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Abstract

We study existence, nonexistence, and qualitative properties of ground states for a focusing, subcritical
Nonlinear Schrodinger Equation on a hybrid plane, consisting of a half-line attached to a plane. Ground
states are normalized minimizers of the associated energy, given by Nonlinear Schrodinger energies with
contact interactions on the half-line and on the plane, plus a quadratic coupling term. At fixed mass, ex-
istence holds if the contact interaction on the half-line is not too repulsive, or the interaction on the plane
is sufficiently attractive, or the coupling is strong enough. Nonexistence occurs when both interactions are
sufficiently repulsive and the coupling is weak. Moreover, we discuss how the coupling affects the support
and the symmetry properties of such ground states. These are the first results for a Nonlinear Schrodinger
Equation on a mixed-dimensional manifold.
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Fig. 1. The hybrid plane Z. The origin of the coordinates on both the half-line and the plane is set at the junction.

1. Introduction

The quantum dynamics on domains of mixed dimensionality was first investigated by Exner
and Seba in the seminal work [33], where the authors considered a manifold made of a plane
glued to the end of a half-line as in Fig. 1. The origin of both the half-line and the plane was set
at the junction. The resulting structure, here denoted by Z, was called hybrid plane. According
to the physical theory, a state of a particle confined on Z consists of a couple of functions

U=(u,v), ueL*(RT), ve L*2(R?).

In the same work, the authors described all matching conditions that link # and v at the
junction and realize the Laplacian as a self-adjoint operator in L>(Z) := L>(R) @ L?(R?). This
problem and the techniques used in [33] belong to the field of the analysis of linear operators.

In the present paper we initiate the analysis of nonlinear problems on hybrid structures. Here
we focus on the search for conditions of existence of ground states for the standard focusing
Nonlinear Schrédinger (NLS) Energy on 7 in the L2-subcritical case.

We construct such energy heuristically, however we will show in Appendix A that it coincides
with the sum of the energy associated to the Laplacian defined in [33] with a nonlinear power
term.

To construct the NLS energy on Z, we start from the well-known expression of the focusing
standard NLS energy ([38,39,22])
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1 2 1 K 1
Enisw.X) = 31V0la = <lwli,  weH'(X), (1)

where X can be the half-line or the plane; then, we assume that the effect of the contact between
the plane and the half-line is concentrated at the junction, giving rise to one contact interaction
on the half-line, to another on the plane, and to a coupling between the two components. As a
result, the contribution of the half-line to the energy is

Eq(u,RY) = %nu’niz(w) - %uuni,,(w) + %|u(0>|2, ue H'(RP), )
where the real number « denotes the strength of the contact interaction on the half-line, which
coincides with a Dirac’s delta potential at the origin. For this reason, in what follows we will
reserve the name delta interaction to the contact interaction on the half-line.

Concerning the contribution of the planar component v to the energy on Z, it is well-known
that a Dirac’s delta term like in (2), say p|v(0) |2, is not controlled by the gradient term in (1) and
then it does not give rise to a closed and lower bounded form, making the energy ill-defined (for
details see [8]). Thus, in order to define a contact interaction in two dimensions, one can make
use of the theory of self-adjoint extensions of hermitian operators by von Neumann and Krein
[52], and, as a result, one finds that the presence of a contact interaction imposes a particular
structure to the function v. Precisely, v decomposes into the sum of a regular and a singular part,
namely

K
v=¢+q2—;, peH (RY), geC, 3)

where the complex number ¢ is called the charge of the function v and Kg is the Macdonald
function of order zero, whose asymptotic behavior at the origin is

Ko(x) = —log |x| + o(log |x]), x — 0.

Notice that K¢ is not in H'(R?), so the decomposition (3) is consistent.
The energy of the function v in (3) reads ([1,8])

2
E,(v,R?) = %n«zbnzl(kz) - %nvniz(w) + (p + yz—f‘gz) % — %nvnt(w), @)
where y is the Euler-Mascheroni constant and the real number p represents the strength of the
contact interaction. More precisely, —ﬁ is the scattering length of the contact interaction, so
that the free Laplacian is recovered by setting p = oco, that formally forces ¢ = 0 in (4) and
therefore v = ¢.

Given the contribution of the half-line in (2) and that of the plane in (4), to complete the
definition of the energy one needs to introduce the coupling between the two components. We
choose such a coupling as quadratic in the main orders of # and v near the junction, namely u (0)
and g. The coupling term equals then —BRe(qu(0)), with 8 > 0. The restriction on 8 does not
affect the generality, since for a complex f it is sufficient to multiply the function u by the phase
of B in order to recover an expression of the energy with a nonnegative 3.
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The resulting expression for the energy on the hybrid is then
E(U) = Eq(u, R") + E, (v, R*) — BRe(qu(0)), U=(u,v). &)

Let us remark that the energy of the half-line E, (-, RT) is the restriction of E to states with v =0
and the energy on the plane E, is the restriction of E to states with u = 0.

We are now ready to introduce the notion of ground state. By ground state for the energy (5)
at mass ¢ we mean a function U in the energy domain

D= {U —,v):ue H'(RY), v=¢ +qKo/2m, ¢ € H'(R?), g € a:] ,
that minimizes £ among the functions satisfying the mass constraint

lullF 2 gy + 100172 g2y = - ©)

We use the notation D), for the intersection of the energy domain D with the mass constraint.
So, in order for a ground state to exist, the infimum

E(w) :=inf E(U)
Dy
must be finite, i.e. £(i) > —o0, and attained, i.e. there must be U € D,, such that

EU) =Ew).

Finally, as already anticipated, here we restrict to L?-subcritical nonlinearities, i.e. we con-
sider powers bounded as 2 < p < 6 and 2 < r < 4. The meaning of this limitation is illustrated
by the Gagliardo-Nirenberg inequality

n(5—1 n+s(1-5%
hwl ey < CIVwIL SR w7, ™

that, provided s < 2 +4/n, yields

n+s(l—%)

n 1 2 n(3-1)
Envs,B) > S 1V g, — Cllwl o, V17wl

s
(CON

so that the constrained standard energy is coercive. In the proof of Theorem | we show that (7)
yields coercivity for the energy (5) also, under the constraint (6) and the subcriticality conditions
2<p<b6and2 <r <4.

Of course coercivity guarantees that the infimum of the functional is finite, but in general does
not ensure that it is attained. In fact, while in R” subcriticality entails existence of ground states
for every mass, this is not true in more complicated domains, like for instance metric star graphs
with at least three half-lines ([4,10]).

In the construction of the energy (5) we introduced two different nonlinearity powers, p in the
half-line and r in the plane, to enclose a larger spectrum of problems and to cover all subcritical
cases.

Summing up, the problem we analyze is the following:

4
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Problem. Given o, p € R, 8 >0, p € (2,6), r € (2,4) and n > 0, establish the existence or the
nonexistence and, in case of existence, some qualitative features for the ground states at mass u
of the energy (5), namely the minimizers of the functional

E(U) =Eq(u,R") + E, (v, R?) — BRe(qu(0))

Lz, e+ 2R = S +1||¢||2 ~ L
~H LXRH) T o p o LPRY T TPRHIRY) o TEILA(R 8)

y —log2\ lgI* 1 o
N <p N T) AL = ol gy — BRe(qu(O)),

where:

- ue H' (RY);
- v=¢+qKo/2m, with¢ € H'(R?), ¢ € C;
- U = (u, v) satisfies the mass constraint (6).

Let us quickly summarize our results, to be detailed in Section 2. According to the formulation
of the Problem, some of them focus on the issue of existence or nonexistence of ground states,
while the others concern the shape of such ground states, provided they exist.

The key step for proving existence of ground states lies in showing that the only possible lack
of compactness for minimizing sequences is given by the escape at infinity through the half-line.
In other words, the escape at infinity along the plane is not an issue as it is never energetically
convenient. This is due to the fact that the plane alone with a contact interaction always traps
a ground state [1]. Therefore, in order for a ground state to exist, the energy threshold to be
overcome is the energy of the one-dimensional soliton at mass  (Theorem 1). Conversely, if the
energy of every state is strictly larger than the energy of the one-dimensional soliton with the
same mass, then ground states at that mass cannot exist.

Concrete results of existence derive from Theorem 1. First, in Corollaries 2.2 and 2.4 we ob-
tain that, for every choice of the parameters¢ € R, p € R, 8 >0, p € (2,6), r € (2,4), a ground
state exists for small and for large mass. This result is obtained through asymptotic analysis
and does not provide significant estimates of the mass thresholds. These are given in Corol-
lary 2.3, where we provide explicit thresholds ji, , for the mass and r* for the nonlinearity, so
that existence is guaranteed whenever p and r are either both above or both below the respective
thresholds. On the other hand, for fixed mass there exists a ground state as one of the following
hypotheses is satisfied:

(1) if « is small enough, depending only on the power p (Corollary 2.5). Since the threshold in
« is positive for every p, this means that a not too repulsive delta potential at the origin of
the half-line guarantees, alone, the presence of a ground state;

(2) if p is not too large, with a threshold that depends on all other parameters (Corollary 2.7).
Recalling that in the linear Schrodinger Equation the two-dimensional contact interaction
always has a ground state whose energy increases with p [8], this condition means that, even
when the delta interaction at the half-line is strongly repulsive, a sufficiently binding contact
interaction on the plane captures a ground state for the hybrid,;

(3) if B is large enough, with a threshold that depends on all other parameters (Corollary 2.7).
This means that, even if all other parameters play an unfavorable role, a strong coupling
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between the halfline and the plane can trap a ground state. In fact, the coupling always has a
binding effect.

Conversely, if we are not in the hypotheses of the previous corollaries that guarantee existence,
namely if « and p are large and S is small, then there are no ground states (Theorem 2).

We point out that our classification does not cover the case r = 6‘57_24, since this condition
results in the same scaling law for the energies of the ground states on the free line and the free
plane as functions of the mass. So, in order to figure out which component of 7 is energetically
more convenient, one should use the numerical value of the energy of the soliton in the half-line
and in the plane, but the latter is currently unknown. Furthermore, as we specify more precisely
in Section 2, our results do not cover the whole spectrum of the parameters.

The second kind of results concerns some basic features of the ground states. We distinguish
the case of decoupled half-line and plane, i.e. 8 = 0, and the case with a coupling 8 > 0. In the
first case, every ground state is supported either on the half-line, where it is a soliton tail, or on
the plane, where it coincides with a ground state for the NLS with a point interaction of strength
o (Theorem 3). If the plane and the half-line are coupled, then every ground state possesses non-
trivial components on the plane and on the half-line, each being a ground state at some mass for
the NLS with a suitable point interaction at the origin (Theorem 4). In particular, every ground
state displays a logarithmic singularity at the origin of the plane and its two components are
connected at the junction by the boundary conditions (22) singled out in [33].

As for the techniques, our proofs rely on the interplay between direct and indirect methods of
the Calculus of Variations, together with techniques developed for studying contact interactions
in Quantum Mechanics. Our starting point is the information obtained separately for the prob-
lem on the half-line [12] and the plane [1,35]. However, most of the proofs here require more
advanced techniques. This is mainly because when studying the existence of ground states on the
hybrid, the problems on the two components are separately unconstrained, being the constraint
only on the hybrid as a whole. In particular, the proof of Theorem | is more technical than the
analogous proof in [1], even though we managed to simplify the use of the Gagliardo-Nirenberg
inequalities, adequately generalized. Moreover, to prove the features of ground states in the cou-
pled case (Theorem 4), we follow the strategy introduced in [1], i.e. we move to a problem that
rephrases the minimization of the action on the Nehari manifold. In such a problem, applying a
suitable version of the rearrangement inequalities proves meaningful, while in the original prob-
lem this is much harder. However, as Remarks 5.9 and 5.12 explain, in this context such strategy
presents a major technical obstacle, which requires further non-trivial efforts to be solved. This
is a consequence of choosing different nonlinearity powers on the half-line and the plane.

Our model opens a new research line in a topic that in recent years has prompted a widespread
and still growing interest, the Nonlinear Schrodinger (NLS) equation on non-standard domains.
In such topic a prominent role has been played by the study of the NLS on metric graphs (see e.g.
[11] for a rigorous definition). The reason is twofold. On the one hand, such a model proved to be
an effective description of the dynamics of Bose-Einstein Condensates (BEC) in branched traps
[41,48]; which is, among other things, the basic framework for the study of emerging quantum
technologies such as atomtronics [9]. On the other hand, from a mathematical perspective, it
gives rise to several new and unexpected phenomenologies for the same problem on Euclidean
domains.

Consequently, the mathematical literature on the topic has become large in a relatively short
time, especially concerning the study of the standing waves for the focusing NLS. For the sake of
brevity, we only mention a selection of the most recent results on compact graphs [24,28], graphs
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with half-lines [3,18,13,14,25,26,29,49-51] and graphs with infinitely many edges [5,27,30,32],
even with relativistic corrections [15-17].

In this perspective, the study of the NLS on the hybrid plane Z and, more generally, on
connected manifolds consisting of pieces of different dimension, also known as quantum hy-
brids, appears as a natural generalization of the analogous investigations carried out for quantum
graphs. However, the complexity of the techniques grows considerably.

In this regard, it is worth mentioning that the discussion on the NLS ground states on hybrids
shares more features with the study of the ground states for the NLS with point defects of delta
type, nowadays almost completely understood for the problem on the real line [6,7,13,36,37,43]
and only recently addressed in the cases of the half-line [12] and of the plane and the space
[1,2,20,21,35,34].

Due to the structure of the hybrid plane Z, we take advantage of the results obtained in [1,12],
which represent preliminary investigations aimed at the present work.

Finally, the paper is organized as follows:

* in Section 2 we state and comment the results and give some corollaries;

% in Section 3 we provide the proof of the main result (Theorem 1), that gives necessary and
sufficient conditions for the existence of ground states at mass .

* in Section 4 we present the proof of a nonexistence result (Theorem 2).

* Section 5 addresses the proof of Theorem 4, concerning the properties of ground states when
B> 0.

The paper ends by two appendices. The first shows that the self-adjoint operator H associated
with the quadratic part of (8) is, apart from a factor 2, that constructed in [33], and the second
details the spectrum of H in view of the importance of the linear ground state for the non linear
problem.

2. Main results
Before stating the results, we point out that there exist three negative upper bounds for £(u).

Remark 2.1 (A priori upper bounds). The function £ () is always negative. More precisely, for
every u it lies below the following three levels.

(1) Denote by ¢, the unique positive and even ground state at mass w of the functional (1) with
X =R and s = p, whose existence is a classical result ([55,45-47,22]). Furthermore,

P2
Enps(ou, R) = —0p,u6r, 0y :=—Enrs(¢1,R) > 0. &)

Now consider truncations of ¢,, on the half-line (pff) =N® ypr ¢, (x — n), where the factor

N® normalizes the mass to w. Clearly, (pff’)(O) = @, (n) vanishes and N ™ 5 1, asn—
400, SO

pt2
Eo(p" . RT) = Enrs(pu. R) +0(1) > —0pu®7,  n— +oo.

Defining " = ((pr"), 0) in D, one gets
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2

3)

p+2

E(u) <HmE(@Y)) =1im Eq (9", RY) = =0, 677 (10)
n n

Note that this bound may not be attained.

Analogously, denote by &, the unique positive and spherically symmetric ground state at
mass p of the functional (1) with X = R? and s = r, whose existence is a classical result too
([45-47,22]). It satisfies

2
Enps(€u, RD) = —t,u®7,  1,:=—Enps(&,R?) > 0. (11)

In addition, denote by v, a positive and spherically symmetric ground state at mass p of the
functional E,, (-, R%). In[1] we proved its existence and also that

Ep(u, RY) < Ep(§4, R?) = Enps(Eu, RY), (12)

since in a decomposition like (3) the function &;, has no singular part. Then, introducing the
state T, = (0, v,) we get

E(0) < E(Yy) = Ep(p. ) < Ep(E. R2) = — 1,177 (13)

Finally, given p > 0 we denote by ¥, the unique positive ground state at mass p of twice
the quadratic part of the energy (8), namely

QW) =172 g+, + lu @)+

y —log?2

5 ) lg|* —2BRe(qu(0)). (14
JT

I¢151 g2y = 10172 g2y + (p -

Clearly, ¥, = ,/uV¥1 and Q(¥,) = —Ejinpu < 0, where we denoted by

U
Bin=— o 2 = o) (1s)
U#%0,0) ” “LZ(I)

See Appendix B for a proof that —E};, is actually the least eigenvalue of the self-adjoint
operator associated with Q and is negative. As a consequence, one immediately sees that
Elin M
2

1
E(w) SEW) < S QW) =~— (16)

We stress that, while bounds (10) and (13) do not depend on the parameters ¢, p and 8, the factor
E)in does.

An immediate consequence of (16) is that a minimizing sequence at mass p for the func-

tional E cannot completely disperse and lose the whole mass in the weak limit, since the

LP

EA
0

(RT)® L" (R?) norm would vanish and the limit of the energy could not be lower than —

contradicting (16). Moreover, we prove in Theorem [ that the possibility of splitting a fraction
of the mass is not energetically convenient. Therefore, by concentration-compactness method we

8
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conclude that either a minimizing sequence strongly converges to a ground state, or it escapes
away to infinity.

In turn, the escape may take place in two ways: on the plane or along the half-line. In either
case, the contribution of the contact interaction to the energy becomes negligible, so that, in order
to minimize the energy, the sequence has to approximate asymptotically a soliton. However, if
a minimizing sequence escaped through the plane, then its energy would converge to that of &,
and so 8, = (0, &) would be a ground state at mass u for (8).

Hence, the only situation in which ground states do not exist occurs when minimizing se-
quences escape along the half-line and asymptotically mimic the one-dimensional soliton ¢,,.
Conversely, in order to ensure that a ground state exists, it is sufficient to exhibit a competitor
whose energy is lower than the energy of the one-dimensional soliton with the same mass. This
is summarized in the theorem below.

Theorem 1 (A necessary and sufficient condition for existence). A ground state at mass | for the
energy (8) on the hybrid plane T exists if and only if there is a function W € D, such that

P2
E(W) < Enrs(¢u, R) =—0,u5r 17)
where @, is a ground state at mass | for the standard NLS energy Enps(-, R).

As a first consequence of Theorem 1, we remark that a ground state always exists provided
that the mass is small enough. This conclusion comes straightforwardly from Theorem 1 and the
bound (16). Indeed, since (16) is linear in u, while the bound in (17) is superlinear, for small
mass one has

Ej pt2
E(w) < —%u < —9,;#5*”-

So we proved the corollary below.

Corollary 2.2 (Existence for small u). Fix o, p € R, 8 > 0, p € (2,6). Then, there exists
w*(p,a, p, B) > 0 such that for every u € (0, u*) there is a ground state at mass | for the
energy (8).

In view of point (2) of Remark 2.1, the second consequence of Theorem 1 is that, if the
infimum of the free NLS energy (1) on the plane is smaller than the analogous quantity on the
line, then (17) is satisfied and a ground state exists. Such a condition amounts to

pt2

Oputr < ur, (18)
and gives for the mass the threshold value

pr—4p—6r+24
T 6p—2r—pr—4
Kpr=\g- .
p

Since the exponent at the 1.h.s. of (18) is smaller than the exponent at the r.h.s. if and only if
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., 6p—4
r>r’i=
p+2

the next corollary follows.
Corollary 2.3. Fix p€ (2,6), r € (2,4). If

r<r* and pe(,wmp,l
or (19)
r>r* and WZ=pp,,

then there is a ground state at mass | for the energy (8).

Unfortunately, we are not able to treat the case r = r* since, to our knowledge, a comparison
between 6, and 7, is not available.

The third consequence of Theorem 1 is that, whenever a ground state ¢, at mass u for the
functional (2) exists, condition (17) is fulfilled by the state ®y ;, := (¢q,,,0). Indeed one has
||q)a,ul|iz(1) =M and

E(®y ) = Eq(@a,p, [R+) < Enps(ou, R).

Thus, one inherits the next result, proved in [12, Theorems 1.2 and 1.3] and summarized in the
corollary below.

Corollary 2.4 (Existence for large j1). Fix « € R, p € (2,6). Therefore:

(1) when o <0 there is a ground state at mass | for the energy (8) for every u > 0;
(2) when a > 0 and p € (2,4], if © > up(a), where wp(a) > 0 is the mass of the one-
dimensional soliton that solves

u” + ul”"*u = ou,

then there is a ground state at mass | for the energy (8);
(3) when o > 0 and p € (4, 6) there exists i € (0, () such that, if i > [i, then there is a
ground state at mass | for the energy (8).

At this point we know that there exist ground states for small and large values of the mass.
What happens in the intermediate region of masses may depend on the values of the other pa-
rameters of the problem.

The next corollary shows that the existence of ground states for fixed u and p is ensured
provided « is negative or below a certain threshold (depending on both w and p). This result
is obtained just rephrasing [12, Proposition 1.4], that discusses the existence of ground states at
mass u for (2) as « varies.

Corollary 2.5 (Existence for small or negative o). For any u > 0 and any p € (2, 6) there is a
number o, (1) > 0 such that, if

10
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o < ap(i)
or (20)
a=ay(u) and 4<p<6,

then there exists a ground state at mass  for the energy (8). Furthermore, o) is a strictly
monotonically increasing function of the mass | and satisfies

p—2

= CpuéTP, 2<p<4
ap(u) )
p—z

> Cputr, 4<p<6,

where

=
|
[N

o

—p

2\6»r p—2
Cp: o 1 4—p
p 4 [y (1—s2)r2ds

Remark 2.6. The threshold o, is independent of p and B and is sharp for the problem on the
half-line. Indeed, [12, Proposition 1.4] guarantees that, if (20) is not satisfied, i.e.

o > ap(p)
or 21
a=ap(u) and 2<p<4,

then ground states for E, (-, RT) at mass  do not exist and the level E y 15(@u, R) is not reached.

On the other hand, as the following corollary illustrates, for fixed w it is sufficient to make
either p small or § large enough to obtain the existence of a ground state, also when (20) is not
satisfied.

Corollary 2.7 (Existence for small p or large ). For every ju > 0 there exist P €Rand E >0
such that, if p < p or B > B, then there is a ground state at mass  for the energy (8).

Note that the existence of ¢ does not depend on the other parameters of the problem, while its
value may depend on them in general. Indeed, if one fixes a state U = (u, v) € D, with g # 0,
then

lim E(U) = —oo.
p—>—00

Therefore, there is a value p for which E(U) < Eny, s(@u, R) for every p < 0, entailing the
existence of ground states by Theorem 1. An analogous result can be established for E just
assuming ¢ and u(0) positive and letting 8 — +00.

Now, we focus on nonexistence. To such aim, according to Theorem 1, one has to prove that
the energy of any state exceeds that of the one-dimensional soliton with the same mass. This is
guaranteed if @ and p are large and S is small.

11
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Theorem 2 (Nonexistence). Let p € (2,6), r € (2,4) \ {r*}, u > 0. Assume also that (19) does
not hold and (21) holds. There exists p*(r, p, ) € R such that:

(1) if B =0, then ground states at mass [ for the energy (8) do not exist if and only if p > p*;
(i) if B > 0 and a # ap (), setting

2
P
o — ot (1)

then ground states at mass | for the energy (8) exist when p < p* and do not exist when
p>p +k*orp=p*+k*and p e (2,4].

Notice that when B > 0 the lower threshold p* + k* for the nonexistence may be larger than
the analogous threshold in the case 8 = 0, namely p*. Indeed, the presence of 8 may favor the
existence of a ground state. To understand this fact, consider the family of states Uy = (u, efv).
If B =0, then all such states have the same energy. If 8 > 0, then the energy of Uy presents an
additional term —fBRe(e! qm), that can be minimized by choosing the phase 6 so to make
¢'? qu(0) real and positive. This implies that a positive 8 may lower the infimum & (i) and possi-
bly push it below the threshold given in (17) and then entail existence. In order to compensate this
effect and restore nonexistence, the parameter p must be pushed forward, and k* is a quantitative
measure of this need. On the other hand, we are not able to prove that the expression given for k*
is optimal or to rule out situations for which the optimal k* is zero (while Corollary 2.7 entails
that at least in some cases the optimal k* has to be positive). Note also that k* — 0, as 8 — 0.
This shows that, as the coupling weakens, the phenomenology converges to that of the decoupled
case. On the contrary, k* — 400, as § — 400, which suggests that, as the coupling strengthens,
it becomes harder not to have ground states. However, at the moment, it remains unclear how to
go beyond the threshold p* for the proof of the existence for any fixed 8 > 0 (while for § large
enough the answer is again provided by Corollary 2.7).

The last results illustrate some features of ground states, provided they exist. First, in the
case B = 0 the strict convexity of the function £ gives complete segregation: the ground state
is supported either on the plane, or on the half-line. We omit the proof as it is a straightforward
consequence of Step 1 of the proof of Theorem 2 and [12,1].

Theorem 3 (Shape of ground states. Decoupled case). Let B = 0 and assume that there exists a
ground state at mass . for the energy (8), denoted by U = (u, v). Then, up to a multiplication by

a constant phase, the following alternative holds.

(i) Ifthere is a ground state ¢y, at mass o for Eq (-, RT) and
EO[((pOl,[La [R+) < Ep(v,o,/u [RZ)’
with v, , a ground state at mass  for E, (-, R?), then U = (@a, > 0) when the inequality is

strict, while either U = (¢q,u,0) or U = (0, v, ) when the equality holds. Moreover, the
ground state energy is given by

E(u)=Ey (@x,/u [R+)'

12
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(ii) In all other cases, U = (0, v, ;) and the ground state energy reads

E(u) =E,(vp 1, R?).

Remark 2.8. The shape of the ground states in such decoupled case can be easily deduced by
Theorem 3. It is indeed well-known ([12,37,36]), that a positive ground state for E, (-, RT) is
a one-dimensional soliton, translated in such a way that its mass on the half-line equals p and
Robin boundary condition u’(0") = au(0) is satisfied. Furthermore, by [1] we know that, for
every ground state v = ¢ + g Ko /27 for E(-, R?), the regular part ¢ belongs to H>(R?) and the
matching condition ¢ (0) = (p + (y —log2)/2m)q is satisfied. Moreover, v is positive, radially
symmetric and decreasing along the radial direction, up to a multiplication by a constant phase.

The last result treats the general coupled case 8 > 0.

Theorem 4 (Shape of ground states. Coupled case). Let 8 > 0 and assume that there exists a
ground state at mass |4 for the energy (8), denoted by U = (u,v). Then, u #0 and v = ¢ +
qKo/2m with nonvanishing q and ¢. Besides, ¢ € H*(R?) and the boundary conditions

u'(07)  =oau(0) — Bg

—log?2 (22)

6O  =—pu@) + (p+ 1522 )g

are satisfied. Moreover, up to a multiplication by a constant phase, u is a truncated one-

dimensional soliton and v is positive, radially symmetric and decreasing along the radial di-
rection. Finally, the ground state energy fulfills

+2
E() < —~6put.

We remark that the conditions (22) are those found by Exner and Seba in [33] (see Ap-
pendix A).

Furthermore, while Theorem 3 is an immediate consequence of the concavity properties of the
function & at B =0 ([1,12,35]), the proof of Theorem 4 requires some non elementary extensions
of the techniques developed in [1], since establishing the features of the part supported on the
plane presents some further technical problems.

In addition, in Theorems 3 and 4 the assumption of subcritical nonlinearity p € (2, 6),
r € (2,4) plays no role. Indeed, the shape of # depends on the fact that it satisfies the station-
ary NLS, whereas the shape of v is obtained by proving that U = (u, v) is a minimizer of the
action functional on the corresponding Nehari manifold, that does not require subcriticality (see
Section 5).

Finally, we mention that the features of the ground states established by Theorems 3 and 4
imply that they belong to the domain of the self-adjoint operator associated with the quadratic
part of (8) (see Appendix A).

2.1. Notation
We end the present Section by fixing some notation that will be used throughout the paper.

13
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First, we recall the structure of the functions in the energy space V on the plane (see [1,54])).
Given an arbitrary positive number A, any v € V can be decomposed as follows

vi=¢p + g0, (23)

where G; = %Ko(«/x). Note that, if v € Hl([Rz), then ¢, = v for every A > 0; whereas, if
g #0and v # A, then

v =¢A+Q(gk —-Gy). 24)

Obviously, one recovers the decomposition (3) by setting A = 1 and ¢; = ¢. Consistently, the
planar component E, (-, R?) of the energy E given in (4) rewrites as (see again [1])

1 A
Ep.B) =2 1Vil}2 e, + 5 (19317250, = 10132

25)
—log2 + log /A |
( 14 g g >|‘I|

r
217 2 - ;“v”Lr(RZ)

Second, we denote by Q,(-, R*) and 0,(, R?), the quadratic parts of the energies of the
linear and the planar components, i.e.

Qu(u, RY) = [lu'172 s, + lu(0) (26)

0 (0, R = IV 3 g, + & (10122 ) — 1012 g2 )

—log?2 +log /A
+<p+y g7 08 )|q|2 27)

2

so that the energy writes

1 Lo ) 1, o
E(U) = EQO{(us R )+ EQp(U’ R ) - ﬂRe(CI"‘(O)) - ;”u”LI’([R"') - ;”U”Lr(RZ)'

3. Necessary and sufficient condition: proof of Theorem 1

Here we present the proof of the necessary and sufficient condition for the existence of ground
states.

Proof of Theorem 1. The proof that (17) is a necessary condition for existence is straightfor-

)
ward. If a ground state U exists, then by point (1) in Remark 2.1 it must be E(U) < —0,u%-7.
Let us prove the inverse implication. Assume that there exists W € D,, such that E(W) <

+2
—Gpugfp. If £(u) = E(W), then W is a ground state. Suppose instead that

p+2

E(w) < E(W) < =0puor (28)

14
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and consider a minimizing sequence U, = (u,, v,) at a given mass u > 0 for E. To get a lower
bound we first use the one-dimensional Gagliardo-Nirenberg estimates

£+1
lienll gy < Clltnll Eroge 1t e 29)
and
||Mn||Loo([R+) C||un||Lz([R+)||u ||L2([R+) (30)

Furthermore, to estimate the contribution of the two-dimensional component v, we use decom-
position (23) and proceed by modifying the analogous estimate given in [1] in the following
way:

Iq "
lvall g2y < Clldanlyr gy + €=
<C |Qn|r
IVl e, 121132 ey + € G1)
_ o el lal”
< CIVnll oy 10n 72 ey + CIVGr ) =5+ C
where we used the triangular inequality, the identity |G, ||* ®) = % and the two-dimensional
Gagliardo-Nirenberg estimate
[ A of AW vy O e (32)
Now, if g, # 0, then choose A, = |qn|2, so (31) yields
r—2 2 r—2 -2
10l gy < UV, 20 i 10032ty + 1V, i lige, +1aal D (33)

Let us stress that inequality (33) covers the case g, = 0 too, since in that case ¢, gul2n = Un
and (33) reduces to the ordinary two-dimensional Gagliardo-Nirenberg inequality (32). Then,
denoting ¢ , := vy, estimate (33) holds for every vj,.

Absorbing into the constant C the quantities ||u, 12

and [|v, |2 both bounded by u,

LX(RY) LX(R?y

controlling the coupling term by using (30) as

—BRe(gnitn (0)) = —Clgnlllu’ IILZ(R+)|IM||L2(R+) —Clanl* = Cllu'll 2wy

and using (25), one obtains

1 2
EUy) = §||M;,||iz([R+) -C <||M:1||Lz(ﬂ3+) + Il ||L2([R+)>

1 ) |qn| Igal"*
+ 51V, 2l 2wy = CIVig, 2 I 2ire, + —5— (og lgnl = €) —

= f (lupllr2re) + & (1Y@, 20l 2R2)) + B (|qn|)

15
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where the one-variable functions f, g, 4 are lower bounded and divergent with their arguments
as p < 6and r < 4. Since E(U,) converges to £(u), it is a bounded sequence and, the quantities

flu), lz2®+ys IV@ig, 2.0l 12(R2)> gn must be bounded too. Furthermore, ””””iZ(rRﬂ < p and

16,120l L2®2) < Nl 22y + 1Gnl1G)g, 2 |l 2R2) = VL + C.

As a consequence, u, and ¢, 2 , are bounded respectively in H Y(RT) and H'(R?), so that, up
to subsequences,

- u, converges to u in the weak topology of H'(RT),
- gn converges to g in C,

* |4, 2,0 CONVerges to ¢* in the weak topology of HY(R?).

Moreover, if g, =0, then ¢; , = ¢\qn|2,n = vy, whereas, by (24), if g, # 0, then

¢1,n = ¢|qn|2,n + Qn(g|qn|2 - gl)

Since in this latter case ¢, (G, p — 1) admits a weak limit in H'(R?) it is also bounded in
H'(R?). Thus, ¢1.» 1s bounded in H'(R?) too and, again up to subsequences,

- ¢1., converges to ¢ in the weak topology of H'(R?) (which is equal to ¢* whenever g = 0).

In addition, g, G, 2 converges to G, strongly in L*(R?), if ¢ # 0, and to 0 weakly in L*(R?),
if g =0, for s € [1, +00). Hence,

$1+qG1 ifqg#0, ) )
- v, converges to v := weakly in L% (R?), for s € [2, +00).

o) ifg =0,

Now, we focus on the function U € (u, v), which is the weak limit in LZ(I) of the sequence
U, , and call m its mass. Suppose, by contradiction, that m = 0, then # = 0 and v = 0. This entails
lun(0)| — 0, as the weak convergence of u holds in H'(RT), and g, — 0. Thus, lvall s (r2) =
1.0l L5 r2) + 0(1), for s € [2, 400), so that

EUy) = Eq(utn, RY) + E vy, R?) — BRe(qntn (0))

) (34)
= EnLsun, RY) + Enps(d1.0, RT) +o(1).

In addition, if we define

0 if x <0,
uy(x):=1{x if 0<x < |u,(0)],
lun (x — [un (0)])] if x> |uy(0)],

then

16
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Ju, (0) P!

Enps(un, RY) > Enps(ul, R) — Elun(o)l Tt =Enrs(u,;, R) +o(1). (35)

Therefore, using (9), (11), (28), (34) and (35)

0, >EW > lim EW) = lim (Enes}, B+ Ens@rn B))

2p+4 4
P
9 ”” ”Lz([R‘*') fr||¢1,n||L2'([R2)>
pt2 4

1 6-p
( et 12 ey + §|un(0)|3) S 1

2p+4 ZL
2 —r
0p||un||L2(R+) Tr (M — llun ”L2([R+)) )

. P42 L
Zmin{ —6,u0r, —1, 77
pt2
where in the last line we used the concaV1ty of the functions —6,u 7 and —rt, ,u4 ro If
pt2
min{ Opp=p, —T, 3= r} = —0 Mf’—l’ , then the contradiction is immediate. Otherwise, one
has

2 pt2
—Trud T <E(U) < —0puor.

2
Now, as observed in Remark 2.1, the energy level —7, 43— is overcome by the competitor Y, =
(0, vy), where vy, is a ground state at mass u for E, (-, R2), so

2

E(n) < E(Yy) < —tppdr < E(w)

which is a contradiction too. As a consequence, m # 0.
Suppose now 0 < m < w. Then

1Un = Ulla iy = llitn = ell 72 gy + 10n = vl 72 o) = 1 = m +o(1).

> 1, there results

On the one hand, since p > 2, r > 2 and 4
1Un~UI2, 5,

" _1 1z
Ew <€ —(Un—U) —Qa(un_u7R+)

IS

1 W 1 I 2
) lun—ul, g 5 Qp (v — V. RD)
p(IIU U||L2(Z)) R N AT

17
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1 n :
] =l e
r <||Un—U||2 ) L

L2(T)
n -
i ARe ((r — ) (1, (0) ~ 1 0)))
” n ||L2(I)
m
< ———EU,—-U),
U = Uli3s 7,
and, hence,
liminf E(U, — U) > X" e ). (36)
n
On the other hand, by an analogous computation,
w o
EW<E U < U—ZE(U)
U2, 4, U2, 4,
and thus
m
EU) > —&(p). (37
m
In addition, we can also prove that
E(Un) =EU, —U)+ EU) +o(1). (38)

Indeed, since u, — u in H'(R1) and u,(0) = u(0), we have

Qu(ty —u, [R+) = Qg (up, |R+) — Qu(u, [R+) +o(1),

and, analogously, since v, — v in L2([R2), gn —> ¢, and ¢1 , — @1 in H! (IRZ), one has

0,p(Wn — v, R = Qp(vy, R — 0, (v, R?) 4 0(1).

p

Moreover, since, on the one hand, [lu,|;

P(RY) < C and u, — u a.e. on Rt and, on the other

hand, ||vn||’,([R2) < C and v, — v a.e. on RZ, by the Brezis-Lieb Lemma ([19]) we get
lnl? gy = litn = wllf gy + Nl ey + 0(1),
and
||vn||2r(|R2) = ”'Un - v||2r(|R2) + ||v||2r(|R2) + 0(1)
Finally,

18
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Re (@1 — )@ (©) —4(0) = Re (4,1, 0)) — Re (qu(®)) + (1),

so that, combining with (36), (37) and (38), there results that

E(u) =liminf E(U,) =liminf E(U, — U) + EWU) > == ) + %5(/» = &),

which is a contradiction. Thus m = and U € D, so u, — u in L*(R1), v, = vin L2(R?) and
$1.0 = ¢1 in L2 (R?).
It is, then, left to prove that

EWU) < hmme(Un) =&(u). 39)

Because of the previous steps, the proof of (39) reduces to showing that u, — u in L” (R*) and
vy, — v in L"(R?). On the one hand, by using (29) and the fact that ||u/, — u'|| L2r+) is bounded
and u, — u in L2(R1), there results

’ iz 1 £+l
ey — u||€p(|R+) < Cp””n —u ||22(R+)||Mn - u”LZ([Rﬂ — 0.

On the other hand, fixing A = 1 in (31), one has
lon = vl gy < € (IV @1 = DN 2y (o = 01220 + lan — ) + g = ).

which goes to 0 and completes the proof since || Vi || L2(R?) is bounded, v,, — v in Lz([Rz) and
qn—>¢q. O

4. Nonexistence: proof of Theorem 2
This section is devoted to the proof of Theorem 2. Let us first define the quantities

&x(ﬂv [R+) = lnf Ea(”a [R+)9
ueHL(RY)

Ep(u, R?):= inf E 0 (U, R?),

veV,

where the subscript © on H I(R*) and on V denotes that the mass constraint is imposed. Let us
also recall that the first eigenvalue of the Laplacian with delta interaction on the plane is given
by

R?
Qﬂ(v ) _46—47'[,0—2]/ = —w,, (40)
UEV vz

L2(R?)
and the associated eigenspace is spanned by G, (X) = W (see [8, Chapter 1.5]).
In the next two lemmas we prove the concavity of £, (u, RT) and the strict concavity of

En(i, R2) as functions of s.
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Lemma 4.1. Let p € (2,6) and o € R. Then the function E4(-,RT) : [0, +00) — (=00, 0] is
concave and continuous.

Proof. Forevery fixedu € H 11 (R™), define the function

fu() = Eq(/pu, RT) = %

V4
MZ
(1122 g + @lu @) - o (AT
Since it is concave on [0, +00) and

o, RNy = inf fu(uw), pn=0,
ueH}! (RY)

&y (-, RT) is concave as well on [0, +-00). Using the concavity, the facts that £,(0, R™) = 0 and
that & (u, RT) < 0 for every u > 0, it follows that &, (-, RT) is also continuous on [0, +-00). O

Lemma 4.2. Let r € (2,4) and p € R. Then the function &£,(-, R2) : [0, +00) — (=00, 0] is
strictly concave and continuous.

Proof. We introduce the notation
Vier= {0 € Vi s 10l o) > /) 190, I oyt |- (41)

Since 2,/Tw,1G,y, € V, the set V, is not empty. Moreover, since ground states at mass p for

E,(, R?) have nonzero regular and singular part [1, Theorem 1.5], it is easily seen that they
belong to V). As a consequence

Ey(, RY) = inf E,(v,R?) = inf E,(/mv, R?), w=0,
vevV, veV

and, since for every fixed v € V| the function

r

iz nzooo
folw) = Ep (S0, R) = 20,0, R = — vl oy, 120

is concave on [0, +-00), £, (-, R?) is concave too on [0, +00). Moreover, by concavity and using
the facts that £, (0, R?) = 0 and that &y, R?) < 0 for every > 0, En(-, R?) is also continuous
on [0, +00). Finally, by (41) we have that, for every fixed v € Vi,

(r = 2)QyTD) G0, I}, g2,
4;/%

r—2
(W= —4—4;,||U||FL;-([R2) S -
w2

Hence the strict concavity of f, is uniform in v on every interval [a, b] C R™, so that &, (-, R2)
is strictly concave on [0, +00). O

The next lemma establishes some qualitative properties of £, (i, R2) when p € R varies and
w > 0 is fixed.

20



R. Adami, F. Boni, R. Carlone et al. Journal of Differential Equations 479 (2026) 114606

Lemma 4.3. Let r € (2,4) and . > 0. Then &,(, R?) is a strictly increasing and continuous
function of p € R and, denoted by &, the only positive and radial ground state for Eyps(-, R?),
the following limit holds:

. ’ 2
pllrfoogp(u, R%) = Enrs(u, RY).

Proof. Forany p € R, let v, a ground state for E, (-, R?) at mass . In particular, v o 18 positive up
to a multiplication by a constant phase, and, for any A > 0, it can be decomposed as v, = ¢, +
qpGx with g, > 0 and ¢, ; # 0. Moreover, if we consider the decomposition corresponding to
Ap = qlz), then, by applying (33) to (25) with A = A, and using that E,(v,,, R?) <0, we get

2 r—2
1 _ q q
0> Ep(vp, R > S1IVp.1, I 7252) = V.1, 172y + — (log(gp) =€) ===, (42)

which implies that (g,),>. is bounded for every c € R, as r € (2,4).
Now, to prove the full statement of the lemma we divide the proof into four steps.
Step 1: monotonicity and continuity of £,(u, R?). Let p1 < py. Since qp, > 0, then

Epy (1. R?) < Epy (. R?) = Ep,y (vp,. R?) + ap, < Ep(n. R,

PL—P2 2
2
so that £, (1, R?) is strictly increasing in p. Fix p € R and let p > . Therefore, using the bound-
edness of (g,),>. for any c,
p—0 ~
0.<&(u, R?) = &1, R?) < E, (v, R) — Ep(vp, R = =——¢5 >0, a5 p—7",
which implies the right continuity at . On the contrary, letting p < p and using the boundedness
of (gp) p>¢ again, there results that
p—p
0> &), R = &1, R > Ep(vp, R = Ep(up, R ==——¢; >0, a5 p—>p,
which implies left continuity at p.
Step 2: limy— 400 qp = 0. Assume by contradiction that there exists a positively diverging
sequence (p;); € R such that g,; > C > 0 for every j. Omitting the dependence on j in the
next lines, if we decompose a ground state for F, (-, R2) at mass @ as Vp =P, + 49, with

Ap 1= qg, then (42) holds and hence, using the fact that g, is bounded from above and from
below away from zero, there results

_ 1
p<C+CUIVhp s, I 2y = 51V, W2 ey,
which contradicts the positive divergence of (p;);.
Step 3: limy_s 1o pq% =0. Let v, = ¢, + ¢,Gx be a ground state at mass 1 for E, (-, R?).

Easy computations yield
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|«/ﬁ— ||¢p,k||L2([R2)| = |||Up||L2([R2) - ||¢p,k||L2(n?2)|
dp
<lvp —@piallzrey = —— — 0, p—> to00, (43)
= lIYp P, AIL2(R?) zm
so that [|@,, A||L2 (g2 > M as p — +oo. Moreover, using (32), (43) and ¢, — 0, one obtains

qp

1
0> Epwp, R > S IVl 2y = CIIVEp (e, + =

+ o(1), as p — +oo,

and hence ||V, 1l 2(re2) is bounded for large p. As a consequence, by Sobolev embeddings
¢p.2 1l - (r2) and [[vpll ;- (R2y are bounded for large p. Therefore,

0p 117 gy = 10000 oy |
<rsup 10177 oy 199,217 oy L0 1G5 oy > 0, a5 p = oo, 44)
Finally, exploiting (11), (12), (43) and (44) we have

0> Ep(1, R?) = Enrs (&, R = Ep (1, R?) + 71, A|L2([R2)+0(1)

2
Prq
> E,(vp, RY) — Enps(dp.i, R 4 o(1) > 7" +o(l), as p— +oo,

so that ,oqlz, — 0 as p —> +o0.
Step 4: limit for p — +00. Arguing as before and using Step 2 and Step 3 there results

0< EnLs(Eu, R?) — Ey(u, R < Enps(¢p.a, R — Ep(v,, R?) +0(1)

< — ;]p+0(1)—>0 as  p — oo,
which concludes the proof. O
Now we have all the ingredients to prove Theorem 2.
Proof of Theorem 2. Preliminarily, if 8 =0 then
E(w) = min{& (11, RY), €, (1, R?)} 45)

and every possible ground state U for E at mass u is either of the form U = (u, 0) or U = (0, v).
Indeed, since =0

EU) = Eq(u,R") + E,(v,R?), U= (u,v) €Dy,
and thus
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Euy=_inf {€am R +Eu—m RH],
mel[0,u]

Since &, (-, R) is concave and continuous in [0, 4-00) by Lemma 4.1, and &, (-, R?) is strictly
concave and continuous in [0, +00) by Lemma 4.2, the function

m> Ey(m, RT) + & (1 —m, [Rz)

is strictly concave and continuous in [0, ©], hence it attains its minimum either at m = 0 or at
m = w. This entails (45) and the fact that either U = (u, 0) or U = (0, v).

Now we can prove the two claims of the theorem.

Proof of (i). Since (21) holds, by Remark 2.6 it is guaranteed that E, (u, RT) > Enps(ou, R)
for every u € H'(RT). Thus, by Theorem | ground states cannot be of the form U = (u, 0).
Therefore, when existing, they are of the form U = (0, v). Denoted by v, a ground state for
E,(, R?) at mass w and by Y, the state (0, v,) € D,,, by Theorem 1 ground states for E at mass
w exist if and only if

E(Yy) = Ep(vy, R?) < Enrs(gu, R).
Since lim,_, _oc Ep (1L, R?) = —oo and (19) does not hold, by Lemma 4.3 there exists p* € R
such that E, (v, R?) > Enrs(¢u, R) if and only if p > p*, entailing the thesis.

Proof of (ii). The existence of ground states for E at mass u when p < p* follows by Theo-
rem | arguing as before, since

Ew) < E(Y,) = Ep(v,, RD < Enrslou. ), Yo < p*.
Fix now ¢ > 0. By Young’s inequality, for every U = (u,v) € D,
E(U) = Eq(u, R) + E, (v, ) — pRe (qu(0) )
B Bt
u(0)* — =lq|? (46)

2 2
=E, s, RY) 4+ E,_p (v, R} =: EU).

> Eq(u, RT) + E, (v, R?) —

In particular, since in E there is no coupling there results that

Ew > inf EW)=min{€, s (R Empu B},

SYom

If (21) holds with « replaced by o — £ je.

t’
B B
a—?>ap(,u) or a—7_ap(u) and 2<p<4),

then by Remark 2.6 Eaig(u, RT) > Enps(ou, R) for every u € HY(R1). Let us observe that
t
B

. . B _ L. x_
the solution of the equation o — & =« (1) is given by * = L
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Arguing as in the Proof of (1) and denoting with k* := Bt*, one deduces that ground states
for E at mass @ do not exist if p > p* +k* or p = p* 4+ k* and 2 < p < 4, hence by (46) and
Theorem 1 ground states for £ at mass ¢ do not exist. O

5. Shape of the ground states in the coupled case: proof of Theorem 4
Here we establish the features of the ground states at mass p for the energy (8) in the coupled
case > 0. To do this, some preliminary results are necessary.

First we present the equations and the boundary conditions satisfied by such ground states.

Lemma 5.1. Let 8 > 0. If U = (u, v) is a ground state at mass | for the energy (8), then u €
H2(RY), ¢y :=v — qG, € H*(R?) for every 1 > 0, and there exists w* = w*(U) such that

u” + ulP"u = o*u, 47
Ads + vI" v = 0 s + (0" — g Gs, (48)
u'(0) = au(0) — Bq, (49)
—log(2 1 A
$:.(0) = —Bu(0) + (p 4 v loa ;; Og(f)) a. (50)
Moreover, w* satisfies
) e p gy + 1017 o) — ow) h

u

Proof. First, by the Lagrange Multipliers theorem

(', M/)LZ([R+) +an(0)u(0) — (n, |“|p_2”>L2([R+) + *(n, M>L2([R+)
+ (V. Vou) 22y + A0 93) 22y + (@ — 1) (X, v) 2Ry + Qg (0 +62)
— (X, [0 720) 22y — BOU(O) — Bqn(0) =0, (52)

for every n € H'(R") and every x = x, + QG € V. Notice that the expression (51) can be
deduced from (52) by taking n =u and x = v. Now, if x =0and n € H&(R*‘) in (52), then

(' u") 2 jey + (0, 0" u — |u|P*2u)Lz([R+) =0,

and thus, since w*u — |[u|P~2u € L*(R"), u € H>(R") and (47) holds. On the other hand, if
n=0and Q =0in (52), then

(V. V) 2y + (X 0"+ g (@ — )Gy — [l ~20) 122 = 0. (53)

Thus, arguing as before, ¢, € H 2(R?) and (48) is satisfied. Finally, setting x =0and Q =1 in
(52) and applying (47) and (48), there results

24



R. Adami, F. Boni, R. Carlone et al. Journal of Differential Equations 479 (2026) 114606

—n(0)u’ (0) + an(@u(0) — (Gr, (A + 1) $5) +q(p +62) — pu(0) — Bgp(0) =0  (54)

for every n € H'(RT). Now, whenever 1(0) = 0, since (G, (—A + 1) ¢5.) = ¢, (0), we get (50).
On the other hand, setting 7(0) = 1 and plugging (49) in (54), (49) follows. O

Then, relying on Lemma 5.1 we show that the ground states must be supported on both the
half-line and the plane.

Proposition 5.2. Let § > 0. If U = (u, v) is a ground state at mass | for the energy (8), then
u 0 and v #0. In particular ¢;, = v — qG, Z 0 for every A > 0, and q # 0.

In addition, ¢ > 0 and u(x) > 0 for every x > 0 up to multiplication by a constant phase.
Proof. Preliminarily, note that if U = (u, v) is a ground state at mass p for the energy (8), then
U satisfies (49)-(50). Now, for the sake of clarity, we divide the proof into several steps.

Step 1: v # 0. Assume by contradiction v = 0. Therefore, since § # 0, (50) implies u(0) = 0.
Thus, denoted with ¢, the one-dimensional soliton of mass (., by (10) and the fact that #(0) =0

E(U)=Equ,R") > Exrs(@u. R) = E(w),
which is a contradiction.
Step 2: u # 0. Assume by contradiction u = 0. Therefore, since 8 # 0, (49) implies ¢ =0,
so that v € H'(R?) and v(0) = 0. Moreover, by [1, Theorem 1.5] v cannot be a ground state for
Enrs(-, R?) at mass u since it is not positive up to the multiplication by a constant phase. Thus,

denoted by &, the only positive and spherically symmetric ground state of Eys(:, R?), by (13)
there results

EU)=E,(v,R*) = Enrs(v,R?) > Exps(£u, R?) = E(),

which is a contradiction.
Step 3: q # 0. Assume by contradiction ¢ = 0. This entails that v € H'(R?) and

E(U) = Eq(u,R") + Enps(v, R?).
As a consequence
g =_inf 1&m R+ Envs@u-n B}
mel0,u]
Since &, (-, RT) is a concave and continuous function on [0, u], by Lemma 4.1 and
2
EnLs@p—m.R?) = —7,(u —m) 77,
there results that the function
m > Eq(m, RY) + E(u —m, R?)

is strictly concave and continuous on [0, p]. Thus it attains its minimum at m = 0 or m = u, but
this would imply either u = 0 or v = 0, which are prevented by Step 1 and Step 2.
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Step 4: ¢;. £ 0, for every A > 0. Assume by contradiction ¢, = 0 for some A > 0. Since v
solves (48), ¢ # 0 and G, (x) > O for all x € R2\ {0}, there results

w—-2=|gI"?G %),  xeR?\{0},

which is false.
Step 5: q > 0 and u(x) > 0 for every x = 0 up to a multiplication by a constant phase. Assume
g = |qle'" with n # 2km, k € Z and define U, = (e7"Tu,e™"Mv) = (e7"u, e + 1q1G.).

Since |Uyl172 7, = U727, = 1 and

E(Uy) = Ea@™"u, R") + £, ™65+ |41, ) — BRe (gl u(0))
= Eq (. R") + E, (v, B?) — fRe (¢ g u(0)) = E(U).

U, is a ground state for £ at mass p. Hence g > 0 up to multiplication by a constant phase.
Similarly, since the only L? solutions of (47) is the one-dimensional soliton up to translation and
multiplication by a constant phase and (49) holds, then either # > 0 or u < 0. However, if it were
negative then —BRe (q(—u(O))) < —pPRe (qu(O)), so that E(U) > E(—u, v), which is absurd.
Thus u is positive. 0O

Finally, in order to prove Theorem 4 it is necessary to exhibit some further variational proper-
ties fulfilled by the ground states of the energy (8). To this aim we introduce the action functional
Se». Given w € R, the action functional at frequency w is the functional S, : D — R such that

. w 2
So(U)=EWU)+ F U2,
In addition, the Nehari’s manifold at frequency w is defined by
Ny :={U e D\ {0} : I,(U) =0},
where I, : D — R is the functional
I (U) = Qo) = ull} g, = 10l g2y, U= v) (55)
with
Qu(U) := QW) + l|U |72,
Then we give the following definition.

Definition 5.3 (Action minimizers). We call action minimizer at frequency @ € R any function
U € N, such that

So(U) =d(w) = i}{llfSw.
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Remark 5.4. Action minimizers at frequency w satisfy (47), (48), (49) and (50), with w* replaced
by w.

In the following lemma we establish a connection between ground states at fixed mass for the
energy (8) and action minimizers at fixed frequency. The proof follows the ideas of [31,42].

Lemma 5.5. If U is a ground state at mass L for the energy (8), then U is an action minimizer
at frequency w*. Moreover w* > Elin, with Eyi, defined as in (15).

Proof. Let U = (u,v) be a ground state for E at mass px and let ®* be the associated fre-
quency defined by (51). Now assume by contradiction that there exists U = (i, 7) € N, such

that Sw*(U) < Sy (U). Fixing T > 0 in such a way that ||rU||L2(I) W, there results

2 P o
Sw"(TU) - _Qw*(U) p ”u”Lp([RZ) ||U||2r(|R2)

In addition, since Ue N+, by (55) we get

d 7 1> P =1~
ES(A)*(IU) = TQw*(U) - 1-]7 ”u”Lp([RZ) - Tr ||U||2r(R2)
=1l (U)+1 [(1 — Tp—2)||ﬁ||€],(R+) +(1— ‘L’f—2)||'l‘)‘“2r([R2)i|

= [ = DL gy + (1= DI g |

which is greater than or equal to zero if and only if 0 < 7 < 1. Hence Sw*(‘l,'U ) < Sw*(U ) for
every T > 0. Therefore, since S,+(t U) < S (U) < Sep (U),

EGl)+ 2 ||rU||L2(I)<E(U>+ llUllem

However, as || rﬁllZLz(I) 1U|? LZ(I) = L, this entails that E(t l~]) < E(U), which is a contradic-

tion. It is then left to estimate w*. Using (51) and (16), it follows that

L 0W) =l gy = 101 oy
w

2EW) = Z2ull], gy = 52005, g _Ew
_ . .

As a consequence of Lemma 5.5, in order to prove Theorem 4 it is relevant to investigate the
features of the action minimizers at frequency @ > Ejjp.

In order to study the features of the action minimizers at frequency w, we have to introduce
two equivalent minimization problems. Preliminarily, we introduce the quantities

~ -2
S(U) = W”u”[‘l’(ﬂ?‘*) + ”U”Lr(RZ
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and

p—

r
p
flac]]
r

LP(Rt)*

r—2
Ap(U) = TQ‘”(UH_

Both functionals are well defined on D and, using (55), there results

So(U) = % Ww(U)+SWU) = ;Iw(U) +A,(U), UeD, (56)
so that
So(U) =S(U) = A (U), UeN, (57)
which implies
d(w) =i1{]15§=11{,1a)wa. (58)

In other words, the problems of the minimization of S,,, §, and A, are equivalent on N, . In the
following two lemmas we show that they are equivalent also when the minimization domains for
S and A, are suitably modified.

Lemma 5.6. Let p, r > 2, § > 0 and o > E}in. Then

d(w) =inf S, with  Ng:={U eD\ {0} : I,(U) <O0}. (59)
Ny
Moreover
SWU) =d(w) Sp(U) =d(w)
- — (60)
UeN, UeN,.

Proof. First we prove (59). On the one hand, since N, C ﬁw, combining (57) and (58) there
results

d(w) > inf S.

No

On the other hand, let U € D \ {0} satisty /,(U) < 0. For t >0

I,U) =72 Q) = P lull ]y sy = T 1017 oy -

In particular, since p, r > 2 and since w > Ej;, implies Q,,(U) > 0, there exists 7* € (0, 1) such
that 1,(z*U) = 0. In addition

S*U) < S(U)
and thus, by (58)
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d(w) <infS.
No

Finally we prove (60). By (57) ifUeNyand S,(U) =d(w),then U € N and S(U) =d(w).
Moreover, if U € N \ N, and S (U) = d(w) then, arguing as before, there exists t* € (0, 1)
such that t*U € N, and S, (t*U) < d(w), which contradicts (59). Therefore, if U € N (w) and
S(U)=d(w), then U € N, and S,(U) =d(w). O

Lemma 5.7. Let p, r > 2, B > 0 and w > Ein. Then,

d)=infA,,  with M,:={UeD:5U)=dw)}. ©61)

Moreover, whenever d(w) > 0,

{Aw(U)=d(w) Sw(U) =d(w)
— (62)

UeM, UeN,.

Proof. Let us start by proving (61). It is not restrictive to take d(w) > 0 as the case d(w) =0 is
trivial for (61).

Preliminarily, we observe that 1,,(W) > 0 for any W € M,,. Indeed, assume by contradiction
that 7,,(W) < 0. By Lemma 5.6, W cannot be a minimizer of S on N Hence S(W) > d(w),
which contradicts the assumption W € M,,.

Now, let (U,), be a minimizing sequence for A, on M,, namely §(Un) = d(w) and
A,(U,) — infy, A, as n — +o0. Since 1,(U,) = 0, using the second equality in (56), we
obtain

1 1 ~
0< (5 - —) Io(Un) = Au(Un) ~ S =inf Ay + () —d(@).  as n— +oo,
r »

which yields d(w) < infy, A,,.

Conversely, let (W,), = ((u,,, vn))n be a minimizing sequence for S, on N,, namely
1,(W,) =0 and S,(W,) — d(w) as n - +o0. Using Lemma 5.6 and d(co)g 0, one can see
that, for every n, there exists 6, € (0, 1), with 6,, — 1 as n — 400, such that S(6,W,) = d(w).
As a consequence, 6, W,, € M,,, which implies that A, (6, W,) > infy A,. Moreover, we have

0 < L6 Wa) = 621o(Wa) + 67 = )l + 0 — ) llunl; < € (62 —677)) S(wi)

and thus 1,(0,W,,) — 0 as n — 4o00. Combining this with the first equality in (56), we get
S (0, W,) — d(w) as n — +00, and, using again (56), we find that

1 .
0 S ;Iw(ean) = Sa)(ean) - Aw(en Wn) S Sw(en Wn) - };Ilan)v

which gives d(w) > infy;, A, and concludes the proof of (61).
We now prove (62). If S,(U) =d(w) and U € N, then, by the equality between the first
and the last term in (56), it follows that U € M,, and A, (U) = d(w). Conversely, if U € M,
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and A, (U) = d(w), then the second equality in (56) implies that U € N,,. Combining this with
U € M, we also obtain S, (U) = d(w), and the proof is complete. O

Remark 5.8. Note that assuming d (w) > 0 before (62) is not actually restrictive for our purposes
because it is always satisfied in our application due to Lemma 5.5.

Remark 5.9. The idea of deriving two minimization problems equivalent to the minimization of
the action functional on the Nehari’s manifold is borrowed by [1]. However, in that case there
is a quadratic strictly positive functional in place of A,,, which makes all the subsequent steps
easier. Let us notice that the superquadratic nature of A, is ascribable to the presence of different
nonlinearities on the half-line and on the plane.

Now we can discuss the positivity of the restriction to the plane of the action minimizers.

Lemma 5.10. Let p, r > 2, 8 > 0 and w > Eyin. Let U = (u, v) be an action minimizer at fre-
quency w and, given the decomposition v = ¢, + qGy, assume that g > 0 and ¢, % 0 for every
L > 0. Then, v(x) > 0 for every x € R%. In particular, $,(x) > 0 for every x € R? and every
A > w.

Proof. By [1, Remark 2.1], it is sufficient to prove the positivity of ¢,,. Then, let U = (u, v) be an
action minimizer at frequency w, and consider the decomposition v = ¢, +¢G,. By Lemma 5.7,
U is also a minimizer of A, on M,,.

Now, define € := {x € R?\ {0} : ¢ (x) # 0} and recall that |2| > 0. Hence, we can write
b0 (x) = e?® g, (x)], for every X € R2\ {0}, for some 6 : §2 — [0, 277). Define, also, Q= {xe
Q : 0(x) # 0} and assume, by contradiction, that |S2| > 0. Consider the function U = (u, ),

with ¥ := |¢w| + ¢Gw. On the one hand, since |V¢>w(x)| > |V|¢w(x)|| for a.e. x € R?, using

the choice A = w, we have that Qw(ﬁ) < Q4 (U), so that Aw(ﬁ) < Ay (U) =d(w). On the other
hand,

[W®)|? = ¢ (X)* + ¢*G2 (%) +2¢ cos (0(0)) [¢0(®)|Gu(X) < T®>  VxeQ,
and thus, as |§| >0, ||5||L"([R2) > |vllLr(Rr2), Whence
S() > SU) =d(w).

Now, consider U, = (u,¥;), with 77 := Tlpw| + qG,. Tt is straightforward that A, (Uy) <

Aw(ﬁ), for every 7 € (—1, 1). Note, also, that the function t > ||v; ||’L,([R2), given by

11, ey = / 221600 + ¢2G2X) + 22916, (010, (0)|” dx,
2

is continuous on [—1, 1]. Assume, first, that 6 (x) # 7 for a.e. x € 2. Therefore,

”’17—1”2)("?2) < ”U”rr(RZ) < ”’JHrr(RZ)s

and, hence, by the continuity of 7 — ||7;]" there exists 7* € (—1, 1) such that

r(|R2)’
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1T 1, ey = 101 oy

Assume, then, that 8(x) = for a.e. x € Q, i.e. that v(x) = —|dy(x)| + ¢G(x) for ae. x € Q.
Since

‘d|vr

= |rl5e 2l | <PV Igul € L'RD) Vre[-1,1]

by dominated convergence,

Vel gy, =
d-[ T L([R ){7 +

r / V1 (X)|" 2 V-1 (%) ¢ (X)| dX
R2
=r f @) 2 v(®) ¢ (X)| dx.  (63)

Moreover, by Remark 5.4 U satisfies (48), namely it solves (53). Now, setting x = |¢,| and
A =win (53), we get

/|v(x>|’*2v(x>|<¢>w<x>|dx=—/|V|¢w(x)||2 dx—w/|¢>w(x)|2 dx

and thus, combined with (63), there results

~ r
— v <O0.
d'C ” r”Lr(le)h':—l*

lvl]” and 7 — ||7:]|" is continuous, there exists

Since ”171 ”r;([RZ) > ”Ti 1||rr(|R2) r(R2) L7 (R2)

T € (=1, 1) such that [ Te 7, o) = 100 -

Summing up, in both cases there exists UT* = (u,Vyx) € M, such that Aw(U) < A, (U),
but this contradicts the fact that U is a minimizer of A, on M,. Hence, |§2| > 0 is false and
¢ (x) > 0 for every x € R2.

It is, then, left to prove that in fact ¢,,(x) > 0 forevery x € R2. Since v solves (48), ¢,, satisfies

(—A + ©)po = 0" (G0 + 9G0)-
Therefore, as ¢, is nonnegative, (—A + w)¢, > 0 in H -1 (IRZ) and so, as ¢, # 0 by Proposi-

tion 5.2, by the Strong Maximum Principle (e.g., [23, Theorem 3.1.2]), there results in ¢, > 0
on R?, which concludes the proof. O

Finally, we can discuss the radial symmetry of the restriction to the plane of the action mini-
mizers.

Lemma 5.11. Let p, r > 2, 8 > 0 and w > Eyjn. Let U = (u, v) be an action minimizer at fre-
quency w and, given the decomposition v = ¢, + qG,, assume that g > 0 and ¢, > 0 for every
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A = w. Then, v is radially symmetric and decreasing along the radial direction. In particular, ¢;
is radially symmetric and decreasing along the radial direction for every A > w.

Proof. By [1, Remark 2.1] it is sufficient to prove that ¢, = ¢},, with ¢}, the symmetric decreas-
ing rearrangement of ¢, (see e.g. [44, Chapter 3]). Then, let U = (u, v) be an action minimizer
at frequency w, and consider the decomposition v = ¢, + gG,,. By Lemma 5.7, U is also a
minimizer of A, on M,,.

Assume by contradiction ¢,,(X) # ¢y, (x) for all x € Q, with || > 0. Define the function U:=
(u,v), with v:= ¢}, + gGw. By [1, Egs. (31), (33) and (39)], with the proviso that [1, Eq. (33)] is
an equality if and only if g = g*, there results that Qw(ﬁ) < Q,(U) and ||V, > |||
so that

r
r(Rz) Lr(Rzy

Ap(U)< A (U) and  SU) > SU).

Moreover, one can check that there exists v € (0, 1) such that ||[t¢), + qgw”r,([Rz) = |l +
qgw||2,(R2). Besides, letting U; = (u, T}, + qG,). there results that

00(Uz) < 00(0)

and thus

Aw(Ur) < Ap(U)  and  S(U;) =5(U),
which contradicts the fact that U is a minimizer of A, on M, and concludes the proof. O

Remark 5.12. The proof of Lemma 5.11 and of Lemma 5.10 require major modifications in the
proof of the analogous results given in [1]. The reason is pointed out in Remark 5.9. Indeed,
the presence of a negative, non-quadratic term in A, forces variations that involve the sole
restriction to the plane v. However, such an operation does not allow any control on the sign of
0., and, thus, any proper renormalization. Hence, we decided to act only on the regular part of
v. This gives rise to further technical issues (mainly in Proposition 5.10), which can be managed
as showed before.

Then, we can conclude the section with the proof of Theorem 4, that follows combining
previous results in this section.

Proof of Theorem 4. Let U = (u, v) be a ground state for E at mass . In particular, fix A =1,
so that v = ¢ + gKo/2m, where ¢ stays for ¢;. Then, by Proposition 5.2 u £ 0, ¢ £ 0 and
q # 0. Moreover, up to a multiplication by a constant phase, g > 0 and u#(x) > 0 for every x > 0.
By Lemma 5.1, u solves (47), hence it is a proper translation of a one-dimensional soliton. On
the other hand, (22) follows by (49) and (50) choosing A = 1. The properties of v follow by
combining Proposition 5.2 and Lemmas 5.10, 5.11 and 5.5.

It is, then, left to prove that

p+2

E(U) < —0,u677. (64)
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Instead of proving (64), we prove the stronger inequality
E(U) < min{€ (i, RY), & (1, R},

+2
since the right-hand side is not larger than —6, ung’ Assume, by contradiction, that E(U) =
E(w) = min{& (u, RY), &, (u, R?)}. Then, arguing as in the proof of Theorem 2, we get

— + 2
EU)= inf {Ea(u,R )+ E,(v,R )},

n

so that U is also a ground state for E,(-, RT) + E,(, R2) at mass ;. However, by Theorem 3,
this entails that either # = 0 or v = 0, which is a contradiction and concludes the proof. O
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Appendix A. The Laplacian on the hybrid plane

Here we show that the Hamiltonian operators H introduced by Exner and Seba in [33] to
realize the Laplacian on the hybrid is associated to the family of quadratic forms Q defined in
(14). In the notation H and Q we omit the dependence on the parameter «, p, §, but it is clear
that the symbol H represents rather a family of operators and Q a family of quadratic forms. The
definition of H presented below is slightly different from that of [33], but it is easily seen that
they are equivalent.

The operator H is obtained as a self-adjoint operator that acts as the Laplacian on R and R?
outside the origin. Thus, H is a self-adjoint extension of

Ho:= Hg+ ® Hge
with
Hg+ : C®(RY) - L2(RY), Hp+u = —u"
Hgo : C(R2\ {0})) » L*(R?),  Hgov=—Av.
In [33], the family of all extensions of Hy is split up in five classes. Here we have considered
class I only, which is a three-parameter family of extensions, since the others can be seen as

degenerate cases (see Remark A.2).
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Leta, peR, B C. Wedefine H: D(H) C L*(T) — L*(Z) as the operator with domain

D(H) := {U =(u,v) e L*X) : uc H*[R),

K /
v=¢+qZ%¢GH%WLquam.Cﬂ8>=<% p+f%w)<“fv},(@>
2

and action

Ko

HUZ(_M”,_A¢_QE)’ U:(l,{,U)GD(H)

We recall that the plane component of every function U = (u, v) € D(H) can be represented for
every A > 0 as v = ¢, + ¢G, and for the action of H one finds

HU = (—u",—A¢). — 1qG)).

As a consequence, (65) can be represented equivalently in terms of the dummy parameter A. In
this case boundary conditions in (65) read

u'(0) = au(0) + Bg

66

$,0) = Fu(0) + (pp + LD ) o
Remark A.1. Note that the boundary conditions in formula (66) differ from those in formula (22)
of Theorem 4. More precisely, while formula (66) involves both 8 and its conjugate f, in formula
(22) both terms are replaced by — . This apparent inconsistency is due to the fact that, whereas
the self-adjoint extensions above are derived for an arbitrary complex coupling parameter B, in
the main body of the paper we have chosen to take 8 > 0 and to introduce a minus sign in front
of it in order to improve readability. However, this is not restrictive in the study of the normalized
the ground states of the energy. In order to see this, let us write the expression of the NLS energy
on 7 consistent with (66) for an arbitrary complex Sy:

E(U) = Eq(u, R") + E, (v, R?) + Re (ﬁoqm) .

Since

Boqu(0) = |Bol g e~ Ar2P0) 1 (0) = —|Bo| g e~ e~ Are(F0) 1 (0),

for every U = (u, v) € Dy, if we define Ug, = (up,, v) with ug, := e~imrAPody then Ug, €
D, and E(U) = E(Ug,), where E is the energy defined by (8) with 8 = |Bo].

Remark A.2. The other classes of self-adjoint extensions of Hp established by [33] can be con-
sidered as degenerate since they are obtained by letting the parameters «, p, § go to infinity.
More precisely, classes III, IV, and V correspond to the cases in which the half-line and the plane
are decoupled. More precisely:
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x class III is obtained by letting o« — oo and keeping p and 8 bounded;

x class IV is obtained letting p — oo and keeping « and 8 bounded;

* class V is obtained either letting v, p — oo and keeping B8 bounded, or letting || — +o00
and keeping « and p bounded.

Class II, on the contrary, corresponds to a completely coupled case, in which one cannot
decouple the two objects for any value of the parameters. It can be formally obtained, for instance,
letting |«/, |p], |B| — 400 in such a way that o ~ p ~ 8 and 181> — ap ~ |B] (e.g. B >0 and

a=p=p+/p).

Let us show that Q : D — R, defined by (14), is the quadratic form associated with H. Pre-
liminarily, one can directly check that Q is symmetric and

QW) =(U,HU);2q, VYU e D(H).

Hence, to conclude it is sufficient to prove that Q : D — L?(Z) is associated with a unique
self-adjoint operator. By [53, Theorem VIII.15], this is guaranteed if Q(U) > —M ||U ||%2 T for
some M € R, and Q is complete in D with respect to the norm

1

10w = (QW) + (1 + MU 7))

(see e.g. [53, Chapter VIIL.6]). To this aim, recalling (26), (27), (40) and the fact that

—Ly =

- 1R+ 2
MGI’;I#((F ) ”u”LZ(RJr)

Qu(u,RT) 0, if >0,
- —a?, if a<0.

The infimum is attained if and only if @ < 0 by Ce**, C € C (see [40, Section 6.2.2]), there
results

QW) = Qu—ip)(u, RT) + Qp i) (v, R
> —La-ipi 72 g, — @p-1p1 101172 g2,
> —max {€y— 5, 0p—ip|} ||U||2LZ(I), YU = (u,v) € D.

On the other hand, using again [53, Chapter VIIL], Q is complete in D if and only if, for every
sequence (Uy), C D such that U, — U in LZ(I) and Q(U, — U,,) — 0, there results that
U eDand Q(U, —U) — 0. Then, fix (U,),, C D with the two required properties. In particular,
for any fixed A > 0, U, = (uy, vy), with u, € H'(R") and v, — ¢, Gy =: ¢n.1 € H'(R?), for
some (g,)» C C. Moreover, u, — u in L*(R), v, — v in L*(R?) and [luy — uml 2R+, lvn —
Umll2(r2y and Q(U, — Up) are uniformly bounded. By (30) and choosing A = a)pe4”, there
results that

l /2 ’ /
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1
= Cht 1gn = gml* = Clan — qmllluy, — 1112 ) < C.

from which, using a weighted Young’s inequality, we deduce that both |[u;, — uy, ||, 2g+) and
|gn — qm| are bounded. As a consequence,

[un(0) — um (0)|2 < 2||u;, - u;n ||L2(R+)”un - Mm||L2(R+) — 0,

and

- 1 1
[Re (B(gn = @) @@ — 1O | < Clan = gl = w2 g It = el 2 ) = O-
Thus

oW, —Uy) =||Lt;l - “;n||iz([R+) + ”V‘pn,k - V¢m,k”iz([R2)

+ 2 bns = mal o gy + lan — gml* +0(1) > 0,

which entails that (u,), is a Cauchy sequence in H LR, (¢n.3)n is a Cauchy sequence in
H'(R?) and (gn)n is a Cauchy sequence in C. Hence, there results that U € D and that Q(U,, —
U)—0.

Appendix B. Eigenvalues of the Laplacian on the hybrid plane

Here we give the discrete spectrum of the operator H introduced in Appendix A, in view of
the importance of its least eigenvalue, that coincides with the quantity — E}in, defined in (15).

The eigenvalues of H are the numbers v € R for which there exists U = (u,v) € D(H) \
{(0, 0)} such that

—u" —vu=0, on RT,

(H—-v)U =(0,0), ie.

{ —A¢y — v —q(v+21)G, =0, onR>.
The case B = 0 is immediate as the problem decouples, and the discrete spectrum consists of
{—w,}, when o > 0, and of {~w,, —oez}, when o < 0, where the eigenspace of —w),, is spanned
by (0, Gy ) and, when « < 0, the eigenspace of —a?is spanned by e**. On the other hand, if
B > 0, then one finds that the eigenvalues are the negative solutions in v of

-1
(O[ + \/—_V) — (p + Y — log(z)z‘; log(\/__v)> ’32. (67)

Such solutions are not explicit, but an easy qualitative study of the functions on the two sides of
(67), yields that

x for every a, peR, >0, there exists a solution, denoted by ¢!, smaller than min{—£{y, —w,},
x for every p € R, a < 0, B > 0, there exists another solution, denoted by 2, belonging to

(max{—ﬁa, —wp}, O).
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Hence, the discrete spectrum consists of {¢!}, when « > 0, and of {¢', £2}, when « < 0. The

eigenspaces of £/ are spanned by (e™V —tx eyt vﬂ—“g_e i (X)).
Summing up, the discrete spectrum of H reads

{—w,}, if (a, B) € [0, +00) x {0}

{~wp, —a?}, if (@, B) € R™ x {0}
od(H) = | )

ey, if (o, B) € [0, +00) x R

(e, e?y, if (o, B) e R~ x RT,

and — Eyjy, defined by (15), is actually the least eigenvalue of H, i.e. —Ejj, = minog(H).
Data availability
No data was used for the research described in the article.
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