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Abstract
We consider the problem of the stability (with sharp
exponent) of the Lieb–Solovej inequality for symmet-
ric 𝑆𝑈(𝑁) coherent states, which was obtained only
recently by the authors. Here, we propose an elementary
proof of this result, based on reformulating the Wehrl-
type entropy as a function defined on the unit sphere
in ℂ𝑑, for some suitable 𝑑, and on some explicit (and
somewhat surprising) computations.
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1 INTRODUCTION

Recent years have witnessed an intense and fruitful interest in various questions related to the
Wehrl-type entropy conjecture. The origins of this problem date back to the late 1970s, whenWehrl
[23] introduced a notion of classical entropy for quantum-mechanical density matrices on 𝐿2(ℝ)
and conjectured that Glauber coherent states, which are coherent states in representations of the
Heisenberg group, are the only optimizers for this entropy.Within a short period, Lieb [16] proved
that coherent states are indeed the optimizers not only ofWehrl’s original entropy, but also of other
kinds of entropies (where the function 𝑥 ln 𝑥 inWehrl’s definition is replaced with convex powers
𝑥𝑝). The uniqueness of the optimizers was later established by Carlen [2]. In his paper, Lieb also
suggested that an analogous result should hold for Bloch coherent spin states, corresponding to
the irreducible representations of 𝑆𝑈(2). This new conjecture was proved in full generality (i.e.
with an arbitrary convex function in the definition of the entropy) several years later by Lieb and
Solovej [18], who further generalized their proof [19] obtaining a similar result for the symmetric
𝑆𝑈(𝑁) coherent states (𝑁 ⩾ 2) (see also [5, 22] for the full conjecture on Glauber coherent states
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and [12] for 𝑆𝑈(1, 1) coherent states). However, the question of uniqueness of the optimizers for
the 𝑆𝑈(2) and the 𝑆𝑈(𝑁)Wehrl-type entropy remained open until recently. For the 𝑆𝑈(2) case, it
was proved independently and simultaneously in [5] and in [13], while the 𝑆𝑈(𝑁) case was finally
settled in [21]. Along with the question of uniqueness, the issue of stability was also addressed in
recent years. Roughly speaking, the goal of a stability estimate is to prove and quantify the idea
that states with almost minimal entropy should be almost coherent states. The stability of the
Lieb–Solovej inequality for 𝑆𝑈(2) coherent states was proved in [8], while for symmetric 𝑆𝑈(𝑁)
coherent states it was proved in [21] (see also [6, 9, 10, 20] for the stability of the estimate in the
case of Glauber and 𝑆𝑈(1, 1) coherent states). In all these cases, the proof relies on a careful and
highly nontrivial study of the measure of the super-level sets of the Husimi function (see below)
using a technique first introduced in [9, Lemma 2.1].
The main goal of this paper is to prove the stability of the estimate for the Wehrl-type entropy

conjecture for symmetric 𝑆𝑈(𝑁) coherent states using only elementary tools and avoiding any
study of the measure of the super-level sets of the Husimi function. In fact, to simplify matters
and avoid additional technicalities, we will focus on the case of pure states, although this method
could likely be adapted to handle densitymatrices aswell. Themain idea of the proof is to rephrase
the problem in order to express the Wehrl-type entropy as a function on the unit sphere in a
high-dimensional Euclidean space.We compute the second differential of the entropy on the sub-
manifold where the entropy achieves its minimum value, and we can show that it is uniformly
positive definite on the normal bundle to the submanifold (in fact, we will instead consider an
equivalent formulation with a convex function rather than a concave one, which corresponds to
a maximization problem).
Although this approach is elementary, it requires some lengthy—and somewhat

surprising—computations. In order to make things clearer, we have organized the paper as
follows.
In Section 2, we fix the notation and rephrase the problem in order to write the Wehrl-type

entropy as a function on the unit sphere in ℂ𝑑, for a suitable dimension 𝑑. This geometric setting
requires some preliminary notions from differential geometry, which are gathered at the end of
the section. In Section 3, we prove the stability result under an additional smoothness assumption
(which is satisfied in the special cases of interest; see Remark 3.3 below). This enables us to present
the core concept of the proof without encountering further technical complications. The proof of
the result in full generality is then given in Section 4 and will require some technical (and more
cumbersome) lemmas that are collected in Appendix.

2 NOTATION AND REPHRASING OF THE PROBLEM IN TERMS OF
HOLOMORPHIC POLYNOMIALS

2.1 Notation

For 𝑧 = (𝑧1, … , 𝑧𝑁), 𝑤 = (𝑤1, … ,𝑤𝑁) ∈ ℂ𝑁 and amulti-index 𝛼 = (𝛼1, … , 𝛼𝑁) ∈ ℕ𝑁 we adopt the
standard notation

𝑧𝛼 = 𝑧
𝛼1
1

⋯ 𝑧
𝛼𝑁
𝑁
, |𝑧|2 = |𝑧1|2 +⋯ + |𝑧𝑁|2, 𝑧 ⋅ 𝑤 = 𝑧1𝑤1 +⋯ + 𝑧𝑁𝑤𝑁,|𝛼| = 𝛼1 +⋯ + 𝛼𝑁, 𝛼! = 𝛼1!⋯𝛼𝑁!.
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 3 of 20

Given𝑀 ∈ ℕ and a multi-index 𝛼 ∈ ℕ𝑁 of length at most𝑀 we have(
𝑀

𝛼

)
=

𝑀!

𝛼1!⋯𝛼𝑁!(𝑀 − |𝛼|)! .
Dealing with sums over a multi-index, we denote by∑

|𝛼|⩽𝑀
the sum over all multi-indices 𝛼 ∈ ℕ𝑁 of total length at most𝑀, and by∑

𝛼≠0

the sum over all multi-indices of total length at most𝑀 except for the null multi-index, the condi-
tion |𝛼| ⩽ 𝑀 being understood (this should cause no confusion, since𝑀 is fixed throughout the
paper). Similarly, we denote by ∑

𝛼≠𝛽

the double sum over all multi-indices 𝛼 and 𝛽 (of length at most𝑀) that are not equal (i.e. they
differ in at least one component).

2.2 From the original setting to the unit sphere

The original theorem by Lieb and Solovej [19] is stated in terms of symmetric representations of
𝑆𝑈(𝑁 + 1) as follows. Fix 𝑁 ⩾ 1, 𝑀 ⩾ 1 and consider the Hilbert space 𝑀 = (

⨂𝑀
ℂ𝑁+1)sym,

that is the image of
⨂𝑀

ℂ𝑁+1 under the projection

𝑃𝑀(𝑣1 ⊗⋯⊗ 𝑣𝑀) =
1

𝑀!

∑
𝜎∈𝑆𝑀

𝑣𝜎(1) ⊗⋯⊗ 𝑣𝜎(𝑀),

where 𝑆𝑀 denotes the permutation group over {1, … ,𝑀}. We denote by ⟨𝜓|𝜙⟩ the inner product
of 𝜓, 𝜙 ∈ 𝑀 , with the agreement that it is linear in the second argument. On 𝑀 , we consider
the representation of the group 𝑆𝑈(𝑁 + 1) given by

𝑅(𝑣1 ⊗⋯⊗ 𝑣𝑀) = (𝑅𝑣1) ⊗⋯⊗ (𝑅𝑣𝑀), 𝑅 ∈ 𝑆𝑈(𝑁 + 1)

and extended on the whole 𝑀 by linearity. Fix a normalized vector 𝑣 ∈ ℂ𝑁+1. Given a density
matrix 𝜌 (i.e. a nonnegative self-adjoint operator on𝑀 with trace one), its Husimi function 𝑢𝜌 ∶
𝑆𝑈(𝑁 + 1) → ℝ is defined as

𝑢𝜌(𝑅) = ⟨⊗𝑀𝑅𝑣|𝜌|⊗𝑀 𝑅𝑣⟩, 𝑅 ∈ 𝑆𝑈(𝑁 + 1).
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4 of 20 NICOLA et al.

It is easy to see [19] that 𝑢𝜌 is continuous (in fact real-analytic), and satisfies 0 ⩽ 𝑢𝜌 ⩽ 1, as well
as

dim(𝑀)∫𝑆𝑈(𝑁+1) 𝑢𝜌(𝑅) 𝑑𝑅 = 1, (2.1)

where 𝑑𝑅 denotes the Haar probability measure on 𝑆𝑈(𝑁 + 1).
Then, the Lieb–Solovej inequality [19, Theorem 2.1] states that, for any convex function

Φ∶ [0, 1] → ℝ, the Wehrl-type entropy

𝐺(𝜌) = ∫𝑆𝑈(𝑁+1) Φ(𝑢𝜌(𝑅)) 𝑑𝑅

is maximized by (symmetric) coherent states, that is, when

𝜌 = |⊗𝑀 𝑣⟩⟨⊗𝑀𝑣|
for some 𝑣 ∈ ℂ𝑁+1 of norm 1. In fact, with a slight abuse of language, we will call a coherent state
any vector of the type⊗𝑀𝑣 ∈ 𝑀 , with 𝑣 ∈ ℂ𝑁+1, |𝑣| = 1.
Remark 2.1. Note that any coherent state can be written as ⊗𝑀𝑅𝑣0 for some 𝑅 ∈ 𝑆𝑈(𝑁 +
1), where 𝑣0 = (1, 0, … , 0) ∈ ℂ

𝑁+1. In other words, the subset of coherent states is the
orbit in 𝑀 of the coherent state associated with the vector 𝑣0 under the action of
𝑆𝑈(𝑁 + 1).

Note that, whenΦ is affine, 𝐺 is constant (as easily seen from the normalization (2.1)), whereas
if Φ is strictly convex in some interval (𝓁, 1) with 𝓁 ∈ (0, 1), then coherent states are the only
maximizers (see [21, Theorem 1.2 and Remark 4.3]). Moreover, the estimate is stable, meaning
that a densitymatrix 𝜌 that almostmaximizes the functional𝐺 is almost a coherent state. Tomake
this precise, we introduce the distance, in the trace norm, between 𝜌 and the subset of coherent
states, that is,

𝐷[𝜌] = inf
𝑣∈ℂ𝑁+1,|𝑣|=1 ‖𝜌 − |⊗𝑀 𝑣⟩⟨⊗𝑀𝑣|‖1.

Theorem 2.2 [21]. For every convex function Φ∶ [0, 1] → ℝ that is strictly convex in some interval
(𝓁, 1) with 𝓁 ∈ (0, 1), there exists a constant 𝑐 > 0 such that for every density matrix 𝜌 on 𝑀 we
have

∫𝑆𝑈(𝑁+1) Φ(𝑢0(𝑅)) 𝑑𝑅 − ∫𝑆𝑈(𝑁+1) Φ(𝑢𝜌(𝑅)) 𝑑𝑅 ⩾ 𝑐𝐷[𝜌]
2,

where 𝑢0 is the Husimi function of any coherent state.

Remark 2.3. Actually, this theorem holds as long as Φ is not affine in (𝓁, 1) for every 𝓁 ∈ (0, 1)
(see [21, Remark 4.4]). However, for the sake of clarity, we will work under the slightly stronger
assumption that Φ is strictly convex in some interval (𝓁, 1), for some 𝓁 ∈ (0, 1).
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 5 of 20

As alreadymentioned in the introduction, the goal of this paper is to give an elementary proof of
this stability estimate for pure states (i.e. when 𝜌 = |𝜓⟩⟨𝜓| for some 𝜓 ∈ 𝑀). In order to pursue
this goal, we need to rephrase the problem in amore geometrical setting. Following the argument
presented in [21, section 3.1] one can show that, for pure states, the Wehrl-type entropy can be
written as

∫ℂ𝑁 Φ
( |𝐹(𝑧)|2
(1 + |𝑧|2)𝑀

)
𝑑𝜈(𝑧),

where

𝐹(𝑧) = ⟨⊗𝑀(1, 𝑧)|𝜓⟩, 𝑧 ∈ ℂ𝑁 (2.2)

is a holomorphic polynomial (since the inner product is linear in the second argument) on ℂ𝑁 of
degree at most 𝑀 and 𝑑𝜈 is a probability measure (see below for the explicit expression). Since
the correspondence between unit pure state vectors and suitably normalized holomorphic poly-
nomials of this kind is one-to-one, we are naturally led to consider the reproducing kernel Hilbert
space 𝑀 of holomorphic polynomials on ℂ𝑁 of degree at most𝑀, endowed with the norm

‖𝐹‖2𝑀 = dim(𝑀)∫ℂ𝑁 |𝐹(𝑧)|2
(1 + |𝑧|2)𝑀 𝑑𝜈(𝑧), (2.3)

where

dim(𝑀) =
(
𝑀 +𝑁

𝑁

)
=∶ 𝑑 (2.4)

and

𝑑𝜈(𝑧) = 𝑐𝑁(1 + |𝑧|2)−𝑁−1𝑑𝐴(𝑧), 𝑐𝑁 = 𝑁!∕𝜋
𝑁 (2.5)

is a probabilitymeasure onℂ𝑁 ; here 𝑑𝐴(𝑧) denotes the Lebesguemeasure onℂ𝑁 . The normalized
monomials

𝑒𝛼(𝑧) = 𝑐𝛼𝑧
𝛼, 𝑧 ∈ ℂ𝑁, 𝛼 ∈ ℕ𝑁, |𝛼| ⩽ 𝑀,

where 𝑐𝛼 =
√(𝑀

𝛼

)
, form an orthonormal basis of 𝑀 , therefore, we immediately have the

expression of the reproducing kernel

𝐾(𝑧, 𝑤) ∶=
∑

|𝛼|⩽𝑀 𝑒𝛼(𝑧)𝑒𝛼(𝑤) = (1 + 𝑧 ⋅ 𝑤)
𝑀,

whereas the normalized reproducing kernel at a point 𝑤 ∈ ℂ𝑁 is

𝑘𝑤(𝑧) ∶=
𝐾(𝑧, 𝑤)‖𝐾(⋅, 𝑤)‖𝑀 =

(1 + 𝑧 ⋅ 𝑤)𝑀

(1 + |𝑤|2)𝑀∕2 , 𝑧 ∈ ℂ𝑁.
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6 of 20 NICOLA et al.

With a slight abuse of notation, we define the Wehrl-type entropy of a normalized polynomial
𝐹 ∈ 𝑀 as

𝐺(𝐹) = ∫ℂ𝑁 Φ
( |𝐹(𝑧)|2
(1 + |𝑧|2)𝑀

)
𝑑𝜈(𝑧). (2.6)

Among all normalized polynomials in𝑀 this entropy ismaximized by the normalized (multiples
of the) reproducing kernels, that is, on the subset

𝑉 ∶= {𝑒𝑖𝜃𝑘𝑤 ∶ 𝑤 ∈ ℂ
𝑁, 𝜃 ∈ ℝ} ⊂ 𝑀,

since the normalized (multiples of the) reproducing kernels are exactly the polynomials that arise
from coherent states through the formula (2.2). Thus, the supremum of 𝐺 over all possible nor-
malized polynomials in 𝑀 is achieved at any normalized reproducing kernel, and choosing the
reproducing kernel at 𝑤 = 0 (i.e. the constant function 1) we obtain

sup𝐺 = ∫ℂ𝑁 Φ
(

1

(1 + |𝑧|2)𝑀
)
𝑑𝜈(𝑧).

Given a normalized polynomial 𝐹 ∈ 𝑀 , the distance from 𝐹 to 𝑉 is, by definition,

𝐷[𝐹] = inf {‖𝐹 − 𝑒𝑖𝜃𝑘𝑤‖𝑀 ∶ 𝑤 ∈ ℂ𝑁, 𝜃 ∈ ℝ}.
Then, Theorem 2.2 (for pure states) can be rephrased as follows.

Theorem 2.4. For every convex functionΦ∶ [0, 1] → ℝ that is strictly convex in some interval (𝓁, 1)
with 𝓁 ∈ (0, 1), there exists a constant 𝑐 > 0 such that

sup𝐺 − 𝐺(𝐹) ⩾ 𝑐𝐷[𝐹]2

for every normalized polynomial 𝐹 ∈ 𝑀 .
Remark 2.5. Let 𝜌 = |𝜓⟩⟨𝜓| and let 𝐹 ∈ 𝑀 be the polynomial associated with the pure state 𝜓 ∈
𝑀 . Since unit pure state vectors are in one-to-one correspondence with normalized polynomials
in 𝑀 , and since we are dealing with finite-dimensional spaces, the distances 𝐷[𝜌] and 𝐷[𝐹] are
equivalent, meaning that there is a constant 𝐶 > 0 such that

𝐶−1𝐷[𝜌] ⩽ 𝐷[𝐹] ⩽ 𝐶𝐷[𝜌].

For this reason, Theorem 2.2 (for pure states) and Theorem 2.4 are equivalent.

To prove Theorem 2.4, we will not work directly with polynomials, but rather with their
coefficients in the monomial basis, expressing a normalized polynomial 𝐹 ∈ 𝑀 as

𝐹(𝑧) =
∑

|𝛼|⩽𝑀 𝑋𝛼𝑒𝛼(𝑧), 𝑧 ∈ ℂ𝑁,
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 7 of 20

where the vector 𝑋 = (𝑋𝛼)|𝛼|⩽𝑀 , due to the orthonormality of the 𝑒𝛼’s, belongs to the 2𝑑 − 1
dimensional sphere 𝑆 ∶= 𝑆2𝑑−1 ⊂ ℝ2𝑑 ≃ ℂ𝑑. Hence, with a slight abuse of notation, for 𝑋 =
(𝑋𝛼) ∈ 𝑆 we can write

𝐺(𝑋) = ∫ℂ𝑁 Φ
(|∑|𝛼|⩽𝑀 𝑋𝛼𝑒𝛼(𝑧)|2

(1 + |𝑧|2)𝑀
)
𝑑𝜈(𝑧). (2.7)

In this way, we can regard the Wehrl-type entropy as a function 𝐺∶ 𝑆 → ℝ, which achieves its
maximum at every point of the set

𝑉 ∶=

{
𝑋 ∈ 𝑆∶

∑
|𝛼|⩽𝑀 𝑋𝛼𝑒𝛼 = 𝑒

𝑖𝜃𝑘𝑤 for some 𝜃 ∈ ℝ,𝑤 ∈ ℂ𝑁
}
.

In the following, we will see that 𝑉 is a smooth submanifold of 𝑆, of dimension 2𝑁 + 1.
Endowing 𝑆 with the Riemannian metric induced by ℝ2𝑑 ≃ ℂ𝑑, and denoting by dist(𝑋, 𝑉) the

geodesic distance from 𝑋 ∈ 𝑆 to 𝑉, we can restate Theorem 2.4 as follows.

Theorem2.6. For every convex functionΦ∶ [0, 1] → ℝ that is strictly convex in some interval (𝓁, 1),
with 𝓁 ∈ (0, 1), there exists a constant 𝑐 > 0 such that

sup
𝑆
𝐺 − 𝐺(𝑋) ⩾ 𝑐 dist(𝑋, 𝑉)2 (2.8)

for every 𝑋 ∈ 𝑆.

This theorem is equivalent to Theorem 2.4 because𝐷[𝐹] is the Euclidean distance from𝑋 to𝑉,
and the geodesic distance on 𝑆 is equivalent to the Euclidean distance, when 𝑆 is seen as a subset
of ℂ𝑑. Indeed, if 𝑋1, 𝑋2 ∈ 𝑆,

|𝑋1 − 𝑋2| = 2 sin(dist(𝑋1, 𝑋2)∕2).
Remark 2.7. So far we have seen that there is a unitary correspondence between 𝑀 and the
space of polynomials 𝑀 , and now we have another unitary map 𝑀 → ℂ𝑑 ⊃ 𝑆. Due to these
correspondences, the action of 𝑆𝑈(𝑁 + 1) on 𝑀 is automatically transferred on 𝑀 , ℂ𝑑 and 𝑆.
Moreover, since the set of coherent states in𝑀 is an orbit of 𝑆𝑈(𝑁 + 1) and since the coherent
states are in one-to-one correspondence with the points of 𝑉 (whether viewed as a subset of the
normalized polynomials in 𝑀 or as a subset of 𝑆), the isometric action of 𝑆𝑈(𝑁 + 1) on 𝑆 is, in
fact, transitive on𝑉. This will be of great importance in the following, as it will allow us to transfer
any result proved for a single point in 𝑉 to every other point in 𝑉.
We point out that this unitary correspondence between 𝑀 and ℂ𝑑 can be made explicit con-

sidering a particular orthonormal basis of 𝑀 . In fact, denoting with {𝜄𝑛}𝑁𝑛=0 the canonical basis
of ℂ𝑁+1, it is easy to see that the vectors

𝜓𝛼 =

√(
𝑀

𝛼

)
𝑃𝑀( 𝜄0 ⊗⋯ 𝜄0

⏟⎴⏟⎴⏟
𝑀−|𝛼| times

⊗𝜄1 ⊗⋯ 𝜄1
⏟⎴⏟⎴⏟
𝛼1 times

⊗⋯⊗ 𝜄𝑁 ⊗⋯⊗ 𝜄𝑁
⏟⎴⎴⏟⎴⎴⏟

𝛼𝑁 times

),
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8 of 20 NICOLA et al.

with 𝛼 ∈ ℕ𝑁 of length at most𝑀, form an orthonormal basis of𝑀 and are such that

⟨⊗𝑀(1, 𝑧)|𝜓𝛼⟩ = 𝑒𝛼(𝑧).
Therefore, the unitary correspondence that we obtained through 𝑀 is simply the map

𝑀 ∋ 𝜓 =
∑

|𝛼|⩽𝑀 𝑋𝛼𝜓𝛼 ↦ (𝑋𝛼)|𝛼|⩽𝑀 ∈ ℂ𝑑.

2.3 Preliminaries of differential geometry

We conclude this section with some preliminaries of differential geometry. First of all, we notice
that the subset 𝑉 where 𝐺 achieves its maximum is a smooth submanifold of 𝑆 of dimen-
sion 2𝑁 + 1 since it is the preimage of the Veronese variety under the canonical projection
𝜋∶ 𝑆 → ℂ𝑃𝑑−1 (see [7, section 11.3] and [21, Remark 2.1(ii)]), which is smooth (see [11, p. 184]),
and the above projection is a submersion (see [14, Theorem 6.30]). For more information on the
connection between coherent states and rational curves, see, for example, [1].
For any point 𝑋 ∈ 𝑉 ⊂ 𝑆 we have the decomposition

𝑇𝑋𝑆 = 𝑇𝑋𝑉 ⊕ (𝑇𝑋𝑉)
⟂.

In the following, we are going to consider the 𝜀-neighborhood of 𝑉, that is the set

𝑈𝜀 = {𝑋 ∈ 𝑆∶ dist(𝑋, 𝑉) < 𝜀},

where the distance is intended in the geodesic sense. Then, it is well known (see [15, Theorem
6.40]) that 𝑈𝜀 is also a 𝜀-tubular neighborhood of 𝑉, which means that every point in 𝑈𝜀 is
of the form 𝑋(𝑡) where 𝑋∶ (−𝜀, 𝜀) → 𝑆 is a geodesic with unit speed and such that 𝑋(0) ∈ 𝑉,
𝑋′(0) ∈ (𝑇𝑋(0)𝑉)

⟂ ⊂ 𝑇𝑋(0)𝑆. In other words, 𝑈𝜀 is the image of the exponential map restricted to
the normal bundle of 𝑉.
Rather than at a generic point 𝑋 ∈ 𝑆, we will perform the computations at 𝑋0 = (1, 0, … , 0),

where the expressions of the tangent and normal spaces take the simple forms

𝑇𝑋0𝑆 = {𝑌 = (𝑌𝛼)|𝛼|⩽𝑀 ∈ ℂ𝑑 ∶ Re𝑌0 = 0},

𝑇𝑋0𝑉 = {𝑌 = (𝑌𝛼)|𝛼|⩽𝑀 ∈ 𝑇𝑋0𝑆∶ 𝑌𝛼 = 0 for |𝛼| ⩾ 2},
(𝑇𝑋0𝑉)

⟂ = {𝑌 = (𝑌𝛼)|𝛼|⩽𝑀 ∈ 𝑇𝑋0𝑆∶ 𝑌𝛼 = 0 for |𝛼| ⩽ 1}.
To obtain the expression for 𝑇𝑋0𝑉, consider a smooth curve 𝑣∶ (−𝜀, 𝜀) → 𝑆2𝑁+1 ⊂ ℂ𝑁+1 such that
𝑣(0) = 𝑣0 = (1, 0, … , 0) ∈ ℂ

𝑁+1, and note that⊗𝑀𝑣(𝑡) is a curve on the submanifold of coherent
states passing through⊗𝑀𝑣0, whose corresponding polynomials are given by

⟨⊗𝑀(1, 𝑧)|⊗𝑀 𝑣(𝑡)⟩ = ⟨(1, 𝑧)|𝑣(𝑡)⟩𝑀 =
∑

|𝛼|⩽𝑀 𝑋𝛼(𝑡)𝑒𝛼(𝑧), 𝑧 ∈ ℂ𝑁,

where 𝑋(𝑡) is a smooth curve in 𝑉 ⊂ 𝑆 such that 𝑋(0) = 𝑋0. Differentiation at 𝑡 = 0 gives
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 9 of 20

𝑀

(
𝑣′0(0) +

𝑁∑
𝑗=1

𝑣′𝑗(0)𝑧𝑗

)
=

∑
|𝛼|⩽𝑀 𝑋

′
𝛼(0)𝑒𝛼(𝑧),

which proves the inclusion 𝑇𝑋0𝑉 ⊆ {𝑌 ∈ 𝑇𝑋0𝑆∶ 𝑌𝛼 = 0 for |𝛼| ⩾ 2}. The reverse inclusion fol-
lows by observing that the two spaces have the same dimension, since 𝑉 is a submanifold of 𝑆 of
dimension 2𝑁 + 1.

3 PROOF OF THEOREM 2.6 WHEN 𝚽 IS OF CLASS 𝑪𝟐

To illustrate the main idea of the proof, in this section we prove Theorem 2.6 under the additional
assumption that Φ ∈ 𝐶2([0, 1]). In this case, also the Wehrl-type entropy function 𝐺 in (2.7) is
easily seen to be of class 𝐶2, which simplifies the proof. The key points of the proof are:

∙ the value of 𝐺 at points far from 𝑉 is uniformly distant from the maximal value of 𝐺;
∙ the second differential of 𝐺 at every point 𝑋 ∈ 𝑉 is negative semidefinite on 𝑇𝑋𝑆 and negative
definite on the orthogonal space (𝑇𝑋𝑉)⟂.

These ideas are formalized by the following lemmas, the first of which does not actually depend
on the regularity of 𝐺 and, in fact, will also be used in the proof for general Φ in Section 4. We
also observe that the constant 𝑐 in this lemma is explicit, in the sense that it is not obtained by a
compactness argument.

Lemma 3.1. Let Φ∶ [0, 1] → ℝ be a convex function that is strictly convex in some interval (𝓁, 1)
with 𝓁 ∈ (0, 1). Then, for every 𝜀 > 0 small enough there exists 𝑐 > 0 such that, for every 𝑋 ∈ 𝑆, if
dist(𝑋, 𝑉) ⩾ 𝜀 then

sup
𝑆
𝐺 − 𝐺(𝑋) ⩾ 𝑐.

In particular, up to reducing the constant 𝑐, we have

sup
𝑆
𝐺 − 𝐺(𝑋) ⩾ 𝑐 dist(𝑋, 𝑉)2 whenever dist(𝑋, 𝑉) ⩾ 𝜀.

Proof. We use the notation of Section 2. Let 𝐹 =
∑|𝛼|⩽𝑀 𝑋𝛼𝑒𝛼 ∈ 𝑀 be the polynomial associated

with 𝑋 = (𝑋𝛼) ∈ 𝑆 and let

𝑇 ∶= sup
𝑧∈ℂ𝑁

|𝐹(𝑧)|2
(1 + |𝑧|2)𝑀 ∈ [0, 1].

We start by proving that if dist(𝑋, 𝑉) ⩾ 𝜀, then 1 − 𝑇 ⩾ 𝜏 for some positive constant 𝜏 that depends
only on 𝜀. We have

𝐷[𝐹]2 = inf
𝜃∈ℝ,𝑤∈ℂ𝑁

||𝐹 − 𝑒𝑖𝜃𝑘𝑤||2𝑀 = inf
𝜃∈ℝ,𝑤∈ℂ𝑁

(
2 − 2Re 𝑒−𝑖𝜃

𝐹(𝑤)

(1 + |𝑤|2)𝑀∕2
)

= 2 − 2 sup
𝜃∈ℝ,𝑤∈ℂ𝑁

Re 𝑒−𝑖𝜃
𝐹(𝑤)

(1 + |𝑤|2)𝑀∕2 = 2 − 2 sup𝑤∈ℂ𝑁

|𝐹(𝑤)|
(1 + |𝑤|2)𝑀∕2 = 2 − 2

√
𝑇.
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10 of 20 NICOLA et al.

As observed in Section 2, 𝐷[𝐹] is just the Euclidean distance from 𝑋 to 𝑉 in ℂ𝑑, while for the
geodesic distance in the unit sphere we have dist(𝑋, 𝑉) ⩽ 𝐶𝐷[𝐹] for some positive constant 𝐶.
Therefore,

𝜀 ⩽ dist(𝑋, 𝑉) ⩽ 𝐶𝐷[𝐹] = 𝐶

√
2 − 2

√
𝑇,

and rearranging this expression we obtain that 1 − 𝑇 ⩾ 𝜏 for every 𝜀 small enough and for some
𝜏 > 0 depending on 𝜀.
Let 𝐹, 𝑋 and 𝑇 be as above, with dist(𝑋, 𝑉) ⩾ 𝜀 so that 1 − 𝑇 ⩾ 𝜏, and consider the

decomposition Φ = Φ1 + Φ2, where

Φ2(𝑡) =

{
Φ(𝑡), 𝑡 ∈ [0, 𝑇]

Φ′−(𝑇)(𝑡 − 𝑇) + Φ(𝑇), 𝑡 ∈ (𝑇, 1]

(Φ′− denotes the left derivative of Φ). Denoting by 𝐺1 and 𝐺2 the corresponding Wehrl-type
entropies, since both Φ1 and Φ2 are convex, we have

sup
𝑆
𝐺 − 𝐺(𝐹) = sup

𝑆
𝐺1 − 𝐺1(𝐹) + sup

𝑆
𝐺2 − 𝐺2(𝐹) ⩾ sup

𝑆
𝐺1 − 𝐺1(𝐹) = sup

𝑆
𝐺1,

where the first equality holds since 𝐺1 and 𝐺2 both achieve their maximum on 𝑉 (by the Lieb–
Solovej inequality), while the last equality follows from the fact that Φ1(𝑡) = 0 for 𝑡 ⩽ 𝑇.
To give an estimate from below of sup𝐺1, we consider the distribution function of

1∕(1 + |𝑧|2)𝑀 , that is,
𝜇0(𝑡) = 𝜈({𝑧 ∈ ℂ

𝑁 ∶ 1∕(1 + |𝑧|2)𝑀 > 𝑡}).

Its explicit expression 𝜇0(𝑡) ∶= (1 − 𝑡1∕𝑀)𝑁 for 𝑡 ∈ [0, 1] (see [21, eq. (4.3)]) is not needed here,
where we just observe that 𝜇0(𝑡) > 0 for 𝑡 ∈ [0, 1).
Recalling the expression of the supremum of 𝐺1 (2.6) and using the layer cake representation

[17, Theorem 1.13], since lim𝑡→0+ Φ1(𝑡) = 0 we have

sup𝐺1 = ∫ℂ𝑁 Φ1
(

1

(1 + |𝑧|2)𝑀
)
𝑑𝜈(𝑧)

= ∫
1

0
Φ′1(𝑡)𝜇0(𝑡) 𝑑𝑡

= ∫
1

𝑇
(Φ′(𝑡) − Φ′−(𝑇)) 𝜇0(𝑡) 𝑑𝑡

⩾ ∫
1

1−𝜏
(Φ′(𝑡) − Φ′−(1 − 𝜏)) 𝜇0(𝑡) 𝑑𝑡

= 𝑐 ⩾
𝑐

2
⋅ 2(1 −

√
𝑇) =

𝑐

2
𝐷[𝐹]2 ⩾ 𝑐′ dist(𝑋, 𝑉)2,

where 𝑐, 𝑐′ > 0 because by assumption Φ is strictly convex in an interval of positive length
contained in (1 − 𝜏, 1). This concludes the proof. □
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 11 of 20

We now establish the desired stability estimate near 𝑉, for which the following lemma plays a
crucial role (we alert the reader that some of the computations are deferred to the Appendix to
maintain continuity of reading).

Lemma 3.2. LetΦ∶ [0, 1] → ℝ be a convex function of class𝐶2([0, 1]) that is strictly convex in some
interval (𝓁, 1) with 𝓁 ∈ (0, 1). Then, the second differential of 𝐺 at 𝑋0 ∈ 𝑉 is negative semidefinite
on 𝑇𝑋0𝑆 and negative definite on the orthogonal space (𝑇𝑋0𝑉)

⟂, that is,

∙ d2
𝑋0
𝐺(𝑌) ⩽ 0 for every 𝑌 ∈ 𝑇𝑋0𝑆;

∙ d2
𝑋0
𝐺(𝑌) ⩽ −𝑐|𝑌|2 for every 𝑌 ∈ (𝑇𝑋0𝑉)⟂,

where 𝑐 > 0.

Proof. By 𝑆𝑈(𝑁 + 1) invariance (see Remark 2.7), it suffices to consider the point 𝑋0 =
(1, 0, … , 0) ∈ 𝑉. Consider a smooth curve 𝑋∶ (−𝜀, 𝜀) → 𝑆 such that 𝑋(0) = 𝑋0 and let 𝑌 =
(𝑌𝛼)|𝛼|⩽𝑀 = 𝑋′(0) ∈ 𝑇𝑋0𝑆. Since 𝑋(0) = (1, 0, … , 0) and Re𝑌0 = 0 (see Section 2.3),

d2𝑋0
𝐺(𝑌) ∶=

𝑑2

𝑑𝑡2
𝐺(𝑋(𝑡))|𝑡=0 = ∫ℂ𝑁 Φ

′′

(
1

(1 + |𝑧|2)𝑀
)
(2Re

∑
𝛼≠0 𝑌𝛼𝑒𝛼(𝑧))2

(1 + |𝑧|2)2𝑀 𝑑𝜈(𝑧)

+∫ℂ𝑁Φ
′

(
1

(1 + |𝑧|2)𝑀
)
2Re

∑|𝛼|⩽𝑀 𝑋′′𝛼 (0)𝑒𝛼(𝑧) + 2|∑|𝛼|⩽𝑀 𝑌𝛼𝑒𝛼(𝑧)|2
(1 + |𝑧|2)𝑀 𝑑𝜈(𝑧).

Wepoint out that the termRe
∑|𝛼|⩽𝑀 𝑋′′𝛼 (0)𝑒𝛼(𝑧) can be replacedwith justRe𝑋′′0 (0) (the subscript

0 stands for the multi-index in ℕ𝑁 with 0 in all components). For, passing to polar coordinates
and integrating in the angular component first, one sees that the integrals of Re 𝑒𝛼(𝑧) vanish for
𝛼 ≠ 0, since 𝑒𝛼(0) = 0 and 𝑒𝛼(𝑧) (being the real part of a holomorphic function) is harmonic. We
also observe that

Re𝑋′′0 (0) = −
∑

|𝛼|⩽𝑀 |𝑌𝛼|2,
as can be seen by differentiating twice the identity |𝑋(𝑡)|2 = 1 and evaluating at 𝑡 = 0. Concerning
the other terms, we have

(2Re
∑
𝛼≠0

𝑌𝛼𝑒𝛼(𝑧))
2 = 2

∑
𝛼≠0

|𝑌𝛼|2|𝑒𝛼(𝑧)|2 + 2Re[ ∑
𝛼,𝛽≠0

𝑌𝛼𝑌𝛽𝑒𝛼(𝑧)𝑒𝛽(𝑧)

+
∑

𝛼≠𝛽;𝛼,𝛽≠0
𝑌𝛼𝑌𝛽𝑒𝛼(𝑧)𝑒𝛽(𝑧)

]
.

Again, using polar coordinates one sees that all the terms on the right-hand side, with the excep-
tion of the first, give a zero contribution in the integral (the term Re𝑌𝛼𝑌𝛽𝑒𝛼(𝑧)𝑒𝛽(𝑧) is not
harmonic in general, yet its integral on every shell is zero since 𝛼 ≠ 𝛽). Similarly,

||||||
∑

|𝛼|⩽𝑀 𝑌𝛼𝑒𝛼(𝑧)
||||||
2

=
∑

|𝛼|⩽𝑀 |𝑌𝛼|2|𝑒𝛼(𝑧)|2 +∑
𝛼≠𝛽

𝑌𝛼𝑌𝛽𝑒𝛼(𝑧)𝑒𝛽(𝑧)
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12 of 20 NICOLA et al.

and, again, the integral of the last sum is zero.
Thus, since |𝑒0(𝑧)|2 = 1, we are left with

1

2
d2𝑋0

𝐺(𝑌) =
∑
𝛼≠0

𝑏𝛼|𝑌𝛼|2, (3.1)

where

𝑏𝛼 = ∫ℂ𝑁 Φ
′′

(
1

(1 + |𝑧|2)𝑀
) |𝑒𝛼(𝑧)|2
(1 + |𝑧|2)2𝑀 𝑑𝜈(𝑧)

+ ∫ℂ𝑁 Φ
′

(
1

(1 + |𝑧|2)𝑀
)|𝑒𝛼(𝑧)|2 − 1
(1 + |𝑧|2)𝑀 𝑑𝜈(𝑧).

So, to prove the lemma, we just need to prove that every coefficient 𝑏𝛼 is nonpositive for |𝛼| = 1
and strictly negative for 2 ⩽ |𝛼| ⩽ 𝑀. To do so, we pass to the polar coordinates 𝑧 = 𝜌𝜔, where
𝜌 ⩾ 0 and 𝜔 ∈ 𝑆2𝑁−1 ⊂ ℂ𝑁 (unit sphere in ℂ𝑁), so that

𝑑𝜈 =
𝑐𝑁𝜌

2𝑁−1

(1 + 𝜌2)𝑁+1
𝑑𝜌 𝑑𝜔,

where 𝑐𝑁 is the normalization constant for the measure 𝑑𝜈 in (2.5). Observe that 1∕𝑐𝑁 is the vol-
ume of the unit ball in ℂ𝑁 (i.e. the real 2𝑁-ball), therefore 𝑐𝑁∕(2𝑁)𝑑𝜔 is the normalized surface
measure on 𝑆2𝑁−1. For ease of notation, we let

𝑐2𝛼 ∶= 𝑐
2
𝛼 ∫𝑆2𝑁−1 |𝜔𝛼|2 𝑐𝑁2𝑁 𝑑𝜔, (3.2)

whose explicit expression can be found below in Lemma A.2.
Hence, passing to polar coordinates in the integrals defining 𝑏𝛼, after the further change of

variable 𝜌2 = 𝑠 we have to study the sign of

𝑁∫
∞

0
Φ′′

(
1

(1 + 𝑠)𝑀

)
𝑐2𝛼𝑠

|𝛼|+𝑁−1
(1 + 𝑠)2𝑀+𝑁+1

𝑑𝑠 + 𝑁∫
∞

0
Φ′

(
1

(1 + 𝑠)𝑀

)
𝑐2𝛼𝑠

|𝛼|+𝑁−1 − 𝑠𝑁−1
(1 + 𝑠)𝑀+𝑁+1

𝑑𝑠.

In view of integrating by parts the second term, using LemmaA.1, we can preliminarily compute

∫
𝑠

0

𝑐2𝛼𝜎
|𝛼|+𝑁−1 − 𝜎𝑁−1
(1 + 𝜎)𝑀+𝑁+1

𝑑𝜎 =
𝑐2𝛼(1 + 𝑠)

−(𝑀+𝑁)

𝐴𝑀,𝑁,|𝛼|
𝑀+𝑁∑

𝑗=|𝛼|+𝑁
(
𝑀 +𝑁

𝑗

)
𝑠𝑗

−
(1 + 𝑠)−(𝑀+𝑁)

𝐴𝑀,𝑁,0

𝑀+𝑁∑
𝑗=𝑁

(
𝑀 +𝑁

𝑗

)
𝑠𝑗

= −
𝑐2𝛼(1 + 𝑠)

−(𝑀+𝑁)

𝐴𝑀,𝑁,|𝛼|
|𝛼|+𝑁−1∑
𝑗=𝑁

(
𝑀 +𝑁

𝑗

)
𝑠𝑗,
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 13 of 20

where in the last step we used LemmaA.2 (see below for the explicit expression of𝐴𝑀,𝑁,|𝛼|). From
this and from the fact that Φ′(𝑡) has finite limits at 0+ and at 1−, it is immediate to see that the
boundary term in the integration by parts vanishes and therefore we end up with

𝑏𝛼 = 𝑁 ∫
∞

0
Φ′′

(
1

(1 + 𝑠)𝑀

)
𝑐2𝛼

(1 + 𝑠)2𝑀+𝑁+1

[
𝑠|𝛼|+𝑁−1

−
𝑀

𝐴𝑀,𝑁,|𝛼|
|𝛼|+𝑁−1∑
𝑗=𝑁

(
𝑀 +𝑁

𝑗

)
𝑠𝑗

]
𝑑𝑠.

(3.3)

Now, we have

𝑀

𝐴𝑀,𝑁,1

(
𝑀 +𝑁

𝑁

)
= 1,

so for |𝛼| = 1 the integral is 0 (which is clear since 𝑌 ∈ 𝑇𝑋0𝑉 and 𝐺 is constant on 𝑉), while for|𝛼| > 1, we have
𝑀

𝐴𝑀,𝑁,|𝛼|
(

𝑀 +𝑁|𝛼| +𝑁 − 1
)
=

𝑀

𝑀 − |𝛼| + 1 > 1,
that is, the coefficient of themonomial of degree |𝛼| +𝑁 − 1 is strictly negative.Hence, the expres-
sion in square brackets is strictly negative for every 𝑠 > 0. Finally, by assumption, Φ′′ ⩾ 0 and Φ
is strictly convex in an interval of the type (𝓁, 1), for some 𝓁 ∈ (0, 1), and the desired conclusion
follows. □

Proof of Theorem 2.6 for Φ of class 𝐶2. Assume, in addition to the hypothesis in the statement,
thatΦ ∈ 𝐶2([0, 1]). Let 𝜀 > 0 to be fixed later. As already recalled in Section 2.3, every point in the
𝜀-neighborhood of 𝑉 can be reached by a geodesic 𝑋∶ (−𝜀, 𝜀) → 𝑆 parameterized with unit speed
such that 𝑋(0) = 𝑋0 ∈ 𝑉, with an initial velocity 𝑌 = 𝑋′(0) ∈ (𝑇𝑋0𝑉)

⟂ such that |𝑌| = 1. In this
case, for 𝜀 sufficiently small and 𝑡 ∈ (−𝜀, 𝜀) we have, for some 𝜉 ∈ [−|𝑡|, |𝑡|] and 𝑐 > 0,

sup
𝑆
𝐺 − 𝐺(𝑋(𝑡)) = 𝐺(𝑋(0)) − 𝐺(𝑋(𝑡))

= −
1

2
(𝐺◦𝑋)′′(𝜉)𝑡2

⩾ 𝑐𝑡2 = 𝑐 dist(𝑋(𝑡), 𝑉)2,

where we applied Lemma 3.2 and the fact that the function (𝐺◦𝑋)′′(𝑡) is continuous, uniformly
with respect to 𝑌 ∈ (𝑇𝑋0𝑉)

⟂, with |𝑌| = 1. This fixes the value of 𝜀 and gives the desired estimate
where dist(𝑋, 𝑉) < 𝜀. Then, for this value of 𝜀 we apply Lemma 3.1 and obtain the estimate also
where dist(𝑋, 𝑉) ⩾ 𝜀. □

Remark 3.3. Wehrl’s original entropy is defined with Φ(𝑡) = 𝑡 log 𝑡, which is not in 𝐶2([0, 1]).
Nevertheless, one can easily adapt the above proof to this case, using the decompositionΦ = Φ1 +
Φ2 where

 1460244x, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/plm
s.70182 by Politecnico D

i T
orino Sist. B

ibl D
el Polit D

i T
orino, W

iley O
nline L

ibrary on [15/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



14 of 20 NICOLA et al.

Φ1(𝑡) =

⎧⎪⎨⎪⎩
1

2
Φ′′(𝑎)(𝑡 − 𝑎)2 + Φ′(𝑎)(𝑡 − 𝑎) + Φ(𝑎), 𝑡 ∈ [0, 𝑎]

Φ(𝑡), 𝑡 ∈ (𝑎, 1]

,

for some 𝑎 ∈ (0, 1). Indeed, sinceΦ2 ∶= Φ − Φ1 is convex, reasoning as in the proof of Lemma 3.1
one sees that it is enough to prove the desired estimate for theWehrl-type entropy associated with
Φ1, which belongs to 𝐶2([0, 1]) and satisfies the assumptions of Theorem 2.6.

4 PROOF OF THEOREM 2.6 FOR AN ARBITRARY CONVEX
FUNCTION

When Φ is not 𝐶2 the previous argument breaks down and some additional work is required.
In fact, we will approximate Φ by smooth functions and compute the second differential of the
smoothed 𝐺’s at points that are not in 𝑉, in which case the computation is more involved. The
proof of the following lemma is postponed to Appendix.

Lemma 4.1. Let 𝑋0 = (1, 0, … , 0) ∈ ℂ𝑑 . For every 0 < 𝑎 < 𝑏 < 1 there exist 𝜀 > 0 and a continu-
ous function ℎ(𝜏, 𝑡, 𝑌), defined for 𝜏 ∈ (𝑎, 𝑏), |𝑡| < 𝜀 and 𝑌 ∈ (𝑇𝑋0𝑉)⟂ with |𝑌| = 1, such that the
following representation formula holds.
If 𝑋(𝑡, 𝑌) denotes the unit-speed geodesic in 𝑆 ⊂ ℂ𝑑, with 𝑋(0, 𝑌) = 𝑋0 and initial velocity

𝜕𝑡𝑋(0, 𝑌) = 𝑌, for every convex functionΦ ∈ 𝐶2([0, 1]) such thatΦ′′ is supported in (𝑎, 𝑏) it holds

𝜕2𝑡𝑡𝐺(𝑋(𝑡, 𝑌)) = ∫
1

0
Φ′′(𝜏)ℎ(𝜏, 𝑡, 𝑌) 𝑑𝜏, |𝑡| < 𝜀, 𝑌 ∈ (𝑇𝑋0𝑉)⟂, |𝑌| = 1. (4.1)

Moreover, ℎ(𝜏, 0, 𝑌) < 0 for every 𝜏 ∈ (𝑎, 𝑏) and 𝑌 ∈ (𝑇𝑋0𝑉)
⟂ with |𝑌| = 1.

Proof of Theorem 2.6 in full generality. Let 𝜀 > 0 be sufficiently small, to be fixed later. In view of
Lemma 3.1 it is sufficient to prove the estimate

sup
𝑆
𝐺 − 𝐺(𝑋) ⩾ 𝑐 dist(𝑋, 𝑉)2 if dist(𝑋, 𝑉) < 𝜀. (4.2)

To this end, let 0 < 𝑎 < 𝑏 < 1 and decompose Φ = Φ1 + Φ2, where Φ1 is the affine continuation
of Φ|[𝑎,𝑏], that is,

Φ1(𝑡) =

⎧⎪⎨⎪⎩
Φ′+(𝑎)(𝑡 − 𝑎) + Φ(𝑎), 𝑡 ∈ [0, 𝑎)

Φ(𝑡), 𝑡 ∈ [𝑎, 𝑏]

Φ′−(𝑏)(𝑡 − 𝑏) + Φ(𝑏), 𝑡 ∈ (𝑏, 1].

Then, since bothΦ1 andΦ2 are convex, denoting with 𝐺1 and 𝐺2 the corresponding entropies, we
have

sup
𝑆
𝐺 − 𝐺(𝑋) = sup

𝑆
𝐺1 − 𝐺1(𝑋) + sup

𝑆
𝐺2 − 𝐺2(𝑋) ⩾ sup

𝑆
𝐺1 − 𝐺1(𝑋),
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 15 of 20

where in the first equality we used the fact that both 𝐺1 and 𝐺2 achieve their supremum at every
point of 𝑉 (by Lieb–Solovej inequality). Therefore, it suffices to prove the estimate (4.2) for Φ1.
Also, by the assumption onΦ, if 𝑏 is sufficiently close to 1 (in particular, if 𝑏 > 𝓁),Φ1will be strictly
convex in some small interval contained in [𝑎, 𝑏].
Hence, we can assume that Φ ∶ [0, 1] → ℝ is convex, affine in [0, 𝑎] and in [𝑏, 1], with Φ′′,

regarded as a positive Radon measure in (0,1), nonzero and supported in [𝑎, 𝑏].
Again we recall that every point of the 𝜀-neighborhood of 𝑉 in 𝑆 is of the form 𝑋(𝑡), where

𝑋∶ (−𝜀, 𝜀) → 𝑆 is a geodesic, parameterized with unit speed, starting from a point 𝑋0 ∈ 𝑉
and such that 𝑌 = 𝑋′(0) ∈ (𝑇𝑋0𝑉)

⟂. With this in mind, the inequality (4.2) can be rephrased
as

𝐺(𝑋(0)) − 𝐺(𝑋(𝑡)) ⩾ 𝑐𝑡2 ∀𝑡 ∈ (−𝜀, 𝜀) (4.3)

for some 𝑐 > 0, since |𝑡| is exactly the geodesic distance from 𝑋(𝑡) to 𝑉.
We now approximate Φ with more regular convex functions. First, we extend Φ to a function

defined on ℝ, affine on (−∞, 𝑎] and on [𝑏, +∞). Then, by convolution with a standard molli-
fier (see [4, section 6.3]) we construct a sequence of convex functions Φ𝑛 ∶ [0, 1] → ℝ such that,
possibly for a slightly larger interval [𝑎, 𝑏] ⊂ (0, 1),

∙ Φ𝑛 ∈ 𝐶
2([0, 1]);

∙ Φ𝑛 → Φ uniformly in [0,1];
∙ Φ′′𝑛 has compact support in (𝑎, 𝑏);
∙ Φ′′𝑛 → Φ′′ as (positive, finite) Radon measures on (0,1), that is, in the distribution sense.

We denote with 𝐺𝑛 the corresponding Wehrl-type entropies. Using dominated convergence we
have

𝐺(𝑋(0)) − 𝐺(𝑋(𝑡)) = lim
𝑛→∞

(𝐺𝑛(𝑋(0)) − 𝐺𝑛(𝑋(𝑡)))

and applying Taylor’s formula to the 𝐺𝑛s we see that

𝐺𝑛(𝑋(0)) − 𝐺𝑛(𝑋(𝑡)) = −
1

2
(𝐺𝑛◦𝑋)

′′(𝜉𝑛)𝑡
2

for some 𝜉𝑛 such that |𝜉𝑛| ⩽ |𝑡|. Therefore, to prove the stability estimate (4.3), we just need
to prove that (𝐺𝑛◦𝑋)′′(𝜉) < −𝑐 < 0 for some constant 𝑐 independent of 𝑛 and for every 𝜉 ∈
(−𝜀, 𝜀). By 𝑆𝑈(𝑁 + 1) invariance (see Remark 2.7) it is sufficient to prove this when 𝑋(0) = 𝑋0 =
(1, 0, … , 0) ∈ ℂ𝑑.
From Lemma 4.1 (applied to a slightly larger interval (𝑎, 𝑏)) we have

(𝐺𝑛◦𝑋)
′′(𝜉) = ∫

1

0
Φ′′𝑛 (𝜏)ℎ(𝜏, 𝜉, 𝑌)𝑑𝜏,

(recall, 𝑌 = 𝑋′(0)) where ℎ(𝜏, 0, 𝑌) < −𝑐 < 0 for 𝜏 ∈ [𝑎, 𝑏] and 𝑌 ∈ (𝑇𝑋0𝑉)
⟂ with |𝑌| = 1. How-

ever, since ℎ is continuous, possibly with a smaller constant 𝑐 we have, for 𝜀 sufficiently small,
that ℎ(𝜏, 𝜉, 𝑌) < −𝑐 < 0 for every 𝜏 ∈ (𝑎, 𝑏), 𝜉 ∈ (−𝜀, 𝜀) and 𝑌 ∈ (𝑇𝑋0𝑉)

⟂ with |𝑌| = 1. Hence,
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16 of 20 NICOLA et al.

for 𝑡 ∈ (−𝜀, 𝜀), we have

𝐺(𝑋(0)) − 𝐺(𝑋(𝑡)) = lim
𝑛→∞

𝐺𝑛(𝑋(0)) − 𝐺𝑛(𝑋(𝑡))

= lim
𝑛→∞

−
1

2
(𝐺𝑛◦𝑋)

′′(𝜉𝑛)𝑡
2

= lim
𝑛→∞

−
𝑡2

2 ∫
𝑏

𝑎
Φ′′𝑛 (𝜏)ℎ(𝜏, 𝜉𝑛, 𝑌)𝑑𝜏,

and therefore

𝐺(𝑋(0)) − 𝐺(𝑋(𝑡)) ⩾ 𝑐𝑡2 lim
𝑛→∞∫

𝑏

𝑎
Φ′′𝑛 (𝜏)𝑑𝜏

= 𝑐𝑡2 lim
𝑛→∞∫

1

0
Φ′′𝑛 (𝜏)𝑑𝜏

= 𝑐Φ′′((0, 1))𝑡2 = 𝑐′𝑡2

where Φ′′((0, 1)) > 0 denotes the total mass of the measure Φ′′. The stability estimate (4.3) is
therefore proved and this concludes the proof. □

APPENDIX
TECHNICAL LEMMAS
In this appendix, we have gathered several technical lemmas.

Lemma A.1. Let𝑁 ⩾ 1,𝑀 ⩾ 1 and 0 ⩽ 𝐾 ⩽ 𝑀. Then, for 𝑠 ⩾ 0,

∫
𝑠

0

𝜎𝐾+𝑁−1

(1 + 𝜎)𝑀+𝑁+1
𝑑𝜎 =

(1 + 𝑠)−(𝑀+𝑁)

𝐴𝑀,𝑁,𝐾

𝑀+𝑁∑
𝑗=𝐾+𝑁

(
𝑀 +𝑁

𝑗

)
𝑠𝑗 (A.1)

where

𝐴𝑀,𝑁,𝐾 = (𝑀 − 𝐾 + 1)

(
𝑀 +𝑁

𝐾 +𝑁 − 1

)
. (A.2)

Proof. After changing the variable 𝜏 = 𝜎∕(1 + 𝜎) one recognizes the expression of the incomplete
beta function (up to the normalization constant), for which the expression (A.1) has been known
for a long time (see [3, Formula 2.5]). □

Lemma A.2. The coefficients 𝑐2𝛼 defined in (3.2) are given by

𝑐2𝛼 =
(𝑁 − 1)!𝑀!

(𝑁 + |𝛼| − 1)!(𝑀 − |𝛼|)! = 𝐴𝑀,𝑁,|𝛼|
𝐴𝑀,𝑁,0

,

where the numbers 𝐴𝑀,𝑁,|𝛼| are defined in (A.2).
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AN ELEMENTARY APPROACH TOWEHRL-TYPE ENTROPY BOUND 17 of 20

Proof. Recalling the expression of the norm (2.3) in 𝑀 we have

1 = 𝑑 ∫ℂ𝑁
𝑐2𝛼|𝑧𝛼|2

(1 + |𝑧|2)𝑀+𝑁+1 𝑐𝑁𝑑𝐴(𝑧)
= 𝑑𝑁 ∫𝑆2𝑁−1 𝑐

2
𝛼|𝜔𝛼|2 𝑐𝑁2𝑁𝑑𝜔 ∫

∞

0

𝑠|𝛼|+𝑁−1
(1 + 𝑠)𝑀+𝑁+1

𝑑𝑠

=
𝑑𝑁

𝐴𝑀,𝑁,|𝛼| 𝑐2𝛼,
where in the last equality we used (A.1). Then, recalling the explicit expression of 𝑑 (2.4) it is
immediately seen that 𝑑𝑁 = 𝐴𝑀,𝑁,0. □

Proof of Lemma 4.1. For simplicity of notation, let us set 𝑋(𝑡) = 𝑋(𝑡, 𝑌). Similarly, we will omit
the dependence on 𝑌 of various functions below.
Let 𝜀 > 0, to be chosen later on. Let Φ be as in the statement, in particular with Φ′′ compactly

supported in (𝑎, 𝑏). We have to compute the second derivative of

(𝐺◦𝑋)(𝑡) = ∫ℂ𝑁 Φ(𝑢(𝑧, 𝑡)) 𝑑𝜈(𝑧)
for |𝑡| < 𝜀, where

𝑢(𝑧, 𝑡) = 𝑢(𝑧, 𝑡, 𝑌) =
|∑|𝛼|⩽𝑀 𝑋𝛼(𝑡)𝑒𝛼(𝑧)|2

(1 + |𝑧|2)𝑀
(recall that 𝑋𝛼(𝑡) = 𝑋𝛼(𝑡, 𝑌) will also depend smoothly on 𝑌).
Since ∫

ℂ𝑁
𝑢(𝑧, 𝑡)𝑑𝜈(𝑧) = 1∕𝑑 for all 𝑡 and 𝑌, we can suppose, without loss of generality, that

Φ(0) = Φ′(0) = 0. Therefore, we have

Φ(𝜐) = ∫
𝜐

0 ∫
𝜎

0
Φ′′(𝜏) 𝑑𝜏 𝑑𝜎,

which allows us to rewrite

(𝐺◦𝑋)(𝑡) = ∫ℂ𝑁 ∫
𝑢(𝑧,𝑡)

0 ∫
𝜎

0
Φ′′(𝜏) 𝑑𝜏 𝑑𝜎 𝑑𝜈(𝑧).

Differentiating twice with respect to 𝑡 leads to

(𝐺◦𝑋)′′(𝑡) = ∫ℂ𝑁 Φ
′′(𝑢(𝑧, 𝑡))(𝜕𝑡𝑢(𝑧, 𝑡))

2 𝑑𝜈(𝑧)

+ ∫ℂ𝑁
(
∫

𝑢(𝑧,𝑡)

0
Φ′′(𝜏) 𝑑𝜏

)
𝜕2𝑡𝑡𝑢(𝑧, 𝑡) 𝑑𝜈(𝑧)

= ∫ℂ𝑁 Φ
′′(𝑢(𝑧, 𝑡))(𝜕𝑡𝑢(𝑧, 𝑡))

2 𝑑𝜈(𝑧)

+ ∫
1

0
Φ′′(𝜏)

(
∫{𝑢(⋅,𝑡)>𝜏} 𝜕

2
𝑡𝑡𝑢(𝑧, 𝑡) 𝑑𝜈(𝑧)

)
𝑑𝜏.
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Our goal is to rewrite the first integral using the coarea formula in order to obtain the repre-
sentation formula (4.1). Before doing so, we notice that there exist 𝜀 > 0 and a compact subset
𝐾 ⊂ ℂ𝑁 ⧵ {0} such that, for all |𝑡| < 𝜀 and 𝑌 ∈ (𝑇𝑋0𝑉)⟂, with |𝑌| = 1,

𝑎 ⩽ 𝑢(𝑧, 𝑡) ⩽ 𝑏 ⇒ 𝑧 ∈ 𝐾.

Indeed, since for 𝑡 = 0 we have 𝑢(𝑧, 0) = (1 + |𝑧|2)−𝑀 and since 𝑋(𝑡) has unit speed, we have|𝑢(𝑧, 𝑡) − (1 + |𝑧|2)−𝑀| ⩽ 𝐶𝜀 for |𝑡| < 𝜀 and 𝑌 ∈ (𝑇𝑋0𝑉)⟂ with |𝑌| = 1, if 𝜀 is small enough, for
some constant 𝐶 > 0. Hence, one can take

𝐾 = {𝑧 ∈ ℂ𝑁 ∶ 𝑎 − 𝐶𝜀 ⩽ (1 + |𝑧|2)−𝑀 ⩽ 𝑏 + 𝐶𝜀}.

Moreover, since ∇𝑢(𝑧, 0) ≠ 0 for 𝑧 ∈ 𝐾, up to reducing 𝜀 if necessary, we can suppose that|∇𝑢(𝑧, 𝑡)| > 𝑐 > 0 for every 𝑧 ∈ 𝐾, |𝑡| < 𝜀 and 𝑌 ∈ (𝑇𝑋0𝑉)⟂, with |𝑌| = 1. This allows us to use
the coarea formula [4, Theorem 3.13(ii)] and obtain

(𝐺◦𝑋)′′(𝑡) = ∫
1

0
Φ′′(𝜏)ℎ(𝜏, 𝑡) 𝑑𝜏, (A.3)

where (cf. (2.5))

ℎ(𝜏, 𝑡) = ℎ(𝜏, 𝑡, 𝑌) = ∫{𝑢(⋅,𝑡)=𝜏}
𝑐𝑁(𝜕𝑡𝑢(𝑧, 𝑡))

2

|∇𝑢(𝑧, 𝑡)|2(1 + |𝑧|2)𝑁+1 𝑑2𝑁−1(𝑧)

+ ∫{𝑢(⋅,𝑡)>𝜏} 𝜕
2
𝑡𝑡𝑢(𝑧, 𝑡) 𝑑𝜈(𝑧)

which is the desired representation—here 𝑑2𝑁−1 denotes the (2𝑁 − 1)-dimensional Hausdorff
measure. Moreover, since for 𝜏 ∈ (𝑎, 𝑏), |𝑡| < 𝜀 and 𝑌 ∈ (𝑇𝑋0𝑉)⟂, with |𝑌| = 1, the equality
𝑢(𝑧, 𝑡) = 𝜏 implies 𝑧 ∈ 𝐾 and |∇𝑢(𝑧, 𝑡)| > 𝑐 > 0, it is easy to see that ℎ is continuous, as claimed.
To conclude the proof, we need to show that ℎ(𝜏, 0) is strictly negative for every 𝜏 ∈ (𝑎, 𝑏). We

observe that setting 𝑡 = 0 in (A.3) we obtain

(𝐺◦𝑋)′′(0) = ∫
1

0
Φ′′(𝜏)ℎ(𝜏, 0) 𝑑𝜏.

However, we have already computed (𝐺◦𝑋)′′(0) in the proof of Lemma 3.2. In fact, combining
Equations (3.1) and (3.3), with 𝑌 = (𝑌𝛼)|𝛼|⩽𝑀 = 𝑋′(0) and with the change of variable 𝜏 = (1 +
𝑠)−𝑀 we have obtained that

(𝐺◦𝑋)′′(0) = ∫
1

0
Φ′′(𝜏)ℎ̃(𝜏)𝑑𝜏,

for a continuous function ℎ̃(𝜏) = ℎ̃(𝜏, 𝑌)†, which was found to be strictly negative for 𝜏 ∈ (0, 1)
whenever 𝑌 ∈ (𝑇𝑋0𝑉)

⟂. Therefore, we just need to prove that ℎ̃(𝜏) = ℎ(𝜏, 0) for every 𝜏 ∈ (𝑎, 𝑏).

† Specifically, with

ℎ̃(𝜏, 𝑌) =
∑
𝛼≠0

2|𝑌𝛼|2𝑁𝑐2𝛼𝜏1+ 𝑁
𝑀

[
(𝜏−1∕𝑀 − 1)|𝛼|+𝑁−1

𝑀
−

1

𝐴𝑀,𝑁,|𝛼|
|𝛼|+𝑁−1∑
𝑗=𝑁

(
𝑀 +𝑁

𝑗

)
(𝜏−1∕𝑀 − 1)𝑗

]
.
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This is clear, because the equality

∫
1

0
Φ′′(𝜏)ℎ̃(𝜏) 𝑑𝜏 = ∫

1

0
Φ′′(𝜏)ℎ(𝜏, 0) 𝑑𝜏

holds for every convex functionΦ ∈ 𝐶2([0, 1])whose second derivative is compactly supported in
(𝑎, 𝑏) and, therefore, holds for every positiveRadonmeasure in (𝑎, 𝑏), which impliesℎ(𝜏, 0) = ℎ̃(𝜏)
for 𝜏 ∈ (𝑎, 𝑏) and 𝑌 ∈ (𝑇𝑋0𝑉)

⟂, with |𝑌| = 1. □
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