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Abstract. This study introduces a Machine Learning (ML) framework to assess the accuracy of 
higher-order structural theories for aerospace structures. Stiffened panels are modeled using one-
dimensional elements and analyzed using refined theories based on the Carrera Unified 
Formulation (CUF). To evaluate accuracy, the framework compares the average error of the first 
ten natural frequencies with that of a reference model. An ML tool automatically predicts this error 
and identifies the most relevant generalized variables for each structural configuration. The dataset 
used to train the ML tool is generated using CUF and includes material properties, geometry, and 
the structural theory generalized variables. To process this information, two types of Neural 
Networks (NN) are employed: a Convolutional Neural Network (CNN) extracts geometric features 
from cross-section images, e.g., number and position of stiffeners, and a Deep Neural Network 
(DNN) combines these features with material and geometric data to predict the accuracy of each 
theory. As a result, the framework effectively predicts the most accurate and computationally 
efficient theories and their associated generalized variables. 
Introduction 
In structural mechanics, creating accurate reduced models is crucial to lowering the computational 
complexity of 3D analyses. Since they have fewer degrees of freedom than 3D models, 1D and 2D 
theories are frequently employed. However, depending on the specific problem, the accuracy of 
these theories can vary significantly. Classical theories such as the Euler–Bernoulli Beam Theory 
(EBBT) [1] and the Timoshenko Beam Theory (TBT) [2,3] are often unable to capture complex 
behaviors such as material anisotropy, shear deformability, or warping effects. To overcome these 
limitations, higher-order theories (HOT) [4,5] have been developed to address more complex 
structural problems, including composites [6] and thick beams [7, 8]. The Carrera Unified 
Formulation (CUF) [9] provides a general and systematic framework for defining structural 
theories of any order. The Axiomatic/Asymptotic Method (AAM) [10] can be applied to determine 
the most influential unknowns in higher-order theories, enabling the selection of the most efficient 
theory for a given problem. However, AAM requires multiple evaluations of generalized variables, 
leading to high computational costs. In recent years, Machine Learning (ML) techniques [11] have 
attracted increasing attention in structural mechanics and finite element analysis due to their 
predictive capabilities and reduced computational time. Their applications include stress 
prediction, structural health monitoring, and topology optimization. The present paper combines a 
fully connected Deep Neural Network (DNN) and a Convolutional Neural Network (CNN) to 
reduce the computational cost of AAM and improve the accuracy of error prediction. The proposed 
framework extends the authors’ previous works [12,13] to stiffened structures for aerospace 
applications. 
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CUF and FEM Formulations 
The reference system adopted for beam structures is shown in Fig. 1. Here, the x-z plane lies on 
the cross-section Ω. 

 

Figure 1: Reference coordinate system for beam models 

The displacement field for beams can be expressed as: 

 𝒖𝒖(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑁𝑁𝑖𝑖𝐹𝐹𝜏𝜏(𝑥𝑥, 𝑧𝑧)𝒖𝒖𝜏𝜏𝜏𝜏 (1) 

Where 𝐹𝐹𝜏𝜏 is the expansion function; τ=1,…, M, and M is the number of expansion terms. 𝑁𝑁𝑖𝑖 is the 
shape function; 𝑖𝑖 = 1, … ,𝑁𝑁𝑛𝑛, where 𝑁𝑁𝑛𝑛 is the number of FE nodes. 𝒖𝒖𝜏𝜏𝜏𝜏 is the vector of the nodal 
unknowns. For 1D theories, the expansion function 𝐹𝐹𝜏𝜏 acts on the cross-section x-z, while the shape 
function along the beam axis. For a second-order beam theory, the displacement field is: 

 𝑢𝑢𝑥𝑥 = 𝑢𝑢𝑥𝑥1 + 𝑥𝑥𝑢𝑢𝑥𝑥2 + 𝑧𝑧𝑢𝑢𝑥𝑥3 + 𝑥𝑥2𝑢𝑢𝑥𝑥4 + 𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥5 + 𝑧𝑧2𝑢𝑢𝑥𝑥6  
 𝑢𝑢𝑦𝑦 = 𝑢𝑢𝑦𝑦1 + 𝑥𝑥𝑢𝑢𝑦𝑦2 + 𝑧𝑧𝑢𝑢𝑦𝑦3 + 𝑥𝑥2𝑢𝑢𝑦𝑦4 + 𝑥𝑥𝑥𝑥𝑢𝑢𝑦𝑦5 + 𝑧𝑧2𝑢𝑢𝑦𝑦6 (2) 
 𝑢𝑢𝑧𝑧 = 𝑢𝑢𝑧𝑧1 + 𝑥𝑥𝑢𝑢𝑧𝑧2 + 𝑧𝑧𝑢𝑢𝑧𝑧3 + 𝑥𝑥2𝑢𝑢𝑧𝑧4 + 𝑥𝑥𝑥𝑥𝑢𝑢𝑧𝑧5 + 𝑧𝑧2𝑢𝑢𝑧𝑧6  

With a total of eighteen nodal displacement variables. The Principle of Virtual Displacements is 
used to derive the governing equations for the free vibration problem, 

 𝛿𝛿𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖 = 𝛿𝛿𝐿𝐿𝑒𝑒𝑒𝑒𝑒𝑒 − 𝛿𝛿𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖 (3) 

The work done by internal forces is 𝛿𝛿𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖, by external forces is 𝛿𝛿𝐿𝐿𝑒𝑒𝑒𝑒𝑒𝑒, and by inertial forces is 
𝛿𝛿𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖. In this free-vibration case, the governing equation is the following: 

 𝛿𝛿𝒖𝒖𝑠𝑠𝑠𝑠:     𝒎𝒎𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝒖̈𝒖𝜏𝜏𝜏𝜏  + 𝒌𝒌𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝒖𝒖𝜏𝜏𝜏𝜏 = 0 (4) 

𝒌𝒌𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝜏 and 𝒎𝒎𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝜏 are the 3x3 Fundamental Nuclei (FN),  for the stiffness and mass matrix, 
respectively. By solving the eigenvalue problem, natural frequencies, 𝜔𝜔𝑛𝑛, and modal shapes  are 
obtained: 

 (𝑲𝑲− 𝜔𝜔𝑛𝑛2𝑴𝑴)𝑼𝑼 = 0 (5) 

Neural Networks 
The Neural Network (NN) has two components. The first is a CNN that takes as input real-scale 
images of the beam cross-sections used for training. The CNN, which works as a feature extractor, 
uses Sobel and Laplace filters to extract valuable geometric information from the images. For each 
structural case, the CNN output vector is concatenated with a vector containing the specific 
structural theory used, the slenderness ratio (L/h), and the beam material. Each structural theory is 
encoded as a sequence of 0s and 1s, where 1 represents an active generalized variable, e.g., 



CEAS - AIDAA Conference 2025  Materials Research Forum LLC 
Materials Research Proceedings 69 (2026) 1176-1180  https://doi.org/10.21741/9781644904251-202 

 

 
1178 

 𝑢𝑢𝑥𝑥 = 𝑢𝑢𝑥𝑥1 + 𝑥𝑥𝑢𝑢𝑥𝑥2 + 𝑥𝑥2𝑢𝑢𝑥𝑥4 + 𝑧𝑧2𝑢𝑢𝑥𝑥6 = [1 1 0 1 0 1] (6) 
The resulting arrays are fed into a DNN trained on the average error of the first 10 natural 
frequencies with respect to the reference fourth-order theory for each structural case computed by 
AAM. The trained NN predicts the accuracy of a kinematic theory for a generic structural case, 
taking as inputs the image of the cross-section, the L/h ratio, and the beam material, see Fig. 2. 

 
Figure 2: NN architecture 

Numerical Results 
The dataset consists of 1080 structural cases, each computed using AAM. Each AAM analysis 
comprises 4096 FEM modal analyses. To train the DNN, only 10% of these analyses were 
randomly selected and used. The results shown hereafter refer to two different beams, both 
clamped-free and made of titanium. The material properties are: E=115 GPa, ν=0.33, ρ=4500 
kg/m3. The first, whose cross-section is shown in Fig. 3, is a stiffened spar included in the network 
training. The length L is equal to 10m, the height of the cross section is 1m, the sides of the three 
equally spaced squared stiffeners are 4 cm, while the thickness of the web is 2 mm. The Best 
Theory Diagrams (BTD) computed by AAM and DNN are shown in Fig. 4, while Tables 1 and 2 
report the best theories and their accuracies, from AAM and DNN, respectively. In these tables, 
the black triangle indicates that the generalized variable is active. The network's predictive 
capabilities were analyzed by testing different beams not used during network training. A stiffened 
spar not involved in the network training is shown in Fig. 5, with a length L of 8 m, a height “h” 
of the cross-section of 1 m, and the side of the squared stringer is 4 cm. The web thickness is 2 
mm. The stringers are not equally spaced, with the middle stringer located at h/3 from the bottom 
of the cross-section. Figure 6 shows the BTD for this structural case, while Tables 3 and 4 report 
the best theories and their accuracies. 

 

Figure 3: Stiffened spar cross-section 
included in the network training 

 

Figure 4: BTD of the stiffened spar included 
in the network training 
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Table 1: Best theories from AAM of the 
stiffened spar included in the network 

training 

 
Table 2: Best theories from DNN of the 
stiffened spar included in the network 

training 
  

 

Figure 5: Stiffened spar cross-section not 
included in the network training 

 

Figure 6: BTD of the stiffened spar not 
included in the network training 

 
Table 3: Best theories from AAM of the 

stiffened spar not included in the network 
training 

 
Table 4: Best theories from DNN of the 

stiffened spar not included in the network 
training 

Conclusion 
This work presents a methodology and a tool for the accuracy estimation of a beam theory and its 
generalized variables for a given problem. In addition, it assesses the minimum number of DOF 
required to obtain that level of accuracy. The proposed methodology uses NN to correlate 
structural theories, geometries, materials, and accuracy. The results show a strong correlation 
between AAM results and DNN predictions for the beams included in the network's training set. 
For those not included in the training, the results remain excellent for accuracy prediction, while 
the correlation slightly decreases for predicting the best theories. The results indicate that, in both 
cases, achieving errors below 10% requires at least two parabolic terms, while errors under 1% 
can only be ensured by using the complete parabolic expansion along with two or three additional 
higher-order terms. The results are highly problem-dependent, as the specific higher-order terms 
involved vary from case to case. 
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