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Abstract

We study existence, nonexistence, and qualitative properties of ground states for a focusing, subcritical 
Nonlinear Schrödinger Equation on a hybrid plane, consisting of a half-line attached to a plane. Ground 
states are normalized minimizers of the associated energy, given by Nonlinear Schrödinger energies with 
contact interactions on the half-line and on the plane, plus a quadratic coupling term. At fixed mass, ex
istence holds if the contact interaction on the half-line is not too repulsive, or the interaction on the plane 
is sufficiently attractive, or the coupling is strong enough. Nonexistence occurs when both interactions are 
sufficiently repulsive and the coupling is weak. Moreover, we discuss how the coupling affects the support 
and the symmetry properties of such ground states. These are the first results for a Nonlinear Schrödinger 
Equation on a mixed-dimensional manifold.
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ℐ

plane≡ R2

0 ≡ 0
half-line≡

R +

Fig. 1. The hybrid plane ℐ . The origin of the coordinates on both the half-line and the plane is set at the junction. 

1. Introduction

The quantum dynamics on domains of mixed dimensionality was first investigated by Exner 
and Šeba in the seminal work [33], where the authors considered a manifold made of a plane 
glued to the end of a half-line as in Fig. 1. The origin of both the half-line and the plane was set 
at the junction. The resulting structure, here denoted by ℐ , was called hybrid plane. According 
to the physical theory, a state of a particle confined on ℐ consists of a couple of functions

U = (u, v), u ∈ L2(R+), v ∈ L2(R2).

In the same work, the authors described all matching conditions that link u and v at the 
junction and realize the Laplacian as a self-adjoint operator in L2(ℐ) := L2(R+) ⊕ L2(R2). This 
problem and the techniques used in [33] belong to the field of the analysis of linear operators.

In the present paper we initiate the analysis of nonlinear problems on hybrid structures. Here 
we focus on the search for conditions of existence of ground states for the standard focusing 
Nonlinear Schrödinger (NLS) Energy on ℐ in the L2-subcritical case.

We construct such energy heuristically, however we will show in Appendix A that it coincides 
with the sum of the energy associated to the Laplacian defined in [33] with a nonlinear power 
term.

To construct the NLS energy on ℐ , we start from the well-known expression of the focusing 
standard NLS energy ([38,39,22])
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ENLS(w,X) = 1

2
∥∇w∥2

L2(X)
− 1

s
∥w∥s

Ls(X), w ∈ H 1(X), (1)

where X can be the half-line or the plane; then, we assume that the effect of the contact between 
the plane and the half-line is concentrated at the junction, giving rise to one contact interaction 
on the half-line, to another on the plane, and to a coupling between the two components. As a 
result, the contribution of the half-line to the energy is

Eα(u,R+) = 1

2
∥u′∥2

L2(R+)
− 1 

p
∥u∥p

Lp(R+)
+ α

2 
|u(0)|2, u ∈ H 1(R+), (2)

where the real number α denotes the strength of the contact interaction on the half-line, which 
coincides with a Dirac’s delta potential at the origin. For this reason, in what follows we will 
reserve the name delta interaction to the contact interaction on the half-line.

Concerning the contribution of the planar component v to the energy on ℐ , it is well-known 
that a Dirac’s delta term like in (2), say ρ|v(0)|2, is not controlled by the gradient term in (1) and 
then it does not give rise to a closed and lower bounded form, making the energy ill-defined (for 
details see [8]). Thus, in order to define a contact interaction in two dimensions, one can make 
use of the theory of self-adjoint extensions of hermitian operators by von Neumann and Krein 
[52], and, as a result, one finds that the presence of a contact interaction imposes a particular 
structure to the function v. Precisely, v decomposes into the sum of a regular and a singular part, 
namely

v = ϕ + q
K0

2π 
, ϕ ∈ H 1(R2), q ∈ C, (3)

where the complex number q is called the charge of the function v and K0 is the Macdonald 
function of order zero, whose asymptotic behavior at the origin is

K0(x) = − log |x| + o(log |x|), x → 0.

Notice that K0 is not in H 1(R2), so the decomposition (3) is consistent.
The energy of the function v in (3) reads ([1,8])

Eρ(v,R2) = 1

2
∥ϕ∥2

H 1(R2)
− 1

2
∥v∥2

L2(R2)
+
(︃

ρ + γ − log 2

2π 

)︃ |q|2
2 

− 1

r
∥v∥r

Lr (R2)
, (4)

where γ is the Euler-Mascheroni constant and the real number ρ represents the strength of the 
contact interaction. More precisely, − 1 

2πρ
is the scattering length of the contact interaction, so 

that the free Laplacian is recovered by setting ρ = ∞, that formally forces q = 0 in (4) and 
therefore v = ϕ.

Given the contribution of the half-line in (2) and that of the plane in (4), to complete the 
definition of the energy one needs to introduce the coupling between the two components. We 
choose such a coupling as quadratic in the main orders of u and v near the junction, namely u(0)

and q . The coupling term equals then −βRe(qu(0)), with β ⩾ 0. The restriction on β does not 
affect the generality, since for a complex β it is sufficient to multiply the function u by the phase 
of β in order to recover an expression of the energy with a nonnegative β .
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The resulting expression for the energy on the hybrid is then

E(U) := Eα(u,R+) + Eρ(v,R2) − βRe(qu(0)), U = (u, v). (5)

Let us remark that the energy of the half-line Eα(·,R+) is the restriction of E to states with v = 0
and the energy on the plane Eρ is the restriction of E to states with u = 0.

We are now ready to introduce the notion of ground state. By ground state for the energy (5)
at mass μ we mean a function U in the energy domain

𝒟 :=
{︂
U = (u, v) : u ∈ H 1(R+), v = ϕ + qK0/2π, ϕ ∈ H 1(R2), q ∈ C

}︂
,

that minimizes E among the functions satisfying the mass constraint

∥u∥2
L2(R+)

+ ∥v∥2
L2(R2)

= μ. (6)

We use the notation 𝒟μ for the intersection of the energy domain 𝒟 with the mass constraint.
So, in order for a ground state to exist, the infimum

ℰ(μ) := inf 
𝒟μ

E(U)

must be finite, i.e. ℰ(μ) > −∞, and attained, i.e. there must be U ∈𝒟μ such that

E(U) = ℰ(μ).

Finally, as already anticipated, here we restrict to L2-subcritical nonlinearities, i.e. we con
sider powers bounded as 2 < p < 6 and 2 < r < 4. The meaning of this limitation is illustrated 
by the Gagliardo-Nirenberg inequality

∥w∥s
Ls(Rn) ⩽ C∥∇w∥n

(︁
s
2 −1

)︁
L2(Rn)

∥w∥n+s
(︁
1− n

2 
)︁

L2(Rn)
, (7)

that, provided s < 2 + 4/n, yields

ENLS(w,Rn) ⩾ 1

2
∥∇w∥2

L2(Rn)
− C∥w∥n+s

(︁
1− n

2 
)︁

L2(Rn)
∥∇w∥n

(︁
s
2 −1

)︁
L2(Rn)

,

so that the constrained standard energy is coercive. In the proof of Theorem 1 we show that (7)
yields coercivity for the energy (5) also, under the constraint (6) and the subcriticality conditions 
2 < p < 6 and 2 < r < 4.

Of course coercivity guarantees that the infimum of the functional is finite, but in general does 
not ensure that it is attained. In fact, while in Rn subcriticality entails existence of ground states 
for every mass, this is not true in more complicated domains, like for instance metric star graphs 
with at least three half-lines ([4,10]).

In the construction of the energy (5) we introduced two different nonlinearity powers, p in the 
half-line and r in the plane, to enclose a larger spectrum of problems and to cover all subcritical 
cases.

Summing up, the problem we analyze is the following:
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Problem. Given α,ρ ∈ R, β ⩾ 0, p ∈ (2,6), r ∈ (2,4) and μ > 0, establish the existence or the 
nonexistence and, in case of existence, some qualitative features for the ground states at mass μ
of the energy (5), namely the minimizers of the functional

E(U) =Eα(u,R+) + Eρ(v,R2) − βRe(qu(0))

= 1

2
∥u′∥2

L2(R+)
+ α

2 
|u(0)|2 − 1 

p
∥u∥p

Lp(R+)
+ 1

2
∥ϕ∥2

H 1(R2)
− 1

2
∥v∥2

L2(R2)

+
(︃

ρ + γ − log 2

2π 

)︃ |q|2
2 

− 1

r
∥v∥r

Lr (R2)
− βRe(qu(0)),

(8)

where:

· u ∈ H 1(R+);
· v = ϕ + qK0/2π , with ϕ ∈ H 1(R2), q ∈ C;
· U = (u, v) satisfies the mass constraint (6).

Let us quickly summarize our results, to be detailed in Section 2. According to the formulation 
of the Problem, some of them focus on the issue of existence or nonexistence of ground states, 
while the others concern the shape of such ground states, provided they exist.

The key step for proving existence of ground states lies in showing that the only possible lack 
of compactness for minimizing sequences is given by the escape at infinity through the half-line. 
In other words, the escape at infinity along the plane is not an issue as it is never energetically 
convenient. This is due to the fact that the plane alone with a contact interaction always traps 
a ground state [1]. Therefore, in order for a ground state to exist, the energy threshold to be 
overcome is the energy of the one-dimensional soliton at mass μ (Theorem 1). Conversely, if the 
energy of every state is strictly larger than the energy of the one-dimensional soliton with the 
same mass, then ground states at that mass cannot exist.

Concrete results of existence derive from Theorem 1. First, in Corollaries 2.2 and 2.4 we ob
tain that, for every choice of the parameters α ∈ R, ρ ∈ R, β ⩾ 0, p ∈ (2,6), r ∈ (2,4), a ground 
state exists for small and for large mass. This result is obtained through asymptotic analysis 
and does not provide significant estimates of the mass thresholds. These are given in Corol
lary 2.3, where we provide explicit thresholds μp,r for the mass and r⋆ for the nonlinearity, so 
that existence is guaranteed whenever μ and r are either both above or both below the respective 
thresholds. On the other hand, for fixed mass there exists a ground state as one of the following 
hypotheses is satisfied: 

(1) if α is small enough, depending only on the power p (Corollary 2.5). Since the threshold in 
α is positive for every p, this means that a not too repulsive delta potential at the origin of 
the half-line guarantees, alone, the presence of a ground state;

(2) if ρ is not too large, with a threshold that depends on all other parameters (Corollary 2.7). 
Recalling that in the linear Schrödinger Equation the two-dimensional contact interaction 
always has a ground state whose energy increases with ρ [8], this condition means that, even 
when the delta interaction at the half-line is strongly repulsive, a sufficiently binding contact 
interaction on the plane captures a ground state for the hybrid;

(3) if β is large enough, with a threshold that depends on all other parameters (Corollary 2.7). 
This means that, even if all other parameters play an unfavorable role, a strong coupling 
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between the halfline and the plane can trap a ground state. In fact, the coupling always has a 
binding effect.

Conversely, if we are not in the hypotheses of the previous corollaries that guarantee existence, 
namely if α and ρ are large and β is small, then there are no ground states (Theorem 2).

We point out that our classification does not cover the case r = 6p−4
p+2 , since this condition 

results in the same scaling law for the energies of the ground states on the free line and the free 
plane as functions of the mass. So, in order to figure out which component of ℐ is energetically 
more convenient, one should use the numerical value of the energy of the soliton in the half-line 
and in the plane, but the latter is currently unknown. Furthermore, as we specify more precisely 
in Section 2, our results do not cover the whole spectrum of the parameters.

The second kind of results concerns some basic features of the ground states. We distinguish 
the case of decoupled half-line and plane, i.e. β = 0, and the case with a coupling β > 0. In the 
first case, every ground state is supported either on the half-line, where it is a soliton tail, or on 
the plane, where it coincides with a ground state for the NLS with a point interaction of strength 
ρ (Theorem 3). If the plane and the half-line are coupled, then every ground state possesses non
trivial components on the plane and on the half-line, each being a ground state at some mass for 
the NLS with a suitable point interaction at the origin (Theorem 4). In particular, every ground 
state displays a logarithmic singularity at the origin of the plane and its two components are 
connected at the junction by the boundary conditions (22) singled out in [33].

As for the techniques, our proofs rely on the interplay between direct and indirect methods of 
the Calculus of Variations, together with techniques developed for studying contact interactions 
in Quantum Mechanics. Our starting point is the information obtained separately for the prob
lem on the half-line [12] and the plane [1,35]. However, most of the proofs here require more 
advanced techniques. This is mainly because when studying the existence of ground states on the 
hybrid, the problems on the two components are separately unconstrained, being the constraint 
only on the hybrid as a whole. In particular, the proof of Theorem 1 is more technical than the 
analogous proof in [1], even though we managed to simplify the use of the Gagliardo-Nirenberg 
inequalities, adequately generalized. Moreover, to prove the features of ground states in the cou
pled case (Theorem 4), we follow the strategy introduced in [1], i.e. we move to a problem that 
rephrases the minimization of the action on the Nehari manifold. In such a problem, applying a 
suitable version of the rearrangement inequalities proves meaningful, while in the original prob
lem this is much harder. However, as Remarks 5.9 and 5.12 explain, in this context such strategy 
presents a major technical obstacle, which requires further non-trivial efforts to be solved. This 
is a consequence of choosing different nonlinearity powers on the half-line and the plane.

Our model opens a new research line in a topic that in recent years has prompted a widespread 
and still growing interest, the Nonlinear Schrödinger (NLS) equation on non-standard domains. 
In such topic a prominent role has been played by the study of the NLS on metric graphs (see e.g. 
[11] for a rigorous definition). The reason is twofold. On the one hand, such a model proved to be 
an effective description of the dynamics of Bose-Einstein Condensates (BEC) in branched traps 
[41,48]; which is, among other things, the basic framework for the study of emerging quantum 
technologies such as atomtronics [9]. On the other hand, from a mathematical perspective, it 
gives rise to several new and unexpected phenomenologies for the same problem on Euclidean 
domains.

Consequently, the mathematical literature on the topic has become large in a relatively short 
time, especially concerning the study of the standing waves for the focusing NLS. For the sake of 
brevity, we only mention a selection of the most recent results on compact graphs [24,28], graphs 
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with half-lines [3,18,13,14,25,26,29,49--51] and graphs with infinitely many edges [5,27,30,32], 
even with relativistic corrections [15--17].

In this perspective, the study of the NLS on the hybrid plane ℐ and, more generally, on 
connected manifolds consisting of pieces of different dimension, also known as quantum hy
brids, appears as a natural generalization of the analogous investigations carried out for quantum 
graphs. However, the complexity of the techniques grows considerably.

In this regard, it is worth mentioning that the discussion on the NLS ground states on hybrids 
shares more features with the study of the ground states for the NLS with point defects of delta 
type, nowadays almost completely understood for the problem on the real line [6,7,13,36,37,43] 
and only recently addressed in the cases of the half-line [12] and of the plane and the space 
[1,2,20,21,35,34].

Due to the structure of the hybrid plane ℐ , we take advantage of the results obtained in [1,12], 
which represent preliminary investigations aimed at the present work.

Finally, the paper is organized as follows:

∗ in Section 2 we state and comment the results and give some corollaries;
∗ in Section 3 we provide the proof of the main result (Theorem 1), that gives necessary and 

sufficient conditions for the existence of ground states at mass μ.
∗ in Section 4 we present the proof of a nonexistence result (Theorem 2).
∗ Section 5 addresses the proof of Theorem 4, concerning the properties of ground states when 

β > 0.

The paper ends by two appendices. The first shows that the self-adjoint operator H associated 
with the quadratic part of (8) is, apart from a factor 2, that constructed in [33], and the second 
details the spectrum of H in view of the importance of the linear ground state for the non linear 
problem.

2. Main results

Before stating the results, we point out that there exist three negative upper bounds for ℰ(μ).

Remark 2.1 (A priori upper bounds). The function ℰ(μ) is always negative. More precisely, for 
every μ it lies below the following three levels. 

(1) Denote by φμ the unique positive and even ground state at mass μ of the functional (1) with 
X = R and s = p, whose existence is a classical result ([55,45--47,22]). Furthermore,

ENLS(φμ,R) = −θpμ
p+2
6−p , θp := −ENLS(φ1,R) > 0. (9)

Now consider truncations of φμ on the half-line φ(n)
μ = N(n)χR+φμ(x −n), where the factor 

N(n) normalizes the mass to μ. Clearly, φ(n)
μ (0) = φμ(n) vanishes and N(n) → 1, as n →

+∞, so

Eα(φ(n)
μ ,R+) = ENLS(φμ,R) + o(1) → −θpμ

p+2
6−p , n → +∞.

Defining Φ(n)
μ = (φ

(n)
μ ,0) in 𝒟μ, one gets

7 
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ℰ(μ) ⩽ lim
n 

E(Φ(n)
μ ) = lim

n 
Eα(φ(n)

μ ,R+) = −θpμ
p+2
6−p . (10)

Note that this bound may not be attained.
(2) Analogously, denote by ξμ the unique positive and spherically symmetric ground state at 

mass μ of the functional (1) with X = R2 and s = r , whose existence is a classical result too 
([45--47,22]). It satisfies

ENLS(ξμ,R2) = −τrμ
2 

4−r , τr := −ENLS(ξ1,R
2) > 0. (11)

In addition, denote by vμ a positive and spherically symmetric ground state at mass μ of the 
functional Eρ(·,R2). In [1] we proved its existence and also that

Eρ(vμ,R2) < Eρ(ξμ,R2) = ENLS(ξμ,R2), (12)

since in a decomposition like (3) the function ξμ has no singular part. Then, introducing the 
state Υμ = (0, vμ) we get

ℰ(μ)⩽ E(Υμ) = Eρ(vμ,R2) < Eρ(ξμ,R2) = −τrμ
2 

4−r . (13)

(3) Finally, given μ > 0 we denote by Ψμ the unique positive ground state at mass μ of twice 
the quadratic part of the energy (8), namely

Q(U) =∥u′∥2
L2(R+)

+ α|u(0)|2+

∥ϕ∥2
H 1(R2)

− ∥v∥2
L2(R2)

+
(︃

ρ + γ − log 2

2π 

)︃
|q|2 − 2βRe(qu(0)). (14)

Clearly, Ψμ = √
μΨ1 and Q(Ψμ) = −Elinμ < 0, where we denoted by

Elin := − inf 
U∈𝒟

U≠(0,0)

Q(U) 

∥U∥2
L2(ℐ)

= −Q(Ψ1). (15)

See Appendix B for a proof that −Elin is actually the least eigenvalue of the self-adjoint 
operator associated with Q and is negative. As a consequence, one immediately sees that

ℰ(μ)⩽ E(Ψμ) <
1

2
Q(Ψμ) = −Elin

2 
μ. (16)

We stress that, while bounds (10) and (13) do not depend on the parameters α,ρ and β , the factor 
Elin does.

An immediate consequence of (16) is that a minimizing sequence at mass μ for the func
tional E cannot completely disperse and lose the whole mass in the weak limit, since the 
Lp(R+)⊕Lr(R2) norm would vanish and the limit of the energy could not be lower than −Elin

2 μ, 
contradicting (16). Moreover, we prove in Theorem 1 that the possibility of splitting a fraction 
of the mass is not energetically convenient. Therefore, by concentration-compactness method we 

8 
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conclude that either a minimizing sequence strongly converges to a ground state, or it escapes 
away to infinity.

In turn, the escape may take place in two ways: on the plane or along the half-line. In either 
case, the contribution of the contact interaction to the energy becomes negligible, so that, in order 
to minimize the energy, the sequence has to approximate asymptotically a soliton. However, if 
a minimizing sequence escaped through the plane, then its energy would converge to that of ξμ, 
and so Ξμ = (0, ξμ) would be a ground state at mass μ for (8).

Hence, the only situation in which ground states do not exist occurs when minimizing se
quences escape along the half-line and asymptotically mimic the one-dimensional soliton φμ. 
Conversely, in order to ensure that a ground state exists, it is sufficient to exhibit a competitor 
whose energy is lower than the energy of the one-dimensional soliton with the same mass. This 
is summarized in the theorem below.

Theorem 1 (A necessary and sufficient condition for existence). A ground state at mass μ for the 
energy (8) on the hybrid plane ℐ exists if and only if there is a function W ∈𝒟μ such that

E(W)⩽ ENLS(φμ,R) = −θpμ
p+2
6−p (17)

where φμ is a ground state at mass μ for the standard NLS energy ENLS(·,R).

As a first consequence of Theorem 1, we remark that a ground state always exists provided 
that the mass is small enough. This conclusion comes straightforwardly from Theorem 1 and the 
bound (16). Indeed, since (16) is linear in μ, while the bound in (17) is superlinear, for small 
mass one has

ℰ(μ) < −Elin

2 
μ < −θpμ

p+2
6−p .

So we proved the corollary below.

Corollary 2.2 (Existence for small μ). Fix α, ρ ∈ R, β ⩾ 0, p ∈ (2,6). Then, there exists 
μ⋆(p,α,ρ,β) > 0 such that for every μ ∈ (0,μ⋆) there is a ground state at mass μ for the 
energy (8).

In view of point (2) of Remark 2.1, the second consequence of Theorem 1 is that, if the 
infimum of the free NLS energy (1) on the plane is smaller than the analogous quantity on the 
line, then (17) is satisfied and a ground state exists. Such a condition amounts to

θpμ
p+2
6−p < τrμ

2 
4−r , (18)

and gives for the mass the threshold value

μp,r =
(︃

τr

θp

)︃ pr−4p−6r+24
6p−2r−pr−4 

.

Since the exponent at the l.h.s. of (18) is smaller than the exponent at the r.h.s. if and only if

9 
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r > r⋆ := 6p − 4

p + 2 

the next corollary follows.

Corollary 2.3. Fix p ∈ (2,6), r ∈ (2,4). If

r < r⋆ and μ ∈ (0,μp,r ]
or

r > r⋆ and μ ⩾ μp,r ,

(19)

then there is a ground state at mass μ for the energy (8).

Unfortunately, we are not able to treat the case r = r⋆ since, to our knowledge, a comparison 
between θp and τr is not available.

The third consequence of Theorem 1 is that, whenever a ground state φα,μ at mass μ for the 
functional (2) exists, condition (17) is fulfilled by the state Φα,μ := (φα,μ,0). Indeed one has 
∥Φα,μ∥2

L2(ℐ)
= μ and

E(Φα,μ) = Eα(φα,μ,R+) ⩽ ENLS(φμ,R).

Thus, one inherits the next result, proved in [12, Theorems 1.2 and 1.3] and summarized in the 
corollary below.

Corollary 2.4 (Existence for large μ). Fix α ∈ R, p ∈ (2,6). Therefore: 

(1) when α ⩽ 0 there is a ground state at mass μ for the energy (8) for every μ > 0;
(2) when α > 0 and p ∈ (2,4], if μ > μp(α), where μp(α) > 0 is the mass of the one

dimensional soliton that solves

u′′ + |u|p−2u = α2u,

then there is a ground state at mass μ for the energy (8);
(3) when α > 0 and p ∈ (4,6) there exists ˜︁μ ∈ (0,μp(α)) such that, if μ > ˜︁μ, then there is a 

ground state at mass μ for the energy (8).

At this point we know that there exist ground states for small and large values of the mass. 
What happens in the intermediate region of masses may depend on the values of the other pa
rameters of the problem.

The next corollary shows that the existence of ground states for fixed μ and p is ensured 
provided α is negative or below a certain threshold (depending on both μ and p). This result 
is obtained just rephrasing [12, Proposition 1.4], that discusses the existence of ground states at 
mass μ for (2) as α varies.

Corollary 2.5 (Existence for small or negative α). For any μ > 0 and any p ∈ (2,6) there is a 
number αp(μ) > 0 such that, if

10 
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α < αp(μ)

or

α = αp(μ) and 4 < p < 6,

(20)

then there exists a ground state at mass μ for the energy (8). Furthermore, αp is a strictly 
monotonically increasing function of the mass μ and satisfies

αp(μ) 

⎧⎪⎨⎪⎩
:= Cpμ

p−2
6−p , 2 < p ⩽ 4

> Cpμ
p−2
6−p , 4 < p < 6,

where

Cp =
(︃

2 
p

)︃ 2 
6−p

⎛⎝ p − 2 

4
∫︁ 1

0 (1 − s2)
4−p
p−2 ds

⎞⎠
p−2
6−p

Remark 2.6. The threshold αp is independent of ρ and β and is sharp for the problem on the 
half-line. Indeed, [12, Proposition 1.4] guarantees that, if (20) is not satisfied, i.e.

α > αp(μ)

or

α = αp(μ) and 2 < p ⩽ 4,

(21)

then ground states for Eα(·,R+) at mass μ do not exist and the level ENLS(φμ,R) is not reached.

On the other hand, as the following corollary illustrates, for fixed μ it is sufficient to make 
either ρ small or β large enough to obtain the existence of a ground state, also when (20) is not 
satisfied.

Corollary 2.7 (Existence for small ρ or large β). For every μ > 0 there exist ˜︁ρ ∈ R and ˜︁β ⩾ 0
such that, if ρ ⩽˜︁ρ or β ⩾ ˜︁β , then there is a ground state at mass μ for the energy (8).

Note that the existence of ˜︁ρ does not depend on the other parameters of the problem, while its 
value may depend on them in general. Indeed, if one fixes a state U = (u, v) ∈ 𝒟μ with q ≠ 0, 
then

lim 
ρ→−∞E(U) = −∞.

Therefore, there is a value ˜︁ρ for which E(U) ⩽ ENLS(φμ,R) for every ρ ⩽ ˜︁ρ, entailing the 
existence of ground states by Theorem 1. An analogous result can be established for ˜︁β just 
assuming q and u(0) positive and letting β → +∞.

Now, we focus on nonexistence. To such aim, according to Theorem 1, one has to prove that 
the energy of any state exceeds that of the one-dimensional soliton with the same mass. This is 
guaranteed if α and ρ are large and β is small.

11 
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Theorem 2 (Nonexistence). Let p ∈ (2,6), r ∈ (2,4) \ {r⋆}, μ > 0. Assume also that (19) does 
not hold and (21) holds. There exists ρ⋆(r,p,μ) ∈ R such that:

(i) if β = 0, then ground states at mass μ for the energy (8) do not exist if and only if ρ > ρ⋆;
(ii) if β > 0 and α ≠ αp(μ), setting

k⋆ := β2

α − αp(μ)
,

then ground states at mass μ for the energy (8) exist when ρ ⩽ ρ⋆ and do not exist when 
ρ > ρ⋆ + k⋆ or ρ = ρ⋆ + k⋆ and p ∈ (2,4].

Notice that when β > 0 the lower threshold ρ⋆ + k⋆ for the nonexistence may be larger than 
the analogous threshold in the case β = 0, namely ρ⋆. Indeed, the presence of β may favor the 
existence of a ground state. To understand this fact, consider the family of states Uθ = (u, eiθ v). 
If β = 0, then all such states have the same energy. If β > 0, then the energy of Uθ presents an 
additional term −βRe(eiθ qu(0)), that can be minimized by choosing the phase θ so to make 
eiθqu(0) real and positive. This implies that a positive β may lower the infimum ℰ(μ) and possi
bly push it below the threshold given in (17) and then entail existence. In order to compensate this 
effect and restore nonexistence, the parameter ρ must be pushed forward, and k⋆ is a quantitative 
measure of this need. On the other hand, we are not able to prove that the expression given for k⋆

is optimal or to rule out situations for which the optimal k⋆ is zero (while Corollary 2.7 entails 
that at least in some cases the optimal k⋆ has to be positive). Note also that k⋆ → 0, as β → 0. 
This shows that, as the coupling weakens, the phenomenology converges to that of the decoupled 
case. On the contrary, k⋆ → +∞, as β → +∞, which suggests that, as the coupling strengthens, 
it becomes harder not to have ground states. However, at the moment, it remains unclear how to 
go beyond the threshold ρ⋆ for the proof of the existence for any fixed β > 0 (while for β large 
enough the answer is again provided by Corollary 2.7).

The last results illustrate some features of ground states, provided they exist. First, in the 
case β = 0 the strict convexity of the function ℰ gives complete segregation: the ground state 
is supported either on the plane, or on the half-line. We omit the proof as it is a straightforward 
consequence of Step 1 of the proof of Theorem 2 and [12,1].

Theorem 3 (Shape of ground states. Decoupled case). Let β = 0 and assume that there exists a 
ground state at mass μ for the energy (8), denoted by U = (u, v). Then, up to a multiplication by 
a constant phase, the following alternative holds.

(i) If there is a ground state φα,μ at mass μ for Eα(·,R+) and

Eα(φα,μ,R+)⩽ Eρ(vρ,μ,R2),

with vρ,μ a ground state at mass μ for Eρ(·,R2), then U = (φα,μ,0) when the inequality is 
strict, while either U = (φα,μ,0) or U = (0, vρ,μ) when the equality holds. Moreover, the 
ground state energy is given by

ℰ(μ) = Eα(φα,μ,R+).

12 
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(ii) In all other cases, U = (0, vρ,μ) and the ground state energy reads

ℰ(μ) = Eρ(vρ,μ,R2).

Remark 2.8. The shape of the ground states in such decoupled case can be easily deduced by 
Theorem 3. It is indeed well-known ([12,37,36]), that a positive ground state for Eα(·,R+) is 
a one-dimensional soliton, translated in such a way that its mass on the half-line equals μ and 
Robin boundary condition u′(0+) = αu(0) is satisfied. Furthermore, by [1] we know that, for 
every ground state v = ϕ + qK0/2π for E(·,R2), the regular part ϕ belongs to H 2(R2) and the 
matching condition ϕ(0) = (ρ + (γ − log 2)/2π)q is satisfied. Moreover, v is positive, radially 
symmetric and decreasing along the radial direction, up to a multiplication by a constant phase.

The last result treats the general coupled case β > 0.

Theorem 4 (Shape of ground states. Coupled case). Let β > 0 and assume that there exists a 
ground state at mass μ for the energy (8), denoted by U = (u, v). Then, u ≠ 0 and v = ϕ +
qK0/2π with nonvanishing q and ϕ. Besides, ϕ ∈ H 2(R2) and the boundary conditions⎧⎨⎩u′(0+) = αu(0) − βq

ϕ(0) = −βu(0) +
(︂
ρ + γ−log 2

2π 

)︂
q

(22)

are satisfied. Moreover, up to a multiplication by a constant phase, u is a truncated one
dimensional soliton and v is positive, radially symmetric and decreasing along the radial di
rection. Finally, the ground state energy fulfills

ℰ(μ) < −θpμ
p+2
6−p .

We remark that the conditions (22) are those found by Exner and Šeba in [33] (see Ap
pendix A).

Furthermore, while Theorem 3 is an immediate consequence of the concavity properties of the 
function ℰ at β = 0 ([1,12,35]), the proof of Theorem 4 requires some non elementary extensions 
of the techniques developed in [1], since establishing the features of the part supported on the 
plane presents some further technical problems.

In addition, in Theorems 3 and 4 the assumption of subcritical nonlinearity p ∈ (2,6), 
r ∈ (2,4) plays no role. Indeed, the shape of u depends on the fact that it satisfies the station
ary NLS, whereas the shape of v is obtained by proving that U = (u, v) is a minimizer of the 
action functional on the corresponding Nehari manifold, that does not require subcriticality (see 
Section 5).

Finally, we mention that the features of the ground states established by Theorems 3 and 4
imply that they belong to the domain of the self-adjoint operator associated with the quadratic 
part of (8) (see Appendix A).

2.1. Notation

We end the present Section by fixing some notation that will be used throughout the paper.

13 
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First, we recall the structure of the functions in the energy space 𝒱 on the plane (see [1,54])). 
Given an arbitrary positive number λ, any v ∈ 𝒱 can be decomposed as follows

v := ϕλ + q𝒢λ, (23)

where 𝒢λ = 1 
2π

K0(
√

λ ·). Note that, if v ∈ H 1(R2), then ϕλ = v for every λ > 0; whereas, if 
q ≠ 0 and ν ≠ λ, then

ϕν = ϕλ + q(𝒢λ − 𝒢ν). (24)

Obviously, one recovers the decomposition (3) by setting λ = 1 and ϕ1 = ϕ. Consistently, the 
planar component Eρ(·,R2) of the energy E given in (4) rewrites as (see again [1])

Eρ(v,R2) =1

2
∥∇ϕλ∥2

L2(R2)
+ λ

2 

(︂
∥ϕλ∥2

L2(R2)
− ∥v∥2

L2(R2)

)︂
+
(︄

ρ + γ − log 2 + log
√

λ

2π 

)︄
|q|2

2 
− 1

r
∥v∥r

Lr (R2)

(25)

Second, we denote by Qα(·,R+) and Qρ(·,R2), the quadratic parts of the energies of the 
linear and the planar components, i.e.

Qα(u,R+) =∥u′∥2
L2(R+)

+ α|u(0)|2 (26)

Qρ(v,R2) =∥∇ϕλ∥2
L2(R2)

+ λ
(︂
∥ϕλ∥2

L2(R2)
− ∥v∥2

L2(R2)

)︂
+
(︄

ρ + γ − log 2 + log
√

λ

2π 

)︄
|q|2 (27)

so that the energy writes

E(U) = 1

2
Qα(u,R+) + 1

2
Qρ(v,R2) − βRe(qu(0)) − 1 

p
∥u∥p

Lp(R+)
− 1

r
∥v∥r

Lr (R2)
.

3. Necessary and sufficient condition: proof of Theorem 1

Here we present the proof of the necessary and sufficient condition for the existence of ground 
states.

Proof of Theorem 1. The proof that (17) is a necessary condition for existence is straightfor

ward. If a ground state U exists, then by point (1) in Remark 2.1 it must be E(U)⩽−θpμ
p+2
6−p .

Let us prove the inverse implication. Assume that there exists W ∈ 𝒟μ such that E(W) ⩽
−θpμ

p+2
6−p . If ℰ(μ) = E(W), then W is a ground state. Suppose instead that

ℰ(μ) < E(W)⩽ −θpμ
p+2
6−p (28)

14 
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and consider a minimizing sequence Un = (un, vn) at a given mass μ > 0 for E. To get a lower 
bound we first use the one-dimensional Gagliardo-Nirenberg estimates

∥un∥p

Lp(R+)
⩽ C∥un∥

p
2 +1

L2(R+)
∥u′

n∥
p
2 −1

L2(R+)
, (29)

and

∥un∥2
L∞(R+)

⩽ C∥un∥L2(R+)∥u′
n∥L2(R+). (30)

Furthermore, to estimate the contribution of the two-dimensional component vn we use decom
position (23) and proceed by modifying the analogous estimate given in [1] in the following 
way:

∥vn∥r
Lr (R2)

⩽ C∥ϕλ,n∥r
Lr (R2)

+ C
|qn|r

λ 

⩽ C∥∇ϕλ,n∥r−2
L2(R2)

∥ϕλ,n∥2
L2(R2)

+ C
|qn|r

λ 

⩽ C∥∇ϕλ,n∥r−2
L2(R2)

∥vn∥2
L2(R2)

+ C∥∇ϕλ,n∥r−2
L2(R2)

|qn|2
λ 

+ C
|qn|r

λ 

(31)

where we used the triangular inequality, the identity ∥Gλ∥s
Ls(R2)

= C
λ , and the two-dimensional 

Gagliardo-Nirenberg estimate

∥ϕλ,n∥r
Lr (R2)

⩽ C∥∇ϕλ,n∥r−2
L2(R2)

∥ϕλ,n∥2
L2(R2)

. (32)

Now, if qn ≠ 0, then choose λn = |qn|2, so (31) yields

∥vn∥r
Lr (R2)

⩽ C(∥∇ϕ|qn|2,n∥r−2
L2(R2)

∥vn∥2
L2(R2)

+ ∥∇ϕ|qn|2,n∥r−2
L2(R2)

+ |qn|r−2). (33)

Let us stress that inequality (33) covers the case qn = 0 too, since in that case ϕ|qn|2,n = vn

and (33) reduces to the ordinary two-dimensional Gagliardo-Nirenberg inequality (32). Then, 
denoting ϕ0,n := vn, estimate (33) holds for every vn.

Absorbing into the constant C the quantities ∥un∥2
L2(R+)

and ∥vn∥2
L2(R2)

, both bounded by μ, 
controlling the coupling term by using (30) as

−βRe(qnun(0)) ⩾−C|qn|∥u′∥
1
2
L2(R+)

∥u∥
1
2
L2(R+)

⩾ −C|qn|2 − C∥u′∥L2(R+)

and using (25), one obtains

E(Un) ⩾
1

2
∥u′

n∥2
L2(R+)

− C

(︃
∥u′

n∥
p
2 −1

L2(R+)
+ ∥u′∥L2(R+)

)︃
+ 1

2
∥∇ϕ|qn|2,n∥2

L2(R2)
− C∥∇ϕ|qn|2,n∥r−2

L2(R2)
+ |qn|2

2 
(log |qn| − C) − |qn|r−2

r

=:f (︁∥u′
n∥L2(R+)

)︁+ g
(︁∥∇ϕ|qn|2,n∥L2(R2)

)︁+ h(|qn|)
15 
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where the one-variable functions f,g,h are lower bounded and divergent with their arguments 
as p < 6 and r < 4. Since E(Un) converges to ℰ(μ), it is a bounded sequence and, the quantities 
∥u′

n∥L2(R+), ∥∇ϕ|qn|2,n∥L2(R2), qn must be bounded too. Furthermore, ∥un∥2
L2(R+)

⩽ μ and

∥ϕ|qn|2,n∥L2(R2) ⩽ ∥vn∥L2(R2) + |qn|∥𝒢|qn|2∥L2(R2) = √
μ + C.

As a consequence, un and ϕ|qn|2,n are bounded respectively in H 1(R+) and H 1(R2), so that, up 
to subsequences,

· un converges to u in the weak topology of H 1(R+),
· qn converges to q in C,
· ϕ|qn|2,n converges to ϕ⋆ in the weak topology of H 1(R2).

Moreover, if qn = 0, then ϕ1,n = ϕ|qn|2,n = vn, whereas, by (24), if qn ≠ 0, then

ϕ1,n = ϕ|qn|2,n + qn(𝒢|qn|2 − 𝒢1).

Since in this latter case qn(𝒢|qn|2 − 𝒢1) admits a weak limit in H 1(R2) it is also bounded in 
H 1(R2). Thus, ϕ1,n is bounded in H 1(R2) too and, again up to subsequences,

· ϕ1,n converges to ϕ1 in the weak topology of H 1(R2) (which is equal to ϕ⋆ whenever q = 0).

In addition, qn𝒢|qn|2 converges to q𝒢|q|2 strongly in Ls(R2), if q ≠ 0, and to 0 weakly in Ls(R2), 
if q = 0, for s ∈ [1,+∞). Hence,

· vn converges to v :=
⎧⎨⎩ϕ1 + q𝒢1 if q ≠ 0,

ϕ1 if q = 0,
weakly in Ls(R2), for s ∈ [2,+∞).

Now, we focus on the function U ∈ (u, v), which is the weak limit in L2(ℐ) of the sequence 
Un, and call m its mass. Suppose, by contradiction, that m = 0, then u = 0 and v = 0. This entails 
|un(0)| → 0, as the weak convergence of u holds in H 1(R+), and qn → 0. Thus, ∥vn∥Ls(R2) =
∥ϕ1,n∥Ls(R2) + o(1), for s ∈ [2,+∞), so that

E(Un) = Eα(un,R
+) + Eρ(vn,R

2) − βRe(qnun(0))

= ENLS(un,R
+) + ENLS(ϕ1,n,R

2) + o(1).
(34)

In addition, if we define

u⋆
n(x) :=

⎧⎪⎨⎪⎩
0 if x < 0,

x if 0 ⩽ x < |un(0)|,
|un(x − |un(0)|)| if x ⩾ |un(0)|,

then

16 
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ENLS(un,R
+) ⩾ ENLS(u⋆

n,R) − 1

2
|un(0)| − |un(0)|p+1

p(p + 1) 
= ENLS(u⋆

n,R) + o(1). (35)

Therefore, using (9), (11), (28), (34) and (35)

−θpμ
p+2
6−p >ℰ(μ) ⩾ lim 

n→+∞E(Un) = lim 
n→+∞

(︂
ENLS(u⋆

n,R) + ENLS(ϕ1,n,R
2)
)︂

⩾ lim 
n→+∞

(︃
−θp∥u⋆

n∥
2p+4
6−p 

L2(R+)
− τr∥ϕ1,n∥

4 
4−r

L2(R2)

)︃

= lim 
n→+∞

⎛⎝−θp

(︃
∥un∥2

L2(R+)
+ 1

3
|un(0)|3

)︃ p+2
6−p − τr∥vn∥

4 
4−r

L2(R2)

⎞⎠
= lim 

n→+∞

(︃
−θp∥un∥

2p+4
6−p 

L2(R+)
− τr

(︂
μ − ∥un∥2

L2(R+)

)︂ 2 
2−r

)︃
⩾min

{︃
−θpμ

p+2
6−p ,−τrμ

2 
4−r

}︃
,

where in the last line we used the concavity of the functions −θpμ
p+2
6−p and −τrμ

2 
4−r . If 

min

{︃
−θpμ

p+2
6−p ,−τrμ

2 
4−r

}︃
= −θpμ

p+2
6−p , then the contradiction is immediate. Otherwise, one 

has

−τrμ
2 

4−r ⩽ ℰ(μ) < −θpμ
p+2
6−p .

Now, as observed in Remark 2.1, the energy level −τrμ
2 

4−r is overcome by the competitor Υμ =
(0, vμ), where vμ is a ground state at mass μ for Eρ(·,R2), so

ℰ(μ) ⩽ E(Υμ) < −τrμ
2 

4−r ⩽ ℰ(μ)

which is a contradiction too. As a consequence, m ≠ 0.
Suppose now 0 < m < μ. Then

∥Un − U∥2
L2(ℐ)

= ∥un − u∥2
L2(R+)

+ ∥vn − v∥2
L2(R2)

= μ − m + o(1).

On the one hand, since p > 2, r > 2 and μ 
∥Un−U∥2

L2(ℐ)

> 1, there results

ℰ(μ) ⩽ ℰ

⎛⎝√︄
μ 

∥Un − U∥2
L2(ℐ)

(Un − U)

⎞⎠= 1

2

μ 

∥Un − U∥2
L2(ℐ)

Qα(un − u,R+)

− 1 
p

(︄
μ 

∥Un − U∥2
L2(ℐ)

)︄ p
2 
∥un − u∥p

Lp(R+)
+ 1

2

μ 

∥Un − U∥2
L2(ℐ)

Qρ(vn − v,R2)

17 
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−1

r

(︄
μ 

∥Un − U∥2
L2(ℐ)

)︄ r
2

∥vn − v∥r
Lr (R2)

− μ 

∥Un − U∥2
L2(ℐ)

βRe
(︂
(qn − q)

(︁
un(0) − u(0)

)︁)︂
<

μ 

∥Un − U∥2
L2(ℐ)

E(Un − U),

and, hence,

lim inf
n 

E(Un − U) ⩾ μ − m

μ 
ℰ(μ). (36)

On the other hand, by an analogous computation,

ℰ(μ) ⩽ E

⎛⎝√︄
μ 

∥U∥2
L2(ℐ)

U

⎞⎠<
μ 

∥U∥2
L2(ℐ)

E(U)

and thus

E(U) >
m

μ 
ℰ(μ). (37)

In addition, we can also prove that

E(Un) = E(Un − U) + E(U) + o(1). (38)

Indeed, since un ⇀ u in H 1(R+) and un(0) → u(0), we have

Qα(un − u,R+) = Qα(un,R
+) − Qα(u,R+) + o(1),

and, analogously, since vn ⇀ v in L2(R2), qn → q , and ϕ1,n ⇀ ϕ1 in H 1(R2), one has

Qρ(vn − v,R2) = Qρ(vn,R
2) − Qρ(v,R2) + o(1).

Moreover, since, on the one hand, ∥un∥p

Lp(R+)
⩽ C and un → u a.e. on R+ and, on the other 

hand, ∥vn∥r
Lr (R2)

⩽ C and vn → v a.e. on R2, by the Brezis-Lieb Lemma ([19]) we get

∥un∥p

Lp(R+)
= ∥un − u∥p

Lp(R+)
+ ∥u∥p

Lp(R+)
+ o(1),

and

∥vn∥r
Lr (R2)

= ∥vn − v∥r
Lr (R2)

+ ∥v∥r
Lr (R2)

+ o(1).

Finally,

18 
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Re
(︂
(qn − q)(un(0) − u(0))

)︂
= Re

(︂
qnun(0)

)︂
− Re

(︂
qu(0)

)︂
+ o(1),

so that, combining with (36), (37) and (38), there results that

ℰ(μ) = lim inf
n 

E(Un) = lim inf
n 

E(Un − U) + E(U) >
μ − m

μ 
ℰ(μ) + m

μ 
ℰ(μ) = ℰ(μ),

which is a contradiction. Thus m = μ and U ∈𝒟μ, so un → u in L2(R+), vn → v in L2(R2) and 
ϕ1,n → ϕ1 in L2(R2).

It is, then, left to prove that

E(U)⩽ lim inf
n 

E(Un) = ℰ(μ). (39)

Because of the previous steps, the proof of (39) reduces to showing that un → u in Lp(R+) and 
vn → v in Lr(R2). On the one hand, by using (29) and the fact that ∥u′

n − u′∥L2(R+) is bounded 
and un → u in L2(R+), there results

∥un − u∥p

Lp(R+)
⩽ Cp∥u′

n − u′∥
p
2 −1

L2(R+)
∥un − u∥

p
2 +1

L2(R+)
→ 0.

On the other hand, fixing λ = 1 in (31), one has

∥vn − v∥r
Lr (R2)

⩽ C
(︂
∥∇(ϕ1,n − ϕ1)∥r−2

L2(R2)
(∥vn − v∥2

L2(R2)
+ |qn − q|2) + |qn − q|r

)︂
,

which goes to 0 and completes the proof since ∥∇ϕ1,n∥L2(R2) is bounded, vn → v in L2(R2) and 
qn → q . □
4. Nonexistence: proof of Theorem 2

This section is devoted to the proof of Theorem 2. Let us first define the quantities

ℰα(μ,R+) := inf 
u∈H 1

μ(R+)
Eα(u,R+),

ℰρ(μ,R2) := inf 
v∈𝒱μ

Eρ(v,R2),

where the subscript μ on H 1(R+) and on 𝒱 denotes that the mass constraint is imposed. Let us 
also recall that the first eigenvalue of the Laplacian with delta interaction on the plane is given 
by

min
v∈𝒱
v≠0

Qρ(v,R2)

∥v∥2
L2(R2)

= −4e−4πρ−2γ =: −ωρ, (40)

and the associated eigenspace is spanned by Gωρ(x) = K0(
√

ωρx)

2π (see [8, Chapter I.5]).
In the next two lemmas we prove the concavity of ℰα(μ,R+) and the strict concavity of 

ℰρ(μ,R2) as functions of μ.
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Lemma 4.1. Let p ∈ (2,6) and α ∈ R. Then the function ℰα(·,R+) : [0,+∞) → (−∞,0] is 
concave and continuous.

Proof. For every fixed u ∈ H 1
1 (R+), define the function

fu(μ) := Eα(
√

μu,R+) = μ

2 

(︂
∥u′∥2

L2(R+)
+ α|u(0)|2

)︂
− μ

p
2 

p
∥u∥p

Lp(R+)
, μ ⩾ 0.

Since it is concave on [0,+∞) and

ℰα(μ,R+) = inf 
u∈H 1

1 (R+)

fu(μ), μ ⩾ 0,

ℰα(·,R+) is concave as well on [0,+∞). Using the concavity, the facts that ℰα(0,R+) = 0 and 
that ℰα(μ,R+) < 0 for every μ > 0, it follows that ℰα(·,R+) is also continuous on [0,+∞). □
Lemma 4.2. Let r ∈ (2,4) and ρ ∈ R. Then the function ℰρ(·,R2) : [0,+∞) → (−∞,0] is 
strictly concave and continuous.

Proof. We introduce the notation

Vμ :=
{︂
v ∈ 𝒱μ : ∥v∥r

Lr (R2)
⩾ (2

√
πωρ)r∥𝒢ωρ ∥r

Lr (R2)
μ

r
2

}︂
. (41)

Since 2
√

πωρμ𝒢ωρ ∈ V , the set Vμ is not empty. Moreover, since ground states at mass μ for 
Eρ(·,R2) have nonzero regular and singular part [1, Theorem 1.5], it is easily seen that they 
belong to Vμ. As a consequence

ℰρ(μ,R2) = inf 
v∈Vμ

Eρ(v,R2) = inf 
v∈V1

Eρ(
√

μv,R2), μ ⩾ 0,

and, since for every fixed v ∈ V1 the function

fv(μ) := Eρ(
√

μv,R2) = μ

2 
Qρ(v,R2) − μ

r
2

r
∥v∥r

Lr (R2)
, μ ⩾ 0

is concave on [0,+∞), ℰρ(·,R2) is concave too on [0,+∞). Moreover, by concavity and using 
the facts that ℰρ(0,R2) = 0 and that ℰρ(μ,R2) < 0 for every μ > 0, ℰρ(·,R2) is also continuous 
on [0,+∞). Finally, by (41) we have that, for every fixed v ∈ V1,

f ′′
v (μ) = − r − 2 

4μ
4−r

2 
∥v∥r

Lr (R2)
⩽ −

(r − 2)(2
√

πωρ)
r
2 ∥𝒢ωρ ∥r

Lr (R2)

4μ
4−r

2 
.

Hence the strict concavity of fv is uniform in v on every interval [a, b] ⊂ R+, so that ℰρ(·,R2)

is strictly concave on [0,+∞). □
The next lemma establishes some qualitative properties of ℰρ(μ,R2) when ρ ∈ R varies and 

μ > 0 is fixed.
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Lemma 4.3. Let r ∈ (2,4) and μ > 0. Then ℰρ(μ,R2) is a strictly increasing and continuous 
function of ρ ∈ R and, denoted by ξμ the only positive and radial ground state for ENLS(·,R2), 
the following limit holds:

lim 
ρ→+∞ℰρ(μ,R2) = ENLS(ξμ,R2).

Proof. For any ρ ∈ R, let vρ a ground state for Eρ(·,R2) at mass μ. In particular, vρ is positive up 
to a multiplication by a constant phase, and, for any λ > 0, it can be decomposed as vρ = ϕρ,λ +
qρ𝒢λ with qρ > 0 and ϕρ,λ ≢ 0. Moreover, if we consider the decomposition corresponding to 
λρ := q2

ρ , then, by applying (33) to (25) with λ = λρ and using that Eρ(vρ,R2) < 0, we get

0 > Eρ(vρ,R2) ⩾ 1

2
∥∇ϕρ,λρ ∥2

L2(R2)
− C∥∇ϕρ,λρ ∥r−2

L2(R2)
+ q2

ρ

2 

(︁
log(qρ) − C

)︁− qr−2
ρ

r
, (42)

which implies that (qρ)ρ⩾c is bounded for every c ∈ R, as r ∈ (2,4).
Now, to prove the full statement of the lemma we divide the proof into four steps.
Step 1: monotonicity and continuity of ℰρ(μ,R2). Let ρ1 < ρ2. Since qρ2 > 0, then

ℰρ1(μ,R2) ⩽ Eρ1(vρ2,R
2) = Eρ2(vρ2 ,R

2) + ρ1 − ρ2

2 
q2
ρ2

< ℰρ2(μ,R2),

so that ℰρ(μ,R2) is strictly increasing in ρ. Fix ˜︁ρ ∈ R and let ρ > ˜︁ρ. Therefore, using the bound
edness of (qρ)ρ⩾c for any c,

0 < ℰρ(μ,R2) − ℰ˜︁ρ(μ,R2) ⩽ Eρ(v˜︁ρ,R2) − E˜︁ρ(v˜︁ρ,R2) = ρ −˜︁ρ
2 

q2˜︁ρ → 0, as ρ → ˜︁ρ+,

which implies the right continuity at ˜︁ρ. On the contrary, letting ρ < ˜︁ρ and using the boundedness 
of (qρ)ρ⩾c again, there results that

0 > ℰρ(μ,R2) − ℰ˜︁ρ(μ,R2) ⩾ Eρ(vρ,R2) − E˜︁ρ(vρ,R2) = ρ −˜︁ρ
2 

q2
ρ → 0, as ρ → ˜︁ρ−,

which implies left continuity at ˜︁ρ.
Step 2: limρ→+∞ qρ = 0. Assume by contradiction that there exists a positively diverging 

sequence (ρj )j ∈ R such that qρj
⩾ C > 0 for every j . Omitting the dependence on j in the 

next lines, if we decompose a ground state for Fρ(·,R2) at mass μ as vρ = ϕλρ + qρ𝒢λρ with 
λρ := q2

ρ , then (42) holds and hence, using the fact that qρ is bounded from above and from 
below away from zero, there results

ρ ⩽ C + C∥∇ϕρ,λρ ∥r−2
L2(R2)

− 1

2
∥∇ϕρ,λρ ∥2

L2(R2)
,

which contradicts the positive divergence of (ρj)j .
Step 3: limρ→+∞ ρq2

ρ = 0. Let vρ = ϕρ,λ + qρ𝒢λ be a ground state at mass μ for Eρ(·,R2). 
Easy computations yield
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⃓⃓√
μ − ∥ϕρ,λ∥L2(R2)

⃓⃓= ⃓⃓∥vρ∥L2(R2) − ∥ϕρ,λ∥L2(R2)

⃓⃓
⩽ ∥vρ − ϕρ,λ∥L2(R2) = qρ

2
√

πλ
→ 0, ρ → +∞, (43)

so that ∥ϕρ,λ∥2
L2(R2)

→ μ as ρ → +∞. Moreover, using (32), (43) and qρ → 0, one obtains

0 > Eρ(vρ,R2) ⩾ 1

2
∥∇ϕρ,λ∥2

L2(R2)
− C∥∇ϕρ,λ∥r−2

L2(R2)
+ ρq2

ρ

2 
+ o(1), as ρ → +∞,

and hence ∥∇ϕρ,λ∥L2(R2) is bounded for large ρ. As a consequence, by Sobolev embeddings 
∥ϕρ,λ∥Lr(R2) and ∥vρ∥Lr(R2) are bounded for large ρ. Therefore,

⃓⃓∥vρ∥r
Lr (R2)

− ∥ϕρ,λ∥r
Lr (R2)

⃓⃓
⩽ r sup

{︂
∥vρ∥r−1

Lr(R2)
,∥ϕρ,λ∥r−1

Lr(R2)

}︂
|qρ |∥𝒢λ∥Lr(R2) → 0, as ρ → +∞. (44)

Finally, exploiting (11), (12), (43) and (44) we have

0 > ℰρ(μ,R2) − ENLS(ξμ,R2) = ℰρ(μ,R2) + τr∥ϕρ,λ∥
4 

4−r

L2(R2)
+ o(1)

⩾ Eρ(vρ,R2) − ENLS(ϕρ,λ,R
2) + o(1)⩾

ρq2
ρ

2 
+ o(1), as ρ → +∞, 

so that ρq2
ρ → 0 as ρ → +∞.

Step 4: limit for ρ → +∞. Arguing as before and using Step 2 and Step 3 there results

0 < ENLS(ξμ,R2) − ℰρ(μ,R2) ⩽ENLS(ϕρ,λ,R
2) − Eρ(vρ,R2) + o(1)

⩽ −ρq2
ρ

2 
+ o(1) → 0, as ρ → +∞, 

which concludes the proof. □
Now we have all the ingredients to prove Theorem 2.

Proof of Theorem 2. Preliminarily, if β = 0 then

ℰ(μ) = min{ℰα(μ,R+),ℰρ(μ,R2)} (45)

and every possible ground state U for E at mass μ is either of the form U = (u,0) or U = (0, v). 
Indeed, since β = 0

E(U) = Eα(u,R+) + Eρ(v,R2), U = (u, v) ∈𝒟μ,

and thus
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ℰ(μ) = inf 
m∈[0,μ]

{︂
ℰα(m,R+) + ℰρ(μ − m,R2)

}︂
.

Since ℰα(·,R) is concave and continuous in [0,+∞) by Lemma 4.1, and ℰρ(·,R2) is strictly 
concave and continuous in [0,+∞) by Lemma 4.2, the function

m ↦→ ℰα(m,R+) + ℰρ(μ − m,R2)

is strictly concave and continuous in [0,μ], hence it attains its minimum either at m = 0 or at 
m = μ. This entails (45) and the fact that either U = (u,0) or U = (0, v).

Now we can prove the two claims of the theorem.
Proof of (i). Since (21) holds, by Remark 2.6 it is guaranteed that Eα(u,R+) > ENLS(φμ,R)

for every u ∈ H 1(R+). Thus, by Theorem 1 ground states cannot be of the form U = (u,0). 
Therefore, when existing, they are of the form U = (0, v). Denoted by vμ a ground state for 
Eρ(·,R2) at mass μ and by Υμ the state (0, vμ) ∈𝒟μ, by Theorem 1 ground states for E at mass 
μ exist if and only if

E(Υμ) = Eρ(vμ,R2) ⩽ ENLS(φμ,R).

Since limρ→−∞ ℰρ(μ,R2) = −∞ and (19) does not hold, by Lemma 4.3 there exists ρ⋆ ∈ R
such that Eρ(vμ,R2) > ENLS(φμ,R) if and only if ρ > ρ⋆, entailing the thesis.

Proof of (ii). The existence of ground states for E at mass μ when ρ ⩽ ρ⋆ follows by Theo
rem 1 arguing as before, since

ℰ(μ) ⩽ E(Υμ) = Eρ(vμ,R2) ⩽ ENLS(φμ,R), ∀ ρ ⩽ ρ⋆.

Fix now t > 0. By Young’s inequality, for every U = (u, v) ∈𝒟μ

E(U) = Eα(u,R+) + Eρ(v,R2) − βRe
(︂
qu(0)

)︂
⩾Eα(u,R+) + Eρ(v,R2) − β

2t
|u(0)|2 − βt

2 
|q|2

= E
α− β

t
(u,R+) + Eρ−βt (v,R2) =: ˜︁E(U).

(46)

In particular, since in ˜︁E there is no coupling there results that

ℰ(μ) ⩾ inf 
U∈𝒟μ

˜︁E(U) = min
{︂
ℰ

α− β
t
(μ,R+),ℰρ−βt (μ,R2)

}︂
.

If (21) holds with α replaced by α − β
t

, i.e.

α − β

t
> αp(μ) or

(︃
α − β

t
= αp(μ) and 2 < p ⩽ 4

)︃
,

then by Remark 2.6 E
α− β

t
(u,R+) > ENLS(φμ,R) for every u ∈ H 1(R+). Let us observe that 

the solution of the equation α − β
t

= αp(μ) is given by t⋆ = β
α−αp(μ)

.
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Arguing as in the Proof of (1) and denoting with k⋆ := βt⋆, one deduces that ground states 
for ˜︁E at mass μ do not exist if ρ > ρ⋆ + k⋆ or ρ = ρ⋆ + k⋆ and 2 < p ⩽ 4, hence by (46) and 
Theorem 1 ground states for E at mass μ do not exist. □
5. Shape of the ground states in the coupled case: proof of Theorem 4

Here we establish the features of the ground states at mass μ for the energy (8) in the coupled 
case β > 0. To do this, some preliminary results are necessary.

First we present the equations and the boundary conditions satisfied by such ground states.

Lemma 5.1. Let β > 0. If U = (u, v) is a ground state at mass μ for the energy (8), then u ∈
H 2(R+), ϕλ := v − q𝒢λ ∈ H 2(R2) for every λ > 0, and there exists ω⋆ = ω⋆(U) such that

u′′ + |u|p−2u = ω⋆u, (47)

Δϕλ + |v|r−2v = ω⋆ϕλ + (ω⋆ − λ)q𝒢λ, (48)

u′(0) = αu(0) − βq, (49)

ϕλ(0) = −βu(0) +
(︄

ρ + γ − log(2) + log(
√

λ)

2π 

)︄
q. (50)

Moreover, ω⋆ satisfies

ω⋆(U) =
∥u∥p

Lp(R+)
+ ∥v∥r

Lr (R2)
− Q(U)

μ 
. (51)

Proof. First, by the Lagrange Multipliers theorem

⟨η′, u′⟩L2(R+) + αη(0)u(0) − ⟨η, |u|p−2u⟩L2(R+) + ω⋆⟨η,u⟩L2(R+)

+ ⟨∇χλ,∇ϕλ⟩L2(R2) + λ⟨χλ,ϕλ⟩L2(R2) + (ω⋆ − λ)⟨χ,v⟩L2(R2) + Qq(ρ + θλ)

− ⟨χ, |v|r−2v⟩L2(R2) − βQu(0) − βqη(0) = 0, (52)

for every η ∈ H 1(R+) and every χ = χλ + Q𝒢λ ∈ 𝒱 . Notice that the expression (51) can be 
deduced from (52) by taking η = u and χ = v. Now, if χ = 0 and η ∈ H 1

0 (R+) in (52), then

⟨η′, u′⟩L2(R+) + ⟨η,ω⋆u − |u|p−2u⟩L2(R+) = 0,

and thus, since ω⋆u − |u|p−2u ∈ L2(R+), u ∈ H 2(R+) and (47) holds. On the other hand, if 
η = 0 and Q = 0 in (52), then

⟨∇χ,∇ϕλ⟩L2(R2) + ⟨χ,ω⋆ϕλ + q(ω⋆ − λ)𝒢λ − |v|r−2v⟩L2(R2) = 0. (53)

Thus, arguing as before, ϕλ ∈ H 2(R2) and (48) is satisfied. Finally, setting χλ = 0 and Q = 1 in 
(52) and applying (47) and (48), there results
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−η(0)u′(0) + αη(0)u(0) − ⟨𝒢λ, (−Δ + λ)ϕλ⟩ + q(ρ + θλ) − βu(0) − βqφ(0) = 0 (54)

for every η ∈ H 1(R+). Now, whenever η(0) = 0, since ⟨𝒢λ, (−Δ + λ)ϕλ⟩ = ϕλ(0), we get (50). 
On the other hand, setting η(0) = 1 and plugging (49) in (54), (49) follows. □

Then, relying on Lemma 5.1 we show that the ground states must be supported on both the 
half-line and the plane.

Proposition 5.2. Let β > 0. If U = (u, v) is a ground state at mass μ for the energy (8), then 
u ≢ 0 and v ≢ 0. In particular ϕλ = v − q𝒢λ ≢ 0 for every λ > 0, and q ≠ 0.

In addition, q > 0 and u(x) > 0 for every x ⩾ 0 up to multiplication by a constant phase.

Proof. Preliminarily, note that if U = (u, v) is a ground state at mass μ for the energy (8), then 
U satisfies (49)-(50). Now, for the sake of clarity, we divide the proof into several steps.

Step 1: v ≢ 0. Assume by contradiction v ≡ 0. Therefore, since β ≠ 0, (50) implies u(0) = 0. 
Thus, denoted with φμ the one-dimensional soliton of mass μ, by (10) and the fact that u(0) = 0

E(U) = Eα(u,R+) > ENLS(φμ,R) ⩾ ℰ(μ),

which is a contradiction.
Step 2: u ≢ 0. Assume by contradiction u ≡ 0. Therefore, since β ≠ 0, (49) implies q = 0, 

so that v ∈ H 1(R2) and v(0) = 0. Moreover, by [1, Theorem 1.5] v cannot be a ground state for 
ENLS(·,R2) at mass μ since it is not positive up to the multiplication by a constant phase. Thus, 
denoted by ξμ the only positive and spherically symmetric ground state of ENLS(·,R2), by (13)
there results

E(U) = Eρ(v,R2) = ENLS(v,R2) > ENLS(ξμ,R2) ⩾ ℰ(μ),

which is a contradiction.
Step 3: q ≠ 0. Assume by contradiction q = 0. This entails that v ∈ H 1(R2) and

E(U) = Eα(u,R+) + ENLS(v,R2).

As a consequence

ℰ(μ) = inf 
m∈[0,μ]

{︂
ℰα(m,R+) + ENLS(φμ−m,R2)

}︂
.

Since ℰα(·,R+) is a concave and continuous function on [0,μ], by Lemma 4.1 and

ENLS(φμ−m,R2) = −τr (μ − m)
2 

4−r ,

there results that the function

m ↦→ ℰα(m,R+) + ℰ(μ − m,R2)

is strictly concave and continuous on [0,μ]. Thus it attains its minimum at m = 0 or m = μ, but 
this would imply either u ≡ 0 or v ≡ 0, which are prevented by Step 1 and Step 2.
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Step 4: ϕλ ≢ 0, for every λ > 0. Assume by contradiction ϕλ ≡ 0 for some λ > 0. Since v
solves (48), q ≠ 0 and 𝒢λ(x) > 0 for all x ∈ R2 \ {0}, there results

ω − λ = |q|r−2𝒢r−2
λ (x), x ∈ R2 \ {0},

which is false.
Step 5: q > 0 and u(x) > 0 for every x ⩾ 0 up to a multiplication by a constant phase. Assume 

q = |q|eiη with η ≠ 2kπ , k ∈ Z and define Uη = (e−iηu, e−iηv) = (e−iηu, e−iηϕλ + |q|𝒢λ). 
Since ∥Uη∥2

L2(ℐ)
= ∥U∥2

L2(ℐ)
= μ and

E(Uη) = Eα(e−iηu,R+) + Eρ(e−iηϕλ + |q|𝒢λ,R
2) − βRe

(︂
|q|e−iηu(0)

)︂
= Eα(u,R+) + Eρ(v,R2) − βRe

(︂
eiη|q|u(0)

)︂
= E(U),

Uη is a ground state for E at mass μ. Hence q > 0 up to multiplication by a constant phase. 
Similarly, since the only L2 solutions of (47) is the one-dimensional soliton up to translation and 
multiplication by a constant phase and (49) holds, then either u > 0 or u < 0. However, if it were 

negative then −βRe
(︂
q(−u(0))

)︂
< −βRe

(︂
qu(0)

)︂
, so that E(U) > E(−u,v), which is absurd. 

Thus u is positive. □
Finally, in order to prove Theorem 4 it is necessary to exhibit some further variational proper

ties fulfilled by the ground states of the energy (8). To this aim we introduce the action functional 
Sω. Given ω ∈ R, the action functional at frequency ω is the functional Sω : 𝒟 → R such that

Sω(U) := E(U) + ω

2 
∥U∥2

L2(ℐ)
.

In addition, the Nehari’s manifold at frequency ω is defined by

Nω := {U ∈𝒟 \ {0} : Iω(U) = 0},

where Iω : 𝒟 → R is the functional

Iω(U) := Qω(U) − ∥u∥p

Lp(R+)
− ∥v∥r

Lr (R2)
, U = (u, v) (55)

with

Qω(U) := Q(U) + ω∥U∥2
L2(ℐ)

.

Then we give the following definition.

Definition 5.3 (Action minimizers). We call action minimizer at frequency ω ∈ R any function 
U ∈ Nω such that

Sω(U) = d(ω) := inf
Nω

Sω.

26 



R. Adami, F. Boni, R. Carlone et al. Journal of Differential Equations 479 (2026) 114606 

Remark 5.4. Action minimizers at frequency ω satisfy (47), (48), (49) and (50), with ω⋆ replaced 
by ω.

In the following lemma we establish a connection between ground states at fixed mass for the 
energy (8) and action minimizers at fixed frequency. The proof follows the ideas of [31,42].

Lemma 5.5. If U is a ground state at mass μ for the energy (8), then U is an action minimizer 
at frequency ω⋆. Moreover ω⋆ > Elin, with Elin defined as in (15).

Proof. Let U = (u, v) be a ground state for E at mass μ and let ω⋆ be the associated fre
quency defined by (51). Now assume by contradiction that there exists ˜︁U = (˜︁u,˜︁v) ∈ Nω⋆ such 
that Sω⋆(˜︁U) < Sω⋆ (U). Fixing τ > 0 in such a way that ∥τ˜︁U∥2

L2(ℐ)
= μ, there results

Sω⋆(τ˜︁U) = τ 2

2 
Qω⋆(U) − τp

p
∥˜︁u∥p

Lp(R2)
− τ r

r
∥˜︁v∥r

Lr (R2)
.

In addition, since ˜︁U ∈ Nω⋆ , by (55) we get

d

dτ
Sω⋆(τ˜︁U) = τQω⋆(U) − τp−1∥˜︁u∥p

Lp(R2)
− τ r−1∥˜︁v∥r

Lr (R2)

= τIω⋆(˜︁U) + τ
[︂
(1 − τp−2)∥˜︁u∥p

Lp(R+)
+ (1 − τ r−2)∥˜︁v∥r

Lr (R2)

]︂
= τ

[︂
(1 − τp−2)∥˜︁u∥p

Lp(R+)
+ (1 − τ r−2)∥˜︁v∥r

Lr (R2)

]︂
,

which is greater than or equal to zero if and only if 0 < τ ⩽ 1. Hence Sω⋆(τ˜︁U) ≤ Sω⋆(˜︁U) for 
every τ > 0. Therefore, since Sω⋆(τ˜︁U) ≤ Sω⋆(˜︁U) < Sω⋆(U),

E(τ˜︁U) + ω⋆

2 
∥τ˜︁U∥2

L2(ℐ)
< E(U) + ω⋆

2 
∥U∥2

L2(ℐ)
.

However, as ∥τ˜︁U∥2
L2(ℐ)

= ∥U∥2
L2(ℐ)

= μ, this entails that E(τ˜︁U) < E(U), which is a contradic
tion. It is then left to estimate ω⋆. Using (51) and (16), it follows that

−ω⋆ =
Q(U) − ∥u∥p

Lp(R+)
− ∥v∥r

Lr (R2)

μ 

=
2E(U) − p−2

p
∥u∥p

Lp(R+)
− r−2

r
∥v∥r

Lr (R2)

μ 
< 2

ℰ(μ)

μ 
< −Elin. □

As a consequence of Lemma 5.5, in order to prove Theorem 4 it is relevant to investigate the 
features of the action minimizers at frequency ω > Elin.

In order to study the features of the action minimizers at frequency ω, we have to introduce 
two equivalent minimization problems. Preliminarily, we introduce the quantities

˜︁S(U) := p − 2

2p 
∥u∥p

Lp(R+)
+ r − 2

2r 
∥v∥r

Lr (R2)
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and

Aω(U) := r − 2

2r 
Qω(U) + p − r

pr 
∥u∥p

Lp(R+)
.

Both functionals are well defined on 𝒟 and, using (55), there results

Sω(U) = 1

2
Iω(U) +˜︁S(U) = 1

r
Iω(U) + Aω(U), U ∈ 𝒟, (56)

so that

Sω(U) =˜︁S(U) = Aω(U), U ∈ Nω (57)

which implies

d(ω) = inf
Nω

˜︁S = inf
Nω

Aω. (58)

In other words, the problems of the minimization of Sω, ˜︁S, and Aω are equivalent on Nω. In the 
following two lemmas we show that they are equivalent also when the minimization domains for ˜︁S and Aω are suitably modified.

Lemma 5.6. Let p, r > 2, β > 0 and ω > Elin. Then

d(ω) = inf˜︁Nω

˜︁S, with ˜︁Nω := {U ∈𝒟 \ {0} : Iω(U) ⩽ 0}. (59)

Moreover {︄˜︁S(U) = d(ω)

U ∈ ˜︁Nω

⇐⇒ 

{︄
Sω(U) = d(ω)

U ∈ Nω.
(60)

Proof. First we prove (59). On the one hand, since Nω ⊂ ˜︁Nω, combining (57) and (58) there 
results

d(ω)⩾ inf˜︁Nω

˜︁S.

On the other hand, let U ∈ 𝒟 \ {0} satisfy Iω(U) < 0. For τ > 0

Iω(τU) = τ 2Qω(U) − τp∥u∥p

Lp(R+)
− τ r∥v∥r

Lr (R2)
.

In particular, since p, r > 2 and since ω > Elin implies Qω(U) > 0, there exists τ ⋆ ∈ (0,1) such 
that Iω(τ ⋆U) = 0. In addition

˜︁S(τ⋆U) <˜︁S(U)

and thus, by (58)
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d(ω)⩽ inf˜︁Nω

˜︁S.

Finally we prove (60). By (57), if U ∈ Nω and Sω(U) = d(ω), then U ∈ ˜︁Nω and ˜︁S(U) = d(ω). 
Moreover, if U ∈ ˜︁Nω \ Nω and ˜︁S(U) = d(ω) then, arguing as before, there exists τ ⋆ ∈ (0,1)

such that τ ⋆U ∈ Nω and Sω(τ ⋆U) < d(ω), which contradicts (59). Therefore, if U ∈ ˜︁N(ω) and ˜︁S(U) = d(ω), then U ∈ Nω and Sω(U) = d(ω). □
Lemma 5.7. Let p, r > 2, β > 0 and ω > Elin. Then,

d(ω) = inf 
Mω

Aω, with Mω := {︁
U ∈𝒟 : ˜︁S(U) = d(ω)

}︁
. (61)

Moreover, whenever d(ω) > 0,{︄
Aω(U) = d(ω)

U ∈ Mω

⇐⇒ 

{︄
Sω(U) = d(ω)

U ∈ Nω.
(62)

Proof. Let us start by proving (61). It is not restrictive to take d(ω) > 0 as the case d(ω) = 0 is 
trivial for (61).

Preliminarily, we observe that Iω(W) ⩾ 0 for any W ∈ Mω. Indeed, assume by contradiction 
that Iω(W) < 0. By Lemma 5.6, W cannot be a minimizer of ˜︁S on ˜︁Nω. Hence ˜︁S(W) > d(ω), 
which contradicts the assumption W ∈ Mω.

Now, let (Un)n be a minimizing sequence for Aω on Mω, namely ˜︁S(Un) = d(ω) and 
Aω(Un) → infMω Aω as n → +∞. Since Iω(Un) ⩾ 0, using the second equality in (56), we 
obtain

0 ⩽
(︃

1

2
− 1

r

)︃
Iω(Un) = Aω(Un) −˜︁S(Un) = inf 

Mω

Aω + o(1) − d(ω), as n → +∞,

which yields d(ω)⩽ infMω Aω.
Conversely, let (Wn)n = (︁

(un, vn)
)︁
n

be a minimizing sequence for Sω on Nω, namely 
Iω(Wn) = 0 and Sω(Wn) → d(ω) as n → +∞. Using Lemma 5.6 and d(ω) > 0, one can see 
that, for every n, there exists θn ∈ (0,1), with θn → 1 as n → +∞, such that ˜︁S(θnWn) = d(ω). 
As a consequence, θnWn ∈ Mω, which implies that Aω(θnWn) ⩾ infMω Aω. Moreover, we have

0 ⩽ Iω(θnWn) = θ2
nIω(Wn) + (θ2

n − θ
p
n )∥un∥p

p + (θ2
n − θr

n)∥vn∥r
r ⩽ C

(︂
θ2
n − θ

max{p,r}
n

)︂˜︁S(Wn)

and thus Iω(θnWn) → 0 as n → +∞. Combining this with the first equality in (56), we get 
Sω(θnWn) → d(ω) as n → +∞, and, using again (56), we find that

0 ⩽ 1

r
Iω(θnWn) = Sω(θnWn) − Aω(θnWn)⩽ Sω(θnWn) − inf 

Mω

Aω,

which gives d(ω)⩾ infMω Aω and concludes the proof of (61).
We now prove (62). If Sω(U) = d(ω) and U ∈ Nω, then, by the equality between the first 

and the last term in (56), it follows that U ∈ Mω and Aω(U) = d(ω). Conversely, if U ∈ Mω
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and Aω(U) = d(ω), then the second equality in (56) implies that U ∈ Nω. Combining this with 
U ∈ Mω, we also obtain Sω(U) = d(ω), and the proof is complete. □
Remark 5.8. Note that assuming d(ω) > 0 before (62) is not actually restrictive for our purposes 
because it is always satisfied in our application due to Lemma 5.5.

Remark 5.9. The idea of deriving two minimization problems equivalent to the minimization of 
the action functional on the Nehari’s manifold is borrowed by [1]. However, in that case there 
is a quadratic strictly positive functional in place of Aω, which makes all the subsequent steps 
easier. Let us notice that the superquadratic nature of Aω is ascribable to the presence of different 
nonlinearities on the half-line and on the plane.

Now we can discuss the positivity of the restriction to the plane of the action minimizers.

Lemma 5.10. Let p, r > 2, β > 0 and ω > Elin. Let U = (u, v) be an action minimizer at fre
quency ω and, given the decomposition v = ϕλ + q𝒢λ, assume that q > 0 and ϕλ ≢ 0 for every 
λ > 0. Then, v(x) > 0 for every x ∈ R2. In particular, ϕλ(x) > 0 for every x ∈ R2 and every 
λ⩾ ω.

Proof. By [1, Remark 2.1], it is sufficient to prove the positivity of ϕω. Then, let U = (u, v) be an 
action minimizer at frequency ω, and consider the decomposition v = ϕω +q𝒢ω. By Lemma 5.7, 
U is also a minimizer of Aω on Mω.

Now, define Ω := {x ∈ R2 \ {0} : ϕω(x) ≠ 0} and recall that |Ω| > 0. Hence, we can write 
ϕω(x) = eiθ(x)|ϕω(x)|, for every x ∈ R2 \ {0}, for some θ : Ω → [0,2π). Define, also, ˆ︁Ω := {x ∈
Ω : θ(x) ≠ 0} and assume, by contradiction, that |ˆ︁Ω| > 0. Consider the function ˜︁U = (u,˜︁v), 
with ˜︁v := |ϕω| + q𝒢ω. On the one hand, since 

⃓⃓∇ϕω(x)
⃓⃓2 ⩾

⃓⃓∇|ϕω(x)|⃓⃓2 for a.e. x ∈ R2, using 
the choice λ = ω, we have that Qω(˜︁U) ⩽ Qω(U), so that Aω(˜︁U)⩽ Aω(U) = d(ω). On the other 
hand,

|v(x)|2 = |ϕω(x)|2 + q2𝒢2
ω(x) + 2q cos

(︁
θ(x)

)︁|ϕω(x)|𝒢ω(x) < |˜︁v(x)|2 ∀ x ∈ ˆ︁Ω,

and thus, as |ˆ︁Ω| > 0, ∥˜︁v∥Lr(R2) > ∥v∥Lr(R2), whence

˜︁S(˜︁U) >˜︁S(U) = d(ω).

Now, consider ˜︁Uτ = (u,˜︁vτ ), with ˜︁vτ := τ |ϕω| + q𝒢ω. It is straightforward that Aω(˜︁Uτ ) <

Aω(˜︁U), for every τ ∈ (−1,1). Note, also, that the function τ ↦→ ∥˜︁vτ∥r
Lr (R2)

, given by

∥˜︁vτ∥r
Lr (R2)

=
∫︂
R2

⃓⃓⃓
τ 2|ϕω(x)|2 + q2𝒢2

ω(x) + 2τq|ϕω(x)|𝒢ω(x)

⃓⃓⃓ r
2

dx,

is continuous on [−1,1]. Assume, first, that θ(x) ≠ π for a.e. x ∈ Ω. Therefore,

∥˜︁v−1∥r
Lr (R2)

< ∥v∥r
Lr (R2)

< ∥˜︁v∥r
Lr (R2)

,

and, hence, by the continuity of τ ↦→ ∥˜︁vτ∥r
Lr (R2)

, there exists τ ⋆ ∈ (−1,1) such that
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∥˜︁vτ⋆∥r
Lr (R2)

= ∥v∥r
Lr (R2)

.

Assume, then, that θ(x) = π for a.e. x ∈ Ω, i.e. that v(x) = −|ϕω(x)| + q𝒢ω(x) for a.e. x ∈ Ω. 
Since ⃓⃓⃓⃓

d|˜︁vτ |r
dτ 

⃓⃓⃓⃓
=
⃓⃓⃓
r|˜︁vτ |r−2˜︁vτ |ϕω|

⃓⃓⃓
⩽ r|˜︁v|r−1|ϕω| ∈ L1(R2) ∀τ ∈ [−1,1],

by dominated convergence,

d

dτ
∥˜︁vτ∥r

Lr (R2) ⃓⃓
τ=−1+

= r

∫︂
R2

|˜︁v−1(x)|r−2˜︁v−1(x)|ϕω(x)| dx

= r

∫︂
R2

|v(x)|r−2 v(x)|ϕω(x)| dx. (63)

Moreover, by Remark 5.4 U satisfies (48), namely it solves (53). Now, setting χ = |ϕω| and 
λ = ω in (53), we get∫︂

R2

|v(x)|r−2v(x)|ϕω(x)| dx = −
∫︂
R2

|∇|ϕω(x)||2 dx − ω

∫︂
R2

|ϕω(x)|2 dx

and thus, combined with (63), there results

d

dτ
∥˜︁vτ∥r

Lr (R2)|τ=−1+ < 0.

Since ∥˜︁v1∥r
Lr (R2)

> ∥˜︁v−1∥r
Lr (R2)

= ∥v∥r
Lr (R2)

and τ ↦→ ∥˜︁vτ∥r
Lr (R2)

is continuous, there exists 
τ ⋆ ∈ (−1,1) such that ∥˜︁vτ⋆∥r

Lr (R2)
= ∥v∥r

Lr (R2)
.

Summing up, in both cases there exists ˜︁Uτ⋆ = (u,˜︁vτ⋆) ∈ Mω such that Aω(˜︁U) < Aω(U), 
but this contradicts the fact that U is a minimizer of Aω on Mω. Hence, |˜︁Ω| > 0 is false and 
ϕω(x) ⩾ 0 for every x ∈ R2.

It is, then, left to prove that in fact ϕω(x) > 0 for every x ∈ R2. Since v solves (48), ϕω satisfies

(−Δ + ω)ϕω = |v|r−2(ϕω + q𝒢ω).

Therefore, as ϕω is nonnegative, (−Δ + ω)ϕω ⩾ 0 in H−1(R2) and so, as ϕω ≢ 0 by Proposi
tion 5.2, by the Strong Maximum Principle (e.g., [23, Theorem 3.1.2]), there results in ϕω > 0
on R2, which concludes the proof. □

Finally, we can discuss the radial symmetry of the restriction to the plane of the action mini
mizers.

Lemma 5.11. Let p, r > 2, β > 0 and ω > Elin. Let U = (u, v) be an action minimizer at fre
quency ω and, given the decomposition v = ϕλ + q𝒢λ, assume that q > 0 and ϕλ > 0 for every 
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λ⩾ ω. Then, v is radially symmetric and decreasing along the radial direction. In particular, ϕλ

is radially symmetric and decreasing along the radial direction for every λ⩾ ω.

Proof. By [1, Remark 2.1] it is sufficient to prove that ϕω ≡ ϕ⋆
ω, with ϕ⋆

ω the symmetric decreas
ing rearrangement of ϕω (see e.g. [44, Chapter 3]). Then, let U = (u, v) be an action minimizer 
at frequency ω, and consider the decomposition v = ϕω + q𝒢ω. By Lemma 5.7, U is also a 
minimizer of Aω on Mω.

Assume by contradiction ϕω(x) ≠ ϕ⋆
ω(x) for all x ∈ Ω, with |Ω| > 0. Define the function ˜︁U :=

(u,˜︁v), with ˜︁v := ϕ⋆
ω + q𝒢ω. By [1, Eqs. (31), (33) and (39)], with the proviso that [1, Eq. (33)] is 

an equality if and only if g ≡ g⋆, there results that Qω(˜︁U) ⩽ Qω(U) and ∥˜︁v∥r
Lr (R2)

> ∥v∥r
Lr (R2)

, 
so that

Aω(˜︁U) ⩽ Aω(U) and ˜︁S(˜︁U) >˜︁S(U).

Moreover, one can check that there exists τ ∈ (0,1) such that ∥τϕ⋆
ω + q𝒢ω∥r

Lr (R2)
= ∥ϕω +

q𝒢ω∥r
Lr (R2)

. Besides, letting Uτ = (u, τϕ⋆
ω + q𝒢ω), there results that

Qω(Uτ ) < Qω(˜︁U)

and thus

Aω(Uτ ) < Aω(U) and ˜︁S(Uτ ) =˜︁S(U),

which contradicts the fact that U is a minimizer of Aω on Mω and concludes the proof. □
Remark 5.12. The proof of Lemma 5.11 and of Lemma 5.10 require major modifications in the 
proof of the analogous results given in [1]. The reason is pointed out in Remark 5.9. Indeed, 
the presence of a negative, non-quadratic term in Aω, forces variations that involve the sole 
restriction to the plane v. However, such an operation does not allow any control on the sign of 
Qω and, thus, any proper renormalization. Hence, we decided to act only on the regular part of 
v. This gives rise to further technical issues (mainly in Proposition 5.10), which can be managed 
as showed before.

Then, we can conclude the section with the proof of Theorem 4, that follows combining 
previous results in this section.

Proof of Theorem 4. Let U = (u, v) be a ground state for E at mass μ. In particular, fix λ = 1, 
so that v = ϕ + qK0/2π , where ϕ stays for ϕ1. Then, by Proposition 5.2 u ≢ 0, ϕ ≢ 0 and 
q ≠ 0. Moreover, up to a multiplication by a constant phase, q > 0 and u(x) > 0 for every x ⩾ 0. 
By Lemma 5.1, u solves (47), hence it is a proper translation of a one-dimensional soliton. On 
the other hand, (22) follows by (49) and (50) choosing λ = 1. The properties of v follow by 
combining Proposition 5.2 and Lemmas 5.10, 5.11 and 5.5.

It is, then, left to prove that

E(U) < −θpμ
p+2
6−p . (64)
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Instead of proving (64), we prove the stronger inequality

E(U) < min{ℰα(μ,R+),ℰρ(μ,R2)},

since the right-hand side is not larger than −θpμ
p+2
6−p . Assume, by contradiction, that E(U) =

ℰ(μ) = min{ℰα(μ,R+),ℰρ(μ,R2)}. Then, arguing as in the proof of Theorem 2, we get

E(U) = inf 
U∈𝒟μ

{︂
Eα(u,R+) + Eρ(v,R2)

}︂
,

so that U is also a ground state for Eα(·,R+) + Eρ(·,R2) at mass μ. However, by Theorem 3, 
this entails that either u ≡ 0 or v ≡ 0, which is a contradiction and concludes the proof. □
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Appendix A. The Laplacian on the hybrid plane

Here we show that the Hamiltonian operators H introduced by Exner and Šeba in [33] to 
realize the Laplacian on the hybrid is associated to the family of quadratic forms Q defined in 
(14). In the notation H and Q we omit the dependence on the parameter α,ρ,β , but it is clear 
that the symbol H represents rather a family of operators and Q a family of quadratic forms. The 
definition of H presented below is slightly different from that of [33], but it is easily seen that 
they are equivalent.

The operator H is obtained as a self-adjoint operator that acts as the Laplacian on R+ and R2

outside the origin. Thus, H is a self-adjoint extension of

H0 := HR+ ⊕ HR2

with

HR+ : C∞
c (R+) → L2(R+), HR+u = −u′′

HR2 : C∞
c (R2 \ {0}) → L2(R2), HR2v = −Δv.

In [33], the family of all extensions of H0 is split up in five classes. Here we have considered 
class I only, which is a three-parameter family of extensions, since the others can be seen as 
degenerate cases (see Remark A.2).
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Let α, ρ ∈ R, β ∈ C. We define H : D(H) ⊂ L2(ℐ) → L2(ℐ) as the operator with domain

D(H) :=
{︃
U = (u, v) ∈ L2(ℐ) : u ∈ H 2(R+),

v = ϕ + q
K0

2π 
, ϕ ∈ H 2(R2), q ∈ C and 

(︃
u′(0)

ϕ(0)

)︃
=
(︃

α β

β ρ + γ−log 2
2π 

)︃(︃
u(0)

q

)︃}︃
, (65)

and action

HU =
(︃

−u′′,−Δϕ − q
K0

2π 

)︃
, U = (u, v) ∈ D(H).

We recall that the plane component of every function U = (u, v) ∈ D(H) can be represented for 
every λ > 0 as v = ϕλ + q𝒢λ and for the action of H one finds

HU = (−u′′,−Δϕλ − λq𝒢λ).

As a consequence, (65) can be represented equivalently in terms of the dummy parameter λ. In 
this case boundary conditions in (65) read⎧⎨⎩u′(0) = αu(0) + βq

ϕλ(0) = βu(0) +
(︂
ρ + γ−log(2)+log(

√
λ)

2π 

)︂
q.

(66)

Remark A.1. Note that the boundary conditions in formula (66) differ from those in formula (22)
of Theorem 4. More precisely, while formula (66) involves both β and its conjugate β , in formula 
(22) both terms are replaced by −β . This apparent inconsistency is due to the fact that, whereas 
the self-adjoint extensions above are derived for an arbitrary complex coupling parameter β , in 
the main body of the paper we have chosen to take β ⩾ 0 and to introduce a minus sign in front 
of it in order to improve readability. However, this is not restrictive in the study of the normalized 
the ground states of the energy. In order to see this, let us write the expression of the NLS energy 
on ℐ consistent with (66) for an arbitrary complex β0:

˜︁E(U) = Eα(u,R+) + Eρ(v,R2) + Re
(︂
β0qu(0)

)︂
.

Since

β0 qu(0) = |β0| q e−iArg(β0) u(0) = −|β0| q e−iπ e−iArg(β0) u(0),

for every U = (u, v) ∈ 𝒟μ, if we define Uβ0 = (uβ0 , v) with uβ0 := e−i(π+Arg(β0))u, then Uβ0 ∈
𝒟μ and ˜︁E(U) = E(Uβ0), where E is the energy defined by (8) with β = |β0|.

Remark A.2. The other classes of self-adjoint extensions of H0 established by [33] can be con
sidered as degenerate since they are obtained by letting the parameters α,ρ,β go to infinity. 
More precisely, classes III, IV, and V correspond to the cases in which the half-line and the plane 
are decoupled. More precisely:
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∗ class III is obtained by letting α → ∞ and keeping ρ and β bounded;
∗ class IV is obtained letting ρ → ∞ and keeping α and β bounded;
∗ class V is obtained either letting α, ρ → ∞ and keeping β bounded, or letting |β| → +∞

and keeping α and ρ bounded.

Class II, on the contrary, corresponds to a completely coupled case, in which one cannot 
decouple the two objects for any value of the parameters. It can be formally obtained, for instance, 
letting |α|, |ρ|, |β| → +∞ in such a way that α ∼ ρ ∼ β and |β|2 − αρ ∼ |β| (e.g. β > 0 and 
α = ρ = β + √

β).

Let us show that Q : 𝒟 → R, defined by (14), is the quadratic form associated with H . Pre
liminarily, one can directly check that Q is symmetric and

Q(U) = ⟨U,HU ⟩L2(ℐ) ∀U ∈ D(H).

Hence, to conclude it is sufficient to prove that Q : 𝒟 → L2(ℐ) is associated with a unique 
self-adjoint operator. By [53, Theorem VIII.15], this is guaranteed if Q(U)⩾ −M∥U∥2

L2(ℐ)
, for 

some M ∈ R, and Q is complete in 𝒟 with respect to the norm

∥U∥𝒟,M :=
(︂
Q(U) + (1 + M)∥U∥2

L2(ℐ)

)︂ 1
2
.

(see e.g. [53, Chapter VIII.6]). To this aim, recalling (26), (27), (40) and the fact that

−ℓα := inf 
u∈H 1(R+)

u≠0

Qα(u,R+)

∥u∥2
L2(R+)

=
{︄

0, if α ⩾ 0,

−α2, if α < 0.

The infimum is attained if and only if α < 0 by Ceαx , C ∈ C (see [40, Section 6.2.2]), there 
results

Q(U) ⩾Qα−|β|(u,R+) + Qρ−|β|(v,R2)

⩾−ℓα−|β|∥u∥2
L2(R+)

− ωρ−|β|∥v∥2
L2(R2)

⩾−max
{︁
ℓα−|β|,ωρ−|β|

}︁∥U∥2
L2(ℐ)

, ∀U = (u, v) ∈𝒟.

On the other hand, using again [53, Chapter VIII.], Q is complete in 𝒟 if and only if, for every 
sequence (Un)n ⊂ 𝒟 such that Un → U in L2(ℐ) and Q(Un − Um) → 0, there results that 
U ∈ 𝒟 and Q(Un −U) → 0. Then, fix (Un)n ⊂ 𝒟 with the two required properties. In particular, 
for any fixed λ > 0, Un = (un, vn), with un ∈ H 1(R+) and vn − qn𝒢λ =: ϕn,λ ∈ H 1(R2), for 
some (qn)n ⊂ C. Moreover, un → u in L2(R+), vn → v in L2(R2) and ∥un − um∥L2(R+), ∥vn −
vm∥L2(R2) and Q(Un − Um) are uniformly bounded. By (30) and choosing λ = ωρe4π , there 
results that

∥u′
n − u′

m∥2
L2(R+)

− C∥u′
n − u′

m∥L2(R+)
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− Cλ + |qn − qm|2 − C|qn − qm|∥u′
n − u′

m∥
1
2
L2(R+)

⩽ C, 

from which, using a weighted Young’s inequality, we deduce that both ∥u′
n − u′

m∥L2(R+) and 
|qn − qm| are bounded. As a consequence,

|un(0) − um(0)|2 ⩽ 2∥u′
n − u′

m∥L2(R+)∥un − um∥L2(R+) → 0,

and⃓⃓⃓
Re

(︂
β(qn − qm)(un(0) − um(0))

)︂⃓⃓⃓
⩽ C|qn − qm|∥u′

n − u′
m∥

1
2
L2(R+)

∥un − um∥
1
2
L2(R+)

→ 0.

Thus

Q(Un − Um) =∥u′
n − u′

m∥2
L2(R+)

+ ∥∇ϕn,λ − ∇ϕm,λ∥2
L2(R2)

+ λ∥ϕn,λ − ϕm,λ∥2
L2(R2)

+ |qn − qm|2 + o(1) → 0,

which entails that (un)n is a Cauchy sequence in H 1(R+), (ϕn,λ)n is a Cauchy sequence in 
H 1(R2) and (qn)n is a Cauchy sequence in C. Hence, there results that U ∈ 𝒟 and that Q(Un −
U) → 0.

Appendix B. Eigenvalues of the Laplacian on the hybrid plane

Here we give the discrete spectrum of the operator H introduced in Appendix A, in view of 
the importance of its least eigenvalue, that coincides with the quantity −Elin, defined in (15).

The eigenvalues of H are the numbers ν ∈ R for which there exists U = (u, v) ∈ D(H) \
{(0,0)} such that

(H − ν)U = (0,0), i.e.

{︄−u′′ − νu = 0, on R+,

−Δϕλ − νϕλ − q(ν + λ)𝒢λ = 0, on R2.

The case β = 0 is immediate as the problem decouples, and the discrete spectrum consists of 
{−ωρ}, when α ⩾ 0, and of {−ωρ,−α2}, when α < 0, where the eigenspace of −ωρ is spanned 
by (0,𝒢ωρ ) and, when α < 0, the eigenspace of −α2 is spanned by eαx . On the other hand, if 
β > 0, then one finds that the eigenvalues are the negative solutions in ν of

(︁
α + √−ν

)︁=
(︃

ρ + γ − log(2) + log(
√−ν)

2π 

)︃−1

β2. (67)

Such solutions are not explicit, but an easy qualitative study of the functions on the two sides of 
(67), yields that

∗ for every α, ρ∈R, β>0, there exists a solution, denoted by ℓ1, smaller than min{−ℓα,−ωρ},
∗ for every ρ ∈ R, α < 0, β > 0, there exists another solution, denoted by ℓ2, belonging to (︁

max{−ℓα,−ωρ},0
)︁
.
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Hence, the discrete spectrum consists of {ℓ1}, when α ⩾ 0, and of {ℓ1, ℓ2}, when α < 0. The 

eigenspaces of ℓj are spanned by (e−
√︁

−ℓj x,
α+

√︁
−ℓj

β
𝒢−ℓj (x)).

Summing up, the discrete spectrum of H reads

σd(H) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{−ωρ}, if (α,β) ∈ [0,+∞) × {0}
{−ωρ,−α2}, if (α,β) ∈ R− × {0}
{ℓ1}, if (α,β) ∈ [0,+∞) × R+

{ℓ1, ℓ2}, if (α,β) ∈ R− × R+,

and −Elin, defined by (15), is actually the least eigenvalue of H , i.e. −Elin = minσd(H).
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