
28 July 2026

POLITECNICO DI TORINO
Repository ISTITUZIONALE

A High-Order CUF–FEM Framework for Thermo-Piezo-Mechanically Actuated Composite Structures / Bracaglia, F.,
Pagani, A., Zappino, E., Carrera, E., Moleiro, F., Araujo, A.L.. - (2026). (27th AIAA International Space Planes and
Hypersonic Systems and Technologies Conference - Session: Materials and Structures II Naples (ITA) 7-10 July 2026)
[10.2514/6.2026-5027].

Original

A High-Order CUF–FEM Framework for Thermo-Piezo-Mechanically Actuated Composite Structures

AIAA preprint/submitted version e/o postprint/Author's Accepted Manuscript

Publisher:

Published
DOI:10.2514/6.2026-5027

Terms of use:

Publisher copyright

(Article begins on next page)

This article is made available under terms and conditions as specified in the  corresponding bibliographic description in
the repository

Availability:
This version is available at: 11583/3013180 since: 2026-07-21T11:58:46Z

AIAA Aerospace Research Central



A High-Order CUF–FEM Framework for
Thermo-Piezo-Mechanically Actuated Composite Structures

Bracaglia F. ∗, Pagani A. †, Zappino E. ‡, Carrera E. §

Politecnico di Torino, Corso Duca degli Abruzzi, 24, Torino, Italy, 10129

F. Moleiro¶ and A.L. Araújo ‖

Instituto Superior Técnico, Universidade de Lisboa, Avenida Rovisco Pais, Lisboa, Portugal, 11049-001

The present work investigates the geometrically nonlinear thermo-piezo-elastic response
of composite plates with piezoelectric layers. The electric field allows control of the critical
buckling temperature and the post-buckling deflection. The governing equations are derived
from the Principle of Virtual Displacement (PVD) with the full Green-Lagrange strain tensor.
A decoupled approach is considered to describe the multiphysics problem. The nonlinear
problem is solved using the Newton-Raphson method with an arc-length constraint. The
through-thickness stress distributions are also investigated, focusing on the interface between
the composite laminate and the piezoelectric layers.

I. Introduction

Thin-walled composite structures are widely employed in aerospace applications to reduce weight while maintaining
stiffness and strength. To improve the performance of these structures under specific loading conditions, so-called

smart structures have been introduced and widely studied in recent years. Among the large field of smart structures,
a significant group consists of panels with piezoelectric actuators that, when activated, can apply a chosen force to
the structure. The interest in these structures is driven by their ability to adapt their response to changing operational
conditions. Furthermore, this type of adaptation differs from other approaches because the actuating mechanism is
integrated in the structure itself and is activated by an applied electric field.

Among the numerous advantages, there is the possibility to activate the piezoelectric patch to enable various
engineering applications such as active shape control, noise reduction, vibration control, and retarding or avoiding
buckling. The piezoelectric layer is usually a few millimeters thick, with research moving towards a few microns as
dimensions get smaller, induced electro-thermo-mechanical fields grow larger, and activation becomes more efficient
[1]. However, due to the flexibility of these structures and the combination of different materials (piezoelectric and
structural materials), it is necessary to conduct geometrically nonlinear analyses to describe the structural response
under certain loads. In this manner, the description is not restricted to small displacements and rotations, allowing
investigation of buckling and post-buckling configurations.

hinneBuckling is a non-linear phenomenon that occurs under compressive loading and results in a sudden change in
the shape of thin structures. The displacement in the post-buckling configuration is typically very pronounced and can
occur smoothly without causing permanent damage or can occur abruptly with catastrophic outcomes. When buckling
starts, failure does not necessarily happen [2]. In fact, some structures can be designed to carry the applied load even in
buckled configurations, whereas others must avoid it. A compressive stress state can be caused by an applied mechanical
load and is readily increased by elevated temperature acting on the structure [3]. The thermal load acts on aerospace
structures, such as orbit components and supersonic and hypersonic vehicles, due to solar radiation or aerodynamic drag
[4, 5].

Various studies have examined the piezoelectric patch’s response to phenomena such as flutter and vibration control
[6], demonstrating that these phenomena can be retarded or modified by activating these materials. In this field, the
piezoelectric patches can be applied on the plate to avoid or retard thermal buckling or to control the post-buckling
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configuration. Linearized buckling analysis is conducted with different approaches [7–9], where the influence of
lamination, position of the piezoelectric patches, and boundary conditions is investigated. Then, nonlinear analyses have
been proposed [10, 11] to evaluate the impact of activation on the postbuckling displacement.

It is clear that variations in temperature acting on a structure result in different thermal strains, depending on the
material’s properties. Piezoelectric patches are applied to composite and isotropic materials for control purposes, but
typically, the thermal expansion coefficients of these materials differ. This strain mismatch between the patch and the
structure can lead to high interlaminar stresses between the two materials [12]. For this reason, an accurate description
of the interlaminar stresses is necessary.

The present work focuses on evaluating the effect of applying a piezoelectric patch on the geometrically nonlinear
response of plates under thermal loading. The effect of the piezoelectric actuation is investigated to act on the
thermal-buckling and post-buckling configuration, focusing on 1) the effect of the position of the piezo patch on retarding
buckling and modifying post-buckling shape, and 2) the description of of the heightened piezo-thermo-mechanical
stresses at the interface of the different materials.

II. Preliminary concepts
The problem is described using a decoupled multiphysics approach. The only unknowns of the problem are the

displacements in the three directions, and thermal and piezoelectric contributions are considered as equivalent loads
applied to the structure. With this approach, the problem is easily described with a reduction in degrees of freedom
compared to a fully coupled approach, without losing accuracy. The displacement vector is given by Eq. (1):

𝒖𝑇 (𝑥, 𝑦, 𝑧) =
(
𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧

)
(1)

The displacement vector can be written employing Carrera Unified Formulation (CUF), which allows the expression
of the unknowns of the problem through a combination of expansion functions and generalized 2D displacements, as
reported in Eq. (2). In this way, the use of different kinematic theories can be implemented straightforwardly without
any change in the formalism of the problem or in the governing equations.

𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝒖𝜏 (𝑥, 𝑦) 𝜏 = 1, 2, ..., 𝑁 (2)

In the equation, 𝐹𝜏 (𝑧) represents the expansion function, 𝒖𝜏 (𝑥, 𝑦) denotes the generalized 2D displacements, 𝑁 is
the number of terms employed in the expansion, and the double subscript means summation. Using the expansion
functions, it is possible to express different kinematic theories employing different classes of functions. The most
commonly used classes are Taylor Expansion (TE) functions, which are hierarchical polynomials whose order matches
the order of expansion. The second class consists of Lagrange Expansion (LE) functions, which provide an explicit
through-the-thickness description based on physical nodes. CUF is employed in conjunction with the FEM as expressed
by Eq. (3):

𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝑁𝑖 (𝑥, 𝑦)𝒒𝜏𝑖 𝑖 = 1, 2, ..., 𝑀 (3)

𝑁𝑖 (𝑥, 𝑦) denotes the shape function that describes the in-plane finite elements, which are Q9 in this work, and 𝒒𝜏𝑖

represents the nodal displacement vector, being 𝒒𝑇
𝜏𝑖

=
(
𝑞𝑥𝜏𝑖 , 𝑞𝑦𝜏𝑖 , 𝑞𝑧𝜏𝑖

)
. In this study, 𝑀 is the number of nodes

adopted in the finite element. Naturally the thickness functions and the shape functions are independent of each other,
therefore, 𝑀 and 𝑁 can be selected independently and arbitrarily.

The geometrical relations link the mechanical strains 𝜺𝑚 to the displacement field 𝒖 and are expressed through the
differential operator reported in Eq. (4), where the relation expresses the full Green-Lagrange strain tensor.

𝜺𝑚 = 𝜺𝑙 + 𝜺𝑛𝑙 = (𝒃𝑙 + 𝒃𝑛𝑙) 𝒖 (4)

In this equation, the geometric differential operator 𝒃 is divided into its linear and nonlinear components, whose
explicit formulation is well described in the literature. The subscript 𝑙 and 𝑛𝑙 refer to the linear and the nonlinear parts,
respectively.

The constitutive relationship between stress and strain is expressed through the elastic coefficient matrix 𝑪 in Eq.
(5). The explicit formulation of the matrix is well known; hereafter, it is employed as defined in the Cartesian global
reference system, and the explicit formulation can be found in the literature [13].

𝝈 = 𝑪𝜺 (5)
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Due to the decoupled approach, the stresses and strains can be split into mechanical, thermal, and piezoelectric
components as expressed by Eqs. (6) and (7). Mechanical strains are expressed in terms of a geometrical relation;
on the other hand, thermal and piezoelectric components are obtained using the definitions of thermal expansion and
piezoelectric strain. The material thermal expansion vector is 𝜶𝑇 = (𝛼1, 𝛼2, 𝛼3, 0, 0, 0) and the piezoelectric strain
coefficient is 𝒅 which is a matrix 6 × 3 with the only non-null coefficients being 𝑑31 and 𝑑32.

𝜺 = 𝜺𝑚 + 𝜺𝜃 + 𝜺𝑝 = 𝜺𝑚 − 𝜶ΔT − 𝒅E = 𝜺𝑙 + 𝜺𝑛𝑙 − 𝜶ΔT − 𝒅E (6)

𝝈 = 𝑪𝜺 = 𝑪
(
𝜺𝑚 + 𝜺𝜃 + 𝜺𝑝

)
= 𝑪 (𝜺𝑚 − 𝜶ΔT − 𝒅E) = 𝝈𝑚 − 𝜷ΔT − 𝒆E = 𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃 + 𝝈𝑝 (7)

The combination of the elastic coefficient matrix 𝑪 along with 𝜶 and 𝒅 results in the vector 𝜷 and matrix 𝒆, respectively.
In Eqs. (6) and (7), ΔT is the applied over-temperature, assumed to be uniform throughout the plate, and E is the
electric field.

III. Geometrically nonlinear thermo-piezo-mechanical equations

A. Governing equation
The equality between the virtual work of the internal forces 𝛿𝐿𝑖𝑛𝑡 and the virtual work of the external load 𝛿𝐿𝑒𝑥𝑡 is

expressed by Eq. (8) [14].
𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (8)

The virtual external load is null considering there is no mechanical force applied, and only the virtual internal work
arises, collecting the thermal and piezoelectric effects, as follows in Eq. (9):

𝛿𝐿𝑖𝑛𝑡 =

∫
𝑉

𝛿𝜺𝑇𝝈𝑑𝑉 = 0 (9)

where it is possible to substitute the prior relations given by Eqs. (6) and (7) for strain and stress, respectively:

𝛿𝐿𝑖𝑛𝑡 =

∫
𝑉

𝛿𝜺𝑇𝝈𝑑𝑉 =

∫
𝑉

𝛿
(
𝜺𝑚 + 𝜺𝜃 + 𝜺𝑝

)𝑇
𝑪
(
𝜺𝑚 + 𝜺𝜃 + 𝜺𝑝

)
𝑑𝑉

=

∫
𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝜃𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝑝𝑑𝑉

(10)

Since the virtual variations 𝛿𝜺𝑝 and 𝛿𝜺𝜃 are null, and substituting Eq. (7), the virtual work of the internal forces
becomes as follows:

𝛿𝐿𝑖𝑛𝑡 =

∫
𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 −
∫
𝑉

𝛿𝜺𝑇𝑚𝜷ΔT 𝑑𝑉 −
∫
𝑉

𝛿𝜺𝑇𝑚𝒆E𝑑𝑉 (11)

From Eq. (11), it is possible to define the secant stiffness matrix, the thermal and the piezoelectric load vectors. The first
term of Eq. (11) depends only on the mechanical strain components and defines the purely mechanical secant stiffness
matrix, as given by Eq. (12):∫

𝑉

𝛿𝜺𝑇𝑚𝑪𝜺𝑚𝑑𝑉 =

∫
𝑉

𝛿 (𝜺𝑙 + 𝜺𝑛𝑙)𝑇 𝑪 (𝜺𝑙 + 𝜺𝑛𝑙) 𝑑𝑉

=

∫
𝑉

𝛿𝜺𝑇𝑙 𝑪𝜺𝑙𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑙 𝑪𝜺𝑛𝑙𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑛𝑙𝑪𝜺𝑙𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑛𝑙𝑪𝜺𝑛𝑙𝑑𝑉

= 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

0 + 𝑲𝑖 𝑗 𝜏𝑠

𝑙𝑛𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝑛𝑙𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝑛𝑙𝑛𝑙

]
𝒒𝜏𝑖

(12)

The explicit formulation of these matrices can be found in [15]. Substituting CUF and FEM into equation (11), the
stiffness matrix components can be written in indicial notation in terms of the indices 𝑖 𝑗𝜏𝑠 which represents the
description of the Fundamental Nuclei (FNs) of the matrices. These FNs are the simplest components of matrices and
vectors written for the displacement vector, being 3 × 3 matrices and 3 × 1 vectors. The complete matrices or vectors
can then be obtained through an assembly procedure build from loops over the nodes and elements. The complete
description can be found in [16].
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From the second term of Eq. (11) the thermal load vector is obtained as given below:∫
𝑉

𝛿𝜺𝑇𝑚𝜷ΔT 𝑑𝑉 =

∫
𝑉

𝛿

(
𝜺𝑇𝑙 + 𝜺𝑇𝑛𝑙

)
𝜷ΔT 𝑑𝑉 =

∫
𝑉

𝛿𝜺𝑇𝑙 𝜷ΔT 𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑛𝑙𝜷ΔT 𝑑𝑉

=

∫
𝑉

𝛿
(
𝒃𝑙𝐹𝑠 (𝑧)𝑁 𝑗 (𝑥, 𝑦)𝒒𝑠 𝑗

)𝑇
𝜷ΔT 𝑑𝑉 +

∫
𝑉

𝛿
(
𝒃𝑛𝑙𝐹𝑠 (𝑧)𝑁 𝑗 (𝑥, 𝑦)𝒒𝑠 𝑗

)𝑇
𝜷ΔT 𝑑𝑉

(13)

where the application of the differential matrices 𝒃𝑙 and 𝒃𝑛𝑙 on the shape and expansion functions results in the matrices
𝑩𝑠 𝑗

𝑙
and 𝑩𝑠 𝑗

𝑛𝑙
. It is possible to demonstrate that 𝛿(𝑩𝑠 𝑗

𝑙
𝒒𝑠 𝑗 ) = 𝑩𝑠 𝑗

𝑙
𝛿𝒒𝑠 𝑗 and 𝛿(𝑩𝑠 𝑗

𝑛𝑙
𝒒𝑠 𝑗 ) = 2𝑩𝑠 𝑗

𝑛𝑙
𝛿𝒒𝑠 𝑗 . Hence, substituting

the definition of these matrices into Eq. (13), leads to Eq. (14).∫
𝑉

𝛿𝒒𝑇𝑠 𝑗𝑩
𝑠 𝑗𝑇

𝑙
𝜷ΔT 𝑑𝑉 + 2

∫
𝑉

𝛿𝒒𝑇𝑠 𝑗𝑩
𝑠 𝑗𝑇

𝑛𝑙
𝜷ΔT 𝑑𝑉 =𝛿𝒒𝑇𝑠 𝑗

[∫
𝑉

𝑩𝑠 𝑗𝑇

𝑙
𝜷ΔT 𝑑𝑉 +

∫
𝑉

2𝑩𝑠 𝑗𝑇

𝑛𝑙
𝜷ΔT 𝑑𝑉

]
=𝛿𝒒𝑇𝑠 𝑗

[
𝑭𝑠 𝑗

𝜃𝑙
+ 𝑭𝑠 𝑗

𝜃𝑛𝑙

] (14)

The explicit formulation of this vector can be found in [15]. Following the same procedure, starting from the last
term of Eq. (11) the piezoelectric load vector describing the activation of the patches is obtained as given by Eq. (15)

∫
𝑉

𝛿𝜺𝑇𝑚𝒆E𝑑𝑉 =

∫
𝑉

𝛿

(
𝜺𝑇𝑙 + 𝜺𝑇𝑛𝑙

)
𝒆E𝑑𝑉 =

∫
𝑉

𝛿𝜺𝑇𝑙 𝒆E𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑛𝑙𝒆E𝑑𝑉

=

∫
𝑉

𝛿𝒒𝑇𝑠 𝑗𝑩
𝑠 𝑗𝑇

𝑙
𝒆E𝑑𝑉 + 2

∫
𝑉

𝛿𝒒𝑇𝑠 𝑗𝑩
𝑠 𝑗𝑇

𝑛𝑙
𝒆E𝑑𝑉

=𝛿𝒒𝑇𝑠 𝑗

[∫
𝑉

𝑩𝑠 𝑗𝑇

𝑙
𝒆E𝑑𝑉 +

∫
𝑉

2𝑩𝑠 𝑗𝑇

𝑛𝑙
𝒆E𝑑𝑉

]
= 𝛿𝒒𝑇𝑠 𝑗

[
𝑭𝑠 𝑗
𝑝𝑙 + 𝑭𝑠 𝑗

𝑝𝑛𝑙

] (15)

The explicit formulation of the piezoelectric load is expressed by Eq. (16), where the linear and nonlinear parts are
represented by two vectors.

𝑭𝑠 𝑗
𝑝𝑙 =



E
∫
𝑉
𝑒 (3,1)𝐹𝑠𝑁 𝑗 ,𝑥𝑑𝑉

E
∫
𝑉
𝑒 (3,2)𝐹𝑠𝑁 𝑗 ,𝑦𝑑𝑉

E
∫
𝑉
𝑒 (3,3)𝐹𝑠,𝑧𝑁 𝑗𝑑𝑉


𝑭𝑠 𝑗
𝑝𝑛𝑙 =



E
∫
𝑉

(
𝑒 (3,1)𝑢𝑥,𝑥𝐹𝑠𝑁 𝑗 ,𝑥 + 𝑒 (3,2)𝑢𝑥,𝑦𝐹𝑠𝑁 𝑗 ,𝑦 + 𝑒 (3,3)𝑢𝑥,𝑧𝐹𝑠,𝑧𝑁 𝑗

)
𝑑𝑉

E
∫
𝑉

(
𝑒 (3,1)𝑢𝑦,𝑥𝐹𝑠𝑁 𝑗 ,𝑥 + 𝑒 (3,2)𝑢𝑦,𝑦𝐹𝑠𝑁 𝑗 ,𝑦 + 𝑒 (3,3)𝑢𝑦,𝑧𝐹𝑠,𝑧𝑁 𝑗

)
𝑑𝑉

E
∫
𝑉

(
𝑒 (3,1)𝑢𝑧,𝑥𝐹𝑠𝑁 𝑗 ,𝑥 + 𝑒 (3,2)𝑢𝑧,𝑦𝐹𝑠𝑁 𝑗 ,𝑦 + 𝑒 (3,3)𝑢𝑧,𝑧𝐹𝑠,𝑧𝑁 𝑗

)
𝑑𝑉


(16)

The formulation of the vector is analogous to the thermal one. The resulting load vector is linearly related to the electric
field, and no shear components arise under the present assumptions.

It is possible to collect these components in the governing equation written as:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

0 + 𝑲𝑖 𝑗 𝜏𝑠

𝑙𝑛𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝑛𝑙𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝑛𝑙𝑛𝑙

]
𝒒𝜏𝑖 − 𝛿𝒒𝑇𝑠 𝑗

[
𝑭𝑠 𝑗

𝜃𝑙
+ 𝑭𝑠 𝑗

𝜃𝑛𝑙

]
− 𝛿𝒒𝑇𝑠 𝑗

[
𝑭𝑠 𝑗
𝑝𝑙 + 𝑭𝑠 𝑗

𝑝𝑛𝑙

]
= 0 (17)

In a compact form, the governing equation can also be rewritten as:

𝛿𝒒𝑠 𝑗 : 𝑲𝑖 𝑗 𝜏𝑠
𝑠 𝒒𝜏𝑖 − 𝑭𝑠 𝑗

𝜃
− 𝑭𝑠 𝑗

𝑝 = 0 (18)

Through the assembly procedure it is possible to rewrite Eq. (18) as follows:

𝑲𝑠𝒒 − 𝑭𝜃 − 𝑭𝑝 = 0 (19)

Eq. (19) describes a nonlinear set of equations that cannot be solved directly, and, as a consequence, it is necessary
to introduce an incremental linearized scheme. In order to use the Newton-Raphson method [17], one can define the
residual nodal force vector as:

𝝋𝑟𝑒𝑠 = 𝑲𝑆𝒒 − 𝑭𝜃 − 𝑭𝑝 (20)

To solve the problem, it is necessary to minimize the residual nodal force vector since, at the equilibrium, the residual is
null.
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B. Newton-Raphson linearization scheme
It is possible to linearize the equation, expanding it in Taylor’s series about the known solution (𝒒,Δ𝑇). The

piezoelectric contribution is kept constant during the analysis, since the actuators are considered to operate in an on/off
mode. Eq. (20) is written as:

𝝋𝑟𝑒𝑠 (𝒒 + 𝛿𝒒,ΔT + 𝛿ΔT) = 𝝋𝑟𝑒𝑠 (𝒒,ΔT) + 𝜕𝝋𝑟𝑒𝑠

𝜕𝒒

�����
𝒒

𝛿𝒒 + 𝜕𝝋𝑟𝑒𝑠

𝜕 (ΔT)

�����
ΔT

𝛿𝜆(ΔT)𝑟𝑒 𝑓 = 0 (21)

In Eq. (21) it is assumed that the thermal load varies directly with the initial thermal loading (ΔT)𝑟𝑒 𝑓 with a rate of

change 𝜆. It is possible to define a stiffness matrix called tangent stiffness matrix 𝑲𝑇 =
𝜕𝝋𝑟𝑒𝑠

𝜕𝒒

�����
𝒒

and a new thermal load

vector called tangent thermal load vector 𝑭̃𝜃 = − 𝜕𝝋𝑟𝑒𝑠

𝜕 (ΔT)

�����
ΔT

(ΔT)𝑟𝑒 𝑓 . Substituting the definitions of the matrix and the

new vector, the Taylor expansion written in Eq. (21) becomes as follows.

𝝋𝑟𝑒𝑠 (𝒒 + 𝛿𝒒,ΔT + 𝛿ΔT) = 𝝋𝑟𝑒𝑠 (𝒒,ΔT) + 𝑲𝑇𝛿𝒒 −
(
𝑭̃𝜃𝑙 + 𝑭̃𝜃𝑛𝑙

)
𝛿𝜆 = 0 (22)

𝑲𝑇𝛿𝒒 = 𝑭̃𝜃𝛿𝜆 − 𝝋𝑟𝑒𝑠 (𝒒,ΔT) (23)

In these equations, the loading scaling parameter 𝜆 is introduced in the problem as a variable of the equation system. As
a consequence, it is necessary to couple Eq. (23) with a general constraint equation to close the problem. The obtained
system can be written as follows: {

𝑲𝑇𝛿𝒒 = 𝑭̃𝜃𝛿𝜆 − 𝝋𝑟𝑒𝑠

𝒄(𝛿𝒒, 𝛿𝜆) = 0
(24)

The choice of the constraint equation defines the incremental scheme that will be followed in the numerical solution
procedure. Depending on the constraint, it is possible to define, for instance, the load-control method with the relationship
𝛿𝜆 = 0, the displacement-control method with 𝛿𝒒 = 0 and the path following method acting on both 𝛿𝜆 and 𝛿𝒒. In the
present work, the path-following method introduced by Crisfield [18] and later modified by Carrera [19] is adopted.

C. Derivation of the tangent stiffness matrix and tangent thermal vector
The tangent stiffness matrix is obtained by linearizing the virtual strain energy, as given by Eq. (25):

𝛿2𝐿𝑖𝑛𝑡 = 𝛿

(∫
𝑉

𝛿𝜺𝑇𝑚𝝈𝑑𝑉

)
=

∫
𝑉

𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 +
∫
𝑉

𝛿2𝜺𝑇𝑚𝝈𝑑𝑉 (25)

The first term of Eq. (25) demands the linearization of the constitutive Eqs. (7). It is assumed that the material
properties do not depend on the unknown 𝒒; as a consequence, the derivative operator acts on the strain part of the
constitutive equations. After some manipulation, it is possible to obtain the first two terms of the tangent stiffness matrix
that depend only on the mechanical component. In the first part of Eq. (25) the variational operator applied to the
thermal and piezoelectric stress contributions gives null terms due to the definition of the thermal and piezoelectric
stresses (𝝈𝜃 = −𝛽ΔT , 𝝈𝑝 = −𝑒E).∫

𝑉

𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 =

∫
𝑉

𝛿(𝜺𝑙 + 𝜺𝑛𝑙)𝑇𝛿(𝝈𝑙 + 𝝈𝑛𝑙)𝑑𝑉 =

∫
𝑉

𝛿(𝜺𝑙 + 𝜺𝑛𝑙)𝑇𝑪𝛿(𝜺𝑙 + 𝜺𝑛𝑙)𝑑𝑉

=

∫
𝑉

𝛿𝜺𝑇𝑙 𝑪𝛿𝜺𝑙𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑛𝑙𝑪𝛿𝜺𝑙𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑙 𝑪𝛿𝜺𝑛𝑙𝑑𝑉 +
∫
𝑉

𝛿𝜺𝑇𝑛𝑙𝑪𝛿𝜺𝑛𝑙𝑑𝑉

(26)

Manipulating Eq. (26) it is possible to obtain Eq. (27) where the FNs of the tangent stiffness matrix are the same as
those of the secant stiffness matrix. However, due to the variation of the nonlinear strain-displacement operator, the
resulting tangent contribution is symmetric.∫

𝑉

𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 = 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

0 + 𝑲𝑖 𝑗 𝜏𝑠

𝑛𝑙𝑙
+ 2𝑲𝑖 𝑗 𝜏𝑠

𝑙𝑛𝑙
+ 2𝑲𝑖 𝑗 𝜏𝑠

𝑛𝑙𝑛𝑙

]
𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

0 + 𝑲𝑖 𝑗 𝜏𝑠

𝑇1

]
𝛿𝒒𝜏𝑖 (27)
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𝑲𝑖 𝑗 𝜏𝑠

𝑇1 is the nonlinear contribution of the tangent stiffness matrix. The second part of Eq. (25) is specified further in Eq.
(28). ∫

𝑉

𝛿2𝜺𝑇𝑚𝝈𝑑𝑉 =

∫
𝑉

𝛿2𝜺𝑇𝑙 𝝈𝑑𝑉 +
∫
𝑉

𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 =

∫
𝑉

𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 (28)

Eq. (28) can now be developed as follows:

∫
𝑉

𝛿2𝜺𝑇𝑛𝑙𝝈𝑑𝑉 =

∫
𝑉

©­­«𝑩∗
𝑛𝑙


𝛿𝑞𝑥𝜏𝑖𝛿𝑞𝑥𝑠 𝑗

𝛿𝑞𝑦𝜏𝑖𝛿𝑞𝑦𝑠 𝑗

𝛿𝑞𝑧𝜏𝑖𝛿𝑞𝑧𝑠 𝑗


ª®®¬
𝑇

𝝈𝑑𝑉 =

∫
𝑉

©­­«𝑩∗
𝑛𝑙


𝛿𝑞𝑥𝜏𝑖𝛿𝑞𝑥𝑠 𝑗

𝛿𝑞𝑦𝜏𝑖𝛿𝑞𝑦𝑠 𝑗

𝛿𝑞𝑧𝜏𝑖𝛿𝑞𝑧𝑠 𝑗


ª®®¬
𝑇 (

𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃 + 𝝈𝑝

)
𝑑𝑉

= 𝛿𝒒𝑇𝑠 𝑗

∫
𝑉

𝑑𝑖𝑎𝑔

(
𝑩∗𝑇
𝑛𝑙 (𝝈𝑙 + 𝝈𝑛𝑙 + 𝝈𝜃 + 𝝈𝑝)

)
𝑑𝑉𝛿𝒒𝜏𝑖

= 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑛𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝜃
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑝

]
𝛿𝒒𝜏𝑖 = 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

𝜎 + 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝜃
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑝

]
𝛿𝒒𝜏𝑖 (29)

The first two matrices 𝑲𝜎𝑙 and 𝑲𝜎𝑛𝑙 are the geometrical matrices which depend on mechanical stress and can be
found in the literature [20]. The last two matrices collect the thermal and piezoelectric components and the explicit
formulations are expressed by Eqs. (30) and (31).

𝑲𝑖 𝑗 𝜏𝑠

𝜎𝜃
= −ΔT

(
𝛽1

∫
ℎ

𝐹𝜏𝐹𝑠𝑑𝑧

∫
Ω

𝑁𝑖,𝑥𝑁 𝑗 ,𝑥𝑑𝐴 + 𝛽2

∫
ℎ

𝐹𝜏𝐹𝑠𝑑𝑧

∫
Ω

𝑁𝑖,𝑦𝑁 𝑗 ,𝑦𝑑𝐴 + 𝛽3

∫
ℎ

𝐹𝜏,𝑧𝐹𝑠,𝑧𝑑𝑧

∫
Ω

𝑁𝑖𝑁 𝑗𝑑𝐴+

𝛽6

∫
ℎ

𝐹𝜏𝐹𝑠𝑑𝑧

∫
Ω

𝑁𝑖,𝑥𝑁 𝑗 ,𝑦𝑑𝐴 + 𝛽6

∫
ℎ

𝐹𝜏𝐹𝑠𝑑𝑧

∫
Ω

𝑁𝑖,𝑦𝑁 𝑗 ,𝑥𝑑𝐴

)
𝑰

(30)

𝑲𝑖 𝑗 𝜏𝑠
𝜎𝑝 = −E

(
𝑒 (3,1)

∫
ℎ

𝐹𝜏𝐹𝑠𝑑𝑧

∫
Ω

𝑁𝑖,𝑥𝑁 𝑗 ,𝑥𝑑𝐴 + 𝑒 (3,2)

∫
ℎ

𝐹𝜏𝐹𝑠𝑑𝑧

∫
Ω

𝑁𝑖,𝑦𝑁 𝑗 ,𝑦𝑑𝐴 + 𝑒 (3,3)

∫
ℎ

𝐹𝜏,𝑧𝐹𝑠,𝑧𝑑𝑧

∫
Ω

𝑁𝑖𝑁 𝑗𝑑𝐴

)
𝑰

(31)

Where 𝑰 denotes the 3 × 3 identity matrix, 𝑑𝐴 = 𝑑𝑥𝑑𝑦, Ω is the reference surface and ℎ is the thickness.
The summation of the components given by Eq. (27) and Eq. (29) allows obtaining the FNs of the complete tangent

stiffness matrix as follows:

𝛿𝒒𝑇𝑠 𝑗𝑲
𝑖 𝑗 𝜏𝑠

𝑇
𝛿𝒒𝜏𝑖 =

∫
𝑉

𝛿𝜺𝑇𝑚𝛿𝝈𝑑𝑉 +
∫
𝑉

𝛿2𝜺𝑇𝑚𝝈𝑑𝑉

= 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

0 + 𝑲𝑖 𝑗 𝜏𝑠

𝑇1

]
𝛿𝒒𝜏𝑖 + 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑛𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝜃
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑝

]
𝛿𝒒𝜏𝑖

= 𝛿𝒒𝑇𝑠 𝑗

[
𝑲𝑖 𝑗 𝜏𝑠

0 + 𝑲𝑖 𝑗 𝜏𝑠

𝑇1 + 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑛𝑙
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝜃
+ 𝑲𝑖 𝑗 𝜏𝑠

𝜎𝑝

]
𝛿𝒒𝜏𝑖

(32)

Writing the governing equation in Taylor’s series as given by Eq. (21) allows finding a new vector defined as

𝑭̃𝜃 = − 𝜕𝝋𝑟𝑒𝑠

𝜕 (ΔT)

�����
ΔT

(ΔT)𝑟𝑒 𝑓 . Applying this definition in Eq. (33), it is possible to write the FN of this vector.

𝑭̃𝜃 = −
𝜕 (𝑲𝑠𝒒 − 𝑭𝜃 − 𝑭𝑝)

𝜕ΔT

�����
ΔT

(ΔT)𝑟𝑒 𝑓 =
𝜕 (𝑭𝜃 )
𝜕ΔT

�����
ΔT

(ΔT)𝑟𝑒 𝑓 (33)

The tangent vector nuclei are given by Eqs. (34) and (35).

𝑭̃𝑠 𝑗

𝜃𝑙
= (ΔT)𝑟𝑒 𝑓 ·



∫
𝑉

[
𝛽1𝐹𝑠𝑁 𝑗 ,𝑥 + 𝛽6𝐹𝑠𝑁 𝑗 ,𝑦

]
𝑑𝑉∫

𝑉

[
𝛽2𝐹𝑠𝑁 𝑗 ,𝑦 + 𝛽6𝐹𝑠𝑁 𝑗 ,𝑥

]
𝑑𝑉∫

𝑉
𝛽3𝐹𝑠,𝑧𝑁 𝑗𝑑𝑉


(34)
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𝑭̃𝑠 𝑗

𝜃𝑛𝑙
= (ΔT)𝑟𝑒 𝑓 ·



∫
𝑉

[
𝛽1𝑢𝑥,𝑥𝐹𝑠𝑁 𝑗 ,𝑥 + 𝛽2𝑢𝑥,𝑦𝐹𝑠𝑁 𝑗 ,𝑦 + 𝛽3𝑢𝑥,𝑧𝐹𝑠,𝑧𝑁 𝑗 + 𝛽6

(
𝑢𝑥,𝑥𝐹𝑠𝑁 𝑗 ,𝑦 + 𝑢𝑥,𝑦𝐹𝑠𝑁 𝑗 ,𝑥

) ]
𝑑𝑉∫

𝑉

[
𝛽1𝑢𝑦,𝑥𝐹𝑠𝑁 𝑗 ,𝑥 + 𝛽2𝑢𝑦,𝑦𝐹𝑠𝑁 𝑗 ,𝑦 + 𝛽3𝑢𝑦,𝑧𝐹𝑠,𝑧𝑁 𝑗 + 𝛽6

(
𝑢𝑦,𝑥𝐹𝑠𝑁 𝑗 ,𝑦 + 𝑢𝑦,𝑦𝐹𝑠𝑁 𝑗 ,𝑥

) ]
𝑑𝑉∫

𝑉

[
𝛽1𝑢𝑧,𝑥𝐹𝑠𝑁 𝑗 ,𝑥 + 𝛽2𝑢𝑧,𝑦𝐹𝑠𝑁 𝑗 ,𝑦 + 𝛽3𝑢𝑧,𝑧𝐹𝑠,𝑧𝑁 𝑗 + 𝛽6

(
𝑢𝑧,𝑥𝐹𝑠𝑁 𝑗 ,𝑦 + 𝑢𝑧,𝑦𝐹𝑠𝑁 𝑗 ,𝑥

) ]
𝑑𝑉


(35)

It is important to consider this additional term in the description of the nonlinear thermal problem. The nonlinear
component expressed by Eq. (35) is dependent on the displacement value. Therefore, a path-following constraint, which
simultaneously controls the load and displacement parameters, is advisable for a good convergence trend.

IV. Numerical results
A first analysis is conducted on a straight-fiber laminated plate with piezoelectric actuators applied as external

layers of the stacking sequence. The present results are compared with the displacement response reported in [10]. The
lamination is (𝑃/(0/90)2)𝑠 where P denotes the piezoelectric patch. The patch is made of PZT-5A, which is modeled
as an isotropic material with the following properties: 𝐸 = 63.0 GPa, 𝐺 = 24.2 GPa, 𝜈 = 0.3, 𝛼 = 0.9 × 10−6/◦𝐶
and 𝑑31 = 𝑑32 = 2.54 × 10−10 m/V. The plate is composed of Graphite/epoxy orthotropic layers whose properties are:
𝐸11 = 150.0 GPa, 𝐸22 = 𝐸33 = 9.0 GPa, 𝐺12 = 𝐺13 = 7.1 GPa, 𝐺23 = 2.5 GPa, 𝜈12 = 0.3, 𝛼11 = 1.1 × 10−6/◦𝐶,
𝛼22 = 𝛼33 = 25.2 × 10−6/◦𝐶.

The plate is square-shaped with a thickness of 𝑡 = 1.2 mm and a ratio edge/thickness equal to 𝐿/𝑡 = 100, whereas
the piezo layers are 0.1 mm thick each. The temperature distribution is assumed to be uniform across the plate, and
three different voltage values are applied to the patch to evaluate their influence on the buckling critical temperature
and post-buckling shapes. The voltages are the same for the upper and lower patches, being Δ𝑉 = 100 V, Δ𝑉 = 0
V, Δ𝑉 = −100 V with a consequent electric field of 𝐸 = 1.0 × 106 V/m , 𝐸 = 0 V/m , 𝐸 = −1.0 × 106 V/m . The
zero-voltage case is considered as a reference configuration to assess the effect of actuator activation. The edges are
simply supported, where the constraints are applied on the middle line of the plate: the z displacement is imposed to zero
at each edge, and the edges are fixed against normal displacements and allowed to translate in the tangential direction.

A first convergence analysis is conducted, and 21 × 21 Q9 elements are chosen with LE2 expansion theory, one
for each layer. Table 1 reports the linearised critical temperature for the three different piezoelectric activations. The
same configurations are analysed through a nonlinear analysis, and the central displacement is reported in Fig. 1.
The findings indicate that the applied voltage has a substantial impact on the thermal buckling response. Applying a

Table 1 Linearised critical buckling temperature, 21 × 21 Q9 elements are chosen with LE2 expansion theory.

Δ𝑉 = 100𝑉 Δ𝑉 = 0 Δ𝑉 = −100𝑉
Δ𝑇𝑐𝑟 [◦𝐶] 29.15 46.5 65.2

positive voltage anticipates buckling, while a negative voltage raises the critical temperature and consequently delays
the onset of instability. Figure 1 shows a very good agreement between the present CUF–FEM results and the reference
solution [10] for all the considered actuation levels. The activation of the piezoelectric layers can either decrease or
increase the critical buckling temperature, thereby advancing or delaying the onset of thermal buckling. Figure 2 reports
the central stress distribution for the different configurations at a fixed temperature of Δ𝑇 = 75.5◦𝐶. As shown in
the equilibrium path, this temperature corresponds to different values of displacement. The through-thickness stress
distributions reported in Fig. 2 show that 𝜎𝑥𝑥 and 𝜎𝑦𝑦 follow similar trends for the three actuation levels, while their
magnitude is significantly affected by the applied voltage. Significant stress gradients occur near the interfaces between
the piezoelectric layers and the composite laminate, confirming the need for refined through-the-thickness kinematics.
The effect of the piezoelectric actuation is particularly evident in the transverse normal stress 𝜎𝑧𝑧 , whose distribution
changes with the applied voltage. This behavior is associated with the actuation mechanism and with the mismatch
between the piezoelectric and composite layers.

V. Conclusion
A higher-order CUF–FEM formulation has been presented for the geometrically nonlinear thermo-piezo-mechanical

analysis of laminated composite plates with piezoelectric actuators. Thermal and piezoelectric effects are modeled
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Fig. 1 Present method compared to the reference results [10]. Analysis conducted with 21 × 21 Q9 elements
with LE2 expansion theory.

through a decoupled approach, and the kinematics of the problem are expressed with higher-order theories. The
nonlinear problem is solved using the Newton Raphson iterative procedure combined with the arc-length constraint.

The numerical results demonstrate the accuracy of the proposed approach by comparison with reference post-buckling
results. The activation of the piezoelectric layers is shown to significantly affect the critical buckling temperature and
the nonlinear equilibrium path. Depending on the applied voltage, the onset of buckling can be either anticipated
or delayed. Moreover, the stress distributions highlight relevant through-thickness variations, especially near the
piezoelectric/composite interfaces.

The proposed framework therefore represents an effective tool for the analysis and design of smart composite
structures subjected to combined thermal and piezoelectric actuation.
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