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A simplified model to study the physical mechanisms leading to tonal noise in noise-reducing
trailing edges comprises communicating channels through a porous medium. The impact
of material properties and flow conditions on the onset of the communication is investigated
through a linear stability analysis based on a coupled Orr-Sommerfeld equation, modeling the
porous medium using the Forchheimer-corrected Darcy law. The solution of the generalized
eigenvalue problem results in the identification of three different instabilities: fluid, porous
grazing, and communicating. The communication regime is the most unstable for thin porous
media (t/6 < 3, ¢ the thickness and ¢ the half-channel height) and at low bulk velocity Reynolds
number (Re;, > 95). It is characterized by an increase in correlation and instantaneous flow
between the channels. Moreover, the growth rate of the instability shows a dependence on the
anisotropy of the porous medium properties, with wall-normal properties modulating the onset
of communication. A velocity differential between the channels reduces the instantaneous flow
through the porous medium and the correlation between the channels, explaining some of the
communication reduction of porous trailing edges at lifting conditions. Design criteria of porous
trailing edges are formulated to prevent the emergence of tonal noise at high permeabilities. The
porous trailing edge should be: thin (r/5 < 2), shorter than 65, and the permeabilities should be
large enough (Da > 6 x 10* and Fo > 4 x 10~!, where Da and Fo are the traces of the linear

and non-linear permeabilities respectively normalised with respect to the porous thickness).
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Nomenclature

a = perturbation wavenumber

C = non-linear permeability tensor
9 = half-channel height

f = fluid activation function

1) = permeability anisotropy angle
K = permeability tensor

A = perturbation wavelength
L; = domain dimension along the i-th direction
U = dynamic viscosity
N = number of points
% = kinematic viscosity
w = perturbation growth rate
= pressure
= non-linear permeability anisotropy angle
P = density

Rep = bulk Reynolds number

Re; = (friction Reynolds number

s = solid activation function

t = porous medium thickness

0c = non-linear permeability off-diagonal angle
0k = linear permeability off-diagonal angle

u = velocity vector

U = base flow

Up, = bulk velocity

3 = velocity difference angle

I. Introduction
The reduction of turbulent boundary layer trailing edge noise, herein referred to as trailing edge noise, is of great
interest to the wind energy sector [1]]. Porous trailing edges mainly present the potential of being more effective in a
wider range of operating conditions with respect to state-of-the-art noise mitigation solutions, such as serrations [2].

The noise reduction process relies on both sides of the airfoil communicating [3]], referred to as the pressure release



mechanism [4]. The pressure release mechanism is related to the interaction between the unsteady pressure fluctuations
across the airfoil sides [5]. While the communication is a necessary condition to the noise reduction, to the authors’
knowledge, the rigorous characterisation of communication has not been established.

A series of assumptions can be made in order to characterize the communication specifically. First, the geometry
of the trailing edge can be simplified to that of a porous flat plate, similarly to bio-inspired analytical approaches
[6]. Second, the problem of turbulent boundary layers interacting with porous media can be cut down to simpler
wall-bounded flows. For instance, the analysis of turbulent channel flows over porous media has been simplified to that
of channel flows over porous media [[7], and acoustic liners [8]. This latter simplification greatly reduces computational
cost, enabling the solution of flows over both pore-resolved [9]] and modeled porous media [[10]]. In experimental studies
of porous trailing edges, spurious tonal noise and altered aeroacoustic performance were observed with changes in
material properties and flow conditions. Namely, at high permeabilities, when noise reduction was expected to be
largest, a tonal signature was documented for certain geometries [11}12]], and large losses in aerodynamic performance
were noted [3,[13]]. Additionally, the noise reduction potential decreased at lifting conditions [14]].

The tonal noise source was identified in the pore-resolved results of the communicating channel flows [[15]. The
latter study identified a fully developed communicating regime dominated by strong spanwise coherent turbulent
structures, similar to a shear instability mode with a turbulent coherence length based Strouhal number of Sty = 0.22.
While qualitatively similar to the shear instability described in literature for grazing flows over porous media of
high permeability [7]], the communicating regime was documented to be independent of the porous grazing flow
regime [[16}[17]. Additionally, the spanwise coherent structures were associated with a large drag increase. The flow
modifications did not appear to be related to geometrical parameters or material properties usually related to grazing flows
over porous media [8]]. Given the significance of communicating flow through porous media, the communicating regime,
and the noted instability, building an understanding of dependency on porous medium parameters is of importance to
diagnose undesired behaviours in porous trailing edges.

Porous medium properties have been documented to greatly influence the aeroacoustic performance of porous
trailing edges. The linear permeability was identified as the primary variable for the noise reduction potential [11]].
The Forchheimer correction, or non-linear permeability, was also observed to play an important role both in the noise
prediction [18], but also in the regulation of the noise signature [12]. In the latter study, with large values of permeability,
a tonal noise signature was noted, and the modification of the non-linear permeability enabled a reduction of the
shedding-induced tone. The shedding was a direct result of the anti-correlation of the pressure fluctuations on the two
sides of the porous medium, resulting in an instantaneous pressure differential across the medium and the flow through
the medium.

Previous work has studied the extent to which the porous medium promotes the breakdown of flow structures.

Approaches modeling the porous medium with the Darcy law found the rollers to be related to the depth and permeability



of the porous medium with a dependence on the direction of the porous properties [19]]. Similar instabilities were
observed when modeling the porous medium with the Forchheimer correction in sea-grass beds [20], or the Brinkman
equation for porous walled channel flows [16]. Using both terms in the Forchheimer-corrected Darcy law, similar
instabilities at the surface of the porous medium were observed to be the most unstable modes [21]. While the linear
stability of communicating wall-bounded flows has not been studied in and of itself, in the process of studying the
transition of porous-walled channels by vertically layering channels and porous media [22} 23], it was observed that the
critical Reynolds number decreased with the porous medium thickness. Based on these findings, it is hypothesized
that the latter instability is a communication-induced instability, and its relationship to material and flow properties
warrants further investigation. Finally, it is hypothesized that the impact of communication and the onset of the flow
modifications are primarily hydrodynamic and can therefore be captured with a laminar linear stability analysis. It is
noted that resolvent turbulent stability analyses have been conducted for grazing flows over flow-modifying features
such as riblets [24], transpiring walls [25]], and porous substrates [26, [27]], for instance.

The goal of this study is to investigate the impact of porous medium design parameters and their relationship to
flow conditions, on the onset of communication-induced flow modifications using linear stability analysis. Applying
the aforementioned simplifications to communicating turbulent boundary layers results in a multi-layered channel
flow that has been used previously [15,117]. The resulting setup resembles Refs. [22, 23], although these result from
geotechnical and industrial settings. As a consequence, using a multi-layered channel flow eliminates the effects of
variations in thickness and streamwise pressure gradient encountered in porous trailing edges. Additionally, the setup
allows for the control of flow differences in both interacting wall-bounded flows and for reducing the computational
cost of pore-resolved turbulent boundary layer simulations. The linear stability analysis is achieved by deriving a fully
coupled Orr-Sommerfeld system of equations that enables the investigation of the effect of porous media permeability,
thickness, and flow conditions on the linear stability of communicating flows. From these results, design criteria
of porous trailing edges are obtained to prevent the emergence of a tonal acoustic signature, and associated loss in
aerodynamic performance, from the investigation of the underlying mechanism and not simply observation. The main
contribution of this work is the systematic study of the linear stability of communicating channel flows over a wide
range of thin and highly anisotropic porous media, modeled with full permeability tensors.

We present the methodology in Specifically, in we detail the derivation of the base flow
solution, and in[subsection II.D|the derivation of the modified Orr-Sommerfeld equation of the setup. We show the
results of the analysis in We document the comparison to the results of the pore-resolved simulations
from [15]. We investigate the sensitivity of the system to material parameters and flow conditions in[section IV] and
summarize the main results of the study in[section V]
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Fig. 1 Isosurfaces of constant 1, = —2 x 107 s72, coloured by the streamwise velocity for the
C-TCF. Adapted with permission from Hunter et al. [15]. Copyright 2025 Hunter.

I1. Methodology
For the purpose of this study, we choose to investigate the onset of the communicating regime of wall-bounded
flows separated by a thin porous medium. Building on previous studies, where the communication between turbulent
boundary layers was found to be a necessary condition for noise reduction (both experimentally [4] and numerically
[28]]), we continue to explore the effect of communication alone between wall-bounded flows to understand its driving

mechanisms.

A. Computational domain and assumptions

Consistent with previous studies [15} [17], we simplify the analysis of the onset of communication in porous trailing
edges by eliminating the impact of streamwise pressure gradient changes, streamwise spatial boundary layer development,
trailing edge geometry, and porous medium geometry by considering a flat plate of modeled porous medium separating
two channel flows. While in appearance similar to the numerical setup of Hunter et al. [13] illustrated in [Figure T where
the dimensions of the domain were Ly X L, X L, = 66 X (4 + 1) x 26, we use the strong spanwise correlation of these
prior results to make the assumptions that the analysis can be simplified to a two-dimensional computational domain, as
shown in [Figure 2] where the streamwise length is a free parameter. We also choose to use closed channels on the top
and bottom, in opposition to open channels [29] or turbulent boundary layers [30], since the former does not allow for
the unimpeded growth of instabilities spanning more than ¢ in the wall-normal extent, and the latter has no streamwise
homogeneous or self-similar solution.

The two channels are driven by a constant forcing F¢,,¢ing. The forcing is mathematically equivalent to a pressure
gradient and enables a statistically stationary solution to the channel flow setup, without a physical pressure gradient.
Due to the presence of two channels, independent forcing can be set in the top and bottom channels using the following

definition:
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Fig.2 Computational domain of the linear stability analysis.
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Based on this definition of the forcing, we can define the velocity differential angle £ = atan ( %), which
op
reflects the velocity differential obtained by the differential forcing across the channels.
In turn, with the proposed analysis that we detail in the following sections, we can go further than the existing

literature by exploring the temporal development of the communication and relating this onset to porous medium

properties and flow conditions.

B. Porous medium modeling

We model the relationship between the pressure drop and flow rate through the porous medium using the Darcy-
Forchheimer equation. This set of governing equations assumes an incompressible, statistically stationary, and
homogeneous flow through porous media for moderate to high pore diameter based Reynolds number (10 < Rey < 10%)
[31]]. For grazing flows over acoustic liners [32], and pore-resolved simulations of communicating channel flows [[15]],
this is the dominating flow regime. The Darcy-Forchheimer has been extensively used in literature for the modeling of
porous media in Joseph et al. [33], Wang et al. [34]], Aghaei-Jouybari et al. [35]]. Additionally, this modeling approach
has been used in previous modal and non-modal stability analyses of grazing flows over porous media [20} 36, 37],
further extending the model to unsteady analysis. Finally, both linear and non-linear permeabilities were shown to be

important to the noise reduction [[12} [18]]. Specifically, we use the dimensional formulation:

Fporous ==Vp = K™ u+ pC™" - ulul. 2)



The equation reads that the gradient of the pressure p is related to the through velocity u via the second-order (linear)
permeability tensor K and the non-linear permeability tensor C, as well as the dynamic viscosity u and the density p. We
denote K;; the component of the tensor with entry (i, j). The diagonal terms are therefore K11 and K>, and correspond
to the wall-normal and streamwise directions, respectively. This formulation allows us to describe anisotropic porous
media used for trailing edge noise abatement, such as perforations [38]], or combs [39]. Moreover, the off-diagonal
terms of the permeability tensors relate to the steering effect that certain regular porous media offer, and tend to be
negligible for metal foams and stochastic porous media [35].

With the addition of the continuity equation, the forcing driving the channels, and the drag imparted by the porous

medium, we obtain the following system of equations:

V-u =0

HMi(u-Vyu = ~VE +yViu

+Fforcing - Fporous»

where v is the kinematic viscosity.
Combining this expression with the definition for the forcing from[Equation T} and for the porous drag in
results in

V-u =0
F+u-V)u =-VE1+yV2u (€)

+1 () Frorcing = sG) (1K™ -u+ pC™" - uful)

In this equation, we define the activation functions f(y) = 1 (for fluid) in the parts of the domain where the forcing is
applied (here, it is outside of the porous medium) and zero elsewhere, and the complementary function s(y) = 1 (for

solid) in the porous medium.

Flow parameters of interest As part of the study of the sensitivity of the interacting channels through porous media,
we identify key parameters of interest, namely: the thickness ratio #/8, the bulk Reynolds number Re;, (obtained from

the measured bulk velocity defined below), and the velocity differential angle £ = atan (%)

top

Material parameters of interest We also identify porous media properties of interest stemming from the linear
permeability tensor K, and the non-linear permeability tensor C. We define the additional parameters: the Darcy number
Da = Tr(K)/t?, the Forchheimer number Fo = Tr(C)/t, the preferential angles ¢ = atan(llg—ﬁ) and ¢ = atan(g—ﬁ),

their diagonal dominance angles 0 = atan( %) and ¢ = atan( %), driving the steering effect [35]], and the porous



up Tr(K) /Tr(C)

Reynolds number Reg,c = by

C. Base flow

We calculate the fully developed one-dimensional stationary solution U = [U(y),0]7, Vy € [-26 —1/2, 26 +1/2]

by solving the momentum balance of We obtain:

C»

U+ e

K
f(y)Fforcing + VU”()’) - S()’) v UlUu|| =0, 4

2
det(K)

where V |y| < /2, s(y) =1,V |y| > t/2, f(y) = 1, and both are zero otherwise. We omit the activation functions in the

rest of the derivations.

We solve this equation iteratively for U and the required forcing to obtain an objective Reynolds number Re; = ‘%,
using a fourth-order central finite-difference scheme. The definition of the bulk velocity reads:
1 26+t/2
Up = / f(»Udy ®)
46 +t —26-1/2

This equation is evaluated using the trapezoidal method.

We note that the base flow depends only on the streamwise material properties of the porous medium. This indicates
that the variation of the wall-normal properties does not influence the base flow, while the streamwise properties will
likely induce a larger modification of the response of the LSA due to changes in both the base flow and perturbations.
We note that the wall-normal properties do not appear in this work since we assume the wall-normal velocity in the base
flow to be zero, which would not be the case for all wall-bounded flows.

We show a typical base flow obtained using the parameters from [Table 1|in[Figure 3] These parameters are taken

to provide comparable flow conditions and material properties to the existing literature where the noise reduction is
maximal and tonal noise sometimes appears [4} 40l 41]], and are identical to the ones where the shedding-like instability
was documented [[15} [17]. We can see that the base flow obtained is made up of two Poiseuille flow solutions in the
channels with a slip velocity at the porous medium boundary. In the channels, the profile is parabolic, and it is more
complex in the porous medium due to the additional drag.

We choose to match the bulk Reynolds number when comparing to the turbulent simulations, instead of the forcing
magnitude. This is based on the observation that matching pressure gradients for higher Reynolds number cases leads to

laminar bulk velocities being extremely large and outside of the envelope where LSA could be applicable.



Table 1 Reference material and flow properties from Ref. [15].

Property Value
5 3917 0 "
K [m?] x 10
0 4.703
1.108 0
C [m] x 1073
0 3.520
t/6 0.04
Rey, 4.5x%10°
p [kg/m3] 1.225
ulkg/m/s) 1.789 x 1073
S [m] 1x1072

"0 005 0.1

u/uy,

Fig. 3 Base flow for the reference setup, using the parameters of Table 1



D. Modified Orr-Sommerfeld equation

We 1ineariseusing the expansion u(x, t) = U(x) + u’(x, 1), around a steady base flow U = [U(y),0]7:

V.o =0
ow' +(U- V' + (0 -V)U = —/%Vp' + vV

Kl w -C' Ul

We expand and simplify this system of equations in the homogeneous directions and obtain:

Oxu’ + 0yv’ =0
O’ + Udxu’ +V'0,U = —0xp’ + vOxxu' + vOyyu’
_V% u’ det(C) u'U
+Vdet(l2()v + de?(é) v'u
oV + Udyv' ==0yp" + vOyxV' +vOyy, V'’
Vdelf(lll() V- deg(”C)V U
+v g’ + g U.

(6)

)

We then substitute the perturbations w = [u’,v’]T assuming wave-like solutions of the form w’(x,y,?) =

(' (y), V' (y))Tei(@x=@1)) The pressure is eliminated by coupling the two momentum equations, and we use continuity

to express u’ in terms of v’. We obtain the following coupled Orr-Sommerfeld equations:

—iaU(D?* = k*)V +iaU"V' +v(D? - k*)*'

K C 2 ’ C ’ ’_ 2 2\+,”
~Va@® * @ VPV - @ U'DV' = —iw(D” = k7)y

2 K c
+H (Vo T @e V)V

. K Ci c
—-22v i H2@o U + o U)DY.

We perform the linear stability analysis by solving the generalized eigenvalue problem of the form Av’

®)

= wBV’, for

a chosen wavenumbers @ and with boundary conditions v’/ (+(26 + t/2)) = %|t(25+, /2y = 0. The growth rate w

corresponds to the eigenvalues and the perturbation v’ that of the eigenvectors of the problem. The wavelength of the

perturbations is then A = 27r/a@. The derivatives of the base flow are computed using a second-order finite-difference

scheme. Based on the present results, we have not found the need to incorporate smoothing, domain separation, or

matching conditions at the interface. We solve the problem numerically using a fourth-order central finite-difference

10



scheme on a uniform grid and the sparse eigenvalue solver found in MATLAB, solving for the 20 eigenvalues with the
largest imaginary component. For each wavenumber, we identify unstable modes as the ones having Im(w) > 0.

In this work, we will characterize the dominating instability (the largest growth rate max(Im(w) > 0) for each
perturbation wavelength 1), and relate it to porous media properties. The properties of interest are: the relative thickness
t/4, the linear permeability tensor K, and the non-linear permeability tensor C. Different flow conditions are considered

by varying the bulk Reynolds number Re; and the velocity differential angle &.

I11. Linear stability of communicating channels
In the pore-resolved simulations of communicating turbulent channel flows across porous media, a shedding-like
instability, which is characterised by strong spanwise coherent turbulent structures, were documented [[15]. The

anti-symmetry of the spanwise structures between the two channels led to instantaneous mass flow through the porous

+
through

~ +
~ 1, where Vihroug

medium (v 5 18 the viscous scaled maximum instantaneous flow through). This flow through
was driven by an instantaneous pressure differential between the channels (R(Ap predicreds APmeasurea = 0.82), where
R is the cross-correlation between predicted and measured pressure differential based on the flow through the porous
medium).

With the present study, we will compare these results with the ones obtained with the LSA based on the same
material parameters. Since the LSA does not incorporate parameters related to the porous medium geometry (such as

the pore diameter), we seek to identify the parameters relevant to the hydrodynamic instability of the aforementioned

communication-induced shedding.

A. Neutral curve

The first linear stability characteristic of the setup is its neutral curve. This corresponds to the curve where
Im(w) = 0 as a function of the perturbation wavelength and the Reynolds number. This curve, and the growth rate at
other combinations of wavelength and Reynolds number, inform us on the critical points of the interacting channel flows
through porous media, such as the critical Reynolds number and the critical wavelength. We vary the spatial wavelength
of the perturbations 1/6 and the bulk Reynolds number Rej, in order to estimate the position of the neutral curve of the
setup. We use the reference material parameters as documented in for this figure.

We show the neutral curve and the growth rate of the most unstable mode as a function of the forcing and the

wavelength of the mode in[Figure 4] In[Figure 4 (a)] we can see that there exists a critical bulk Reynolds number of 95,

below which the system is linearly stable. This is much lower than the critical bulk Reynolds number for a Poiseuille flow
Rej, = 3.85 x 103 documented in Orszag [42]]. This latter critical mode for Poiseuille flow is here called the fluid mode.
We seek to characterize the most unstable mode of the communicating channels. Therefore, we plot the eigenvalue

trajectory of the dominating unstable modes as a function of the perturbation wavelength, as shown in

11
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Fig.4 Growth rate as a function of wavelength|(a)land bulk Reynolds number for the most unstable
mode, and [(b)|at Re;, = 4.5 x 103 (dashed line in | for the four fastest-growing perturbations.

Fig. 5 Contours of the normalised wall-normal velocity eigenfunction, with the arrows indicating
the local flow direction, for 1/6 = 6, Re;, = 4.5x 103, withMode 1, andMode 4 oflfigure 4 (b)

We observe that for the range of velocities and wavenumbers considered, the system is linearly stable for wavelengths
A/6 > 1. The dominating instability corresponds to Mode 1, which we show in[Figure 5 (a)} Due to the flow going
through the porous medium from one channel to the other, this is likened to the communication mode described in
Karmakar et al. [23]. This mode is distinct from the grazing flow instability documented in Singh et al. [20] where the
largest magnitude of the perturbation is above the interface with the porous medium, while in this study it is situated at
the interface.

Existing work showed a shedding-like behaviour of wavelength 1/§ = 5.4, double the coherence length [15}[17].
We find that the system presents a bifurcation between linearly stable and unstable around a wavelength of 1/§ = 1 in
the LSA, with the most unstable mode at a wavelength of 1/§ = 6. This corresponds to a comparable wavelength of
the shear instability in the pore resolved simulation, where from the spatio-temporal correlation map, a wavelength of

A/6 = 5.4 was found.

12
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Fig. 6 Cross-correlation of the wall-normal velocity fluctuation about the square, (x/5, y/6) =
(3, 0.3),in a x — y plane for (a)| the pore-resolved simulation and|(b)| the LSA.

B. Communication mode definition

We seek to formalize the definition of the communication to quantify the similarity of the results of the LSA and
those of the pore-resolved simulations.

We choose to define the cross-correlation of the wall-normal velocity as a metric to quantify communication. In
order to verify that this method for the quantification of communication is valid, we compare the cross-correlation maps
of the wall-normal velocity obtained by the LSA and the pore-resolved simulations in[Figure 6]

In this figure, we show the cross-correlation of the wall-normal velocity fluctuation between a reference point in
the center of the visualisation and the rest of the field. In the aforementioned study [15]], the wall-normal component
is heavily modified, and due to the instantaneous flow through the porous medium, there is a significant correlation
between the two channels. We find that both the LSA and the pore-resolved simulation converge to a similar correlation
map. We attribute the differences to the pore-resolved simulation being noisier due to the turbulent nature of the
simulation. However, the same mode dominates in both the laminar LSA and the turbulent pore-resolved simulation,
giving us confidence in the results of the present study.

Since the sole presence of a correlation does not indicate whether or not there is momentum or mass transfer between
the channels, we also compute the mass flow rate about the porous medium at different streamwise locations. We choose
to cut the porous medium into volumes of # X 0.2 in the wall-normal and streamwise directions, respectively. For each
volume, we compare the values of the mass flow rate going through the left, right, bottom, and top boundaries. We show
the results in[Figure 7 (a)] There is an alternating mass flow between the top and bottom channels induced by the most
unstable mode. The net mass flow in each of the volumes remains zero, highlighting that the flow through the porous
medium is solely in the vertical direction. We can therefore expect that the communication instability is related to the
wall-normal permeabilities of the porous medium.

We can therefore determine if there is communication using the instantaneous mass flow through the porous medium

13
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Fig. 7 Mass flow rate and |(b)| predicted and measured pressure differential across the porous
medium for 1/6 = 6, Re;, = 4.5 x 103, and the porous properties of Table 1

and quantify the communication between wall-bounded flows using the correlation of the velocity fields.

We compute the pressure field from the velocity field shown in [Figure 5 (a)l Comparing the pressure difference
between the top and bottom boundaries of the aforementioned volumes to the one predicted with the mass flow
going from the top to the bottom channel in [Figure 7 (b)} we find that the Forchheimer-corrected Darcy law (in the
wall-normal direction) fully captures the alternating upwards and downwards flow. This confirms that despite the base
flow being modified by the streamwise material properties, the wall-normal porous properties modulate the strength of
the communication mode, here the fastest growing perturbation.

Using these results, we determine a design criterion for a flat porous trailing edge to prevent the emergence of tonal
noise resulting from spanwise coherent structures. The various modes have a shape u’(y)e‘~ and a growth e ~**. We
can assume that a given perturbation induced by the communication mode becomes significant when there is no longer
a scale separation between the velocity through the porous medium and the bulk velocity (v;prougn/Up > 10%). By

computing the through velocity viprough = (v )/2, we can therefore find the associated

topinter face ¥ Vbottominter face
growth time T before which the mode becomes significant. Using the Taylor hypothesis, we can make the argument
that each mode is convected at a velocity ¢ = Re(w/a) over this advection time 7. Considering the most critically
amplified perturbation where the criterion L,,,0us < ¢/T is smallest, we find that the velocity through the porous
medium becomes significant after a porous trailing edge extension length of 6.7, corresponding to the fastest-growing
perturbation at /6 = 6. Therefore, we show that the communication-induced flow modifications occur rapidly and this
new understanding thus limits the porous extent. We note that the convective velocity ¢ varies with each perturbation,

and its role in the eventual emergence of spanwise coherent structures in porous trailing edge extensions warrants further

analysis that falls beyond the scope of the present work.
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Fig. 8 Growth rate for 1/6 = 6 as a function of relative thickness|(a)|and bulk Reynolds number,
and at Re, = 4.5 x 10° (dashed line in for the four fastest-growing perturbations.

IV. Communication modulation
We seek to further identify the driving parameters of the dominating instabilities. In particular, for the design of
porous trailing edges, it would be beneficial to identify the design parameters affecting the communication whose

growth is lower since this would prevent the emergence of noise associated with the shedding [[12].

A. Porous medium thickness

We change the thickness of the porous medium to range /6 € [0.1, 10]. We compute the most unstable modes as a
function of thickness and forcing, forming the neutral curve in|[Figure 8 (a)] We note that the properties K and C in
the wall-normal direction (K} and Cy; respectively) become functions of the thickness (K () and Cj;(t)), where the
value of the permeabilities vary following a log-law in the range ¢/6 €[0.4, 2] [43] between the values in (e.g.
for the permeability K11(0.4) = K11 tabie and K11(2) = K22 rabie)-

The growth of the leading unstable mode is mainly dependent on the Reynolds number. However, we can observe
that instability characteristics vary with thickness, in particular around a critical thickness of t = . As previously
observed in another pore-resolved study of porous trailing edges [41]], communication dominates for thicknesses and
pore diameters of the same order as the boundary layer thickness. We show in the neutral curve that thinner porous
media are more unstable at a given velocity.

Looking at the growth rate of the most unstable modes as a function of the thickness in we see that
over a thickness of 3¢, the dominating instability changes as two modes coalesce. As the thickness increases, the
communication mode is no longer dominating, and a new mode where two instabilities dominate appears, which we call
the porous grazing mode.

For completeness, we also investigate the linear stability of the varying thicknesses. We show the results in [Figure 9]

The most unstable mode that occurs across all thicknesses is the one corresponding to /6 = 6. However, we also note
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Fig. 9 Growth rate as a function of perturbation wavelength and relative thickness for Re;, =
4.5 x 103. The dashed line indicates the relative thickness of the reference setup.

that the communication mode is mainly present for larger perturbation wavelengths when the porous medium is very
thin, 1/6 < 0.2. We can conclude that the communication mode is therefore the most unstable mode for thin porous
media, and for large wavelengths.

We present, in the shape of the most unstable mode for thickness ratios of r/§ = 1 and 1/6 = 4, at the
same velocity. We observe a key difference with the perturbation magnitude being larger in the fluid for the thicker case,

and in the porous medium for the thinner case (| 0 (a)). This key difference is responsible for the presence of the

unstable communication mode. With increasing thickness, the velocity in the porous medium approaches zero. The

velocity in both channels also becomes independent from one another as two modes dominate equally that have a phase

angle in x of /2 and are both coherent for Mode 1 (Figure 10 (b)) and out-of-phase for Mode 2 (Figure 10 (c)).

B. Velocity differential

We investigate the impact of the flow conditions on the linear stability of the communicating channels by varying
the forcing and, as a result, the velocity in each channel. We liken this to porous trailing edges of a lifting airfoil
(14} [44], where a velocity gradient is present across the trailing edge, and the wall-normal velocity is negligible at the
airfoil-to-porous medium transition, or if the porous trailing edge is unloaded. For this purpose, we define a forcing
preference direction & = atan (F’;i:%) and iteratively solve for a bulk velocity Re;. An example base flow for a bulk
Reynolds number of 4.5 x 10% and a forcing direction & = 15° is given in For a fixed perturbation length
A/6 = 6, we obtain a map of the growth rate of the most unstable mode as a function of both these parameters, as shown
in[Figure 12 (a)l We note the symmetry about ¢ = 45° due to the symmetry of the setup, being representative of the
absence of velocity differential.

From [Figure 12 (a)] we note that the velocity differential does not greatly modify the linear stability of the system.

The stability map shows a strong dependence on the Reynolds number. We plot the trajectory of the eigenvalues of the
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Fig. 10 Normalised wall-normal velocity eigenfunctions (arrows indicate flow direction), for the
most unstable modes at((a)]¢/ = 1, and [(b)|the first and|(c)|second modes at /5 = 4.
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Fig. 11 Base flow at a fixed Re;, = 4.5 x 10°, pressure angle of ¢ = 15°
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Fig. 12 Growth rate at 1/6 = 6 as a function of the velocity diﬂ'erentialand bulk Reynolds
number, andat Re;, = 4.5 x 107 (dashed line in for the four fastest-growing perturbations.

Fig. 13 Normalised wall-normal velocity, with the arrows indicating the local flow direction, for
the most unstable mode shape at a pressure angle of £ = 15°, 1/ = 6 and Re;, = 4.5 x 10°.

most unstable modes as a function of the velocity differential in[Figure 12 (b)] We observe that the instability grows
with the velocity differential, with a marked increase occurring beyond & > 40°. This corresponds to a forcing ratio of
~ (.84 between the top and bottom channels. We hypothesize a change in the shape of the fastest growing perturbation
beyond this forcing ratio.

We show the dominating instability in[Figure T3] This linearly unstable mode shows an entrainment of the slower
channel and the instability primarily growing in the faster channel through the porous medium. Considering the top
channel, we see that the instability resembles the porous grazing mode (in opposition to the communication mode),
which is described in the previous section [16].

Since for the velocities considered the same wavenumbers are the most unstable (see , the base flow is
critical to the appearance of the communication mode as it dictates the convective velocity of the dominating instability,

with the faster channel (i.e., suction side). However, in the case of lifting conditions or this velocity differential, we see
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Fig. 14 [(a) Mass flow rate and|(b) predicted and measured pressure differential across the porous
medium at a pressure angle of &£ = 15°, 1/6 = 6 and Re;, = 4.5 x 10°.

that the communication mode requires both channels to have the same flow conditions to develop.

We observe in [Figure 14 ()] that for the velocity differential case, the net mass flow of the fastest-growing instability
across the porous medium is no longer zero due to the emergence of a fluctuating mass flow in the streamwise direction.
The symmetry of the perturbation is broken with a velocity differential, and the suction side presents much larger
velocity amplitudes (and resulting mass flow) than on the pressure side. This results in a streamwise-varying net mass
flow, which would induce additional drag due to the increased flow interaction with the porous medium.

Using the Forchheimer-corrected Darcy law, we can predict the required pressure differential to drive the mass flow
through both the bottom and top interfaces, and compare it to the measured pressure differential from the velocity fields.
We illustrate this in We find that the velocity differential case leads to a phase lag between the prediction
and measurement. This is a result of the required instantaneous pressure differential no longer acting directly normally
to the porous medium but at an angle. This further reduces the ability of the communication instability to develop.

Using the definition of communication, both the correlation between the velocities on either side of the porous
medium and the mass flow through the medium are greatly reduced. We therefore see that a velocity differential leads to

reduced communication, and the shear-like instabilities are more relevant.

C. Linear permeability anisotropy
We investigate the modifications of the system instability due to changes in the linear permeability tensor K in
for a fixed velocity Re;, = 4.5 x 10> and wavelength of 1/5 = 6. First, we map the growth of the most
unstable mode as a function of both the magnitude of the permeability along the principal axes of the tensor by varying
its trace Tr(K) € [1e™?, 1e~7] (corresponding to Da € [6 x 107>, 6 x 1073]), and the anisotropy of the porous medium
Kyp

by defining a preferential angle ¢ = atan( en ) € [5°, 85°]. Second, we compute the growth of the most unstable mode

as a function of the diagonal tensor trace Tr(K) and the diagonal dominance of the permeability tensor defining the
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Fig. 15 Growth rate at 1/5 = 6 as a function of the Darcy numberand the anisotropy angle,
and@ w.r.t. the diagonal preference angle. The dashes and square indicate the reference setup.

%) € [0°, 45°], obtaining the fully populated tensor K'.

angle 6 = atan(

We observe in[Figure 15 (a)|that a wall-normal preferential porous medium (where ¢ is large) is more unstable
than a streamwise preferential one. This arises because the base flow is modified by the streamwise permeability, to
a greater extent than the non-linear permeability (since it appears in the momentum balance and the velocity in the
porous medium is small, so the linear term dominates). The wall-normal preferential medium has a greater velocity
gradient at the porous interface, increasing the contribution of the porous terms containing derivatives in [Equation 8]
Additionally, since the shedding mode is mainly in the wall-normal direction in the porous medium, the permeability
in this component facilitates the dominance of this mode. Nonetheless, the streamwise preferential porous medium
presents the same instability, albeit at a lower growth rate.

Comparing these results to Rubio Carpio et al. [T1]], we note that the cited study required greater permeability in an
isotropic medium to match the noise reduction of a perforated porous medium (wall-normal preferential). We explain
this difference, not by the tortuosity of the medium (since this is not modeled here), but by the anisotropy of the porous
medium. For low permeabilities, the system will tend towards the less unstable porous grazing mode, which we can see
as the growth rate of the most unstable decreases. In the context of porous trailing edges, the communication can be
achieved with a streamwise preferential porous medium, decreasing the likelihood of shedding noise appearing [12].

Further looking at the role of the off-diagonal terms in[Figure T5 (b)l we note that these terms increase the growth
rate of the dominating instability, similarly to the wall-normal permeability increase. However, the instability is mainly
dependent on the diagonal terms and the magnitude of the permeability tensor, as the iso-lines indicate.

Having identified the trace of the permeability tensor to be a key parameter, we plot the neutral curve with respect to
both this value and the Reynolds number in[Figure 16 (a)] and the perturbation wavelength in[Figure 16 (b)] With the
first figure, we can conclude that the growth rate of the most unstable mode is mainly a function of the Reynolds number.

However, we also observe that increasing the linear permeability of the porous medium increases the growth rate of the
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Fig. 16 Growth rate at 1/5 = 6 as a function of the Darcy numberand bulk Reynolds number,
and w.r.t. the wavelength at Re;, = 4.5 x 10°. Reference setup in dashes and square.

most unstable mode. Similarly, in[Figure 16 (b)] we find that the wavelength of the most unstable mode is constant for
all permeabilities. Thus, the variation of the anisotropy of the linear permeability ¢ is the best approach to modulate the
onset of the communication mode. From a design criterion point of view, the analysis points to a more constraining
porous extent length Lj,rous < 40 to limit the emergence of spanwise coherence as a result of the communication
regime.

We show the two instability modes of the small and large permeability in [Figure T7] We can observe that the
root of the instability shape differs for both cases. In the low permeability case shown in[Figure 17 (a)] we see in the
quiver plot that the velocity magnitude is greater in the channel than in the porous medium. This is the opposite of the
communication mode depicted in[Figure 17 (b)] We further show the different modes by computing the eigenvalue
trajectories in In this figure, we note a critical permeability of Da = 2 x 1073, over which the growth rate of
the communication mode ceases to increase, indicating a potential maximum to the amount of communication that can
be achieved. An additional criterion can be devised where the Darcy number should not be in excess of 1073 in order to

prevent the rapid growth of the instability resulting in the tonal acoustic signature.

D. Non-linear permeability anisotropy

Following the same procedure for the non-linear permeability, we obtain two neutral curves for the alteration of the

non-linear permeability shown in[Figure 19| In|[Figure 19 (a)l we see that the magnitude of the non-linear permeability

has a limited impact on the stability of the system. This differs from purely grazing flows over porous media such
as monami [20] or flows over porous liners [45]]. The latter related the non-linear permeability to inertial effects and
viscous phenomena, being a good predictor of drag increase. We find that the non-linear permeability cannot control
the onset of the communication through modulating the growth of the communication mode, despite the wall-normal

non-linear permeability being documented to play a role in the noise reduction of porous trailing edges [18]].
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Fig. 17 Contours of the normalised wall-normal velocity, with the arrows indicating the local flow
direction, for the most unstable mode shape forDa =10"* and Da = 1072,
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Fig. 18 Growth rate as a function of the Darcy number at 1/6 = 6, and Re;, = 4.5 x 10° for the
four modes with the largest eigenvalue imaginary components.
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We show the trajectory of the growth rates of the most unstable modes as a function of the Forchheimer number Fo
in[Figure 19 (b)] We further see that the system is less sensitive to changes of non-linear permeability than to changes in
K.

In[Figure 20| we find that, unlike the linear permeability, the off-diagonal terms of the non-linear permeability
greatly influence the linear stability of the system. We distinguish two regions in the stability map: in the highlighted
triangle (also represented in the inset), the communication mode dominates, and outside this triangle, a resonant mode
is the most unstable, where the streamwise velocity in the porous medium is the greatest. This secondary mode is a
result of the wall-normal velocity being steered away from the y-direction by the off-diagonal term. The interpretability
of this instability is therefore judged to fall beyond the scope of the present study, and readers are directed to other work
regarding the impact and modeling of the off-diagonal terms on thick porous media [35]. We conclude that the changes
in the non-linear permeability have a small impact on the onset of communication.

We therefore confirm a decoupling of the effects of linear and non-linear permeability in the context of communicating
wall-bounded flows. The linear permeability acts to modulate the communication, whereas the non-linear permeability

acts to modulate the drag increase by controlling the interaction between the porous medium and the wall-bounded flow

[15].

E. Ratio of permeabilities
_ Tr(K)/Tr(C)xuy, . . . . .
We define the porous Reynolds number Reg;c = ——— = to investigate the relative impact of changes in
linear and non-linear permeability. In practice, we choose to keep the non-linear permeability constant to limit the
impact of potential spurious instabilities. Sweeping over perturbation wavelength and porous Reynolds number, we

obtain[Figure 21] In this figure, we see the striking similarity to[Figure T6 (b)] The main difference is for Reg/c > 2,

where the system is less linearly unstable across all wavelengths. This indicates that there exists a most unstable point
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Fig. 21 Growth rate of the most unstable eigenmode as a function of the porous Reynolds number
and the perturbation wavelength at Re;, = 4.5 x 10°.

where the communication mode is most promoted and should be avoided in order to prevent the emergence of spanwise
coherent structures. The easiest approach to designing porous trailing edges remains the limit of the porous extent to
Lporous < 46 and where the porous Reynolds number is Reg;c < 0.5. The latter criterion ensures that the growth rate

of the fastest growing perturbation is halved.

V. Conclusions

In this study, we proposed a novel approach to systematically study the linear stability of communicating wall-bounded
flows through a modeled porous medium. This setup is a simplified model for noise-reducing porous trailing edges, and
enables the characterisation of the onset of communication in interacting flows through a porous medium. We modeled
the porous medium using the Forchheimer-corrected Darcy law. The same dominating instability as the pore-resolved
simulation was recovered using the linear stability analysis.

Comparing the results to Poiseuille flow instabilities and grazing flows over porous media, we identified a separate
instability that dominated the linear stability of the interacting flows, which we named the communication mode. We
characterized the communication mode as the increase in coherence between the channels. It can be quantified using the
correlation of the wall-normal velocity between the channels, provided that instantaneous mass flow through the porous
medium is achieved. We found this metric to capture well the instantaneous flow through the porous medium.

The relative thickness of the porous medium is a critical parameter to allow for the onset of the communication
mode, with the mode dominating from thicknesses ¢ < 3¢ for this specific porous medium. We can use this to formalize
the observation that the porous trailing edge should be at most twice as thick as the boundary layer thickness. Moreover,
the extent of the porous trailing edge should be limited to the wavelength of the most unstable mode, or about 66,
and ideally L,,0us < 40 to prevent the emergence of spanwise coherence. Beyond this value, the instantaneous flow

through the porous medium would be significant and alter the base flow.
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We observed the linear permeability to have a greater impact on the stability of the system than the non-linear
permeability. Moreover, we should tailor the permeability anisotropy of the porous medium to delay the onset
of the communication mode and the associated shedding noise for large permeability. The off-diagonal terms of
the permeability tensors, driving the steering effect, were also shown to have a limited impact on the onset of the
communication mode. A porous Reynolds number Reg;c < 0.5 would also lead to a halving of the perturbation growth
rate.

Finally, we were able to explain the loss of performance of porous trailing edges at lifting conditions by observing
that the velocity differential increases the instability of the system by modifying the shape of the primary instability,
deviating from the communication mode, and morphing towards the grazing mode. The slower side was entrained by the
instability on the faster side. We concluded that the velocity differential led to a breakdown of the communication mode.

We will conduct further work to explore the potential of inhomogeneous porous media, in particular, the wall-normal
variation of porous properties, to modulate the decrease in communication with a velocity differential. Limitations
arising from the choice of communicating closed channels, and to a limited range of steering angles of the non-linear
permeability, justify further exploration of the role and characterisation of steering effects in the communication
instability of thin anisotropic porous media. Finally, we plan to explore the spatial development of the communication
instability. The convective velocity playing a role in the design criteria of porous trailing edge extent also warrants

further investigation of the relationship between growth rate and convective velocity.

Framework verification

We verify the correct implementation of the linear stability framework by computing the linear stability of the first
unstable mode of the Poiseuille flow, as documented in [42]. We plot the relative error in both the bulk Reynolds
number (dashes) and the first unstable mode (full). The relative error is computed to be the normalised error in a given
Quantity of Interest (Qol), Relative error = Qolyeqs/Q0lexact — 1, here to be taken as either the bulk Reynolds number
or the first unstable eigenvalue. The figure shows that the bulk Reynolds number converges for significantly coarser
discretisations than the eigenvalue. This is attributed to the convergence of the evaluation of the derivatives of the base
flow that are primordial to the convergence of the eigenvalues. We recover the first unstable eigenvalue at an accuracy of
10~ for N = 2000 points, as shown in using the same discretisation as the rest of the manuscript.

We perform the same grid convergence for the C-TCF case [15]], as shown in We find that the most
unstable communication mode is recovered at an accuracy of 10~* for N = 2000 points too. For all the cases considered,

we use this resolution, proportionally increasing the number of points for the cases with varying thickness.
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