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Abstract

Proteins are among the fundamental molecular components of living systems, car-
rying out a wide range of structural, catalytic, and regulatory functions that are
essential for life at any level. Understanding, predicting, and ultimately controlling
the relationship between protein sequence, structure, and function is a central prob-
lem in modern biology, with profound implications for medicine, biotechnology,
and fundamental science. Over the last two decades, the advent of high-throughput
sequencing technologies and the explosion of genomic data have made it possible
to approach this problem from a data-driven perspective, first through the tools of
inferential statistical physics and, more recently, through machine learning. While
these two frameworks have always been historically intertwined, they present dif-
ferent trade-offs: statistical physics models are typically interpretable and grounded
in explicit probabilistic principles, whereas modern machine learning architectures
offer greater expressive power at the cost of transparency and interpretability. In this
thesis, we study this trade-off by developing and analysing extensions of statistical
physics models that incorporate structural elements inspired by modern machine
learning models, with the goal of improving expressivity while preserving a clear

statistical interpretation.

After introducing the biological background in Chapter 1, we review in Chapter 2
the statistical physics approach to protein sequence modeling, focusing in particular
on Direct Coupling Analysis (DCA) as a maximum-entropy framework for inferring
evolutionary constraints from multiple sequence alignments. In Chapter 3, we turn
to machine learning models, tracing the progression from early sequence-based
approaches to transformer architectures and large-scale models such as AlphaFold2,

which have revolutionized protein structure prediction.

Building on these foundations, Chapter 4 presents the first original contribution
of this thesis: AttentionDCA, a model that bridges statistical physics and deep



vi

learning by interpreting the attention mechanism as a structured interaction term
analogous to Potts couplings. This perspective provides a low-rank parametrization
of DCA, enabling a reduction in model complexity while preserving predictive per-
formance, and offering a principled framework to analyze the internal representations
of transformer-based architectures. In Chapter 5, this approach is extended by ex-
ploiting the flexibility of the attention-based parametrization to decouple and control
different components of the interaction model, naturally enabling its application to

protein—protein interaction modeling and paralog matching.

Finally, in Chapter 6, we introduce FeatureDCA, a second contribution that
extends autoregressive DCA to a conditional generative framework. By coupling
sequence probabilities to low-dimensional, biologically meaningful features, Fea-
tureDCA enables controlled sampling of protein sequences in specific regions of
sequence space, while maintaining the interpretability and statistical grounding of
DCA-based models. This formulation provides a transparent alternative to latent-
variable approaches commonly used in deep learning, and demonstrates that control-

lable generative modeling can be achieved within a shallow statistical framework.

Overall, this work shows that the apparent dichotomy between interpretabil-
ity and expressivity can be partially reconciled by reinterpreting modern machine
learning architectures through the lens of statistical physics and, conversely, by
extending classical models with structured and controllable representations drawn

from machine learning.
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Chapter 1
Introduction

In this chapter, we outline the biological background of this thesis by introducing
the fundamental principles of protein structure and function characterization, the
challenges of predicting and designing protein structures, and the main computa-
tional frameworks developed to address them. We emphasize the complementary
roles of statistical physics and deep learning, highlighting both their strengths and
limitations. We conclude by presenting the research objectives that motivate the

methods developed in the following chapters.

1.1 The biology of proteins

The starting point of any study in the rich and complex domain of statistical physics,
inferential learning and computational biology applied to proteins is to recognize
the theoretical and practical importance of studying their structure and function.
Proteins are among the most fundamental biomolecules in living organisms. They
participate in virtually every biological process within the cell, fulfilling a remarkably
broad spectrum of functions. As enzymes, they catalyze chemical reactions with
extraordinary efficiency, sustaining metabolism and enabling life under physiological
conditions. Other proteins play central roles in signaling pathways, where they act
as receptors, messengers, or regulators, ensuring the transmission and processing
of information within and between cells. Structural proteins, such as those forming
the cytoskeleton or extracellular matrix, provide stability and organization to cells

and tissues. Motor proteins convert chemical energy into mechanical work, driving
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processes such as intracellular transport or muscle contraction. In the immune
system, antibodies and other protein complexes mediate recognition and defense
against pathogens. The universality and diversity of these roles underline the central
position of proteins in biology and biotechnology. Understanding the principles
that determine their structure and function is therefore of paramount scientific and
technological importance [1, 2].

1.1.1 Chemical composition

From a biochemical point of view, proteins are polymers built from basic building
blocks called amino acids. Each amino acid shares a common chemical scaffold,
consisting of an amino group (—NH>), a carboxyl group (-COOH), and a central
carbon atom (the a-carbon) to which a variable side chain, or R-group, is attached.
The R-group determines the chemical identity and physicochemical properties of
the amino acid, such as polarity, hydrophobicity, or electric charge. Although many
amino acids exist in nature, only twenty of them are encoded by the genetic code
and synthesized within living genomes. Rarely, non-canonical residues such as
selenocysteine or pyrrolysine can also be incorporated in specific organisms [1, 2].

Proteins are synthesized in cells at the level of the ribosome, where messenger
RNA (mRNA), containing the transcription of the relevant gene, is translated into
a peptide chain, according to the central dogma of molecular biology [3]. In the
ribosome, amino acids are linked sequentially through condensation reactions that
form peptide bonds. A peptide bond is a covalent bond between the carbon of the
carboxyl group of one amino acid and the nitrogen of the amino group of the next
one, linked together during a condensation reaction that releases a molecule of water
as a byproduct. This process results in a polypeptide chain composed of a repeating
backbone, from which the diverse R-group side chains project outward. The linear
sequence of amino acids defines the identity of the protein and largely determines its

structural and functional properties [1].
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Fig. 1.1 The twenty canonical amino acids grouped according to the chemical
properties of their side chains. Amino acids can be classified into four main
categories: (A) amino acids with electrically charged side chains, which can be
positively or negatively charged; (B) amino acids with polar but uncharged side
chains; (C) special cases with unique structural or chemical features such as cysteine,
glycine, and proline; and (D) amino acids with hydrophobic side chains. This
chemical diversity underlies the wide range of structural and functional roles that
proteins can adopt in biological systems. Source [4].

1.1.2 Levels of protein structure

The structural organization of proteins is commonly described across four hierarchi-
cal levels:

* Primary structure: the linear sequence of amino acids, directly encoded in

the genome by a specific sequence of DNA called gene.
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* Secondary structure: local conformations stabilized primarily by hydrogen
bonds between backbone atoms. The most common motifs are a-helices and

B-sheets, complemented by loops and turns [5-7].

» Tertiary structure: the overall three-dimensional arrangement of a single
polypeptide chain, resulting from long-range interactions between residues.
Hydrophobic packing, ionic bonds, hydrogen bonds, van der Waals interac-
tions, and disulfide bridges all contribute to stabilizing the native fold and
minimizing the Gibbs free energy of the entire molecule, [8].

* Quaternary structure: the assembly of multiple polypeptide chains, or sub-
units, into larger macromolecular complexes (e.g., hemoglobin or DNA poly-

merase).

Compared to other biomolecules such as DNA, RNA, or lipids, which generally
adopt a limited set of stable conformations, proteins exhibit an extraordinary variety
of three-dimensional structures, reflecting the wide range of possible biochemical

functions.
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Fig. 1.2 Hierarchical organization of protein structure. Proteins are organized
across four structural levels. The primary structure corresponds to the linear amino
acid sequence that defines the polypeptide chain. The secondary structure arises
from local hydrogen-bonding patterns forming motifs such as a-helices (red) and
B-sheets (blue). The tertiary structure represents the overall three-dimensional
conformation of a single polypeptide, determined by interactions between distant
residues. Finally, the quaternary structure results from the association of multiple
polypeptide subunits into a functional complex. Together, these hierarchical levels
determine the physicochemical properties and biological roles of the protein. Source


https://commons.wikimedia.org/wiki/File:Protein_structure_(full)-en.svg

6 Introduction

1.1.3 Structure-function relationship

The function of a protein is intimately linked to its structure at every level of organi-
zation. Enzymes, for instance, depend on the precise spatial arrangement of residues
in the catalytic site to bind substrates and lower activation energies. Antibodies
recognize antigens with high specificity through variable loop regions, while struc-
tural proteins rely on large-scale assemblies to achieve mechanical stability. Even
small conformational changes can drastically alter functionality, highlighting the
delicate connection between form and activity [2]. In more extreme cases, protein
misfolding or aggregation can result in a complete loss of function and is associated
with numerous diseases. Prominent examples include Alzheimer’s disease, where
the aggregation of amyloid-f peptides into extracellular plaques and tau protein
into intracellular neurofibrillary tangles are pathological hallmarks, and Parkinson’s
disease, which is linked to the accumulation of misfolded a-synuclein into Lewy
bodies [9-11].

Connected to the structure-to-function paradigm, a particularly important concept
is that of protein domains. Domains are modular subunits within a polypeptide
chain, often carrying distinct structural or functional roles. Many proteins can
be regarded as collections of domains, recombined and repurposed throughout
evolution to yield new functionalities. This modularity facilitates evolutionary
innovation and provides a natural unit for structural and functional analysis. As will
be discussed in later chapters, domains are critical for defining protein families and
for constructing multiple sequence alignments (MSAs), which are the foundation of

statistical inference methods for protein sequence analysis.

1.2 The protein folding and protein design problems

In this section, we present the two central problems of protein modeling: predicting
how sequences fold into native structures, and designing sequences that fold into
specific structures with determined functions. These two challenges represent oppo-
site directions of the same fundamental sequence-to-structure mapping and will be
the fundamental motivation at the core of this thesis.



1.2 The protein folding and protein design problems 7

1.2.1 The protein folding problem

As described in the previous section, the intimate link between structure and function
makes the determination of protein structures a problem of fundamental importance.
Knowing the three-dimensional conformation of a protein often allows one to infer
its biochemical role within the cell, to understand the molecular mechanism at the
basis of a pathology, or to design targeted therapeutics. However, experimental
methods for structure determination, such as X-ray crystallography, nuclear mag-
netic resonance (NMR) spectroscopy, and cryo-electron microscopy (cryo-EM),
are extremely costly and time-consuming. Additionally, some classes of proteins
present particular challenges during the purification and crystallization procedures
required for structure determination. A notable example of this is that of membrane
glycoproteins, whose amphipathic nature creates a strong dependence on the lipid
environment for proper folding and stability [12, 13]. As a consequence, the number
of experimentally solved protein structures remains orders of magnitude smaller
than the number of known protein sequences, which continue to accumulate at an
ever-increasing pace thanks to high-throughput sequencing technologies. A complete
understanding of how sequence determines structure would therefore bridge this gap,
allowing us to predict structure directly from sequence data and thus to study the

functional information encoded in genomes.

The protein folding problem is classically formulated as the question of how a
linear sequence of amino acids spontaneously acquires its native three-dimensional
conformation [14]. From a thermodynamic point of view, the folded state corre-
sponds to a free energy minimum in the conformational landscape of the polypeptide
chain. Yet the number of possible conformations is astronomically large, and a purely
random search would make folding essentially impossible within any biological time
frame. This apparent paradox, first articulated by Cyrus Levinthal [15], emphasized
that proteins must fold along specific pathways or be guided by energetic funnels in

order to reach their native state efficiently.

Before the advent of data-driven approaches, biophysicists tried to understand
folding using theoretical and physical models. Simplified lattice models and statisti-
cal mechanical descriptions treated folding as a phase transition between unfolded
and folded states. Other approaches focused on diffusion and kinetics models, de-
scribing how polypeptides escape the unfolded state along a rugged energy landscape.

While these models provided valuable insights into the thermodynamics and kinetics
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of folding, they did not deliver experimentally-accurate predictive power. As a result,
the protein folding problem remained one of the central open questions in molecular
biology for decades [16, 17].

A major breakthrough arrived only recently with the development of deep learn-
ing methods [18]. In particular, the AlphaFold 2 [19] architecture demonstrated
unprecedented accuracy in predicting protein structures from sequence data, reaching
a level of performance that, in practice, solves much of the predictive aspect of the
folding problem. However, while AlphaFold 2 provides highly accurate structural
predictions, it does not explain the underlying folding mechanism, nor does it provide
a transparent connection between sequence, energetics, and the folding pathways.
Thus, from a practical perspective, it can be argued that the folding problem is close
to being solved, in particular for the case of monomeric proteins with sufficient evo-
lutionary information. However, from a mechanistic and interpretability standpoint,

it remains an open challenge.

1.2.2 The protein design problem

Complementary to the protein folding problem is the protein design problem, which
seeks to generate amino acid sequences that reliably fold into a desired three-
dimensional structure. This task, often referred to as the inverse folding problem, is
motivated by the fact that protein function is determined by structure, and therefore
controlling structure allows one to engineer artificial proteins with chosen biological
activities. Applications of protein design span across diverse fields: in medicine, to
develop novel therapeutic antibodies or enzymes; in biotechnology, to create highly
specific biocatalysts; and in synthetic biology and materials science, to engineer new

molecular scaffolds or functional biomaterials.

Concretely, the challenge of protein design lies in the vastness of sequence space:
for a protein of length L, there are 20" possible amino acid combinations, only a
minute fraction of which are compatible with a stable fold and a functional role.
Exploring this astronomical space systematically is unfeasible without principled
strategies, and thus protein design requires methods that can capture the essential
constraints relating sequence, structure, and stability. Over the years, various com-

putational and experimental approaches have been developed to guide design, but
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achieving reliable and general solutions remains one of the grand challenges in

molecular biology.

1.3 Statistical Physics and Deep Learning Approaches

The significant advances in protein modeling achieved over the past decades are
rooted in two complementary yet deeply intertwined frameworks. On the one
hand, statistical physics has offered principled and interpretable models to study the
coevolutionary signals that emerge among related proteins. On the other hand, deep
learning approaches have provided high expressivity and predictive power, though
often at the expense of architectural transparency. In this section, we explore these
two frameworks to motivate the need for hybrid strategies capable of merging their

respective strengths.

1.3.1 Statistical physics perspective

The first strategy that we review originates from statistical physics. As many-body
physical systems, proteins can be described by simple probabilistic models that
balance descriptive power with interpretability. Instead of studying the microscopic
details in an analytical way, which is computationally unfeasible, the goal is to

construct effective models that capture the essential constraints observed in data [20].

In this sense, the mechanism of natural selection comes to our aid: evolution
can be treated as a natural experiment that samples the space of possible protein
sequences under strong structural and functional constraints [21-23]. Homologous
proteins across different species accumulate mutations over time, and the resulting
sequence variation contains signatures of both conservation at functionally critical
sites and coordinated changes between residues that interact. Statistical modeling
provides a principled way to extract these signals and encode them into the pa-
rameters of a probabilistic model. In a Bayesian approach, one starts with limited
empirical information, such as amino-acid frequencies at single positions or corre-
lations between positions, and constructs the simplest model consistent with these
observations. The maximum entropy principle formalizes this idea, ensuring that no
unwarranted assumptions are introduced beyond what the data dictate. The resulting

models are typically energy-based: they assign a statistical energy to each sequence,
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from which a probability distribution is derived. A common analogy can be made
with spin systems in physics, where local fields describe the bias of each site toward
a specific state (for instance, spin up or down) and coupling parameters describe

interactions between sites.

Although these models are simplified, their parameters are interpretable: con-
servation translates into strong local fields, while couplings often correspond to
structural contacts or functional dependencies. Beyond interpretability, statistical-
physics—inspired models can be made generative: having defined an explicit probabil-
ity distribution over sequence space, this can be sampled to produce new sequences
consistent with evolutionary constraints. They can also be used predictively, for
example by estimating the effect of mutations from changes in the energy of a
sequence. Remarkably, these capabilities arise naturally from the probabilistic

framework without the need for ad hoc assumptions [24-26].

At the same time, statistical models face limitations. They depend on the avail-
ability and diversity of homologous sequences, are often constrained to pairwise
approximations, and can be affected by sampling and phylogenetic biases in the
data. Nevertheless, their efficiency and interpretability explain their enduring in-
fluence over the past decade on more complex and less interpretable deep learning

approaches.

In Chapter 2, we will formalize this perspective by introducing the concepts of
multiple sequence alignments and the family of maximum entropy approaches used
to extract evolutionary information from them to model the structure and function of

a protein family, also known as Direct Coupling Analysis.

1.3.2 Deep learning perspective

In contrast to the statistical-physics view, which emphasizes simple probabilistic
models with interpretable parameters, deep learning approaches pursue a different
strategy. The aim is to learn complex, high-dimensional mappings directly from
data, with minimal reliance on hand-crafted constraints or biological principles.
Neural networks are used as flexible high-dimensional function approximators that
can extract patterns in protein sequences and connect them to their structural or

functional properties.
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The first successes of deep learning in this domain were linked to the protein
folding problem, though not by predicting full three-dimensional structures directly.
Instead, researchers focused on predicting intermediate representations such as
contacts or distance maps between residues, which could then be used as restraints
in folding pipelines. Convolutional neural networks (CNNs) were among the earliest
tools: for example, DeepCov [27, 28] applied CNNs directly to covariance matrices
derived from multiple sequence alignments (MSAs) to predict contacts. Soon after,
deeper architectures based on residual connections achieved major improvements.
RaptorX-Contact [29] used deep residual networks to predict inter-residue contacts
with much higher accuracy, while TripletRes [30] combined multiple coevolutionary
features through a ResNet [31] architecture to predict not just binary contacts but full
distance and orientation information. These predictions were then passed to energy
minimization or gradient-based engines to reconstruct three-dimensional folds. A
key milestone came with AlphaFold 1 [18], which competed in the 2018 Critical
Assessment of protein Structure Prediction (CASP). It employed deep residual
networks to predict inter-residue distance and torsion-angle distributions from MSAs
and then optimized structures consistent with those distributions. This was the first
clear demonstration that deep learning could significantly outperform traditional
physics-based methods in structure prediction.

Parallel to these folding-oriented methods, another family of models addressed
the protein design problem, i.e. the generation of sequences consistent with func-
tional and structural constraints. Among the most influential ones there was DeepSe-
quence [32], a variational autoencoder (VAE) trained on MSAs that learned a low-
dimensional latent representation of protein families. This model was able to capture
the effects of mutations and to sample novel sequences that remained consistent with
evolutionary constraints. Energy-based approaches [33] were also explored, such
as restricted Boltzmann machines (RBMs) [34], which provided a neural-network
formulation for modeling sequence variability and higher-order dependencies beyond
pairwise couplings. While these generative models were less accurate at predicting
structure than CNN/ResNet-based approaches, they were important for demonstrat-
ing that deep architectures could capture nontrivial constraints in sequence space
and could be used to propose new sequences for design.

As protein sequence databases continued to grow, a new generation of models
sought to move beyond handcrafted features and alignment-derived statistics, learn-

ing directly from raw sequences at scale. Early examples included UniRep [35], an
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LSTM-based [36] model trained on millions of sequences to produce embeddings
useful for downstream tasks, and the TAPE benchmark suite [37], which standardized
the evaluation of different architectures. These developments laid the groundwork for
even larger architectures that would treat protein sequences analogously to natural
languages. From 2019 onward, with the introduction of the attention mechanism and
its integration into the transformer architecture, models such as ProtBERT, ESM,
and the MSA Transformer [38, 39] demonstrated that large-scale pretraining on
massive protein databases could learn structural and functional constraints directly
from sequence context. The attention mechanism [40, 41], by allowing the model
to dynamically weight relationships between all positions in a sequence, proved
especially well suited to proteins, where long-range dependencies are essential for
the correct three-dimensional folding of a sequence. This trajectory culminated in
AlphaFold 2 [19] (CASP14, 2020), which introduced a transformer-based architec-
ture, the Evoformer block, integrated with a structure refinement module, achieving
unprecedented accuracy in end-to-end structure prediction and effectively solving

the protein folding problem, from a predictivity perspective.

In summary, deep learning methods for proteins have developed along two
complementary tracks: supervised predictors for folding that evolved from CNNs
to ResNets and, eventually, to transformers, and generative models for design, such
as VAEs and RBMs. Both tracks have converged in recent years toward large-scale
pretrained models that blur the line between folding and design applications. These
methods offer unparalleled expressive power and predictive accuracy, but at the cost
of interpretability, data hunger, and computational resources. In Chapter 3, we will
return to the transformer implementation of the attention mechanism and examine in
detail its connections with statistical physics models that underlie modern advances

in protein structure prediction and design.

1.4 Research objectives and aims

In Section 1.2 we have outlined one of the grand challenges in computational protein
biology: understanding the sequences-to-structure paradigm in its direct and inverse
implications, the protein folding and protein design problems. Then, in Section 1.3,
we described the two methodological perspectives under which it is possible to

tackle both problems, along with their strengths and shortcomings. Models inspired
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by statistical physics, based on evolutionary data, provide interpretable parameters
and generative capabilities but are limited in their expressiveness. Deep learning
approaches, in contrast, achieve remarkable predictive accuracy by learning complex
dependencies directly from data, but typically remain opaque and difficult to control.
The tension between these two perspectives defines a remarkable gap in the field of
computational biology. An ideal approach would combine the interpretability and
controllability of statistical physics with the expressive power of modern machine
learning. Yet, the state of the art suggests that such a hybrid model is far from
our grasp. Aware of the complexity of such a quest, this thesis is but a humble
contribution in a larger ocean of similar works aimed at laying some of the conceptual
and methodological groundwork towards bridging the worlds of statistical inference

and deep learning applied to protein analysis.

In this spirit, the objectives of the thesis are twofold. First, to explore whether
architectural elements from deep learning, and in particular the attention mechanism
that has proved groundbreaking in the last few years, can be integrated into statistical
models in a way that provides insight into what such mechanisms actually learn when
applied to protein sequence data. This motivates the development of AttentionDCA
[42], an attention-based reformulation of classical statistical models, whose goal is
not improved predictive accuracy but improved interpretability. Second, to advance
generative modeling of protein sequences by extending statistical approaches with
richer feature representations, leading to FeatureDCA [43]. Unlike AttentionDCA,
this framework does yield performance improvements over standard generative DCA
models, while also providing fine-grained and interpretable control over in silico

protein generation.

Together, these two contributions exemplify different ways of addressing the gap
between statistical physics and deep learning: one by probing the interpretability
of deep learning mechanisms within a physics-inspired framework, the other by
enhancing the generative capabilities of statistical models using ideas borrowed from
machine learning. Neither approach provides a full solution, but both highlight
directions in which interpretability, controllability, and accuracy can be pursued

concurrently.

The remainder of this thesis develops the necessary background information
and then presents these contributions. Chapter 2 introduces the statistical-physics

framework for sequence-based inference. Chapter 3 presents the attention mechanism
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and transformer architectures in the context of protein modeling. The following
chapters describe in detail the AttentionDCA and FeatureDCA frameworks, and

evaluate their implications for protein structure prediction and design.



Chapter 2

Statistical Inference Models for
Protein Sequences

In this chapter, we review the state of the art in statistical methods developed over
the past two decades for protein sequence modeling. We begin from the biological
motivations rooted in evolutionary dynamics and the principles of statistical infer-
ence that led to the development of Direct Coupling Analysis, and proceed to its
applications in computational biology tasks such as structure prediction, mutational
landscape analysis, and protein design.

2.1 Evolutionary Constraints

2.1.1 Conservation and Co-evolution

Proteins, as biological macromolecules encoded in the genetic material of an organ-
ism, evolve under the constant action of natural selection [3]. Across evolutionary
timescales, mutations accumulate in their amino acid sequences, but only those
changes that preserve structural stability and functional activity are likely to survive.
This interplay between variability and constraint leaves recognizable signatures in
the ensemble of proteins observed to this day [44—46].

Two proteins are said to be homologous if they derive from a common ancestor

and, as a result, exhibit a similar three-dimensional structure and function. Homology,
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therefore, implies evolutionary relatedness, typically reflected in a conserved fold
and often in shared biochemical roles. Collections of homologous proteins can be
grouped into protein families, the natural units on which comparative and statistical
analyses are based. A key concept in this classification is that of the protein domain.
As defined in Section 1.1.3, domains are compact, structurally independent subunits
of proteins that often fold autonomously and carry out specific biochemical functions.
They can be thought of as the evolutionary building blocks of proteins: stable
modules that are conserved across species and reused in different combinations to
generate the vast diversity of protein architectures found in nature. Because domains
maintain their structure and function even when embedded in different protein
contexts, they provide a reliable framework to define protein families. Indeed, curated
databases such as Pfam [47] and InterPro [48] classify proteins primarily at the
domain level, grouping together sequences that share the same domain architecture

and hence a common evolutionary origin.

Within a protein family, natural selection leaves two complementary evolutionary
signatures [45]. On the one hand, some positions are highly conserved: substitutions
at these sites tend to disrupt folding or function and are thus eliminated from the
evolutionary record. Conserved residues often correspond to catalytic sites, metal-
binding motifs, or structural anchors essential for stability. On the other hand, some
positions may display a certain degree of variability limited to structural constraints.
In such cases, a mutation at one site can be tolerated only if it is compensated
by a corresponding mutation at another site. This phenomenon, known as co-
evolution, reflects the fact that residues are subject to shared structural and functional
constraints: a mutation at one position alters the local compatibility conditions,

requiring compensatory substitutions at interacting sites

In summary, the evolutionary history of a protein family is inscribed in its se-
quences as a balance between conservation, marking residues of essential importance,
and co-evolution, highlighting sets of residues that interact or cooperate. Both as-
pects are central to the statistical inference models that will be developed in the

following sections.
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2.1.2 Multiple Sequence Alignments

The evolutionary constraints described above become accessible to statistical analysis
only once homologous sequences are brought into a common frame of reference.
This is the purpose of a multiple sequence alignment (MSA), the central structure
for statistical inference of protein data. An MSA arranges the amino acid sequences
belonging to a common protein family so that equivalent positions, corresponding to
homologous residues, are aligned across all sequences. In this representation, each
row corresponds to a protein sequence and each column to a specific position along

the chain.

From a formal point of view, an MSA can be seen as a matrix of size M x L,
where M is the number of sequences in the family (often referred to as the depth
of the alignment) and L is the length of the aligned sequences. Each entry of the
matrix belongs to an alphabet of size ¢ = 21, consisting of the 20 natural amino acids
plus a special gap symbol. Gaps are introduced during the alignment procedure to
accommodate insertions and deletions that have occurred throughout the evolutionary

history of the family, so that homologous residues result aligned.

The construction of reliable MSAs is a central task in computational biology. Pro-
gressive alignment algorithms, which iteratively align pairs of sequences according
to a guide tree, were among the earliest approaches and remain effective when only
a few sequences are available [49]. However, for large protein families containing
thousands of diverse sequences, these methods tend to accumulate errors and become
inconsistent. To overcome these limitations, modern pipelines rely on profile Hidden
Markov Models (HMMs) [50-52].

In a profile HMM, the alignment is modeled as a probabilistic process defined by
a chain of hidden states over observable states representing the amino-acid chain.
Each hidden state can be of three types: match states corresponding to a consensus
column of the alignment; insertion states, which allow for extra residues between
consensus positions; and deletion states, which correspond to skipped consensus
columns. Transition probabilities define the rates of moving from one hidden state to
another, while emission probabilities define, for each site, a probability distribution
over the amino acid alphabet that quantifies the likelihood of observing a given
residue when in that state. Only match and insertion states emit residues, as deletion

states are silent and only account for modeling gap symbols. Although the emission
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distributions are site-specific and conditionally independent, correlations between
different sites are introduced indirectly through the chain of transitions, which defines
the most probable path through the model for a given sequence. In practice, profile
HMMs encode conservation at each position while allowing insertions and deletions
to occur with empirical probabilities, producing alignments that faithfully capture the
evolutionary variability of the family. The parameters of the profile Hidden Markov
Model are inferred from a small, manually curated seed alignment containing the
defining sequence features of the protein family. Once the parameters are fixed,
the HMM can be used to align new sequences so as to build deeper MSAs, which
provide the statistical foundation for subsequent analyses such as DCA or deep
learning models. Other than that, HMMs can be used to determine whether a specific
protein sequence belongs to a given family or, more generally, to find a matching
family among the ones available for analysis. This approach underlies large-scale
resources such as Pfam [47] and InterPro [48], which distribute both the trained
profile HMMs and the MSAs obtained from them.

End

\4
\4
\4
\4
\4

Begin

Fig. 2.1 Schematic representation of the architecture of a profile Hidden Markov
Model (HMM). Direct graph topology known as “Plan7” architecture. Three kinds
of hidden states are available: a match state (squares) that accounts for consensus
positions, an insertion state (diamond) that accounts for extra residues between
consensus columns, and a deletion state (circle) that represents skipped consensus
positions. Arrows indicate the allowed transitions between states, including self-
loops in insertion states for multiple residue insertions. The model starts at the Begin
state and ends at the End state. Source [49]

Once an alignment is constructed, it can be treated as a collection of empirical
data from which summary statistics can be extracted. The most fundamental observ-
ables are the single-site frequencies f;(a), measuring the probability of observing

amino acid a at position i, and the pairwise frequencies f;;(a,b), measuring the joint
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probability of observing residues a and b at positions i and j:

fi(a) = 3 Ly—1 8(a.a}’)
fij(a,b) = 5 Yo 8(a,a")8(b,a})

: 2.1)

where 8(a,qa;) is the Kronecker delta function. These quantities directly reflect
conservation and co-evolution across the family. A simple measure such as the
mutual information can already highlight positions that vary in a correlated way,
although this signal is often blurred by indirect effects. In the following sections, we
will see how statistical physics models can disentangle such effects to infer the direct

interactions that underlie protein structure and function.

2.2 The Principle of Maximum Entropy

In this section, we introduce the Maximum Entropy Principle (MEP), one of the tools
that lies at the foundation of Bayesian statistical inference and the core principle in

Direct Coupling Analysis for biological sequence modeling.

In general, starting from an ensemble of empirical observations over a given
dataset, the principle of maximum entropy provides a way to determine the most
unbiased probability distribution that describes the given observations [20]. In
particular, let us introduce a concrete example. Consider a discrete random variable
x that takes values in X = {xy,x,...,xy} with N =
probability distribution P(x), such that:

P(x)>0 VYxeX
ZxGXP(x) =1

2.2)

The uncertainty associated with the distribution P(x) is quantified by the Shannon
entropy, defined as:

— Y P(x)log P(x (2.3)

xeX
This is a measure of the average unpredictability of the random variable: entropy
vanishes when the outcome is certain, i.e. when all the probability mass is concen-

trated on a single state, and it is maximal when all outcomes are equally likely. In
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this uniform case, where P(x) = 1/|X| for all x € X, one finds
S(P) =log|X]|. (2.4)

Therefore, entropy interpolates between perfect knowledge of the event, a determin-
istic distribution with § = 0, and complete uncertainty, a uniform distribution with
=log|X|.

Starting from this definition, the maximum entropy principle can be used to define
probability distributions in situations where only partial knowledge is available. The
idea is simple: given some constraints on the unknown distribution, we select the
one with maximal entropy, i.e. maximum uncertainty, among the ones that fulfill
the constraints. This way, the resulting model is consistent with the information at
hand but does not introduce any further bias. For instance, suppose that the available
information is represented by the expectation values of a set of observables { ¢, (x)},

with u = 1,...,K. Then, we are interested in a probability distribution that satisfies
Y P(x) =(¢y) Vu=1,....,K , (2.5)
xeX

together with the normalization condition

) P)=1 . (2.6)
xeX
Maximizing entropy under these constraints is a standard variational problem. To

solve it, we introduce a functional

z[P]=S(P)—7L<ZP(y) ) ZGH<ZP ¢“>> )

yeX yeX

where A and {6, } are Lagrange multipliers enforcing normalization and the expecta-
tion constraints. Taking the functional derivative with respect to P(x) and imposing

stationarity, we obtain

A K
P —1ogP(x)—1—/I—El 0uu(x) =0 (2.8)
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where we used the functional derivative identity P(y)/S8P(x) = 8(x,y). Rearranging

terms, the distribution reads
P(x) = e~ "he Bumt Outu®) 2.9)

where the Lagrange multiplier enforcing the normalization condition A can be

determined by imposing

Y Px)=e A Y o i Gt — g (2.10)

xeX xeX

This leads to the general solution

6—25:1 Oy Ou (%)
P(x) = . 2.11
¥ Yyex ¢~ Zu=1 8 0u0) @b

We can conclude that the maximum entropy principle yields a distribution that
belongs to an exponential family, where the Lagrange multipliers {6, } enforce
the constraints. This expression can be thought of as a Boltzmann distribution,
where the observables {¢, (x)} play the role of effective energy contributions and
the multipliers {6}, } act as generalized inverse temperatures controlling their relative
weight.

In the following section we will see how this general result can be applied to
the case of biological sequences such as proteins, where the observables correspond
to empirical single-site and pairwise frequencies extracted from multiple sequence

alignments.

2.3 The Potts Model for Protein Sequences

In the previous section we introduced the Maximum Entropy Principle (MEP) in a

general setting. Now, let’s apply it to the specific cause of protein sequence data.

Given a multiple sequence alignment, we can compute empirical single-site and
pairwise frequencies that quantify conservation and co-evolution across a protein
family. The goal is to construct a probability distribution, defined over the space of

aligned sequences, that is consistent with these empirical statistics while introducing
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no further bias. As shown in the following, the MEP construction leads to a gener-
alized Potts model, which forms the basis of Direct Coupling Analysis (DCA), the
ensemble of statistical inference methods for protein sequence modeling that will be

one of the main characters of this thesis.

2.3.1 Maximum Entropy Construction

Let a = (ay,...,ar) denote an aligned sequence of L amino acids, where each g;
can take values among the 20 natural amino acids and the gap symbol used during
alignment, for a total of g = 21 symbols. Using the definition in Equation 2.1, we
can extract the empirical single-site and pairwise frequencies fj(a) and f;;(a,b) from
the multiple sequence alignment. Thus, we can define a probability distribution P(a)
satisfying

Pi(a) =Y P(a)é(aja) = fi(a)  Via , (2.12)

a

Pj(a,b) =) P(a)8(aj,a)d(aj,b) = fij(a,b) Vi< jab |, (2.13)

a

together with the normalization condition
Y Pla)y=1 . (2.14)
a

According to the Maximum Entropy Principle, the least biased distribution consistent
with these constraints is obtained by maximizing the functional

:ZP( log P(s) (ZP )
- o) (P03~ ) ) +

i=

Z Jij(ai,aj) (ZP (si,ai)0(sj,a;) —f,-j(ai,aj)) ) (2.15)
1<i<j<L

where the first term represents the Shannon entropy of the distribution and the
constraint on the normalization condition, while the following two terms enforce

the constraints on the single-site and pairwise frequencies. Following the general
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derivation of Section 2.2, we find that the resulting distribution can be written as

:—exp<2h a;)+ Z Jij a,,aj> . (2.16)

1<i<j<L

Here, {h;(a)} and {J;j(a,b)} are the Lagrange multipliers enforcing the empirical
constraints, while Z is the normalization factor, defined as:

Z= Zexp(Zh a)+ Y. Jij a,,aj> : (2.17)

1<i<j<L

From a statistical physics point of view, this quantity is called the partition function
and it can be used to determine all the relevant statistical properties of the system,
such as the free energy or the expected value of any observable under the distribution
P(a). However, as it happens in most cases, its computation is unfeasible and
approximation schemes are needed to determine it. Indeed, in the case of a protein
family of length L, it would be necessary to sum over ¢~ possible sequences, a task

that even for short sequences would be computationally impossible.

2.3.2 Statistical Physics Interpretation

The distribution in Equation 2.16 can be written in terms of an effective Hamiltonian,
so that the probability distribution can be interpreted as a Boltzmann energy-based

distribution:
L
H(a>:_2hi<ai)_ Z Jl] alyaj (2.18)
i=1 1<i<j<L
1
P(a)=—¢H® (2.19)

This construction highlights the statistical physics interpretation of the model. The
parameters /;(a) play the role of effective local fields, quantifying the evolutionary
pressure acting on site i. A higher local field denotes a higher level of conservation at
a given position in the amino acid sequence. On the other hand, the couplings J;;(a, b)
represent effective interactions between residues at positions i and j, showcasing
co-evolution between the two. The partition function Z ensures normalization and

encodes the contribution of all possible sequences. The resulting model is a g-state
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Generalized Potts Model (GPM) (with g = 21), and it represents the minimal model
consistent with the observed conservation and co-evolution in the protein family. It is
worth noting that higher-order statistics, such as three-point frequency counts, could
in principle be included in the Maximum Entropy construction to define a more
detailed distribution. However, incorporating such constraints would then require
a substantially larger amount of sequence data in order to infer the values of the
corresponding parameters. In practice, the balance between data availability and
inference reliability, together with the a posteriori observation that pairwise statistics
are enough to capture the essential structural information in a protein family, has
led to the choice of restricting the model to single-site and two-site frequencies, as
defined in Equation 2.16

2.3.3 Gauge Freedom

Before moving on to the actual description of Direct Coupling Analysis, it should be
emphasized that the parameters of the Generalized Potts Model (GPM), as defined
in Equation 2.1, cannot be determined uniquely. Indeed, there is a fundamental
redundancy in the choice of the parameters that reflects the fact that energy-based
models in the form of Equation 2.19 are invariant under parameter transformations
that shift the Hamiltonian by a constant amount. In particular, because such a
probability distribution depends only on relative energies, global shift transformations
leave P(a) unchanged.

Alternatively to these energy-based considerations, the invariance of the choice
of the parameters can be analyzed from an algebraic point of view by studying
the number of constraints and parameters imposed by the MEP construction. In

particular, the model defined in Equation 2.16 presents a total of
N,=Lg+iL(L—1)¢* (2.20)

parameters in the form of local field /;(a) and couplings J;;(a,b). These are de-
termined by imposing the constraints coming from the single-site and pairwise
frequency counts. However, the number of independent constraints is lower than
the number of parameters. In particular, only L(g — 1) of the one-point frequency
counts are independent, since they must sum to one at each site. Similarly, for
each pair (i, j), only (g — 1)? of the two-point frequencies are independent, since
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marginalization over one index recovers the single-site frequency. The total number

of independent constraints is therefore

L(L—1)

5 (g—1)?% . (2.21)

N.=L(g—1)+

Since N, > N, the model is over-parameterized leading to a gauge freedom, namely,
the existence of an infinite set of transformations of {A;,J;;} that leave the distri-
bution invariant. Explicitly, one possible realization of this gauge freedom is the

transformation

Jij(a,b) — J,'j(d,b) —}—K,-j(a) —{-Kj,'(b)

: (2.22)
hi(a) — hi(a)+gi— ¥, (Kij(a)+Kji(a))

where the functions Kj;;(a) and g; are arbitrary. Different choices of these func-
tions correspond to different gauges, i.e. different parameterizations of the same

distribution. Common gauge choices include the lattice—gas gauge, in which
hl(q):()a Jij(a7Q):‘]ij(q7a):O Vi7j7a7

so that all parameters are measured relative to a chosen reference state ¢, namely the

gap state, and the zero-sum or (Ising) gauge, which enforces

Zhl(a):(), ZJU(a,b):ZJlj(a,b):O Vl,],b
a a b

Once the gauge is fixed, the number of effective parameters exactly matches
the number of independent constraints N, ensuring that the inference problem is
well-defined. The choice of gauge does not affect the model distribution P(a), or
any global, gauge-invariant observable. However, the numerical values of the fields
and couplings depend on the chosen gauge. As it will be discussed in the following
sections, some of the practical tasks of Direct Coupling Analysis, such as contact
prediction, depend on the particular values of the couplings and the field. Therefore,
it is common practice to fix a gauge on the inferred parameters a posteriori, so that
different realizations of the same inference can be compared. Alternatively, it is
possible to define gauge-invariant metrics such as Direct Information, in order to
nullify the effect of the gauge on predictions.
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2.4 Direct Coupling Analysis

The Potts model introduced in the previous section represents the minimal model
capable of reproducing the empirical statistics defined as the frequency counts in
Equation 2.1. In particular, given the model in Equation 2.16 and the observations
in the form of a multiple sequence alignment, it is possible to infer the parameters
{hi(a),Jij(a,b)} such that

<6(ai7a)>P(a) :fl(a) Vi7a ’ (223)
<5(ai,a)5(aj,b))p(a) = f,’j(a,b) Vi< j,a,b . (2.24)

From a statistical physics point of view, the task of inferring the parameters of a
probabilistic model from direct observations of its realizations is known as an inverse
problem. In particular, the possible inference strategies to the inverse Potts problem
represent a class of techniques known as Direct Coupling Analysis (DCA), which,
as already discussed throughout this Chapter and the previous one, represents the

basis for statistical analysis of protein sequence data.

In this section, we explore the main strategies that have been implemented to

solve Direct Coupling analysis since its first development in [22] to this day.

In principle, the inverse Potts problem can be solved by maximum likelihood
inference. However, exact likelihood maximization requires evaluating the partition
function of the model, a computation that scales exponentially with the length of
the MSA. As a result, exact inference is computationally unfeasible for realistic
protein families, and a variety of approximate methods have been developed to
overcome this limitation. In the following, we first present the formal maximum
likelihood framework and its computational bottleneck, and then describe the main

approximations that underlie DCA.

2.4.1 Maximum Likelihood Inference

The first technique that we explore is the Maximum Likelihood Estimate (MLE),
which, although exact in principle, proves to be computationally unfeasible due
to the exponential complexity of computing the partition function of the model.
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However, despite its impracticability in real scenarios, we present the case of MLE

as it represents a pedagogical example of statistical inference.

Let D= {a1 ,...,aY} denote a multiple sequence alignment of M sequences of
length L, where each sequence a” = (af',...,aJ") is composed of symbols from an
alphabet of size g = 21. Assuming the Potts model distribution of Equation 2.16, the
likelihood of the model on the dataset can be defined as

L
(Zhi(aT)+ZJ,~j(a;”,a;ﬂ)> . (2.25)

i=1 i<j

M M
{hJ}|D:H H

[\1 I

For reasons of numerical stability, it is more convenient to work with the average

log-likelihood,
M

(({h,J}) = Z logP(a™) (2.26)

which, in the case of a Potts model, becomes
(({h,J}) Zﬁ (a)+ Y)Y fijla,b)Jij(a,b) —logZ . (2.27)
i<ja,b

Here, fi(a) and f;j(a,b) are the empirical one- and two-point frequency counts
defined in Equation 2.1. The optimal parameters of the model are those that maximize

the likelihood in Equation 2.27. In particular, from the stationary conditions

a/l
Shfa) 1)~ lan@)r =0 2.28)
al
STslah) Tl — Olana)dlas bpe =0, (229)

It can be shown that optimality is reached when the model reproduces the empirical
frequency counts. The main obstacle in this reasoning arises in the evaluation of the

model expectations (-)p, which require knowledge of the full partition function

Z = Zexp (Z hi(ai)+ZJ,~j(a,~,aj)) . (2.30)
a i=1

i<j

This sum extends over all possible sequences of length L, i.e. to ¢" configurations.
For typical proteins with L ~ 100 and g = 21, this corresponds to approximately

10'30 terms, far beyond any computational capability available at the present time. As
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a consequence, exact maximum likelihood inference of the Potts model parameters
is practically impossible, and one must resort to approximations of different kinds.
The level of approximation used to handle the intractable partition function and solve
the inverse Potts problem defines other possible inference schemes for DCA. This

will be the topic of the remainder of this Section.

2.4.2 Mean-Field Approximation

One of the first and most widely used approximation strategies in the early days of
DCA is based on a mean-field treatment of the Potts model, leading to the so-called
mean-field Direct Coupling Analysis (mfDCA) [21].

Within this approximation scheme, the central idea is to relate the couplings
Jij(a,b) to the connected correlations observed in the data. In particular, let us define
the empirical covariance matrix, which measures the correlation between observing

amino acid a at site i and amino acid b at site j as

Cij(avb) :ﬁj(aab)_fl(a)f]<b) 5 (231)

Inspired by the Plefka expansion of the Ising model [53], the inverse of this covari-

ance matrix provides an estimate of the direct couplings:
~1

Jij(a,b) ~ —(C )l.j(a,b) . (2.32)

In practice, the covariance matrix computed from an MSA captures both direct

and indirect correlations between residues. For instance, two positions i and j may

appear correlated not only because they interact directly, but also because they both

interact with a third site k. In mfDCA, one assumes a weakly interacting model

in which correlations are small and approximately linear. This leads to approxi-

mation 2.32, which provides estimates of the coupling parameters that disentangle

direct from indirect correlations: the inversion of the covariance matrix effectively

suppresses transitive effects and isolates the direct interactions.

Despite its crude approximations, mfDCA was the first approach to demonstrate
the power of direct coupling inference for contact prediction in protein families with
length between 50 and 500 amino acids, far surpassing the earliest implementations
of DCA with message passing algorithms [22]. However, the approximation comes
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with significant limitations. By construction, it neglects higher-order corrections
beyond the mean-field term, and its accuracy deteriorates in regimes of strong
coupling or limited data. Moreover, the inversion of a noisy covariance matrix
can lead to unstable estimates, making mfDCA particularly sensitive to the quality
and depth of the alignment. As a consequence, while mfDCA is conceptually and
historically important, it has been largely superseded by more accurate inference
schemes such as Gaussian and pseudolikelihood methods, which will be discussed

in the following sections.

2.4.3 Gaussian Approximation

An alternative route to approximate the inference is provided by the Gaussian Direct
Coupling Analysis (GaussDCA), introduced in [54]. In this case, instead of treating
the aligned sequences as realizations of a discrete Potts model, we relax their nature
to continue variable distributed as a multivariate Gaussian. The advantage of this
approximation is that inference in Gaussian models is analytically tractable and
direct couplings can be obtained in closed form as the inverse of the covariance

matrix defining the Gaussian distribution.

Consider each sequence a” in the alignment as a one-hot encoded binary vector
of length Lq. Let x"(a) denote the indicator variable equal to one if residue a is
present at site i in sequence m, and zero otherwise. The empirical covariance matrix
of these indicator variables is defined as

Zij(a,b) = — Z fila)) (X7 (b) - (b)), (2.33)

where fj(a) are the empirical single-site frequencies. Within the Gaussian assump-
tion, the inverse covariance matrix X!, also called the precision matrix, directly
encodes the conditional dependencies between variables. In analogy with the Potts

model, the couplings are estimated as
Jij(a,b) ~ — (Z_l)ij(a,b) . (2.34)

This approach has clear similarities with the mean-field approximation: both rely on
matrix inversion to disentangle direct from indirect correlations. However, Gauss-

DCA differs in that it abandons the discrete nature of the problem in favor of a
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continuous Gaussian representation. This makes the method extremely fast and
analytically transparent, but at the cost of accuracy, since the true distribution of

protein sequences is far from Gaussian.

In practice, GaussDCA has been shown to improve on pure mean-field methods,
but it is generally outperformed by more refined inference strategies such as pseudo-
likelihood maximization. Its main value lies in its simplicity and efficiency, which
make it a useful baseline and a conceptually appealing approximation within the
family of DCA methods.

2.4.4 Boltzmann Machine Learning

Other than approximating the Potts Hamiltonian to simpler and tractable models,
as in the cases of mfDCA and GaussDCA, a parallel approach is that of exploring
different optimization techniques in place of the analytical scheme described in
Section 2.4.1.

In particular, a conceptually straightforward way to solve the inverse Potts
problem is to use stochastic optimization on the exact average log-likelihood defined
in Equation 2.27. This approach, commonly referred to as Boltzmann Machine
Direct Coupling Analysis (bmDCA) [24, 55], is directly inspired by Boltzmann
Machines [33] in statistical physics and machine learning, i.e. energy-based models
whose parameters are inferred by optimizing an objective function through some
form of stochastic gradient ascent [56]. In the case of DCA, consider the gradient of
the average log-likelihood derived in Section 2.4.1:

% :ﬁ(d)—<6(ai7a)>P ’

“ (2.35)
Fapy = Jii(a:b) = (8(ai,a)8(a;,b))p

Maximizing the log-likelihood corresponds to adjusting the parameters until the
model expectations (-)p match the empirical frequencies {f;, f;;}. The objective

function is concave in its parameters, so that the model admits a unique maximum.

The difficulty lies in the evaluation of the ensemble averages (-) p, which require
sampling from the Potts distribution. While direct computation is impossible due
to the exponential complexity of the partition function, these expectations can be
estimated by Markov Chain Monte Carlo (MCMC) simulations, which generate
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approximate equilibrium samples from the model without explicitly evaluating Z,
allowing for approximating actual ensemble averages with sample averages. This

leads to a stochastic gradient ascent algorithm with parameter updates defined as

h@ e @+ (fil@) - (Saa)e)

(2.36)
Jjlab) < Jyla.b)+n(fis(ab) — (8(aia)(azb)p)

where 7 is the learning rate controlling the magnitude of parameter updates at each
iteration. This is typically chosen as a small positive constant to ensure stable con-
vergence, with its optimal value depending on the size of the dataset and the variance
of the Monte Carlo estimates; in practice, 1 is treated as a hyperparameter and can
be tuned empirically, sometimes with a schedule that varies its value during training
to refine convergence. In principle, iterating this update rule leads to maximum
likelihood estimates of the Potts parameters. However, the method is computation-
ally very demanding. At each iteration, long MCMC simulations are required to
obtain reliable estimates of the ensemble averages. For protein families of realistic
sizes, with hundreds of sites and thousands of sequences, convergence becomes
prohibitively slow due to the Monte Carlo sampling at each update, which is compu-
tationally very costly in such high-dimensional systems. Despite these limitations,
bmDCA plays a central role in the landscape of DCA inference methods. It provides
the conceptually exact state-of-the-art solution to the inverse Potts problem, against
which approximations such as mean-field, Gaussian, and pseudolikelihood methods

can be compared.

A central advantage of bmDCA is that it defines a fully generative model of
protein sequences. Once the parameters {%,J} have been inferred, the Potts distri-
bution assigns a probability to every possible sequence, and new sequences can be
generated by Monte Carlo sampling. This way, one can sample in silico artificial
sequences that are not explicitly present in the original alignment but are statistically
consistent with it. This is due to the fact that the frequency constraints are fulfilled by
construction: the stochastic gradient update rules explicitly drive the model averages
towards the empirical frequencies, ensuring that the generated ensemble reproduces
the conservation and co-evolutionary patterns observed in nature. This generative
capability has been validated in practice, with bmDCA-sampled sequences shown

to capture the essential statistics of natural protein families, and even to fold and
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function in vivo [25]. The implications of this property for protein design will be

further explored in the following chapters.

2.4.5 Pseudo-likelihood Maximisation

While Boltzmann Machine learning provides a conceptually exact solution to the
inverse Potts problem, it is computationally impractical because ensemble averages
must be estimated with costly Monte Carlo sampling. A compromise between
efficiency and accuracy is represented by the maximum pseudo-likelihood estimate
of DCA defined in [57] and known as PImDCA. The idea behind PImDCA is to
replace the global joint probability distribution P(a) with a product of univariate
single-site probability distributions, thereby removing the dependence on the full
partition function entirely. This approximation finds a natural justification in the
statistical physics formalism through Callen’s equations [58], which express the
expected value of a spin variable in terms of its conditional probability given all the

others. In the case of an Ising model, Callen’s equation reads
(o) = <tanh (ﬁzjfij0j+ﬁhi)> - (2.37)

In the case of a Potts model, for each site i, we can define the conditional

probability of observing residue a; given the configuration of the other sites a,; as

exp( ( )+Zj7él l](aha]))
£y exp(hi(b) + i (ba;))

P(a,- | a\,-) = (2.38)

Unlike the full distribution P(a), this expression involves only a local partition
function, i.e. a sum over ¢ states of site 7, which can be evaluated exactly. The
pseudo-likelihood of a dataset D = {a',...,aM} is then defined as

M L
gpL{hJ}w:HH a|al}) (2.39)

and the corresponding average log-pseudo-likelihood reads

1 M
lpr({h,J}) = Z

m:Iz

™=

log P(a m]a\l) i (2.40)
1



2.4 Direct Coupling Analysis 33

Although Callen’s equations are exact identities, the full probability distribution
cannot, in general, be exactly factorized into conditional distributions of single spins
over all others. Therefore, the pseudo-likelihood defined in Equation 2.38 constitutes
an approximation to the full likelihood of the model over the data. Nevertheless, this
formulation provides a powerful and computationally efficient framework for infer-
ring Potts model parameters while preserving the essential statistical dependencies
among residues. In particular, a crucial feature of this objective function is that it
factorizes over sites: ;
=Y
i=1
so that each ﬁfj{ depends only on the parameters {;,J;; : j # i}. This means that
the optimization can be performed independently for each site, naturally allowing
for parallelization of the learning problem. However, this site-wise optimization
introduces an asymmetry in the model: the coupling J;;(a,b) estimated from Kl()i]z
does not necessarily equal the value obtained from Eg}. In practice, symmetrisation
schemes are applied to the inferred parameters, typically by averaging:
Jijla.b) — (73 (a.b) + 7 (@),

so that the final parameters respect the symmetric nature of the Potts Hamiltonian.
It is worth noting that, unlike bmDCA, PImDCA does not enforce the empirical
frequency constraints explicitly during learning. Nevertheless, it can be shown ana-
lytically that pseudo-likelihood maximization is a statistically consistent technique:
in the large-data limit, the inferred parameters converge to the true ones, and the
corresponding model reproduces the observed one- and two-point statistics, thereby

ensuring compatibility with the maximum entropy construction [59].

In summary, PImDCA achieves a balance between tractability and accuracy. It
avoids the intractable partition function, admits efficient parallel optimization, and
yields parameter estimates that are asymptotically consistent. In practice, PImDCA
has proven to be both fast and accurate, and remains the most widely used inference
scheme in Direct Coupling Analysis. Among its applications, P-mDCA provides
the best-performing predictions of residue-residue contacts, making it the de facto
statistical learning (as opposed to deep learning) standard for structural inference
from sequence data.
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2.4.6 Autoregressive Inference

The main limitation of PImDCA, when compared to bmDCA, is that it does not
provide direct access to the exact full probability distribution in sequence space,
or to quantities that depend on the global normalization partition function, such as

single-sequence probabilities or entropy, which remain out of reach.

The autoregressive formulation of DCA (arDCA) presented in [26] addresses
this specific limitation by introducing an exact single-site factorization of the full
distribution. This particular factorization arises from the chain rule of probability:

1~

P(a) = P(a,’ ‘ at,y... ,a,-_l) . (241)

i=1
This representation of the full distribution guarantees that the model is properly nor-
malized and allows one to evaluate exact sequence likelihoods and related statistical
quantities. In practice, the energy functions of the true conditionals would not be of
a Potts-like form due to proliferation of interactions; however, arDCA approximates

each of them with a Potts-like Hamiltonian of the form:

exp( hi(a;) + X4 Tii(ai,a;
el (hita) +x i )) | o)
£y exp(hi(b) + ') Jij(b.a)

where a-; = (ay,as,...,a;—1). At this point, inference reduces to maximizing the
average log-likelihood of the alignment under this autoregressive model. From a
computational perspective, arDCA retains the tractability advantages of PImDCA:
inferring the model requires only local normalizations that can be performed in
parallel and sampling is straightforward. In particular, sequences can be generated
sequentially, one site at a time, by drawing the residue in each position from the
corresponding conditional distribution given the previously generated residues. This

makes arDCA efficient both for training and sampling.

It is important to emphasize that, compared to PImDCA, the approximation in
arDCA is of a different nature. On the one hand, pseudo-likelihood maximization ap-
proximates the joint probability by a product of single-site distributions conditioned
on the full context a\;, with the conditionals naturally taking a Potts-like form. On
the other hand, arDCA factorizes the joint probability exactly but constrains each

conditional to take a Potts parametrization, which naturally would be more complex.



2.5 Regularization and Sequence Re-weighting 35

The mathematical details on the differences between the two approximation schemes
are given in Appendix Section A.4. A direct consequence of the autoregressive
construction is that arDCA introduces an ordering of sites depending on the chosen
factorization from Equation 2.42, thereby breaking permutation invariance. The
couplings J;; can no longer be interpreted as symmetric direct interactions, but only
as directional coefficients that quantify how residues at earlier positions in the chosen
ordering influence the conditional distribution of later sites. The lack of permutation
invariance is the main theoretical drawback of arDCA. From a biological perspective,
it is difficult to justify the existence of an intrinsically optimal autoregressive order-
ing, and computing a de facto optimal one is exponentially complex. Nevertheless,
heuristic choices such as natural or entropic ordering, where the sequence order is
determined by the empirical variability of sites, have been proposed. In practice, the
performance of arDCA is relatively stable across different orderings, suggesting that
this limitation is of minor practical importance even if it remains an open theoretical

issue.

In summary, the autoregressive implementation of DCA provides a comple-
mentary approach to PImDCA. It yields a fully normalized probability distribution,
enables the computation of global statistical quantities, and allows for straightfor-
ward generative sampling. Its limitations lie in the dependence on sequence ordering
and the approximate nature of the conditional parametrization, but in practice these
effects appear to be small. At the same time, its generative performance has been
found to be comparable to that of bmDCA, while requiring substantially lower
computational cost, making arDCA a valuable extension of the DCA framework.

2.5 Regularization and Sequence Re-weighting

The inference of Potts models from multiple sequence alignments is challenged
by two fundamental issues. First, the number of available sequences is typically
small compared to the number of parameters of the model. For a protein family of
length L and alphabet size ¢, the generalized Potts model has & (quz) parameters,
which usually exceeds by far the number of statistically independent sequences in
the alignment. As a result, naive maximum likelihood estimation would overfit the
sampling noise, leading to unstable parameter estimates and poor generalization.

Second, the sequences in an alignment are not independent samples of evolutionary
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trajectories. They are related by common ancestry and reflect strong phylogenetic
correlations, as well as non-evolutionary biases introduced by sequencing efforts.
Consequently, some organisms may be overrepresented, while others are scarcely

sampled, distorting the empirical frequency counts.

In this section, we explore the two complementary strategies adopted in DCA
to overcome these problems. There are sequence re-weighting, which reduces the
impact of redundancy and phylogenetic bias, and regularization, which controls

overfitting by penalizing large parameter values.

2.5.1 Sequence re-weighting

Due to bias induced at the level of sequencing biological data, MSAs often contain
highly similar sequences from phylogenetically close organisms. If treated equally,
these sequences would dominate the empirical statistics, inflating the weight of
certain evolutionary branches. To mitigate this bias, a re-weighting scheme is
applied: each sequence receives a weight inversely proportional to the number of

similar sequences above a given identity threshold.

Formally, let Id(a™,a") denote the fraction of identical residues between two
sequences a” and a", also known as the normalized Hamming distance. For a

threshold x € [0, 1] (typically x ~ 0.8), the weight of sequence m is defined as
wi = |{n | ld@",a") >x}|"" . (2.43)

The effective number of independent sequences, or effective depth of the MSA, is
then

M
M= Y wn (2.44)
m=1

This quantity provides a more realistic measure of the information content of the

alignment. Weighted empirical frequencies are computed as

fila) = g2 wiy 8(a,a)

1 M - " (2.45)
fij(a7b) = Moy &m=1 Wm5(a7al~ )5(b,aj)

By construction, redundant sequences contribute less to the statistics, while more

diverse sequences are emphasized. This correction makes empirical frequencies
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more representative of independently evolved sequences and reduces phylogenetic
bias in subsequent inference. This re-weighting scheme plays an important role

when defining log-likelihoods such as that defined in Equation 2.26, which becomes

(({h,J}) = Z w"log P(a™) (2.46)

effm 1

2.5.2 Regularization

Even after re-weighting, the number of effective sequences is generally insufficient
to constrain all parameters of the Potts model reliably. To avoid overfitting, it is
therefore necessary to introduce a regularization, i.e. a bias towards small parameter
values that stabilizes the inference. The most common choice in DCA is the L2-
regularization, which penalizes large fields and couplings. In the case of pseudo-

likelihood maximization, one maximizes the penalized objective

(({n,JY) = tpr.({h,J}) thh 2~ Y Y Jijab), (2.47)

i<ja,b

where Aj, and A; are regularization strengths for fields and couplings, respectively.
This procedure is equivalent to introducing Gaussian priors on the parameters and
has the effect of shrinking them towards zero, thereby reducing variance at the cost
of a small bias. Moreover, in the absence of a specific gauge imposed a posteriori,
the choice of the regularization strength A;, A; effectively fixes the gauge, as shown
in Appendix Section A.3. Another form of regularization widely used in DCA 1is the
introduction of pseudo-counts in the empirical frequencies. This amounts to mixing

the observed frequencies with a uniform background,

fila)=(1-1) fila) + 2

: 2.48
Fitab) = (1) fisla,b) + 2. 5 o

where A € [0, 1] is the pseudo-count parameter [23]. This ensures that no frequency
vanishes, improving numerical stability in covariance estimation and mean-field
approximations. Regularization is thus indispensable to make Potts inference a

well-posed inverse problem.



38 Statistical Inference Models for Protein Sequences

Together, regularization and reweighting allow the approximate inference schemes
described in Section 2.4 to yield reliable estimates of Potts couplings, paving the
way for their applications in structure prediction and mutational effect modeling,

which will be discussed in the next Section.

2.6 Applications of Direct Coupling Analysis

The statistical inference schemes introduced in Section 2.4, complemented by the
practical corrections discussed in Section 2.5, yield estimates of the fields and
couplings of the Potts model that describe the sequence variability of a protein
family. Beyond their conceptual interest, these models have found a wide range of
applications in computational biology as they are built to capture the evolutionary
constraints that define the structural and functional dependencies that proteins must

satisfy in order to correctly fold and function within an organism.

Because of this, the earliest and most prominent application is the prediction
of residue-residue contacts in protein structures, which provided a breakthrough in
structural bioinformatics well before the advent of deep learning. More recently, Potts
models have been used as generative models to design synthetic protein sequences
and as predictors of mutational effects by comparing the statistical energies of wild-
type and mutant proteins. In this section, we discuss the main applications of Direct
Coupling Analysis: contact prediction, generative modelling, and mutational effect

prediction.

2.6.1 Contact Prediction

The first and most influential application of Direct Coupling Analysis has been
the prediction of residue—residue contacts in protein structures. The central idea is
that structural proximity leaves an evolutionary signature in the form of correlated
mutations across multiple sequence alignments. Before DCA was introduced, a
natural first attempt to quantify such correlations was by using the mutual information
(MI) between different columns of an alignment, defined as

fij (a7 b )

MI;; = Zb,fij(a,b) log W , (2.49)
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where fi(a) and f;j(a,b) are the empirical single-site and pairwise frequencies.
Mutual information measures how much knowing the residue at site i reduces the
uncertainty about the residue at site j. Although easy to compute and conceptually
appealing, MI does not disentangle direct correlations from indirect ones. For
instance, two sites may appear correlated simply because both are correlated with a
third position.

Direct Coupling Analysis was introduced precisely to overcome this limitation,
by inferring a global Potts model that explains the observed correlations while
distinguishing direct from transitive effects. The original scoring function proposed
in this context was the Direct Information (DI) [22], defined as the mutual information
computed from the two-site distribution generated by the inferred couplings. Since
this construction requires additional steps, we postpone its detailed derivation to
the appendix. Although DI provides a principled, gauge-invariant measure of direct
correlations, its computation requires solving an additional self-consistency problem
for every site pair, which makes it computationally expensive; for this reason, later
DCA pipelines have largely replaced it with simpler and faster scoring functions

such as the Frobenius norm.

Given the couplings J;;(a,b) inferred from the model, the Frobenius norm of the

coupling matrix provides a direct way to assign a scalar interaction score to each pair

(i, j):
Fj= [Y Jija,b)?. (2.50)
ab

Since the Frobenius norm depends on the chosen gauge, it is customary to fix the
parameters in the zero-sum gauge before computing scores. This choice is not
arbitrary: the zero-sum gauge is precisely the one that minimizes the Frobenius norm
of each coupling matrix J;;(a,b), leaving only the irreducible pairwise interaction
signal. As a result, scores obtained in this gauge are both comparable across site
pairs and free of redundant contributions that could otherwise be absorbed into the
fields.

While the Frobenius norm already provides a useful ranking of contacts, sys-
tematic background effects remain: highly conserved positions tend to accumulate

large scores regardless of whether they are in spatial contact. To correct for this, the
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Average Product Correction (APC) is applied:

(Zk Fik> <Zkaj>
i Fie '

Fl.jA.PC =Fj— (2.51)
This correction effectively removes global biases and highlights specific pairwise

signals.

In practice, the Frobenius norm combined with APC has become the standard
DCA score for contact prediction, due to its robustness and ease of computation.
Residue pairs with the largest corrected scores provide reliable contact maps that
have been successfully used to guide protein structure prediction. The quality of a
predicted contact map is typically quantified by the positive predictive value (PPV),
defined as the fraction of correctly predicted contacts among the top N ranked pairs
In the following chapters, this measure will be used to compare different inference
schemes and scoring functions. The alternative notations PPV(N) and PPV@N will
be used interchangeably, following common practice in the literature.

2.6.2 Generative Modeling

A key feature of Potts models is that they define a full probability distribution over

sequence space,

1

P(a) = 7 SXP (Zhi(ai) + ZJij(ai,aj)> , (2.52)
i i<j

where each sequence a = (ay,...,ay) is assigned a statistical weight. In the cases in

which the inference can be performed exactly, such as for bmDCA and arDCA, this

makes the model inherently generative: new sequences can be sampled directly from

the distribution P(a).

The generative potential of coevolutionary models was already recognized in
early work. In particular, the GREMLIN method was introduced in [60] as a
Markov Random Field model for protein families that learns by pseudo-likelihood
maximisation with L; regularisation. In this framework, novel sequences can be
generated by Gibbs sampling: at each step, a site i is chosen and resampled from its
conditional distribution given the rest of the sequence, P(a; | a;). While GREMLIN
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primarily used the generative distribution to assign likelihoods and discriminate
natural from random or functional from non-functional sequences, it demonstrated
that coevolutionary models capture the statistical constraints that shape protein
families, and thus can, in principle, be used to generate artificial but biologically
realistic sequences. More recent methods have expanded this idea. Among these,
in bmDCA [55], a Monte Carlo sampling approach is used explicitly to generate
ensembles of artificial sequences that reproduce the one- and two-point statistics of
the natural alignment. This generative aspect has been validated experimentally: in
particular, Russ et al. [25] demonstrated that bmDCA-generated sequences of the
enzyme chorismate mutase can fold and function in vivo. As already described in
Section 2.4, the autoregressive formulations of DCA (arDCA) [26] are also generative
by construction, since they model the sequence probability as a product of tractable

conditionals that can be sampled sequentially.

Regardless of their formulation, the quality of generative models can be assessed
by comparing statistical properties of generated and natural sequences. Among these,

the most informative quantity is the connected correlation

Cl](avb) :ﬁj<a7b) _fl(a)f](b) 5 (253)

which measures the statistical dependency between positions in the alignment beyond
what is expected from their independent conservation. A reliable generative model
should reproduce the connected correlations observed in the natural alignment,
ensuring that the ensemble of artificial sequences captures the same pairwise structure
as the data. Another common validation strategy is to project both natural and
artificial sequences onto the leading principal components of sequence space and
verify that their distributions overlap, indicating that the large-scale organization of
the family has been faithfully recovered. These validation procedures, along with the
autoregressive implementation of DCA that plays a central role in the second part of

this thesis, will be revisited and explored in greater detail in later Chapters 4 and 6.

In summary, generative modeling shows that Potts models do not merely describe
observed statistics, but also capture the underlying constraints that define viable
protein sequences. Next, we will see how these very same biological constraints can

be leveraged to evaluate mutations on existing proteins.
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2.6.3 Prediction of Mutational Effects

Mutations are alterations in the amino acid sequence of a protein, typically arising
from point substitutions in the underlying genetic code. At the molecular level, a
single substitution can have different consequences: due to redundancy at the level
of the codon-to-amino-acid mapping, it may be silent, leaving the protein structure
and function essentially unchanged; it may be deleterious, destabilizing the fold or
disrupting active sites; or it may even be beneficial, improving stability, activity, or
conferring new functions. Due to the fact that proteins operate under tight structural
and functional constraints, most mutations are expected to reduce fitness, and only
a small fraction are tolerated or advantageous. Understanding and predicting these
effects is central both to evolutionary biology and to applied fields such as protein

engineering and variant interpretation.

As mentioned before, a well-inferred statistical model of biological sequences
should capture the evolutionary constraints that shaped the variability observed
within a protein family. These constraints can then be leveraged to distinguish
sequences that are statistically compatible with the family from sequences that are
unlikely under the inferred model, providing a natural framework to evaluate the
effect of mutations. In the case of a Potts model, each sequence a is assigned a

probability
1
P(a) = ze_H @) (2.54)

where H(a) is usually referred to as the statistical energy of the sequence. This
terminology should be understood in a precise but limited sense. The quantity H (a) is
the effective Hamiltonian of the maximum-entropy model inferred from homologous
sequences, and therefore corresponds to a negative log-probability up to the additive
constant log Z. It should not be interpreted as a physical folding free energy, nor as a
direct thermodynamic free energy associated with a microscopic molecular system.
Rather, it measures how compatible a sequence is with the statistical constraints
learned from the natural family. Within this interpretation, the effect of a mutation
can be scored by comparing the statistical energy of the mutant sequence with that

of the reference sequence:

AE(a™ — a™) = f(a™!) — H(a™) (2.55)
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A positive AE means that the mutant has lower probability under the model than the
wild type, and is therefore less compatible with the evolutionary constraints encoded
in the MSA. Conversely, a negative AE indicates that the mutant is assigned a higher
probability by the model. The predictive power of this mutational score can be
evaluated against experimental data from deep mutational scanning (DMS). In these
high-throughput assays, libraries of single- or multiple-site mutations are expressed
and assayed in parallel, yielding quantitative measurements of the functional impact
of thousands of variants. The precise notion of functionality probed by DMS depends
on the protein family under study: in enzymes it may correspond to catalytic activity,
in binding domains to recognition specificity, or in structural proteins to stability.
For example, in the case of the TEM-1 f-lactamase, DMS experiments measure
the ability of variants to confer antibiotic resistance, while for viral surface proteins
such as influenza hemagglutinin they quantify binding and immune escape, and for
metabolic enzymes like chorismate mutase they assess catalytic efficiency [61-63].

DMS experiments thus provide an empirical map of the fitness landscape of a
protein, against which computational predictions can be directly benchmarked. Potts
models have been shown to achieve good agreement with DMS data across diverse
protein families [26, 64, 65]. This success can be traced to their epistatic nature.
Indeed, even just for single-site mutations (ay,...,q;,...,ar) — (ai,...,bj,...,ar),
the mutational score depends on the entire background of the wild-type sequence,
accounting for the fact that the effect of a mutation at one site depends on the state

of other positions in the sequence:

AE(a,' — bl’) = hi(a,-) — h,’(b,') + Z [J,-j(ai,aj) —Jij(b,',clj)} . (2.56)

J#
Simpler models that neglect epistasis, such as profile models that assume independent
sites, are able to capture conservation but fail to reproduce coevolution. Consequently,
profile-based mutational scores correlate much more weakly with experimental

measurements.

The predictive accuracy of Potts models is often comparable to, though generally
below, that of modern deep learning approaches. Methods such as DeepSequence,
which parameterize more flexible latent-variable generative models, can reach state-
of-the-art performance in DMS benchmarks. However, these models come at the
cost of interpretability, as the relationship between their internal parameters and

protein structure or function is less transparent than in Potts models.
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Beyond DMS validation, mutational scoring based on Potts models has been
applied in several related contexts. Examples include predicting changes in ther-
modynamic stability (AAG), distinguishing disease-associated variants from benign
polymorphisms, identifying specificity-determining residues in protein families, and
characterizing determinants of protein-protein interaction specificity. In addition to
static comparisons with DMS, Potts-based mutational scoring has also been extended
to model the outcome of directed evolution experiments, in which large mutant
libraries undergo iterative rounds of mutation, selection, and amplification. By
embedding statistical energies into a dynamical description of variant enrichment,
these models link mutational scores not only to endpoint fitness measurements but

also to the temporal trajectories of sequence populations under laboratory evolution.

In conclusion, Potts models provide a natural and interpretable framework to
quantify mutational effects from sequence data by leveraging the very same evo-
lutionary constraints used for structural modeling. Sequence variation can then
be connected to protein fitness, bridging the gap between statistical inference and

experimental measurements of function.

2.6.4 Other Applications

While contact prediction, generative modeling, and mutational effect prediction
represent the principal applications of DCA specifically relevant to this thesis, a
range of additional uses have been explored in recent years. These exploit the
ability of Potts models to capture coevolutionary dependencies not only within single
protein families but also across different biological macromolecules and functional

contexts.

One important extension is the study of protein-protein interactions [23]. In
particular, by building joint models over pairs of multiple sequence alignments,
coevolutionary couplings can reveal which proteins interact and identify the residues
in spatial proximity at their interfaces. Applications include bacterial two-component
systems, ribosomal proteins, and viral complexes such as the HIV Env glycoprotein
with CD4 receptors [22, 66—68]. Analogous strategies have been applied to protein-
RNA and protein-DNA systems, enabling the prediction of binding specificity and
interaction surfaces. The same principles have also been used for RNA families.

Coevolutionary analysis of RNA alignments can identify base-pairing partners and
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long-range contacts, aiding the inference of secondary and tertiary structures of
ribozymes, riboswitches, and other non-coding RNAs [69]. Within proteins, Potts
couplings have been used to detect networks of coevolving residues associated with
allosteric communication and long-range functional coupling [45, 70, 71]. They
also provide a means to identify specificity-determining residues that distinguish

functional subfamilies or paralogous proteins.

Finally, DCA-inspired models have also been explored in the context of phy-
logenetic inference. Standard phylogenetic methods typically assume independent
evolution at each site, an approximation that neglects the coevolutionary depen-
dencies uncovered by Potts models. By incorporating correlated substitutions into
evolutionary models, DCA-based approaches can, in principle, improve both the
accuracy of sequence simulation and the reconstruction of phylogenetic trees. Recent
studies have investigated how pairwise couplings can be integrated into substitution
models to account for correlated mutations, leading to more realistic evolutionary
dynamics [72]. Although still at an early stage compared to classical phylogenetic
approaches, these developments illustrate how information from Potts models may
be used not only to describe present-day sequence ensembles but also to refine our

understanding of their evolutionary history.

In summary, the scope of DCA extends well beyond its original applications. By
leveraging correlated variation across sequences, Potts models provide insights into
biomolecular interactions, functional networks, and evolutionary dynamics, making

them a versatile tool across many areas of computational biology.



Chapter 3

Protein Language Modeling and the
Attention Mechanism

In this chapter, we trace the historical sequence of models and architectures that,
starting from natural language processing, led to the development of the attention
mechanism and its application to protein analysis, now commonly referred to as
Protein Language Modeling. In particular, we focus on AlphaFold and the inner
mechanism at its core that will be the focus of our investigation in the following
chapter. We conclude by analyzing a recent work by Rende et al. [73] in which a
formal mapping between the generalized Potts model and the attention mechanism

is presented.

3.1 Natural Language Processing

Natural languages are complex systems that humans developed to communicate
and express meaning. Although we are far from a complete understanding of the
mechanisms at their origins, we can start with the assumption that they have emerged
organically over time, shaped by cultural and social dynamics rather than by explicit
design. As a result, they often exhibit irregularities, ambiguities, and exceptions,
but also an extremely vast event space, or space of possibility, which makes them
expressive enough to describe virtually any conceivable scenario or concept. This
stands in contrast to artificial languages, such as programming languages or formal

logic, which are deliberately constructed to be unambiguous and strictly rule-based.
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The complexity and flexibility of natural languages make them powerful for human
communication, but at the same time pose unique challenges when we try to model

them computationally [74].

Natural Language Processing (NLP) is the field of machine learning that takes on
this challenge. Its purpose is to design models that can interpret and generate human
language in a meaningful way. This broad aim is manifested in many concrete
tasks: predicting the continuation of a sentence, translating a text into another
language, identifying sentiment in a review, or summarizing long passages into
concise statements. All these tasks share a common requirement: the model must
capture both the local structure of language, such as the grammatical relationships
between neighboring words, and the global coherence that extends across longer
contexts, such as the consistency of meaning throughout an entire paragraph. From
a computational perspective, natural language can be described as a sequence of
symbols chosen from a finite vocabulary. Each sentence is one such sequence,
and the richness of language arises not from the symbols themselves but from
the patterns of dependency that connect them. These dependencies can be short-
range, as in subject—verb agreement, or long-range, as when the interpretation of a
pronoun depends on a noun introduced several sentences earlier. The task of NLP is
therefore to model probability distributions over sequences of words in such a way
that coherent, grammatical, and meaningful sentences are assigned higher likelihood

than incoherent ones [74, 75].

In the following subsections, we will review the first statistical and deep learning
approaches to this problem. As we will see, these early models exploited the
sequential nature of language and provided the foundations for modern NLP, but
they also carried structural limitations that would later motivate the introduction of

so-called attention mechanisms.

3.1.1 Early statistical and shallow models

The first attempts at computational modeling of natural language were grounded in
relatively simple statistical approaches. Among the most influential of these were
the so-called n-gram models, which represented language as a Markov process of
fixed order [76]. In such models, the probability of observing a word was assumed

to depend only on the previous n — 1 words. For example, a bigram model (n = 2)
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would predict each word solely on the basis of its immediate predecessor, while
a trigram model (n = 3) would extend the context to two preceding words. These
models were conceptually straightforward and easy to estimate from data, which
made them attractive in the early years of NLP. Yet the very simplicity of n-gram
models quickly revealed their limits. Language is rich in long-range dependencies,
such as subject-verb agreement across clauses or the use of pronouns that refer
back to nouns introduced much earlier in a text. Restricting context to a handful
of preceding words inevitably misses such relations. Furthermore, the number of
possible n-grams grows exponentially with n, which means that even with very large
collections of text, the majority of potential sequences will never occur in the data.
Various smoothing techniques, such as Laplace smoothing or the more sophisticated
Kneser-Ney method [76, 77], were introduced to alleviate this problem, but they
could not fundamentally overcome the locality assumption inherent in the n-gram
framework.

In parallel, other shallow representations were explored for tasks in which full
sequence modeling was not essential. A common approach was the bag-of-words
representation [78], in which a sentence or a document is described simply by the
set of words it contains, often encoded as frequency counts or binary indicators.
While effective for coarse tasks such as topic classification or sentiment analysis, this
representation discards word order entirely and is therefore incapable of capturing

syntactic or semantic structure.

Attempts were also made to move beyond shallow statistics by embedding
words into vector spaces that captured patterns of co-occurrence. Methods such as
Latent Semantic Analysis (LSA) [79] represented words and documents in a lower-
dimensional space derived from matrix factorization, providing the first glimpses
of semantic similarity in distributed representations. However, these approaches
remained fundamentally limited: they could capture general associations between
words, but not the sequential and hierarchical properties of natural language.

Taken together, these early statistical and shallow models established important
foundations for NLP. They demonstrated that useful patterns could be extracted from
large texts and that probabilistic reasoning could be applied to human language. At
the same time, their limitations, i.e. locality, sparsity, and lack of true compositional
structure, made it clear that more expressive models would be required to capture

the full complexity of language. This realization set the stage for the introduction
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of neural sequence models, which attempted to overcome these shortcomings by

modeling sentences as dynamic processes unfolding over time.

3.1.2 Neural sequence models before attention

The exploration of neural architectures provided more flexible representations of
sequential data. In particular, a first natural step was to represent sentences as ordered
lists of basic units, called tokens. Depending on the application, a token can be a
single character, a whole word, or a smaller subword fragment. Regardless of the
chosen level of granularity, tokens are drawn from a finite vocabulary, and a sentence
is described as a sequence of such tokens arranged in a particular order. Before being
processed by a neural network, tokens must be represented in a numerical form. A
straightforward option is one-hot encoding, where each token corresponds to a basis
vector of length equal to the vocabulary size. However, this representation is both
sparse and uninformative: all tokens are equidistant and no notion of similarity is
preserved. A more effective approach, adopted in most modern models, is to map
tokens into dense real vectors known as embeddings, whose dimensionality is usually
lower than the original vocabulary size. These embeddings are trainable parameters
that can be learned jointly with the model or pre-trained, and they capture semantic
relationships between tokens: words or symbols that occur in similar contexts are
mapped to vectors that lie close to each other in the embedding space. A notable
example is word2vec by Mikolov et al. [80], which introduced the idea of learning
embeddings by predicting the surrounding context of words in large text corpora.
This method showed that statistical regularities in raw text could be translated into
geometric structure in the embedding space, and it quickly became a cornerstone of
NLP. In this way, embeddings provide a continuous and compact representation of

discrete input symbols, serving as the natural starting point for sequence models.

Once language is represented in this form, the challenge is to design a model that
can process tokens one after the other while retaining information about what has
already been seen. This idea gave rise to Recurrent Neural Networks (RNNs) [81],
which became the first widely used neural sequence models in NLP. In an RNN,
each token is read sequentially, while the model produces an internal hidden state
that is updated at every iterative step. The hidden state serves as a memory of the

past, carrying forward contextual information as the sequence unfolds. Formally, the
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update can be written as
I’lt :f<WXt+Uhl_1+b) 5 (31)

where x; is the embedded token at position ¢ in the sequence, 4,1 is the previous hid-
den state, f is a non-linear activation function, and W, U, b are trainable parameters.
This recurrence makes it possible, at least in principle, to carry on information arbi-
trarily far in the past. In practice, however, learning long-range dependencies with
RNNs proved extremely difficult due to the well-known problems of vanishing and
exploding gradients during training. To address these difficulties, more sophisticated
recurrent units were introduced. The most influential were the Long Short-Term
Memory (LSTM) network and its simplified variant, the Gated Recurrent Unit (GRU)
[36, 82]. These architectures augment the basic recurrence with gating mechanisms
that regulate the flow of information, enabling the network to retain relevant signals
over longer spans while discarding noise. LSTMs in particular became the standard
choice in many NLP tasks throughout the 2000s and early 2010s, and significantly
extended the effective memory of recurrent models.

A further step forward came with the encoder-decoder framework, also known
as sequence-to-sequence (seq2seq) modeling [84]. In its original implementation,
which would later be enhanced with an early version of the attention mechanism
[41], a recurrent encoder reads an input sequence and compresses it into a fixed-
length vector representation. This latent representation is then decoded by a second
recurrent network into an output sequence, whose nature depends on the specific task.
Figure 3.1 presents a schematic overview of the seq2seq architecture. The encoder-
decoder paradigm proved highly successful in tasks such as machine translation,
where an input sentence in one language must be transformed into its equivalent
in another. Despite these advances, recurrent models retained several structural
weaknesses. Because tokens are processed sequentially, training and inference are
inherently slow and difficult to parallelize. Even with gating, capturing very long-
range dependencies remained problematic, as the influence of distant tokens decayed
with time. Finally, the encoder-decoder setup concentrated all information about the
input sequence into a single hidden vector, which often proved to be a bottleneck,

particularly for longer inputs.

These limitations made it clear that, while recurrent models represented an impor-

tant step beyond shallow statistical methods, they still fell short of fully capturing the
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Fig. 3.1 Encoder-decoder architecture for sequence-to-sequence modeling.
Schematic representation of the encoder-decoder seq2seq architecture used for se-
quence modeling. An input sequence (Xj,Xp,...,Xy) is processed by a recurrent
encoder that maps it into a fixed-length context vector ¢ = f(hy,h,,... hy). The
decoder, initialized with this context, generates the output sequence (yi,y2,---,Ym)
autoregressively, predicting each token based on the previously generated ones. The
(START) and (END) symbols indicate the beginning and end of the generated se-
quence. Source [83].

complexity of natural languages. The search for architectures that could overcome
these barriers eventually led to the introduction of the attention mechanism, which
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allowed models to directly access all parts of a sequence in parallel and without the
constraints of sequential recurrence. This development will be the subject of the next

subsection.

3.1.3 Attention

The notion of attention in machine learning was inspired by biological cognitive
attention in animals, i.e. the ability to concentrate on relevant stimuli while filtering
out those that are not necessary to produce an appropriate response. In the same spirit,
the attention mechanism in a neural network allows a model to focus selectively
on specific parts of its input while assigning less weight to other parts. Thus,
rather than treating all input positions as equally important, the model learns to
distribute its focus on different tokens depending on their relevance for the task at
hand. In the context of Natural Language Processing, such mechanisms make it
possible for syntactic and semantic relations to emerge more clearly, leading to richer

representations of sentence meaning [85].

Attention can be implemented in several ways. To fix ideas, it is useful to first
consider the case of self-attention, which is not historically the first formulation but
provides the clearest illustration of how attention works practically and will later play
a central role in the definition of the Transformer architecture. Self-attention relates
different positions of the same sequence in order to produce a new representation
that highlights the relative importance of each element with respect to the others.
Consider an input sequence of N tokens each embedded in a d-dimensional vector
space

X =[x1,....,xy] eER¥N x; e R?

A self-attention layer computes a row-stochastic matrix A € RV*V

, whose entry A;;
expresses how much the i-th element attends to the j-th one, i.e. how much attention
token x; should pay to token x;. Using this matrix, the input sequence is mapped to

a new representation that encodes the self-attention information:

N
yi= ) AijX;
=1

The key step is the computation of the attention weights A;;, which requires a measure

of similarity between x; and x;. In simple self-attention, this is achieved through a
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(scaled) dot product,
A= softmax(XWXT> ,

where W is a trainable parameter matrix learned by backpropagation, and the
softmax function is a non-linear activation function of the form
eMij

softmax(M);; = o (3.2)

As mentioned before, from a historical point of view, the first use of attention in
sequence models did not take the form of self-attention. It appeared within recurrent
encoder-decoder architectures, most notably in the additive attention mechanism
proposed by Bahdanau et al. [41], followed shortly afterwards by the multiplicative
(dot-product) variant. In these models, an attention layer was placed between
the encoder and decoder to provide a different context vector at every decoding
step. This is in contrast to what happens in the original seq2seq model, where the
context vector is fixed after the encoding phase and passed statically to the decoder.
Figures 3.1 and 3.2 show the differences between the two approaches, the original
seq2seq architecture and the attention-based version by Bahdanau et al. [41]. To
better explain this, consider the hidden states of the encoder and decoder RNN5s
h=[hy,...,hy] and s = [sy,...,sp], as defined in Section 3.1.2. In the most general

case, vectors h; and s; live in different vector spaces RY% and R%

respectively.
Moreover, the number of sequential encoding and decoding steps, N and M, depends
on the lengths of the input and output sequences, for which, generally, N # M as
in the case of text summarization or sentiment analysis. In this framework, at each
decoding step i, the decoder produces a context vector that depends on the previous
decoder hidden state s;_; and on the full set of encoder hidden states. Formally, the

context vector is defined as
N
C, = Z O h i
Jj=1

where the weights o; are the entries of an attention matrix & € RM*N | obtained by

normalizing a set of alignment scores:
o;j = softmax(f(si—1,h;)) . (3.3)

Here f is a small neural function (typically a feed-forward network) that scores the

compatibility between the previous decoder hidden state s;_; and each encoder state
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h;. The particular form of the neural function f distinguishes between additive and
multiplicative attention: in the first case, encoder and decoder states are combined
through additive interactions, whereas in the second case, the similarity is measured
directly through a dot product between hidden states. Despite their differences,
both mechanisms share the same principle: the decoder forms a context vector by
weighting the encoder states according to their relevance at each step of generation,

so that @;;; represents how much s; | attends to h; when predicting the next token.
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Fig. 3.2 Additive attention in encoder-decoder models. Schematic representation
of the encoder-decoder architecture with additive attention, as introduced by Bah-
danau er al. [41]. The encoder processes the input sequence (X;,Xz,...,Xy) into
hidden states (hy,hy, ... hy). At each decoding step ¢, the attention mechanism com-
putes alignment scores between the current decoder state s;_; and each encoder state
h;, producing normalized weights oy ; as described in Equation 3.3. These weights
define a context vector ¢; = ) 04 jhy, which summarizes the relevant information
from the input for predicting the next token y;. This dynamic weighting allows the
decoder to focus on different parts of the input sequence during generation. Source
[83].

These early formulations of attention, whether additive or multiplicative, trans-
formed the way encoder-decoder models processed sequences. By allowing the
decoder to access the entire set of encoder states dynamically, they overcame the
limitations of a single fixed-length representation and significantly improved perfor-
mance in tasks such as machine translation. At the same time, the alignment weights
introduced by attention provided a degree of interpretability, since they could be
visualized as soft mappings between input and output tokens. The success of these
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mechanisms suggested that attention could serve not merely as an auxiliary com-
ponent to recurrent models, but as the central operation of a new architecture. This
idea would soon materialize in the Transformer, which dispensed with recurrence

altogether and placed attention at the core of natural language modeling.

3.1.4 Attention as a soft dictionary

A unifying way to understand different formulations of attention is to think of them
as a soft dictionary retrieval system. This analogy becomes clear by comparing the
difference between hard and soft dictionaries. In programming languages, a hard
dictionary is an associative array composed of keys, each paired with a unique value.
To retrieve a value, a query is compared against the keys until a match is found,
and the corresponding value is returned. In contrast, a soft dictionary produces a
weighted combination of all values, with the weights determined by a measure of
compatibility between the query and each key. Formally, given a set of key—value

pairs {(k;,v j)}l}':l and a query q, attention returns

N
Y= Zfscore(qakj)vj ) (3.4)
=

where ficore 1S a similarity function followed by a normalization step, typically a

softmax that ensures the weights sum to one.

Although this interpretation was implicit in earlier attention mechanisms, the
query-key-value formalism was explicitly introduced by Vaswani et al. in the influ-
ential 2017 paper Attention Is All You Need [40]. In this work, the authors presented
the Transformer, an encoder-decoder architecture based entirely on attention and
self-attention mechanisms, which enabled efficient in-block processing of word
sequences. By dispensing with recurrence, the Transformer effectively solved the
major limitation of previous encoder-decoder models: the long training times im-
posed by sequential computation. Unlike RNN-based approaches, the Transformer
can be parallelized across all sequence positions, making training substantially faster.
In their formulation, attention for a single query takes the form

T

Attention(q,K,V) = softmax( 4

7 )v , (3.5)
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where K and V collect the keys and values in matrix form, and d is the dimensionality
of the key vectors. For an entire set of queries Q, the operation can be computed

compactly by means of matrix multiplications as

T

K
Attention(Q,K,V) = softmax( Q

Vd

This scaled dot-product attention uses a similarity score normalized by a softmax

)V . (3.6)

function, which converts the weights into a probability distribution and typically
produces sharp focus on the most relevant positions. The matrix formulation allows
for efficient implementation with linear algebra libraries and provides a high degree

of parallelization that resolves the training speed issues of earlier recurrent models.

The specific nature of queries, keys, and values depends on the task and model.
In the case of self-attention, all three are derived from the same input sequence

X € R%N_ through learned linear projections:

0=WyX ,
K=W¢X |, (3.7)
V=WX ,

where Wy € Réxd Wk € R4 and Wy € R44v are trainable parameter matrices. In
this way, the model can learn to highlight specific dependencies within the input
sequence. In natural language, however, multiple types of dependencies may coexist.
For instance, elements of a sentence are in relationship to each other through a wide
range of grammatical, syntactical, and semantic rules. To capture such heterogeneous
relations, Vaswani et al. proposed multi-head attention. In this design, input X is
projected into Q, K, and V multiple times through independent parameter sets
(Wh, WKh, W‘ﬁ’), one for each attention head 4 = 1,..., H. Each head produces its own
attention map, and the results are concatenated and projected through a final linear
layer to produce the output. This parallel mechanism enables the model to capture
different types of dependencies simultaneously, yielding richer and more expressive

representations.

In the following subsection, we will complete the introduction of attention in

NLP by presenting the implementation details of the Transformer architecture.
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3.1.5 Transformer

In the previous subsection, we introduced attention in the query-key-value formalism
and its extension to multi-head attention. The Transformer architecture, introduced by
Vaswani et al. in 2017 [40], is built entirely around these principles. By eliminating
recurrence and convolution, it relies exclusively on attention to model dependencies
within and across sequences, while still adopting the encoder-decoder framework
familiar from earlier sequence-to-sequence models. Crucially, the Transformer
operates block-wise: entire sequences are processed in parallel rather than token by
token, marking a fundamental departure from recurrent architectures and significantly

lowering the computational cost of processing a single sequence.

In a Transformer architecture, each encoder layer consists of two main com-
ponents: a multi-head self-attention mechanism and a feed-forward network, both
followed by residual connections and layer normalizations. Stacking multiple layers
of this type produces contextualized representations in which each token attends
to all other tokens, integrating both local and long-range dependencies in parallel.
The decoder is structurally similar but includes two key modifications. First, its
self-attention is masked, so that each position can only attend to earlier tokens in
the output sequence. This is essential during training, when the full target sequence
is available in parallel: without the mask, the model would have access to “future”
tokens and could simply copy them, defeating the purpose of autoregressive (or
masked language) modeling. The mask enforces causality, ensuring that the predic-
tion at step ¢ depends only on positions < ¢. Second, each decoder layer includes an
additional multi-head cross-attention block. In this module, the queries come from
the decoder states while the keys and values are provided by the encoder outputs,

enabling the decoder to condition its predictions directly on the input sequence.

Before entering the first encoder layer, input tokens are mapped into continuous
vectors in X € RV4 by an embedding layer, as introduced in Section 3.1.2. Due
to the block-wise nature of the query-key-value implementation of the encoder-
decoder architecture, a Transformer has no inherent notion of the order of the input
sequence. In particular, since all operations are performed by means of matrix
multiplications of the initial embedded input matrix, swapping its columns does
not affect the final output. Because of this, specific positional encodings must be
added to the embedded tokens. In the original formulation, positional encodings

were deterministic sinusoidal functions of the token index, designed to provide each
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position with a unique representation while allowing the model to infer relative
positions. Concretely, for feature i € {1,...,d} of the positional encoding and

position 7 in the input sequence, one defines P € RV¢ such that

sin (m) if i is even

) L , (3.8)
cos <W> if i is odd

Dit =

The sum of token embeddings and positional encodings X = X + P forms the input
to the model. In addition to attention, each Transformer layer contains a simple
feed-forward network applied independently to each position, typically consisting
of two linear layers with a ReLLU activation in between. Despite its simplicity,
this component expands the representational capacity of the model. Residual skip
connections around each sub-layer, combined with layer normalization, improve
gradient flow and stabilize optimization, enabling deep stacking of encoder and
decoder layers.
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Fig. 3.3 Schematic overview of the Transformer architecture. The Transformer
model, introduced by Vaswani et al. [40], is composed of stacked encoder and
decoder blocks that rely entirely on attention mechanisms rather than recurrence or
convolution. The encoder consists of a multi-head self-attention module followed by
a feed-forward network, with residual connections and normalization layers. The
decoder mirrors this structure, adding an additional attention layer that allows the
decoder to condition its predictions on the encoder outputs. Positional encodings
are added to the input embeddings to provide information about token order. Source
[83].

The training procedure follows the autoregressive principle. During training, the
entire target sequence is shifted by one position and fed into the decoder as input, a
technique known as teacher forcing. The mask ensures that each position is predicted
using only past context, despite the model having access to the full sequence in
parallel. At inference time, however, tokens must be generated sequentially: the
decoder produces one token at a time, and each prediction is fed back as input for the
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next step. A representation of the Transformer architecture is shown in Figure 3.3,
while Tables 3.1 and 3.2 contain an overview of the operations and parameters inside

the encoder and decoder layers of the Transformer.

This design brought several decisive advantages. By eliminating recurrence,
the Transformer achieves full parallelization during training, drastically reducing
training time compared to RNN-based models. Relying solely on attention, it
provides direct pathways for modeling long-range dependencies, unconstrained
by sequential processing. Finally, the explicit embedding and positional encoding
scheme gives the model flexibility to scale across tasks and vocabularies. The
impact of the Transformer was immediate and transformative: it set new standards
in machine translation, and in a few years became the foundation of virtually all
modern NLP systems, including large pretrained models such as BERT and GPT.
More importantly, it established attention as the central mechanism in deep learning.
In the next section, we will see how the same ideas can be adapted to biological
sequences, where attention provides a natural way to model co-evolutionary signals

in proteins.
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Table 3.1 Layer-wise overview of the Transformer encoder. The encoder block
processes an input sequence through multi-head self-attention followed by a position-
wise feed-forward network, with residual connections and layer normalization after
each sublayer. In the original Transformer architecture [40], the model dimension

satisfies d, = d, d

=d, = d/H, the softmax is performed on the second index of its

argument, and the encoder is composed of L = 6 identical layers stacked sequentially.

Stage Operation Parameters
Input Text [t1,12,. .. ,ty] with #; from vocab- —

ulary ¥
Tokenization t, —se[l,....|7] -
Embedding lookup Eenclsi] € Rd Eone € RI7Ixd
Positional encoding zl =X;+p; € R4 P € RV (fixed)
Attention input Z=z,...,zy) € RN

Query map

Key map

Value map
Self-attention

Heads concatenation
Multi-head attention
Add & Norm

Feed-forward
Add & Norm

Q" = ZW[ € RN

K" =ZW¢ € RV

Vh=ZW} e RN oy

Al = softmax( f )Vh € RN
C:[Al AH]ERNHd

MHA = CWO € RV

Y = LayerNorm(MHA + Z)
FF(Y) =ReLU(YW; + b, )Wz + by
Yone = LayerNorm(Y +FF(Y ))

Wl € R
W) € R
W) € R

Wo € RH4-d

’YI 5 ﬁ 1 € Rdo

Wy € Réedsr W, € Rsdo
%, B2 € R%
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Table 3.2 Layer-wise overview of the Transformer decoder. The decoder block
consists of masked multi-head self-attention, encoder—decoder cross-attention, and
a position-wise feed-forward network, each followed by residual connections and
layer normalization. As in the original Transformer architecture [40], the model
dimension satisfies d, = d, and the decoder is composed of L = 6 identical layers
stacked sequentially. During training, the output distribution at each position is
obtained by projecting the final decoder representation through a linear map whose

weight matrix is tied to the decoder embedding matrix, i.e. Wy, = E;;C.
Stage Operation Parameters
Input Target words [f1,...,fy] with 7; from -

vocabulary ¥
Shift [fl,...,fM] — [<Start>,f1,...,fM,1] —
Tokenization ti—siell,....|7]] -
Embedding lookup X; = Egec[si] € R4 Egec € R Ixd
Positional encoding z; =x+p; € R? P € RM4 (fixed)
Attention input Z=[zy,...,zy] € R4

Query map Q' = Zwihdee ¢ RM.di Wh dec ¢ R
Key map K" = ZWK’dec € RM-4 Wy’ dec & Rd
Value map Vi = zwhdec ¢ RM:dv Wh dec & Rd.dh
T
Masked self-attention MA”" = softmax( Q% + Minask ) V" {Wh dec WKh ydec Wé’ dec}
Multi-head attention ~ MHA = [MA!,...,MA"|Wwgec Wd“ € RHddo
Add & Norm Y = LayerNorm(Z + MHA) %, ﬁl € R

Cross-attention

MHA /55 = MHA(Y, Yenc) with 0
from decoder, K,V from encoder
outputs Yy

h,cross h,enc h,enc
{WQ ’ WK ’ WV }

Add & Norm ¥ = LayerNorm(Y +MHA os5) %, B € R%
Feed-forward FF(Y) = ReLU(YW; + b1 )Wo+by Wy € Rédrr Wy € Résrdo
Add & Norm Y4ec = LayerNorm (Y + FF(Y)) s, B3 € R%
Output softmax (¥, .cWim + bim) Wim € Ré%”| b e RI”
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3.2 Protein Language Modeling

The success of attention-based architectures across a wide range of natural language
processing tasks inspired a paradigm shift in computational biology: the treatment
of protein sequences as a language. In this section, we explore the analogies and
mappings between NLP and protein sequence analysis that motivated the develop-
ment of Protein Language Models (PLMs), setting the stage for breakthroughs such
as AlphaFold in protein structure prediction.

3.2.1 From languages to proteins

The idea that proteins can be treated as a language has become increasingly influential
in recent years. This analogy is motivated by the observation that protein sequences
share many of the properties that make natural languages amenable to modeling
with machine learning methods. Both are expressed as discrete symbols drawn from
a finite alphabet, both exhibit dependencies that span different ranges of context,
and both obey hidden rules that constrain what constitutes a valid sequence. Just as
words acquire meaning from their placement within a sentence, amino acids acquire

structural and functional roles from their context within a protein [35].

At the most basic level of this analogy, amino acids correspond to the words or
characters of a language. Protein sequences are then equivalent to sentences: ordered
lists of tokens that together convey meaning. A collection of related proteins, such
as a protein family, can be seen as a language, with its own characteristic “grammar”
defined by evolutionary and biochemical constraints. Within these sequences, short-
range dependencies reflect local biochemical interactions, just as in language, short-
range dependencies often encode grammatical rules. In proteins, recurrent patterns
of such local interactions give rise to secondary structures, analogous to recurring
phrases or idioms in natural language. Long-range dependencies, by contrast, connect
distant residues that fold together in three dimensions, much as semantic relations in
language can connect words that are far apart in a sentence. At a higher level, the
global meaning of a sentence corresponds to the overall structure and function of a
protein. In this mapping, grammar corresponds to the biochemical interactions that
constrain residue combinations, syntax reflects evolutionary constraints that shape
sequence variability, and semantics corresponds to the biological role and structural
realization of the protein [86, 87].



64 Protein Language Modeling and the Attention Mechanism

The analogy extends beyond representation to the level of tasks. Many of
the classical applications of NLP have natural counterparts in protein modeling.
Machine translation, which maps a sentence in one language to another, is analogous
to modeling interactions between proteins of different families, where information
must be exchanged between sequences with distinct “grammars.” Summarization,
which compresses long texts into concise statements, corresponds to extracting
recurring motifs or domains that capture the essence of a family. Classification
tasks, in which sentences or documents are assigned to categories, correspond to
the functional labeling of proteins, such as assigning enzyme classes or predicting
subcellular localization [86]. These mappings are not perfect, since proteins are
not designed for communication but are shaped by evolution and physics, yet they
provide a powerful conceptual framework for transferring modeling strategies from
NLP to biology.

The usefulness of this analogy has been supported by recent advances in protein
language models. Models trained solely on raw sequence data, without structural
supervision, have been shown to capture information about secondary and tertiary
structure, residue contacts, and even functional properties. This demonstrates that the
linguistic analogy is more than metaphorical: it reflects genuine statistical regularities
in sequence data that can be exploited for predictive modeling. In the following
subsections, we will examine how this perspective has led from early sequence
embeddings to large-scale Transformer models, and ultimately to AlphaFold, which
combines evolutionary information with attention mechanisms to achieve near-

experimental accuracy in structure prediction.

3.2.2 Early protein language models

The development of protein language models began with simple adaptations of
methods from natural language processing and gradually advanced toward more
sophisticated architectures. This progression illustrates how increasingly expressive
models were able to capture the complex dependencies within protein sequences,
moving from local statistical representations to large-scale pretraining strategies that

revealed structural and functional signals directly from raw data.

An early contribution was ProtVec, proposed by Asgari and Mofrad in 2015 [88],

in which protein sequences were decomposed into overlapping k-mers, typically
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with k = 3, and each fragment was treated as an elementary unit analogous to a word.
Using the word2vec algorithm described in Section 3.1, embeddings were learned
so that k-mers appearing in similar sequence contexts were placed close to one
another in the vector space. By averaging across all k-mers in a sequence, a global
representation of the protein could be obtained, which proved effective in tasks such
as family classification, enzyme function prediction, and subcellular localization
[88]. ProtVec established that proteins could be embedded into continuous spaces
much like words in natural language, but its representations were static and local:
every k-mer was mapped to the same vector regardless of context, and sequence-
level embeddings were derived by simple aggregation. As a consequence, order
information and long-range dependencies were largely lost, highlighting the need

for models capable of producing contextualized representations of entire sequences.

To overcome these constraints, recurrent neural networks were introduced as a
natural extension. By processing amino-acid sequences sequentially, they were able
to integrate contextual information over variable lengths. Bepler and Berger (2019)
presented a bidirectional LSTM framework trained with structural supervision, in
which the sequence encoder was optimized to predict structural similarity between
proteins [89]. The resulting embeddings captured information about secondary and
tertiary structure and proved useful across a range of downstream tasks, including
remote homology detection, contact prediction, and functional annotation. This work
illustrated the potential of contextualized protein representations and introduced the
idea of transfer learning within computational biology. Yet, as in NLP, recurrent ar-
chitectures remained limited by slow training, poor scalability to very long sequences,
and vanishing gradients that hindered the modeling of distant dependencies.

In parallel, generative approaches to protein modeling were developed in order to
estimate probability distributions over sequence families, merging deep learning and
statistical inference techniques. A prominent example is DeepSequence, introduced
by Riesselman et al. (2018), which applied variational autoencoders to multiple se-
quence alignments. By learning latent representations that captured the evolutionary
constraints of a family, the model could assign likelihoods to variants, and these
likelihoods correlated with mutational fitness data obtained experimentally [32]. This
connection established a statistical link between unsupervised modeling of sequence
variation and the functional consequences of mutations. Related autoregressive and
probabilistic frameworks extended this principle, reinforcing the idea that generative

modeling provides direct access to evolutionary information.
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The introduction of standardized evaluation benchmarks marked an important
step in consolidating progress. Rao et al. (2019) released the TAPE benchmark [37],
a collection of tasks designed to assess protein models across a variety of problems,
including secondary structure prediction, contact prediction, remote homology,
and fluorescence estimation. By providing a common reference, TAPE enabled
systematic comparison across embedding methods, recurrent architectures, and the
first Transformer-based models. Results showed that pretraining on large sequence
databases yielded representations that generalized well across tasks, even when

training objectives were as simple as masked language modeling.

These developments prepared the ground for the adoption of Transformers in pro-
tein modeling. Elnaggar et al. (2020) introduced the ProtTrans suite, which included
BERT- and GPT-inspired architectures trained on billions of sequences from UniRef
and BFD [90]. ProtBERT became a widely used resource, showing that masked
language modeling at scale could be applied directly to proteins. In parallel, Rao et
al. (2020) presented the ESM series, trained on hundreds of millions of sequences
[91]. These models revealed that structural features such as secondary structure,
residue contacts, and even aspects of tertiary organization emerged naturally from
sequence-only training. Interpretability analyses added further insight: Vig et al.
(2021) demonstrated that attention heads aligned with residue contacts, binding
sites, and post-translational modifications, while deeper layers encoded more global

structural and functional properties [92].

In summary, early protein language models evolved from shallow embeddings-
based models to recurrent and generative architectures, and finally to large-scale
Transformers. Each stage contributed to the growing realization that evolutionary
and structural information is encoded in raw sequence data and can be extracted
through appropriate models. This trajectory culminated in the integration of attention
with co-evolutionary analysis in AlphaFold, which transformed protein structure
prediction, effectively solving the protein folding problem from a computational

point of view.

3.2.3 AlphaFold

As previously described in the introductory Section 1.2, the problem of predicting

the three-dimensional structure of a protein from its amino-acid sequence, known as
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the protein folding problem, has been a central challenge in computational biology
for decades and, as such, has seen a wide variety of approaches and techniques to
solve it. Among these, classical approaches included homology modeling, which
builds structures by analogy to known templates; threading, which aligns sequences
to existing folds; and physics-based simulations grounded in molecular dynamics.
While each of these strategies achieved partial success, their accuracy and scalability
remained limited, particularly for proteins without close structural homologues. A
fundamental improvement came with the incorporation of evolutionary information,
as seen in Section 2.4. By analyzing correlated mutations across multiple sequence
alignments, co-evolutionary approaches such as Direct Coupling Analysis were able
to infer residue—residue contacts, which in turn guided structure prediction. This
statistical foundation provided the key signal that would later be integrated into deep

learning frameworks.
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Fig. 3.4 Schematic overview of the AlphaFold architecture. The model takes as
input a target sequence and a multiple sequence alignment (MSA) of homologous
proteins. These inputs are processed through the Evoformer blocks, which itera-
tively exchange information between sequence and pairwise representations. The
refined pair representation is then passed to the structure module, which predicts
the three-dimensional atomic coordinates of the protein. The architecture integrates
evolutionary information, geometric reasoning, and attention mechanisms into a
unified end-to-end framework for protein structure prediction. Source [19].

The first breakthrough in this direction was AlphaFoldl, presented by DeepMind
at CASP13 (Critical Assessment of Structure Prediction) in 2018 [18]. The model
combined deep residual convolutional networks with co-evolutionary features derived
from MSAs, predicting distance distributions between residues and assembling them
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into three-dimensional models. AlphaFold1 substantially outperformed competing
methods, marking the entry of deep learning into protein structure prediction. Yet,
the choice of using convolutional architectures left room for further innovation. That
innovation arrived two years later with AlphaFold2, unveiled at CASP14 in 2020
[19]. Shown in its schematic representation in Figure 3.4, AlphaFold2 represented a
complete redesign of the original architecture, with attention mechanisms at its core.
The central innovation lies in the Evoformer block, a module that processes two paral-
lel and interdependent representations. The first is the so-called MSA representation,
which encodes information across homologous sequences in a multiple sequence
alignment. To update this representation, the Evoformer applies attention operations
along both axes of the MSA: row-wise attention integrates information across dif-
ferent homologous sequences at the same residue position, capturing how variation
at a site is distributed in evolution; column-wise attention integrates information
along the length of each sequence, allowing residues at different positions to attend
to each other. In this way, the MSA representation combines two complementary
views: the vertical dimension, which reflects the evolutionary variability of each
site, and the horizontal dimension, which reflects dependencies between positions in
the sequence. Column attention is particularly significant, since it directly models
correlations between positions within a protein, analogous to the couplings extracted
by co-evolutionary analysis. It is precisely this mechanism that will form the focus
of the following chapter, where we connect it to Potts models in the formulation
of AttentionDCA. The second track of the Evoformer is the pair representation,
which is defined over all residue-residue pairs in the target sequence and can be
seen as an L X L matrix for a protein of length L. Each entry in this matrix stores an
embedding that encodes the current model’s belief about the relationship between a
pair of residues, including whether they are likely to be in spatial proximity. The pair
representation is updated through specialized operations that reflect the geometric
constraints of protein structures. Triangle updates and triangle attention layers ensure
that the interactions between residues i and j are informed by their relationships
with a third residue k, thus modeling the transitive consistency of residue triplets.
Information flows continuously between the MSA and pair representations: corre-
lations detected across homologous sequences are projected into pairwise residue
constraints, while pair-level updates feed back into the MSA embeddings. After a
series of Evoformer blocks, the refined pair representation is passed to a geometry

module that predicts three-dimensional coordinates, producing highly accurate struc-
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tural models. Figure 3.5 represents a schematic overview of the Evoformer block
inside AlphaFold 2.

48 blocks (no shared weights) ~

Fig. 3.5 The Evoformer block within the AlphaFold 2 architecture. The Evo-
former operates on two coupled representations: the multiple sequence alignment
(MSA) representation and the pair representation. Row-wise and column-wise atten-
tion update the MSA embeddings by integrating evolutionary and positional informa-
tion, while the pair representation is refined through triangle updates and attention
layers that encode geometric relationships between residues. Iterative communi-
cation between the two representations enables the model to infer residue—residue
couplings and build consistent structural constraints prior to 3D coordinate prediction
by the structure module. Source [19]

The impact of AlphaFold2 was transformative. At CASP14, it achieved near-
experimental accuracy for the majority of targets, effectively solving the long-
standing protein folding problem. The model has since become a widely used tool in
structural biology, enabling new discoveries across a range of applications. Subse-
quent work extended AlphaFold beyond monomeric folding. AlphaFold-Multimer
adapted the architecture for protein—protein complexes, while specialized variants
incorporated ligands, RNA, or designed proteins [93]. The most recent iteration,
AlphaFold3, further generalized the framework, combining the Evoformer core with
diffusion-based structure refinement and extending prediction to protein-ligand,
protein—nucleic acid, and multi-component assemblies [94]. These developments
indicate that AlphaFold is evolving from a folding engine into a general platform for

molecular modeling.

In summary, AlphaFold represents the culmination of decades of progress in
protein structure prediction, integrating evolutionary information, attention mech-
anisms, and geometric reasoning into a unified framework. At its core lies the
Evoformer, a Transformer-inspired block that iteratively processes multiple sequence
alignments and residue—residue representations, capturing evolutionary variation

and structural couplings in a coherent way. Within the Evoformer, column-wise
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attention is of particular importance: by modeling dependencies between positions in
a sequence, it serves as a modern reformulation of the statistical couplings extracted
by co-evolutionary analysis. This connection is central to the present thesis. In the
following chapter, we will analyze column attention through the lens of statistical
physics, showing how it relates to Potts models and how this analogy motivates the
formulation of AttentionDCA.

3.3 Attention and the Generalized Potts Model

The aim of this section is to establish a formal link between attention mechanisms and
statistical physics models, a connection that will provide the theoretical foundation
for the computational work of Chapter 4. In particular, we focus on the factored
form of self-attention, where the explicit dependencies on sequence positions and
residue identities are factorized. This variant of attention was first introduced by
Bhattacharya et al. (2020), who demonstrated that even a single factored attention
layer trained on protein multiple sequence alignments can recover residue—residue
contacts with remarkable accuracy [95]. The work presented in Chapter 4 can be
regarded as a direct extension of this idea. There, we analyze a single-layer factored
attention more systematically, compare the couplings it extracts to those obtained
from Direct Coupling Analysis, and further expand the model into an autoregressive
generative implementation. Almost concurrently, Rende et al. (2024) developed
the theoretical counterpart of this approach [73]. Their study showed that a single
layer of factored self-attention trained with site-wise cross-entropy, mathematically
equivalent to the pseudo-likelihood maximization used in Potts inference, can be
written exactly as a generalized Potts model with low-rank couplings. Beyond
establishing this equivalence, they employed replica methods to analyze the sample
complexity of attention layers, characterizing the conditions under which the learned

couplings recover the underlying statistical structure of the data.

In what follows, we review the main elements of this theoretical framework. Our
goal is not to reproduce the technical derivations in full, but to extract the key insights
that will allow us to connect factored attention to Potts models and to motivate the

formulation of AttentionDCA in the next chapter.
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3.3.1 Generalized Potts Model and Self-Attention

We begin by recalling the generalized Potts model formulation used in [73], which
is slightly different from the one used in Chapter 2. Consider a sequence of spins
s = (sy,...,s.) of length L, where each spin s; € R? is encoded as a one-hot vector
taking values in an alphabet of size g (for proteins, the 20 amino acids plus a possible

gap). The generalized Potts Hamiltonian is defined as

1 L
H(S) = —5 Z J,‘jSl-TUSj s (3.9)
i,j=1

where J € RE*L encodes the coupling between positions i and j, while U € R4 is a
similarity matrix that encodes interaction between colors. Without loss of generality,
we can drop the field term and neglect self-interactions by setting J; = 0. The
probability distribution over sequences is then given by the Boltzmann measure
P(s) o< exp [ — BH(s)], where fB is the inverse temperature. Sampling from this
distribution generates sequences that reflect the pairwise constraints encoded in the
couplings J;;. As discussed in Chapter 2, this is the statistical physics foundation of
Direct Coupling Analysis: one can infer the effective evolutionary constraints that
shape a protein family by fitting J;; to reproduce the statistics of a multiple sequence

alignment.

In Section 2.4, when dealing with Direct Coupling Analysis, we showed that
among the computationally feasible techniques to infer the parameters of the gener-
alized Potts model given a set of observed sequences, the pseudo-likelihood max-
imization (PLM) approach is one of the best in terms of computational efficiency
and accuracy. At its core, PLM amounts to learning the distribution of the i-th spin
si conditioned to the remaining elements of the sequences sy;. In the context of
natural language modeling, this strategy is usually referred to as Masked Language
Modeling (MLM). In a Transformer architecture, or even in a simple self-attention
layer, training by means of MLM implies masking one or more tokens and letting
the model predict the missing elements. Thus, what in statistical learning is known
as pseudo-likelihood inference corresponds exactly to masked language modeling in

machine learning, the two being different perspectives on the same training principle.

Let us now consider a simple self-attention mechanism, characterized by learn-

able query, key, and value mappings Q,K,V € R%“. The output of a single layer is a
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distribution given by:

L exp [(Et—l—p,')TQTK(OtESj—f—pj)}
S Y exp[(Et+p) QK (aEs +p;)]

Pi(s\;) = V(Es;+ap;)

(3.10)

~

exp|q; k;]
—T Vj
j=1 Y exp [qi kl]

In this notation, each spin s; is embedded onto a more informative vector space
through the linear mapping E € R%¢ and added to a positional encoding op j» where
« is a parameter that regulates the relative importance of embedding and positional
encoding. Spin s; is masked by token t, so that the model can predict it without
knowing it beforehand. The output of the self-attention layer p; can be mapped to a

probability distribution over the possible colors of input s; by choosing d = g.

Rende et al. tested this setup by training a one-layer Transformer on sequences
sampled from a generalized Potts model, with a binary symmetric positional inter-
action matrix J;; € {0,1} and a color similarity matrix with i.i.d. Gaussian entries
Ugp ~ A (0,1). Training was performed by stochastic gradient ascent on the cross-
entropy loss

1 & ¢
L ==7). ) siclogpic(s) - (3.11)
i=1c=1
They showed that the resulting attention maps recover the original interaction matrix
J, albeit with some blurring. This recovery improves when three consecutive layers
are used, in which case the average of the attention maps of the final two layers

aligns more closely with the true interactions.

These results highlight both the potential and the limitations of vanilla self-
attention when applied to data generated by a generalized Potts model. A single
layer can already recover non-trivial information about the interaction structure, and
stacking a few layers improves the correspondence with the ground truth couplings.
However, the recovery remains approximate, and the learned attention maps tend
to be blurred representations of the underlying matrix J. This raises the question
of whether a more constrained parametrization of attention could capture the Potts
interactions more faithfully. In the next subsection, we turn to the factored attention
formulation, where positional and color dependencies are explicitly separated, and

where the connection to Potts models becomes exact.
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3.3.2 Factored Attention

As mentioned earlier, the factored self-attention variant was first introduced by Bhat-
tacharya et al. (2020) as a way to analyse the inner workings of attention layers
inside Transformers and Evoformer blocks. In their work they showed that even a
single layer of factored attention, when trained on protein families, could recover
contact maps comparable to those obtained from Potts models in the Direct Cou-
pling Analysis framework. This provided the first concrete evidence that attention
mechanisms and Potts couplings are closely related.

Rende et al. later formalized this connection by proving that a factored attention
layer can be written exactly as a Potts model. Starting from Equation 3.10, one
obtains the factored form by using one-hot encodings for positions, setting the
embedding matrix to the identity E = I, fixing the masking token to t = 0, and
taking o = 0. Under these assumptions, the probability distribution simplifies to

A (s
Pla(s\z) - Z Y, eXp[(QTK)il] (Vsj)a = j;AlJ(VSJ)a ) (3.12)

J=1

where A is the attention matrix and V' acts on residue identities. The crucial point
is that setting & = 0 decouples positional and color degrees of freedom: positional
interactions are encoded in A, while residue compatibilities are encoded in V.

This new form of attention coincides with the conditional distribution of the

pseudo-likelihood approximation to the generalized Potts model,

exp (ﬁ Zﬁ:lfij(USj)a>
Y..exp <ﬁ Y iU Sj)c>

psia=1]sy) = ; (3.13)

by identifying U =V and BJ = A. Under the same assumptions as before, they
showed that this implementation of factored attention recovers the interaction matrix
almost perfectly. Moreover, since the masked-language-modeling objective coin-
cides with Potts pseudo-likelihood, all statistical properties of the latter are inherited
by the former. Because of this fact, factored attention enjoys statistical consistency,
meaning that in the limit of infinitely many samples, the inferred parameters con-
verge to their true values. Rende et al. went further in their analysis by computing

the sample complexity of self-attention using replica methods and validating the
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predictions against numerical experiments. They showed that the model displays the
characteristic double descent curve of generalization error in deep neural networks,
highlighting the overfitting regime of the model.

In recent years, factored attention has proved useful well beyond protein mod-
eling, finding applications in computer vision and in the modeling of quantum
many-body systems. This breadth further underlines its role as a versatile and

principled architecture that bridges machine learning and statistical physics.

This closes the historical and logical series of ideas introduced in this chapter:
starting from the analogy between natural languages and proteins, through the
development of attention mechanisms and Transformers, and culminating in their
formal connection with generalized Potts models. In the next chapter, we build on
this theoretical groundwork and present a computational study of factored attention
in practice. In particular, we introduce AttentionDCA, an extension of classical direct
coupling analysis designed as a tool to analyze the behavior of attention layers in the
context of protein structure prediction.



Chapter 4

AttentionDCA: Interpretable
Attention-based Direct Coupling
Analysis

The previous chapters established the statistical foundation of Direct Coupling Anal-
ysis and the role of the attention mechanism in protein language models. To exploit
the interpretability of the former and the predictive power of the latter, a natural devel-
opment is to map simplified single attention layers onto DCA formulations. Among
these, the factored attention model introduced by Bhattacharya et al. represents a

particularly transparent case [95].

In this chapter, we present our own implementation of factored attention, which
we refer to as AttentionDCA, to emphasize its connection with the statistical physics
tradition of DCA methods. In particular, our contribution lies in systematically
analyzing its performance and extending the modalities of contact prediction so as to
explicitly link the attention mechanism to protein structure prediction. Moreover, we
generalized AttentionDCA to the first instance of DCA multi-family inference, and
adapt it into an autoregressive generative model.

The results discussed in this chapter highlight AttentionDCA as a minimal but
informative architecture. Its reduced complexity, interpretability through attention
matrices, and capacity to integrate information across families make it a useful bridge
between classical DCA approaches and the transformer-based deep learning models

that dominate current protein structure prediction.



76 AttentionDCA: Interpretable Attention-based Direct Coupling Analysis

The content, figures and tables presented in this chapter are based on the material
from the paper “Direct Coupling Analysis and the Attention Mechanism” [42],
adapted and expanded for the purposes of this thesis.

4.1 Implementation

In this section, we present the different implementations of AttentionDCA, starting
from the reformulation of the standard factored attention introduced by Bhattacharya
et al. and moving to the novel multi-family and generative versions. Throughout the
section, we will define the computational tools and benchmarking metrics that will
be used in the Results section to analyze the model.

4.1.1 Standard version

In line with the DCA formulation introduced in Chapter 2, sequences of a protein
family are represented by a Multiple Sequence Alignment (MSA) and modeled as

independent samples from a Boltzmann distribution,

1
P(a) = e 1), @.1)
where a = (ay,...,ar) denotes a sequence of length L, with each position g; taking

values in an alphabet of size g = 21 (the 20 natural amino acids plus the gap symbol),
and Z is the partition function enforcing normalization. The inverse temperature f3 is
set equal to one, implying its dependence inside the parameters of the Hamiltonian.
The latter is defined as

H(a) :—Zjij(ai,aj)_zhi(ai); 4.2)

i<j i

where J € REXEX9%4 is the coupling tensor and & € RE*? are local fields. As a
modeling choice, motivated by the empirical focus on contact prediction, we omit
explicit local fields and concentrate on the coevolutionary signal encoded in pairwise
interactions. In a fully general Potts model, local fields and couplings are not
uniquely defined, and part of the single-site contribution can be redistributed into

the pairwise tensor by exploiting gauge freedom. In the factored attention model,
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however, the pairwise tensor is constrained by the attention parametrization, so this
redistribution is not guaranteed to preserve the same functional form. The absence
of explicit fields should therefore be understood as a simplifying assumption of the

model, rather than as a completely general gauge choice.

In standard DCA, the interaction tensor encodes both positional and amino
acid information, capturing the evolutionary constraints of a protein family. After
inference, the amino-acid degrees of freedom are integrated out through the Frobenius
norm of the interaction tensor, leaving purely positional information that acts as
a proxy for the direct coevolutionary signal and for the physical contacts in the
three-dimensional structure. Experimentally, the number of relevant contacts scales
linearly with the length of the sequence, whereas the interaction tensor grows as
O(L?). This suggests that the effective coevolutionary signal may admit a low-rank
representation. The factored attention mechanism introduced by Bhattacharya et al.
provides a natural realization of such a decomposition. In addition, the separation
between positional and amino-acid degrees of freedom allows for a more direct

proxy for contact prediction, as we describe below.

To implement the factored attention, the coupling tensor is parameterized as

H
Jij(ab) =Y softmax(QhKhT> vk (4.3)

h=1 e
where 0", K" € REX? are the query and key matrices, and V* € R9% is the value
matrix, in one of the H attention heads that collectively build the tensor J. Here
Q" and K" encode positional degrees of freedom that are family-specific, while
V" captures amino acid interaction features. The softmax operation is performed

row-wise, yielding the attention matrix
Al = softmax (QhKhT) , (4.4)

whose entries represent the self-attention between residues along the sequence, and
satisfy ) jAf.‘j = 1 for each position i. The form of Equation 4.3 can be interpreted as
a low-rank factorization of the Potts coupling tensor, where attention heads define a
structured decomposition of positional and amino-acid interactions. This mirrors the

general multi-head self-attention mechanism of Transformer architectures, and in
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particular the column-attention layer of the Evoformer block in AlphaFold, which

explicitly models coevolutionary constraints in an MSA.

Inference of the parameters is carried out by maximizing the pseudo-likelihood
of the model, equivalent to a Masked Language Modeling scheme in NLP (see
Sections 2.4.5 and 3.3.2). For an MSA D = {a’"}M , of depth M, with a set of

reweighting coefficients {w”},_, such that }, w™ off the pseudo-likelihood
reads
1 M L
J|D w"lo P(am ame> (4.5)
UID) = 3y X Yow o (a[af
1 M L
:M ZZW Z-Iz] ai;, ] —log ZGXP<ZJ,] )
eff j=1i=1 J#i a=1 JF#i
To prevent overfitting and aid the optimization, we add an L2 regularization term,
LUID)=ZUD)-2 Y, Ji(a,b). (4.6)
I,j,a.b

The nonlinear decomposition of the interaction tensor resulting from Equation 4.3
makes the optimization landscape highly non-convex. Because of this, the maximiza-
tion procedure is therefore much more challenging than that of PImDCA or arDCA.
We use stochastic gradient ascent with an ADAM optimizer on mini-batches of fixed
size in order to better navigate the likelihood landscape.

Once the parameters have been inferred, residue-residue contacts are extracted
from the model. In standard DCA methods, the interaction strength between sites i

and j is quantified by the Frobenius norm of the symmetrized coupling tensor

Zﬂab . Jijla,b) = (Jijla,b) +Jji(b,a)) . (4T)

To correct for spurious correlations due to background effects, an Average Product
Correction (APC) is applied to the Frobenius scores. Ranking all site pairs (i, j)
by their corrected F;; produces a list of predicted contacts. This contact extraction
scheme was used in Bhattacharya et al. [95] to compare a factored attention layer
with Direct Coupling Analysis. However, in the context of AttentionDCA, an

alternative scoring scheme can be defined directly from the attention matrices. By
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averaging the attention matrices over the H heads and symmetrizing,
< h
A=Y symm(Al-j) , (4.8)
h=1

we obtain the attention score (AS), which can be used in place of the Frobenius score
(FS). This definition is both simpler and more directly connected to the underlying
mechanism of the model, as it bypasses the construction of the full R%%4:4 coupling

tensor. In Section 4.2.2, we compare the predictive accuracy of these two approaches.

The quality of contact prediction is assessed against experimental structures
deposited in the Protein Data Bank (PDB). Following established practice, two
residues are considered in contact if the distance between any heavy atoms is less
than 8 A, provided that |i — j| > 6 so as to exclude trivial local contacts along the
sequence. The accuracy of the predicted contacts is quantified by the Positive
Predictive Value (PPV), defined as the fraction of true contacts among the top n
predictions: PPV (n) = TP(n)/n. Throughout this thesis, we use the standard notation
PPV @n to denote PPV (n).

Due to the non-convex nature of the optimization and the use of stochastic
gradient ascent, individual inference runs produce slightly different coupling tensors
and attention matrices. This variability introduces noise in the contact predictions.
To mitigate this effect, we aggregate multiple runs. Specifically, for Frobenius scores,
we define the final contact score for a pair (i, j) as the maximum score obtained
across all realizations. Averaging over roughly twenty runs is sufficient to obtain
robust and reproducible predictions. As shown in Section 4.2.2, this procedure yields
stable PPV curves and reveals a consistent set of core contacts that are reliably
predicted across runs.

4.1.2 Multi-family version

A long-standing goal in protein modeling is that of designing inference schemes
that can capture signals from multiple protein families simultaneously, in order to
generate sequences that reproduce selected structural and functional traits. In the
context of shallow statistical inference techniques, a first step in this direction would
be introducing a DCA model capable of multi-family learning. However, standard

DCA formulations are not suited to this task. Since both the coupling tensor J and
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the local fields 4 depend explicitly on the family, there is no natural way to identify a
common set of parameters across unrelated multiple sequence alignments of different
lengths. Each protein family must therefore be analyzed independently, even though
many of the biochemical constraints shaping amino acid interactions can be thought

of as universal, only depending on the underlying physicochemical interactions.

The factored attention implementation of DCA offers a natural solution. In
particular, in Eq. 4.3 the value matrix V € R?7 does not depend on the length of the
family and, in principle, it can be shared across different families. In Bhattacharya et
al. it is shown that a set of value matrices learned in a protein family can be frozen
and used during the learning of Query and Key matrices for another protein family,
resulting in comparable accuracy in tasks such as contact prediction. Expanding
their work, we introduce a novel multi-family model in which the value matrices are

directly learned across multiple families simultaneously.

Formally, given Np protein families, each corresponding to an MSA Dy € RLrMr,
we define a multi-family pseudo-likelihood as the sum of the single-family likeli-
hoods:

Np

Zr = le 2y ({Q},K}.V"}.Dy), (4.9)
where each single-family likelihood is given by Equation 4.6. Here, the set of
parameters { Qﬁi, K?} is family-dependent and can be used to extract the contact score
for each MSA, while {V"} are shared across all families and act as the parameters
coupling together each single-family pseudo-likelihoods. To allow parameter sharing,
each family must use the same number of attention heads H, so that the dimensions
of {V"} are compatible across the dataset. Inference is performed by maximizing
Eq. 4.9 using the same stochastic optimization scheme as in the standard case, with
ADAM updates applied simultaneously to the shared {V”} and to the family-specific
(04.K%).

The advantage of the multi-family setup is that the V/* matrices are learned from
a broader set of MSAs, thereby capturing amino acid interaction patterns that are
not tied to a single family. In principle, this allows families with limited sequence
depth to benefit from information learned from larger or related families, while still

retaining family-specific structural signals in their Q" and K matrices.
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4.1.3 Autoregressive version

As discussed in Chapter 2, the autoregressive formulation of DCA (arDCA) was
introduced to overcome one of the main limitations of inference through pseudo-
likelihood, namely the lack of direct access to the full probability distribution and
the consequent difficulties in using the model generatively. In arDCA this issue
is addressed by the exact factorization of the full probability P(a) into a product
of conditionals, enabling both efficient evaluation and straightforward sampling of

novel sequences.

A similar autoregressive strategy can be adopted within the AttentionDCA frame-
work, extending the implementation described in Section 4.1.1 into a generative

version. The starting point is the autoregressive decomposition

L
P(a):P(al)HP(ai|a1,...,a,;1), (410)
i=2
which expresses the sequence probability as a product of single-site conditionals.
To enforce this causal structure in the Hamiltonian in Equation 4.2, we apply a
lower-triangular mask to the interaction tensor, such that a position i can only interact
with positions j < i. Formally,
Zle softmax(QhKhT)l.j Vahb, i>],

J,-j(a,b): (411)

0, i<

This modification makes sequential sampling from left to right possible, in close
analogy with the masked self-attention mechanism introduced in Chapter 3 in the
context of the Transformer architecture.

In section 2.4.6, we mentioned that a direct consequence of the conditional factor-
ization in Equation 4.10 is that the inferred couplings no longer represent symmetric
direct interactions, as in standard DCA. Instead, they encode the dependencies be-
tween a site and those that come before it along the amino-acid sequence. For this
reason, contact prediction cannot rely on the Frobenius score of the coupling tensor.
Instead, we follow the approach introduced in Trinquier ef al. and define the epistatic
score (ES), which quantifies the non-additive contribution of simultaneous mutations

in two different sites. For positions 7, j in a wild-type sequence a, mutating a; — b;
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and a; — b; yields
AAEij(bi,bj> = AE(CZ,‘ — bi,aj — bj) — AE(ai — b,‘) — AE(aj — bj) R 4.12)
where AE denotes the energy change associated with a mutation:

AE((ll‘—>bi) :E(al,...,bi,...,aL)—E(al,...,a,-,...,aL) =

(4.13)

The resulting quantity AAE;; replaces J;; in the construction of the epistatic score
by means of its average-product-corrected Frobenius norm, thus providing a contact
score for the autoregressive model. Importantly, this definition is robust with respect

to the choice of the reference sequence, as already observed for arDCA.

Beyond contact prediction, the autoregressive formulation turns AttentionDCA
into a fully generative model. Sampling proceeds sequentially from Eq. 4.10, drawing
one residue at a time from the learned univariate conditional distributions P(a;|a;).
The resulting artificial MSAs can be directly compared to natural ones by examining
their statistical properties, such as single-site frequencies, two-site connected corre-
lations, or principal component projections. These benchmarks, already introduced
in Chapter 2 for arDCA, will be revisited in Section 4.2.4 to assess the generative

performance of the autoregressive AttentionDCA.

4.2 Results

AttentionDCA, in its standard, multi-family, and autoregressive versions introduced
in the previous section, was evaluated on a set of protein families whose structural
data is available in the Protein Data Bank (PDB). Each family is represented by a
multiple sequence alignment (MSA) of variable length and depth, spanning a wide
range of effective sequence diversity. A summary of the datasets along with the
results of various AttentionDCA implementations can be found in Table 4.1.

The analysis is organized around two main tasks. First, we assess the accuracy
of contact prediction, comparing the Frobenius norm, the Attention Score, and the
Epistatic Score introduced for the autoregressive version. Second, we investigate the
generative capabilities of the autoregressive formulation by comparing the statistical
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properties of the generated MSAs to those of their natural counterparts. Both tasks
are evaluated against established benchmarks in literature: experimental contact
maps from crystallographic structures for the first, frequency counts and principal

component statistics for the second.

The results are presented in four parts. We begin with an analysis of the parameter
space and the role of hyperparameters, emphasizing the relation between compression
ratio and contact prediction performance, in Section 4.2.1. Then, we compare the
contact prediction accuracy of AttentionDCA with standard DCA methods, focusing
on both the Frobenius and Attention scores, in Section 4.2.2. The structural signal
encoded in attention heads is analyzed in Section 4.2.3, highlighting the sparsity of
the information carried by individual heads. Finally, in Section 4.2.4 we evaluate
the generative performance of the autoregressive version, assessing both contact
prediction via the Epistatic Score and the statistical similarity between natural and
artificial MSAs.

4.2.1 Parameter reduction and hyper-parameters

The training of AttentionDCA requires setting both learning- and model-related
hyperparameters. The former include the learning rate, the mini-batch size, and
the number of training epochs. In our implementation, we adopt a learning rate of
1 =5 x 1073 and a batch size of n;, = 1000. The number of epochs depends on the
depth of the MSA, as reported in Table 4.1. These values were chosen empirically to

ensure stable optimization across protein families.

More relevant to the model’s expressive power are the structural hyperparameters
that define the low-rank factorization of the interaction tensor, namely the number
of attention heads H and the inner dimension d of the query and key matrices in
Equation 4.3. In principle, both H and d can be tuned independently, but their effect
is better understood in terms of the total number of parameters they define. For
AttentionDCA, this is given by

Nattentionpca = 2HLd + Hg? | (4.14)
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where g = 21 is the alphabet size. For comparison, the number of parameters in

PImDCA is
L(L—1)

2
which scales quadratically with sequence length L. We can define a compression

NpimpCA = ¢+Lg (4.15)

ratio relative to PImDCA as a convenient measure of parameter reduction.

_ NAttentionDCA _ 2HdL+Hq2
r NP]mDCA L(L— 1)q2/2+Lq 9

(4.16)

We observe that contact prediction accuracy depends primarily on the compression
ratio rather than on the individual values of H and d. At fixed c,, the performance of
the model remains essentially constant across different choices of H and d, provided
H is sufficiently large to stabilize training. Figure 4.1 illustrates this behavior for three
representative families (PF00014, PF00076, PF00763), where PPV@L, PPV@3L/2,
and PPV @2L remain stable across different (H,d) combinations yielding the same
compression ratio. This indicates that the number of effective parameters, rather than

their particular arrangement, governs the quality of inference.

At very small numbers of heads (H < 10), the performance deteriorates, as
optimization tends to stall at suboptimal stationary points. Conversely, increasing
the total number of parameters indefinitely does not lead to progressively better
predictions: when AttentionDCA approaches the parameter count of PImDCA (¢, —
1), its accuracy decreases. Likely, this is a consequence of the non-convex nature of
the likelihood landscape, which makes the optimization increasingly difficult as the
number of parameters grows. Overall, we identify an optimal compression regime
< 0.20, where AttentionDCA achieves stable and accurate

~J

in the range 0.05 < ¢,

contact prediction with a substantial reduction in parameter count.

4.2.2 Standard and multi-family contact prediction

In standard DCA, the consolidated method for contact prediction is to compute the
Frobenius norm of the inferred and symmetrized interaction tensor. To improve
the accuracy of the prediction, the parameters are initially mapped into a zero-sum
gauge, which minimizes the Frobenius norm, and successively average-product
corrected, so as to smooth out global biases in the MSA. Pairs of residues (i, j)
are then ranked based on increasing Frobenius score (FS), resulting in a list of
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Fig. 4.1 PPV@L, 3L/2 and 2L (blue, orange and green curve respectively) for
different values of the compression ratio r for families PF00014, PF00076 and
PF00763 respectively in panels A), B) and C). In each plot, the compression ratio
is held constant while the Positive Predicted Value is calculated across different
inference runs with varying numbers of heads H. Since the compression ratio is
fixed, for each value of H there is a corresponding value of d given by inverting
Equation 4.16 at fixed c,. Source [42]

increasingly likely contacts. In order to evaluate the accuracy of the prediction,
predicted contacts are compared to experimentally known structures of the protein
family under study, producing a Positive Predicted Values (PPV) as a function of the
number of predictions. Alternatively to this classic way of doing contact prediction,
the factored attention implementation of Equation 4.3 suggests another way of
determining the contacts of a protein family by averaging the positional-dependent
attention heads and symmetrizing the result, as shown in Equation 4.8. After the
average-product correction, the attention score (AS) thus defined can be used as a

contact score and compared to the standard Frobenius score.

As mentioned in Section 4.1.1, the non-convexity of the optimization landscape
produces an intrinsic noise during learning, which can be smoothed out simply
through different realizations of the same inference. In particular, in the case of
the FS contact prediction, for each position pair we defined a merged score as
the maximum score through all realizations as in F;; = max{F},F;...,F//}. In
the case of the AS contact prediction, the average of the attention matrices from
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each realization is sufficient to produce a robust score. Varying the number of
the realizations m, it can be seen that a threshold of m = 20 is enough to return a

consistent contact prediction.

Figure 4.2 compares the PPV curves obtained with AttentionDCA to those from
PImDCA (black curve), taken as a benchmark, for three representative families
(PF00014, PFO0072, PFO0763). Gray curves correspond to an ideal predictor that
identifies all and only true contacts, while the red and blue curves represent the
FS PPV from single and merged realizations of AttentionDCA, respectively. The
compression ratio ¢, between AttentionDCA and PImDCA was fixed at 0.2. For
all families, the agreement with PImDCA is strong, with only minor fluctuations
visible in the single-run curves. These results must be understood in light of the
considerable parameter reduction: while PImDCA is a state-of-the-art method for
contact prediction among shallow statistical models, reproducing its accuracy with
only 20% of the parameters is a significant result in itself, independently of the
additional advantages that will be discussed below.

Concerning the multi-family learning, its results are consistent with those ob-
tained in the single-family setting. This indicates that the shared Value matrices
capture essential biochemical signals across different families without compromising
the accuracy of family-specific contact prediction. Complemented by the analysis of
Bhattacharya et al., this supports the view that amino-acid interaction patterns can
be considered largely universal and shared across different domains, whereas the

family-specific features are encoded separately in Query and Key matrices.

This setup not only preserves the accuracy of single-family models, but also
highlights the flexibility of AttentionDCA in integrating diverse protein family data,
offering an efficient alternative for multi-family protein analysis. The dark and light
green curves in Fig. 4.2 represent the PPVs obtained from multi-family training,
performed in parallel across all families using a fixed number of heads H = 128 and
adjusting the inner dimension d to match the 20% compression ratio used in the
single-family simulations. The shown curves are obtained through the Frobenius
score computed on the J;; tensor which is given by Equation 4.3 and parameters
{Q},K},vh}hzlwﬂ for f = {PF00014,PF00072,PF00763}.
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Fig. 4.2 Positive Predicted Value Curves for families PF00014, PF00072,
PF00763 respectively. Each plot compares PPVs computed through the Frobe-
nius Score (FS) and the Attention Score (AS), in particular: PImDCA with FS
(black curve); merged- and single-realization of AttentionDCA with FS (red and
blue curves respectively); Multi-Family AttentionDCA with merged- and single-
realization (green and yellow curves respectively); AttentionDCA with AS (orange
curve). The gray curve represents the PPV of an ideal model that predicts all and
only positive contacts, hence it depicts the prediction of the full structure of the
family. Source [42]

4.2.3 Attention heads

In Chapter 3, we discussed the rise of the attention mechanism in Natural Language
Processing as a tool to learn functional relationships between elements of a dataset
and to produce encoded representations. In Protein Language Modeling, deep
learning architectures such as MSA Transformer or AlphaFold exploit variants of
the attention mechanism to disentangle the physical and evolutionary constraints
among homologous sequences. The formal analogy between factored self-attention
and classical Potts models, described in Section 3.3.2, and the results shown in
Fig. 4.2 suggest that the attention heads inside the interaction tensor J;; should
capture structural information that can be compared to the contact map obtained

from the average-product corrected Frobenius norm of the full interaction tensor.

By analogy with NLP, one might expect each attention head to specialize in a
particular secondary or tertiary structure, much like Transformer heads specialize
in specific semantic relations in a sentence. In practice, however, this expectation
is difficult to verify in the case of proteins. The lack of an obvious one-to-one
correspondence between the variety of possible structural motifs and the number
of heads, and the fact that heads derived from Eq. 4.3 are intrinsically asymmetric,
complicates their direct interpretation. Rather than analyzing each head separately a



88 AttentionDCA: Interpretable Attention-based Direct Coupling Analysis

posteriori, it is therefore more practical to average all heads into a single attention

matrix, as in Eq. 4.8.

The averaged attention matrix can be used to extract structural information either
in the form of the Attention Score (AS) or by direct visual comparison with the
experimental contact map of the family under study. Figure 4.3 illustrates this
comparison for families PFO0014, PFO0072, and PFO0763. In the contact maps, blue
and red dots represent positive and negative predictions, while gray dots show the
actual crystallographic structure. Conversely, the heat maps of the averaged attention
matrices are displayed in grayscale, with the experimental contacts indicated in red.
The maxima of the attention matrix (darker dots) align with the known contacts,
demonstrating that AttentionDCA effectively focuses on the structural determinants
of the protein family. Although the specialization of individual attention heads
is difficult to interpret, an important observable property is the sparsification of
structural information within each head. In practice, only a small fraction of the
largest entries in each attention matrix is sufficient to recover contact prediction
accuracy comparable to that obtained from the full matrices. This is illustrated
in panel C of Figure 4.3, which shows a sparse attention matrix constructed by
retaining only the k = L highest elements from each head. The resulting heatmap still
highlights the relevant structural contacts, indicating that the essential information

captured by AttentionDCA is concentrated in a sparse subset of attention weights.
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Fig. 4.3 Various contact maps for families PF00014, PF00072, PF00763. A) Con-
tact map built from the Frobenius Score applied to the interaction tensor inferred by
AttentionDCA. Blue and red dots represent positive and negative predictions respec-
tively, while gray dots reproduce the structure of the family. B) Grayscale heat map
of the averaged attention matrix built using Equation 4.8, from the {Qh, Kh} h=1,..H
matrices by AttentionDCA. C) Grayscale heat map for the sparse attention matrix
constructed by maximizing over the k highest elements from each head, using k = L,
cf. Supplementary Material Sec. G. Both in B) and C) structural information is
depicted in red. Source [42]

4.2.4 Generativity

The autoregressive formulation of AttentionDCA introduced in Section 4.1.3 enables
the model to be used as a generative architecture, capable of sampling artificial
MSAs that reproduce the statistical properties of natural protein families. In this

section, we assess its performance both in terms of contact prediction, using the
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epistatic score defined in Eq. 4.12, and in terms of generativity, by comparing the

statistics of natural and generated alignments.

Panel A of Figure 4.4 shows PPV curves for three representative families
(PFO0014, PFO0072, PFO0763). The black and red curves correspond to PImDCA
(FS) and arDCA (ES), which serve as benchmarks, while the blue and green curves
show the single- and merged-run implementations of autoregressive AttentionDCA
with the epistatic score. The yellow curve represents an alternative strategy in which
artificial MSAs generated by AttentionDCA are fed back into a non-generative
model (PImDCA or standard AttentionDCA) to compute a Frobenius Score. This
indirect approach yields among the most accurate predictions within the generative

framework, and also serves as a test of the model’s sampling quality.
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Fig. 4.4 Results from Autoregressive AttentionDCA applied to families PF00014,
PF00072 and PF00763. For each family, the panels show the PPV curves and the
connected two-site correlations. A) The plots on the left compare the PPV curves
from PImDCA (FS, black curve), arDCA (ES, red curve), with the single- and
merged-realizations of AttentionDCA with ES (blue and green curves respectively)
and the PPV from the FS of PImDCA applied to a Generated MSA sampled from
Autoregressive AttentionDCA. The gray curve represents the PPV of an ideal model
that predicts all and only positive contacts, hence it depicts the prediction of the
full structure of the family. B) The plots on the right show a comparison between
the two-site connected correlations of the natural and artificial MSAs generated by
Autoregressive AttentionDCA and arDCA (blue and red dots respectively). Source
[42]

The generative capabilities of autoregressive AttentionDCA are further evaluated
by comparing summary statistics between natural and artificial MSAs. Panel B in
Figure 4.4 shows the two-site connected correlations, with a Pearson correlation
coefficient close to one, confirming that the model reproduces pairwise statistics

with high accuracy. A complementary perspective is provided by Principal Compo-
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nent Analysis (PCA): Figure 4.5 compares the leading components of natural and

generated alignments, showing a close overlap for both arDCA and AttentionDCA.
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Fig. 4.5 Principal Component Analysis on protein families PF00014, PF00763
and PF13354. Comparison between natural data and artificial data generated by
using arDCA and AttentionDCA. Source [42]

The analyses of correlations and principal components confirm that, provided
enough data are available, the autoregressive AttentionDCA 1is capable of generating
realistic protein-like sequences. However, for many of the families listed in Table 4.1,
the contact prediction obtained from the epistatic score falls significantly below that
of the Frobenius score from the standard version or of PBmDCA. This discrepancy
can be traced back to the fact that autoregressive inference requires a sufficiently
large number of independent sequences. In general, when the effective depth Mg
of an MSA is reduced below a certain threshold, the statistical signal becomes too

weak and the contact prediction accuracy of DCA models decreases. The exact



4.3 Conclusion and Perspectives 93

threshold is model dependent, with different DCA variants displaying different levels

of robustness to M. degradation.

Figure 4.6 illustrates how contact prediction accuracy decays as a function of Mg
for families of different lengths. PImDCA shows the highest robustness, maintaining
reliable predictions even for Mq¢ < 1000. By contrast, the autoregressive version
of AttentionDCA deteriorates rapidly when Mg < 2000. As a result, its accuracy
on shallow families such as PF00595, PF13354, or PFO0035 is intrinsically worse
than that of PImDCA or of the standard AttentionDCA. This observation highlights
a key limitation of the generative extension: while it offers interpretability and the
ability to sample artificial sequences, its applicability is restricted to sufficiently deep
MSA:s.
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Fig. 4.6 PPV @L for different M. Computed using PImDCA (FS), arDCA (ES),
AttentionDCA (FS) and Autoregressive AttentionDCA (ES). Families PF00014,
PF00076, and PFO0763 are shown. Source [42]

4.3 Conclusion and Perspectives

In this chapter, we introduced AttentionDCA, our in-house DCA implementation of
factored attention, and explored its performance across a variety of protein families.
The model was analyzed in its standard formulation, in a multi-family generalization
where the value matrices are shared across alignments, and in an autoregressive
extension that enables generative sampling. The results obtained from these three
implementations provide a comprehensive picture of the strengths and limitations of
attention-based statistical models for protein sequences.

The first key finding is that the standard version of AttentionDCA achieves
contact prediction accuracies comparable to PImDCA, despite using only about 5 —
20% of its parameters. The Frobenius and Attention Scores produce similar results,

with the latter offering a more direct and interpretable link between the attention
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mechanism and structural contacts. The multi-family version extends this framework
further by demonstrating that value matrices can be shared across unrelated families
without loss of accuracy. This observation supports the interpretation of the V
matrices as encoding biochemical signals that are largely universal, while the O
and K matrices remain responsible for capturing the family-specific evolutionary

constraints.

The autoregressive version of AttentionDCA provides a bridge to generative
modeling. By enforcing a causal masking of the couplings, the model can sample
novel sequences and reproduce the main statistical features of natural alignments,
including amino acid frequencies, connected correlations, and principal compo-
nent distributions. Contact prediction in this framework is based on the epistatic
score, which, although less robust than the Frobenius or Attention Scores, provides
a meaningful way to extract pairwise interactions from an autoregressive model.
The comparison with arDCA confirms that attention-based architectures can be
successfully adapted as a generative architecture.

Alongside these strengths, the analysis has also revealed important limitations.
Optimization in AttentionDCA is non-trivial due to the non-convexity of the like-
lihood, requiring multiple runs and aggregation strategies to obtain stable predic-
tions. Moreover, the autoregressive formulation shows a strong dependence on
the effective depth of the MSA. While PImDCA retains reasonable accuracy for
alignments with Mg < 1000, the autoregressive AttentionDCA deteriorates rapidly
when Mg < 2000, resulting in poor performance on shallow families. This sensi-
tivity restricts the applicability of the generative extension to protein families with
sufficiently deep sequence coverage.

Taken together, these results highlight the strength and the challenges of attention-
inspired statistical models for proteins. On the one hand, they offer parameter
efficiency, interpretable attention maps that can be directly related to structural
contacts, and the possibility of sharing interaction priors across families. On the other
hand, they face optimization difficulties and exhibit limitations in low-data regimes.
These trade-offs suggest natural directions for future work. A first perspective is
to better understand and interpret the universal information contained in the value
matrices, relating it to the biochemical properties of amino acids. A second is to
enrich the architecture with additional layers that mimic the logic of AlphaFold and

Transformer-based architectures while remaining fully interpretable. An example
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of this would be including embedding layers before the factored attention module.
In this sense, AttentionDCA should be seen not as a step towards larger black-box
models, but rather as a methodological contribution that extends the statistical physics
tradition of protein modeling while retaining transparency and interpretability at its
core.
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Chapter 5

Applications and Extensions of
Attention-Based Direct Coupling
Analysis

In this chapter, we explore possible applications of AttentionDCA beyond its use as
an interpretability tool. In particular, we focus on how the structure of its parametriza-
tion, and the resulting flexibility with respect to standard DCA models, can be ex-
ploited in settings where different sources of information can be decoupled, such as

in protein-protein interaction analysis or paralog matching.

In the second part of the chapter, we consider a concrete example in which
AttentionDCA 1is used as an interaction score within a paralog matching framework,
following recent collaborative work with the Laboratory of Statistical Biophysics at
EPFL [96].

5.1 Decoupling and Flexibility in AttentionDCA

In Chapter 4, AttentionDCA has been introduced and analyzed as an interpretable
parametrization of the attention mechanism in terms of Direct Coupling Analysis,
following previous theoretical and experimental work [73, 95]. Beyond its inter-

pretability, the structure of the parametrization induces a form of decoupling that
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provides additional flexibility from a modeling perspective, enabling a range of

extensions and applications.

As discussed previously, the DCA coupling tensor can be expressed as a sum
over attention heads,

s SINGMD
Jij(a,b) Z (a,) =Y A}/’ Vy s (5.1)
h=1 h=1
where Agl) encodes positional dependencies and Va(g ) describes amino-acid inter-

actions. This factorization separates positional and compositional contributions,
inducing a structured decoupling of the interaction tensor. In contrast to standard
Potts models [23], amino-acid interaction patterns are shared across positions, while
positional specificity is encoded independently through the attention maps, resulting

in a low-rank and structured parametrization of the couplings [73, 83, 95].

A further level of structure is provided by the decomposition over attention heads,
defining additive components Jl.hj to the full interaction tensor, similarly to what has
been explored in Hopfield-Potts models [97, 98]. Although this decomposition does
not, in general, lead to an automatic specialization of different heads, it provides
a natural set of latent channels through which different interaction patterns can be

represented and, if needed, controlled.

This structure becomes particularly relevant in systems where the interaction
tensor itself can be decomposed into distinct contributions. Consider a sequence
composed of two interacting segments, denoted o and f3, for which the interaction

tensor can be written as
J=J%% 4 gBB 4 joB 4 g (5.2)

corresponding to intra- and inter-segment interactions. While this decomposition is
not explicitly enforced in the standard AttentionDCA formulation, the head-based
parametrization makes it possible to align different components of the model with
these different interaction terms, for instance by associating subsets of heads with

specific parts of the interaction tensor.
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5.1.1 Subdomain Decomposition and Controlled Decoupling

A concrete realization of controlled decoupling in AttentionDCA has been explored
in the unpublished Master’s thesis of A. D’Urso (EPFL), where the model is applied
to paired protein sequences composed of two interacting domains o and f3. The sys-
tem under study consists of histidine kinase-response regulator (HK-RR) pairs [99],
a prototypical example of interacting protein families in bacterial two-component
signaling. The dataset consists of multiple sequence alignments of concatenated
sequences a = (a%,aP) = (af,... ,ag‘a,afaH - ,a€a+Lﬁ), constructed so as to pre-
serve the pairing between interacting partners across species. In this setting, the
statistical signal encodes both intra-domain constraints within each protein and

inter-domain coevolution between the two partners.

For such systems, the interaction tensor can be decomposed as in Eq. 5.2, where
J%% and JBA correspond to intra-domain contributions, while J ap — jBa (o inter-
domain ones. Although standard AttentionDCA does not explicitly enforce this
decomposition, it can be induced by partitioning the set of attention heads into
disjoint subsets associated with different interaction components. Denoting by .75,
%73 B and 7, B the subsets of heads assigned to each contribution, one can consider

a parametrization of the form

ijab)= ¥ s @b+ ¥ i@+ Y g @) 653)
he Ay he%ﬁ he%ﬁ

In practice, this separation is enforced through two complementary mechanisms.
(h)
ij

blocks of the sequence, so that each subset of heads operates exclusively on axa, B3,

First, the attention maps A;;’ are constrained to have support only within predefined

or a3 interactions. Second, the total likelihood function is decomposed as
cf:gaa-l-gﬁﬁ +Zaﬁ +$ﬁa7 (5.4)

and the different contributions can be selectively optimized or weighted, aligning the

structure of the model with that of the interaction tensor.

An example of this construction is shown in Fig. 5.1, where inter-domain con-
tact predictions obtained from the standard AttentionDCA model and the domain-
decoupled version are compared. In the standard implementation, the model is
trained on the full concatenated system with H = 100 heads, shared across both intra-
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Fig. 5.1 Contact prediction for interacting domains in the histidine kinase-
response regulator (HK-RR) system. (a) Domain-decoupled AttentionDCA model
with H;,; = 60 heads dedicated to inter-domain interactions. (b) Standard Atten-
tionDCA model with H = 100 heads shared across all interaction components. In
both cases, only inter-domain contacts are shown and used to compute the perfor-
mance metric. Gray points denote true contacts, blue points correctly predicted
contacts, and red points false positives. The decoupled model achieves comparable
performance (PPV@50 ~ 0.78 vs 0.82) while producing a representation that is
aligned with the block structure of the interaction tensor. Adapted from Fig. 4.13 of
the unpublished Master’s thesis of A. D’Urso.

and inter-domain interactions. As a result, the model is effectively required to extract
the inter-domain signal from a representation in which all interaction components are
mixed. In contrast, the decoupled model employs Hj, = 60 heads explicitly assigned
to inter-domain interactions. Despite the reduced number of parameters dedicated to
the interaction term, the decoupled model achieves a comparable quality of contact
prediction (PPV @50 ~ (.78 vs 0.82), while producing a representation that is more
directly focused on the relevant interaction block. It is important to note that, for the
evaluation of the standard version shown in Fig. 5.1 (b), only inter-domain contacts

are retained and used to compute the Positive Predictive Values (PPV) metric.

This comparison suggests that part of the capacity of the standard model is redun-
dantly distributed across interaction components and must be implicitly reallocated
during inference. By introducing explicit structural constraints, this capacity can be

more efficiently concentrated on the relevant part of the interaction tensor.
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These results show that, while AttentionDCA does not automatically disentangle
different components of the interaction tensor, its parametrization provides the
necessary structure to enforce such a decomposition when appropriate constraints
are introduced. More generally, this illustrates how the modularity of the model
can be exploited to impose explicit structural assumptions on the interaction space,
enabling a controlled factorization of the coupling tensor in systems with multiple

interacting components.

5.2 AttentionDCA in CLAPP: Class Pooling for Para-
log Matching

In this section, we consider a concrete application of AttentionDCA to the problem
of paralog matching, arising from a collaboration with the Laboratory of Statistical
Biophysics at EPFL. We first introduce the CLAPP (Class Pooling for Paralog
Matching) framework, which formulates paralog matching as a class-level inference
problem. We then describe how AttentionDCA can be used as an interaction score
within this setting. Finally, we discuss how the structure of the attention-based
parametrization naturally suggests extensions in which class-level information could
be incorporated directly into the model. The content and figures presented in this
section are based on the material from the paper "Partner determination from protein

sequences using class information" [96], adapted for the purposes of this thesis.

5.2.1 Paralog Matching and Coevolutionary Inference

Protein-protein interactions play a central role in most cellular processes, making
their systematic identification a key problem in molecular biology. While exper-
imental approaches provide high-quality interaction data, they remain costly and
incomplete, motivating the development of computational methods capable of infer-

ring interaction partners directly from sequence information.

In many protein families, the presence of multiple paralogs within the same
organism introduces an additional layer of complexity. Gene duplication events give
rise to sets of homologous sequences that can evolve distinct functional roles, often

leading to specific pairing preferences between members of interacting families. As
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a result, the identification of interacting partners requires resolving a combinatorial
matching problem, in which multiple candidate pairs coexist within each species
[100-102].

A classical strategy to address this problem exploits genomic proximity, based
on the observation that interacting proteins are often encoded by nearby genes,
particularly in prokaryotes [103]. While effective in some cases, this approach is
limited to specific organisms and does not capture the full diversity of interaction
networks. More generally, sequence-based methods provide a broader framework
by leveraging the coevolutionary signal encoded in protein sequences. Interacting
proteins evolve under shared selective constraints, and compensatory mutations at
their interfaces lead to statistical dependencies that can be detected from multiple

sequence alignments.

Within this framework, coevolutionary models such as Direct Coupling Analysis
(DCA) have been widely used to define interaction scores between candidate pairs
[22, 104, 105]. Given a concatenated alignment of sequences from two families, a
statistical model is inferred and used to assign a score quantifying the compatibility
of two sequences under the model. Paralog matching can then be formulated as an
assignment problem, in which, for each species, one seeks the optimal one-to-one

pairing between members of the two families.

Despite their success, these approaches present important limitations. The in-
teraction scores are often noisy, especially in regimes with limited data or weak
coevolutionary signal, and must be used to resolve a combinatorial matching problem
within each species. In the absence of additional structure, the assignment relies
entirely on these pairwise scores, making it sensitive to ambiguities between com-
peting matches. This suggests that incorporating additional sources of information,
when available, could help constrain the inference problem. In particular, if interac-
tion specificity is organized at a higher level, for instance through class-dependent
interactions, this structure can be exploited to reduce the effective complexity of the
matching problem.

5.2.2 Class Pooling in CLAPP

CLAPP is based on the hypothesis that protein families can be partitioned into classes

such that interactions are largely determined at the class level. More precisely,
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sequences belonging to a given class in one family preferentially interact with
sequences from specific classes in the partner family. When such a structure is
present, the matching problem can be reformulated in terms of interactions between
classes rather than between individual sequences. The method does not rely on a
specific a priori definition of classes; rather, the class structure is defined depending
on the system under study. In particular, it can reflect biological organization, such
as functional or structural subclasses, or be obtained through statistical procedures,

as in the case of clustering in principal component space.

Once the definition of the classes is determined for the given system, the matching
problem can be reformulated by introducing a matrix S of dimensions C4 x Cp, where
C4 and Cp denote the number of classes in the two families. Instead of determining a
permutation between individual sequences, the model infers a class-level assignment,

thereby reducing the dimensionality of the problem.

For a dataset comprised of candidate paired sequences a = (a®,a®) from families

A and B, we define the cost matrix C € R *Cs a5

C., = M_ §(on=0a)8(t,=Db)I(a™)P(a™)
ab — ZmS(Gm:a)5(Tm:b) 5

(5.5)

with I(a™) the interaction score of paired sequence a” and P(a") = 1/ny(, a
within-organism prior, where n,,) is the number of paralogs in organism s(m). This
construction corresponds to pooling interaction scores across all pairs of sequences
assigned to the same pair of classes, effectively aggregating information across

organisms.

The matching problem is then formulated as the minimization of

Cy Cp

Z Z CabSab (5.6)

a=1b=1

under the constraints Y, S,, = B, and };, S, = A,. In the case C4 = Cp, choosing
As =1/C4 and B, = 1/Cp leads to a scaled permutation matrix at the class level,

which can be efficiently obtained using linear programming.

Once the class-level assignment is determined, it provides a global constraint
that can be used to guide the matching at the sequence level. In this way, CLAPP

replaces a collection of independent matching problems with a single structured
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inference problem in a reduced space, whose dimensionality is determined by the

number of classes rather than by the number of sequences.

The effectiveness of this approach relies on the validity of the underlying hypoth-
esis: when interaction specificity is organized at the class level, pooling interaction
scores amplifies coherent signals across related sequences and reduces the impact of

noise in individual pairwise interactions.

5.2.3 AttentionDCA as an Interaction Score

The CLAPP framework requires two main ingredients: an interaction score /(a)
defined on candidate pairs of sequences, and a definition of classes for the two
protein families. While the latter depends on the specific system under study and
is not addressed here, we focus on the choice of the interaction score and consider
AttentionDCA for this purpose.

As introduced in Chapter 4, AttentionDCA defines an energy-based statisti-
cal model in which the Potts coupling tensor J;;(a,b) is parametrized through the
factored-attention form of Eq. 4.3. Given two interacting protein families A and
B, the model is trained on a concatenated multiple sequence alignment of pairs
a= (aA ,aP). Since the correct matching between paralogs is not known a priori, the
training alignment is constructed from all possible within-organism A-B concatena-
tions. This dataset therefore contains both correct and incorrect pairs, but the correct
pairs are included among the candidates and are expected to contribute coherently to
the inter-family coevolutionary signal.

After training, the interaction score of a candidate pair is computed from the

inter-family contribution to the Potts energy,

Ly Lp

I(a) = —Eim(a) = Z Z J,'j(a,-,aj), (5.7)

i=1j=1
where i and j run over the aligned positions of families A and B, respectively.
Therefore, the score depends only on couplings across the two protein families, while

intra-family terms are not used to rank candidate interactions. Pairs with stronger

inter-family couplings receive higher interaction scores.
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An example of the performance obtained using AttentionDCA within the CLAPP
framework is shown in Fig. 5.2, for three representative bacterial paralog-matching
benchmarks: histidine kinase-response regulator (HK-RR) systems [99], Hsp70-J-
domain pairs, and the ModB-ModC components of the molybdate/tungstate ABC
importer [106]. In these systems, reference interacting pairs are defined at the
sequence level using genomic proximity, a common proxy for physical interaction
in bacterial protein families. For HK-RR and ModBC, the pairings are taken from
previously curated benchmarks, while the Hsp70-J-domain dataset is constructed
by selecting bacterial homologs of the two families and retaining high-confidence
candidate interactions based on genomic neighborhood. In the results shown here,
AttentionDCA 1is trained with H = 150 attention heads and internal dimension
d =23, with the number of training epochs selected by early stopping. Class labels
are obtained by applying k-means clustering in the principal-component space of
one-hot encoded sequences. This provides a sequence-based partition of each family
into subclasses, which are then used by CLAPP to pool interaction scores across

organisms at the class level.

We compare standard within-species matching based on AttentionDCA inter-
action scores with the class-pooled inference provided by CLAPP, together with
additional baselines and reference methods. While the AttentionDCA score alone
already captures a non-trivial interaction signal, the introduction of class pooling
consistently leads to a substantial improvement in matching accuracy across all
systems, indicating that part of the information required to resolve paralog matching

is more effectively exploited at the class level.

From a modeling perspective, CLAPP introduces class-level structure through the
explicit construction of the pooled cost matrix C,,, obtained by aggregating pairwise
interaction scores. The empirical success of this approach suggests that interaction
specificity is, at least in part, organized at the class level, and that such information
can be effectively exploited to constrain the matching problem. The attention-based
parametrization of AttentionDCA suggests a complementary perspective, in which
this structure could be incorporated directly within the model. In particular, the fac-
torized form of the coupling tensor naturally separates positional and compositional
contributions, and could be extended to include additional variables, such as class
labels, alongside sequence positions and amino-acid identities.
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In this view, the explicit aggregation step used to construct C,;, can be interpreted
as a first approximation to a more integrated, end-to-end formulation, in which
class-level information is directly encoded in the parametrization of the interaction
model. While this direction is not explored here, it highlights how the flexibility of
the AttentionDCA parametrization may enable the integration of different sources of

information within a unified framework.

5.3 Conclusion

The results presented in this chapter suggest that AttentionDCA should not be
viewed solely as a tool for interpreting black-box models, but rather as a flexible
and computationally efficient statistical model in its own right. Its parametrization
makes it naturally suited to problems in which additional structure can be exploited,

such as in the presence of subdomains or class-dependent interactions.

In this sense, AttentionDCA provides a simple yet structured framework that
can be adapted to specific inference tasks, going beyond standard coevolutionary
modeling while retaining a level of interpretability and control that is difficult to

achieve with more complex models.
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Fig. 5.2 Paralog matching performance for different protein systems using Atten-
tionDCA interaction scores, with and without class pooling. Results are shown for
(a) histidine kinase-response regulator (HK-RR), (b) bacterial Hsp70-J-domain pairs,
and (c) the ModBC (20NK) complex. In all cases, matching is performed either
within species or using the CLAPP pooling framework. Ground truth interactions
are inferred from genomic proximity, and clustering is performed using k-means to
define class labels. Performance is compared to the iterative pairing algorithm (IPA).
Adapted from [96].



Chapter 6

FeatureDCA: Controllable Generative
Modeling of Protein Families

In this chapter we present FeatureDCA, an extension of autoregressive DCA [26]
designed to introduce controllability in protein sequence generation. While standard
generative DCA models accurately reproduce the statistics of multiple sequence
alignments, they cannot steer the sampling toward specific regions of sequence
space, and alternative generative approaches that allow such control are generally
less interpretable. FeatureDCA addresses this gap by embedding biologically mean-
ingful low—dimensional features into the autoregressive Potts framework, preserving
interpretability while enabling targeted and flexible generative modeling. Here,
we describe the theoretical formulation of the model, its implementation, and its

validation on global and conditional generative tasks.

The content, figures, and tables presented in this chapter are based on the material
from the paper “Controllable Protein Design via Autoregressive Direct Coupling
Analysis Conditioned on Principal Components” [43], adapted and expanded for the
purposes of this thesis.

6.1 Introduction and Motivation

The guiding motivation of this thesis, as outlined in Chapter 1, is to develop and

analyze shallow statistical learning models for computational biology, with proteins
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as the central case study. The purpose is twofold: on the one hand, to propose
interpretable alternatives to the black-box methods that dominate modern protein
analysis and design; on the other, to use transparent statistical frameworks as tools to
shed light on the mechanisms that underlie these black boxes. In Chapters 2 and 3 we
presented these two complementary perspectives. Chapter 2 reviewed Potts-based
approaches derived from Direct Coupling Analysis, which yield data-efficient and
interpretable generative models of protein families. Chapter 3 described the rise
of deep learning approaches, from early protein language models to large-scale
transformer architectures, which, although flexible and powerful, typically conceal
the principles they exploit inside non-transparent high-dimensional embeddings.

The development of AttentionDCA in Chapter 4 exemplified how these two lines
of thought can be combined. By explicitly mapping the attention mechanism to
Potts-like couplings, AttentionDCA served both as a model for contact prediction
and as a framework to interpret the internal representations of architectures such as
AlphaFold or MSA Transformer. Its autoregressive extension further highlighted
the generative potential of such shallow models. Nevertheless, like all generative
DCA models, including bmDCA and ArDCA, AttentionDCA remains essentially
unconditional: once trained, it samples sequences that reflect the statistics of the
underlying alignment. Still, it cannot bias the generative process toward a desired
structural or functional class. This absence of controllability is a crucial limitation.
In protein design, one often wants to generate sequences that not only resemble
natural families but also occupy specific regions of sequence space associated with
different subtypes, phenotypes, or environmental adaptations. Without a mechanism
to steer sampling, Potts-based models cannot address this need.

On the opposite side, several deep learning frameworks have been developed in
recent years for protein sequence and structure generation. Variational autoencoders
(VAEs), exemplified by DeepSequence [32], introduced a probabilistic latent-variable
formulation in which protein sequences are encoded into a low-dimensional latent
space and decoded back to sequences. While DeepSequence was primarily applied
to mutational effect prediction, it is generative by construction and has subsequently
inspired extensions that explore sampling from its latent space to generate novel
sequences. In particular, generative adversarial networks (GANs) [107] extended
this idea by training discriminators and generators that can be conditioned on la-
bels, although their application to proteins has remained limited. More recently,

large-scale transformer-based protein language models have become the dominant
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paradigm. Models such as ProGen [108] demonstrated that conditioning generation
on textual prompts allows one to target broad protein classes or functions. The ESM
family of models [38], trained on hundreds of millions of sequences, showed that
large embeddings can be leveraged not only for structure prediction but also for
mutational effect estimation and conditional generation. Diffusion-based approaches,
inspired by advances in generative modeling in computer vision, have also been
applied to proteins [109, 110], allowing for iterative refinement of sequences starting
from random noise and offering additional control through the manipulation of
intermediate diffusion states.

These models convincingly demonstrate that controllability is possible, but
they achieve it through mechanisms that are difficult to interpret. Conditioning is
implemented via high-dimensional latent spaces, prompt tuning, or the manipulation
of embeddings that are not directly connected to the evolutionary constraints encoded
in MSAs. As a consequence, while one can bias a model such as ProGen or ESM
toward a specific protein family or function, it is not clear how this control relates to

the physical or evolutionary forces shaping sequence variability.

The motivation for the present chapter is therefore to close this gap. The aim is
to retain the efficiency and interpretability of Potts-based inference while endowing
the model with a controllable component, able to bias generativity toward user-
defined directions in sequence space. This is precisely the idea behind FeatureDCA.
Rather than relying on latent spaces or prompt engineering, the model introduces
principled conditioning in a transparent and shallow way, linking it explicitly to low-
dimensional biologically meaningful features. In this manner, FeatureDCA provides
a framework for controllable generation that complements the interpretability of
statistical physics models with a capacity that, until now, has largely been confined
to their deep learning counterparts. In particular, in this analysis, we focus on
principal components of the MSA as conditioning variables, since they provide
a compact representation of sequence variability, but the same approach can be

naturally extended to other experimentally or computationally derived features.

In the remainder of this chapter, we show that FeatureDCA attains generative
performance comparable to, and in some cases exceeding, established models such
as bmDCA and ArDCA, while at the same time allowing controllable, feature-
conditioned sampling. In particular, we demonstrate that the model reproduces

both the pairwise correlations and the low-dimensional projections of natural MSAs,
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all while maintaining substantial sequence diversity. This balance between fidelity
to evolutionary constraints and exploration of novel regions of sequence space is

essential for practical protein design.

Beyond statistical validation, we assess the structural plausibility of generated
sequences using structure prediction tools such as AlphaFold and ESMFold. A
detailed case study on the Response Regulator family (PF00072) illustrates how
conditioning on PCA-derived features enables the generation of sequences that
recover distinct structural subclasses within the same protein domain. Finally, we
benchmark the model on deep mutational scanning data, showing that FeatureDCA
retains predictive power for the effects of point mutations. Together, these results
position FeatureDCA as a flexible and interpretable framework for controllable
protein sequence generation, bridging the strengths of Potts-based inference with
the steering capabilities that, until now, were mostly confined to deep learning

approaches

6.2 Model

In this section, we introduce the mathematical formulation of FeatureDCA. The goal
is to extend the autoregressive Potts models described in Chapter 2 so that sequence
generation can be explicitly conditioned on low-dimensional biologically meaningful
features. To this end, we first describe how the joint distribution of sequences and
feature vectors can be represented within an autoregressive framework. We then
motivate the functional form of the conditional probabilities by means of a Gaussian
approximation, which naturally leads to an additional term in the Hamiltonian
coupling sequences and features. Finally, we define the inference procedure based on
maximum likelihood estimation. This formulation provides the foundation on which
the generative and predictive properties of FeatureDCA, presented in the following

sections, are built.

6.2.1 Autoregressive modeling and Gaussian approximation

From a theoretical point of view, the starting point of FeatureDCA is the idea of
extending the autoregressive implementation of the Potts model so as to describe not

only protein sequences but also a set of associated low-dimensional features. Given a
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multiple sequence alignment of M homologous proteins of length L, we denote each
sequence by a” = (af',...,a]') and associate to it a feature vector y” R?, where
the components of y” capture biologically meaningful information such as principal
components of the alignment or other experimental or computational annotations.

The dataset therefore consists of paired observations

D_{( 'Y ) m=1 - (61)

The objective is to learn the joint distribution P(a,y), which in turn allows us to
generate new protein sequences conditioned on fixed feature vectors. Following the
autoregressive decomposition introduced in Chapter 2, we factorize the conditional

distribution of sequences given features as

L
P(aly) = H (arla<e,y) (6.2)
where a_ = (ay,...,ax_1), with the convention that a.; is the empty set. This

decomposition is exact and shifts the problem to specifying suitable functional forms

for the single-site conditionals P(ay|ax,y)-

In the standard ArDCA model, these conditional distributions are parametrized
by a Potts Hamiltonian involving pairwise couplings and local fields, as described in
Chapter 2. In FeatureDCA, the presence of conditioning features requires an ansatz
that explicitly couples the categorical variables representing amino acids with the
continuous variables representing features. To motivate this ansatz, we first introduce
a one-hot representation of amino-acid sequences such that a = (aj,...,ar ), such
that a; € {0, 1}9, and then we apply a Gaussian approximation. Withing this scheme,
we relax the discrete nature of amino acids a; to real values and we model the P(a)
and P(y) as Gaussian distributions parameterized by mean and variance (i,X) and
(ft, %) respectively, so that

P(a) =4 (alu,X) 6.3)

P(y) = A (y|ii,E) . (6.4)

Suppose that, as in the case of PCA, there exists a unique mapping U € R%%4 that
projects one-hot encoded sequences a € R4 into the corresponding real vector of
d-dimensional features y = Ua. In this setting, the conditional distribution P(y|a)
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can be written as a Dirac delta function in a d-dimensional vector space:

P(yla) = 8 (y—Ua) 6.5)

It then follows that the distribution of feature vectors y can be obtained as the

marginal of the joint distribution P(a,y) as in:

— [aarla.y) = [ dap(yla)P(a)

— [ 4y~ va).# @alu.B) = N (YIURUEUT) . (66)

so that fi = Up and £ = UXU". The explicit calculation of this result can be found
in Appendix C.1. Starting from Equations 6.3 and 6.6, one can compute marginal
and conditional distributions in closed form. In particular, Bayes’ theorem gives:

P(ay) 8 (y—Ua)# (au,x)

P(aly) = = (6.7)
W =Ry T Glum,USUY)
From this expression, the marginal P(a;|a~;,y) can be computed iteratively. Starting
with
U X
Parly) /da_ y—Ua) A alu.5) 65
A (y|Up,ULU")

and continuing up to the k-th term

P(ai|a,y) :/da>kP ag,....arla;,...,a_1,y)

P(aly)
— . 6.9
/ >ka 1P al|a<i>Y) ©

The details of the computation can be found in Appendix C.1. From this Gaussian

approximation, the k-th conditional marginal takes the form

eH(ak|a<k>y)
P(ak|a<k7y) = Z— ) (6.10)
ak|a<k7y
where Z, |,_, y is the normalization constant defined as

Zofary = ZeH(ak|a<k>Y) 7 6.11)

ag
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and H (ai|a-,y) is the energy function given by
L iyt
H(alacy,y) = Eakzak\a<k,yak+ (6.12)

k—1 k
-1 ~1 ~1 ~1
—a { Y [vlvaztivl v+ vl vz (57 ] - Y UiTU>kZa’>kUlky}
i=1 i=1

Here, with the notations A; and A~ we define the sub-matrices of A indexed by

k and > k. This continuous approximation motivates the functional form of the
conditional probabilities, which we now translate into a discrete Potts-like model
suitable for protein sequences.

6.2.2 Discrete ansatz

The Gaussian approximation leading to the continuous form of the conditional
marginals in Equation 6.10 naturally suggests an equivalent ansatz once the discrete
nature of amino-acid sequences is restored. In particular, Equation 6.12 can be
decomposed into three contributions, each with a clear geometric interpretation. The
first term is quadratic in the amino-acid variables and corresponds to the pairwise
couplings of a standard Potts model. The second is linear in the amino-acid states
and can be identified with local fields. The third introduces a novel cross term that
couples the amino-acid variables to the external feature space, thereby extending
the Potts Hamiltonian with an explicit conditioning component. In the continuous

formulation, the additional feature-dependent contribution takes the form

k
a,tka::aZZUiTU>kZ_l UTky , (6.13)

a,>k~ >
i=1

with G; € R%?. When returning to the discrete representation of amino-acid variables,

this term can be expressed in the more compact form

Gi(ax) -y (6.14)
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where Gy (ay) denotes a d-dimensional embedding vector associated with residue ay

at position k. The full conditional Hamiltonian can be written as

H(aglac,y) = = Y Juiar,ai) — hi(ar) —y - Gi(ar) (6.15)

i<k
while the functional form of the k-th conditional probability distribution is

U Yicidilapa) th(a) +y-Gulay)

P(agla<k,y) = Zar
ak|A<k,y
eXi<kJxi(akai)+hi(ar)+y-Grlak)

- ZZZI eXi<iJii(c,ai)+hi(c)+y-G(c) (6.16)

The parameters of the model are learned by maximizing the conditional likelihood

of the dataset D defined in Equation 6.1, Explicitly, the objective function is given by

1 M L
L =202, ) logP(a,y") (6.17)
m=1k=1

with L, regularization applied to all parameters to prevent overfitting. The inference
procedure is therefore analogous to the maximum likelihood learning introduced
in Chapter 2 for arDCA and pseudolikelihood maximization in PImDCA, with the
sole difference that the conditional probabilities now include the additional feature-

dependent contribution y - Gy (ay).

In practice, this means that the couplings {Ji;} and fields {/} retain their
interpretation as evolutionary constraints encoded in the alignment, while the new
embedding vectors {Gy} describe how external features bias the probability of
observing each residue at a given position. Throughout this chapter, we will restrict
our analysis to the case in which the conditioning variables y are taken to be the
principal components of the MSA. Principal Component Analysis (PCA) provides a
linear transformation of the alignment that identifies the dominant axes of sequence
variability, ordered by the fraction of variance explained. In this way, each sequence
can be associated with a low-dimensional vector y capturing its main statistical
features in an unsupervised manner. However, the formulation of the model is
general, and in principle other biologically meaningful features—such as fitness,
stability, binding specificity, or phylogenetic information—could be incorporated in

exactly the same way.
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6.2.3 Sampling procedure

Once the model parameters have been inferred, new sequences can be generated
in an autoregressive fashion. As in ArDCA, the conditional factorization of the
sequence distribution allows us to sample one site at a time, proceeding sequentially
from the first to the last position. In FeatureDCA, this procedure is extended by
conditioning the sampling process on the user-defined feature vector y. At each
iterative step, residue a; is drawn from the conditional distribution P(ay|a<,y)
defined in Equation 6.15. In this way, the entire sequence is generated consistently
with both the evolutionary constraints encoded by the Potts parameters and the bias

imposed by the external features.

This scheme ensures that sampling is efficient, since it only requires evaluating
univariate conditional distributions at each position, and at the same time it makes the
conditioning explicit: by selecting a desired point y in feature space, one can guide
the model toward generating sequences in specific regions of sequence variability. In
the following section, we will assess the quality of these generated sequences across

a range of tasks.

6.3 Evaluation tasks

As discussed in Chapter 2, the natural way to benchmark generative DCA models is
to assess how well they reproduce the statistical properties of the sequence ensembles
from which they are trained. FeatureDCA is no exception: its performance must
first be evaluated on its ability to replicate the global statistics of the MSA, as any
generative Potts model would do. Beyond this, the introduction of conditioning
opens new types of tasks. In particular, we can test the model’s capacity to generate
sequences at specific points of the feature space, here represented by the principal
component projection of the MSA. For such sequences, we can quantify similarity to
known wild types using Hamming distance, proximity in PCA space, and structural
validation through AlphaFold and ESMFold. A detailed case study on the Response
Regulator family (PF00072) illustrates this aspect, highlighting how conditioning
can be used to recover distinct structural subclasses. Finally, as in Chapter 2, we also
consider the task of predicting mutational effects from deep mutational scanning data,

which provides a stringent test of whether the model retains the local evolutionary
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constraints encoded in natural sequences. The following subsections describe these

evaluation tasks in detail.

6.3.1 Reproducing global statistics

A first benchmark for any generative model is its ability to reproduce the global
statistical properties of the training alignment. In the case of FeatureDCA, this
requires that sequences sampled from the model display the same empirical frequen-
cies and correlations observed in the natural MSA. This comparison is performed
by constructing an artificial alignment that mirrors the natural one both in size and
in feature coverage. Specifically, for each natural sequence (a,y) € D, an artificial
one is sampled conditionally to the specific feature vector y. This procedure ensures
that the natural and artificial alignments share the same empirical distribution of
features, so that differences in statistics directly reflect the generative performance
of the model.

The global statistical comparison is carried out at different levels. In the first
place, we evaluate the Pearson correlation coefficient between the connected two-site
correlations of empirical and model-generated MSAs as defined in Equation 2.49.
Secondly, we exploit the fact that conditioning is defined in principal compo-
nent space and compare the distributions of natural and generated sequences af-
ter projection onto the top principal components of the natural distribution. To
evaluate the matching of the two, we use the Sinkhorn divergence, an entropic-
regularized optimal transport distance that quantifies how well two normalized
distributions overlap in their support space. Concretely, let i (y) = Ai,l YM  S(ym.,y)
and v(y) = Ai/l YM 8 (Ygens ¥) be the empirical distributions of natural and generated
sequences in PC space. The regularized optimal transport cost OT¢ (1L, V) measures
the minimal average squared distance required to transport ( into v, with an entropic
term controlled by € that stabilizes the computation. The Sinkhorn divergence is
then defined as

Se(i,v) = OTg(p,v) — 30T (u, i) — 30Te(v, V), (6.18)

which enforces the triangular inequality, symmetry and ensures that Se (i, (1) = 0. De-
tails on the exact computation of the Sinkhorn divergence are given in Appendix C.4.

In practice, this metric provides a sensitive and geometry-aware measure of how
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well FeatureDCA reproduces the variability of natural sequences along the principal
components. Together with the correlation of the summary statistics in the form of
connected correlations, it defines the baseline generative test that FeatureDCA must

satisfy before considering more specific conditioning tasks.

6.3.2 Conditional generation in feature space

A central novelty of FeatureDCA compared to previous DCA-based models is its
ability to generate sequences at specific locations of the feature space, rather than
only reproducing ensemble statistics. This capability makes it possible to focus
sampling on regions of variability associated with particular wild types or functional
subclasses.

The task is defined as follows. Given a target feature vector y, typically taken
as the PCA coordinates of a wild-type sequence, we sample new sequences from
the conditional distribution P(aly). The result is a synthetic ensemble of sequences
anchored to the chosen point in feature space, but still diversified by the autoregres-
sive sampling process that allows for a certain level of variance. This procedure,
which we refer to as in-place generativity, allows us to explore local neighborhoods

of sequence space in a controlled manner.

The quality of conditional generation is evaluated using complementary metrics.
First, having chosen a target, we compute the average Hamming distance between
generated sequences and the corresponding wild type, which indicates the degree
of novelty introduced by the model while remaining within the same feature space
neighborhoods. Second, we measure the Euclidean distance in PCA space between
the generated sequences and the target point y, which quantifies how closely the
conditioning keeps the samples localized. Finally, we validate structural similarity
by folding the generated sequences with AlphaFold or ESMFold and comparing the
resulting structures to the experimental PDB structure of the target wild type, using
the root-mean-square deviation (RMSD) between atomic positions as a reference

measure.

In the Results section, the sequence-level metrics (Hamming distance and PCA
distance) will be evaluated across multiple protein families to provide a systematic
assessment of conditional generativity. Structural validation, on the other hand,

will be addressed through a dedicated case study on the Response Regulator (RR)



6.4 Results 119

family (PF00072). These proteins share a conserved receiver domain but exhibit
different structural modes of dimerization, which can be separated in PCA space.
This makes PFO0072 an ideal test case for FeatureDCA, since conditioning on the
appropriate feature coordinates should allow the generation of sequences that fold

into the corresponding structural arrangements.

6.3.3 Mutational effect prediction

In addition to generative tasks, FeatureDCA can be evaluated on its ability to cap-
ture the local evolutionary constraints that determine the impact of single-residue
mutations. This benchmark, introduced in Chapter 2 for DCA models, is based on
the comparison with experimental deep mutational scanning (DMS) data, where the
fitness effects of large numbers of mutations are measured in parallel. The predictive
score of a model is obtained by correlating its statistical energy changes with the

experimental fitness values.
Similarly to the definition in Equation 2.50, for FeatureDCA the mutational effect

of a substitution a@; — b; in a sequence a is estimated by the log-likelihood difference

P(a1,...,bi,---;aL7y)
P(al,...,bi,---aalJy)

AE(a; — b;) =log ) (6.19)
where y is the feature vector associated with the wild-type sequence and ¥ that to the
generate one. A negative value of AE indicates that the mutation is disfavored by
the model, while positive values suggest that it is tolerated or beneficial. As in the
case of ArDCA and bmDCA, model predictions are then compared to experimental
DMS measurements by computing rank correlations, typically reported as Spearman
coefficients. This task provides a stringent test of whether the conditioning introduced
in FeatureDCA preserves the local evolutionary signals necessary for functional

inference, complementing the global and structural benchmarks described above.

6.4 Results

In this section, we present the results of the evaluation tasks introduced above. The
analysis is organized to cover complementary aspects of the model: first, the ability

of FeatureDCA to reproduce the global statistical properties of protein families;
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second, its performance in conditional generation at specific points of the feature
space; third, the structural consistency of sequences generated under conditioning,
illustrated through a case study on the Response Regulator family (PF00072); and
finally, its predictive power on mutational effect data from deep mutational scan-
ning experiments. Together, these results provide a comprehensive assessment of
FeatureDCA as a generative and controllable model for protein sequence families.

6.4.1 Global generativity

As a first set of results, we examine the global generative performance of Fea-
tureDCA, using bmDCA and ArDCA as reference models representing the state-of-
the-art DCA implementation in terms of accuracy and efficiency, respectively.

For the beta-lactamase family PF13354, Figure 6.1A compares the projection of
the natural MSA onto the first two principal components with those obtained from
MSAs sampled by bmDCA, ArDCA, and FeatureDCA. In the case of FeatureDCA,
each synthetic sequence is generated conditionally on the feature vector of a natural
sequence, so that the artificial and natural alignments share the same empirical distri-
bution of PCs. When trained with d = 2 principal components, FeatureDCA already
reproduces a distribution in PCA space that is both qualitatively and quantitatively
indistinguishable from that of bmDCA.

Figure 6.1B reports the Sinkhorn divergence between the natural and generated
datasets projected in d-dimensional PC space. As expected, FeatureDCA matches
the first d components included during training, resulting in a close overlap of
the distributions, while bmDCA and ArDCA reproduce reliably only the lowest

components and fail to capture higher-order variability.

Agreement at the level of pairwise statistics is shown in Figure 6.1C, where
the Pearson correlation of connected correlations increases steadily with d for Fea-
tureDCA, largely surpassing arDCA. When the number of principal components
approaches dmax = 2525, which corresponds to the number of PCs explaining 99%
of the variance of the MSA, the model enters an overfitting regime. In this limit,
FeatureDCA ceases to generalize and instead memorizes the training set, producing
sequences that are nearly indistinguishable from the natural ones. This behavior
is reflected by the collapse of Hamming distances between generated and training

sequences toward zero, as shown in the following section.
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Finally, Figure 6.1D shows the behavior of the effective depth M., defined
in Chapter 2 as the number of effectively unique sequences, as a function of the
number of PCs used during training. At intermediate dimensionalities (d ~ 32—128
for PF13354), the model achieves a favorable balance between fidelity to the natural
statistics and diversity of the generated ensemble, confirming that FeatureDCA pre-
serves the core generative strengths of autoregressive Potts models while introducing

controllability.

6.4.2 In-place generativity

Beyond matching the global statistics of the natural sequences, the distinctive char-
acteristic of FeatureDCA is to generate sequences localized around chosen points
in feature space. For the case of the PC space, this is achieved by conditioning
the model on the principal component coordinates of a given wild-type sequence
y"" and sampling from P(a | y*"). The resulting ensembles of artificial sequences,
once projected back onto the PC space, form clusters around their targets. The
performance of the in-place generativity can be evaluated by standard sequence-level

metrics.

Figure 6.2 summarizes the behavior of samples conditioned on three different
wild types from PF13354 (beta-lactamase). At low dimensionality, when the model
is trained with only a few principal components, generated sequences spread broadly
around the wild type, with average Hamming distances in the range of 60—80%.
As the number of components increases, the generated clusters contract toward
their respective conditioning points, and their variance decreases. At the same time,
the average Hamming distance between ensembles conditioned on different wild
types approaches the true distance between the wild types themselves, showing that
FeatureDCA preserves the separation of distinct variants in feature space. When the
dimensionality approaches dnax, however, the model overfits: generated sequences
collapse onto their conditioning wild types, and Hamming distances go to zero.
An intermediate range, typically d ~ 32—128, offers the most favorable trade-off,
yielding ensembles centered on the conditioning point while maintaining diversity.

Beyond sequence-level metrics, in-place generativity can also be probed struc-
turally by folding generated sequences and comparing them with experimental
structures. Using prediction tools such as AlphaFold 3 (AF) and ESMFold (ESM),
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Fig. 6.1 Panel with global statistics. A) Projection onto the first two principal compo-
nents of natural and generated MSAs from protein family PF13354. B) Wasserstein
distance between the d-dimensional PCA distributions of the natural and generated
MSA for different models. FeatureDCA was trained with the corresponding number
of principal components. C) Pearson coefficient of the 2-site connected correlation
between natural and generated data as a function of the number of principal compo-
nents learned during training. D) Effective depth percentage of the generated dataset
as a function of the number of principal components learned during training. Source

[43]

we folded sequences generated from wild types with known PDB entries and quanti-
fied their similarity via the root-mean-square deviation (RMSD) of atomic positions.
This type of analysis is nevertheless constrained by the accuracy of AF and ESM in

distinguishing structurally divergent amino-acid sequences that belong to the same
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Fig. 6.2 In-place generativity for PF13354. Top left: red crosses mark three
conditioning points in PCA space, with black dots showing sequences generated
by FeatureDCA around them. Bottom left: Euclidean distances in the first two
PC coordinates between generated sequences and their targets. Top right: average
Hamming distance between generated sequences and their conditioning wild types.
Bottom right: average Hamming distance between generated sequences and non-
corresponding wild types. Source [43]

protein family. In certain cases, meaningful evaluation of FeatureDCA is not possible
because the structure predictors at the base of this analysis fail to recover the distinct
folds of aligned homologs. Figure 6.3 shows two illustrative examples: for PFO0014,
the RMSD between the predicted structures of the two wild types (blue dotted line)
does not reflect the one that can be measured from the corresponding experimental
structures (red dotted line), so that sequences generated from either wild type are
folded into the same conformation as wild type 1. In contrast, for PFO0076 the
predictions provided by ESM are consistent with the crystal structures and capture
the conformational diversity of the family. In this case, FeatureDCA-generated

sequences fold into structures that remain close to their respective wild types.

6.4.3 The case of the Response Regulator family (PF00072)

To test the generative and controllable capabilities of FeatureDCA on a biologically
and structurally diverse system, we considered the bacterial Response Regulator (RR)
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Fig. 6.3 Structural validation of in-place generativity. RMSD between predicted
structures of generated sequences and their wild-type references in two protein
families. Top: PF00014. Bottom: PF00076. Left: RMSD relative to the first
wild type (wtl). Right: RMSD relative to the second wild type (wt2). Red dashed
lines: RMSD between experimental wild-type structures. Blue dashed lines: RMSD
between AF/ESM predictions of wild types. Solid curves: average RMSD of gener-
ated samples, with error bars showing standard deviation. FeatureDCA-generated
sequences recover structural similarity in PFO0076, but structural diversity is not
captured in PFO0014 due to limitations of current predictors. Source [43]

family (Pfam ID PF00072). This family presents the characteristic to be an ideal
benchmark: it is large, well-characterized, and composed of members that share a
conserved structural core but differ markedly in their quaternary arrangements. Most
importantly, the dataset is sufficiently rich to allow accurate structural prediction
across its subfamilies using current folding models such as AlphaFold (AF) and
ESMFold (ESM).

RR proteins function as part of the two-component signal transduction systems
that regulate bacterial responses to environmental stimuli. In these systems, a sensor
histidine kinase (HK) detects an external signal, undergoes autophosphorylation, and
transfers the phosphate group to its RR partner. Phosphorylation activates the RR
by inducing a conformational change that typically modulates DNA binding and
transcriptional regulation. While all RRs share a highly conserved receiver domain
(PF00072), their DNA-binding domains vary, giving rise to distinct architectures
and dimerization mechanisms that have been extensively studied in structural biol-

ogy. Among the sequences in PFO0072, three major subclasses are particularly well
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defined, corresponding to proteins that form distinct homodimers upon activation.
Each subclass combines the receiver domain with a characteristic DNA-binding
domain: Trans_Reg_C (PF00486), GerE (PF00196), or LytTR (PF04397). These
combinations give rise to markedly different dimerization geometries and are rep-

resented by a range of experimentally characterized structures. Figure 6.4 presents

[ ® Trans_Reg_C ® LytTR ® GerE ]

Fig. 6.4 Representative homodimer structures of Response Regulator (RR)
subclasses with distinct dimerization modes. A—C) Experimentally determined
homodimer structures containing the DNA-binding domains Trans_Reg_C (A, PDB
ID: INXS), LytTR (B, PDB ID: 4CBV), and GerE (C, PDB ID: 4ZMS). D-F)
Pairwise structural alignments between these dimers were performed with PyMOL’s
align function. The root-mean-square deviations (RMSDs) quantify the degree of
structural divergence: 8.6 A between Trans_Reg_C and LytTR (D), 16.1 A between
Trans_Reg_C and GerE (E), and 18.7 A between LytTR and GerE (F), highlighting
the pronounced differences in dimer geometry despite the conserved receiver domain.
Source [43]

representative homodimer structures of the three subclasses (A-C) and their pairwise
alignments (D-F), which confirm substantial divergence in dimer arrangement. The
corresponding PDB entries are INXS (Trans_Reg_C), 4CBV (LytTR), and 4ZMS
(GerE), while their pairwise RMSDs are 8.6 A between Trans_Reg C and LytTR
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(D), 16.1 A between Trans_Reg_C and GerE (E), and 18.7 A between LytTR and
GerE (F).

To evaluate the generativity capabilities of FeatureDCA, we first verified that
AF and ESM can reproduce the experimentally determined structures of natural
sequences from each subclass. From approximately 1.7 million UniProt sequences
annotated with PFO0072, we extracted 264, 685 non-redundant entries with architec-
tures consistent with one of the three subclasses: 160,585 for Trans_Reg_C, 69,401
for GerE, and 34,699 for LytTR. A multiple sequence alignment of 118 positions
was built, slightly extending the 111-position HMM profile available in Pfam (now
integrated in InterPro), to include sites contributing to the structural interfaces. Fold-
ing these aligned natural sequences with AlphaFold 3 produced structures highly
consistent with the crystallographic templates: the RMSDs between predicted and
experimental dimers were 0.35 A for INXS, 1.1 A for 4CBYV, and 1.3 A for 4ZMS.
These values, within the resolution of the experimental data (1.5—4 A), confirm that
the alignment captures the relevant structural determinants for all three subclasses.
Another interesting property of the dataset is that, when projected onto the first
two principal components of the MSA, the three subclasses form clearly separated
clusters corresponding to the Trans_Reg_C, GerE, and LytTR architectures. This
separation, shown in Figure 6.5, demonstrates that structural diversity is encoded in
sequence space and can, in principle, be captured by a PCA-based generative model
such as FeatureDCA.

To evaluate whether FeatureDCA can learn and reproduce this structure—sequence
relationship, we performed targeted conditional generation experiments. For each
of the three subclasses, we used as conditioning input the PC coordinates of the
sequences corresponding to the experimental structures (INXS, 4ZMS, and 4CBV).
The generated sequences were folded with AlphaFold 3 and compared to all three
experimental structures using RMSD of atomic coordinates. The resulting trends
are summarized in panels A-C in Figure 6.6. As expected, the RMSD between the
generated and conditioning structures decreases with increasing dimensionality of
the feature space, indicating that the model effectively learns to direct generation
toward the intended structural class. For the Trans_Reg_C class (INXS), which is
the most represented in the dataset, FeatureDCA achieves the lowest RMSDs and
highest structural consistency. The LytTR class (4CBV), being less represented, is
more challenging: at low-dimensional conditioning, its generated sequences tend to

adopt conformations closer to the Trans_Reg_C fold, but as the number of principal
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Fig. 6.5 Principal component projection of RR sequences reveals structurally
distinct clusters. Projection of the PFO0072 alignment onto the first two principal
components. The three main clusters correspond to sequences containing the DNA-
binding domains Trans_Reg_C (red), LytTR (blue), and GerE (black). Yellow crosses
indicate the positions of the experimental PDB structures INXS, 4CBYV, and 4ZMS,
each located within its respective cluster. The clear separation of the three groups
in sequence space supports the use of FeatureDCA for class-specific conditional
generation. Source [43]

components increases, the model begins to discriminate correctly between the classes.
These results suggest that both representation balance and feature dimensionality
play critical roles in enabling class-specific control. The lower-right panel (D) in
Figure 6.6 reports the fraction of successfully folded sequences, defined as those
with RMSD below 10 A relative to their conditioning structure. Equivalent trends are
observed when using the predicted template modeling (pTM) score as a measure of
confidence. Sequences generated under well-sampled conditions are more likely to
yield accurate and high-confidence folds, reinforcing the conclusion that conditioning
enables controlled and structurally meaningful generation.

In summary, the PFO0O072 case study demonstrates that FeatureDCA, when

trained on a sufficiently representative alignment, can generate sequences that retain
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RMSD Analysis Between AlphaFold-Predicted and Experimental Structures for Generated Sequences in PFO0072 with FeatureDCA
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Fig. 6.6 Structural class specificity of FeatureDCA-generated sequences in the
RR family (PF00072). Top-left, top-right, and bottom-left: RMSD between
predicted structures of generated sequences from the Trans_Reg_C (PDB ID: 1NXS),
GerE (4ZMS), and LytTR (4CBV) classes and the three experimental references.
Each curve represents the average RMSD as a function of the number of principal
components used in training and generation. In each plot, the curve corresponding
to the conditioning class shows the lowest RMSD, while the others approach the
experimental distances between the wild-type structures (dotted lines). Bottom-
right: fraction of generated sequences whose predicted structures are within 10 A
RMSD of the conditioning reference, indicating successful fold recovery. Together,
these analyses confirm that FeatureDCA preserves class-specific structural identity
as a function of PC-based conditioning. Source [43]

the structural identity of their conditioning class. The model not only captures global
statistical patterns but also learns to reproduce the fine-grained structural distinctions

that separate protein subclasses within the same evolutionary family.
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6.4.4 In-silico Deep Mutational Scanning

A further test of generative models is their ability to capture the functional impact
of point mutations. As discussed in Chapter 2, this task can be addressed through
in-silico deep mutational scanning (DMS), where the predicted effect of a single-
residue substitution is estimated from the difference in log-likelihood between the
wild-type and the mutant sequence. For FeatureDCA, the mutational score defined in
Equation 6.19 explicitly accounts for the dependence of both wild type and mutation
on their position in feature space.

We evaluated FeatureDCA against ArDCA on the well-characterized beta-lactamase
family (PF13354), for which extensive experimental DMS datasets are available.
Predictive performance was quantified through the Spearman rank correlation be-
tween the model-predicted AE values and experimentally measured fitness effects.
As summarized in Appendix C.6, FeatureDCA achieves performance comparable
to that of ArDCA when trained with a small number of conditioning components.
Interestingly, as the dimensionality of the conditioning space increases, the predic-
tive correlation exhibits a non-monotonic trend: the correlation initially decreases,
suggesting that conditioning on an excessive number of PCs may overfit or dilute
mutational signals. However, at larger values of the number of PCs, the performance
begins to recover, indicating that the model eventually re-stabilizes and incorporates
additional global variation effectively.

These results demonstrate that the inclusion of conditioning does not compromise
the ability of the model to capture local evolutionary constraints. FeatureDCA thus
retains the predictive reliability of autoregressive Potts models while extending them
with a tunable and interpretable conditioning mechanism that links global sequence

variability to local functional effects.

6.5 Conclusion and Perspectives

In this chapter, we introduced FeatureDCA, a principled extension of the Direct
Coupling Analysis framework designed to achieve controllable generation of protein
sequences within a given family. The model builds directly upon the autoregressive
Potts formulation described in Chapter 2, extending it to include explicit depen-

dence on low-dimensional, biologically meaningful features. FeatureDCA, along
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with AttentionDCA, provides a practical realization of the broader goal outlined in
Chapter 1: developing interpretable, data-efficient models that can emulate certain ca-
pabilities of deep generative architectures without losing the statistical transparency
characteristic of DCA-based approaches. In this sense, it represents a synthesis of
the theoretical and methodological threads developed throughout the thesis.

From a modeling perspective, FeatureDCA introduces a simple yet powerful
mechanism to condition the sequence probability distribution on a continuous feature
vector, implemented here as the principal components of the training alignment. The
Gaussian approximation discussed in Section 6.2 provides the theoretical foundation
for coupling discrete sequence variables to continuous conditioning features, while
the resulting discrete ansatz preserves the interpretability of the Potts Hamiltonian.
This framework allows one to steer the generative process toward selected regions of

sequence space in a transparent and principled way.

The results presented in this chapter demonstrate that the addition of conditioning
does not compromise the statistical fidelity of the model. FeatureDCA reproduces
the empirical correlations and global statistics of natural alignments with accuracy
comparable to or exceeding that of established approaches such as bmDCA and
ArDCA, while maintaining substantial sequence diversity. More importantly, it
enables targeted generation: sequences can be sampled at specific positions in
feature space, reproducing both their sequence-level and structural characteristics, as
shown for the case of the Response Regulator family PFO0072. This study confirmed
that conditioning allows FeatureDCA to navigate distinct structural subclasses within
the same domain, demonstrating that the relevant structural variability of a protein
family can be accessed through interpretable, low-dimensional features. In addition,
FeatureDCA retains predictive power for mutational effects derived from deep
mutational scanning data, confirming that the inclusion of conditioning does not

disrupt the local evolutionary constraints encoded in the model.

Beyond these results, several directions emerge for further development. A
natural extension of this work involves exploring alternative conditioning variables
that can capture functional, structural, or biophysical properties beyond the princi-
pal components. Examples of these include experimentally derived features such
as mutational fitness, catalytic activity, or stability, as well as computational met-
rics describing dynamics, solvent exposure, or binding specificity. Incorporating

such quantities would allow FeatureDCA to move from an unsupervised to a semi-
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supervised or supervised framework, bridging the gap between purely statistical
inference and experimentally guided design. Moreover, one can think of integrating
multi-feature learning models, where different layers of biological information act
as control parameters. From a methodological point of view, the autoregressive
structure of the model provides a flexible basis for further optimization. Future
developments could explore alternative inference strategies beyond maximum like-
lihood, such as variational or contrastive approaches, which may improve training
stability and scalability. The Gaussian approximation and the discrete ansatz for
the marginal conditional distributions could be generalized to non-linear feature
couplings or to other latent-variable formulations, enabling richer relationships be-
tween features and sequences. Finally, an important perspective is that of connecting
FeatureDCA with recent developments in large-scale protein language models. Hy-
brid strategies, in which embeddings extracted from transformer models serve as
conditioning features, could combine the interpretability of Potts-based inference
with the representational richness of deep architectures. Conversely, the explicit
feature coupling of FeatureDCA could help interpret neural generative models by

providing low-dimensional, physically meaningful constraints.

In summary, FeatureDCA extends the family of DCA-based models toward
controllable generativity, introducing a transparent and flexible mechanism to bias
sequence generation along biologically interpretable dimensions. It demonstrates that
statistical frameworks grounded in evolutionary data can achieve not only accurate
and diverse generation but also directed exploration of protein sequence space. This
work closes the methodological progression developed throughout the thesis from
statistical inference and autoregressive formulation to interpretable and controllable
generative modeling, laying the conceptual groundwork for future approaches that

unify interpretability and control in computational protein design.



Chapter 7
Conclusion and outlook

In this thesis we discussed the use of statistical physics models for protein sequence
analysis, with particular attention to their relation with modern deep learning ar-
chitectures. Although deeply intertwined, these two classes of models are often
developed with different goals and different scientific approaches. On the one hand,
statistical physics models usually start from explicit assumptions on the data and
define probability distributions with a clear biological or physical interpretation. In
the case of protein sequences, for instance, this means writing a Hamiltonian over
amino acid configurations and inferring parameters that reproduce the empirical
statistics of natural protein families. On the other hand, deep learning architectures
are typically built to maximize predictive performance by means of flexible and
highly parametrized functions. Their success in computational biology is now unde-
niable, but their internal representations are often harder to interpret in terms of the

physical and biological constraints acting on proteins.

The main direction of this work was to explore the space between these two ap-
proaches and to develop models that could compete with deep architectures starting
from more principled and biology-inspired assumptions, rather than from architec-
tural complexity alone. The goal was not to oppose statistical physics and deep
learning, but to understand whether ideas developed in one framework could be
transferred to the other. In particular, we asked whether mechanisms introduced
in deep learning could be reformulated inside shallow and interpretable statistical
physics models, and whether this reformulation could help clarify what those mecha-

nisms learn from protein sequence data. At the same time, we investigated whether
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the structure of statistical physics models could be enriched by ideas coming from
modern machine learning, without losing the interpretability and data efficiency that
make them useful.

The starting point of the thesis was Direct Coupling Analysis (DCA), a principled
framework that models homologous protein sequences as samples from a Boltzmann
distribution defined by a Potts Hamiltonian. By imposing constraints on the single-
and pair-wise statistics of a Multiple Sequence Alignment, the model infers local
fields and pairwise couplings that can be used to extract biological information about
the protein family. In this sense, DCA represents a minimal but powerful example
of inverse statistical physics applied to biological sequence data. Despite its simple
form, which results in a high degree of interpretability, this model is expressive
enough to capture co-evolutionary constraints, predict residue contacts, estimate
mutational effects, and generate artificial sequences with natural-like statistical
properties.

Starting from this framework, we developed AttentionDCA as an attempt to study
the attention mechanism used in transformer architectures in a statistical physics
setting. Attention mechanisms play a central role in modern protein models, includ-
ing general protein language models and structure predictors such as AlphaFold.
However, in deep architectures, they are embedded inside many layers of nonlin-
ear transformations, making it difficult to isolate their specific contribution. In
AttentionDCA, the interaction tensor of a Potts model is written through a factored
attention parametrization. This makes it possible to analyze attention maps directly,
compare them with standard DCA contact scores, and study the relation between
attention-based representations and co-evolutionary couplings.

The results obtained with AttentionDCA show that the attention mechanism can
be interpreted, at least in this simplified setting, as a structured parametrization of a
Potts model. The model reaches contact-prediction performances comparable to state-
of-the-art DCA methods while using a significantly reduced number of parameters.
Moreover, the attention matrices themselves contain structural information and can
be used to define contact scores. This provides a direct link between an object that is
central in deep learning and an object that has a clear meaning in inverse statistical
physics. In this sense, AttentionDCA 1is not only a new DCA variant, but also a tool
to make the attention mechanism more transparent in the context of protein sequence

modeling.
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The second development of the thesis was CLAPP, which moved the focus from
single protein families to protein-protein interaction specificity and paralog matching.
CLAPP was built on the idea that biological information at the level of classes
can be used to reduce the complexity of the matching problem. Instead of relying
only on a generic interaction score, the method uses class-level organization to pool
information and formulate a more efficient inference strategy. This makes CLAPP an
example of how biological insight can be used to design a model that is both simpler
and more effective. Its relevance within the thesis is therefore methodological as
much as practical: it shows that good modeling does not necessarily require a larger
architecture, but often a better use of the structure already present in the biological

problem.

Finally, we introduced FeatureDCA, extending autoregressive DCA into a con-
trollable generative model. Standard generative DCA methods can sample sequences
from the learned distribution of a protein family, but they offer limited control over
the region of sequence space that is explored. FeatureDCA addresses this limitation
by conditioning the autoregressive probability on external features, which in this
thesis were primarily defined by principal components of the Multiple Sequence
Alignment. In this way, the model can generate sequences around specific regions of
the protein family while preserving the statistical and structural constraints learned
from natural sequences. FeatureDCA therefore completes the methodological path
of the thesis by showing that shallow statistical physics models can also be adapted
to modern generative-design tasks, while maintaining an explicit and interpretable

structure.

Taken together, AttentionDCA, CLAPP, and FeatureDCA define a coherent path.
AttentionDCA shows that the attention mechanism can be interpreted as a structured
Potts-like parametrization and used for contact prediction. CLAPP shows that
biological structure at the level of classes can be used to formulate an efficient model
for interaction specificity and paralog matching. FeatureDCA shows that shallow
statistical models can be made controllable without abandoning the interpretability
and efficiency of the DCA framework. The common thread is not the rejection of
deep learning, but the search for the minimal architecture that is appropriate to the
biological question. In each case, the model is designed by asking which constraints
are known, which degrees of freedom should be learned, and which assumptions are

scientifically meaningful.
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Several limitations remain open. The Potts framework is fundamentally based
on pairwise interactions. This approximation has proved remarkably effective, but
it cannot be expected to capture every aspect of the protein functional landscape.
Higher-order constraints, collective effects, or latent variables may become relevant
in specific families or design tasks. Future work should therefore clarify when
pairwise models are sufficient, when additional complexity is needed, and how
this complexity can be introduced without losing interpretability or overfitting lim-
ited data. A second limitation concerns controllable generation and validation. A
generative model can reproduce sequence statistics and still fail to produce pro-
teins that are stable, functional, or experimentally viable. Future developments of
FeatureDCA-like models should therefore integrate additional forms of conditioning
and validation, moving beyond PCA-based conditioning toward experimentally or bi-
ologically defined features such as fitness measurements, stability, binding specificity,
phylogenetic labels, structural descriptors, or functional annotations. This would
turn the model from a tool for sampling around specific regions of sequence space
into a more general framework for constrained protein design. Since the conditioning
variables enter the model explicitly, their effect on amino-acid preferences could be
inspected directly, preserving interpretability as one of the main advantages of the
statistical physics approach.

The broader perspective emerging from this thesis is that model complexity
should be treated as a scientific and practical resource, not as an intrinsic measure of
scientific progress. Deep protein language models and large structure predictors have
transformed computational biology by providing general-purpose representations
and impressive predictive accuracy. However, their scale also comes with costs:
computational cost, energy consumption, difficulty of interpretation, dependence
on massive training datasets, and limited accessibility for groups without large
computational infrastructure. In many cases, these costs are justified by the difficulty
of the task. In others, a smaller, transparent, and data-efficient model may be the

more appropriate choice.

In conclusion, the future of protein modeling should not be understood only as
a race toward larger architectures. It should also be a search for the right model at
the right scale. For some tasks, this will require deep networks trained on massive
datasets. For others, it may require a carefully designed Hamiltonian, a biologically
informed grouping of sequences, or a low-dimensional set of interpretable features.

The work presented in this thesis supports the view that shallow statistical physics
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models, far from being obsolete, remain powerful and responsible tools for protein
sequence analysis and design. In a field increasingly driven by scale, this form of
parsimony is not a limitation, but a scientific strength.
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Appendix A

Statistical Inference Models

A.1 Derivation of the Mean-Field Approximation

In Section 2.4 we introduced the mean-field Direct Coupling Analysis (mfDCA) as
an approximate strategy to infer Potts model couplings by inverting the covariance
matrix of the data. Here we present a detailed derivation of this approximation
by means of a high-temperature (weak-coupling) expansion known as the Plefka
expansion. This derivation is valid for the Potts model, regardless of the context of

its application.
Let us consider the standard Potts distribution
1
P(a):zexp<;h (aj +,<Z;J” a,,a])> , (A.1)

with g possible states at each site. From statistical mechanics, we can relate the
single-site marginals and the connected correlations to the partition function as:

810gZ:_Z5 (sja exp{Zh s+ Y Jij(sins, } Pia) ., (A2
i<j
0%logZ
e Pu(a,b) — Pj(a)P(b) = Cyr(a,b) . (A3)

oh;(@)he(b)

To implement a small coupling expansion we need to introduce a perturbative

parameter o < 1 that interpolates between a site-independent profile model (for
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a = 0) and a full Potts model (for ¢ = 1). At this point, we can introduce the
Helmholtz free energy F = —logZ and its Legendre transform, the Gibbs potential.
Both functions depend on the perturbative parameter ¢, but while the Helmholtz free
energy depends on the local fields h, the Gibbs potential depends on their conjugate
variables, i.e. the single-site marginal probabilities as shown in Equation A.2. The
relationship between the two thermodynamical potentials is given by:

T
L

M=

F(0,h) = min [G(a,P) - hi(a)Pi(a)} , (A4)
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(A.S)

The extremum condition in Equation A.4 can be written as d, () [F (&, h) +h- P if

F is differentiable. In this case, a fluctuation-dissipation theorem can be written as

9G(a)
dP;(b)

—hib) (A.6)

(Y () — 9°G(a,P)
9P =GR ap )

(A7)

At this point, we need to perform the small coupling expansion of the Gibbs
potential with respect to «. In particular, it is more convenient to perform the
expansion of the potential written as ¢ (a) = —logZ +h - Q, and applying the
extremization condition afterwards, so as to finally get

dG(a)
doa loa=0

G(a)=G(0)+a +0(a®) . (A.8)

At zeroth order, the pre-extremization potential reads 4 (0) = —log Y sexp{¥; hi(s;) } +
Y. Y hi(a)P,(a). Using Equations A.2 and A.3 we can write the zeroth order term as

L ¢
= Z Z a)logPi(a (A.9)

In order to compute the first derivative, it is important to observe that the fields can

be explicitly written as a function of ¢, by inverting Equation A.2 in its form after
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the introduction of the perturbative parameter. In this case we have

dhi(a

i

09 dlogZ L g
aa " T

1 i L
I SR P

i=1 i=la=1

When evaluating this in & = 0 we get

da

a=0

= —Z l] i J,](a,b)P,(a)PJ(b) . (All)
b—

i<j i<ja,

The final expansion can be written as

q
Z Z P(a)logP(a)—a Y Y Jij(a,b)P(a)P;(b)+ O(a?). (A.12)
i=la= i<ja,b=1
The original model can be recovered by setting the perturbative parameter & = 1. As
mentioned in Section 2.3, the number of parameters in the Potts model is redundant
and a choice of gauge is required. This is even more evident by inspecting the

degeneracy of the connected correlation function that makes it not invertible:

q

Z ,Jab

I MQ

q
Pj(a,b) — Z a)—Pi(a) =0 (A.13)

Fixing a lattice -gas gauge, by setting the single-site marginal of the g color as
P(q)=1-%,_ }P( ), we can derive a set of self-consistent equations for the Gibbs

potential:
= fu(e) =log 573 — Jij(e,a)Pj(a) A.l4
9*G(P) 71 ~Ju(e,d)  k#l
apor@ ¢ d) = . A15
non@ ~C MO sen ks (A1)

From these equations we can conclude that, provided we can invert the empirical cor-

R]L,]L,H—H‘,H—M‘

relation matrix Cemp € , we can extract the fields and couplings within
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the mean field approximation of the Potts Hamiltonian. However, the approximation
has clear limitations, as it neglects higher-order correlations, which can lead to poor
accuracy in regimes of strong couplings. Moreover, covariance matrix inversion
is notoriously sensitive to sampling noise, making mfDCA unstable for shallow
alignments. For these reasons, mfDCA is now of mainly historical and pedagogical
interest.

A.2 Derivation of the Gaussian Approximation

In Section 2.4.3 we introduced the Gaussian approximation in the context of Direct
Coupling Analysis (GaussDCA) as a tractable alternative to the discrete inverse Potts
problem. The key idea is to relax the discrete nature of sequences into a one-hot
representation and model them as independent samples from a multivariate Gaussian
distribution. In particular, let D = {a',...,a"} be an alignment of M sequences of
length L over an alphabet of size g (amino acids plus gap). We can define one-hot
(indicator) variables

x"(a) =1{a" =a} €{0,1}, i=1,...,L, ac{l,...,q}.

To remove the linear dependence Y ,x/"(a) = 1 at each site, we fix a gauge by
selecting a reference state g (often the gap) and drop it, so that the one-hot encoding
of the reference state is the null vector. Consequently, each sequence m is represented
by a vector

x" € RP, p=L(g—1).

The multivariate Gaussian distribution used to model the data is uniquely deter-
mined by its mean i € R? and covariance matrix £ € R”+?, which are the parameters
to be inferred within the Gaussian approximation scheme. This can be done by
maximizing the likelihood function associated to the multivariate distribution and
the data D:

o 1 1 u m Ty—1
P(D|p.X) = (27r>Mp/2(detZ>M/2exp(_imgl(X —M) X (XX—#)) (A.16)
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A Maximum Likelihood Estimate of the parameters would result in the empirical
observables defined as

M
Pyvig=%= Y x" | (A.17)
m=1
— M T
me=C= ) x"x"—-%'x . (A.18)
m=1

However, due to the undersampling of sequence space in the observations D, matrix
C is rank deficient and thus not invertible. A solution to this practical problem is to
define a prior distribution of the parameters and perform a maximum a posteriori
estimate, in which the object of the optimization is the posterior distribution defined
as

P(u,X|D) o< P(D|p,X)P(K,X) . (A.19)
A convenient choice of the prior introduced in [54] is the Normal Inverse Wishart

(NIW), for which

P(uD) = x) St dem) Fexp{- S - (®) ' m-m} . (420

V+p+1

P(X) o< det(Z)” 2 exp{—%Tr(AZ_l)} . (A.21)

Here, the prior over the mean vector p is still a multivariate Gaussian with mean 7
and covariance matrix £/ k. The average values of it and X over the prior distributions
are

(Wpups =1 (A.22)
A

X = A.23
(E)pux) p— (A.23)
Since the NIW is the conjugate prior distribution of the multivariate Gaussian, it

means that the posterior is a NIW as well, with parameters

K =x+M
M -
n/:K—an+K+MX (A24)
vVi=v+M
(A =A+MC+EL(x—n)"(x—n)
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Then, the a posteriori estimates of mean and variance become

K —_
(Wpuxp="1"= meyi Ry (A.25)
A A+MC+ M (x—n)T(x—n)
Elrwsip === vy — (A.26)

In order to have a prior as uninformative as possible, we set its mean and covariance
matrix as those of a uniform distribution, so that n; =1/¢Vi € 1,...,p and U =
A/(v—p—1) is a block-matrix composed of L x L blocks of size g x ¢ such that
out-of-diagonal blocks are zero, and diagonal blocks are distributed as
o(k,1) 1

Uk11))(g-1D)+a,(1-1)(g-1)+b = R (5(6171’) - ;1) ) (A.27)
where k,l € {1,...,L} and a,b € {1,...,q}. Finally, if we choose v =+ p+ 1
we interpret A = k/k + M as the pseudo-count introduced in Section 2.5. The
covariance matrix can be written as

L= puop =AU+ (1=-2)C+A(1-1)(x—n)"(x—n) (A.28)

and J = X!, similarly to the mean-field case.

A.3 Gauge-Fixing Regularization in PiImDCA

In Section 2.3.3 we shown that the generalized Potts model is invariant under a set
of gauge transformations of its parameters, field # and couplings J. These transfor-
mations leave the model distribution invariant but modify the individual parameters,
revealing that the Inverse Potts problem is intrinsically over-parameterized. While the
choice of gauge has no effect on the underlying probability distribution, it becomes
essential whenever quantities depending explicitly on the couplings are evaluated,
such as in the case of contact prediction. In practice, for this task, the zero-sum
gauge represents a common choice as it minimizes the Frobenious norm, effectively

shifting site-specific biases into the fields and removing spurious contributions.

When the gauge is not imposed a posteriori, it is fixed automatically by the

regularization scheme employed during inference. This can be shown explicitly
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for the asymmetric pseudo-likelihood implementation of the Potts model. Starting
from the regularised pseudo-likelihood defined in Equations 2.38, 2.39, and 2.47, the

gradients of the site-wise objective .Z; with respect to the fields and couplings are

% 1Y . .
I 1\7,"; 8(c.a) — Ple| alh)| — 2uhi(e), (A.29)
0%, 1 ¥

Toed) ~ 1 L O [8(c,a) —P(c|at)| —2Audijle.d). (A30)

At convergence, when the gradients vanish, the fields can be expressed explicitly
from Equation A.29 as

1 M
m(e) = 5351 m; [5(c,a;.") —P(c]| a'\",.)] . (A31)
Summing this expression over all amino acids ¢ = 1,...,q yields
q
Y hi(c) =0, (A.32)
c=1

which is precisely the zero-sum gauge condition for the fields. A similar argu-
ment applies to the couplings: summing Eq. A.30 over ¢ and or d gives the gauge
conditions

q
ZJij(C,d) = 0,
c=1

A'h

q (A.33)
dX"]Jij(C,d) = Tjhi(c)’

showing that the combined regularization of fields and couplings enforces a unique
parameterination of the model.

An analogous conclusion holds for the case of symmetrised couplings: L2
regularization removes the gauge redundancy and fixes the parameters in a unique
representation. Thus, even when an explicit gauge transformation is not applied after
inference, the regularization employed during pseudo-likelihood maximization acts
as an implicit gauge-fixing condition.



A.4 Pseudo-likelihood versus Autoregressive Factorizations in Potts Models 153

A.4 Pseudo-likelihood versus Autoregressive Factor-

izations in Potts Models

In this section we provide a detailed mathematical comparison between the pseudo-
likelihood and autoregressive approximations introduced in Section 2.4. Although the
two approaches lead to optimization problems that share structural similarities, they
differ fundamentally in the level at which the approximation is introduced: pseudo-
likelihood approximates the joint distribution, while the autoregressive approach
approximates the conditional distributions. Throughout, we consider the g-state

symmetric Potts model over sequences a = (ay,...,ar):

P :—exp<2h az + Z Jl] ahaj) . (A.34)

1<i<j<L

A.4.1 Pseudo-likelihood factorization

Consider first the conditional distribution of residue a; given all other positions.
From A.34, one finds

p e o)

(A.35)
Yhoi (ai:b,a\,) Yi 1€XP< i(b) +Xj2iJij(b, a]))

Plai|a;) =

Thus, the exact conditional P(a; | a\;) is a multinomial logistic (softmax) distribution
with linear logits in the fields and couplings. Each conditional is therefore itself a
Potts distribution over the g possible states of site i. The pseudo-likelihood approxi-
mation replaces the intractable joint likelihood by the product of these conditionals:

L
= Hp(ai | ay;)

f[ exp (hi(ar) + £ i (anaj)
12[9 1€Xp hl +Zj7éi«]ij<b;aj)>

1
Z(\)exp(h +J§ljua,,aj)) . (A.36)
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However, a comparison between A.36 and A.34 yields

R(a)  TI Zi(ay)
P(a) Z

(A.37)

Since the local normalization factors Zi(a\i) depend on the full configuration a, this
ratio is not constant over sequence space. Hence Ppr, is not proportional to, and
therefore not equal to, the true joint probability distribution. This provides the precise
sense in which the pseudo-likelihood is a non-exact factorization of the Potts model.
Despite this, maximizing the average log-pseudo-likelihood
| ML
lp = 7 Y. ) logP(a]"|al}) (A.38)

m=1i=1

amounts to solving a collection of convex logistic-regression subproblems, and under

standard regularity assumptions yields statistically consistent estimates as M — oo.

A.4.2 Autoregressive factorization

We now turn to the autoregressive construction. For any ordering 7 of {1,...,L},
the chain rule provides an exact factorization of the joint distribution:

L
P(a) = HP<aTE(k) ‘ Ar(1);--- ,an(k_1)> . (A.39)
k=1

As a consequence, the log-likelihood of the model can be factorized exactly as

1 M L ”
gAR:M Z ZlogP(an(k) |ar7;l(1),...,a;¥(k_])) . (A40)
m=1k=1
Unlike the pseudo-likelihood, this is an exact decomposition of the true likelihood.
However, the corresponding conditionals cannot in general be written in Potts

form. To see this, let us fix the natural order (k) = k and compute the conditional
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distribution associated with site i, namely P(a; | a<;). By definition,

Za>,-P(al7- .. ,ai,1,3>i)
Zi:l Za>ip(a17 s 7ai*17al’7a>i)
Ya., €Xp (Zﬁ;l hj(a;) +Zj<k-]jk(ajaak)) on
Ya_1Ya., €Xp (Z§:1 hj(a;)+ Zj<k-]jk(ajaak)>

P(a,‘ | a<l~) =

Although exact, this expression does not simplify to a Potts-like conditional of the
form
P(a;la<;) o< exp (h,-(ai) + ZJij(ai,aj)> ,
j<i
because marginalizing over a-; introduces additional, sequence-dependent contri-
butions that cannot be absorbed into simple single-site fields or pairwise couplings.
Equation A.41 therefore demonstrates that the exact autoregressive conditionals of a

Potts model are, in general, not Potts conditionals.



Appendix B

AttentionDCA: Supplementary
Information

The content of this appendix is based on the Supporting Information accompanying
the paper “Direct Coupling Analysis and the Attention Mechanism” [42]. All sections

have been adapted and reworded to fit the structure of the present thesis.

B.1 Contact scores

B.1.1 Attention and Frobenius Scores

The key distinction between the Frobenius Score (FS) and the Attention Score (AS) is
that the former integrates the amino-acid information inside the Value matrices, while
the latter depends only on the family-dependent attention heads. However, as shown
in the main text, the performances of these two metrics are almost identical across
different families. This observation suggests that the Value matrices play a little

role in the construction of the FS, and therefore in contact prediction. Analytically,
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considering the definition of the FS for the factored attention model, we can write

E’j: /Z]z a, b

H
= b(g, ij ab) = Z Z Afl]Af]Vath:b

a, a,b=1hk=1

Vivk . (B.1)

VIR
- Z AjjAi
h=1 ab—=1

RH H

We can introduce the overlap matrix A € as the scalar product between Value

matrices from different heads {Vh}h:LMH:
Z Ve (B.2)

Figure B.1 shows that the overlap A computed on a set of inferred Value matrices is

approximately diagonal, indicating near orthogonality of the heads:

Al o ZU’) Z;Z (B.3)

In this context, the FS can be written as

(B.4)

In this form, FS appears as a weighted average of the squared attention heads, where
the relative weight of each head is encoded inside the Value matrices. However, as
shown in Figure B.1, the relative weight of each head is almost equally distributed
across the diagonal. Hence, the contribution of the Value matrices to the FS is

approximately a constant factor. This explains why FS and AS perform similarly.

Although the Value matrices {Vh}h:L_“,H appear to have little influence on
contact prediction itself, they remain crucial as trainable parameters of the model. To
test this, we constructed a variant where only the {Q", K h}h:l,..., y are learned, while

the Value matrices are kept fixed. When V matrices are frozen to random initial
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Fig. B.1 Overlap matrix of the set of Value matrices computed on PFO0014 and
PF00763 as single-family and on PF00014, PF0O0072, PFO0076, PF00595, PF13354
as multi-family. Source [42]
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Fig. B.2 Standard AttentionDCA and AttentionDCA with frozen Value matrices for
protein families PFO0014 and PF00763. Source [42]

values, the PPV drops sharply compared to the standard case where all parameters
are trained. On the other hand, when the Value matrices are pre-trained, either on
the same family, on another family, or in a multi-family setting, and then frozen,
the resulting accuracy is close to that of the standard FS and AS. This is shown in
Figure B.2, left panel, for PFO0O014: the blue curve represents the standard model
with all parameters trained; the orange, red and green curves correspond to frozen
Value matrices pre-trained respectively on PFO0014, PFO0072, and a multi-family
dataset including PFO0035, PF00169, PF00677 and PFO0763. Among these, the
family-specific pre-training (PFO0014) performs best, while the multi-family case
slightly outperforms the PFO0072 pre-training. By contrast, randomly initialized
frozen Value matrices (violet curve) lead to a breakdown of predictive power. The
same qualitative behavior is observed for PFO0763 (right panel of Figure B.2).
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B.1.2 Epistatic Score

As described in Section. 4.1.3 of the main text, in the generative formulation of the
model the Epistatic Score (ES) substitutes the interaction tensor when computing
the Frobenius norm for contact prediction. For a given pair of residues (i, j), and
candidate amino acids b;, b}, the ES is defined as the difference between the effect
of mutating both sites simultaneously and the sum of the effects of mutating them

individually, with respect to a chosen wild-type sequence a = (ay,as,...,ar):
AAEij(bi,bj) = AE(CZ,‘ — bi,aj — bj) —AE(CZ,‘ — b,‘) —AE(aj — bj) . (B.S)

In practice, AAE;;(b;,b;) takes the place of the coupling tensor J;;(a;,a;) in the
Frobenius norm, yielding the Epistatic Score ES;;.

An important property of this definition is that the choice of wild-type sequence
does not influence the final contact prediction. We verified that even if the wild-type is
replaced by a randomly generated sequence, the resulting PPV is essentially identical
to that obtained with a homolog extracted from the MSA. This demonstrates that the
relevant information is already embedded in the inferred interaction terms, and that

the ES is invariant with respect to the specific wild-type used in its computation.

For each protein family, Figure B.3 shows the Epistatic Score PPV @L obtained
using different wild-type sequences, as discussed in Equation 4.12 of the main text.
In the figure, the first hundred sequences are randomly selected from the MSA, while
the remaining hundred are generated uniformly at random. The curves confirm that
the accuracy of contact prediction is unaffected by whether the wild-type is taken

from the family or produced synthetically.
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AttentionDCA, Epistatic Score PPV@L with different wild-type sequence
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Fig. B.3 Epistatic Score PPV @L for AttentionDCA using different initial wild-type
sequences for the computation of the Epistatic Score. The first half of the wild-type
sequences are randomly chosen from the MSA, while the second half sequences
are generated from a uniform distribution. Each curve represents a protein family
according to the legend chart. Source [42]

B.2 Attention matrix sparsity analysis

As discussed in the main text, the structural information captured by each attention
head of the model turns out to be highly sparse. A way to quantify this sparsity is
as follows: given the set {Ah}hzl’m,H (with Af.‘j >O0forallhandi,j=1,...,L), we
select from each head the k largest entries. Collecting these values yields a list S of
k x H elements. For each position pair (i, j) we then form a new matrix 4; ; either
by taking the maximum or by averaging across the subset S; ;) C S corresponding to
that pair:
max{A?j | AL €S}

A j= ! . (B.6)

IS%\ ZA?']ESW) A

This reconstructed matrix is then symmetrized, corrected by the average-product
correction, and used as a contact score to derive PPV curves and contact maps. By
varying k, i.e. the number of retained elements from each head, one can measure

how much of the attention information is actually required to reach a given level
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Fig. B.4 PPV curves of different protein families for the averaged and maximized
sparse Attention Score computed for k = {1,L/10,L,4L, (S)} and compared to the
standard Frobenius Score (FS) from PImDCA and AttentionDCA (black and blue
curves respectively). Source [42]

of predictive accuracy. Figure B.5 reports the PPV evaluated at L and 2L for all
the protein families considered, in comparison with the results obtained from the
Frobenius norm score in AttentionDCA.

The results show that when the sparse matrix is built using the maximum rule,
even a very small fraction of the total entries is sufficient to recover PPVs close to
those obtained with the Frobenius norm. In the averaging case, the PPVs rise more
slowly with k, but again for k < kpax = (é) they reach the same level of accuracy.
Thus, whether one uses the max- or average-based construction, a limited number of
entries per head already carries enough information to match the contact prediction
accuracy of the full Frobenius approach. Figure B.4 illustrates the complete PPV
curves for a selected set of k values, namely k = {1,L/10,L,4L, (5) }. Additional
visualizations, including the sparse heatmap at k = L, are reported in Figures B.10
and panel C in Figure 4.3 of the main text.
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Fig. B.5 PPV curves @L and @2L for the averaged and maximized sparse Attention
Score as the value of k varies. Blue and orange curves represent the PPV @L for the
average- and maximum-sparse versions respectively, to be compared with the solid
black line from the Frobenius Score. Similarly, green and red curves show the PPV
@2L, to be compared with the dashed black line. Source [42]
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B.3 Implementation details

B.3.1 Convergence Noise

Since the optimization landscape is highly non-convex and contains numerous local
stationary points, independent training runs initialized with different random seeds
can converge to slightly different solutions. To account for this variability, we adopt
a multiple-run inference strategy. In this scheme, the final contact score for a pair
(i, j) is defined as the maximum score obtained across all runs (see Section. 4.1.1
of the main text). Empirically, we find that a subset of the predicted contacts is
reproduced consistently, regardless of initialization. As shown in Figure B.6, for
every protein family considered, at least L of the top 2L predicted contacts are
shared across the 20 independent runs, where L denotes the sequence length. This
persistent backbone of contacts reflects the robust signal present in the MSA, while

the remaining predictions are more sensitive to run-to-run fluctuations.

B.3.2 Learning Parameters

Table B.1 reports the training parameters used for both the standard and autore-
gressive versions of AttentionDCA. Unless stated otherwise, the same values were
applied to both models. For all families, the mini-batch size was fixed at by = 1000,
the compression ratio at ¢, = (.20, and the number of heads at H = 128. The number
of training epochs and the regularization strength were tuned individually for each

family in order to maximize contact prediction performance.



164

AttentionDCA: Supplementary Information

PF00076, L = 70

xxxxxxxxxxxx

nnnnnnnnnnnn

PF00684, L = 66

nnnnnnnnnnnn

cccccccccccc

Fig. B.6 Frequency of the top 2L predicted contacts across 20 independent inference
runs for nine protein families. Each bar indicates how often a given contact appears
among the top 2L predictions. All families display a stable set of recurrent contacts
(a "backbone") shared across runs, with PFO0072 showing the largest and PF13354
the smallest backbone. Source [42]

Table B.1 Inference parameters and hyper-parameters of the model for each protein
family. Source [42]

A A

H d Standard | Autoregressive # epochs
PF00014 | 128 0.001 | 1.0x107? 100
PF00035 | 128 0.001 | 1.0x107 100
PF00072 | 128 | 17 | 0.001 | 1.0x 1073 20
PF00076 | 128 | 9 | 0.001 | 1.0x 107> 100
PF00169 | 128 | 16 | 0.001 | 1.0x 107> 100
PF00595 | 128 | 11 | 0.001 0.01 150
PF00677 | 128 | 12 | 0.001 | 1.0x 107> 100
PF00763 | 128 | 18 | 0.001 | 1.0x 107> 50
PF13354 | 128 | 34 | 0.001 0.01 200
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B.4 Figures

In this section, we provide supplementary figures that extend the results to the full
set of protein families considered in this study. Specifically, Figure B.7 complements
the analysis of contact prediction for both the single- and multi-family versions
of the model on the remaining families, extending the results shown in Figure 4.2
of the main text. Figures B.8, B.9, and B.10 reproduce for additional families
the comparison between contact maps and attention maps presented in Figure 4.3.
Figures B.8 and B.12 report the results obtained with the autoregressive model,
illustrating contact prediction and generative performance respectively, in direct
analogy with Figure 4.4 of the main text. Finally, Figure B.13 provides the Principal
Component Analysis for the full dataset of protein families, expanding the results of
Figure 4.5.
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Fig. B.7 Positive Predicted Value Curves for different families. Each plot compares
PPVs computed through the Frobenius Score (FS) and the Attention Score (AS), in
particular: PImDCA with FS (black curve); merged- and single-realization of Atten-
tionDCA with FS (red and blue curves respectively); Multi-Family AttentionDCA
with merged- and single-realization (green and yellow curves respectively); Atten-
tionDCA with AS (orange curve). The gray curve represents the PPV of an ideal
model that predicts all and only positive contacts, hence it depicts the prediction of

the full structure of the family. Source [42]
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Fig. B.8 Contact map built from the Frobenius Score applied to the interaction
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Fig. B.9 Grayscale heat map of the averaged attention matrix built from the
{Qh, Kh} h=1,..,7 matrices by AttentionDCA. Structural information is depicted in
red. Source [42]

(- Structure . Attention)

PlF00035' Sparse Attention Map P1F00076, Sparse Attention Map IEF00169, Sparse Attention Map
Fg i ' i
0.0030 % i - : 0010201 4 0.0025
# s - 00035
20 oo g oo 20 00030 00020
: ] 0.0020 0.0025 40 &
e e oors : osaz0 "
40 - 4070 L oos 60 B oc010
i oooe 0.0010 . ot
b 00005 s 80 : 00008
: ey 0000 60 . 00000 Sy R 0.0000
60 watas gy 100 g
1 20 40 60 1 20 40 60 1 20 40 60 80 100
P1F00595, Sparse Attention Map PlF00677, Sparse Attention Map pl|:13354, Sparse Attention Map
%ﬁ‘ i 1o -
1% & 0.0025 ;. 0.0035
20 - 1 201 - o000
L i 4 00020 i 0o 60 00008
s 00025
40 i oo1s 40 0.0020 R x 00006
_' 00010 0001 150 " 00008
60 _ sones 60 o o002
RN 0.0000 : skt 0000 1g0 4 00000
¥ < 80
80 HEL 2 :
1 20 40 60 80 1 20 40 60 80 1 60 120 180

Fig. B.10 Grayscale heat map for the sparse attention matrix constructed by maximiz-
ing over the k highest elements from each head, using k = L. Structural information
is depicted in red. Source [42]
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Fig. B.11 Contact prediction results from Autoregressive AttentionDCA applied to
different families. ES stands for Epistatic Score, FS for Frobenius Score. The plots
compare the PPV curves from PImDCA (FS, black curve), ArDCA (ES, red curve)
with the single- and merged-realizations of AttentionDCA with ES (blue and green
curves respectively) and the PPV from the FS of PImDCA applied to a Generated
MSA sampled from Autoregressive AttentionDCA. The gray curve represents the
PPV of an ideal model that predicts all and only positive contacts, hence it depicts
the prediction of the full structure of the family. Source [42]
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Fig. B.12 Generativity results from Autoregressive AttentionDCA applied to different
families. The plots show a comparison between the two-site connected correlations
of the natural and artificial MSAs generated by Autoregressive AttentionDCA and
ArDCA (blue and red dots respectively). Source [42]
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Fig. B.13 Principal Component Analysis on different protein families. Comparison
between natural data and artificial data generated by using ArDCA and Atten-
tionDCA. Source [42]
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This appendix presents supplementary material derived from the Supporting Informa-
tion of the paper “Controllable Protein Design via Autoregressive Direct Coupling
Analysis Conditioned on Principal Components” [43], rephrased and reorganized

for clarity within the context of this thesis.

C.1 Mathematical foundation of the feature-conditioned

autoregressive model

Let us assume that we have an MSA of M one-hot encoded sequences of length L
over an alphabet of ¢ symbols (¢ = 21 for proteins). We can extract the rotation
matrix U € R?*14_ such that the application Ua =y is the projection of an amino-
acid sequence a in the d-dimensional space spanned by the eigenvectors associated

to the largest d eigenvalues of covariance matrix C*"*”. Let us define the sequence

o .__ ¢4 o ., (LA a
x*:=(al,...,a;,»,...,y7) = (a%,y")
a%:=(af,...,af) isan Lg dimensional vector

y* =Ua® is a d dimensional vector
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where a; is the g-dimensional one-hot encoded representation of amino-acid a;. We

aim at learning the joint probability distribution P(a,y) from our data. We note that

—H(a)
P(a,y) = P(yja)P(a) = 8\ (y—Ua)—
(vla)
P(yla

(C.1)

where: (i) we assume in the last step that the prior distribution of y is uniform,
8@ (x) := 1L, 8(x,) is the d-dimensional Kronecker delta, and (ii) we model
P(a) as a Potts model defined by the energy function H(a). The joint probability
distribution P(a,y) is amenable to autoregressive representation:

L

P(a,y) = P(y)P(ai|y)P(azly,a1)---P(aLly,ai,...,a. 1) == P(y) [ [ P(aily,a<:)
i=1

where a-; := {ay,...,a;_1 } with the convention that a_; is the empty set.

C.1.1 Gaussian Approximation

To proceed analytically, we make use of a Gaussian approximation for P(a) =
exp(—H)/Z. Also, we relax the one-hot-encoded nature of the variables a; to real

values. In this case, we have that

P(a) = </V(a|‘u’2) = ;e_%(a—u)"if"(a—u)f (C2)
(27)4 det

Eq. C.1 becomes:
P(a,y) = P(y|la)P(a) = §'/ (y-Ua).# (alp,%)

We can compute the marginal P(y) which is a Gaussian

P(y) Z/daP(a,y) :JV<y‘Uu,U2UT)
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Computation of the marginal P(y)

Let us consider the case P(y|a) = 8@ (y—Ua). We have that

P(y)

/dae s(a-p)="(a ~H§d)(y—Ua)

(27) Lq det
1 / Ja dkde—%(a—/i) “Ha—p)) k' (y-Ua)
em)Hde(z)’  (27)
1 / dk /dae (a—p)"=" ! (a—p))+ik' (y—Ua)
\/ (27)" det(Z)
1 / dk /dae2aTZ—la+mz—la;u*z—'wikfyikma
r)Hdez)’ 2
1 / dk e_%lﬂ):lu+ik'l'y/dae_%a"'2la—f—(,,ﬁ):l—ikTU)a
2m)d
(27) 4 det(%) (
1 / dk e—élﬂzIN“‘ikTY/dae_éaTZla"'(El“_iUTk)Ta
2r)H der(z) ! (27"

/ dk ef%;ﬂ):_'/.t+ikTy+%(Z"ufiUTk)TZ(Z"ufiUTk)

—émzlm;(zlu)m(zlu)/ dk eik*y—%(UTk)TZUTk—i(z*u)TZUTk

—
L
~

N\'—‘
S
E
vl
<.
I
i
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t
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S
=

/ dk ef%kTUEUTkJri(nyu)Tk
(2m)4
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Alternatively, we could have computed the same result by observing that P(y) is

Gaussian and its first two moments can be computed as:
Wpgy = [ daP(a) [ dys (y-Ua)y = U

<(y - <Y>p(y)) (y— <Y>P(y))T>P(y) = /daP(a) /dyé(d) (y—Ua) (Y— <y>P(y)> (y— <)’>P(y))T
=UxU"

In the following, we will use this technique extensively.

Computation of P(aly) and its marginals

So far, we can write the conditioned distribution P(aly) as

P(yla) P(a)
/—/\ﬁ,_/%
P(a,y) 8“(y—Ua).# (alu,x)
Plaly) = =
(y) J/(y’Uu,UZUT>
P(y)
d
_ (27) ciet(UZUT) o3z a—p)+ S y-uw) (Uzut) " (y-Up) g(d) (y—Ua)
(27)™ det (%)
o e 2 et T aty UET Uy S Uy 5(d) (y )
so that

P(a]y) _ Ke—%afzfla-l-,uTZ*Ia—Q—%yTUE*]U’ky-l—lvlTE*lUj'y(s(d) (y _ Ua)

where K is a normalization constant that does not affect the following computations.
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First marginal The first marginal of the conditioned distribution P(a|y) can be

computed as

P(ay]y) :Ke%y*UZlUTy-I—,uTZIU*y/da_le—%aTZla—wﬁ):la/ (2dk>deikf(y—Ua)
T

:Keéy*UZ_lUTijM*E_IUTyéaKZ_l)laﬁLuf(Z_l)la]/dale—éaTl(E1)_131+HT1(21)_131X
X/ dk eik"'(y—Ulal—U_la_l) —
(2m)

_ Ke%y*UE‘lUTy+u+E‘1UTyf%af(E‘l)lal+uf(2*l)la1 x

EXN + — —_ . -‘-
></(de)d.e"(-‘ﬁ_aiUf)k/da_leéail(E D ((57) il k) e
T
_ Ke%fUZ’lU?y—HfZ’IUTy—%ai(Z*I)lal—H.Lf(Z’l)lal %
s t
></ dk ei(yl—aiU;)k+%((2f1)71u,1—iujlk) (2)_1((2*1)71;1,1—5@11() _
(2m)
_ KoY UET Uy I U Ty~ Jal (271) i (271

X
dk i( T—a%U%)k—i-l f (271) U (@ U k—iu U K
X/—e y -4 My M= KU(2) UL k—ip ULk
(2m)?

:Kegy*uz—lU*yw*):—‘UTy;aj(z—')lalwf(z—‘)la]/ dkde—%k"'U_l(2)_1Uj1k+i(y—U_1u_1—Ulal)*k
(27)

+ + + + el e -1
— KV U Uy 2 0Ty 3al (271) gt (271) a3 (v Ui —Uia) (U (B) U, ) (v—Um i —Usa)

T

_ Ke%y+U2£1U?YﬂL%Z*'UTY*%aI (271)lalﬂlf(zq)lar%(nyfl,LLl*Ulal)TUq (z! ),IUL (y-U_1u1-Ua)

The marginal distribution P(a;|y) remains a Gaussian distribution that can be fully
characterized by its mean and variance. The mean can be computed as the maximum
of the argument of the exponential, while the variance as the opposite of the inverse
of its second derivative with respect to the variable a; :

1 s L 1 B
Ha,ly ZZaT:argrrézllx [EyTUZa1U1y+/.L1Z IUTy_EaI (= 1)1a1+

_ 1 _
+,LL;L (Z l)lal—E(y—U,lu,l—Ulal)TU,l (Z 1)_1Uj1 (y—U,l,u,l—Ulal)



C.1 Mathematical foundation of the feature-conditioned autoregressive model 177

d> 1. . 1
-1 ._ i —lyri Ty =171 T(y—1
wly = g [Ey UL, Uy +u'2" Uy —7a (Z7), a1+

) I ) |
+u (=), a —E(Y—U—l.u—l ~Ua)'U_, =N U (y-U_1py _Ulal)]

Recalling the identities:

dx"a da’x o
dx  dx

d (Bx+b)" C(Dx+d)
dx
we have that the mean is given by:

=B’C(Dx+d)+D"C” (Bx+b)

1 1
[ yurluty+u'stuty— ok I(Z_l)laﬁ—
T
1

da;
1 .
+uy (£ )lal—i(y—U—lﬂ—l—UﬁHyU—l(ZEI),IUL(y—U—l.U—l—Ulal)] =

d 1
gl (=),

1

E(y U_1p_1—Uay) U, (Z_l)lUil(y_U—lll—l—Ulal)] =

—E N a+E ) - ) UL (E) U (v U —Uia) =0
1
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while the variance is:
2

d* 1l 1,
-1 ._ Lotrry =177t ty—lrrty S ot (y—1
Zoly = da%[Zy UL 'Uly+u's'U"y 231(2 ) ai+

1
—le (Z_1>] a; — 5 (y—U,l,u,l —Ulal)TU,1 (Z_l)_] Ujl (y—U,lu,l —Ulal)]

1 _ 1 y B
- {_Eai (Z l)lal_i(y_U—l,u—l_Ulal)kU—l (Z 1)71Ui1 (y—U_l,u_l—Ulal)}

So the marginal can be written as

P(aily) = ! e_%(al_ua]\y)TZ;II‘y(al_ﬂal\y)T _
\/(27r)‘1det(21|y)
= HaroFarlsHars o 28 T @Al Tty
\/(27r)qdet(231|y)
e“aTl\yZ;;\yF‘al‘Y _laTy-1 4 +aT{(E*1) —(u)t ~1 T oy—
— 28] 2y |y 2172 J—O)'UL (27Ul (y U,lu,l)]

|/ (2m)idet(Z,, )

In this context the notation (Z* 1) | € R%4 refers to the first block of matrix X1, while
(=71)_, € RIE-D4L=D refers to the sub-matrix defined by removing the blocks
relative to the first amino-acid. The same goes for U; € R4 and U_; € RA4(L-1),

k-th marginal Generalizing the previous computation, we can compute the k-th

marginal of the distribution P(ai|a_y,y) conditioned to all previous positions and to
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PCA components y. Using Bayes’ rule we can write:

P(a,y)
P(aly) = P(y)
_ P(ay,....arfar,...a1,y)P(ar,...ac1,y)
P(y)
_ P(ag,...,alay,...a 1, y) [T5= P(a;la<;,y)P(y)
P(y)

k—1

= P(a,...,alar,...a_1,y) [[ Plaila<i,y)
i=1

P(aly)
Hk IP(ai‘a<i,Y)

P(ay,...,aLla),...a;1,y) =

From this, we can define the marginal as:

a
P(ak|ala"'ak—17Y):/da>kP(ak7"'JaL‘alv"'ak—la /da> |y)
i al|a<lay)
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The actual computation is quite straightforward

P(aly)
P(ajla;,y)

P(ai|ay,...a;_1,y) :/da>kP(ak,...,aL|a1,...ak_1,y) = /da>ka_]
1

T Plailasy)

o /da>ke—;aTzla+mz1a+;yTUzlUTy+m21U*y5(d) (y—Ua)

[ daip(aly) =

1.7 y—1 T oy—1 p
o< e_2a§k2§ka<k+»u§k2§ka<k/da e za>k2>ka>k+”>k >ka>k/£elkT(y_Ua)

(2m)4
1 dk _ Z _1T .U+ k f
=< e —jalEag I jag = K O-Uza) [ ga_ e —5al X jasit (55 Hon—iUL k) asy
2m)d ~
T
" + N
_ _ + 1t . _1f .
o eéalk2<ia<k+ulk2<,{a<k/ dk lk (Y*ngagk)+%<2>k ll>k*lUlkk> z3>k(2>k #>k*lUikk)
(2m)*
“e;alkz<;a<k+ulkz<,§a<k/ dk K ik (y-Uspacy) = kU= Zo UL k—ipd UL k
(2m)4
o< e_éa;kzgllcaskJF“;kZ;}caﬁk/%e_ékTU>kZ>kUlkk+i(y—U<ka<k—U>k#>k)+k
2

_ _ e =1
o(e—%agkzgl(agk-w;kzgl{agk-%(Y—ngagk—U>k#>k)T(U>k>3>kU;k) (Y- U<ka<k—Usghisi)

— — — T
<e %alkzgi agy ﬂl;czglagﬁ% (y—U<racg—Usilisg) Ui Z20UL (y-Ugacy—Us gty

Now it is essential to isolate the terms depending on a; alone in order to being able to
compute the first and second derivatives to define mean and variance of the gaussian.
In the following, indices i, j refer to block elements of the matrices they are applied
to, while the term constant is used for terms that do not explicitely depend on a.
Let’s analyze each term in the exponential of the marginal distribution:

1 1 —
2aT<kZ<ka<k ——Z a<k ( ) (a<k) Eaz (Z_l)kak— Z a:.r (Z_l)ikak-i-constant

/.L<k <ka<k = Z,ul ) a; + constant
i=1
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(y — Uspacy — Usiping)' U>k2;l>kUik (Y —U<ka<k —Usilsg) =

| =

_ 1 _ ¥ _
—y' UL UL Ugagy + Ea;kU; Ui Z UL Ugac+al UL U2 ey + constant =

k
_ 1
—Y yiu. s Ul Uag + S Uz, L UL Uar+
i=1

k—1 k
+ Z ajUiTU>kZ;,£UikUkak + Z ,uikZ;,iUikU,-ak + constant
i=1 i=1

Computing the first derivative with respect to a; of the argument of the exponen-
tial and setting it equal to zero, we get:

[ 2a<k2<ka<k+nu<k <ka<k+

1 _
+ 5 (y —U<a<y — U>k!~L>k)Jr U>k2>/1¢Ulk (y —U<ra<i — U>kN>k)] =

k +
==Y (YUassulu) +
i=1

k—1
(ajU iT U >1<Z;11cU ;kUk> <“>k iU )

)

+ U]Z-U>k2;]£UlkUkak
i=1

Y (s (=),)

k
— () A~ Zi Uf U2 ULy +
&
k—1

+ ¥ |G UE UL Ui+ U UsE e — (271) | + U U0 Uk = 0
i=1

which gives a mean [, |5_, y given by:

1 [k=1

_ [yt 0 Ayt T 1yt T -1 -1

= [(Z )i~ UL U>k2>kU>kUk] { 1 [Uk Usik 22 UL Ui+ U Usg 22 o — (2 )ika’} +
=

— k
Laglacy { Z [U U>k2 U,'a,- +U;/ U>k2;/1.u>k - (Z_l)ikai] — Z Ul-TU>kZ 1UTky}
=1 i=1
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The second derivative returns the inverse of the covariance matrix
! _dz T oyl .
Zak|a<k7y = da2 [_§a<kzgka<k + Hgk2§k3§k+
k

+ = (¥~ Uracy — U>kli>k)T U>k2;/1<Uik (y —U<ra<i — U>k.u>k)} =

| =

d k
= (=) A YU UL Uyt
i=1

k—1

+ ¥ |GV Ui+ U U s~ (571) ] + U U j0f U |
i=1

_ (vl ¥ 1yt
_(Z )k_UkU>kZ>kU>kUk

Having characterized the k-th marginal, we have a solid foundation to define the

k-th term in the autoregressive decomposition of the full joint distribution P(a,y):

1
(2m)4 det(Z

_La fy—1 _
e z(ak .uak\a<k,y) Zak\a<k,y(ak .uak|a<k,y)

P(aglacy,y) =
\/ aai.y)
i —1
e”ak\a<k,yzak\a<k,y:uak|a<kﬁy 4

1.7 FTy—1
—>a ap+a X
e 2k apla_p.y kT ag ak|a<k,y‘uak‘a<k=y

V)1 det(Zg )

1, Ty—1 il k—1[rst —17/1 ¥ -1 —1 k i —1 T
o<e_iakzak‘a<kvyak+ak{zi:1 ViU E2 U Ui U U 22 b~ (271) ]~ X, U Uz, L U
1

__ b Hedaay)
Zy

k|a<k7y
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where the energy function H (ag|a_,y) can be written as:

1
iyl
H(arlay,y) = D) kzak\a<k,y At

k—1
_ ali { Z [UTU>kZ_kU Uia; + UiTU>kZ;liu>k N (Z_l)ik a,} -
i=1

- Z UTU>kZa >kUlky} =
i=1

L .
= SaT,l, | aca) Z (=) - GiUzs vl U] at

—ay Z U Ui 24 ok + 3y Z UTU>kZa LUy

i= i=

C.1.2 Discrete model

Now that we have a principled formulation of the energy function of the k—th
term in the autoregressive decomposition, we can restore the discrete nature of the
amino-acid data and produce an ansatz for a discrete version of the model in its
autoregressive implementation. Let’s consider each of the three contributions in the

energy function:

1) Quadratic term in the amino-acid space

1 k—1

ay! ] -1 ¥ gyt

2 kzak\a k:y k+akzi [(Z )ik_UkU>kZ>kU>kUi] a;
1=

This can be thought of as an interaction term:

al Joiac
ac; €0, 119 one-hot sub-vector representing the first k positions of the sequence

J<k € R9%4k  interaction matrix composed of g x g blocks

Using a one-cold representation where a € {0,1,2,...,¢}~, the same can be written

Y Jilai,ar)

k<i

as
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2) Linear term in the the amino-acid space

k—1
t 1
a}: Z U/ Usik X2 Uk
=1

1

This can be easily interpreted as a local field. In a one-hot representation this is ath

with hy € R?, while in a one-cold representation this is
hy(ax).

3) Cross interaction term between the amino-acid space and the principal compo-

nent Space:
k
T t —1 g7
a Z Ui U>kz‘a,>kU>ky
i=1

This can be written as
d
a,Gy GeRY

where G acts as an embedding mapping from the amino-acid space to the principal

component space. In a one-cold representation, this is
G(ax) -y
The full one-cold energy function thus reads:

H(aglacy,y) = — iji(aka a;) — hi(ax) —y - G(ax)

i<k

and the probability distribution of the k-th term is

_ ek (arai) +hy (a)+y-G,
P(alar,y) = ~ eLi<kJki(@r.ai)+hi(a) +y-Gi(ar)

arla<i.y
eXi<kJki(akai)+hi(ar)+y-Grlak)

N Yo eXicktiile.ai) thi(c)+y-Glc)
q

7 — V" oLickii(c.ai)+hi(c)+y-Glc)
arla<y.y

c=1

GivenaMSA D € {1,...,q}™ = {a"} concatenated to a matrix Y € R = {y

representing the principal components of each sequence in D, the likelihood of the
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model can be written as

M
Z logP(a™ Z {logP ) +logP(af'ly™) + Z log P(a'|a”,y
m=1 k=2
The first term of the likelihood can be thought of as an empirical frequency of the
sequences in the PC space. Since it does not depend on the learning parameters of
the model, it can be discarded.

HME

c=1

{hl ai') +Gi(ay') -y +logZe VHY"Gile) 4

+i

=2

>~

i<k c=1

PPN

k=1m

maym‘ {hk7']k *7Gk})

i M§

§|~

Since the parameters relative to each site of the sequence are factorized, the full
likelihood can be optimized in parallel. So, each single optimization problem is

defined by the following objective function:

i D\ {hka-]k*aGk} =

{ijl al',d") + h(dl) +y" - Gi(al') — log Z eLi<kJii(ca" )+ (c)+y"-Gi(c)

i<k c=1

C.2 Implementation Details

All numerical experiments and model development were carried out in the Ju-
lia programming language. The complete source code, together with documenta-
tion and scripts to reproduce all results, is publicly available at https://github.com/
francescocaredda/FeatureDCA .jl.

Model training was performed by minimizing the negative log-likelihood of
the conditional distributions defined at each sequence position k, following the
autoregressive factorization introduced in Section 6.2. Optimization was carried
out using deterministic gradient descent with the LD_LBFGS algorithm from the

NLopt . j1 package, with a convergence tolerance of 107>. An L, regularization

)

¥ il )+ i) + ¥ Gi(al) — log Y., eEickIhleal ) Hhe) v Gt >”=

}
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term was applied to the local fields /;(a), to the coupling tensors J;;(a, b), and to the
feature embedding matrix G, with a single regularization coefficient of A = 10~4
used for all terms. Principal component analysis (PCA) was conducted using the
MultivariateStats. jl library. Multiple sequence alignments (MSAs) were one-
hot encoded and centered prior to PCA, and the top d principal components were
retained as conditioning inputs during both training and generation. Thanks to the
autoregressive formulation, both training and sampling can be parallelized across
sequences or positional blocks, which substantially reduces the computational cost.
Sinkhorn divergences were computed through a custom implementation of the
Sinkhorn—Knopp algorithm included in the OptimalTransport. j1 package.

C.3 Data Processing and MSA Construction

The analyses presented in Section 6.4 were performed using the multiple sequence
alignments (MSAs) made available in the arDCA benchmark dataset, accessible
at https://github.com/pagnani/arDCAData. These alignments provide a common

reference for evaluating generative models on standardized protein families.

For the analysis of the Response Regulator (RR) family (Pfam ID PF00072), a
new multiple sequence alignment was constructed to capture the structural diversity
of the main functional subclasses. All sequences containing the conserved receiver
domain PFO0072 in combination with one of the three DNA-binding domains that
define the principal RR subclasses, PF00486 (Trans_Reg_C), PF04397 (LytTR),
and PF00196 (GerE), were retrieved from UniProt. This search yielded a total of
160,585 non-redundant sequences. To ensure structural relevance and consistency
with experimentally characterized RRs, the 200 UniProt sequences most similar
to the crystallographic representatives INXS (Trans_Reg_C), 4CBV (LytTR), and
4ZMS (GerE) were identified using the jackhmmer search tool. These sequences
were used to build a profile Hidden Markov Model (HMM) with hmmbuild, which
was then employed as the reference for sequence alignment.

The resulting HMM spanned 118 positions, slightly extending the 111-position
profile from the Pfam database to include regions relevant to dimerization and
structural variability. All RR sequences were aligned to this profile using hmmalign.
Insertions relative to the consensus were removed to maintain positional consistency,
producing a clean, fixed-length alignment suitable for statistical modeling. This
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MSA served as the training dataset for the generative and conditional experiments
described in Section 6.4, particularly in the case study on RR homodimers. All data
used in this analysis are publicly available at https://github.com/francescocaredda/
FeatureDCAData.

C.4 Wasserstein distance and Sinkhorn divergence

Comparing the projections of natural and generated sequences in principal compo-
nent (PC) space provides an intuitive way to assess the fidelity of a generative model.
Visual inspection of two-dimensional projections often gives a first indication of
whether the generated sequences reproduce the overall geometry, clustering, and
density of the natural distribution. To complement this qualitative comparison with
a quantitative and geometrically meaningful measure, we rely on the Wasserstein
distance, a concept originating from Optimal Transport theory, which defines a

distance between two probability distributions over a metric space.

Let us consider two empirical distributions of points X = {xj,...,X)} and
Y = {yi,...,yu}, both embedded in the same Euclidean space R", equipped with

the standard Euclidean distance

N

d(x,y) = Z(xi_yi)z-

i=1

RM*M is defined as C;; = d(x;,y;)?, representing

The associated cost matrix C €
the squared cost of transporting unit probability mass from x; to y;. We then define

uniform discrete measures over the two point clouds as

1
M

™=

“:

1 M
5X,'7 V:M;Syp

i=1 J
where Jx denotes the Dirac delta centered at point x.

The Wasserstein distance of order two, also known as the Earth Mover’s Distance,

is defined as the minimum total cost of transporting mass from u to v, subject to
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conservation of probability:

W. v min
2(.“ ?’GF,UVIZIJZ%J ijs

where I'(, v) is the set of all couplings (joint probability distributions) with marginals
u and v. The optimal transport plan Y specifies how probability mass is redistributed,

and the term ¥;;C;; represents the cost of moving mass from x; to y;.

Although the Wasserstein distance offers a geometrically grounded comparison
between distributions, its exact computation on empirical datasets becomes increas-
ingly demanding as the number of samples grows. To overcome these limitations,
we employ the Sinkhorn divergence, a regularized variant of the Wasserstein distance
that maintains its geometric interpretation while improving numerical stability and

computational efficiency.

Given two discrete measures [ and v and the cost matrix C, the entropically
regularized optimal transport cost is defined as

OT¢(u,v min 1 iCii + €KL KV
e(u,v) = yer(mZh j (Y|lu®v),

where KL(y||u®@V) =Y, i%j log 4.5~ Y” - is the Kullback—Leibler divergence that pe-
nalizes deviations of y from the 1ndependent coupling 4 ® v, and € > 0 controls the
trade-off between accuracy and smoothness of the transport plan.

The regularized cost, however, does not define a true distance, as it lacks symme-
try and does not necessarily vanish when = v. The Sinkhorn divergence corrects

this by symmetrizing and debiasing the regularized cost:

Se(u,v) = OTe(u,v) — 5 [OTe(u, ) +OTe(v,v)].

This formulation restores the key metric properties: Sg(u,v) =0if and only if 4 = v,
while retaining the geometry of the Wasserstein space. In practice, the Sinkhorn
divergence can be efficiently computed through iterative matrix-scaling algorithms

such as the Sinkhorn—Knopp procedure.

In this work, we employ the Sinkhorn divergence with a squared Euclidean cost
and uniform weights over all samples. Computations were performed using a custom

implementation in Julia, included in the OptimalTransport. j1 package, with the
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regularization parameter set to € = 0.05. This metric provides a sensitive, geometry-
aware measure of the similarity between the empirical PC-space distributions of

natural and generated sequences.

C.5 Principal components beyond the second

Traditional autoregressive and energy-based models such as arDCA and bmDCA
are trained without explicit access to global, low-dimensional representations of
the sequence distribution. Although these models successfully reproduce local
statistics and capture the dominant coevolutionary modes, they generally lack the
ability to represent higher-order variability present in the data. In practice, this
limitation implies that while arDCA and bmDCA can approximate the major axes of
variation, typically the first and second principal components, they fail to recover finer
patterns distributed along intermediate and higher components. These components
often correspond to subtle structural or functional distinctions within a protein
family, and thus carry biologically relevant information that remains inaccessible to

unconditioned models.

FeatureDCA addresses this limitation by introducing a controllable condition-
ing mechanism based on the principal components of the training alignment. By
including an adjustable number of components as conditioning variables, the model
explicitly learns to represent and generate sequences along increasingly complex
directions of evolutionary variability. This flexibility allows FeatureDCA to match
the natural sequence distribution not only in its most dominant modes but also across
intermediate and higher components, depending on the dimensionality d used during

training.

Figure C.1 illustrates this effect for the beta-lactamase family PF13354. The
figure compares the projections of natural and generated sequences across the first
ten principal components, displayed as pairwise plots (PC1 vs PC2, PC3 vs PC4, and
so on up to PC9 vs PC10). Sequences generated by arDCA and bmDCA align well
with the natural data only along the first projection, whereas they diverge markedly
in higher component pairs. In contrast, FeatureDCA, when trained with an increas-
ing number of conditioning components (d = 2,4,8,16), progressively improves

its agreement with the natural data across all projections. This behavior demon-
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strates that the model captures structured variability at multiple scales, enabling it to

reproduce both global and fine-grained features of sequence space.

C.6 In-silico Deep Mutational Scanning

The ability of a generative model to predict the effect of point mutations provides
an important measure of its capacity to capture local evolutionary and functional
constraints. To test this property, we performed an in-silico deep mutational scanning
(DMS) experiment using FeatureDCA. For each mutation at position i, replacing
residue a with residue b, the predicted mutational effect is computed as the change
in log-likelihood between the mutant and the wild-type sequence:

- P(a1 a1 b,‘ aj+1,-.-,0L 5’)
AE(a;: = b;)= —log P an,y +logP amut’y —_1lo ) s Yi1—1,1, ) y UL, ,
( l l) & ( ) g ( ) gP(al,...,ai_l,ai,ai+1,...,aL,y)

where @ is the wild-type sequence and @™

is the same sequence with residue
a; replaced by b;. The vectors y and ¥ denote the principal-component projections
of the wild-type and mutant sequences, respectively. The probabilities P(a,y) are

obtained from the model’s autoregressive factorization.

Experimental DMS data were taken from the publicly available supplementary
material of Riesselman et al., specifically from the blat_ecoli dataset correspond-
ing to the TEM-1 beta-lactamase experiment by Ostermeier and collaborators. To
ensure consistency between model predictions and experimental values, the dataset
was preprocessed as follows. All amino-acid substitutions at each site were alphabet-
ically ordered (A, C, D, E, ..., Y) for reproducibility. Missing single-site mutations
were included explicitly as entries with a placeholder score of inf, representing
the absence of experimental data. A multiple sequence alignment (MSA) for the
beta-lactamase family (PF13354) was then constructed with a fixed length of 214
positions, including seven alignment gaps, ensuring that the wild-type sequence used
in the Ostermeier experiments was present in the alignment. The resulting dataset is
available at https://github.com/francescocaredda/FeatureDCAData.

This processed alignment was used to train FeatureDCA and to compute the
in-silico mutational scores. When comparing predictions to experimental DMS

measurements, we excluded mutations corresponding to missing data (entries labeled


https://github.com/francescocaredda/FeatureDCAData
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as inf) as well as trivial identity mutations (@ — a), which would otherwise inflate

the correlation artificially.

Figure C.2 reports the Spearman rank correlation between predicted and experi-
mental mutational effects as a function of the number of principal components d used
for conditioning. For small values of d, FeatureDCA performs comparably to the
unconditioned autoregressive baseline (arDCA). As d increases, a non-monotonic
trend emerges: the correlation initially decreases, indicating that excessive condition-
ing may obscure local mutational signals, but recovers at higher dimensionalities,
suggesting that the model progressively stabilizes as it incorporates additional global
variability. This pattern points to a balance between representational capacity and

overfitting, characteristic of conditioning in limited data regimes.

C.7 Supplementary Figures

The figures presented in this section complement the analyses reported in Chapter 6,
providing additional results on the conditioned generativity of FeatureDCA. While
the main text focuses on the beta-lactamase family PF13354, the supplementary
figures below extend the same set of analyses to four additional protein families:
PF00014, PFO0072, PFO0076, and PFO0595. Together, these results illustrate the
generality of the conclusions drawn from the main study, demonstrating that the

behaviors observed for PF13354 hold consistently across diverse protein families.

The figures include comparisons of principal component (PC) projections, pair-
wise correlation statistics, effective sequence diversity, and structural similarity

between natural and generated sequences under different conditioning schemes:

* Figure C.3 reports the Pearson correlation between the connected pairwise
correlations of natural and generated alignments, as well as the effective
sequence diversity (M) of the generated MSAs. Both quantities are shown
as a function of the number of principal components used during training and

generation. These plots complement Figure 6.1C-D of the main text.

* Figure C.4 shows the Wasserstein distances between the PCA-space distribu-
tions of natural and generated sequences for different models, computed using
the Sinkhorn divergence introduced in Appendix C.4. This analysis parallels
the PCA matching results presented in Figure 6.1B of the main text.



192 FeatureDCA: Supplementary Information

* Figure C.5 provides the two-dimensional projections of natural and generated
sequences onto the first two principal components for all four protein families,

extending the analysis shown in Figure 6.1A of the main text.

* Figure C.6 presents the sequence-level analysis of conditional sampling,
including Hamming and PCA-space distances between generated sequences
and their corresponding wild-type targets. This figure generalizes the analysis

of sequence diversity discussed in Figure 6.2 of the main text.

* Figure C.7 reports the structural validation of generated sequences. The
RMSDs between predicted and experimental wild-type structures are shown for
each family as a function of the conditioning dimensionality, complementing
Figure 6.3 of the main text.
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Fig. C.1 Principal component projections of natural and generated sequences for
PF13354. Each column shows projections onto successive pairs of principal com-
ponents: PC1 vs PC2, PC3 vs PC4, and so on up to PC9 vs PC10. The first row
corresponds to the natural MSA, while subsequent rows show sequences generated
by FeatureDCA trained with d = 2,4,8, 16 principal components, and by arDCA
and bmDCA. FeatureDCA reproduces the natural sequence distribution within the
first d principal components used during training, achieving progressively improved
correspondence as d increases. Source [43]
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Fig. C.2 Predictive performance of FeatureDCA and arDCA on experimental deep
mutational scanning data for beta-lactamase (PF13354). The Spearman rank correla-
tion coefficient between predicted and experimental mutational effects is shown as
a function of the number of principal components used during training and genera-
tion. arDCA corresponds to the unconditioned autoregressive baseline. FeatureDCA
matches the performance of arDCA for small d, while exhibiting a non-monotonic
dependence on the conditioning dimensionality: correlations first decline as more
components are introduced, then increase again at larger d, indicating a trade-off
between dimensionality, signal strength, and generalization. Source [43]
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Fig. C.3 Comparison of statistical properties across protein families as a function
of PCA feature dimensionality. Each row corresponds to a different protein family
(PF0O0014, PFO0072, PF00076, PFO0595). Left: Pearson correlation between the
pairwise connected correlations of natural and generated sequences, plotted as a
function of the number of principal components used during training and generation
(blue line: FeatureDCA; red dotted line: arDCA baseline). Right: Effective sequence
depth (M.s) of the generated datasets (blue line: FeatureDCA; red dotted line:
arDCA; black dotted line: natural MSA). Source [43]



196 FeatureDCA: Supplementary Information

PF00014, Wasserstein distance for different models and principal components
d=16 d=128 d =603

Wasserstein distance

" ADCA bmDCAFeatureDCA *~ ArDCA bmDCAFeatureDCA ~ ArDCA bmDCAFeatureDCA ~~ ArDCA  bmDCA FeatureDCA
PF00072, Wasserstein distance for different models and principal components

d=16 d=128 d=1471

Wasserstein distance
o
I
N

ADCA  bmDCAFeatureDCA ~ ArDCA  bmDCAFeatureDCA ~~ ArDCA  bmDCA FeatureDCA bmDCA FeatureDCA

PF00076, Wasserstein distance for different models and principal components
d=16 d=128 d =935

Wasserstein distance
g 8§ B B 8§ § & & 3
o
[}
N

ArDCA  bmDCAFeatureDCA ~ ArDCA bmDCAFeatureDCA ~ ArDCA bmDCAFeatureDCA bmDCA FeatureDCA
PF00595, Wasserstein distance for different models and principal components

d=16 d=128 d =942

Wasserstein distance
o
I
N

ArDCA  bmDCAFeatureDCA ~ ArDCA bmDCAFeatureDCA ~ ArDCA bmDCAFeatureDCA ~ ArDCA bmDCA FeatureDCA

Fig. C.4 Wasserstein distance between the PCA-space distributions of natural and
generated MSAs for different models. Each row corresponds to a different protein
family (PFO0014, PFO0072, PFO0076, PF00595). FeatureDCA was trained with the
corresponding number of principal components used to compute the d-dimensional
Wasserstein distance. Source [43]
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Fig. C.5 Projection onto the first two principal components of natural and generated
MSAs for different protein families. Each column corresponds to a distinct family
(PF00014, PFO0072, PFO0076, PFO0595). The first row shows the PCA projection
of natural sequences; subsequent rows display projections of sequences generated by
FeatureDCA, bmDCA, and arDCA, respectively. For each case, the Wasserstein dis-
tance W, quantifies the discrepancy between the natural and generated distributions
along the first two principal components. Source [43]
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Fig. C.6 Conditional generativity across protein families. Each column corresponds
to a protein family (PF00014, PF00072, PFO0076, PF00595). First row: red
crosses mark the conditioning positions chosen in PCA space; black dots show
the generated sequences sampled around those targets. Second row: Hamming
distance between generated sequences and their conditioning wild types. Third row:
Hamming distance between generated sequences and non-corresponding wild types.
Fourth row: Euclidean distance in the first two principal components between the
conditioning positions and generated sequences. Source [43]
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Fig. C.7 Structural similarity between generated and wild-type sequences across dif-
ferent protein families. Each row corresponds to a protein family (PF00014, PFO0072,
PF00076, PF00595). Each panel shows the RMSD (A) between ESM-predicted
structures of generated sequences and their corresponding wild-type references,
plotted against the number of principal components used for training and generation.
Left: RMSD relative to the first wild-type structure (wtl). Right: RMSD relative
to the second wild-type (wt2). Dashed lines indicate the RMSD between the two
wild types using experimental (red) and predicted (blue) structures; solid curves
show average RMSDs of generated samples (blue: wtl, orange: wt2) with standard
deviation as error bars. Source [43]
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