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Abstract — This paper presents a neutronic analysis of a simplified version of the Westinghouse lead-cooled 
fast reactor. The study focuses on the approach for generating the multi-group constants, obtained from Monte 
Carlo simulations, which are then used in the full-core calculations with deterministic codes. Specifically, this 
work investigates the possibility of using a set of sub-assembly models instead of a full-core model for the 
group constant generation when multiple core configurations are considered, to exploit the resulting compu
tational advantages. The potential of applying the superhomogenization (SPH) method, through which SPH 
correction factors are generated and used to improve the accuracy of results obtained by deterministic 
models, is also explored. The use of super-cell models for non-multiplying regions and theirs adoption for 
generating SPH correction factors to material data in regions that cause significant neutron flux gradients is 
also illustrated. The values of keff and the power density distribution show good agreement with the Monte 
Carlo reference results after cross-section correction, the kinetic parameter Λeff does not seem to be affected 
by SPH, and the βeff is more sensitive to the correction, although this does not always lead to improved results.

Keywords — Lead cooled fast reactor, SPH, cross-section generation, Monte Carlo, neutronics, determi
nistic solver.

I. INTRODUCTION

In recent years, interest in lead-cooled fast reactor 
(LFR) technology has grown, as it supports the develop
ment of nuclear plants that aim at producing clean, efficient, 
and safe energy. LFRs operate at higher temperatures than 
light water reactors and can run at low pressure due to the 
use of liquid lead as a coolant. Additionally, as fast- 
spectrum reactors, LFRs can more efficiently fission iso
topes such as plutonium and minor actinides, thus helping 
reducing long-term nuclear waste. For these reasons, 

companies such as Westinghouse electric company (WEC) 
have started developing their own LFR designs.

Significant research efforts are directed toward gain
ing a deeper understanding and addressing various 
long-standing questions concerning LFRs. In the field of 
neutronics, the method for generating multi-group con
stants plays an important role. Thanks to increasing com
putational power, the adoption of Monte Carlo (MC) codes 
to collapse and homogenize nuclear data has gained more 
relevance, thanks to their ability to use continuous-energy 
and continuous-angle representations while modeling the 
system geometry in great detail. Multi-group nuclear data 
collapsed through an MC code can be generated using two 
main strategies: (1) using different assembly-level systems 
to try to represent the whole core in different conditions 
and (2) using a full-core model and defining different 
regions in which the user wants to homogenize and col
lapse the continuous nuclear data into multi-group nuclear 
data. In this study, both strategies are used and compared.
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Multi-group data are typically generated for determi
nistic code-based simulations, which have the significant 
advantage of requiring relatively short computational 
time. However, deterministic codes often rely on assump
tions and simplifications that may compromise result 
accuracy. Specifically, the deterministic model developed 
and used in this study is a diffusion solver that requires 
a set of multi-group data homogenized at the assembly 
level, a spatial discretization using the finite element 
method (FEM), and the implementation of the neutron 
diffusion equation. To improve the outputs of the deter
ministic solver, in this work we test the possibility of 
applying superhomogenization (SPH) correction factors 
[1] to the group constants of the material regions that 
cause the larger discrepancy in the power distribution of 
the LFR design. The application of the SPH method to 
liquid metal fast reactor designs has already been inves
tigated in several studies [2–4]. These works served as 
references for the present study, whose main objective is 
to apply the SPH technique to the Westinghouse LFR 
design and to analyze the general trends of the results 
obtained using different multi-group cross-section 
(MGXS) generation strategies, both with and without 
the SPH method. Furthermore, this work aims to demon
strate the simplicity and nonintrusive nature of the SPH 
approach. The method can be implemented without major 
modifications to the structure of an existing neutronic 
code, requiring only a straightforward two-step workflow. 
This feature makes the SPH technique particularly suita
ble for integration into generic, homemade solvers. In this 
study, the multi-group data are generated by the MC code 
Serpent2 [5,6], while the deterministic solver adopted 
was developed in FreeFEM++ [7].

II. WESTINGHOUSE LFR SIMPLIFIED MODEL

The core model used in this study is a simplified 
representation of the Westinghouse LFR at the beginning 
of life (BOL), shown in Fig. 1. It consists of four radial 
enrichment regions—the inner core, middle core, external 
core, and outer core—with 235U content increasing pro
gressively from the center toward the outer region. The 
active core is surrounded by a layer of lead and the 
structural material of the vessel. In total, there are 18 
control rods (CRs). At BOL, the fuel is axially homo
geneous, and in this simplified model, no additional axial 
components (e.g., springs or insulators) are considered.

Two reactor configurations are analyzed: the all-rods- 
in (ARI) case and the all-rods-out (ARO) case. The 
reference results are generated using a full-core Serpent 
model with 50 inactive cycles, 1000 active cycles, and 
106 particles per cycle. Vacuum boundary conditions are 
imposed on both the axial and radial boundaries. The 
reference keff, βeff, Λeff values for each configuration are 
reported in Table 1, and the corresponding power density 
distributions are shown in Fig. 2.

It is important to highlight the high level of symmetry 
of the system, allowing us to simulate only 1/12 of the core.

In this study, a relatively small number of universes 
for multi-group data generation have been considered, for 
reasons such as reducing as much as possible the statistical 
error coming from MC simulations and also keeping the 
problem simple, easing the solution of the full-core deter
ministic model downstream the pipeline. Thus, the set of 
multi-group constants are generated for each FA type plus 
an additional one, confined in the very central region of the 
core, in order to capture the spectrum change due to the 

Fig. 1. Radial (left) and axial (right) views of the Serpent2 model of the LFR simplified core. The core is surrounded by the lead 
reflector (re) and by the vessel material (ve). The core has four different fuel assemblies (FAs) with a specific 235U content: (from 
the lower-graded to the higher) inner fuel (IF), middle fuel (MF), outer fuel (OF), external fuel (EF). 
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presence of the first ring of CRs. In Fig. 3a, the spectrum 
change in the so-called central fuel can be observed, where 
with �ϕi and �ϕtot, we refer to the neutron flux spectrum 
divided by the volume of the corresponding region “i” and 
the total neutron spectrum divided by the total volume of 
the core, respectively.

In the axial direction, two more regions are defined at 
the top and the bottom part of each FA to assess spectral 
changes along the axes, as seen in Fig. 3b, where the 
spectrum in different axial positions of different FAs is 
shown. For the following calculations, a five-group 
energy grid is adopted. The few-groups boundaries are 
(in MeV): 1� 10� 11, 9:1188� 10� 3, 6:7379� 10� 2, 
1:8316� 10� 1, 1:3530, 20:0. The grid structure was 
selected based on the reference grid defined in Ref. [8] 
for the ALFRED design. The well-known ECCO-33 grid 
was reduced to a five-group energy grid by performing 
a spectrum analysis in the most relevant regions of the 
core. Using fewer energy groups helps decrease the compu
tational time required by the deterministic solver and 
reduces the uncertainty associated with MGXS, particularly 
in the thermal energy region. In Fig. 3c, the total spectrum 
of the system with the energy grid boundaries is shown.

III. METHODOLOGY

To carry out this study, a Python package was imple
mented, with the main task of managing various data types 

and selecting the desired dataset for the deterministic sol
ver. The workflow consists of first launching the Serpent2 
simulations for both the full-core and the mini-core models 
to obtain multi-group data. Then, through an input file, it is 
possible to select a subset of regions belonging to the 
“non-multiplying regions” family and correct the data 
using SPH coefficients (described later). Once the data 
are prepared, the dataset can be selected with any desired 
option, whether SPH-corrected or not. Finally, the gener
ated dataset is used as input for the deterministic solver 
developed in FreeFEM++. The obtained results are then 
compared with the reference values provided by the full- 
core MC simulations. The calculation of the kinetic para
meters βeff, Λeff is based on double-weighting formulations 
[9]; thus, the adjoint function is calculated as well.

It is worth mentioning here that there is a gap in the 
literature concerning the calculation of kinetic parameters 
when the SPH correction is applied. To the best of the 
authors’ knowledge, the studies addressing this aspect only 
apply the “non-fundamental” SPH method, where the correc
tion is made in systems with vacuum boundary conditions, 
which is not the case in this study, such as in Refs.   [10–12].

III.A. Serpent Models for Multi-Group Nuclear Data 
Generation

Full-core MC simulations accurately capture spatial 
flux gradients in the group constant generation process. 

TABLE 1 

ARI and ARO Reference Results Computed with Serpent2. 

keff (-) βeff (pcm) Λeff (μs)

ARI 0:89763� 4:4� 10� 5 712:3� 1:4 0:99253� 2:08� 10� 3

ARO 1:06336� 4:0� 10� 5 696:1� 1:26 0:89968� 1:46� 10� 3

Fig. 2. Serpent power density distribution for ARI (left) and ARO (right) configuration. 
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However, they face challenges in estimating data with 
sufficient statistics for regions far from the core and are 
computationally intensive, particularly when the evalua
tion of multiple core configurations is required for tran
sient analyses. For these reasons, the default approach is 
still to use a set of assembly-level systems, also called in 
this work “mini-core.” The mini-core modes used in this 
study can be divided into three families:

1. Model for non-peripheral FA Used to model the 
FAs located in the inner rings of the core. The model 
consists of a single 3D fuel with reflective boundary 
conditions in the radial direction and vacuum boundary 
conditions in the axial direction (see Fig. 4a).

2. Model for non-multiplying assembly: 2D model 
where the non-multiplying element (CR/SR, upper/lower 
reflector, coolant, shielding) is defined in the center, sur
rounded by FAs. Reflective boundary conditions are 
applied radially (see Fig. 4b). Since in the full-core 
model, the CRs face two different types of FAs, two 
different approaches are used: The first is easier to imple
ment and considers a single-type FA surrounding the CR, 
generally the most numerous in the actual pattern. 
The second option tested in this work is to reproduce the 
exact pattern of the FAs surrounding the CR. Although 
a 3D model with vacuum boundary conditions in the axial 
direction could be employed, this work adopts a 2D model. 
Previous studies have shown that accurate results can be 

Fig. 3. Analysis of the energy spectrum in different regions in the LFR core and definition of the five-group structure adopted. 
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achieved even when axial effects are neglected, particu
larly for test cases in which all CRs are either fully inserted 
or fully withdrawn, as in the present study [3].

3. Model for peripheral FA: Used to model the FAs 
located in the external ring of the core. It is a 3D mini-core 
model composed of only the FAs of the peripheral multi
plying assemblies surrounded by the radial reflector (cool
ant) and by the shielding. This system has vacuum 
boundary conditions both radially and axially (see Fig. 4c).

It is important to take care of the specific design 
characteristics and, if necessary, tailor the systems under 
analysis to the specific design needs. For the 
Westinghouse LFR system, the mini-core models defined 
are as follows:

1. One mini-core of type “non-peripheral fuel” for 
the four FA regions: CF, IF, MF, and OF (see Fig. 4a).

2. One mini-core model for all the non-multiplying 
material regions present in the system, which are the first 
ring of the CR, the second ring of the CR—both rodded 
and unrodded—shield, the radial reflector, and the axial 
reflector (see Fig. 4b).

3. One mini-core of type “peripheral fuel” for the 
more external ring of FAs, labeled as EF (see Fig. 4c).

Thus, a total of 12 Serpent models need to be simulated. 
Regarding the computational time, with the same number 
of active/inactive cycles used in the full-core case and 
particles per cycle, mini-core systems require less run
ning time, though the difference is not always significant. 

Naturally, the overall time required for the mini-core 
option is greater, but if more than one core configuration 
is considered (i.e., changing the CR positions or the fuel 
arrangement), a new MC full-core simulation must be 
performed for each configuration. Therefore, full-core 
simulations quickly become inefficient in terms of com
putational time required (as mentioned in Ref.  [13]). On 
the other hand, in principle, each time a distributed vari
able (e.g., the temperature or the depletion stage of the 
system) needs all the minicore models to be launched 
again to obtain the new multi-group data that account 
for the new distributions.

III.B. SPH Algorithm for the Deterministic Solver

The main goal of the SPH method is to preserve the 
reaction rates in selected regions of the system used to 
generate the SPH coffiecients. For this purpose, 
a supercell model is reproduced in the deterministic 
code as in the full-core simulation, homogenizing the 
regions and solving the eigenvalue problem iteratively 
using the corrected data until the difference between the 
new SPH coefficients and the previous ones is below 
a fixed tolerance. The SPH equations are:

where τ refers to reaction rates, Σx;r;g to a generic cross- 
section for region r and group g, ϕr;g to the neutron flux 

Fig. 4. Serpent mini-core models. 
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in group g and region r, Vr to the region volume/area, and 
μr;g to the correction factor. The SPH method is formu
lated as a fixed-source problem, and due to the absence of 
constraints on the SPH factors, it admits an infinite num
ber of possible solutions. To ensure a unique set of SPH 
factors, a normalization condition must be applied: In the 
original SPH approach, this is achieved by enforcing the 
preservation of the flux averaged over the entire geome
try of the supercell through the equivalence procedure. 
The normalization factor, Ng, is defined as the ratio of the 
sum of the spectrum in each region [14]. The superscripts 
“ref” and “FF” refer to the Serpent reference results and 
the homogenized FreeFEM++ model results, respectively. 
The tuned multi-group data are Σt;g, Dg, Σg0!g, νΣf ;g. 
Concerning the scattering matrix, the production scatter
ing matrix has been considered in this study. If (n, xn) 
was neglected, there would be a systematic understima
tion of neutron production, leading to a smaller reactivity. 
As proposed in Ref.  [3], only non-multiplying regions, 
such as the CRs and the empty CR channels, are sub
jected to the SPH procedure described in Fig. 5. In Fig. 6, 
an example of an SPH coefficient and a mini-core keff 
convergence example is shown.

Thus, the non-multiplying mini-core is defined in 
FreeFem++ by homogenizing the assemblies. The eigen
value problem of the neutron diffusion equation is then 
solved until the difference between the SPH coefficients 
reaches a fixed tolerance value. Fig. 6 shows an example 
the evolution of the relative errors of the total reaction 
rates of the different reaction channels both for the inac
tive and fuel regions of the defined supercell with the CR 
inserted as central assembly. Along the single total reac
tion rate evolution, the keff evolution over the iterations of 
the mini-core model is reported.

In Table 2, the SPH factors are reported for the 
inner and outer regions of the CR assembly in both 
configurations—with and without CR insertion—and 
for each assembly type present in the models. The 
central region of the supercell is denoted as r = 1, 
corresponding to the CR in the inserted configuration 
and to the lead region in the extracted configuration, 
while all surrounding FAs constitute region r = 2. The 
most significant corrections occur in the central region 
of the inserted configurations, indicating that the deter
ministic model lacks accuracy in predicting the neutron 
flux in this area. This limitation may be critical when 
the solver is used without an MC reference, for exam
ple, in transient analyses.

III.C. Full-Core FreeFEM++ Solver

In this work, a deterministic 3D neutron diffusion 
solver developed in FreeFEM++ is used to assess the 
influence of using MGXS generated from both full-core 
and mini-core models. The FEM solver was chosen 
because the neutronic tool developed in this work is 
intended to be applicable not only to the LFR design 
considered here but also to highly compact microreactor 
concepts currently under development at Westinghouse, 
such as eVinci. These systems feature complex geome
tries and unconventional core layouts, where FEM 
offers greater flexibility and accuracy compared to tra
ditional nodal methods. These models are considered in 
two configurations: with and without SPH corrections. 
The analysis follows an assembly-wise homogenization 
approach, where each FA is treated as a homogenized 
region to simplify the modeling while preserving accu
racy at the core level. Due to the high degree of radial 
symmetry in the reactor core, along with some geo
metric simplifications in the axial direction, where non- 
active materials are removed, only half of the axial 
geometry is represented in the model. As a result, the 
total geometry modeled is reduced by a factor of 24 
compared to the full physical system. In Fig. 7, the Fig. 5. SPH algorithm flowchart. 
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geometry model is shown together with the mesh 
used for each full-core calculation. The mesh was gen
erated using the open-source software Gmsh [15], 
employing prismatic elements. It is important to note 
that no dedicated mesh optimization study was per
formed, as this lies beyond the scope of the present 
work. Nevertheless, grid independence was verified by 
adopting a sufficiently fine mesh, made feasible by the 

relatively low computational cost of the deterministic 
model.

One important feature of FreeFEM++ is that it 
requires the user to explicitly define the weak formulation 
of the governing equations. Accordingly, the neutron diffu
sion equation must be reformulated in its variational form 
to be implemented and solved within the FreeFEM++ 
environment. The resulting formulation is:

Fig. 7. WEC LFR full-core model in FreeFEM++ (left) and the adopted mesh for every full-core symulation (right). 

TABLE 2 

SPH Factors for All Corrected Regions. 

μr;g¼1 μr;g¼2 μr;g¼3 μr;g¼4 μr;g¼5

Inner CR model Inserted r ¼ 1 0.84647 0.90426 0.89596 0.84977 0.74205
r ¼ 2 1.03507 1.02211 1.02123 1.02392 1.02686

Extracted r ¼ 1 0.9224 0.99970 0.99801 1.00384 1.02469
r ¼ 2 1.02199 1.00009 1.00065 0.99867 0.99077

Outer CR model Inserted r ¼ 1 0.84648 0.90396 0.89546 0.84945 0.74123
r ¼ 2 1.0350 1.02214 1.02128 1.02385 1.02675

Extracted r ¼ 1 0.92253 0.99953 0.99771 1.00349 1.02334
r ¼ 2 1.02196 1.00015 1.00075 0.99879 0.99132

Fig. 6. SPH method convergence example. Left panel: Relative differences in reaction rates (names consistent with the Serpent2 
output) between the FreeFEM++ model and the reference Serpent2 results for the different multi-groups constants (MGC) 
evolutions of the two mini-core assemblies: central cr material (subscript “1”) and surrounding FA (subscript “2”). Right panel: 
Evolution of keff over the iterations of the equivalent FreeFEM++ model. 
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where wg are the test functions for each energy groups 
and the last term on the right-hand side, based on the 
Gauss–Green theory, can be rewritten as:

At this point, the P1 angle treatment model is used for 
the outgoing current definition in presence of vacuum 
boundaries, turning Eq. (3) into:

Thus, the neutron diffusion equation is solved for each 
energy group, using a different dataset each time, com
bining SPH-corrected and uncorrected MGXS data in 
different assembly type of the core.

The kinetic parameters calculated, namely the effec
tive delayed neutron fraction, βeff, and the effective 
prompt neutron generation time, Λeff are:

To obtain the adjoint flux ϕy, necessary for their evalua
tion, the neutronic problem must be solved twice. 
The second solution involves computing the adjoint func
tion by transposing the operators on the right-hand side of 
the neutron diffusion equation without modifying the 
structure of the left-hand side. For the adjoint solution 
of the problem, the non-corrected MGXS are used, since 
previous studies [10] have shown that applying the SPH 
method is not always advantageous when addressing the 
adjoint problem. Specifically, the results show that 
restricting SPH to the fuel region in the forward flux 
calculation enhances the preservation of kinetics para
meters. Conversely, extending SPH to the adjoint calcula
tion for the k-eigenvalue introduces inconsistencies in the 
bilinear weighting of these parameters, thereby reducing 
the reliability of the results. Therefore, for the adjoint 
problem, SPH should generally be avoided or applied 
with great caution, as it may compromise the accuracy 
of the kinetics parameter preservation.

IV. RESULTS

In this section, the results obtained from the 
FreeFEM++ 3D full-core model are analyzed. Several 
datasets are considered and compared with each other 
and with the Serpent2 reference results. The analyzed 
outputs include keff, Λeff, βeff, and the fission power den
sity distribution. The datasets used for the ARI and ARO 
configuration simulations are described in Table 3.

TABLE 3 

Datasets Used for Results Comparison Description. 

Dataset name Dataset description

full-core All regions data from Serpent MC full-core model.
full-core + CR SPH All regions data from MC full-core model. CR data are corrected.
mini-core All regions data from MC mini-core models.
mini-core + CR SPH All regions data from MC mini-core models. CR data are corrected.
mini-core w CR detailed All regions data from MC mini-core models. Improved CR Serpent model.
mini-core w CR detailed + CR, SFA SPH All regions data from MC mini-core models. Improved CR Serpent model. CR 

and surrounding FAs (SFAs) are corrected.
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All results of this study are summarized in Table 4; 
however, the discussion will first focus on keff and the 
assembly-wise relative error of the fission power density.

Figs. 9 and 10 show the corresponding results for the 
ARI configuration.

It can be observed that the SPH correction improves 
the results for both keff and the fission power density 
distribution. Specifically, the difference in the eigenvalue 
with respect to the reference Serpent2 value is 
� 1023 pcm when the full-core dataset without SPH cor
rection is used. By using the same dataset but replacing 

the CR MGC with the mini-core data and applying the 
SPH factors, the difference is reduced to � 101 pcm. 
Regarding the relative error of the fission power density, 
the root mean square error (RMSE) decreases from 8.3% 
for the first dataset to 2.3% for the second. When the 
dataset composed only of MGCs generated from the 
mini-core models is used, the results are basically com
parable with those obtained using the full-core dataset. 
This suggests that the mini-core models accurately repre
sent the system neutron spectrum. The best results are 
obtained when using the last dataset of Table 3, with an 

TABLE 4 

Comparison of Different Core Models and MGC Generation Methods. 

Full-core
Full-core + CR 

SPH Mini-core
Mini-core +  

CR SPH
Mini-core +  
CR detailed

Mini-core + CR 
detailed + CR 
and SFA SPH

Δkeff (pcm)
ARI −1023 −101 −1068 −65 −961.5 −18.9
ARO 152 43 −23 13 22 11
RMSEP (%)
ARI 8.3 2.3 8.8 2.4 7.4 1.3
ARO 0.28 0.23 0.42 0.26 0.30 0.21
MaxðEpÞ (%)
ARI 11.66 2.38 10.64 3.92 8.6 3.97
ARO 1.54 1.64 1.75 2.61 2.1 1.39
Δβeff (pcm)
ARI 31 39 43 41 43 33
ARO −35 −34 −30 −29 −34 −36
ΔΛeff (%)
ARI −2 −1.8 1.6 −1.9 2 −2
ARO −17 −17 −17 −17 −32 −32
tdataset (h)
ARI 12.3 24.5 70.2 70.2 70.2 70.2
ARO 14.1 34.4 78.6 78.6 78.6 78.6

Fig. 8. ARI configuration keff. The green bands represent the statistical error of the reference results. 
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eigenvalue difference of 19 pcm and a power RMSE 
of 1.3%.

Figs. 8 and 9 show the corresponding results for the 
ARO configuration.

In the ARO configuration all the CRs are extracted; 
thus, the heterogeneity in the power distribution is less 
significant than in the ARI case. Therefore, the accuracy 
gained once the SPH factors are used is comparable with 
the cases in which uncorrected datasets are used. The 
deterministic solver provides a keff and power RMSE 
equal to 152 pcm and 0.25%, respectively, when the full- 
core dataset is used. By using the same dataset but repla
cing the CR MGC with the mini-core data and applying 
the SPH factors, the difference is reduced to 43 pcm for 

the eigenvalue and 0.23% for the power RMSE. It is 
worth noting that even if the mini-core dataset provides 
good agreement with the multiplication eigenvalue, it 
also gives a relatively bad prediction for the distributed 
considered quantity, with the highest RMSE equal to 
0.42. In general, keff value can hide more easly error 
compensation than distributed quantity such as power 
density.

For both configurations, the keff obtained using the 
full-core dataset yields the least accurate result. On the 
contrary, all cases that utilize the detailed CR description 
model and apply corrections to CR and SFA data produce 
the most accurate results. It is important to recall that the 
SPH method enforces the reaction rates in the 

Fig. 9. Absolute total 3D power density relative error between ff simulations and Serpent reference results Pref � PFF
Pref
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of each 

assembly of the ARI configuration. 

Fig. 10. ARO configuration keff. The green bands represent the statistical error of the reference results. 
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SPH-corrected regions to match those of the reference 
mini-core model. If this reference model properly repre
sents the flux distribution in the corresponding region of 
the full-core calculation, the corrected solution will natu
rally provide very similar results. However, it is clear that 
the deterministic model without SPH correction shows 
noticeable deviations, which are likely due to the limited 
number of energy groups and/or the limited number of 
universes defined in Serpent2 for MGXS generation. 
These limitations can affect the accuracy of the uncor
rected solution. Nevertheless, it is important to emphasize 
that all comparisons were performed under consistent 
modeling conditions, which makes the observations 
drawn from the current results still meaningful and 
valid within the scope of this study. Finally, one of the 
most interesting advantages of the SPH method is pre
cisely its ability to mitigate the dependency of determi
nistic results on the chosen energy group structure or the 
spatial subdivision used for collapsing nuclear data. This 
feature makes SPH particularly attractive for practical 
applications where computational efficiency and accuracy 
must be balanced.

In Fig. 12, the kinetic parameters results of both core 
configurations are reported and compared with the 
Serpent reference values.

The kinetic parameters, βeff and Λeff, as expected, do 
not receive any beneficial from the SPH correction 
method: In contrast to reaction rates, which are preserved 
via SPH equivalence theory, there is no guarantee that the 
kinetic parameters obtained from Serpent are likewise 
preserved in the deterministic code calculations. In other 

words, applying a bilinear weighting that uses the for
ward and adjoint multigroup flux computed by the deter
ministic code to collapse the kinetic parameters βeff, Λeff 
does not necessarily ensure the preservation of the refer
ence values derived from Serpent. If the reaction rates are 
preserved, it is not possible to preserve at the the bilinear 
reaction rate. While SPH equivalence theory offers 
a method to preserve reaction rates by modifying cross- 
sections, there remains a theoretical gap regarding the 
homogenization of bilinear quantities, such as kinetic 
parameters, in particular if SPH correction is applied 
only to some sub-regions of the core, as was the case in 
this study.

It would not be entirely accurate to claim that the two 
kinetic parameters are insensitive to the applied correc
tions. As shown in Fig. 11, variations in the parameters 
are observed when different datasets are employed. In 
particular, for βeff, only minor changes are noted across 
the different datasets. This behavior can be better under
stood by considering the definition provided in Eq. (5), 
where the numerator includes the delayed fission operator 
F̂d , defined as βχdνΣf . This term vanishes in non-fissile 
regions, such as CR assemblies. Therefore, the limited 
impact of dataset variation on βeff is expected. 
Nonetheless, the small differences that do appear can be 
attributed to secondary effects. Specifically, the SPH 
correction modifies the cross-sections in the CR regions, 
which in turn alters the local neutron flux near the CR 
assemblies. These flux perturbations, though subtle, 
cause the slight deviations observed in the calculated 
values of βeff.

Fig. 11. Absolute total 3D power density relative error between ff simulations and Serpent reference results Pref � PFF
Pref
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assembly of the ARO configuration. 
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Regarding the behavior of Λeff in the ARI test case, it 
can be observed that the kinetic parameter is consistently 
underestimated when SPH corrections are applied and 
overestimated when no correction is used. As shown in 
Eq. (6), the numerator of the expression is non-zero since 
the term 1v is always finite. The variation in the numerator 
arises from changes in the neutron flux ϕ, which is influ
enced by the application of SPH factors. On the other hand, 
the denominator remains unchanged because the correc
tions affect only the CR regions, where the fission cross- 
section Σf is zero; hence, no contribution is introduced in 
those areas. In contrast, for the ARO configuration, 
Λeff remains nearly constant across the first few datasets. 
This is because the only varying component in the expres
sion for Λeff is the neutron flux, which does not signifi
cantly change in the ARO case, as also evident in Fig. 12. 
However, when the last two datasets are considered, 
a noticeable reduction in Λeff is observed. This can likely 
be attributed to the fact that, in these datasets, the SPH 
correction is extended not only to the CR assemblies but 
also to the surrounding FAs. Consequently, the denomina
tor of the expression for Λeff changes (in this specific case, 
it increases), due to the inclusion of non-zero fission terms, 
leading to a variation (decrease) of the overall value of the 
kinetic parameter.

All the previously discussed results are summarized 
in Table 4, along with additional information, such as the 
maximum power density relative error (Ep) and the com
putational time required to generate the multi-group data. 
It can be observed that the computational time for build
ing the dataset when mini-core models are employed is 
higher. One of the advantages of adopting mini-core 
models lies in avoiding full MC simulations each time 
the core configuration changes—such as in the case of 

CR repositioning or fuel reshuffling—since these models 
are defined independently from the surrounding assembly 
pattern (except for the non-multiplying mini-core model 
type). However, the use of mini-core models can become 
less practical when multiple parameters, such as tempera
tures, must be considered, as this would require regener
ating the dataset for each parameter.

Based on the configurations tested, the most efficient 
case in terms of computational time is the “full-core” model. 
The second most efficient is the “full-core + CR SPH” data
set, since it requires only a full-core simulation plus two mini- 
core models for the CR MGC. All remaining cases rely on 
mini-core models, which require approximately 70 h of MC 
calculations to generate the complete dataset. These calcula
tions were performed on a PC equipped with an Intel Xeon 
Gold 6130 CPU at 2.1 GHz, utilizing 30 cores.

As previously discussed, the “mini-core + CR 
detailed + CR and SFA SPH” configuration provides the 
most accurate results for both core configurations. 
Nevertheless, when balancing accuracy and computa
tional cost, the “full-core + CR SPH” option emerges as 
the most favorable overall.

V. CONCLUSIONS

This paper investigates the possibility of reproducing 
Serpent2 reference results for the Westinghouse LFR core 
design using an FEM-based code to solve the neutron diffu
sion equation. To achieve this, various approaches for gen
erating multi-group constants were explored, including the 
use of a standard full-core model and a set of mini-core 
models representative of the different regions within the 
system. The advantage of using mini-core models has been 

Fig. 12. ARI (left) and ARO (right) configuration βeff and Λeff comparison. The green bands represent the statistical error of the 
reference results. 
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highlighted in terms of not only result accuracy but also 
computational time. Using mini-core modeling can be 
advantageous when multiple core configurations (e.g., CR 
positions) need to be analyzed. In contrast, full-core models 
can require a significant amount of computational time, 
especially if a low statistical error is desired in non- 
multiplying regions or for materials located far from the 
core (e.g., shielding). On the other hand, this advantage 
does not necessarily hold when multi-group data libraries 
must be generated for several parameters, such as tempera
tures and burnup levels. In such cases, relying on mini-core 
models can quickly become inefficient, as the full set of 
simulations (which in this study required approximately 
70 h for all mini-core models using the same neutron popu
lation settings values in Serpent2) would need to be repeated 
for every temperature (Ntemperature) and burnup step 
(Nburnup). This results in a total computational effort scaling 
with Ntemperature � Nburnup, making the approach potentially 
impractical for large parametric studies unless a highly reli
able deterministic code is employed for data generation. 
Such a code should be capable of accurately reproducing 
the neutron spectrum within the system and of extracting the 
information required to compute the SPH correction coeffi
cients. It is important to note, however, that using the same 
number of particles and active and inactive cycles for both 
full-core and mini-core models was a deliberate choice to 
simplify the comparison of results. Mini-core models gen
erally require fewer histories, particularly for cells with 
reflective boundary conditions. In fact, by adopting a more 
tailored number of cycles for each model—while preserving 
comparable cross-section accuracy—the total computational 
time can be reduced significantly, down to approximately 
48 h for the ARI configuration and 53 h for the ARO con
figuration. This observation has been added here to provide 
a clearer perspective on the potential for optimization.

Furthermore, the study demonstrates how to apply the 
SPH method to tune multi-group data with the aim of improv
ing reference quantities. The integral values keff, βeff, Λeff and 
the power density distribution were selected for results com
parison. The time required for the SPH-correction algorithm 
has not been reported, as it is negligible (of the order of 
seconds for each supercell analyzed).

The power density distribution and keff generally show 
good agreement with the deterministic model when the SPH 
method is applied. In the ARO configuration, the simulation 
based on the mini-core model dataset is less sensitive to the 
SPH correction due to the lower heterogeneity of the sys
tem. Overall, the models relying on the full-core dataset 
produce poorer results. It is important to mention here that 
the SPH method proves particularly effective in fast reactor 
applications due to the relatively uniform neutron flux, 

reduced anisotropy, and smoother energy-dependent cross- 
sections, which minimize multigroup collapsing errors and 
allow scalar correction factors to preserve global kinetics 
parameters with high fidelity.

The values of βeff and Λeff were obtained using the 
double-weighting formulation. The results indicate that the 
kinetic parameters are sensitive to the cross-section correc
tion, but this does not lead to any direct improvement since 
the SPH method is meant to preserve the reaction rates 
given by the multiplication of a macroscopic cross-section 
and the neutron flux, Σxϕ, not with the adjoint function.

Looking ahead, this work will continue to build on the 
advantages of using mini-core modeling for multi-group 
data generation, particularly in uncertainty and sensitivity 
analysis related to nuclear data for transient analysis. Future 
efforts will also aim to improve the accuracy of kinetic 
parameter reproduction when applying SPH correction.
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