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Abstract: This paper introduces innovative approaches to enhance and develop one-equation RANS
models using gene-expression programming. Two distinct strategies are explored: overcoming
the limitations of the Boussinesq hypothesis and formulating a novel one-equation turbulence
model that can accurately predict a wide range of turbulent wall-bounded flows. A comparative
analysis of these strategies highlights their potential for advancing RANS modeling capabilities.
The study employs a single-case CFD-driven machine learning framework, demonstrating that
machine-informed models significantly improve predictive accuracy, especially when baseline RANS
predictions diverge from established benchmarks. Using existing training data, symbolic regression
provides valuable insights into the underlying physics by eliminating ineffective strategies. This
highlights the broader significance of machine learning beyond developing turbulence closures for
specific cases.

Keywords: machine learning; gene expression programming; turbulence modeling; delta-wing flow;
vortex breakdown

1. Introduction

The Reynolds-averaged Navier-Stokes (RANS) turbulence closure is widely preferred
in industrial settings primarily because it demands significantly less computational re-
sources compared to high-fidelity (Hi-Fi) simulations like large-eddy simulation (LES) and
hybrid RANS/LES. Nevertheless, RANS often falls short in its predictive accuracy when
dealing with complex geometries and flow dynamics [1-3]. This constraint predominantly
arises from the assumptions underlying the modeling of the Reynolds stress tensor T
and the turbulence model employed to close the RANS equations. To properly model
the Reynolds stresses, the commonly used Boussinesq hypothesis assumes a linear rela-
tionship between the Reynolds stress tensor and the deviatoric part of the mean strain
rate SZ*] Although this hypothesis works in many situations, it can produce unsatisfactory
predictions for various turbulent flows [4]. Boussinesq postulated that the momentum
transfer caused by turbulent eddies could be modeled using eddy viscosity [5]. Several
eddy-viscosity models (EVMs) exist, which can be classified according to the number of
transport equations solved to compute the eddy viscosity.

Historically, a diverse array of turbulence models have been proposed, spanning from
rudimentary algebraic models such as Prandtl’s mixing length hypothesis [6] to comprehen-
sive stress-transport models like the Launder-Reece-Rodi model [7]. Nonetheless, when
applied to practical technical challenges, these turbulence models’ increased complexity and
heightened computational demands do not always correlate with a marked enhancement
in solution quality. A comprehensive introduction to several widely adopted turbulence
models can be found in Ref. [8]. The efficacy and predictive accuracy of numerous models,
including the Baldwin-Lomax, Baldwin-Barth, Spalart-Allmaras (SA) [9], standard k — €,
k — w, and the SST [10] have been extensively detailed in several studies [11,12].
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The SA model is a standard RANS closure for aerodynamic applications, particularly
within the industrial sector, owing to its robustness and reliability. However, the SA
turbulence model has exhibited discrepancies compared to the k — w model [13]. It tends to
be less accurate in capturing certain turbulent flow features, especially near walls or regions
with adverse pressure gradients. Another limitation of the one-equation model is the
inability to predict both wall-bounded and free-shear flows consistently [14]. Therefore, the
academic and industrial communities are strongly committed to enhancing the predictive
accuracy of the SA turbulence model, particularly in the context of validating aerodynamic
designs within the aerospace sector.

Recent progress in data science has reinvigorated scientific research focused on tur-
bulence modeling. Various data analysis instruments have been introduced with the
advancement of high-performance computing, enabling more complex simulations and
state-of-the-art experimental tools that provide comprehensive datasets. These instruments
can derive essential physical insights from the data to enhance RANS modeling [15-18].
Nevertheless, although data have historically been instrumental in refining model coef-
ficients and assessing the model uncertainty [18], the capacity to exploit this expansive
dataset remains predominantly underutilized. Therefore, incorporating data-driven tech-
niques into turbulence modeling consistently maintains its relevance.

Within the domain of turbulence modeling, machine learning (ML) has achieved
notable advancements [16]. Various ML techniques have been employed to enhance the
predictive capacity of conventional RANS models. These methodologies include the cali-
bration of model parameters via the Bayesian approach [19], the incorporation of a neural
network-informed correction component for the turbulence production term [20], and
the integration of a spatially varying correction field using field inversion and Gaussian
process techniques [21], among others. Beyond merely introducing corrections to pre-
existing model parameters, significant efforts have been directed toward developing new
Reynolds stress closures through physics-informed machine learning. A prominent area of
focus has been on refining the Boussinesq hypothesis. Wang et al. [22] utilized a random
forest method to train functions representing Reynolds stress discrepancies. Ling et al. [23]
employed a deep neural network to train the Reynolds stress tensor while ensuring the con-
servation of Galilean invariance. However, integrating the resulting neural networks into
standard RANS solvers presents several challenges, and many of the proposed corrections
often lack clear physical interpretability.

The adoption of ML in developing turbulence models has significantly increased, yet
challenges remain in training and applying these models in engineering contexts. A key
issue is the predominant focus on training techniques that model the Reynolds stress tensor
using a static, fixed database of high-fidelity data. This approach, often referred to as
frozen training, has been effectively implemented across various ML platforms, including
deep neural networks [23-26], Gaussian processes [20], random forests [22], adaptive
boosting [27], sparse symbolic regression [28], and evolutionary algorithms [29]. However,
separating the learning and prediction stages frequently results in discrepancies between
a priori and a posteriori evaluations. The inherent differences between RANS modeling
and high-fidelity data are often neglected [16,30,31], raising concerns about the efficacy of
model development approaches that prioritize accurate modeling of 7;; using high-fidelity
data for predicting accurate mean flow dynamics.

To address this limitation, this research uses an innovative framework known as
CFD-driven training, where the fitness or effectiveness of proposed models is directly
assessed through RANS calculations [32,33]. This approach builds upon the gene expression
programming (GEP) method [34]. However, instead of relying on an algebraic function
for assessment, it performs RANS calculations, potentially offering a more integrative and
comprehensive evaluation of the model’s capabilities. This method’s flexibility in defining
the cost function is a notable distinction from other data-driven approaches. Rather than
limiting the fitness evaluation to match Reynolds stresses with high-fidelity data, this
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method allows for any flow feature from the CFD results to define the cost function. This
adaptability is invaluable, particularly when access to extensive training data is restricted.

This study aims to analyze the most efficient ways to optimize one equation of the
SA model by comparing two main strategies. These results will form the basis for future
multi-case, multi-objective optimization endeavors. The first strategy involves modify-
ing the linear Boussinesq hypothesis to capture and model Reynolds stress anisotropy
more accurately, thereby improving predictive accuracy. The second strategy focuses on
developing an enhanced one-equation turbulence model that better represents turbulence
production and destruction within the flow field. The SA model is then employed in its
standard version or with modifications designed to improve prediction capabilities. These
modifications include adjusting coefficients in the production and destruction terms of the
original SA equation or creating a new eddy-viscosity turbulence equation, denoted as
Coupled Spalart-Allmaras (CSA), following an approach similar to Fares and Schroder [14].
The CSA presents a new robust and general one-equation model capable of accurately
predicting a broad spectrum of fundamental turbulent flows by mitigating the dependency
on the wall distance.

Four wall-bounded flows from the NASA challenge validation cases—namely, the flat
plate, channel, jet, and wall-mounted hump (accessible at [35]) are used for the training
process. These flows exhibit complex dynamics, such as significant wall curvature, pro-
nounced flow separation, and exceptionally high Reynolds numbers, which are crucial
during the model’s optimization phase. The flow cases are considered individually in
single-case CFD-driven training, followed by an analysis of the derived model expressions.
Machine learning leverages existing training data to uncover the underlying physics by
discarding ineffective strategies. Specifically, this research demonstrates the need to modify
the SA equation, leading to a new turbulence model to enhance the numerical predictions
in alignment with experimental data. This demonstrates the broader impact of machine
learning beyond merely developing turbulence closures for specific scenarios.

The structure of this paper is as follows. Section 2 presents the two distinct method-
ologies to improve RANS calculations” accuracy. The first approach focuses on develop-
ing RANS closures capable of enhancing the Boussinesq assumption by modeling the
anisotropy of the Reynolds stress tensor, as detailed in Section 2.1. Section 2.1.1 introduces
RANS and the Boussinesq hypothesis. Subsequently, Section 2.1.2 explains the method used
to model the extra anisotropy. The second approach involves deriving a novel one-equation
turbulence model, as discussed in Section 2.2. The baseline SA model and the derivation
of the new one-equation model are introduced in Sections 2.2.1 and 2.2.2, respectively.
Continuing with the methodology section, an explanation of the CFD-driven framework
is provided in Section 2.3. Subsequently, Section 3 examines the numerical results com-
pared with the available experimental data. Finally, the paper concludes with a summary
in Section 4.

2. Methodology
2.1. Beyond the Boussinesq Hypothesis: Modeling Reynolds Stress Anisotropy
2.1.1. RANS Equations and the Boussinesq Hypothesis

The RANS equations are derived from the general Navier-Stokes equations, repre-
senting the averaged motion of fluid flow. In these equations, the mean value is separated
from the fluctuating component, which accounts for turbulence under various flow con-
ditions [36]. For a steady-state incompressible Newtonian fluid, the RANS equations in
Einstein notation and Cartesian coordinates are expressed as

- oi; | 01 T
_p5,]+y<axj+axi> —puju; |, (1)

a2 f7+i
p]ax]'_pl ax]-

where the left-hand side represents the change in mean momentum due to convection by the
mean flow. This change is balanced by the mean body force, isotropic stress from the mean
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pressure field, viscous stresses, and the Reynolds stress (— quJ’) resulting from velocity
fluctuations. The nonlinearity of the convective term necessitates additional modeling
to close the RANS equations, leading to various turbulence models. The Boussinesq
hypothesis posits that the Reynolds stress tensor is proportional to the traceless mean strain

rate tensor, S;‘j, expressed as

— 2
_pu;u§ = Tij = ZytSl*] - ng‘Sz]/ (2)

where y; is the eddy viscosity, and ST*] = Sji — %g—z’;é,«j, with S;; = g—;’]’ + % (the overbars
denoting the mean variable are omitted for simplicity in the following).

Boussinesq suggested that the momentum transfer by turbulent eddies could be
represented using eddy viscosity [5]. Various EVMs have since been developed, differing in
the number of transport equations used to calculate the eddy viscosity. This study employs

the SA model, as detailed in Section 2.2.1.

2.1.2. Development of Anisotropy Models

Given the limitations of the Boussinesq hypothesis, turbulence closures such as ex-
plicit algebraic stress models (EASMs) offer improvements by incorporating additional
anisotropic stress terms, 4;;, into the Reynolds stress tensor:

2
Tij = 5PkSij — 25 + aij. ®)
EASM-like closures are expressed in non-dimensionalized form as

ajj = 2f<k)(11/12,...,1n)1/l.’]<., W
k

where the non-dimensionalized anisotropic stress tensor al’fj combines tensor bases Vl’]‘

and scalar invariants I [37]. The models are derived using symbolic regression through
GEP [34], determining coefficients f(*) from training datasets. Three tensor bases and two
invariants are used for the two-dimensional flow [37]. The tensor basis and the invariants
used in the present study are expressed as

1
1 2 _ 3 _
Vij = sijy Vij = sicwij — wigskj, Vi = SixSkj — 30ijSmnSmn,

)

I = SunSmn, I = Wpnwmn.

Here, Vl]]‘ and Iy are derived from the non-dimensionalized strain rate tensor s;; = tlSl’-‘]- and

rotation rate tensor w;; = £;Wj;, with the vorticity tensor W;; = % - a—;l{. Inspired by the
] 1
SA model with quadratic constitutive relation (QCR) [38], the turbulence time scale t; is

computed from the velocity gradient tensor’s magnitude as follows:

tl - ! = ! (6)

Qi I '
Qi \/u§+u§+u§+v§+v§+v§+w§+w§+w§

The dimensionalized extra anisotropic stress tensor 4;; is obtained from the modeled non-
dimensionalized al’.‘j as follows:
*
o 2peaz;
1 = t
1

, @)
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and the Reynolds stress tensor equation becomes

*

2 . 2%”1‘/‘ 2 . ”?j
Tij = gpkélj — ZytSl] + 5 = gpkél] — 2‘111} (Sl] —— . (8)

£

2.2. The Enhanced One-Equation Turbulence Model
2.2.1. Spalart-Allmaras One-Equation Model: Baseline and GEP-Optimized Version

The development of the new model is grounded in the widely utilized SA model [39],
which formulates eddy-viscosity turbulence using a single transport equation for the
eddy-viscosity variable, v;. The eddy viscosity is linearly related to the Reynolds stresses,

ujuj = v;Sjj, consistent with the Boussinesq assumption in Equation (2). Unlike two-
equation models, the SA model neglects the turbulence kinetic energy, k. The transport
equation for the modified eddy viscosity, 7, in its incompressible form is

%wLu-ﬁ— ST —cuf; v 2+1 9 (1/+17)ﬂ +c o7 9y 9)
o oy, D Meld o | ox; ox; 29x; 9x; |’
~————

]
production

destruction diffusion

where the production term depends on
~ v
S=0+ apfe

with the vorticity magnitude () = , /2W;;W;; computed from the vorticity tensor W;;. The

value of the coefficients and further explanations can be found in Ref. [9].

The diffusion term in the SA model includes both a classical diffusion operator and
a non-conservative term to reflect aerodynamic flow behavior [9]. One major source of
numerical mispredictions in the SA model arises from the production and destruction
terms [40—42]. Therefore, the diffusion terms in Equation (9) remain unchanged.

An alternative approach involves optimizing the standard SA model by modifying the
production and destruction coefficients using GEP. The resulting model, termed SA+PD, is
expressed as

o o . i\> 1| o N ov o
g—l—u]-a—xj —CpSv—CD<d> +0’|f))g <(V+U)8x]-> —i—cbzaxiaxi], (10)

with the coefficients Cp(I3, I) and Cp(I3, Ip) being functions of the invariants I; and I,
from Equation (5).

2.2.2. Derivation of the New One-Equation Turbulence Model

The derivation of the new one-equation turbulence model begins with the well-
established two-equation k — w model by Wilcox [8]:

Dk 0 ok
— =P — ffwk+ — V) =— 11
Dt kw ﬁ w +ax] (V_._O‘Vt)ax]“|/ ( )

Dw «af 0 ow
2 =T P, — Bw?+ — — 12
Dt v kw ,Bw + ax] (V+UVt)BXj]’ ( )

where v; is the eddy viscosity, and the turbulence production term Py, is
k ou;

=, Pw= T”aTc; (13)
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An equation for v; can be derived using the eddy-viscosity definition in Equation (13) [10,43]:

th 1 (Dk Dw) B

Dt Dt "Dt
ou;
— _ 1] i
_(1 © )wa] ﬁk—F‘thw—F (14)
+l J (1/+0'1/)ak w9 (v+m/)aw
wax]' taxj wax] tax]'

Substituting k = v;w and retaining the original model’s diffusion term, we obtain

d _, o7 Jav dv
ax] ((V—H/)E)x]) +Cb28xiaxi]' (15)

To address the destruction term, noting that in a one-equation model, the turbulence length
V2

dz'
2
leading to w d— [44]. Thus, the destruction term becomes D = (p* — B) (E) , similar

Dy,
Dt

1] aul

=2(1—a™)wy o 9r. — (B* - Bpnrw + L

]

scale is equlvalent to the wall distance, d, we scale the turbulence kinetic energy as k o

to the original SA model. For the production term, w is used as a parameter to non-
dimensionalize the strain rate tensor S* and is reconstructed using the velocity gradient

1
tensor magnitude w = o where t; is given by Equation (6).

Utilizing definitions from the original SA model [9],

3

- . 1%
vy = UfUl Wlth fUl - m and C - ; (16)
the new one-equation turbulence model for 7 is
Dy du; § 7\*> 1| a N1 ov 97
o =2~ )flsz]a 7—(p _'B)<d) +a[8x]- ((V+V)axj> +Cbzaxiaxi]- (17)

To reduce the dependency on wall distance, we implement a blending function, f;,
designed to be 1 in the LES region (away from the wall) and 0 near the wall (RANS
region) [45]:

fo=1—tanh([8ra)"), where 1y = __ UtV Gith K—=041.  (18)

duy, U 212 !
A\/ W:, WZ,ZK d
Thus, the destruction term is modified as follows:

D= d —fa- mm( \/>|Sl]| t, ), (19)

where * = 0.09 from Wilcox [8] and |Sl-]'| = /25;;S;j is the magnitude of the strain rate

tensor. This ensures the destruction term’s value is never smaller than the original, but it
can increase away from the wall in high-strain regions to balance the production term.
Finally, the coefficients from the original SA model have been tested and found
effective, resulting in the new Coupled Spalart-Allmaras (CSA) model:
Di ou; 1| o o ov oY
Df =2 tISl] a CwlwaV + aX] ((V + I/)ax]> + Cpp5— I, 9 ] . (20)
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2.3. Training Frameworks: CFD-Driven Method

The present research employs an innovative methodology that integrates CFD simu-
lations into model training iterations, referred to as CFD-driven training, as depicted in
Figure 1 [32,33]. This framework consists of two main segments. The first segment involves
the CFD solver, where OpenFOAM V7 [46] performs RANS computations. The second seg-
ment is the ML module, specifically using GEP due to its proven effectiveness in addressing
challenges related to turbulence closures, heat flux, and transition models [32,33,47-51].

The pioneering work by Weatheritt and Sandberg [34] introduced using GEP to en-
hance the Boussinesq approximation within RANS. The training process starts with generat-
ing a set of random candidate models, known as individuals, derived from a predefined set
of mathematical symbols. These symbols include mathematical operations (e.g., addition,
subtraction, multiplication), variables, and constants (random or predefined). During each
generation of the training process, a subset of individuals evolves, affecting their evolution-
ary path. These selected individuals are then integrated into RANS calculations to evaluate
a cost function which measures the mean square deviation between numerical predictions
and the “ground truth” (experimental data). Models that better represent the training data
exhibit lower cost values and are more likely to be selected for the next generation. The
cost function formulation is dependent on the training framework and specific conditions.

Following the first strategy detailed in Section 2.1.2, the GEP training begins with an
initial set of EASMs, represented as af]«. Throughout the optimization, the tensor bases Vl’]‘

remain fixed, while the coefficients f (k) functions of I, are determined. These functions are
generated randomly, with each candidate model containing four genes representing unique
coefficients for Vl’]‘ The expression length for the coefficient function is mainly determined
by the gene’s head length and the truncation level of its expression tree. In this study, the
head length is set to 5, the maximum size of the expression tree is limited to 12, and the
population size is set to 400. The total number of generations is 100. For more details on
the configuration parameters of GEP, refer to the following references: [34,52].

The anisotropy of Reynolds stresses is modeled using both the SA model (Equation (9))
and the CSA model (Equation (20)) as turbulence closure equations. The CSA turbulence
model allows for the simultaneous optimization of Reynolds stresses and the production
term, similar to the approach used for the two-equation kwSST model [32,34]. The same
GEP settings are applied for the optimization process, aiming to find the optimal values
for the coefficients Cp and Cp in the production and destruction terms, as detailed in the
SA+PD model (Equation (10)).

£U(1y,1,, const) or C, (14, I, const) from GEP

Candidate
Models [------As7-7------te=oovmmmobeee oo

GEP
Evolution

G%
Qf@

Figure 1. CFD-driven training scheme [32].

3. Results and Discussion

A comprehensive optimization of RANS turbulence models was pursued to improve
the predictive accuracy of RANS for a set of fundamental wall-bounded flows. Using exist-
ing experimental data, machine learning provides valuable insights into the underlying
physics by highlighting the best strategies for improving one-equation RANS predictions.
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Specifically, four NASA challenge validation cases (accessible at [35]) are tested and em-
ployed to perform the training process:

e 2DZP: 2D Zero Pressure Gradient Flat Plate (in Section 3.1);

¢ 2DFDC: 2D Fully Developed Channel Flow at a High Reynolds Number (in Section 3.2);
e 2DWMH: 2D NASA Wall-Mounted Hump with Flow Separation (in Section 3.3);

*  ASJ: Axisymmetric Subsonic Jet (in Section 3.4).

The computational domains and boundary conditions are schematically illustrated in
Figure 2. The employed meshes were downloaded from the NASA website to minimize
numerical errors and ensure numerical results consistent with those already available.

Flat Plate Turbulent “fully developed” Channel Flow

Myep = 0.2,Re, = 5x10° (L = 1), T,-or = 540 R Myer = 0.2,Re, = 80x10° (per channel height), Trey = 520 R
2 Farfield Riemann BC Adiabatic solid wall
— =1.02828, P 1.02828
b . 4
Pref =10, Pref P _ 0015
t = 1.008, Pref N t 1008 Assumed “fully developed” Pref

Trer Start of the plate Othef qualntltles Trer R by x = 500 Other quantities
1 quantity atx =0 from interior 1 quantity from interior
f interi L2

o Symm%‘w/‘“d"abafic solid wall from interior Adiabatic solid wall

NASA wall-mounted hump case Axisymmetric Jet
Myer = 0.1, Re, = 936000, Tyer = 537 R Myer = 0.01, Reyes pased onr = 5601, Trep = 530 R
De Inviscid (slip) wall Freestream (ref) Jetexit:
= 1.0007, p inflow conditions Tiee = 1, P

Preg - =0.99962, Mo~ 051 —=1

I P, b ati et ~ 0- Dref

=1.002, ref . - Adiabatic oth it
Tref Otherqualntltles £ —1.19671, solid wall er quantities
1 quantity Adiabatic solid wall from interior PrefT (nozzle surface) from interior
from interior =10 \_Js Axis of symmetry
Tref

Figure 2. Introduction to NASA validation cases (inspired by [35]).

Specific profiles of relevant quantities regarding the cost functions have been delin-
eated for each case. For instance, the streamwise friction coefficient and the velocity at
x/L = 0.97 relative to the distance from the wall are the focal points for the flat plate
case. The velocity at x/h = 500 against the distance from the wall informed the channel
flow training. The jet case training was oriented by the streamwise velocity and shear
stress profiles at the ratios x/ D]-et = 15,20. For the wall-mounted hump case, the cost
function has integrated the friction and pressure coefficients along the hump’s surface, in
conjunction with the streamwise velocity profiles preceding and succeeding the separation
bubble, specifically at axial positions x/c = 0.9, 1.0, and 1.1.

For the RANS simulations, the rhoPimpleFoam solver is explicitly used for the compress-
ible jet, while the other cases utilize simpleFoam within the OpenFOAM framework [46].
The numerical approach is described by following the OpenFOAM parameter nomen-
clature, ensuring ease of understanding and reproducibility. The numerical schemes are
tailored for a steady-state analysis. The gradient computations default to a Gaussian linear
approach, with a specific cell-limited modification applied to the velocity gradient to en-
hance numerical stability. The divergence schemes are meticulously selected for different
variables: a bounded linear upwind scheme is used for velocity fluxes, ensuring accuracy
while preventing numerical oscillations; an upwind scheme is adopted for the turbulence
model variable, 7, favoring stability; and a standard Gauss linear scheme is applied for
the effective viscosity multiplied by the deviatoric tensor of the velocity gradient, aiming
for a balance between accuracy and stability. The Laplacian terms employ a Gauss linear
corrected scheme to improve accuracy by correcting for mesh non-orthogonality. Linear in-
terpolation is used as the default for intermediate values, and the surface normal gradients
are corrected to account for mesh irregularities, ensuring that the simulation results are
both accurate and reliable.

Five simulation results are compared with the experimental data in the present work.
The methodologies presented in Section 2 are thus tested.
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1.  SA: Standard SA turbulence model in Equation (9) and applying the Boussinesq
assumption in Equation (2).

2. SA+ajj: Standard SA turbulence model in Equation (9) and optimizing 7;; by modeling
the Reynolds extra stress anisotropy a;;, as introduced in Section 2.1 in Equations (3)

and (4). GEP provides the coefficients f(1), f(2), f(3) that multiply the basis tensors
Vi}, Vl?, VS for modeling the tensor ajj.

3. SA+PD: The classical Boussinesq assumption in Equation (2) is applied with an
optimized version of the SA turbulence model in Equation (10). Indeed, the original
production and destruction coefficients of the SA equation, ¢y and ¢, fuw, respectively,
are substituted with Cp and Cp, found through GEP optimization.

4. CSA: The new one-equation turbulence model in Equation (20) and applying the
Boussinesq assumption in Equation (2).

5. CSA+a;;: The modeled a;; is included in the new turbulence production term in
Equation (20) by noticing that 2175;‘]. = T/ fu1- This allows for optimization of both
the anisotropy tensor and the turbulence production term with the same three coeffi-
cients: f(1), f2), and f(). The employed production term in the one-equation model
thus becomes 5

P =2, (s;;tl - a;;.) a%]l-ﬁ' 1)
The new production term has the advantage that changes in 7;; are reflected in itself,
not just in the Boussinesq assumption. In this way, double optimization is possible
while modeling the anisotropy of the Reynolds stress (as detailed in Section 2.1.2).

3.1. 2D Zero Pressure Gradient Flat Plate

Figure 3 shows the friction coefficient across the flat plate and the velocity at x/L = 0.97
relative to the distance from the wall. These numerical outcomes are juxtaposed with
data from White et al. [53]. The original model SA yields predictions congruent with the
theoretical assessments concerning the velocity relative to the wall’s distance. However, it
shows either reduced or increased values for the friction coefficient for values of Rey less
than or larger than 7500. Nevertheless, the numerical predictions correctly represent the
wall’s velocity law. All models, except for the CSA + 4;;, display some inconsistencies in
the friction coefficient prediction while they agree with the log-law velocity profile.

30
0.0034 | —<— Exp.Data
— SA 55 |
0.0032 | — SA+ay
—— SA+PD 20
.. 0.0030 CSA N
) 5 15
0.0028 | 104
0.0026 51
0 . : :
0.0024 L ‘ : : :
4000 6000 8000 10000 12000 10° 10! 102 103 104
Reg logio(y *)

Figure 3. 2DZP: Friction coefficient on the left and velocity profile (law of the wall) on the right.

Since the SA + PD models do not improve upon the original SA model, optimizing
the original SA model’s coefficients for the flat plate test case is impossible. Indeed, they
have been optimized for this case. Contrarily, the inclusion of SA + 4;; notably enhances c¢
prediction, particularly in the downstream region of the flat plate. However, this adjust-
ment does not yield significant improvements in the upstream section. Therefore, a new
formulation of the one-equation turbulence model is needed, and the CSA model proves
helpful. Its original version is stable and consistent with the SA model, but simultaneously,
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it allows for more accurate optimization through GEP. This capability should be attributed
to the fact that optimizing the anisotropy of Reynolds stresses also impacts the production
term. In essence, a kind of double optimization with a single extension is possible.

Table 1 summarizes the expressions found by the GEP training. All numbers in the
tables are rounded to the third decimal place. As detailed in Equations (4) and (5), the
tensors associated with the functions f ), f (), and f (3) are VZ} = sjj, Vl? = SjkWkj — WikSkj,
and Vg = SikSkj — %(5i]'smnsmn, respectively.

Table 1. 2DZP: GEP training expressions.

f(l) f(2) f(3>
B —0.097L,12 — —DbI? —215Lb1 —
SA-+ajj 0097 L1, 01831, 3.903I; +8.153
—0.012 +0.0011; I —
CSA+a;; 0.0021, +0.00015; —  0.097I; — 51, + 0.294 0.431; + 2.21894
0.0001
Cp Cp
SA+PD 0.0971; — 0.0971, + 0.43 19111 + I, + 3.546

3.2. 2D Fully Developed Channel Flow at High Reynolds Number

The velocity profile for channel flow at the position x/h = 500 is illustrated in Figure 4.
All models align closely with the theoretical results from White et al. [53]. All the models
effectively capture the vertical stratification of the viscous layer, logarithmic, and turbulent
regions, even under exceedingly high Reynolds numbers. These results demonstrate how
the hybrid RANS/LES blending function included in the destruction term of the CSA
model (see Equation (20)) does not compromise the preservation of the law of the wall, as
the velocity profile is well captured. Table 2 summarizes the expressions found by the GEP
training for the channel flow.

40

Exp.Data
351 P

30
251
", 204
151
10

logioly *)

Figure 4. 2DFDC: Law of the wall.

Table 2. 2DFDC: GEP training expressions.

f(l) f(Z) f(3>
SA+a; 0.2051% +0.205L,I; — 21112 4+ 0.2161, — 2+ L+ 7L +
] 0.001L4 0.089 2L +6
CSA+a;; 0.0971, — 0.005 —0.155 ;13'08711 B —1.15I, — 2.527
Cp Cp

SA+PD 0.2051, + 1.485 —0.430 11 —2.1981; +2.5181, + 12.870
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3.3. 2D NASA Wall-Mounted Hump-Separated Flow

Figures 5 and 6 display the juxtaposition of numerical results with experimental data
from Seifert et al. [54] for the hump case. The pressure and friction coefficients along the
hump’s surface are illustrated in Figure 5. The reattachment point, and consequently, the
size of the separation bubble, is identified where Cy = 0. Significant discrepancies manifest
proximal to and succeeding the separation bubble. The SA model generally underestimates
both coefficients post-bubble, similar to the deviation for the flat plate in Section 3.1. The
distinction lies in the magnitude of the friction coefficient discrepancies for the hump,
which are more pronounced than those for the flat plate.

Figure 6 shows the velocity and shear stress profiles at various locations. Examining
the velocity profiles, the deviation intensifies as one moves closer to the hump’s surface.
In shear stress profiles, pronounced differences emerge near the separation bubble. Even
though they were not incorporated as constituents of the cost functions during model devel-
opment, they have been more accurately captured by the CSA + 4;; and SA + PD models.

0.008
—0.84
0.006 A
—0.64
—o.4] 0.004
Q —— Exp.Data N
O _02{ — A g 0.0021 -
—_— > s0000d lf"-
0.0, SA + aj cnsoost2l 0.000 _—
’ ‘— SA + PD
0.2{ 777 CSA ~0.002 1
--- CSA + a
0.4 T T T T —-0.004 T T T -
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5

x/c Xx/c

Figure 5. 2DWMH: Friction coefficient on the left and pressure coefficient on the right.
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x/c, 0.4UUes + X/C x/c, duv/U o + x/c

Figure 6. 2DWMH: Velocity profiles on the left and Reynolds stress profiles on the right (refer to
Figure 5 for the legend).

The CSA model slightly diverges from the SA model but aligns with the kwSST model
presented in Ref. [4]. All the trained models, excluding SA + a;;, enhance the numerical
predictions. Notably, the CSA + a;; model yields outcomes remarkably congruent with
the reference data and provides one of the best predictions obtained from a one-equation
model [4]. Therefore, as investigated in the SA + a;; model, modifying Reynolds stresses
alone by modeling the anisotropic tensor is insufficient to capture the reattachment point
correctly. Instead, training the production term (see Equation (21)) in the CSA + 4;; model
is crucial to improve the prediction of the separation bubble size.

Figure 7 delineates the performance of the trained models through flow field contours;
in particular, the x-velocity is plotted to analyze the flow physics in more detail. Streamlines
are employed to elucidate the separation bubbles, comparing experimental data with
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numerical results. As depicted in Figures 5 and 7, the reattachment point approximates
x/c = 1.1 in the experiments, in contrast to the 1.2 observed with the SA model. Flow fields
derived from CSA + ajj and SA + PD exhibit remarkable similarities, and these models
relocate the reattachment to 1.12, while the SA + 4;; model does not reduce it. The trained
models then offer a flow representation at the hump’s down ramp that closely depicts the
experimental observations.

U (m/s)
-10 0 10 20 30 40 50

*‘ | H
Figure 7. 2DWMH: Velocity contour plots.

The expressions derived from the GEP training for the hump case are summarized
in Table 3 and are subject to detailed analysis herein. Figure 8 depicts the distribution
of the function f (1) for the CSA + a;; model because, as discussed by Fang et al. [32],

the coefficient f(1) is the most influential term in Equation (4). In addition, Figure 8
illustrates the coefficients Cp and Cp for the SA + PD model. The function f (1) exhibits
oscillations within the range of 0.6 to —0.6 in the separation zone, indicating unsteadiness
in the simulation. Regarding the SA + PD model, the coefficients Cp and Cp are observed
to maintain constant values, approximately 0.3 and 3.7, respectively. The coefficient Cp
exceeds the original model’s corresponding c¢;; = 0.1355, and the destruction term reaches
values an order of magnitude larger than the original value c;; = 0.622. This indicates that
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the original SA model is not well suited to deal with separated flow because the destruction
term vanishes, scaling with d ~2 This represents the motivation for the modified destruction
term in the CSA model.

Table 3. 2DWMH: GEP training expressions.

f(l) f(Z) f(3>

2L — L+ L+ —B+ LD —
0.205 0.0971, — 2I; +1

—I2 - 091155 +
191113

Cp Cp
SA+PD —0.205I; + I — 0.170 4- LD

SA+a;; —2.160

CSA+a;; 0 L 1; —0.9031; —0.108

SA+PD
%ié 07 08 09

Figure 8. 2DWMH: Distribution of GEP expressions for the CSA + 4;; and SA + PD models. Top to
bottom: f(l), Cp, and Cp.

The GEP expressions are formulated as functions of the two invariants I; and I, as
detailed in Section 2.1.2 and Table 3. This relationship is depicted in Figure 9. The axes are
limited to unity because the invariants are non-dimensionalized with the magnitude of the
velocity gradient tensor. When the vorticity magnitude surpasses the strain rate magnitude
(I, > L), fU is positive; conversely, it is negative in the opposite scenario. The two values
exhibit high similarity in the separation zone, oscillating between negative and positive
magnitudes. A similar but less pronounced trend is evident in the plot of the Cp coefficient.
In contrast, Cp reaches a maximum value of 4 and decreases with increasing invariants.
Therefore, an increase in the production term is needed when vorticity exceeds the strain
rate and vice versa. Simultaneously, the destruction term should be reduced.

0 02 04 06 08 h 0 . 04 06

Figure 9. 2DWMH: GEP expressions as function of the invariants.

3.4. Axisymmetric Subsonic Jet

Figures 10 and 11 show the jet case’s velocity and shear stress profiles along the jet
axis and at various locations. Both models, CSA + ajj and SA + PD, exhibit comparable
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performance, curtailing diffusion and refining the mean flow and second-moment profiles.
Considering the shear stress profiles, while the advancements are not as pronounced as
observed in the velocity profiles, they are impressive, given that RANS primarily centers
on mean flow parameters. Instead, the SA + a;; model is numerically unstable and presents
only marginal enhancements, even in this flow case.

1.0 —— Exp.Data
— sA
— SA+ aj
0.8 — SA+PD
5 -—— CSA
2 CSA + a
) 0.6 I
0.4
0 5 10 15 20 25

X/Djet

Figure 10. AS]J: Velocity profiles along the jet axis.
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Figure 11. ASJ: Velocity profiles on the left and Reynolds stress profiles on the right (refer to Figure 10
for the legend).

In addition, in the jet case, the original SA destruction term in Equation (9) is not
very pertinent, given the dependence on the wall distance. The CSA model using the
hybrid RANS/LES blending function seems to point in the right direction for enhancing
the numerical results.

Figure 12 delineates the performance of the trained models through flow field contours.
The SA + a;; model fails to achieve convergence and exhibits undesirable non-stationary
effects. Further investigation is warranted to elucidate the underlying mechanisms con-
tributing to these observed phenomena. The flow fields derived from CSA + a;; and
SA + PD exhibit remarkable similarities, constricting the jet radius and prolonging the jet
length relative to the baseline simulation. These trained models display a smaller jet radius
compared to the baseline. The velocity decreases slower along the centerline, which can
be attributed to reduced diffusion [32]. It is important to note that modification consis-
tently affects the entire jet region, rather than providing varying corrections in the laminar
(x/Djet <'5), transition (5 < x/Dje; < 10), and fully turbulent (10 < x/Dj,; < 25) regions.
For all the trained models, a less accurate streamwise velocity prediction in the transition
region is noticed in Figure 11. However, this is expected since the new model was designed
to emphasize turbulence mixing using a cost function based on velocity profiles in the fully
turbulent region.

Table 4 summarizes the expressions found by the GEP training. Figures 13 and 14
illustrate the function f (@ for the CSA + ajj model and the coefficients Cp and Cp for the
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SA + PD model. The function f(1) maintains a constant value of 0.01 in the jet region. The
coefficients Cp and Cp hold steady at approximately 0.1 and 0.195, respectively. Notably, the
coefficient Cp is slightly lower than the original model’s corresponding c;;. Variations are
observed in the vicinity of the jet axis. Given its dependency on the two invariants, the value
of the function f(!) remains predominantly negligible, except in instances characterized by
elevated vorticity and significant strain-rate stress. Cp and Cp are almost always positive
unless I; is at least one order of magnitude bigger than I. Their values remain nearly
constant in the jet region, at approximately 0.1 and 0.195, respectively. This implies that the
trained model consistently requires less production than the original model.

y/ DJeT U/ U
_ .
0.8
y/Djet!
— 0.6
y/Djet! =
j— - — -—-04
y/Djet!

x/Djet

Figure 12. ASJ: Normalized velocity contour plots.

Table 4. ASJ: GEP training expressions.

f(1> f(2) f(3)
—I3 -2L41, — 29711, —

SA+a;; —0.2051, — 0.0307 —I, —0.163 61741 + 0358
0.14413 + 0.776 L, 12 —
CSA+a;; 1 1 LI, — 2, + 0.081 - —0.
i 0.05612 — 0.3, I 122k 1-08
Cp CD
SA+PD 0.2181, — 0.013L; 0.03811 I, — 0.0031, + 0.185
. 0 f 01
G o
y/DjeT]% :Ee | Eé ? Ce 0‘]
E =
10 15 20 25

x/Djet
Figure 13. AS]J: Distribution of GEP expressions for the CSA + 4;; and SA + PD models. Top to bottom:

f(l), Cp, and Cp.
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Figure 14. ASJ: GEP expressions as functions of the invariants.

4. Conclusions and Outlook

This work explores enhancing RANS modeling capabilities using two methodologies
discussed in Section 2. The first approach involves utilizing the standard SA model to
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close the RANS equations and improving predictive accuracy by modifying the linear
Boussinesq hypothesis to capture and model Reynolds stress anisotropy more effectively.
The second approach builds upon the Boussinesq hypothesis and attempts to augment
RANS modeling performance by creating an enhanced one-equation turbulence model
designed to enhance turbulence production and destruction. It is important to emphasize
that the current work aims not to develop a final model but to understand the requirements
for improving the SA model.

Section 3 examines the numerical results compared with the available experimental
data. Four wall-bounded flows of the NASA challenge validation cases (flat plate, channel,
wall-mounted hump, and jet) are employed to perform the training process. The flow cases
are considered individually, and the derived model expressions are subsequently analyzed.
Five simulation results are compared with the experimental data in the present work: SA,
SA + ajj, SA +PD, CSA, and CSA + ajj. Using existing experimental data, machine learning
provides valuable insights into the underlying physics by highlighting the best strategies
for improving one-equation RANS predictions.

The SA + a;; model consistently fails to surpass the baseline and, in some instances,
demonstrates instability. Therefore, modifying Reynolds stresses alone by modeling the
anisotropic tensor is insufficient for the present investigations to improve the RANS capa-
bility using the SA turbulence model.

The CSA model performs comparably to SA, yet its formulation enables effective
coupling with anisotropic formulations for Reynolds stresses in the CSA + 4;; model. In
addition, the modified destruction term does not vanish away from the walls, which makes
the model potentially more suitable for separated flows. The new production term has the
advantage that changes in 7;; are reflected in itself, not just in the Boussinesq assumption.
In this way, double optimization is possible while modeling the anisotropy of the Reynolds
stress. Similarly, in the SA + PD model, modifications to the production and destruction
terms in the SA model allow for effective optimization of model performance. Indeed, the
analysis of the expressions found by GEP revealed the necessity for an effective change in
the production term depending on the vorticity or the magnitude of the strain stress. This
explains the favorable results obtained by the CSA + 4;; and SA + PD models and the lack
of improvement observed with the SA + 4;; model.

Since the CSA + g;; and SA + PD models demonstrate superior accuracy, two ways for
optimizing the SA model are suggested: either by refining the coefficients in the original
formulation or by adopting a new version that incorporates the Reynolds stress tensor in
the production term, modeling its anisotropy. In addition, optimizing the baseline CSA
model by training its coefficients holds the potential for further improvement.

Finally, a primary motivation for further studies will be to enhance the generalizability
of data-driven one-equation turbulence models, focusing on optimizing their performance
simultaneously across a range of flow conditions and different configurations during the
training process. Multi-objective optimization is necessary and is part of the ongoing
work. The goal of further studies will be to enhance the generalizability of the identified
models through machine learning by concurrently training the algorithm on the four cases
discussed. The generalized model will then be validated on different test cases to assess its
applicability. In addition, training more complex and challenging configurations will be
investigated by considering the available computational resources. The universality of the
results and usefulness of the investigated approaches will be evaluated for future extension
to more complex flow cases (3D, transonic, supersonic) using different software to further
validate the considerations expressed in the current manuscript.
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