Loading and Unloading Curve
LDEM Lattice Discrete Element Method
LEFM Linear Elastic Fracture Mechanics
PFM Phase Field Method

PMB Prototype Microelastic Brittle model

PD Peridynamics
PD-DYNA Coupled Peridynamics/LS-DYNA
SEL Size Effect Law

TYL, CYI Maximum and minimum force in LC
XFEM Extended Finite Element Method

components, direct extrapolation of strength or fracture properties often leads to inaccurate or non-conservative designs. Large-scale
experimental campaigns, while ideal, are often impractical due to their high cost and complexity [4]. As such, the development of
computational models capable of predicting how mechanical behavior evolves with structure size is both a theoretical necessity and an
engineering priority.

The structural size effect is a phenomenon especially pronounced in quasi-brittle materials such as concrete, rock masses, sea ice
bodies, fiber-polymer composites, and ceramics which exhibit failure through a gradual accumulation of damage, micro cracking, and
energy dissipation within a finite region known as the Fracture Process Zone (FPZ) [5]. Unlike fully brittle materials, which fail
abruptly at a critical stress, or ductile materials, which accommodate large plastic strains, quasi-brittle materials display a mixed
failure mode that cannot be captured by simple strength-based or toughness-based criteria alone.

To account for the size dependence of fracture in such materials, classical theories like the Size Effect Law (SEL) have been
developed [1,6]. The SEL provides a framework for capturing the transition from ductile-like strength control at small scales to brittle-
like energy control at large scales, based on principles from Linear Elastic Fracture Mechanics (LEFM). This law has been widely
applied and validated across different material systems and structural geometries [7]. However, some authors [4,8,9] have reported
that, in situations where the specimen boundaries limit the expansion of the fracture process zone (FPZ), the conventional SEL may not
preserve high local accuracy.

An alternative perspective that has gained attention in recent years is the fractal interpretation of the size effect proposed by
Carpinteri and coworkers [10,11], named in the following as fractal size effect. Experimental observations suggest that fracture
surfaces in quasi-brittle materials often exhibit self-similar or self-affine geometries, characterized by non-integer fractal dimensions
[12]. From this point of view, the reduction in strength with increasing structure size may not arise especially from energetic con-
siderations, but also from the increasing roughness and geometrical complexity of the crack path. This fractal size effect introduces a
fundamentally different explanation, rooted in the geometry of the fracture surface rather than the scaling of energy dissipation zones.
To rigorously test this hypothesis, computational methods must be capable of capturing complex crack patterns, roughness evolution,
and size-dependent behavior in a natural and unified framework. As a matter of fact, evaluating the size effect in quasi-brittle materials
is now considered a fundamental benchmark for quantitatively validating computational fracture models [13].

In recent years, a wide range of numerical approaches have been developed to investigate fracture phenomena and capture size
effects in brittle and quasi-brittle materials. These approaches can be broadly classified into two main groups: models based on
continuum mechanics and models that explicitly account for the random nature of the material microstructure.

Models based on continuum mechanics extend classical solid mechanics to accommodate crack initiation and growth. Examples
include the Cohesive Zone Model (CZM) [14-16], originally proposed for pre-cracked solids and later adapted to intact structures; the
Smeared Crack Model [17], often coupled with the crack band model [16] to prevent mesh-dependent localization by introducing a
characteristic length [18]; and the Extended Finite Element Method (XFEM) [19], which enriches the displacement field to represent
discontinuities without remeshing. The Phase Field Method (PFM) [20,21] represents cracks through a continuous damage variable,
eliminating the need for explicit crack tracking and enabling the modeling of complex fracture processes. While PFM provides mesh-
objective results through the introduction of a length scale, it is often sensitive to the choice of this parameter and generally requires
fine discretization.

Models that account for the random nature of the microstructure include discrete approaches such as the Lattice Discrete Element
Method (LDEM) [22,23], in which the material is represented by a network of truss or beam elements with mass concentrated at their
nodes. These models explicitly incorporate the stochastic heterogeneity of materials, making them particularly suitable for studying
damage processes in detail, including crack initiation, propagation, interaction, and branching. They have also demonstrated con-
sistency with fractal interpretations of size effects, providing a valuable framework for investigating how structural dimensions in-
fluence fracture behavior [24,25].

An alternative to the above approaches is offered by models based on the Peridynamic (PD) theory [26]. As a nonlocal
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reformulation of continuum mechanics, PD enables the simulation of fracture without the need for additional criteria to handle dis-
continuities. Its integral-based formulation allows for the modeling of crack initiation, propagation, branching, and coalescence,
making it particularly suitable for studying quasi-brittle failure across multiple scales. Although PD has been increasingly applied to
model fracture in quasi-brittle materials, few studies have specifically addressed the structural size effect using this approach. Hobbs
et al. [27] modeled geometrically scaled beams with a 3D PD formulation with an exponential pairwise force function, comparing the
results with the classical SEL. However, Bazant et al. [28] questioned the capability of PD to accurately reproduce the transitional size
effect typical of quasi-brittle fracture. However, Bazilevs et al. [29] introduced the Microplane model (M7) of concrete into the non-
ordinary state-based PD formulation. This constitutive model captures size effects with additional parameters to account for concrete’s
complex mechanical behavior. Previous work [30] by a few of the present authors investigated the fractal size effect using a Bond-
Based (BB) PD model with a bilinear PD model and a 3D stochastic field for the energy release rate, applied to unnotched beams of
expanded polyethylene (EPS). The results supported the fractal interpretation and showed good agreement with experimental data.
These findings suggest that, while PD holds promise for simulating complex fracture processes, its application to size effect problems
remains limited and requires further refinement.

In the context of PD analysis capability in LS-DYNA, Ren et al. [31] treated the integration points in Discontinuous Galerkin (DG)
elements as PD points. Therefore, the PD bond kinematics is dictated by the integration points in DG element. However, it allows
discontinuity only along the inter-element boundaries. Consequently, damage path is dependent on the FE discretization and
remeshing within the element is required to capture accurate damage path. Damage occurs only along element boundaries and cannot
propagate through the element. If the bonds at a PD point are partially broken within the element, the element displacement field
cannot account for such discontinuities.

In this context, the present study investigates the size-dependent fracture behavior of quasi-brittle materials by using the PD theory
integrated into the explicit dynamic environment of Ansys LS-DYNA, referred to here as PD-DYNA [32]. The model is based on BB PD,
incorporating several key features that enhance its ability to represent real material behavior. These include a bilinear PD model to
capture stiffness degradation and failure, a three-dimensional stochastic field to represent material heterogeneity, a spatial attenuation
kernel to reflect the decaying influence of distant bonds, and a discretized micro-modulus function that ensures consistency with
classical elastic properties. The framework has been validated against two experimental datasets involving three-point bending tests on
notched concrete beams, covering both mode I [33] and mixed-mode fracture [34] conditions. Both experimental and numerical
results are compared in terms of global behavior, brittleness, failure configuration and the fractal size effect on the flexural strength,
critical rotation angle and critical energy release rate (fracture energy). It is worth noting that the fractal framework adopted here is
not used as a constitutive assumption nor as a calibration tool. Instead, it serves only as an interpretative framework to quantify the

Fig. 1. Summary of the power laws that represent the scale effect of flexural strength (d,), angle of rotation (dy) and fracture energy (dg).
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scaling trend of the above mechanical properties.

2. The fractal size effect

Carpinteri and co-workers [10,11,35] proposed that fractal geometry offers a unified explanation for the scale effects on the
mechanical properties of quasi-brittle materials. In fact, experimental evidence confirms that on the fracture surface of many materials,
fractal shapes can be observed, such as in metals, ceramics, concrete, rocks, among others [36]. According to Lacidogna et al. [37],
three mechanical properties, flexural strength, critical rotation angle and fracture energy, that are size-dependent can be evaluated
from three-point bending tests. In general, the measurement of the variation of a given mechanical property above (Q) is performed
through the so-called fractal exponents, dQ, described by a power law as:

Q=QH" (€Y

where Q" is the scale invariant material property and H a characteristic dimension of the structure. Fig. 1 summarizes the scale effect of
these properties described by power laws indicated in the bi-log domain, where do, dy and dg are the fractal exponents of the flexural
strength (o), critical angle of rotation (¢) and energy release rate (or fracture energy) (Gy), respectively. These mechanical quantities
are computed as (see Fig. 1(a)):

3PpaxS
N = o @
_ CMODpa /2 6.
¢= H T 5/2 @
w
Gr = A7 4

where Py, is the peak load, CMODpy,,y is the crack mouth opening displacement at peak load, §. the vertical displacement at the center
of the beam at peak load, A the cross-section beam area considering the notch depth and W the dissipated energy, computed as the
area of the Force — CMOD curve. It is worth noting that the dissipated energy is evaluated from the Force-CMOD curve rather than
from the force — vertical displacement curve. In notched three-point bending tests, the CMOD provides a direct measurement of the
crack opening at the notch tip and therefore isolates the energy consumed by the fracture process within the ligament. This definition is
consistent with established experimental protocols for determining the fracture energy of quasi-brittle materials [38].

It is worth noting that according to the fractal size effect theory, the flexural strength develops over a ligament area with a fractal
dimension given by D, = 2 —do, that is smaller than a Euclidean surface, due to defects and heterogeneities. Lacunar sets, such as the
Cantor set, can represent this discontinuous load-bearing domain (Fig. 1(b)). Similarly, the critical rotation angle scales with size over
a deformation domain of fractal dimension D, = 1 —d¢, reflecting the localized and discontinuous strain distributions within the
ligament (Fig. 1(c)). Fracture energy dissipates over a rough crack domain with a fractal dimension Dg = 2 + dG, representing the
complex topology of micro cracks. As a result, Gy scales with size according to the measure of this fractal domain, deviating from
classical LEFM predictions. From a fractal point of view, invasive fractal sets, such as the von Koch triadic curve, can be used to
represent it (Fig. 1(d)).

The range of variations observed in fractal exponents depends on several factors, including the geometrical shape of the specimens,
the boundary conditions, the material characteristics, and other variables. According to the studies by Lacidogna et al. [37] and
Carpinteri and Accornero [39], the exponent values typically range from 0.1 to 0.3 for flexural strength, 0.2 to 0.5 for the critical
rotation angle and 0.1 to 0.3 for fracture energy. It is important to note that the fundamental link between the fractal exponents follows
from an energy balance written in natural dimensionless variables as detailed in [30,37,39]. More precisely, it is based on

do+dy+dG=1 %)

Fig. 2. A) peridynamic continuum, kinematics of pd points x and x' and bond-based pairwise force function, and b) Prototype Microelastic Brittle
(PMB) material model.
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This relation expresses the self-similar redistribution of strength, rotation angle and fracture energy across scales.
3. Peridynamic formulation for Quasi-Brittle materials
3.1. BB-PD theory with improved micro-elastic modulus

This section presents a concise overview of the BB-PD theory. For further details, please refer to classic references such as Silling
[26], Silling and Askari [40], and Madenci and Oterkus [41].

Fig. 2a illustrates the kinematics of PD interactions (bonds) between material points. The deformed configuration of a body is
described by the position of material points with each point having a family populated by other points within its horizon, §,. The bond
force between material point, x and its neighbouring point X in its horizon is defined by the pairwise force density vector, f. It
represents the force vector per unit volume exerted by point x’ on point x. The direction of this force density vector is aligned with the
direction of the bond in the deformed configuration as shown in Fig. 2a.

The PD form of the equation of motion, at a given time step t, is derived as [26]

pii(x,t) = | f(x —x,u —u)dVy + b(x,t) 6)

Hy

where p is the material mass density, x and x’ are the position vectors, u and u' are the displacement vectors, dV, denotes an infin-
itesimal volume of the point X' and b is the external body force density vector. The force density vector associated with nonlocal
interactions, denoted by f, plays a central role in accurately describing the mechanical response of materials within the peridynamic
framework. A first model in this context is the Prototype Microelastic Brittle (PMB) model (Fig. 2b), originally introduced by Silling
and Askari [40], which was developed for the analysis of isotropic materials. In this model, the material is considered to be stress-free
in its undeformed configuration, meaning that the initial bond force density is zero. The interaction force between two material points
is modelled as a pairwise force, conceptually similar to a spring (bond), and is defined as:

E+1
€ + 7]

f=lics @
where € = x' —x is the relative position vector, 7 = u' —u is the relative displacement vector, s = |& + 77| —|€|/|€| is the bond stretch, and ¢
is the micro-modulus. The original PMB model, employs a constant micro-elastic modulus, which does not account for the distance-
dependent attenuation of nonlocal interactions. This simplification limits the model's ability to capture the realistic spatial distribution
of the bonds. To address this issue, several studies have proposed modified PMB constitutive formulations incorporating attenuation
kernel functions that introduce spatial variability into the bond stiffness [42-45]. In the present work, an improved PMB model is
adopted in which the micro-elastic modulus function is defined as

C(gv 50) = C(0$50)g(§7 50) (8)

where ¢(0,8p) is a concentration function that describes the stiffness of the pairwise bond of two material points approaching zero
distance, and g(§, dy) is the quartic polynomial kernel function or spatial distribution function [42,45], both defined as,

€’
1-(= if <6
8(€,6) = ( <50) ) gl (92)
and
__36E 3D analysis
75g(1 — 2v)
¢(0,80) = % 2D analysis — plane stress (9b)
105E

2D analysis — plane strain
4nhs3(1 - 20)(1 1 0) SIS P

where E is the elastic modulus, h is the thickness and & is the horizon of material points (assumed to be uniform). The Poisson’s ratio
has a value of v = 0.25 for 3D dimensional analysis and 2D analysis under plane strain conditions whereas it is fixed as v = 0.33 for 2D
analysis under plane stress conditions [26,40].

When a material point is located near a boundary or a bi-material interface, its interaction domain becomes truncated or direc-
tionally biased due to the use of an idealized circular or spherical horizon. This asymmetry leads to reduced accuracy in the calibration
of micro-modulus values compared to points located within the bulk of the material. As a result, the predicted deformation and fracture
behavior in boundary regions may be compromised—an issue commonly referred to as the surface effect. To account for this, the
micro-elastic modulus of the boundary region is computed as,
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6E

2 2
(1- ZD)Z}'EHI <1 - <§) > ‘Eu‘vl
4E
3 2D analysis — plane stress

(8, 0) = GWZ%<1©>>|WW N

4E

(1 2)1 1) (1 - (%) ) &IV,

3D analysis

2D analysis — plane strain

However, the discretized horizons of the two material points associated with a bond are different. To preserve the symmetry of the
interaction and ensure that the bond force satisfies the condition of linear momentum balance (f; = f;;), the arithmetic average of

micro-modulus of point x; and point x; is adopted for a bond between these material points as:

ci+¢
Ci :% (11

In Eq. (7) if the stretch reaches its critical value, sy, the status parameter i takes on a value of 0, otherwise, it remains as 1, that is,

~ 1 if § < S
”7{ 0 if s=s0 (12)

in which sg can be evaluated as [32,40]

_ [RG
So = T&) (13)

where Gy is the material energy release rate and R is equal to 5/6 for 3D analysis, and 4x/9 and 5z/12 for 2D plane stress and plain
strain analysis, respectively. A local damage index ¢, which can be used to define the crack path, can be defined as

(14)
It is simply ratio of number of broken bonds to the total number of bonds at point x.

3.2. A peridynamic approach for quasi-brittle materials

The PD approach proposed by Friedrich et al. [46] is employed in order to perform the failure analysis of quasi-brittle materials.
The main features of this approach are the implementation of: (i) a bilinear bond force-stretch relationship, and (ii) a random field for

Fig. 3. Bond force-stretch relationship in BPD model for quasi-brittle material behaviour.
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the energy release rate.

The Bilinear PD (BPD) material model was initially introduced by Cabral et al. [47] and further improved by Friedrich et al. [46].
The model exploits two sizes for the horizon, and more precisely:

the size &y, defined in the previous sub-section, assumed to be equal to 6o = mA withm = 3.015, called computational horizon and
the size §, assumed as a material characteristic (it will be defined in the following).

The main advantage of the BPD material model is its correlation between § and &y, which allows simulating the same global
material behaviour with different levels of grid spacing, A. This allows reducing computation time significantly. In Cabral et al. [47]
and Friedrich et al. [46] several numerical results obtained with the present model were compared with experimental ones, showing
the capabilities of such a model. Moreover, recently, versions of the BPD material model taking into account shear effects and the
fatigue degradation process were proposed by Friedrich et al., [48] and Friedrich et al., [49], respectively.

3.2.1. Bilinear PD (BPD) model formulation
The bilinear bond force-stretch relationship is shown in Fig. 3. Three main parameters characterise such a relationship:

(1) the slope of loading path, that is the micro-modulus, ¢ (Eq. (8) or (11))
(2) the maximum elastic stretch, s,, computed as:

0o

=% (15)

where oy is the failure stress of the material under tension. It is worth noting that Eq. (15) is valid for cases where the material exhibits
near linear behaviour up to failure. In cases of significant nonlinearity before fracture, such an assumption should not be considered. In
such cases, s, can be assumed as the strain at which the linear behaviour of the structure is lost; it comes from experimental data, such
as stress-strain or stress-displacement curves. The detailed explanation can be found in Friedrich et al. [46].
(3) the rupture stretch, s;, defined as:

s =Kesp (16)
where K, governs the shape of the softening path (red line in Fig. 3). In order to obtain the relationship to compute K., firstly the area

underlying the PMB bond force-stretch relationship (see Fig. 2b) is equated to that of the BPD bond force-stretch relationship (Fig. 3) as

So = 5,8 = K,s§ a7

Replacing 8, with § in Eq. (13), for the critical stretch corresponding to the PMB model, yields the value for s’ as

, RG;
=/ 1
s ES (18a)
or
(5% =27 (18b)
and by replacing s, from Eq. (13) and Eq. (18b) into Eq. (17), the following relation is obtained
K,s250 = (5)%6 (19)

When § = 8§, BPD model recovers the PMB model originally proposed by Askari and Silling [40]; thus, the BPD model can be
considered as a generalization of the PMB model.
For the BPD material model, the degradation in the bond force can be written as:

f=c(1-D.)s (20)

where D, is a damage parameter. It can be defined as

0 for s<s,
s—S, S
D,={—2 for s, < s<s 21
¢ s S —s L 21
1 for s > s,

In accordance with Eq. (12), the local damage measure, ¢ can be rewritten asgp = 1-D,.

3.2.2. The physical meaning of the material characteristic horizon (5')
Different strategies exist in the literature to determine the material characteristic horizon §. For instance, Friedrich et al. [46]
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employed the Theory of Critical Distances (TCD) [50] to link &' to the material critical distance Lg. In the present study, & is defined by
exploiting the concept of stress brittleness numbers; it is based on the original formulation of the BPD model [46]. This approach not
only provides a clear physical interpretation of § as material characteristic length but also establishes a direct connection with a critical
crack length and the structural size effect.Concepts from Linear Elastic Fracture Mechanics (LEFM) can employed to assign a physical
meaning to §. Considering Eq. (18b) and the relation between the critical stress intensity factor, K., and the energy release rate, Gy, (i.
e., Gy = K2 /E, under plane stress assumption) yields the expression for § as

R (Ki\?
§ = = 22
(s)? ( E ) (22)

2
For a crack under Mode I loading, the critical crack length at failure can be determined as a, = % (%) and assuming the applied load

is 69 = Es/, evaluation of Eq. (22) leads to

& = RY?na, (23)

where Y is the geometric shape function, which depends on the geometry and boundary conditions of the cracked body. It should be
noted that the present analysis focuses on the scale of material defect nucleation and internal force interactions; therefore, the in-
fluence of the global structural geometry and boundary conditions can be considered as secondary importance. In this context,
assuming RV/Yz ~ 1in Eq. (23) results in 8 = a.. This indicates that the material characteristic horizon § can be directly interpreted as
the size of a potential critical crack embedded in the material leading to unstable crack growth once the local stress reaches a critical
level. A detailed discussion of this interpretation within the peridynamic framework can be found in Cabral et al. [47]. Similar concepts
have also been employed in other discrete methods [24,25,51].

The concept of the stress brittleness number, ny, proposed by Carpinteri [52] can be adopted to generalize the determination of &
for arbitrary structural geometries and to quantify the size-dependent transition between ductile and brittle failure. This dimensionless
number quantifies the degree of brittleness or ductility of a structure and describes how this quality depends on the characteristic
structural dimension. It has been widely employed by researchers in various fields of applied mechanics to characterize different
aspects of the size effect phenomenon (see, e.g., Gao [53]).

The stress brittleness number is defined in terms of energy release rate as

0.5
ny = (G/E) (24)

B Uo\/z

where Z is a characteristic structural dimension (e.g., the beam depth). By combining Eqgs. (18b) and (24), the parameter § can be
computed as

Fig. 4. EPS beams under three point bending testing considered by Friedrich et al. [30] (a) beams dimensions named as Large (L), Medium (M), and
Small (S), (b) Relative size of the EPS specimens, and (c) Representative numerical PD results and experimental measurements in terms of
load-deflection curves in order to show the ductile-to-brittle transition behavior based on the stress brittleness number.
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5 =n’RZ (25)

It is important to emphasize that &' is a material parameter, independent of the specimen geometry. Once the material properties Gy, E
and o are known, they directly reflect the toughness, stiffness, and strength of the material, respectively. In contrast, Z is a structural
characteristic length (e.g., the beam depth, H).

Equation (25) captures the deterministic aspect of the size effect: it relates the dimension in which elastic energy is stored within the
structure to the dimension in which this energy is dissipated when an embedded critical crack propagates unstably. In other words, the
ratio between the material length scale (§) and the structural size (Z) governs the ductile-to-brittle transition captured by the brit-
tleness number (r1f). It is also worth noting that this deterministic scaling interacts with the statistical size effect, which arises because
larger specimens have a higher probability of containing both weaker and stronger local regions due to material heterogeneity. The
random Gy field introduced in Section 3.2.3 accounts for this statistical variability. Together, the deterministic length-scale compe-
tition (via & and Z) and the stochastic strength distribution (via the random field) dictate the global failure behaviour, including
localization, collaborative effects, and the observed scatter in experimental results.

Based on experimental data and numerical simulations, values of ny > 1.5 indicate ductile (strength-controlled) fracture, whereas
ny < 1.0 corresponds to brittle (LEFM-controlled) fracture [25,52]. Consequently, by comparing the fixed material horizon & with the
variable structural size Z, the BPD model naturally predicts the ductile-to-brittle transition without any further parameter adjustment.
This is one of the major advantages of bilinear PD formulation.

A comprehensive parametric study on the influence of & (and thus of the brittleness number ) on the global load-displacement
response using 3D PD models was carried out by Friedrich et al. [30] for Expanded PolyStyrene (EPS) beams of different sizes subjected
to three-point bending. Fig. 4a shows the dimensions of the Large (L), Medium (M), and Small (S) beams, together with their cor-
responding brittleness numbers. Fig. 4b shows relative size of the EPS specimens. With § = 40 mm (computed from the material
properties Gy, E and oy , taking the beam depth as the characteristic structural dimension Z), the predictions shown in Fig. 4c (dotted
lines represent experimental results for comparison) capture the following:

e The L beam (Z > &, ng ~ 1.0) exhibits a brittle failure, as the structure can fully contain the critical crack size d.

e The Sbeam (Z < §, ng > 1.5) exhibits a ductile failure, because the structural size is insufficient to accommodate a critical crack of
length &'

e The M beam (Z ~ §, 1.0 < ny < 1.5) shows a transitional quasi-brittle response.

This example clearly illustrates how the specified material parameter §, when combined with the geometry-dependent brittleness
number ny, enables the BPD model to capture the full spectrum of size-dependent fracture behavior in quasi-brittle materials.

By combining Eq. (18a) with Eq. (19) and considering the definition of ns in Eq. (24) leads to the evaluation of s' = 69 /E which is the
same as that of s, in Eq. (15). Therefore, the parameter K, in Eq. (19) defines a connection between the computational horizon 6y and 8
as

5 =K,8 (26)

Therefore, the input data required for the BPD material model shown in Fig. 3 are as follows: the material properties E, Gy, and oo; the
grid spacing A, which defines the discretization; and the characteristic structural dimension, Z. When the maximum elastic stretch s, is
determined directly from experimental data as the strain at which the linear behaviour terminates, it is also provided as an input
parameter.

3.2.3. 3D random field of energy release rate

The non-homogeneous nature of engineering materials is accounted in the PD models using random fields. Specifically, a random
field for the energy release rate has been implemented. It is essential in predicting crack initiation sites and propagation paths. A three-
dimensional field is assumed to have a Weibull probability distribution, defined by the correlation lengths I, I, and I, and the
coefficient of variation, CVgs. Consequently, as the parameters s, and s, are functions of Gy, the f—s relationship is different for each
bond. The correlation lengths, L, Ly, and l; and CVgy serve as input data for the Gy random field, as explained in detail by Friedrich
et al., [46,48].

3.3. Implementation of peridynamics in Ansys LS-DYNA

This section presents a version of the PD theory implemented in the Ansys LS-DYNA environment (named PD-DYNA in the
following), which employs an explicit dynamics solver [54]. This implementation supports simulations using either standalone PD-
DYNA or a coupled PD-DYNA/Finite Element Method (FEM) formulation to create hybrid models. Specifically, PD-DYNA is applied
to subdomains characterised by discontinuities and fracture-driven material failure, while FEM is used elsewhere.

The PD-DYNA implementation was originally introduced in Friedrich et al. [32]. In the present study, the original formulation is
extended by incorporating a spatial attenuation kernel and a discretized micro-modulus function, enabling a more flexible repre-
sentation of nonlocal interactions. These extensions also allow, for the first time within the PD-DYNA framework, the combined use of
a bilinear PD model, a stochastic energy release rate field, a spatial attenuation kernel, and a discretized micro-modulus function.
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As mentioned previously, a PD-based approach in LS-DYNA is available in the literature [31]. However, it relies on Discontinuous
Galerkin (DG) formulations, in which cracks are restricted to inter-element boundaries and the accuracy depends strongly on the
underlying finite element mesh. In contrast, the PD-DYNA or PD-DYNA/FEM formulation used in the present work employs native LS-
DYNA elements to represent PD bonds, enabling a fully nodal, mesh-independent description of interactions without DG constraints.

Fig. 5 outlines the workflow for constructing and solving models with the coupled PD-DYNA/FE regions. In the PD-DYNA model,
the bonds are modeled by using COMBI165 elements [54]. It has two nodes with only one element between the nodes. It represents an
explicit spring-damper system. If the bond interaction forces between nodes i and j as are considered as spring forces, a PD spring

constant, K{;D, can be obtained as

KPP — gﬂﬁvivj 27)
ij
where &; represents the length of the PD bond, 4; is the volume correction factor, V; and V; are the corresponding volumes of nodes i
and j. For a uniform grid spacing, they are equal to A3,
The volume correction factor in Eq. (27) is applied to improve the accuracy of the midpoint integration method, i.e., the nodal
volume/area of node i may not be fully embedded within the horizon of node j. The volume correction factor for a uniform grid can
achieved by [55]

1if |£[<do — A/2

Jo +A/2 ¢

di = .

if 8o — A/2<|E|<0 + A/2 (28)
0 if [£[>80 + A/2

It is worth noting that each element has a different bond spring constant because of varying volume correction factors, micro-modulus
and bond lengths. However, it is possible to achieve a computationally acceptable number of PD bond spring constants through a
comparative analysis of the bond lengths, micro-modulus, and volume correction factor.

Fig. 5. Schematization of the procedure employed to create a hybrid model, solution and results.
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The parameters of the Bilinear PD model described in Fig. 3 are defined and converted to a force-displacement relationship. Each
bond is represented by a material model within Ansys LS-DYNA. More precisely, the General Nonlinear Spring Model is employed by
using the MAT, TB and TBDAT commands as (for a material number k):

MAT, k

TB, DISCRETE, k, ...5
TBDAT, 1, LC
TBDAT, 2, ULC
TBDAT, 3, 1
TBDAT, 4, TYI
TBDAT, 5, CYI

where LC is the loading and ULC is the unloading curves that relate the force versus displacement of the spring (that is “bond”). The
points that define LC are A’-O-A-B are shown in Fig. 5. The unloading curve (ULC) has the same points as LC. The maximum and
minimum bond forces in the LC curve are TYI and CYI with values of K*P¢s, and —KPPés), respectively. It is important to note that in
PD-DYNA, unloading occurs in parallel to the loading curve, i.e. with residual strains. In Ansys LS-DYNA, it is not possible to define a
material in the absence of residual strains. However, bilinear laws with residual strains in general do not lead to a significant change in
the simulation of the global behavior of quasi-brittle materials (Colpo et al. [56]).

The material heterogeneity approach, employed in the BPD material model described in the previous section, is included in a PD-
DYNA model as well, that is by means of a random Gy field. See Friedrich et al. [32] for details regarding the random Gy field
implementation.

In PD-DYNA, the mass of the body is discretized by using the Explicit 3-D Structural Mass (MASS166) element, with the masses
concentrated in the COMBI165 nodes. The mass value is defined by pA® with p being the material mass density.

For the FE region, the SOLID164 element is used to perform 3D analyses. However, 2D explicit elements like PLANE162 cannot be
used, as Ansys LS-DYNA restricts combining 2D and 3D elements in a single simulation due to the presence of MASS166 elements [54].
As a result, SHELL163 is employed for 2D simulations. The PD-DYNA and FE regions are then connected through coincident nodes,
forming a hybrid model. Coupling of degrees of freedom (displacements and rotations) can be achieved using the CP command, while
the NUMMRG command allows merging these overlapping nodes [32]. It's important to note that FE nodes interact only within their
own elements, whereas PD nodes communicate with neighboring nodes via PD bonds.

4. Size effect for mode I problems
4.1. Experimental campaign and model description

The fracture tests of the concrete TPB beams conducted by Hoover et al. [33] are simulated. The geometric dimensions, boundary
conditions and loading of the concrete beam are shown in Fig. 6a. The length-to-depth ratio is L/H = 2.4 and the span length is S =
2.176H where H denoting the beam depth varies as 40 mm, 93 mm, 215 mm and 500 mm. Three different notch-to-depth ratios, a =
aop/H, are considered: 0.3, 0.15, and 0.075. The thickness b = 40mm remains constant for all the beams. The tests were performed
while controlling the Crack Mouth Opening Displacement (CMOD) control.

Regarding the numerical model, the central part of the beam where fracture is expected occur is modelled as a PD-DYNA region and
the remaining region as FE region, as shown in Fig. 6b. The geometric dimensions of each model, the dimensions of PD-DYNA region as
well as the total number of nodes in PD and FE regions are listed in Table 1. It is important to note that the size of the models (number of
nodes in the PD and FEM region) does not change for the different notch-to-depth ratio sizes. The grid spacing between the nodes in PD
region and the element size in FE region are equal and specified as A = 4mm. The grid spacing is selected based on experience from

!

Fig. 6. Description of: a) geometry of a beam with a notch and loading conditions, and b) discretization, constraints and loading conditions in the
coupled PD-DYNA/FE model (example for H = 93 mm and a = 0.3).
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convergence studies [32]. As shown in Fig. 6b, the displacement constraints arising from the supports are imposed as u, = 0 and u, =
uy, = 0 on the nodes in FE region. The loading is applied as vertical displacement, u, over a finite band of nodes (shown in red in Fig. 6b)
whose depth along the beam axis is equal to the computational horizon &y, that is 3.015A. This distributed application of the boundary
condition is consistent with the nonlocal nature of peridynamics and prevents artificial stress concentrations. Since the experimental
reports [33] do not provide the exact width of the loading rollers and there is no evidence that they were scaled with specimen size, the
same absolute loading width is used for all beam sizes. The load is computed as the reaction force at the supports, whereas the CMOD
value is measured as the horizontal relative displacement of the nodes (shown in green).

The isotropic and elastic concrete has the physical and mechanical properties of p = 2400kg/m°®, E = 41.24GPa, v = 0.33 and
Gy =72.5N/m [33,57]. It is worth noting that, in 2D plane-stress analyses, bond-based peridynamics inherently enforces a fixed
Poisson’s ratio of 1/3. This is a well-known theoretical limitation of the bond-based formulation, and therefore cannot be modified
within PD-DYNA. Its flexural strength is 6f = 3.68MPa for the reference beam with H = 40mm and ¢ = 0.3. In the BPD model, it is
assumed that 6y = oy. The horizon size is 6o = 12.06mm with a grid spacing of A = 4mm. The micro-modulus, ¢ is computed according
to Eq.(8) or (11). Using Eq. (15), Eq. (19), Eq. (24) and Eq. (25) with Z = 0.04 m being the reference beam depth, the BPD parameters
are calculated as s’ =5, = 8.92 x 1075, K, = 25.56, § = 300mm and ny = 2.35. The parameters related to the random G field are
specified as £cx = £y = 10mm and CVg = 50%. Four different random Gy fields are considered for each beam size.

Note that while the computational horizond, = 3.015A remains constant in absolute terms for all beam sizes (since A is fixed), the
physically relevant nonlocal length scale in the BPD model is the material characteristic horizon & (see Section 3.2.2). The ratio § /H
varies with specimen size and, through the brittleness number ny (Eq. (24), governs the ductile-to-brittle transition. The decreasing
ratio §y/H is merely a consequence of the fixed discretization and does not introduce any spurious size effect, as verified by mesh
convergence studies in [46].

4.2. Global behaviour

Fig. 7 shows the PD Force-CMOD predictions corresponding to four different random Gy fields and comparison with the experi-
mental scatter band [58] which is obtained by retracing the external contour of the plot containing all the experimental load-CMOD
curves.

Table 2 presents the predicted average flexural strength (see Eq. (2)), together with the error computed with respect to the average
experimental value. It is observed that the peak loads are in good agreement with the experimental results, independent of the random
Gy fields and notch-to-depth ratios. The maximum error in absolute value of the mean value of the estimated flexural strength, is equal
to 14.73% when H = 40 mm and @ = 0.3. With respect to the softening behaviour, the predictions for H = 40, 93 and 215 mm fall
within the experimental scatter band in practically all simulations, whereas for the H = 500 and a equal to 0.3 and 0.075, the results
are in agreement when the CMOD values are less than 0.12 and 0.075 mm, respectively. Despites this, the trends are similar to the
experimental results.

Another way to assess the global behavior of the structure and the influence of sample size is through the brittleness number, ny, as
defined in Eq. (24). The parameter,oy is defined as the ultimate stress, assumed to be equal to 6y num and Z equal to H (see Table 2). As
previously mentioned, structures with ny<1.0 exhibit brittle behavior, while values of ns>1.5 indicate ductile behavior. Fig. 8 presents
the values of ny for different values of a and H; the grey area marks the threshold of 1.0 and 1.5 as the ductile-brittle transition. It is
evident that as @ decreases and H increases, the brittleness of the structure increases, as expected. Therefore, it can be observed that for
the larger samples (i.e., H = 500 mm), the rupture process is predominantly brittle, and as a result, the model is not able to accurately
capture the post-softening behavior properly, as presented in Fig. 7.

Fig. 9 shows the predicted crack paths in each beam for the different values of notch to depth ratios. More precisely, one repre-
sentative crack path for each configuration is presented. The damaged bonds (in orange) and broken ones (in red) are compared with
the corresponding experimental scatter bands (black lines) [54]. It is observed that the predicted damage paths are in remarkable
agreement with the experimental observations, being characterized by kinked cracks with a dominate Mode I shape.

4.3. Size effect

According to previous works [30,37,39], three mechanical properties are size dependent when three-point bending tests are
employed: flexural strength, angle of rotation and fracture energy. The measure of the variation of such properties with respect to their
scale is determined by the so-called fractal exponents. In the following, these exponents are computed by considering the numerical
results summarized in Table 2 for the different values of notch-to-depth ratios. It is worth noting that the flexural strength, angle of

Table 1
Dimensions of the beam geometry and extent of PD region as well as the number of nodes in PD and FE regions of the model.
H (mm) L (mm) S (mm) Lg (mm) No. PD nodes No. FE nodes
40 96 87.04 32 80 160
93 223.2 202.36 64 368 920
215 516 467.84 152 2052 4914
500 1200 1088 360 11,250 26,250
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Fig. 7. Force-CMOD curves for numerical PD-DYNA simulations by varying the G; random field, and experimental scatter band for notch to depth
ratios (a) of (a) 0.3, (b) 0.15 and (c) 0.075.

rotation and fracture energy are computed according to Egs. (2), (3) and (4), respectively.

Fig. 10 presents the numerical results showing the relationship between beam size (H) and the mechanical quantities discussed
above, for different values of a. Specifically, for each quantity, the individual values (black circles), average values (red squares), and
the linear approximation (solid red line) used to determine the scaling exponent are shown. Due to the scatter in the numerical results,
a regression analysis was performed to estimate the confidence intervals of the exponents with 95% confidence. From the results
presented in Table 3, it can be observed that the PD models are capable — regardless of the notch-to-depth ratio — of capturing the scale
effect on the mechanical properties of flexural strength, critical rotation, and fracture energy. The numerically obtained values of the
sum of the fractal exponents are consistent with predictions from fractal theory.

4.4. Direct fractal analysis of crack patterns

A direct geometrical analysis of the simulated crack patterns was performed to further substantiate the fractal interpretation of the
size effect. According to the fractal size-effect theory [10,11], the macroscopic scaling exponent for the fracture energy, dg, is
intrinsically related to the fractal dimension D of the crack trajectory computed as dg = D —1 (for 2D problems). The analysis was
carried out by considering the damage maps obtained for the beams with a = 0.075, whose crack patterns are shown in Fig. 9. The
fractal dimension D of the resulting crack path was computed through the following steps.

Crack path extraction: A simplified crack path was first extracted from each image using a custom MATLAB script. The script
identifies orange and red pixels (RGB references [255 165 0] and [255 0 0] with a tolerance of + 50) to create a binary mask of the
crack region. From this mask, a single-pixel-wide path is obtained by computing, for each coordinate y, the average horizontal co-
ordinate x of the crack pixels. This step removes thickness variations while preserving the geometric tortuosity of the crack.
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Table 2

For each notch-to-depth ratio: experimental mean flexural strength (oy exp), numerical mean flexural strength (oy num) With corresponding standard
deviation and the error (Er.) between this measurements; numerical critical angle rotation (¢,,,) and fracture energy (G um) both with the cor-
responding standard deviations; stress brittleness number (ny).

a =03
H ON.exp ON,num Er. ¢num'10-6 Gf num ny
(mm) (MPa) (MPa) (%) =) (Nm) )
40 3.68 3.19 + 0.07 14.73 197.59 + 19.99 76.93 + 5.67 2.76
93 3.04 2.91 + 0.11 4.41 129.59 + 6.33 94.33 + 7.72 1.95
215 2.55 2.27 + 0.07 11.03 84.99 + 5.28 97.79 + 5.79 1.64
500 1.88 1.74 + 0.09 7.46 58.16 + 4.83 117.17 + 4.55 1.41
a =0.15
H ONexp ONum Error Boum 107 G num ny
(mm) (MPa) (MPa) (%) ) (Nm) )
40 5.38 5.17 + 0.24 3.91 157.53 + 23.70 84.34 + 3.48 1.67
93 4.54 4.48 + 0.24 1.30 87.59 + 2.84 101.67 + 10.1 1.27
215 3.68 3.30 + 0.07 10.37 62.27 + 8.08 108.09 + 7.02 1.13
500 2.93 2.65 =+ 0.08 9.41 36.56 + 2.09 137.67 + 9.62 0.92
a = 0.075
H ONexp ON num Error Brum-10° Gf num ng
(mm) (MPa) (MPa) (%) =) (Nm) ()
40 6.69 5.94 + 0.19 11.23 95.59 + 14.50 84.36 + 9.06 1.46
93 5.49 5.17 + 0.20 5.86 69.95 + 8.02 101.22 + 4.19 1.10
215 4.59 4.10 + 0.09 10.65 53.12 + 4.32 123.48 + 6.15 0.91
500 3.63 3.39 + 0.08 6.56 32.26 + 5.02 153.94 + 4.71 0.72

Fig. 8. Assessment of structural fragility using ny by considering the different values of notch to depth ratios, a.

Binarization: The simplified crack path was rendered as a binary image (white pixels on black background) with a line thickness of
one pixel. Small isolated pixel clusters were removed, and minor discontinuities in the crack path were closed using standard
morphological operations to ensure a continuous trace for the box-counting analysis.

Box-counting: The fractal dimension D was calculated using the classical box-counting algorithm [12,59]. In this method, the
image is covered with a grid of square boxes of side length r, and the number of boxes N(r) that contain at least one crack pixel is
counted. For a fractal object, N(r) scales as r~?, so D is obtained as the negative slope of the linear regression of log N(r) versus log r.
This technique is widely used to characterize fracture surfaces in quasi-brittle materials [59,60].

Fig. 11 presents the box-counting results for each specimen size H = 40, 93, 215, and 500 mm for the beams with @ = 0.075. Each
subplot shows the log-log plot of N(r) —r together with the linear regression used to extract D. The insets show the corresponding
binarized crack paths used in the analysis. The measured fractal dimensions are D = 1.241, 1.270, 1.210, and 1.284 for H = 40, 93, 215,
and 500 mm, respectively, yielding an average value of 1.25. According to the relation d; = D —1, this average corresponds to dg ~
0.25. The macroscopic exponent obtained from the scaling of Gy for this notch-to-depth ratio is dg = 0.24 [0.20-0.27] (Table 3). The
close agreement between the directly measured crack dimension and the macroscopic scaling exponent provides strong independent
support for the fractal interpretation of the size effect in the present BPD model.

It should be noted that this direct fractal analysis was performed on a single set of crack patterns (those corresponding to a =
0.075). Although the agreement between the measured crack dimension and the macroscopic scaling exponent is encouraging, the
analysis remains limited. A more extensive investigation, including the other notch-to-depth ratios considered in this work as well as
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Fig. 9. Representative damage paths at failure for beams with notch-to-depth ratios of (a) 0.3, (b) 0.15, and (c) 0.075. The scatter band of the
experimental crack paths (black lines) are plotted together. Note that the same grid spacing A was used for all specimens. As H varies, the figures are
shown with different scale factors.

additional experimental and numerical datasets, is planned for future work. Such studies will help to further validate the proposed BPD
framework and the PD-DYNA approach to deepen the understanding of the relationship between local crack fractality and global
size-effect trends.

5. Size effect for mixed mode problems
5.1. Experimental campaign and model description

Three-point bending tests of eccentrically notched concrete beams conducted by Garcia-Alvarez et al. [34] are simulated. The
geometric dimensions, boundary conditions and loading of the concrete beam are shown in Fig. 12a. The length-to-depth ratiois L/H =
3.125 and the span length is S = 2.5H where H denoting the beam depth varies as 80 mm, 160 mm, and 320 mm. The notch-to-depth
ratio was fixed as 0.25H, with the eccentricity-to-depth ratio  varying among 0.625, 0.3125 and 0, respectively. The thickness b =
50mm remains constant for all the beams. The tests were performed while controlling the Crack Mouth Opening Displacement (CMOD)
control.

The numerical model is developed under plane stress conditions. The grid spacing between the nodes is specified as A = 5mm. The
number of nodes for H equal to 80, 160 and 320 mm are equal to 800, 3200 and 12800, respectively. The displacement constraints
arising from the supports are imposed as u, = 0 and u, = u, = 0 on the nodes, as shown in Fig. 12b. The loading is applied as vertical
displacement, u, over a finite band of nodes (shown in red in Fig. 12b). By following the same approach employed for the mode I case in
Section 5.1, the depth along the beam axis is equal to the computational horizon &y, that is 3.015A, being the same absolute loading
width used for all beam sizes. The load is computed as the reaction force at the supports, whereas the CMOD value is measured as the
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Fig. 10. Determination of the fractal exponents for the flexural strength, angle of rotation and fracture energy considering « equal to (a) 0.3, (b)
0.15, and (c) 0.075. The black circles are the individual values, the red squares the average values, and the solid red line is the linear approximation.

Table 3

Fractal exponents and the sum of them for each notch-to-depth ratios (95% confidence intervals in brackets).
a 0.3 0.15 0.075
d, 0.24 [0.20-0.28] 0.27 [0.24-0.30] 0.23 [0.20-0.25]
dy 0.49 [0.44-0.53] 0.56 [0.49-0.62] 0.42 [0.34-0.49]
dg 0.15 [0.11-0.19] 0.18 [0.13-0.22] 0.24 [0.20-0.27]
Zd 0.88 [0.76-0.99] 1.01 [0.86-1.14] 0.89 [0.74-1.01]

horizontal relative displacement of the nodes (shown in green).

The isotropic and elastic concrete has the physical and mechanical properties of p = 2500 kg/m?’, E = 33.80GPa, v= 0.33 and
Gy = 125.2N/m[27,57]. Its tensile strength is o; = 3.5 MPa. In the BPD model, it is assumed that 6y = 0. The horizon size is 6o =
15.075 mm with a grid spacing of A = 5mm. Using Eq. (15), Eq. (19), Eq. (24) and Eq. (25) with H = Z = 0.08 m being the reference
beam depth, the BPD parameters are calculated s' = s, = 1.04 x 107>, K, = 31.97, § = 482 mm and ny; = 1.47. The parameters
related to the random Gy field are specified as £ = ¢, = 5mm and CVgr = 50%. Four different random G fields are considered for
each beam size.

5.2. Global behavior

Fig. 13 shows the PD Force-CMOD predictions corresponding to four different random Gy fields and comparison with the exper-
imental scatter band [34] which is obtained by retracing the external contour of the plot containing all the experimental load-CMOD
curves.

Table 4 presents the predicted average flexural strength, together with the error computed with respect to the average experimental
value. It is observed that the peak loads are in good agreement with the experimental results, independent of the random G fields and
notch-to-depth ratios. The maximum error in absolute value of the mean value of the estimated flexural strength, is equal to 8.04%
when H = 320 mm and # = 0.625. For some specimen sizes, the numerical curves appear to slightly underestimate the initial linear
stiffness when compared with the experimental results. This difference may be associated with small mismatches between the
experimental and numerical CMOD measurements. A similar trend was previously observed in phase-field simulations [57]. With
respect to the softening behaviour, the predictions fall within the experimental scatter band in practically all simulations.

To assess the global behavior of the structure, the brittleness number, ny, is computed (see Table 4) and plotted in Fig. 14 whereas
the area in grey marking the ductile-brittle transition region, which lies between 1.0 and 1.5. It can be observed that the analyzed
structures can be characterized as exhibiting either a ductile-type collapse or behavior within the transition zone between ductile and
brittle. This explains why the softening behavior was better captured by the simulations in this case than in the one presented in the
previous section.

Figs. 15 and 16 show the predicted crack paths for § equal to 0.3125 and 0.625, respectively, by varying the Gy random field (four
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Fig. 11. Box-counting plots and binarized numerical crack paths for a = 0.075. (a) H = 40 mm, (b) H = 93 mm, (¢) H = 215 mm, d) H = 500 mm.

Fig. 12. Description of: (a) geometry of a beam with an eccentric notch and loading conditions, and (b) discretization, constraints and loading
conditions in the PD-DYNA model (example for H = 160 mm andg = 0.625).

numerical simulations for each beam size were considered). Results for the mode I case (f = 0.0H) have not been included to avoid
repetition. The damaged bonds (in orange) and broken ones (in red) are compared with the corresponding experimental scatter bands
[34]. It is observed that the predicted damage paths are in remarkable agreement with the experimental observations. The fracture
initiates from the notch and propagates at an angle towards the applied load.

5.3. Size effect

For the analysis of scale effect, the same procedure presented in Section 4.3 is applied. More precisely, the fractal exponents are
computed for the flexural strength, angle of rotation and fracture energy by considering the numerical results summarized in Table 4
for the different values of notch eccentricities. Fig. 17 presents the numerical results showing the relationship between beam size (H)
and the mechanical quantities presented above. The fractal exponents are summarized in Table 5; the confidence intervals of the
exponents having 95% confidence are presented together in brackets. The size effect results exhibited similar trends to those observed
in Section 4.3. As previously discussed, the PD models effectively captured the scale-dependent behavior of mechanical properties,
with numerical values aligning well with fractal theory predictions.
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Fig. 13. Force-CMOD curves for numerical PD-DYNA simulations by varying the Gy random field, and experimental scatter band for notch ec-
centricity () of (a) 0.0, (b) 0.3125 and (c) 0.625.

Table 4

For each notch eccentricity: experimental mean flexural strength (6yexp), numerical mean flexural strength (oyaum) With corresponding standard
deviation and the error (Er.) between this measurements; numerical critical angle rotation (¢,,,) and fracture energy (G qum) both with the cor-
responding standard deviations; stress brittleness number (ny).

B =0.0
H ONexp ON num Er. Goum- 108 Gf.num ng
(mm) (MPa) (MPa) (%) -) (Nm) )
80 3.61 3.49 £ 0.07 3.36 14.51 + 1.59 112.77 £ 12.7 2.08
160 2.66 2.77 + 0.09 4.11 10.18 + 0.30 108.77 + 6.46 1.86
320 2.36 2.31 + 0.06 2.28 6.83 + 0.40 105.79 + 4.78 1.57
p =0.3125
H ON exp ON.num Error ¢num'1078 Gf num ng
(mm) (MPa) (MPa) (%) ) (Nm) )
80 3.53 3.69 + 0.17 4.37 22.17 £ 0.64 109.42 +£13.9 1.97
160 2.90 3.09 £ 0.06 6.49 16.71 +£ 0.11 108.94 + 14.1 1.67
320 2.17 2.26 + 0.13 4.23 11.26 + 0.16 114.78 + 5.94 1.61
B =0.625
H ON.exp ONnum Error Grum-10® Gf num ng
(mm) (MPa) (MPa) (%) ) (Nm) )
80 4.79 4.99 + 0.34 4.14 26.63 + 0.29 93.11 +12.11 1.46
160 4.05 3.99 +0.28 1.42 24.74 £ 0.12 123.64 + 9.49 1.29
320
2.93 3.17 + 0.08 8.04 20.22 + 0.12 135.14 + 7.20 1.15
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Fig. 14. Assessment of structural fragility using ny by considering the different values of notch eccentricity, .

Fig. 15. Damage paths for notch eccentricity$ = 0.3125 and H equal to (a) 80 mm, (b)160 mm and (c) 320 mm by varying the Gy random field. The
scatter band of the experimental crack paths (black lines) are plotted together. Note that the same grid spacing A was used for all specimens. As H
varies, the figures are shown with different scale factors.

Fig. 16. Damage paths for notch eccentricity$ = 0.625 and H equal to (a) 80 mm, (b)160 mm and (c) 320 mm by varying the Gy random field.. The
scatter band of the experimental crack paths (black lines) are plotted together. Note that the same grid spacing A was used for all specimens. As H
varies, the figures are shown with different scale factors.
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6. Discussions
6.1. Interpretation of numerical and experimental results in the context of the fractal size effect

The numerical simulations carried out with the PD-DYNA framework, calibrated using a single set of material parameters,
reproduced with high accuracy the experimental observations from both mode-I and mixed-mode three-point bending tests. For
flexural strength, the average deviation between numerical and experimental peak loads was below 5%. The simulations captured the
expected decrease in nominal stress with increasing beam size, in agreement with the fractal interpretation that the effective load-
bearing ligament behaves as a lacunar fractal domain.

For the rotation parameter, linked to curvature within the beam span, it successfully reproduces the decreasing trend with
increasing size that is consistent with the lacunar fractal representation of radial cracking patterns.

Regarding fracture energy, the predicted values accurately reflect the scaling behavior associated with invasive fractal sets such as
the von Koch curve analogy. This indicates that the model not only reproduces the absolute magnitudes but also captures the size-
dependent rate of variation observed experimentally.

The brittleness number also exhibited a clear size dependence. Smaller specimens showed lower brittleness, reflecting a more
ductile-like response, whereas larger specimens approached a more brittle behaviour. This transition was accurately reproduced by the
PD-DYNA simulations, further supporting the capability of the model to capture not only global strength and energy dissipation, but
also the shift in fracture mode from ductile to brittle with increasing size.

In addition to the global mechanical parameters and behaviour, the PD-DYNA simulations reproduced the crack trajectories
observed experimentally in both mode-I and mixed-mode tests. In mode I, cracks propagated along paths close to the mid-plane, while
in mixed-mode conditions the model captured the kinked and tortuous paths characteristic of quasi-brittle fracture under combined
loading. This agreement indicates that the implemented bilinear PD model, the 3D stochastic field and the attenuation kernel are
capable of representing the local stress redistributions and microstructural heterogeneities that govern crack deflection and branching.
Such capability is critical for accurately predicting the size effect, as the tortuosity of the fracture path can influence the effective
fracture surface and, consequently, the scaling behaviour.

It is important to distinguish between the two horizon scales present in the BPD model when interpreting the size effect. The
computational horizon 5y = 3.015A is a model parameter that defines the integration domain of the peridynamic equations. Because a
constant grid spacing A is used for all specimen sizes, the ratio §o/H decreases as H increases. However, this variation does not imply a
change in the physical degree of nonlocality. The intrinsic material length scale is the characteristic horizon &, which is a material
constant derived from the brittleness number and the material properties (Section 3.2.2). The physically relevant ratio governing the
size effect is § /H, which decreases with H and drives the ductile-to-brittle transition captured by the brittleness number ny. The BPD
model is constructed such that, through the parameter K, (Eq. (19), the macroscopic response is independent of the specific value of 5y,
as confirmed by mesh convergence studies [46]. Therefore, the observed scaling of strength, rotation, and fracture energy with
specimen size is a genuine physical size effect, not an artefact of the evolving §,/H ratio.

Finally, it is also worth emphasising the distinct roles played by the material characteristic horizon & and the random Gy field in
capturing the size effect. The parameter § defines the intrinsic material length scale and controls the deterministic size effect governing
the ductile-to-brittle transition, as characterized by the brittleness number ny. In contrast, the random field introduces statistical
variability, giving rise to the scatter observed in experimental data and to the realistic tortuosity of crack paths. The random field
alone, would be insufficient to reproduce the correct mean scaling behaviour. The interaction of deterministic material length scale
and stochastic description of local toughness is essential for the BPD model to capture both the average size-effect trends and the
inherent randomness of quasi-brittle fracture.

6.2. Dimensional framework for extrapolating the fractal law using BPD model parameters

The dimensional analysis presented here follows the framework previously introduced in [30], which established how the pa-
rameters of the BPD model can be combined into dimensionless groups to describe the fractal size effect. In the present work, this
methodology is briefly described and applied to the PD-DYNA simulations, enabling direct extrapolation of the results to structural
sizes beyond those tested experimentally. As demonstrated in [30], this framework not only links the BPD parameters to the fractal
exponents but also predicts the asymptotic behavior for very small and very large structural sizes, Table 6. To complement this, Fig. 18
(adapted from [30]) schematically illustrates the variation of each property, highlighting the transitional zone governed by the fractal
law and the asymptotic regimes where classical strength or LEFM criteria dominate. It is worth noting that the parameters listed in
Table 6 were originally defined for uniaxial tensile tests in [30]. Nevertheless, the same dimensional framework can be extended to
other mechanical properties affected by the size effect, including those obtained from three-point bending tests — the main focus of the
present study. The specific comments are the following:

(1) The trends of the tensile strength scaling law (Fig. 18a) indicate that for smaller samples, a homogeneous regime should be
assumed, where there is no variation of the strength with respect to the dimensions of the sample (do,, = 0.0). On the other hand,
for larger samples, it is evident that the material strength is governed by the LEFM, resulting in a scaling exponent (do,) equal to
0.5.
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Fig. 17. Determination of the fractal exponents for the flexural strength, angle of rotation and fracture energy considering $ equal to (a) 0.0, (b)
0.3125, and (c) 0.625. The black circles are the individual values, the red squares the average values, and the solid red line is the linear

approximation.

Table 5

Fractal exponents and the sum of them for each notch eccentricity (95% confidence intervals in brackets).
p 0.0 0.3125 0.625
d, 0.30 [0.26-0.33] 0.35 [0.29-0.41] 0.33 [0.26-0.39]
dy 0.54 [0.45-0.62] 0.49 [0.42-0.55] 0.12 [0.01-0.25]
dg 0.04 [0.04-0.12] 0.04 [0.00-0.15] 0.27 [0.16-0.38]
Zd 0.87 [0.75-1.07] 0.84 [0.79-1.11] 0.72 [0.43-1.02]

(2) Fig. 18b shows the trends of the fracture energy scaling law, whereas Fig. 18c shows a schematic representation of the fracture
energy scaling law taking into account different body sizes, H, under a given boundary condition and loading (q.). The rep-
resentation of the CTOD is presented as well. More precisely, for samples of a relatively small size, the CTOD value is pro-
portional to the sample size, H, therefore, dg = 1.0. This means that for any small body with a crack (which will appear at the
moment of fracture), the CTOD, and consequently the critical crack size, is restricted to size of the sample. On the other hand, for
large samples, the CTOD, and consequently the critical crack size, are governed by material charactistic length, that is §, and

therefore constant, that is dg = 0.0 (see Fig. 18b).

(3) Dimensional analysis yields the critical strain/rotation scaling shown in Fig. 18a. In the limit as H — 0, a homogeneous regime is
expected and deformation is diffuse throughout the body, so no size effect arises: de, = 0.0. In the opposite limit, H - the
response up to peak stress follows the LEFM, and the size effect follows the same trend, giving de, = 0.5.

The asymptotic scaling trends derived from the dimensional framework are consistent with results reported in the literature. For
instance, Wang et al. [4] (see Fig. 19) shows a very similar transition pattern for flexural strength and fracture energy when
extrapolating specimen sizes from laboratory to structural scales. Although the underlying modeling strategies differ from the present
fractal-based approach, the overall convergence of results toward the same size-dependent limits supports the robustness of the scaling
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Table 6
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Asymptotic behavior and dimensional scaling relations of mechanical quantities based on the BPD model. See [30] for details.

Mechanical Quantity

Tensile strength

(o)

Fracture energy
Gp

Critical strain

(&)

Dimensional form

Exponents
(H - 0)
Small-scale regime
(H-0)
Exponents
(H - o)
Large-scale regime
(H - o)

Scaling exponent

@

Gf oS
= CE( =L .

u = Bou (EH) (H)
a; =0.5and ay =-0.5
6, <H??
Constant — no size effect

a; = 0.5and ay = 0.0

oyxH 05
LEFM regime

do, = 0.0 > 0.5

Gf /)l (S/ /,2
Gy = EHCgs (ﬁa (E)

$ =1.0and , = -1.0
chle,O

CTOD scales with specimen size
$, = 1.0 and g, = 0.0

Gfo<H0’0
Constant — independent of specimen size (LFEM)

dg=1.0 - 0.0

N
éu :C*"GTQ) )

7; = 0.5and y, =-0.5
£, cHO?
Constant — diffuse strain across specimen

71 = 0.5and 7, = 0.0

£yxH 05
matches o, scaling (LEFM)

de, = 0.0 > 0.5

Fig. 18. Scaling laws derived from the dimensional analysis of the BPD model parameters. (a) Tensile strength and critical strain and (b) fracture
energy. (c) Schematic representation of the fracture energy scaling law (

adapted from [30]).

law interpretation.

6.3. Implications and limitations

The integration of PD-DYNA with a fractal-based interpretation of the size effect offers a predictive modeling tool that is both
physically grounded and numerically robust. By incorporating material heterogeneity through stochastic fields, a spatial attenuation
kernel, and a discretized micro-modulus function, the present approach overcomes limitations observed in earlier PD studies, such as

difficulty in reproducing transitional size effects.

Fig. 19. Size effect model (a) for nominal strength and (b) fracture energy proposed by Wang et al. [4] (

adapted from [4]).
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From a practical standpoint, this framework enables structural engineers to estimate the fracture behavior of quasi-brittle materials
across a wide size range, significantly reducing the need for costly full-scale testing. Moreover, the explicit connection between PD
parameters and fractal exponents provides a clear path for interpreting simulation outputs in terms of measurable physical quantities.

Nevertheless, some limitations remain. The main challenge lies in the high computational cost of fully three-dimensional simu-
lations, even when PD is coupled with FEM. This restricts the applicability of the method to very large-scale structural problems, where
fine discretization becomes prohibitive. Future work should therefore focus on strategies to mitigate this limitation, such as hybrid
multiscale frameworks (employing PD only in localized fracture regions), adaptive horizon formulations, or exploiting high-
performance computing architectures including GPU-based parallelization.

7. Conclusions

This study examined the size-dependent fracture behavior of quasi-brittle materials using a PD framework implemented in LS-
DYNA and interpreted via a fractal-based scaling law. A bilinear PD model — augmented with a 3D stochastic field, a spatial atten-
uation kernel, and a discretized micromodulus function — was employed to capture material heterogeneity and structural scaling. The
formulation was validated against three-point bending experiments on notched beams under mode I and mixed-mode loading. Key
contributions can be summarized as:

e A native Ansys PD-LS-DYNA integration (PD-DYNA) delivering a practical, scalable computational framework for engineering
applications.

e Accurate reproduction of peak loads, softening responses, and tortuous crack paths observed in laboratory tests using a single,
consistent parameter set.

e A unified, physically grounded interpretation of flexural strength, fracture energy, and rotation/curvature across specimen sizes by
coupling PD results with the fractal size-effect framework.

o A pathway to extrapolate laboratory-scale findings to real structural dimensions by linking peridynamic parameters to measurable
fractal exponents, reducing reliance on prohibitively costly full-scale testing.

Overall, the results demonstrate that PD-DYNA, combined with a fractal interpretation of size effects, is a reliable and versatile tool
for modeling quasi-brittle fracture. Future work should address the computational demands of fully 3D simulations, explore alternative
PD kernels, and broaden validation to other quasi-brittle materials and loading scenarios.
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