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ARTICLE INFO ABSTRACT
Keywords: Recurring waveforms in time-series reflect the underlying system dynamics and are common in physiolog-
Recurrent waveform detection ical signals. Identifying these recurrences enables the signal decomposition into meaningful components.

Time-series decomposition

Blind source separation
Template-based signal reconstruction
Unsupervised signal analysis
Adaptive signal processing

Automatic wave recurrences extraction (AWaRE) is a novel low-cost decomposition method for single time-
series pre-processing, based on recurrent waveform detection. AWaRE follows a three-step pipeline: (1)
detecting candidate recurrent waveforms via matching signal fragments to the trace, (2) resolving overlapping
occurrences using multi-kernel deconvolution, and (3) iterative refining of residuals to identify additional
waveform onsets. AWaRE was evaluated on simulated data with varying waveform counts, recurrence rates
and noise levels, and compared against two methods with similar computational cost: ensemble empirical
mode decomposition with independent component analysis (EEMD-ICA) and a spike sorting approach. Mean
absolute reconstruction errors in percentage of the mean absolute of the original signal (given as median +
inter-quartile range) were 85.3 + 30.8% (EEMD-ICA), 65.5 + 15.0% (spike sorting) and 24.3 + 35.9% (AWaRE);
waveform train estimation errors were 111.0 + 34.5%, 103.2 + 33.4% and 32.6 + 47.1%; processing times
for 10 s of data were 2.05 + 3.13 s, 0.94 + 0.27 s and 0.78 + 2.00 s, respectively. All differences were
statistically significant in the paired comparisons. Then, examples of applications in fetal ECG detection,
intramuscular EMG decomposition, EEG artifact removal and neural spike sorting are provided, showing
that the automatically extracted waveforms have clear physiological meaning. In conclusion, AWaRE enables
adaptive time-series decomposition by extracting recurrent waveforms from the signal. It is an efficient and
robust tool for biomedical signal analysis, facilitating the study of the activities of different sources through
repeated waveform pattern identification.

1. Introduction times adapted to a specific application (e.g., spike sorting of neural
data [10] or intramuscular EMG decomposition [11]). Significant ef-

The repetition of specific waveforms in a time-series is a clear forts have been made to validate decomposition methods, e.g., for
manifestation of determinism in the system generating it. Indeed, the MERs [12]. In fact, neuro-scientific and clinical applications increas-

ingly rely on the precise analysis of single-channel recordings, e.g., to
study the firings of neurons at a high resolution and to discrimi-
nate their coordinated activity [13]. These signals can represent a
mixture of neural or MU activities (in MER and intramuscular EMG,
respectively), and single-channel decomposition techniques attempt to
separate them [14,15].

In this work, a novel approach is introduced to represent a single
time-series as the sum of distinct components. It is based on the
premise that the time-series is produced by a deterministic system,

analysis of the recurrences of patterns is the basis of theories providing
quantitative measurements of determinism (recurrence quantification
analysis [1]) and chaos [2], and predicting the dynamics of nonlin-
ear systems [3]. Moreover, many biological and physiological signals
reflect the repetitive activation of different sources, e.g., the ECG
manifesting the repetition of heartbeats [4,5], the firings of neurons in
micro-electrode recordings (MER) [6], or the activation of motor units
(MU) measured by the electromyogram (EMG) [7].

When many sensors are available to detect the activities of the same which inherently produces recurring waveforms. These recurrent wave-
sources, different statistical methods are available for their discrimina- forms are identified and exploited to decompose the time-series and
tion, e.g., blind source separation (BSS) by independent components to gain insight into the deterministic system that generates it. The
analysis (ICA) and its variants [8,9]. However, sometimes the mixture process is called automatic wave recurrences extraction (AWaRE). By
of different sources is measured by a single-channel, and separating identifying these recurrent patterns, different contributions can be ef-
their contributions becomes a great challenge. Different approaches fectively separated without imposing additional assumptions regarding

have been introduced to address this decomposition problem, some-
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Abbreviations

ANOVA Analysis of variance

AWaRE Automatic Wave Recurrences Extraction
BSS Blind source separation

CDL Convolutional dictionary learning

CWT Continuous wavelet transform

DL Deep learning

DTW Dynamic time warping

ECG Electrocardiogram

EEG Electroencephalogram

EEMD Ensemble empirical mode decomposition
EMD Empirical mode decomposition

EMG Electromyogram

FECG Fetal ECG

GMM Gaussian Mixture Models

HMM Hidden Markov model

ICA Independent component analysis

IMF Intrinsic mode function

MER Micro-electrode recording

ML Machine learning

MU Motor unit

MUAP Motor unit action potential

PCA Principal component analysis

PSD Power spectral density

RICA Robust independent component analysis
RMS Root mean squared

SCICA single-channel independent component analysis
SNR Signal-to-noise ratio

STFT Short time Fourier transform

TFR Time-frequency representation

VMD Variational mode decomposition

WICA Wavelet independent component analysis

their temporal shapes or bandwidths. An efficient method for detect-
ing recurrences in a time-series is proposed, which offers a general
framework for isolating and distinguishing the waveforms that compose
the studied signal. This approach is based on cross-correlating the
signal with specific templates, an operation that can be performed
at a low computational cost (i.e., logarithmic with respect to the
number of samples of the signal, instead of the quadratic cost needed
to compare all pairs of possible near neighbors). This idea has already
been exploited in other methods, such as template matching [16] or
wavelet transform [17], but here the prototype waveforms are different
portions of the signal itself. Alternative approaches for identifying
waveforms within a signal include methods based on thresholding (to
detect portions exceeding a given level) and clustering (such as the
aforementioned approaches for spike sorting [10] or EMG decomposi-
tion [11]). AWaRE differs from these methods in its waveform selection
criterion, which is based on recurrence rather than amplitude alone,
thereby enabling the detection of even low-amplitude but consistently
recurring contributions. The only prerequisite is that the sources gen-
erate contributions that repeat over time and occasionally appear in
isolation, thereby enabling the identification of their recurrence. In
addition, a method was used to address and resolve residual overlaps
between waveforms originating from different sources. Another rele-
vant approach for decomposing a single time series resolving overlaps
is Convolutional Dictionary Learning (CDL), which formulates the prob-
lem as a computationally intensive optimization to jointly estimate both
waveforms and their activation times. Compared to CDL, AWaRE is
characterized by a significantly lower computational cost.

The remainder of this paper is organized as follows: Section 2
discusses the proposed methodology and the testing signals (used to
benchmark it against two alternative methods), the results are shown
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in Section 3, Section 4 discusses the findings and limitations (including
a discussion in relation to existing literature), and Section 5 concludes
the study with key insights. Finally, two appendices are included:
the first reviews additional methods from the literature, and serves
as background for readers unfamiliar with the approaches referenced
in the main text; the second presents theoretical considerations on
AWaRE.

2. Methods

AWaRE is based on three parts: identification of recurrences (im-
plicitly interpreted as the result of the activity of different sources),
separation of overlaps and final refinement.

2.1. Identification of recurrences

The innovative algorithm is based on a set of template matching
operations, where the templates are portions of the signal used to
look for recurrences. Specifically, starting from the beginning of the
signal, a group of consecutive samples is selected to form a waveform
that is used as a template for comparison with the entire signal. The
length of the template (called the embedding dimension in the theory
of nonlinear time-series) is a parameter, indicated by ED, which can
also be a vector that includes different values to be tested. The template
is centered with respect to its centroid. If the template has a small
amplitude, it is skipped (the amplitude threshold and specific norm
to measure it are selected by the user, indicated as A,, and Norm,
respectively).

Portions of the data already identified as recurrences of previ-
ously used templates are omitted. Matches are identified if the root
mean squared (RMS) difference with the template is smaller than the
threshold M,, (which is another parameter selected by the user).

The estimation of recurrences, which would generally incur a
quadratic cost, is made efficient by leveraging the following observa-
tion. The RMS difference is computed using three terms: the energy of
the template (which is fast to compute), the energy of the considered
portion of the signal and the cross-correlation between the template
and the signal. Note that the last two terms can be computed using
numerical convolutions [18], which can be obtained efficiently in the
Fourier transform domain.

After these steps, recurrences of different patterns are found. How-
ever, the results could be affected by several possible problems:

» the templates are portions of raw data, that are directly affected
by noise, so that some matches with other portions of the signal
could be missed;

some recurrences could be missed due to noise or artifacts super-
imposed to the signal or the overlap of different waveforms;
some waveforms could be found as recurrences of more templates
considered different as they do not satisfy the similarity criterion;
some portions of the signal could be similar to the template only
due to chance which makes two noisy portions of the signal
similar (it is reasonable to expect that they are found only a few
times).

To compensate for those problems (at least in part), templates with
some common recurrences were merged together. Moreover, recurrent
waveforms were aligned (in the Fourier domain to get maximal time
resolution) and averaged. The obtained cleaned templates were then
used again to find recurrences. Finally, the waveforms with less than a
minimum number of recurrences (indicated by the selectable parameter
Ny, ) were removed.
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2.2. Solving waveforms overlaps

Given the templates of recurrent waveforms from the previous
part, the corresponding firing patterns were refined to resolve possible
overlaps (which is a problem frequently found in intramuscular EMG
decomposition or spike sorting [19]). A modified version of the multi-
kernel deconvolution method proposed in [20] was used. The processed
signal is approximated using the identified recurrent waveforms (con-
sidered as the multiple kernels of the deconvolution method). The best
solution is obtained by solving an optimization problem that mini-
mizes the reconstruction error functional. As noticed in [21], the mean
squared error is affected by outliers and too tolerant to small values.
Using the L; instead of the L, norm, the solution becomes more stable to
outliers and is sparse [22], better resembling a firing pattern. Thus, L,
deconvolution with regularization was implemented [23], considering
the recurrent waveforms as kernels {K;(r)} convoluted with their firing
patterns {f;()}

Ng
s() = Y K () £(0)
i=1

arg min
fi(

el
1

where « is the regularization parameter chosen as detailed below.
The problem was discretized as in [21,24], writing convolution as the
multiplication of the unknown firing patterns with a matrix A, with
AX ~ b, where A is the matrix collecting the samples of the waveforms,
b = {b;} = {s@;)} is the vector of recorded data samples and X the
vector of unknown firing patterns (all concatenated):

A=K, K, - Kyl
K[l 0 0
where K, = K,-:[Z] Ki:[l] 0 2)
K;[M] K,-['Z] K;[1]
and
fi®
X = fz.(f) 3)
NG

where the case of N kernels is considered.

The iteratively reweighted least squares (IRLS) method was em-
ployed as a computational step within the proposed framework to solve
the L, problem (using 10 iterations). IRLS is a well-established ap-
proach for solving optimization problems involving sparsity or robust-
ness constraints. It has been successfully applied in various domains,
including medical image reconstruction [25], large-scale statistical es-
timation [26], and sparse signal recovery [23]. The following error

functional was minimized
WA, [Web
VaW, 0

where W, and W, are diagonal matrices including the reciprocal of the
L, norm of the error AX — b and of the solution X, respectively. The
previous expression can be written as

2

IW.(AX = DI + all W, X|* = Q)

IBX —c|* 5
where

W, A _[w.b
VAR

The solution of the regularized problem can be obtained analytically
as

X=B"B)'Ble=A"W WA+ aW W) ATW Wb %)

The regularization parameter « was chosen as the 1% of the maximum
eigenvalue of AT A, which allowed to stabilize the inversion operation.
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A fine tuning on a few signals have been performed, showing stable
results across a wide range (from about 2% to 0.2% of the maximum
eigenvalue of AT A).

This solution was iteratively computed to converge toward a
weighted L, norm that approximates the L; norm. At each iteration,
the result was passed through a sigmoid function defined as

1

T 14exp[-10(x —0.5)]
which maps values into the interval [0, 1] and accentuates the tendency
toward the extremes of this range. After convergence, a binarization
step was finally applied: values greater than 0.9 were set to 1, and all
others to 0. This binarized output defines the presence or absence of the
recurrence of a waveform, enabling reconstruction of the original signal
using only the predefined kernels (without altering their amplitudes).

Notice that the problem has a quadratic computational cost with
respect to the number of kernels and length of the processed signal seg-
ments. As indicated in [21], shortening the processed epochs (including
an overlap and then building the final solution) allows to reduce the
computational cost. In this study, the processed epoch was twice the
maximal ED and the overlap was 50%.

o(x) ®

2.3. Final refinement

Once the recurrent waveforms have been identified and any over-
laps resolved, the signal can be reconstructed accordingly. Neverthe-
less, some instances of these waveforms may still have been missed.
This can occur because of unresolved overlaps involving multiple wave-
forms, or due to factors such as noise or slight temporal misalignment
(e.g., a half-sample shift), which may cause the RMS error to marginally
exceed the detection threshold.

To address this issue, the residual, obtained after subtracting the
estimated signal, was re-examined by scanning (by template matching)
for one identified recurrent waveform (kernel) at a time. The patterns
were processed in descending order of amplitude. To increase the
sensitivity, the matching threshold M,, was increased by 20%, allowing
for the detection of additional occurrences that may have been missed
previously. This adjustment also accounts for possible distortions in-
troduced into the residual by the subtraction of the estimated and
raw signals. Any newly identified recurrence was incorporated into the
existing sequence for the corresponding pattern and removed from the
residual before analyzing the next pattern.

2.4. Summary of the method

AWaRe is based on three main parts, i.e., identification of recurrent
waveforms, separation of overlaps and final refinement, with the first
further split into different steps. Figs. 1 and 2 show these steps in an
example, i.e., a simulated signal, including 8 waveforms (detailed in
the following), each with 30 random occurrences in a time-series of 10
s and additional noise. The steps are:

1. preliminary identification of recurrences;

2. removal of waveforms with few recurrences (i.e., less than Ny, .,
possibly given by noisy portions, overlaps of more waveforms or
not recurrent patterns) and robust estimation of their shape by
averaging;

. estimation of recurrences of the new estimated waveforms;

. removal of similar waveforms;

. solving overlaps;

. refinement on residual.

U AW

Notice that the first 4 steps constitute the first part of the method
(described in Section 2.1), which outputs a set of recurrent waveforms.
They are shown in Fig. 1. The second and third parts of AWaRE
(Sections 2.2 and 2.3, respectively) are in Fig. 2, applied to the same
signal. Notice that the second part, devoted to overlap treatment, is the
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Step 1: identification of recurrent
waveforms (first ones out of 146)

(a)

Raw signal

Trains of the first 8 waveforms extracted from the signal

A.U.

b e

1s
(C) Step 3: identification of recurrences of new estimated
waveforms (first ones indicated out of 14)

I I | | | | ||
WES; \ I 1 1 1 1
WF6————+—++—

WF7 | [ i
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Step 2: selection of waveforms with more than 5
recurrences and averaging

(b)

WF12WF13WF14
wry WFé w1 W11
wrs WFe WF9
wra WF4
WF2
WF1
I I
\m NN
$1"‘",f! ¥ R 1T Wov||¥ ‘;k ‘
16 : 11 | |
J J
707
16 16 13 12 7
number
12 1 of identified
"non 10 occurences
100 ms

Fig. 1. First part of the steps of the algorithm AWaRE. It is applied to a simulated signal of 10 s, sampled at 500 Hz, including 8 different waveforms, appearing
30 times, to which a white Gaussian noise was superimposed with SNR = 15 dB. The following parameters were used (see Table 1 for the definition of these
parameters): A,, = 0.025, Norm = |s(t)|, ED = [15 31] (vector of these two elements), M,, = 0.15, Ny, = 5. (a) Identification of recurrences of all patterns,
considering all centered portions starting from the beginning of the signal. The raw signal is shown in blue on the top of the panel and the first waveforms
trains are in black, below the raw signal (the same format is used also for panels (c), (d), and for (e) of Fig. 2). Most of the patterns are found only once.
Processing time: 757 ms. (b) Patterns with few recurrences are removed, obtaining 14 waveforms (out of the 146 found in the first step; waveforms are ordered
according to the number of identified occurrences and called WF followed by a number). Residual waveforms are cleaned by averaging. Both original selected
waveforms and cleaned versions are shown, ordered in terms of the number of identified firings. Processing time: 69 ms. (c) Estimation by template matching of
the recurrences of the clean waveforms obtained in the previous step. The names of the shown waveforms are indicated. Processing time: 59 ms. (d) Integration of
similar waveforms, cleaning by averaging and identification by template matching of their onsets in the signal. Notice that some waveforms are removed (being
integrated with others) and their order is changed (according to the new number of occurrences). Processing time: 6 ms.

one requiring the longest processing time in the shown example (the
duration is strongly dependent on the number of identified recurrent
waveforms).

Some theoretical considerations on the method are also provided in
Appendix B.

Another example of application is shown in Fig. 3. A simple simu-
lated signal is considered, including 8 waveforms (as in Figs. 1 and 2),
each with 20 random occurrences in a time-series of 10 s, out of which
a 2 s epoch is shown. The identified waveforms are presented in the
order of detection. Waveform trains are displayed either superimposed
or individually. Once a waveform is identified along with its recur-
rences, new subsequent parts of the signal are investigated, avoiding
all portions already matched. Each newly investigated segment of the
signal is centered to identify a well-balanced waveform.

The list of the parameters of the methods is provided in Table
1. Notice that the ranges of feasible values strongly depend on the
specific application. A sensitivity analysis is provided in Appendix B.
In summary, if reasonable ranges are selected, results show that the
reconstruction error is only marginally affected by parameter variations
(with mean effect sizes below 5%), indicating good robustness of the
method. The main impact concerns computational cost, which increases
particularly for lower and higher values of Ny, and M,,, respectively.

Notably, unlike threshold-based approaches, AWaRE is largely insen-
sitive to the amplitude threshold, as waveform selection is primarily
driven by recurrence rather than amplitude.

2.5. Test of performances

Simulations were used to test the innovative algorithm in compari-
son with two other approaches. Subsequently, a few different example
applications on experimental data have been prepared.

2.5.1. Simulations

Eight different waveforms were simulated and then used to build
single-channel time-series. The waveforms were a Gaussian function
with standard deviation ¢ = 2.5 ms truncated between +10 ms and
its first, second and third derivatives, rescaled in order to have either
RMS amplitude equal to 1 or to 2. Each waveform was convoluted with
a firing pattern (i.e., a random permutation of a binary series with a
fixed number of zeros and ones, the latter indicating the firing instants),
thus obtaining a train of delayed repetitions for each. These waveform
trains were then summed up to get the time-series to be processed.

The numbers of waveforms used and firings were varied across
different simulations. White Gaussian noise with a specific signal to
noise ratio (SNR) was finally added, with different values of SNR across
simulations.
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(e) Step 5: resolving overlaps and refining the firing trains (f) Estimated waveforms after step 5

A.U.
N ” |1 WF1 WF2 WF3 WF4 WF5 WFée WF7 WF8

(g) Step 6: decomposition of the residual signal (h) Final Estimation

AU ] |’|‘H [T .‘mu IH
\I]W AN T \’ b lH

Additional firings of the 8 waveforms identified before

)

A.U.

WF1
WF2
WF3
w4 } | {
WF5
WF6
wr7 1 f
WF8

1s 1s — Input signal

—_— Estimation

Fig. 2. Second and third parts of the algorithm AWaRE, applied to the same signal shown in Fig. 1 and with the same parameters. (e) Resolution of overlaps
by deconvolution and updating of the firing patterns. New firings are found and accordingly new waveforms are obtained by averaging, now renamed as in (f).
Processing time: 3805 ms. (f) New waveforms obtained after solving overlaps, now ordered according to their RMS amplitude. (g) Processing of the residual of the
signal (shown on top, in blue) after subtracting the identified waveform trains. Each waveform is searched again in the residual (by template matching), starting
from the largest, and removed before considering the subsequent waveform. Additional firings are shown. Processing time: 53 ms. (h) Final result: original (blue)
and reconstructed (dark red) signals are shown.

i

S |V T N NV T S S

N o \ m \a
@ \ ) J\r.u;__/L»J\\‘;k,~“\\7~‘a\’\,,,‘v,

m |

Fig. 3. Example of application of AWaRE to a simulated signal (including 8 waveforms, repeated 20 times in 10 s and including white Gaussian noise with SNR
of 25 dB). The same parameters of AWaRE were used as in the previous Figures. Two seconds of the raw signal and the identified labeled waveforms are shown
above, in the order of appearance (and of identification); single waveform trains are shown below for each of the waveforms (the 8 simulated waveforms are
indicated on the left of each train).
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Table 1
List of AWaRE parameters - ARV: average rectified value; RMS: root mean squared value; mean value of a time series x() indicated
by x(1).
Parameter Description Range of reasonable choices
Norm Norm to measure the amplitude threshold ARV =[s(t)], RM S = \/|s®)|*, Rangel|s()|
Ay Amplitude threshold above which a waveform is 0.01-0.05 (normalized with respect to the
considered norm of the signal)
ED Embedding dimension (duration of the portions of the 10-50
signal tested for recurrences)
M, RMS difference between a tested portion of the signal 0.1-0.25 (normalized with respect to the RMS
and the template waveform to indicate a recurrence of the signal)
Nyr Minimum number of recurrences of a waveform 3-10 (depending on the duration of the signal)

The signals were sampled at 500 Hz and the duration of each
simulation was 10 s.

2.5.2. Alternative approaches for comparison

AWaRE was compared to two other methods, representing different
methodological approaches. Simple methods have been selected, with
similar computational costs as AWaRE.

- Ensemble empirical mode decomposition with ICA (EEMD-ICA;
see Appendix A for details). The EEMD [27] was implemented,
considering 230 ensembles with Gaussian white noise with a
standard deviation equal to 1% of that of the signal to be pro-
cessed and a maximum of 110 intrinsic mode functions (IMF;
the parameters were chosen by Bayesian optimization minimizing
the RMS error of the estimation of the waveform trains on a
signal including 8 waveforms, with 40 firings in 10 s, SNR of
5 dB). FastICA was then applied to the modes extracted by the
EEMD [28]. The component accounting for maximal energy of
the original signal was selected and its peaks were identified,
obtaining a firing pattern. The corresponding waveform was then
extracted using spike-triggered averaging and convolved with the
firing pattern to reconstruct the waveform train. This was then
subtracted from the signal and the process was iterated to extract
another component until reaching either the maximum number
of 8 iterations or 75% of signal energy recovered.

Spike sorting pipeline. The unsupervised method introduced in
[29] was used. Spikes were detected using a median-based thresh-
old (i.e., a threshold factor equal to 3 multiplied by the noise
estimate, which was the median of the absolute value of the
signal divided by 0.6745 [30]). They were then aligned and
standardized using z-score normalization. Principal component
analysis (PCA) was then applied to reduce dimensionality, keep-
ing components explaining 95% of the variance, with a limit of
15 components. The peak amplitude and the principal compo-
nents were used as features for clustering that separated different
waveforms (k-means, with the Gap Statistic [31] to determine the
optimal number of clusters).

2.5.3. Simulated dataset and statistical analysis
Different simulations were performed using the following parame-
ters:

» Number of waveforms included in the signal {2,4,6,8};
» Number of occurrences per waveform {10, 20, 30,40};

» SNR levels {5,10,15,20} dB;

« Trial repetitions 10.

Different performance indices were estimated from AWaRE, EEMD-ICA
and spike sorting:

» RMS error in reconstructing the original signal;

» mean RMS error of estimating the simulated waveform trains
(after getting the best match between estimated and correct wave-
form trains with the Munkres Assign Algorithm [32] applied to
the matrix of cross-correlation of simulated and estimated trains);

+ computational cost (i.e., mean time to process 10 s of data).

The algorithm was implemented in MATLAB R2024b and computations
were performed on a fixed workstation featuring an AMD Ryzen 7
9700X CPU (8 physical cores, 16 logical threads, 3.8 GHz) and 64 GB
of RAM. A dedicated GPU was not used.

The data were organized in matrices, each with dimensions 4 x 4 x
4x10 (i.e., the dimensions of the 4 parameters indicated above). Paired
comparisons were performed to compute the difference between the
indices obtained using either AWaRE or one of the others (EEMD-ICA
or spike sorting). The normality of the distributions was assessed using
the Lilliefors, Anderson-Darlingand and Jarque-Bera tests. Given the
systematic violation of the normality assumption in all tests (p<0.05),
a monotonic transformation was applied as proposed in [33], resulting
in positive normality indications across all tests. A three-way analysis
of variance (ANOVA) with quadratic interactions was then performed
to test the possible significant effects of the following factors:

« Number of waveforms (4 levels),
» Number of spikes (4 levels),
* SNR (4 levels).

When significant effects were disclosed, the Wilcoxon signed rank test
was applied to the raw data to look for statistical differences between
AWaRE and each of the two reference methods.

2.5.4. Examples of experimental data

Tests on experimental data have been prepared based on public
datasets. They are simply intended as example of possible applications,
in which exploring repetitions of arbitrary waveforms can be useful
to decompose the data into components, which could possibly help
interpretation. The following time-series were considered.

» An abdominal ECG recording from the PhysioNet dataset [34]
was used to test the possibility of separating maternal and fetal
ECG [35]. A single abdominal recording (channel number 4 of file
r08.edf) was considered and compared to the direct fetal ECG
(in contrast to the original paper [35], in which a Generalized
Singular Value Decomposition was used to integrate the informa-
tion from abdominal recordings to facilitate the separation of the
mother and fetal ECGs).

Intramuscular EMGs were taken from the ”Examples of Elec-
tromyograms” dataset, available on PhysioNet [34,36]. They
were recorded using a 25 mm concentric needle electrode placed
in the tibialis anterior muscle, during a gentle dorsiflexion of the
foot against resistance. Data were obtained from a healthy subject
and two patients, with myopathy or neuropathy, respectively.
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Signal estimated as sum of identified recurrent waveforms

Estimated trains of waveforms

1s Simulated trains of waveforms~_
|
[

(b) : :

—

|
!

Signal epochs centred in the
identified recurrent waveform

Fig. 4. Example of application of AWaRE to a simulated signal (including 8 waveforms, repeated 10 times in 10 s and including white Gaussian noise with SNR
of 25 dB). The following parameters were used: A,, = 0.025, Norm = |s(t)|, ED = [15 31] (vector of these two elements), M,, = 0.15, Ny, = 3. (a) Raw signal
(red) and reconstruction (black) from the estimated repeated waveforms. (b) Simulated and estimated waveform trains. (c¢) Simulated waveforms and estimation

by averaging, with all aligned epochs in gray and average in black.

» An EEG signal with ocular artifacts was constructed by summing
clean data epochs with artifact-contaminated segments, each con-
catenated into continuous sequences. From the EEGdenoiseNet
dataset [37], 10 artifacts with a cross-correlation larger than
92.5% were selected. EEG and the train of ocular artifacts were
normalized and summed after scaling the amplitude of the latter
by a factor of 2.5. The objective was to identify the artifact, which
was the only clear repeated wave.

A simulation of MER. The file C_Difficultl_noiseO1.mat
was used, taken from the SYNTH MONOTRODE dataset, gener-
ated using the model [38], which is included as part of the
SpikeForest platform [12]. The first 10 s of the signal were
processed.

3. Results

Fig. 4 shows an example of the application of AWaRE to a simulated
signal. The entire 10 s signal is shown, indicating the simulated and
estimated waveform trains. Some waveforms, possibly due to super-
position with others, have not been correctly identified, either leaving
them unresolved or misclassified. Epochs including the identified onset
of a specific waveform are also shown aligned in Fig. 4(c): some
superpositions can be clearly seen.

Fig. 5 shows an example of comparison of AWaRE with EEMD-ICA
and the spike sorting approach described in the Methods section. Only
4 waveforms were simulated. The alternative methods have problems
in separating correctly the different waveform trains: EEMD-ICA is
not designed specifically for the identification of spiking sources and
finds only 2 waveforms; the spike sorting approach does not include
a method to solve overlaps and finds some spurious contributions.
AWaRE shows good performance in estimating the waveform trains
for this specific simulation, confirming the results anticipated by the
previous figures.

Fig. 6 displays the results of many tests on simulations similar to the
specific one considered in Fig. 5. The parameters varied to generate
more simulations were the number of different waveforms included
in the signal, the number of occurrences in the 10 s long time-series

and the SNR of the superimposed additive white Gaussian noise. As
performance indices, the reconstruction errors for both raw data and
waveform trains, along with the processing time, were considered.
AWaRE was compared with EEMD-ICA and spike sorting, considering
the difference between the performance indices. As the data were
not normally distributed, they were transformed monotonically to ob-
tain Gaussian residuals. ANOVA was then applied to the transformed
data and it was assessed that all factors had significant effects. The
Wilcoxon signed rank test was applied to check for possible significant
effects when comparing AWaRE to the two reference methods. Most
comparisons showed significant differences; only the exceptions are
highlighted in the figure. The reconstruction errors (of both the raw
signal and waveform trains) are always lower when using AWaRE.
The median processing time is lower than that of the other meth-
ods, but with large variability, as the resolution of overlaps can be
computationally expensive when many waveforms are identified.

The final figures show a few sample experimental applications. Fig.
7 provides FECG estimation. The processed data, shown in (b), includes
two distinct waveforms. The parameters of the method were tuned to
ensure that two waveforms were identified. Then the peaks of the direct
FECG, shown in (a), were compared with those identified by the train
of the fetal waveform estimated from the processed data. Some false
negatives and positives were obtained, usually missing an overlap (as
in (d) on the left) or misinterpreting a deformation of the mother ECG
with the superposition of a FECG (as in (d) on the right). Note that no
a-priori assumptions about the regularity of heartbeats or the minimum
interval between two beats have been imposed; those constraints could
help prevent missing a spike or detecting two firings that are too close
together. For this specific test, the sensitivity of the method is 99.1%
(close to the average obtained in [35] considering the entire dataset,
i.e., about 99.0%, where information from more abdominal recordings
were integrated to facilitate the separation of the mother and fetal
ECGs); the positive predictive value was 94.4% (lower than the 99.0%
reached in [35], so that AWaRE makes more false positives, that could
be potentially reduced by imposing constraints, if it was to be fit to this
specific application).
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Fig. 5. Comparison of different methods for single-channel decomposition on a specific simulated signal, including 4 waveforms, repeated 10 times in 10 s and
including white Gaussian noise with SNR of 20 dB. The parameters used for EEMD-ICA and spike sorting are indicated in Section 2.5.2. The following parameters
were used for AWaRE (same as for the previous figure): A,, = 0.025, Norm = |s(t)|, ED = [15 31] (vector of these two elements), M,, = 0.15, Ny, = 3.
Processing time for 10 s of signal were 2.01 s for EEMD-ICA, 1.45 s for Spike Sorting and 0.93 s for AWaRE. Simulated and estimated signal and waveform trains
are in red and black color, respectively.
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Fig. 6. Results of many tests in simulation to compare AWaRE with EEMD-ICA and a specific spike sorting approach (same parameters were used for the
3 methods as for Fig. 5). Performance indices are the RMS error in reconstructing the original signal (a—c), the mean RMS error of estimating the simulated
waveform trains (d—f) and the mean time to process the 10 s simulated signals (g-i). Results are aggregated by factors, which are the number of waveforms (a,
d, g), the number of occurrences per waveform (b, e, h) and the SNR level (c, f, i). For each condition, 10 random trials were simulated, obtaining matrices of
results with dimensions 4 x 4 x 4 x 10. ANOVA tests of monotonically transformed data indicated that all factors provided statistically significant effects on all
performance indices in paired comparisons of AWaRE with each of the alternatives. Wilcoxon signed rank test was used as post-hoc: all comparisons provided
p < 0.01 with the exceptions indicated.
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Fig. 7. Example of application of AWaRE to Fetal ECG (FECG). The data (originally sampled at 1 kHz) were bandpass filtered between 2 and 40 Hz and
downsampled at 200 Hz. The following parameters were used for AWaRE: A,, = 0.13, Norm = 98th percentile of |s(t)|, ED = 25, M,, = 0.32, Ny, = 3.
Processing time was 5.5 s per 30 s of data. (a) Direct FECG with indication of identified peaks and false negatives obtained by processing the signal in (b), in
which the FECG is superimposed to the ECG of the mother (and true and false positives are indicated). (c) Estimated trains of FECG and mother ECG. (d) Zoom

of two portions of data in which some false positives or negatives are found.

Fig. 8 shows three EMGs recorded from different patients. The
parameters of AWaRE were selected by using Bayesian optimization,
minimizing the sum of the reconstruction error and the number of
identified waveforms divided by 12. This error functional allowed to
detect exactly 3 waveforms for each signal (changing parameters, more
waveforms could be identified, e.g., even more than 10 on the signal
from the healthy subject, obtaining a very small reconstruction error).
This preliminary decomposition could provide some insight into the
regularity of the firings of different MUs. By changing the parameters,
e.g., reducing the amplitude thresholds A,;,, smaller waveforms can be
detected and their inclusion can reduce the reconstruction error.

Fig. 9 shows two example applications to neural data: (a) an EEG
corrupted by ocular artifact and (b) a simulated MER. In the first case,
only the blink artifact is identified as recurrent waveform and can be
removed to clean the EEG. Note that only a single recurrent waveform
was identified and subtracted from the raw signal. However, the ten
blinks differed from one another (as indicated in Section 2.5.4), making
the subtraction of their mean waveform suboptimal. Consequently,
although the improvement compared to the raw signal is evident, the
estimation of the slowest EEG rhythms remains substantially affected
by residual artifacts, with only the beta band reliably recovered.

In the case of MER, three waveforms were correctly identified, but
they are very similar; as a consequence, in the comparison of true and
estimated waveform trains, there is some confusion in discriminating
the correct class.

Overall, the applications to experimental data highlight the flexi-
bility of AWaRE in handling different types of signals characterized by
the presence of recurrent waveforms. While some limitations remain
(e.g., residual artifacts or imperfect separation of contributions, whose
assessment remains inherently uncertain in any case, in the absence
of ground truth), the method consistently provides a decomposition
into recurrent waveform components that supports data interpretation.
Therefore, AWaRE is shown to be a low-cost pre-processing tool for ex-
tracting meaningful structure from data, either for exploratory analysis
or as a preliminary step for downstream tasks such as classification or
clustering.

4. Discussion
4.1. Motivation

Many methods have been proposed to decompose a signal as the
sum of more components: sinusoids or complex exponentials for the
Fourier transform, scaled versions of a waveform for the wavelet trans-
form, modes adapted to the signal for EMD or variational mode de-
composition (VMD), etc. Decomposition can provide new keys for
understanding the original signal, e.g., decoding the activity of different
sources. Moreover, it can help to clean the raw data, e.g., when high
frequency noise or slow trends/artifacts are separated from the signal
of interest in the Fourier transformed domain. Furthermore, specific
patterns may emerge that facilitate interpretation, as in time-frequency
representations (TFR), offering a 2-dimensional (redundant) view of a
time-series, in which different components can show specific signatures
that are more easily discriminable.

This paper introduces a new method (called AWaRE) for the analysis
of a time-series, which decomposes it into separate components ex-
tracted from the signal itself. It leverages various pieces of knowledge.

» Template matching (by cross-correlation) is optimal in the least
squared sense for identifying specific waveforms with random
noise superimposed (equivalent to matched filtering). However,
usually only a specific template is used and it is selected by the
user depending on which predefined waveform should be found.
Continuous wavelet transform (CWT) processes a signal by cross-
correlating it with a set of templates. Best compression or local-
ization of the estimates is obtained if such templates are similar
to the waveforms that constitute the signal. However, they are
all scaled versions of the mother wavelet, that is a predefined
function, which could not be representative of the various waves
that constitute the signal of interest.

Recurrences are often found in a biological signal and are a clear
indication of the subtended determinism of the system generating
it. Specifically, recurrences of subsequent samples are searched in
the theory of time delay embedding.
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Fig. 8. Examples of intramuscular EMGs sampled at 4 kHz. They were filtered with bandwidth [25-1000] Hz and with a notch at 50 Hz, before downsampling at
2 kHz. For all processed signals Norm = max |s(r)|. (a) Signal from a patient with myopathy: parameters of the method A4,, = 0.29, ED = 27, M,, = 0.4, Ny, = 2
firings per second; processing time 7.0 s per 27.6 s of signal. (b) Signal from a patient with neuropathy: parameters of the method A4,, = 0.23, , ED = 25,
M,, = 0.358, N, = 2 firings per second; processing time 8.4 s per 37 s of signal. (c) Signal from a healthy subject: parameters of the method A,, = 0.081,
ED = 27, M, = 0.251, Ny, = 2 firings per second; processing time 2.6 s per 12.7 s of signal. In all cases, the raw signal is shown on top together with the
estimation; then, moving downward, there are the three estimated waveform trains, a zoom of the original and estimated decomposition, the estimated waveforms
and the epochs centered in the firing instants of each of them and their average (notice that the estimated waveform can be different from the average, as the
latter is obtained considering also the epochs with overlaps).
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Fig. 9. (a) Application to epochs of EEG corrupted by ocular artifact, sampled at 256 Hz and downsampled at 64 Hz after a bandpass filter with bandwidth
[0.1-28] Hz. From top to bottom: raw signal with the artifact highlighted in black; estimated recurrent waveforms after alignment and averaging; estimated
artifact; artifact-free EEG and signal obtained after subtraction of the estimated artifact from the raw data; Power Spectral Density (PSD; Welch method, with
Hamming window, 8 sub-epochs, 50% of overlap) of the raw signal, artifact-free signal, and residual signal after subtraction of the estimated blinks. Parameters
of the method: A,, = 0.025, Norm = |s(t)|, ED = 25, M,, = 0.15, N, = 4 firings; processing time 295 ms per 20 s of signal. (b) Application to a simulated
MicroElectrode Recording (MER) with sampling frequency 24 kHz. Data were bandpass filtered in the range [300-6000] Hz. The parameters of the method were
tuned to get a good reconstruction: A,, = 5 times the noise estimate (i.e., the median of |s(¢)| divided by 0.6745), Norm = max |s(t)|, ED = 27, M,, = 0.078,
Ny, = 2 firings per second; processing time 30 s per 10 s of signal.
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These considerations motivated the development of a method that
searches for recurrent waveforms, based on the assumption that such
recurrences reflect an underlying determinism in the signal and may
provide insight into its interpretation. Recurrence detection is effi-
ciently implemented via template matching operations, using segments
of the signal as templates. Consequently, the decomposition employs
signal-derived basis functions, ensuring that the representation is inher-
ently tailored to the structure of the specific time-series. The waveforms
already identified as recurrences are not further used as templates for
matching (as shown in Fig. 3), thus speeding up the detection.

Therefore, more matching operations are used, considering differ-
ent templates, as in the case of CWT; however, those templates are
not based on a predefined prototype function, but they are waves
automatically extracted from the signal itself; moreover, they are not
scaled versions of the same shape, but they can be all different. It
is not even required that those waveforms satisfy specific constraints
(e.g., that they have separate bandwidths, as in single-channel ICA or
in the discrete wavelet transform), but they can be any portion of the
processed signal.

4.2. Comments of the results

Recurring waveforms can be considered as successive activations
of specific sources. Fig. 4 shows how AWaRE can be applied to re-
cover simulated waveform trains superimposed in the single processed
signal. The problem of separating different sources from a single-
channel recording has been extensively studied in the literature, adapt-
ing to different applications: for example, estimating heartbeats from
ECG [4,39], sorting spiking neurons [6,30], decomposing intramuscular
EMG [40], identifying blink artifacts in EEG [41]. Two very different
approaches have been compared to AWaRE: EEMD-ICA, which splits
the single signal into IMFs and then uses ICA to extract the activity of
different sources; a spiking neuron pipeline, using thresholding to iden-
tify spikes that are then clustered to be separated into different trains.
Figs. 5 and 6 show a comparison of the three methods on simulated
signals including spiking waveforms. The alternative methods have
problems in managing the specific simulations used for the tests. This
can be explained by the fact that EEMD-ICA is not specifically designed
for the identification of spiking sources and the considered spike sorting
approach did not solve overlaps. AWaRE overcame those alternatives
in terms of performances and has also a low computational cost (with
a median processing time lower than the others, with increasing cost
when many waveforms are found, as the multi-kernel deconvolution for
overlap resolution has a quadratically increasing cost with the number
of kernels).

However, the primary goal of this work is not to surpass the perfor-
mance of existing methods in any particular application, but to propose
a novel framework for time-series analysis, based on decomposing the
signal into a sum of repeated patterns inherently embedded in the
data. The identified recurrent waveforms can be considered as the
basic bricks that build the signal. Knowing these constituent bricks
could open new keys for interpreting the data. The mere recurrence
of waveforms indicates a deterministic structure, as mentioned before.
Each different waveform could be associated to a source. The possible
regularity or complexity of the onsets of a specific waveform could pro-
vide important information (as for the heartbeats and their variability,
or the firing rates of neurons). The separate waveform trains could be
further processed and studied, whereas they could be difficult to be
interpreted when mixed with other sources.

As an example application, a FECG was extracted from a mixture
of mother and fetal ECG, showing good identification of the fetal
heartbeats (Fig. 7). Note that, for this specific application, including
some a-priori information on the fetal heartbeat could be beneficial
to improve the accuracy (e.g., the expected maximal firing rate could
force to avoid the identification of beats too close to each other; on the
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other hand, the identification of too distant waves could suggest finding
another in between).

MU action potential (MUAP) trains identification in intramuscular
EMG is another example in which the recurrence of the onset of the
same waveform can guide the decomposition of a single-channel. As
shown in Fig. 8, EMGs from three different patients were investigated
and the parameters were automatically selected to get the same number
of trains. The total number and regularity of the firings and the MUAP
shapes could provide useful information to compare the patients.

Even the residual signal could be more easily interpreted after
removing the estimated waveform trains: this is the case of the EEG
signal of Fig. 9(a) after removing the recurrent ocular artifact. As a
further example involving neural data, Fig. 9(b) illustrates the use of
AWaRE on a simulated MER, addressing a challenging spike sorting task
where the waveforms were highly similar. The method identified most
of the spikes, but made many misclassifications: probably, the mean
squared difference was not enough stable to discriminate those similar
spikes perturbed by noise.

In summary, representative examples are provided, drawn from
biomedical applications involving regularly firing sources. For each
application, physiological knowledge can guide to impose constraints to
improve the identification and discrimination of different waveforms.
However, AWaRE was here applied without any additional informa-
tion, being blind about the application. In fact, it is proposed as
a general decomposition method, aimed to identify recurrent wave-
forms. Thus, the examples provided simply support the significance
of recurrent waveforms in a physiological time-series. The domain-
agnostic formulation makes AWaRE applicable to structurally different
contexts, providing a useful pre-processing. However, as AWaRE is
not conceived as a task-specific approach for either decomposition
or denoising, other approaches excelling in those specific tasks are
expected to provide better focused results. Therefore, AWaRE should
be interpreted as complementary to advanced techniques, providing a
preliminary exploration of the signal, before applying more focused
methods, if needed. For example, recent advances in EEG denoising
have led to specialized adaptive decomposition approaches. Methods
such as the Fourier-Bessel series expansion empirical wavelet trans-
form combined with local polynomial approximation total variation
filtering [42] and the dyadic boundary point empirical wavelet trans-
form with second-order gradient-based total variation filtering [43]
decompose a single time-series into data-driven sub-bands and se-
lectively suppress artifact-dominated components through nonlinear
variation-based regularization.

A strength of AWaRE is its moderate computational cost, which is
comparable to that of the alternative lightweight methods included in
our comparison. Another approach that addresses the same problem
of separating a single time series into the sum of waveforms trains
is CDL [44], which adopts a fully blind strategy in which both the
dictionary (i.e., the set of waveform templates in our application) and
the corresponding activation maps must be inferred directly from the
signal. This requires solving large-scale sparse-coding and dictionary-
update sub-problems, resulting in a considerably higher computational
burden; for this reason, CDL was not included in our benchmark.
In contrast, AWaRE explicitly identifies recurring waveform patterns
by efficiently comparing each template candidate with all portions
of the signal through convolution operations. Templates are there-
fore extracted directly from the data and retained on the basis of
their recurrences. Importantly, amplitude plays a discriminative role
in AWaRE: templates with identical shapes but different amplitudes
are treated as distinct patterns, whereas CDL enforces unit-norm filters
and thus collapses such cases into a single atom. This distinction is
crucial in applications such as neural spike detection in MERs or MUAP
identification in EMGs, where waveforms of similar shape but different
amplitude correspond to different physiological events.
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4.3. Limitations

AWaRE is specifically designed to identify localized waveforms. It
assumes that at least some waveform occurrences appear in isolation,
enabling reliable estimation through recurrence. In the presence of
moderate overlap, recurrent patterns can still be identified, whereas in
the extreme case of highly variable and consistent overlaps that prevent
recurrences from being reliably detected, the method is expected to
degrade, as templates cannot be extracted. This assumption of AWaRE
is generally satisfied in many bioelectrical signals (e.g., MER, EMG,
ECG), while signals lacking recurrent patterns may require alterna-
tive approaches. For example, AWaRE is not suitable for completely
random sources, where statistical properties such as uncorrelation or
independence can be more effectively exploited for source separation
(e.g., via PCA- or ICA-based approaches, respectively). Moreover, it
is not directly applicable to sources that are temporally distributed,
such as those effectively separated by wavelet ICA (WICA) and EEMD-
ICA in [27]. To address this limitation, one possible strategy involves
initially applying the method to selectively activated sources, allowing
the extraction of their constituent basis waveforms. These learned
components could then be used to separate mixtures of such sources.
Nonetheless, because the method is based on the morphological struc-
ture of specific signal segments (rather than on statistical properties like
independence) its performance in this context strongly depends on the
distinctiveness of the underlying basis waveforms. This is particularly
critical given that phase cancellations in mixtures may significantly
distort the signal morphology.

Another limitation is the presence of many parameters, e.g., the
minimum amplitude of waveforms and the distance threshold under
which a recurrence is found. By changing these parameters, different
signal decompositions can be obtained. This renders the method flex-
ible, but also sensitive to these parameters (refer to Appendix B for
a sensitivity analysis on a simulated dataset). The automatic selection
of parameters to achieve a specific aim (e.g., the reduction of the
reconstruction error with a fixed number of waveforms) could be used
in focused applications.

5. Conclusion

Recurrence of specific waveforms within a signal clearly reflects
the deterministic nature of the underlying system. It also implies the
presence of multiple contributing sources, providing valuable informa-
tion for distinguishing their respective activities. This study presents
a novel method for decomposing a single time-series into a sum of
repeated waveforms, that are automatically extracted from the signal
itself. These waveforms are initially identified as segments of the time-
series and then refined by averaging. Their temporal localization is
further enhanced by resolving the overlaps caused by the superposition
of other signal components. After thorough validation on simulated
data, the method is demonstrated across diverse applications, including
identification of fetal heartbeats from ECG recordings contaminated
by maternal signals, intramuscular EMG decomposition, EEG artifact
removal, and spike sorting in neural recordings.
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Appendix A. Single channel decomposition methods in the litera-
ture

Different methods have been proposed to decompose a single signal
into the sum of different contributions. Obviously, the problem is
under-determined, so infinite choices are possible to select a plurality
of signals with a sum equal to a given one. Thus, different methods
make different assumptions for selecting the solution of interest. A list
of the methods related to source separation is provided below. Some
of them are suitable for specific applications, whereas others are more
general. The integration of more approaches can also be useful for
building pipelines aimed at solving this problem. Because of the very
different ideas, the methods are clustered here, by grouping those that
come from similar techniques.

Blind Source Separation (BSS) approaches

The following methods are useful when more time-series are avail-
able and can be used in combination with others (listed below) to split
the single-channel signal into more components.

+ Principal Component Analysis (PCA)

PCA reduces the dimensionality of multiple data, by imposing
non-correlated sources. In single-channel decomposition, it can be
applied to project spikes identified by thresholding (see below)
onto principal components to facilitate clustering [14].
Independent Component Analysis (ICA)

ICA identifies statistically independent sources, making it useful
for decomposing non-Gaussian mixed signals [45]. This tech-
nique can outperform PCA when dealing with complex signals,
but is computationally more demanding. In order to reduce the
computational cost, it has been implemented in several efficient
algorithms, e.g., the FastICA [28] (which relies on a fixed-point
iteration scheme for rapid maximization of an approximation of
the neg-entropy), the Infomax algorithm [46] (based on informa-
tion maximization principles), and the RobustICA approach [47]
(which optimizes a kurtosis contrast with an analytically deter-
mined step size).

Robust ICA (RICA) is a variant of ICA that is more resilient to
outliers [48]. RICA is valuable for single-channel biomedical data
with noise spikes, separating the underlying sources while being
less sensitive to the non-Gaussian assumption [49]. It should not
be confused with RobustICA [47] (mentioned above), which is in-
stead an efficient method for multi-channel ICA implementation.

Splitting the signal into more components

The following methods are useful to split a single-channel into more
components.

» Time frequency representations (TFR)

They decompose a single time-series in a two-dimensional space
(time-frequency) using different approaches such as the short-
time Fourier transform (STFT, affected by a time-frequency res-
olution tradeoff) or quadratic approaches (with better resolution
than STFT, but affected by cross-terms). This redundancy can be
exploited for source separation [50].

Wavelet Transform

Wavelet transform decomposes signals into a time-scale repre-
sentation, allowing multi-scale feature extraction. This approach
is robust to noise and is adaptable to varying spike widths. A
crucial step is to select an appropriate mother wavelet [17]. It is
a way to split a single-channel into more time-series, which can
then be processed by methods imposing uncorrelation (PCA) or
independence (ICA) to separate sources (e.g., in the wavelet ICA
method, WICA [51]).
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» Empirical-Mode Decomposition (EMD)

It splits the signal into Intrinsic Mode Functions (IMF), i.e., simple
oscillatory modes are iteratively extracted from it. Ensemble EMD
(EEMD) is a more stable version that repeats EMD on more
versions of the signal corrupted by noise and then averages the
results. When combined with ICA (EMD-ICA or EEMD-ICA), it can
decompose a single-channel into different sources, as shown for
EMG and EEG [27].

Variational Mode Decomposition (VMD)

It separates the signal into a finite set of modes, each with a
compact frequency support around a center frequency. It has been
used to denoise and remove artifacts from ECG [52], EMG [53,54]
and EEG [55].

Phase space reconstruction by time delay embedding.

The single-channel is embedded in a multidimensional space
including delayed versions, before applying a BSS approach for
source separation, e.g., ICA [56].

Single-channel ICA (SCICA)

A time delay representation is used. SCICA can separate sources,
but only if they have different frequency bands [57].
Convolutional Dictionary Learning (CDL)

Recent advances in CDL [44] provide a powerful framework for
representing a signal as a sum of convolutions between learned fil-
ters and sparse activation maps. CDL jointly optimizes both filters
and coefficient maps through the minimization of a global non-
convex functional, imposing good reconstruction and constraints
of sparseness and unit-norm on the filters.

Identification and classification

Classification and machine learning methods can be integrated with
identification algorithms to separate the contributions of interest.

+ Thresholding

Thresholding is a fundamental technique for detecting spikes by
identifying signal amplitudes that exceed a predetermined value
(i.e., the threshold). It is computationally efficient and straight-
forward to implement, but may produce false positives in noisy
data and miss low-amplitude spikes [14].

Clustering techniques

Clustering algorithms such as k-means, Gaussian Mixture Models
(GMM), and other optimization methods (e.g., super-
paramagnetic clustering) [58,59] are flexible and can handle
complex spike shapes, but they can be sensitive to initial con-
ditions and parameter selection.

Supervised machine learning (ML) methods

Supervised learning algorithms, including support vector ma-
chines and neural networks, classify spikes based on labeled
training data [60]. Although they achieve high accuracy, they
require a labeled dataset, which is often difficult to obtain.

Deep learning (DL) approaches

DL methods have been proposed to decompose a signal into
different sources, e.g., to remove artifacts in EEG [61] or to
decompose intramuscular EMG [62]. These techniques typically
require a large amount of labeled data for training. An alternative
is to use methods that simply learn the signal (e.g., autoencoders)
and extract features that can be useful for identifying different
sources [63].

Matching with prototypes

If a prototype waveform is known, the following methods can be
used to search it in the signal.
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» Template Matching

When specific prototypes are known, template matching searches
for the waveforms closest to those templates, often using cross-
correlation to measure similarity [18]. In spike sorting applica-
tions, templates are automatically identified (e.g., by thresholding
for identification and clustering for separation of different spiky
waveforms), before matching them with the signal [16].
Dynamic Time Warping (DTW) for Template Matching

DTW aligns spikes with templates by allowing flexible time shifts
and effectively handles shape variations [64]. Although robust,
DTW incurs a high computational cost.

Hidden Markov Models (HMM)

HMMs represent spike sequences as transitions between states
that are effective for waveforms with consistent firing patterns.
A method that uses information on both the spike shape and
inter-spike interval was introduced for sorting [65]. HMMs re-
quire careful initialization and training, which increases their
computational cost.

Integration of methods

Depending on the application, different approaches can be inte-
grated.

» In the case of spike sorting, sharp waveforms with amplitude
emerging from the background noise are sought. A typical pipeline
[29] identifies the spikes (e.g., by thresholding) and clusters
similar shapes (e.g., after extracting features by PCA and using
a clustering algorithm on them). This approach can be followed
by a method to solve the overlap of different spikes.

When sources are not localized spikes, but are distributed on
the entire signal (e.g., two independent wide-sense stationary
processes superimposed on the same single-channel), the pipeline
for separation could involve using a decomposition approach that
maps the single-channel into more time-series (e.g., by wavelet
transform, EMD, VMD), and applying a multidimensional BSS
method (e.g., PCA or ICA) to identify different sources.

Final overview

In summary, each decomposition method has its unique advantages
and drawbacks. Thresholding is computationally simple, but lacks ro-
bustness in noisy environments. The wavelet transform and clustering
techniques adapt well to complex spike shapes. HMM and supervised
learning methods excel in labeled datasets, although their computa-
tional demands are high. The method selection depends on factors such
as noise levels, spike shape variability, and available computational
resources. PCA and ICA enable dimensionality reduction, with ICA
being particularly effective for non-Gaussian sources and can be used
when more channels are available, if more epochs can be extracted
from the same signal (as in the case of evoked potentials or when
there are spikes that can be identified by thresholding and windows can
be taken including them), or if the single-channel can be decomposed
into different time-series (as in EMD, wavelet transform, VMD, and
phase space representation). Single-channel variants of ICA, such as
SCICA and RICA, are feasible under specific hypotheses (e.g., different
bandwidths of the contribution to be separated). The advantages and
disadvantages of these methods are presented in Table A.2.

Appendix B. Theoretical considerations

The theoretical basis and the domain of validity of the proposed
method are here discussed. Although the algorithm consists of multiple
stages (template detection, clustering of recurrent waveforms, tem-
plate refinement via averaging, re-detection, overlap resolution, and
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Table A.2

Comparison of different methods for signal decomposition.
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Method Advantages Main Disadvantages

PCA Reduces dimensionality Assumes linear separability; suitable with more
channels recording the same sources

ICA Can separate non-Gaussian sources Assumes linear separability; computationally
demanding; suitable with more channels recording the
same sources

RICA More robust to outliers than ICA; suitable also for May require optimization of parameters

under-determined problems
TFR Represents the scalar signal into a two-dimensional Time—frequency resolution tradeoff (for STFT) or

Wavelet transform

space

Multi-scale analysis

EMD Adaptive and feasible for nonlinear and nonstationary
signals
VMD Adaptive, robust to noise, control over number of

Phase space

modes

No prior knowledge of the number of sources,

cross-terms (quadratic approaches)
Sensitive to the choice of the mother wavelet

Sensitive to noise (EEMD could provide a
countermeasure)

Computationally demanding and requires parameter
tuning

Sensitive to parameter selection (optimal delay and
embedding dimension), high computational cost

Can only separate sources with different frequency
bands; high computational complexity; may require
selection of optimal number of components

High computational cost; physiological interpretation
of the templates is not guaranteed

reconstruction effective for nonlinear and nonstationary data

SCICA Effective for source separation if signals have different
frequency bands; captures temporal dependencies and
delays

CDL Very general model in which the estimation of both
templates (constituting the dictionary) and their
onsets are optimized

Thresholding Fast, simple

Clustering Handles complex shapes

Supervised ML and DL High accuracy with labels
Template matching Accurate with stable shapes
DTW Robust to shape variation

HMM Can impose regularity of the firing patterns

Sensitive to noise; may miss low spikes

Sensitive to initial conditions and parameters selection
Needs labeled data; high computational cost

The template should be known

Computationally intense

Requires good initialization

refinement on residual) we can still outline the underlying assump-
tions, the conditions for validity, and the fundamental properties inher-
ited from the classical methods upon which it is built (e.g., template
matching and signal averaging). These considerations provide a the-
oretical framework that complements the simulation-based validation
presented in the Results Section.

Assumptions of the model

We assume that the observed signal can be written as

K N;
xX0)= D Y @t —7.,) +n(1), (B.1)

k=1 i=1
where a,(7) denotes the deterministic waveform generated by source
k, {7;,;} are the occurrence times of that waveform (which has N,
onsets), and n(¢) is additive noise. This model describes a broad class of
physiological signals composed of localized and recurrent waveforms,
such as MUAPs in intramuscular EMG, action potentials in neural
recordings, or cardiac beats in ECG.

The method relies on the following structural assumptions.

1. Temporal localization: each waveform g, (¢) is time-limited or
effectively supported within a short window. Some occurrences
should not overlap significantly with waveforms from other
sources, so that the templates could be reliably identified.

2. Recurrence: each source produces multiple occurrences of similar
shape. A minimum number of occurrences must be present for
each waveform:

N> N (B.2)

min>
where N, depends on the noise power and needed reduction

(by averaging). Waveforms occurring too rarely cannot be distin-
guished from noise. Moreover, waveforms from the same source
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are expected to retain a consistent morphology; notice that this
assumption can be undermined, e.g., in applications on EMG,
by gradual shape variations arising from contact instability or
fatigue-induced changes of MUAPs.

3. Sparsity of overlap: although overlaps between sources may oc-
cur, a non-negligible fraction of occurrences must appear in
isolation (as indicated above). Then, once estimated the different
template waveforms, they can be used as multiple kernels for
sparse deconvolution estimation.

4. Distinctiveness: waveforms from different sources must differ suf-
ficiently to be distinguished by template matching. This means
that each pair of templates, e.g., a, and a,, must satisfy a
cross-correlation bound of the form

(as az) < Perivs (B.3)

for some threshold p;;. If two sources generate nearly identical
waveforms, a reliable separation of them is not possible.

These assumptions define the domain of applicability of the method,
i.e., signals containing sparse and recurrent localized events (e.g., spik-
ing neurons, MUAPs in intramuscular EMG, heartbeats in ECG). Signals
lacking temporal localization or recurrence (e.g., broadband stochastic
processes or continuous oscillatory activity without isolated events, or
superimposed waveforms which are non-recurrent or fully overlapped)
cannot be decomposed by the proposed procedure.

Foundational properties of the algorithmic components

The waveforms identification is based on classical template match-
ing, which corresponds to the least-squares optimal estimator for de-
tecting a known waveform in additive white Gaussian noise.

Once multiple occurrences of a candidate waveform are identified,
they are aligned and averaged to refine the template. If occurrences
have the form a,(t — 7, ;) + n;(t), where n,(f) are independent noise



L. Mesin

Biomedical Signal Processing and Control 126 (2026) 110855

(a) Reconstruction error (%) (b) Reconstruction error (%) (C) Reconstruction error (%) (d) Reconstruction error (%)
75 T 75 75 75
70 l 70 - 70 70
| T |
65 | 65 | | esp T T T T T 65 T ik T
_ | T | | | | | | | |
60 | - T 60 T | —|r sof | | | | | 60 | | |
| |
55 Q 55 g Q 55 55
50 | E| E| 50 | 50 50

I [ Lo 1 [ N T | I |
45 1 1 1 45 1 1 asr) 1 1 1 1 45 1 1

2 3 4 5 0.075 0.1125 0.15 0.1875 0.225 0.0125 0.01875 0.025 0.03125 0.0375 ARV RMS Range

Ny " Ay Norm
Computational cost (s) Computational cost (s) Computational cost (s) Computational cost (s)
(e) (f) (8 (h)

T T e T T — -
T T ! T | T | | | | 7 | | |
6 | | . | | ol | | | | | . | | |

| | | | | | | | | |
5 | 5 | st | | | | | 5 | | |

| | | | | | | | |
4 T 4 - 4 4

| | |
3 | 3 | | 3 3
2 Q 2 Q l 2 2
1 ] 1 1 1
T = 7 I T T T T T T T
2 3 4 5 0.075 0.1125 0.15 0.1875 0.225 0.0125 001875 0.025 0.03125 0.0375 ARV RMS Range
Ny M, Ay Norm

Fig. B.10. Sensitivity analysis of the main parameters of the method, applied to the same simulated data considered in Fig. 6, fixing the SNR to 10 dB, the
number of different waveforms to 8 and their recurrences to 30. Ten trials of 10 s duration were tested for each condition. The values of the parameters used
for Fig. 6 (i.e., A, = 0.025, Norm = ARV = |s(t)|, ED = [15 31], M,, = 0.15, Ny, = 3) were used as default and 4 of them were changed one at a time. (a)
Error in reconstructing the clean signal as a function of Ny, . (b) Error in reconstructing the clean signal as a function of M,,. (c) Error in reconstructing the
clean signal as a function of A,,. (d) Error in reconstructing the clean signal as a function of Norm. (e) Computation time as a function of Ny, . (f) Computation
time as a function of M,,. (g) Computation time as a function of A,,. (d) Computation time as a function of Norm.

realizations, then the average over N aligned occurrences converges
to the true waveform reducing noise power at a rate proportional to
1/N.

Once obtained robust and clean estimations of the recurrent wave-
forms, deconvolution with multiple kernels is used to remove overlaps.

Limitations of a closed-form performance analysis

A complete analytical characterization of the algorithm’s perfor-
mance as a function of SNR, waveform similarity, and overlap rate is
not feasible due to the multi-stage and nonlinear nature of the method.
Each stage depends on the accuracy of the previous one; for example,
errors in initial template detection may be corrected during refinement,
and the degree of refinement depends on the (unknown) recurrence
structure of the data. Obtaining closed-form bounds would require
adopting a highly restrictive generative model that does not reflect the
variability of real physiological signals. For this reason, the method was
tested on controlled simulations that systematically investigated the
impact on practical performance of the number of different waveforms,
their rate of recurrence (which, when higher, partly improves the
estimation but also raises the overlap fraction) and noise level.

Sensitivity analysis

AWaRE requires to choose many parameters. As mentioned in Sec-
tion 4.3 on Limitations, this provides flexibility to the method, but
also some sensitivity to the choice of the parameters. Fig. B.10 shows
two performance indexes, namely the reconstruction error of the clean
signal and computation time, when deviating a single parameter at
a time from a default model. Specifically, the dataset is equivalent
to the simulated data considered in Fig. 6, fixing specific values of
noise level and waveforms recurrences. Then parameters were changed
within reasonable ranges for the specific application. Notice that all
parameters of the method (summarized in Table 1) are considered,
with the exception of ED, as it is specific for the range of durations
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of the waveforms that the user expects to find in the signal; moreover,
a set of possible values can be provided (in this case, 15 and 31, to
consider both short and long waveforms). Results indicate that the
reconstruction error is not largely affected: using the median of paired
absolute differences as effect size, the mean across all possible pairs
with pooled data were 2.6%, 4.1%, 0.0% and 0.0% for Ny, p, M,,,
A,, and Norm, respectively. Considering the computational cost, the
mean effect sizes are 0.6 s for Ny, 1.6 s for M,;,, and about 0.01 s
for A,, and Norm. Notice that the computation time is increased when
Ny r is reduced, since more distinct waveforms are included in the
initial stages of the algorithm, some of which could exhibit only a few
recurrences. Moreover, there is a tendency for the computational cost to
grow with larger values of M,,, as a larger tolerance increases the num-
ber of waveforms considered as recurrent, thereby raising the overhead
associated with their selection, discrimination, and cleaning in the last
steps of the algorithm. In the specific tests considered, negligible effects
were observed for the choice of the amplitude threshold A,, (which is
instead a critical parameter for spike sorting methods) and the norm to
measure it (i.e., Norm): in fact, even if a waveform is above threshold,
it is selected only if it is repeated more times in the signal.

Data availability

Data will be made available on request.
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