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A fundamental challenge in supersymmetric field theory is that supersymmetry transformations on field variables 
generally form an algebra only on-shell, i.e. upon imposing the field equations. We show that this issue is defused 
in a manifestly relational -- and thus automatically invariant -- formulation of supersymmetric field theory, 
achieved through the application of the Dressing Field Method of symmetry reduction, a systematic tool to exhibit 
the gauge-invariant content of general-relativistic gauge field theories.

1. Introduction

Finding a general off-shell formulation of supersymmetric field theo
ries, a very desirable goal aiming towards their description as quantum 
field theories, is a major challenge of theoretical physics of fundamen
tal interactions. For theories with more than eight supercharges such a 
formulation is typically problematic, both in the rigid supersymmetry 
(susy) and in the supergravity (sugra) cases. The difficulties are magni
fied when coupling  -extended theories to hypermultiplets, i.e. matter 
multiplets with maximum spin 1/2 and whose number of d.o.f. remains 
stable when moving from massive to massless representations. An off
shell supersymmetric description in ordinary superspace 𝑀𝐷|N , with 
N = 2𝐷∕2 and 𝐷 the number of spacetime dimensions, can be formulated 
only for a very restricted class of supermultiplets [1--10]. A general off
shell description of representations for  -extended models, with fully 
manifest susy, was shown to be possible at the cost of including an 
infinite number of auxiliary fields, thereby circumventing the no-go the
orems of susy stating that adding any finite number of auxiliary fields 
cannot help to achieve the closure of the off-shell algebra [11--13]. The 
most successful frameworks in which off-shell theories have been tech
nically developed involving an infinite number of auxiliary fields are 
projective superspace [14,15] and harmonic superspace [16]. Another pow
erful approach to off-shell susy considers, instead, constrained ``pure'' 
spinors -- see [17,18] and references therein. However, the physical 
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and group-theoretical meaning of having an infinite number of auxil
iary fields or constrained fields remains unclear.

It is important to recall what is expected, within the standard super
symmetric field theory framework, regarding a general off-shell formu
lation. Such a formulation is indeed structured around two fundamental 
criteria:

(i) The off-shell matching of bosonic and fermionic degrees of freedom 
(d.o.f.), which must also reappear on-shell. However, this matching 
is initially computed only at the kinematical level, taking into ac
count the gauge transformations of the fields -- typically -- or any 
constraints, depending on the approach adopted.

(ii) The closure of an off-shell algebra for the susy transformations 
acting on the fields. This means that the fields form an off-shell rep
resentation of the superalgebra, or the superalgebra is represented 
off-shell on the fields -- this is the so-called off-shell closure.

Typically, in the absence of auxiliary fields, the ``algebra'' of susy 
transformations closes only on-shell on field variables, i.e. only when the 
equations of motion are used. This implies that susy transformations do 
not actually form a true algebra but rather what is sometimes referred 
to as an open or soft algebra [16].

The above two points should be emphasized separately, as in some 
cases it is possible to construct off-shell supermultiplets even with a 
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finite number of fields, ensuring the matching of bosonic and fermionic 
degrees of freedom. However, the susy transformations do not close off
shell on the fields, they only close on-shell. Consequently, in such cases, 
one cannot speak of a manifestly off-shell supersymmetric theory. For 
example, as noted in [19] and more recently revisited in [20], this occurs 
in the case of the so-called double tensor multiplets [21--23]. Similarly in 
 -extended models and in higher-dimensional theories, see e.g. [24].

In this letter, we do not aim to provide a definitive solution to both of 
the aforementioned issues simultaneously. Instead, we focus on (ii), by 
proposing a novel alternative formulation of standard supersymmetric 
field theory with a finite number of fields, in which susy is reduced using 
the Dressing Field Method (DFM). Originally introduced in [25] as a sys

tematic approach to constructing gauge-invariant variables, the DFM is 
best framed within the differential bundle geometry of field space [26], 
but it also admits a more broadly accessible field-theoretic presentation 
[27--29]. A key aspect of this method, particularly when applied using 
field-dependent dressing fields, is its relational nature: gauge invariance is 
achieved by realizing the physical d.o.f. as relations among bare (gauge
variant) ones [26--28,30--32].

By leveraging this approach we make invariance manifest through 
the construction of relational susy singlets, thereby defusing the issue of 
susy transformations closing and forming an algebra only on-shell.

The remaining of this work is thus organized as follows: In Section 2
we briefly recall the basics of the DFM and its application to the reduc
tion of susy -- while we refer the interested reader to the above cited 
literature on the DFM for further technical and conceptual details. This 
more formal section provides the general mathematical template of the 
DFM, to better appreciate its field-theoretic application to the susy case. 
A more physics-oriented reader may start directly with Section 3, where 
we present our novel approach to off-shell susy invariance via the DFM. 
The procedure applies at both the kinematical and the dynamical lev
els. We also provide an example of application to an  -extended model, 
that is  = 2, 𝐷 = 4 pure sugra in its geometric (a.k.a. rheonomic) for
mulation in superspace [33] -- the dressing will be perturbative and 
invariance achieved at 1st order. Finally, in Section 4 we discuss fu
ture developments and propose novel possible approaches to addressing 
point (i) using a finite number of fields.

2. Dressing field method: basics

Via the DFM [26--28,30--32,34,35] one produces gauge-invariants 
out of the fields Φ= {φ} of a gauge theory with gauge group  whose 
action on Φ defines gauge transformations: φ ↦ φ𝑔 . In the standard 
formulation of the DFM, which we review below, one first studies the 
kinematics (and then the dynamics) of a theory based on a given gauge 
group, for which the transformations that form a closed group, or an 
algebra, are given a priori.

Suppose  ⊆  is a gauge subgroup -- corresponding to the rigid 
𝐾 ⊆ 𝐻 . The DFM relies on identifying a Φ-dependent -dressing field, 
that is a map

𝑢 ∶ Φ → 𝑟[𝐾,],

φ ↦ 𝑢 = 𝑢[φ],

φ𝑘 ↦ 𝑢𝑘 ∶= 𝑢[φ𝑘] = 𝑘−1𝑢[φ], ∀𝑘 ∈,

(1)

where 𝑟[𝐾,] ∶= {𝑢 ∶ 𝑈 ⊂ 𝑀 → 𝐾 | 𝑢𝑘 = 𝑘−1𝑢} is the space of (Φ
independent) dressing fields, with 𝑀 the spacetime manifold. One can 
then build in a systematic way, using the DFM rule of thumb -- cf. e.g. 
[26], the -invariant dressed fields by the surjective map

Φ → Φ𝑢,

φ ↦ φ𝑢 = φ𝑢[φ],

φ𝑘 ↦ (φ𝑘)𝑢𝑘 ∶= (φ𝑘)𝑘−1𝑢[φ] = φ𝑢[φ].

(2)

By this rule, to obtain the dressing of an object, one first computes its 
gauge transformation, then one (formally) substitutes the gauge param

eter with 𝑢 in the result. Note, however, that the dressing field is not 
an element of the gauge group. The DFM has a natural relational in
terpretation: Dressed fields φ𝑢 represent the gauge-invariant, physical 
relations among d.o.f. embedded in the original (bare) fields φ.

Here let us also mention that, being -invariant, the dressed fields 
φ𝑢 are expected to display residual transformations under what remains 
of the gauge group. If 𝐾 is a normal subgroup of 𝐻 , 𝐾 ⊲ 𝐻 , then 
𝐻∕𝐾 =∶ 𝐽 is a Lie group. Correspondingly,  ⊲  and  = ∕ is 
a gauge subgroup of . In this case, the dressed fields φ𝑢 may exhibit 
well-defined residual  -gauge transformations, which are called resid

ual transformations of the 1st kind. Furthermore, dressed objects may also 
exhibit residual transformations resulting from a possible ambiguity in 
the choice of dressing field: two dressing fields 𝑢, 𝑢′ may a priori be 
related by 𝑢′ = 𝑢𝜉, where 𝜉 is an element of what is referred to as the 
group of residual transformations of the 2nd kind.

Let us observe that if a dressing is introduced by fiat, as additional 
d.o.f. not built from those of Φ, i.e. it is a Φ-independent dressing field, 
one is dealing with a new distinct theory: The dressing field is said ad 
hoc, the dressed fields cannot be interpreted as representing the physical 
relational content of the original theory, and the gauge symmetry of 
the new theory is said to be artificial [36,37]. This encompasses as a 
special case the so-called Stueckelberg trick, whereby one implements 
a gauge symmetry in a theory via the introduction of extra d.o.f., the 
Stueckelberg fields, which are indeed ad hoc dressing fields. Looking 
at Stueckelberg models (like massive Yang-Mills and massive gravity) 
through the DFM lens, one would ``undo'' the result of the Stueckelberg 
trick, removing an artificial gauge symmetry.

2.1. Perturbative dressing

It may often happen, as is typically the case in supersymmetric field 
theory, that one is chiefly concerned with invariance at 1st order, that is 
under infinitesimal gauge transformations Lie. In this case, one may 
linearise the above, defining a Lie-dressing field

𝜐 = 𝜐[φ] ∶𝑈 ⊂𝑀 → K = Lie𝐾,

s.t. 𝛿𝜆𝜐 ∶= 𝜐[𝛿𝜆φ] ≈ −𝜆, ∀𝜆 ∈ Lie,
(3)

where in the defining transformation higher-order terms, polynomial in 
𝜆 and 𝜐, are neglected. We then define the perturbatively dressed fields

φ𝜐 ∶= φ+ δ̄𝜐φ, (4)

where δ̄𝜐φ mimics the functional expression of the Lie gauge trans
formation 𝛿𝜆φ, substituting the gauge parameter by the infinitesimal 
dressing, 𝜆→ 𝜐. This is again the rule of thumb mentioned above. So, δ̄𝜐
is not a differential of the algebra of fields. The perturbatively dressed 
fields are -invariant at 1st order,

𝛿𝜆(φ𝜐) = 𝛿𝜆φ+ δ̄(𝛿𝜆𝜐)φ = 𝛿𝜆φ+ δ̄−𝜆φ

= 𝛿𝜆φ− 𝛿𝜆φ ≡ 0,
(5)

that is neglecting higher-order terms in 𝜆 and 𝜐.

2.2. DFM and supersymmetry reduction

For supersymmetric field theories the reasoning is slightly different 
from the standard gauge theoretic framework where the DFM naturally 
applies, in the sense that one usually starts from a Lagrangian func
tional of the fields -- hence from some dynamical data -- required to 
be (quasi-)invariant (i.e., invariant up to a boundary term) under susy 
transformations that generally close an algebra only on-shell. Nonethe
less, the DFM can still be directly applied to this context, reducing susy 
and building susy-invariant fields. Unfortunately, in field-theoretic con
texts dressings are often conflated with mere gaugefixings, generating 
misconceptions regarding the physics -- cf. [28,29,31] for details.

As far as standard susy (as opposed to unconventional susy [28]) 
is concerned, it was shown in [27] that the ``gaugefixing'' conditions 
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typically used to extract the d.o.f. of the Rarita-Schwinger (RS) spinor
vector and gravitino fields -- e.g., 12 off-shell d.o.f. in  = 1, 𝐷 = 4 -- are 
actually instances of the DFM. That is, solving the dressing functional 
constraints actually realises those fields as (self-dressed) relational vari
ables. In both cases of rigid susy and sugra, what is commonly imposed 
is the so-called gamma-tracelessness condition on the fermionic 1-form 
𝜓𝛼 = 𝜓𝛼

𝜇
𝑑𝑥𝜇 , namely 𝛾𝜇𝜓𝜇 = 0 (for simplicity, from now on we will 

omit all spinor indices). This condition is rewritten for the new dressed 
variable, i.e. 𝛾𝜇𝜓𝑢

𝜇
= 0, obtained by applying the DFM rule of thumb, and 

then explicitly solved for 𝑢, showing that it indeed qualifies as a dress
ing field after verifying how it transforms under susy. In this context, 
the dressing is field-dependent and non-local -- and thus susy a substan
tive symmetry [37]. In the RS case, in 𝐷 spacetime dimensions, we have 
that the RS field 𝜓 transforms under susy as follows:

𝜓 ↦ 𝜓 + 𝑑𝜀, (6)

𝜀 being the susy parameter. Then, one introduces the (dressed) variable

𝜓𝑢 ∶= 𝜓 + 𝑑𝑢, that is 𝜓𝑢
𝜇
∶= 𝜓𝜇 + 𝜕𝜇𝑢, (7)

and, solving the ``dressing constraint'' 𝛾𝜇𝜓𝑢
𝜇
= 0 for 𝑢, one gets

𝛾𝜇𝜓𝑢
𝜇
= 𝛾𝜇(𝜓𝜇 + 𝜕𝜇𝑢) = 0

⇒ 𝑢[𝜓] = −∕𝜕−1(𝛾𝜇𝜓𝜇) = −𝐷∕𝜕−1𝜒,
(8)

where 𝜒 ∶= 1∕𝐷 𝛾𝜇 𝜓𝜇 carries spin-1/2. Notice that 𝜒𝑢 = 0 by construc
tion. See [27] for details. The minimal coupling of the RS field with 
gravity is described via the Lorentz spin connection 𝜔𝑎𝑏 and the solder
ing 1-form 𝑒𝑎 (the vierbein). It is obtained via covariantization,

𝜕𝜇 ↦ 𝜇,

𝛾𝜇 ↦ 𝛾𝑎𝑒𝑎𝜇,
(9)

where 𝜇 is the Lorentz-covariant derivative and 𝛾𝑎 the flat space 
gamma-matrices. Then, in the simple  = 1, 𝐷 = 4 sugra case, we con
sider the gamma-tracelessness constraint as a functional condition on

𝜓𝜐
𝜇
∶= 𝜓𝜇 + δ̄𝜐𝜓, (10)

with 𝜓 the gravitino field. Solving explicitly for 𝜐, one obtains the field
dependent perturbative dressing field 𝜐:

𝛾𝜇𝜓𝜐
𝜇
= 𝛾𝜇(𝜓𝜇 +𝜇𝜐) = 0

⇒ 𝜐[𝜓] = −∕−1(𝛾𝜇𝜓𝜇) = −𝐷∕−1
𝜒.

(11)

One shall then dress also the other fields of the theory, if any, as well as 
the Lagrangian -- see [27,28].

3. Off-shell susy via manifest invariance

There are many approaches to supersymmetric field theory, among 
which superspace formulations hold a prominent place, as they allow 
for a more geometric understanding of susy. What all these approaches 
have in common, however, regarding the issue of the on-shell closure of 
susy transformations on the fields, is the inclusion of auxiliary fields in 
the theory -- either a finite or infinite number of them [16]. This enlarge 
the field space of the original theory and modifies the susy transforma
tions s.t. the Lagrangian is kept (quasi-)invariant and the (new) susy 
transformations close a superalgebra off-shell, without implementing 
the equations of motion.

Here we adopt a different perspective: Using the DFM, we construct 
susy-invariant, variables -- which one may call susy singlets, to borrow 
a group-theoretic term -- namely relational variables that are invariant 
under the susy transformations leaving (quasi-)invariant the bare La
grangian under consideration. As we will see, applying the dressing 
procedure to a bare Lagrangian naturally yields a susy-invariant theory; 
however, one could also choose to construct a new theory entirely from 

scratch, defined in terms of the dressed variables, and quasi-invariant 
under the residual symmetries.

This process leads to a reshuffling of the d.o.f., susy is effectively 
reduced, and the need for auxiliary fields disappears, as the issue of on
shell closure of the susy algebra is circumvented. That said, the matching 
of bosonic and fermionic d.o.f. may still pose challenges. In Section 4, 
we suggest possible strategies to address this issue. One such approach 
could involve reintroducing auxiliary fields solely to balance the d.o.f., 
which can then also be dressed -- since all fields must be dressed when 
reducing a symmetry.

In the following, we formalize our approach to the challenge. The 
perturbative dressing will be the one we are primarily interested in, 
particularly because susy transformations in standard supersymmetric 
field theory are typically given (or derived) at the infinitesimal level. 
Our approach is in principle applicable to any amount of susy  and 
in any spacetime dimension 𝐷.

3.1. Susy as an off-shell invariance via the DFM

We consider a generic supersymmetric field theory with field content 
denoted by φ and Lagrangian 𝐿 =𝐿(φ) quasi-invariant under infinites
imal susy transformations

𝛿𝜀φ = 𝑓 (𝜀;φ), (12)

where 𝑓 is a functional expression linear in the susy spinor parameter 
𝜀 = 𝜀(𝑥). In general, one has

[𝛿𝜀, 𝛿𝜀′ ]φ = 𝛿[𝜀,𝜀′]φ+𝑬(φ), (13)

with 𝑬(φ) the field equations of the theory, the susy transformations 
closing an algebra only on-shell, i.e. for 𝑬(φ) = 0, on the fields φ.

Now, suppose that we are able to extract from the theory a perturba

tive dressing field 𝜐 = 𝜐[φ] s.t.

𝛿𝜀𝜐 ≈ −𝜀. (14)

We can then systematically build perturbatively dressed fields

φ𝜐 ∶= φ+ δ̄𝜐φ = φ+ 𝑓 (𝜐;φ). (15)

Those are relational variables, invariant under susy transformations at 
1st order. Indeed, we have

𝛿𝜀φ
𝜐 = 𝛿𝜀φ+ 𝛿𝜀𝑓 (𝜐;φ)

= 𝑓 (𝜀;φ) + 𝑓 (𝛿𝜀𝜐;φ) +����� neglect
𝛿𝜀𝑓 (𝜐;φ)

= 𝑓 (𝜀;φ) − 𝑓 (𝜀;φ) = 0,

(16)

neglecting higher-order terms.
Since all the fields in the theory shall now be dressed in such a way 

as to be invariant under susy transformations, it follows automatically 
that

[𝛿𝜀, 𝛿𝜀′ ]φ𝜐 = 0, (17)

which defuses the issue of the on-shell closure of susy transformations 
on the fields, which arose when considering only bare variables (13).

In the presence of residual  -transformations of the 1st kind, the 
theory is not yet fully relational; these should be reduced in an anal
ogous manner to achieve full relationality. The theory thus becomes a 
 -theory, and the dressed fields still transform under the residual gauge 
symmetries remaining after susy has been reduced (e.g., Lorentz trans
formations, bosonic spacetime diffeomorphisms, etc.).

We will now examine the implications for the dynamics of the theory, 
that is, for supersymmetric Lagrangians.
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3.2. Dressed susy Lagrangians

Let us consider the Lagrangian form 𝐿 =𝐿(φ) quasi-invariant under 
the infinitesimal susy transformations (12), namely

𝛿𝜀𝐿(φ) = 𝑑𝛽(𝜀;φ). (18)

Supposing that there exists the dressing field 𝜐 above, we exploit the 
quasi-invariance of 𝐿 to define, using the DFM rule of thumb, the per
turbatively dressed Lagrangian as

𝐿𝜐 =𝐿(φ𝜐) ∶=𝐿(φ) + δ̄𝜐𝐿

=𝐿(φ) + 𝑑𝛽(𝜐;φ).
(19)

The dressed Lagrangian 𝐿𝜐 is susy-invariant at 1-st order by construc
tion, being a functional of the dressed fields φ𝜐:

𝛿𝜀𝐿
𝜐 = 𝛿𝜀𝐿+ 𝛿𝜀𝑑𝛽(𝜐;φ)

= 𝛿𝜀𝐿+ 𝑑𝛽(𝛿𝜀𝜐;φ) +������ neglect
𝑑 𝛽(𝜐;𝛿𝜀φ)

= 𝑑𝛽(𝜀;φ) − 𝑑𝛽(𝜀;φ) = 0.

(20)

The dressed field equations 𝑬(φ𝜐) = 0 are thus susy-invariant at 1st or
der. They are deterministic, meaning that they uniquely determine the 
evolution of the relational d.o.f. of the theory.

Observe that, in the case in which the bare Lagrangian is strictly 
susy-invariant, that is 𝛽 = 0, then 𝐿(φ𝜐) = 𝐿(φ). In either cases, the 
field equations 𝑬(φ𝜐) = 0 for the dressed fields have the same functional 
expression as the field equations for the bare fields, 𝑬(φ) = 0. Let us also 
mention that in the presence of residual  -transformations of the 1st 
kind, 𝐿(φ𝜐) is a  -theory.

We remark that, at this point, one can either continue studying the 
dressed theory constructed starting from the bare one -- for example, 
by analyzing its solutions, performing quantization, etc. -- with manifest 
invariance at hand, or, alternatively, one can construct a new  -theory 
from scratch using the dressed kinematical field variables obtained by 
reducing the susy transformations (12).

3.3. Susy as an off-shell invariance in  = 2, 𝐷 = 4 supergravity via the 
DFM

We now give an application of the above to the case of  = 2, 𝐷 = 4
pure sugra. Let us mention that, actually, in the case of sugra things 
become a bit more subtle because susy transformations correspond to 
diffeomorphisms along the fermionic directions of superspace. This is made 
clearer in geometric approaches to susy and sugra in superspace: See 
for example the so-called rheonomic approach [33,38,39] comprehen
sively reviewed in [40], or more generally the framework of Cartan 
super-geometry as the mathematical foundation of sugra -- see [40] and 
references therein. In order to have better geometric control over the 
procedure to be implemented via the DFM for reducing susy in sugra one 
should adopt a super-Cartan approach, that is, work with a super-Cartan 
bundle. Moreover, since higher-dimensional,  -extended sugra models 
typically involve higher-degree forms (antisymmetric tensors with mul
tiple indices), a fully developed relational framework for sugra would 
require the formal development of higher Cartan supergeometry, along 
with a corresponding higher DFM (in preparation [41]).

Here we shall just consider the  = 2, 𝐷 = 4 pure sugra model as 
presented in [33], applying the DFM at an elementary field-theoretic 
level, which is enough to showcase our approach to the issue of on-shell 
closure of the susy transformations.

The field content of the  = 2 theory is given by φΣ = {𝜔𝑎𝑏,𝑉 𝑎,𝜓𝐴, 
𝐴𝐵}, with 𝜔𝑎𝑏 the Lorentz spin connection, 𝑉 𝑎 the vierbein, 𝜓𝐴 the 
gravitino 1-form fields, and 𝐴𝐵 the graviphoton (here Σ denotes the 
index of the OSp(4|2) adjoint multiplet and 𝐴,𝐵,…= 1,2 are SO(2) in
dices, while 𝑎, 𝑏,…= 0,1,2,3). One can introduce the notation 𝐴𝐵 ∶=
𝜖𝐴𝐵, with 𝜖𝐴𝐵 = −𝜖𝐵𝐴 and 𝜖12 = 1. We shall adopt the same notation 

and conventions of [33]. The supercurvature 2-forms of the theory are 
defined as

𝑅𝑎𝑏 ∶= 𝑑𝜔𝑎𝑏 −𝜔𝑎
𝑐 ∧𝜔𝑐𝑏 + 4𝑒2𝑉 𝑎𝑉 𝑏 + 𝑒𝜓̄𝐴𝛾

𝑎𝑏𝜓𝐴,

𝑅𝑎 ∶=𝑉 𝑎 − 𝑖 
2 𝜓̄𝐴𝛾

𝑎𝜓𝐴 = 𝑑𝑉 𝑎 −𝜔𝑎
𝑏𝑉

𝑏 − 𝑖 
2 𝜓̄𝐴𝛾

𝑎𝜓𝐴,

𝜌𝐴 ∶= ∇𝜓𝐴 − 𝑖𝑒𝛾𝑎𝜓𝐴𝑉
𝑎,

 ∶= 𝐹 + 𝜖𝐴𝐵𝜓̄𝐴𝜓𝐵,

(21)

where ∇𝜓𝐴 ∶= 𝑑𝜓𝐴 − 1
4𝜔

𝑎𝑏𝛾𝑎𝑏𝜓𝐴 + 𝑒𝜖𝐴𝐵𝐴𝜓𝐵 is the (SO(1,3) × SO(2))
covariant derivative of 𝜓𝐴, 𝐹 ∶= 𝑑𝐴, and 𝑒 is the scale parameter -- 
proportional to the inverse of the AdS radius -- related to the (negative) 
cosmological constant by Λ = −48𝑒2.

The geometric superspace Lagrangian reads

𝐿 =𝑅𝑎𝑏𝑉 𝑐𝑉 𝑑𝜖𝑎𝑏𝑐𝑑 + 4𝜌̄𝐴𝛾5𝛾𝑎𝜓𝐴𝑉
𝑎 + 2𝑖𝜖𝐴𝐵 𝜓̄𝐴𝛾5𝜓𝐵

− 2𝑒2𝜖𝑎𝑏𝑐𝑑𝑉 𝑎𝑉 𝑏𝑉 𝑐𝑉 𝑑 − 𝑒𝜓̄𝐴𝛾𝑎𝑏𝜓𝐴𝑉𝑐𝑉𝑑𝜖
𝑎𝑏𝑐𝑑

+ 𝜓̄𝐴𝜓𝐵𝜓̄𝐴𝛾5𝜓𝐵 + 1
4𝐹

𝑎𝑏𝑉 𝑐𝑉 𝑑𝜖𝑎𝑏𝑐𝑑

− 1 
48𝐹𝑎𝑏𝐹

𝑎𝑏𝑉 𝑐𝑉 𝑑𝑉 𝑒𝑉 𝑓 𝜖𝑐𝑑𝑒𝑓 , (22)

and is (quasi-)invariant under the following infinitesimal susy transfor
mations of the fields:

𝛿𝜀𝑉
𝑎 =𝑖𝜀̄𝐴𝛾

𝑎𝜓𝐴, (23)

𝛿𝜀𝜓𝐴 =∇𝜀𝐴 + 𝜖𝐴𝐵𝑉
𝑏
(
𝑖𝐹𝑎𝑏 +

1
2𝐹

𝑐𝑑𝛾5𝜖𝑎𝑏𝑐𝑑

)
𝛾𝑎𝜀𝐵,

𝛿𝜀 =2𝜖𝐴𝐵𝜓̄𝐴𝜀𝐵,

𝛿𝜀𝜔
𝑎𝑏 =2𝑒𝜓̄𝐴𝛾

𝑎𝑏𝜀𝐴 +
(
𝑖𝜌̄𝑐𝑎

𝐴
𝛾𝑏 + 𝑖𝜌̄𝑐𝑑

𝐴
𝛾𝑎 − 𝑖𝜌̄𝑎𝑏

𝐴
𝛾𝑐
)
𝜀𝐴𝑉𝑐

+ 2𝜖𝐴𝐵𝐹
𝑎𝑏𝜓̄𝐵𝜀𝐴 + 𝑖𝜖𝑎𝑏𝑐𝑑𝜖𝐴𝐵𝐹𝑐𝑑𝜓̄𝐵𝛾5𝜀𝐴,

where 𝜀𝐴 is the  = 2 susy parameter and 𝐹𝑎𝑏 and 𝜌𝐴|𝑎𝑏 are, respec
tively, the supercovariant field strengths of  and 𝜓𝐴. We observe that 
the susy transformation of 𝜓𝐴 can be formally rewritten as

𝛿𝜀𝜓𝐴 =▽𝜀𝐴, (24)

in terms of a new linear differential operator ▽ whose action on the 
susy parameter is defined as

▽𝜀𝐴 ∶=𝜀𝐴 + 𝜖𝐴𝐵𝐾𝜀𝐵, (25)

where

𝐾 ∶= 𝑒+ 𝑉 𝑏
(
𝑖𝐹𝑎𝑏 +

1
2𝐹

𝑐𝑑𝛾5𝜖𝑎𝑏𝑐𝑑

)
𝛾𝑎. (26)

Let us now consider the reducible decomposition of 𝜓𝐴 most commonly 
mentioned in the susy literature, that is the gamma-trace decomposition

𝜓𝐴|𝜇 ∶= ρ𝐴|𝜇 + 𝛾𝜇𝜒𝐴, (27)

where, in 𝐷 = 4 spacetime dimensions, 𝜒𝐴 ∶= 1∕4𝛾𝜇𝜓𝐴|𝜇 is a spin-1/2 
field and ρ𝐴|𝜇 is s.t. 𝛾𝜇ρ𝐴|𝜇 = 0. We may then consider the dressing 
functional constraint

𝛾𝜇𝜓𝜐
𝐴|𝜇 = 0 (28)

on the perturbatively dressed variable

𝜓𝜐
𝐴
∶= 𝜓𝐴 + δ̄𝜐𝜓𝐴, (29)

and solve it explicitly in terms of the super dressing field 𝜐𝐴 = 𝜐𝐴[𝜓]:

𝛾𝜇𝜓𝜐
𝐴|𝜇 = 𝛾𝜇(𝜓𝐴|𝜇 +▽𝜇𝜐𝐴) = 0 (30)

⇒ 𝜐𝐴 = 𝜐𝐴[𝜓] = − ∕▽−1(𝛾𝜇𝜓𝐴|𝜇) =∶ −4 ∕▽−1
𝜒𝐴.

We can easily check that 𝜐𝐴[𝜓] properly transforms under susy as a 
perturbative dressing field (see eq. (3)), neglecting higher-order terms. 
Indeed, since, as one can easily derive considering the gamma-trace de
composition (27), 𝛿𝜀𝜒𝐴 = 1

4
∕▽𝜀𝐴, one has
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𝛿𝜖𝜐𝐴[𝜓] = −4 ∕▽−1(𝛿𝜀𝜒𝐴) − 4������ neglect

𝛿𝜀( ∕▽
−1)𝜒𝐴

≈ −𝜀𝐴. (31)

So 𝜐𝐴[𝜓] is indeed a (non-local) perturbative dressing field, and we have 
built the perturbatively (self-)dressed gravitinos

𝜓𝜐
𝐴
∶= 𝜓𝐴 +▽𝜐𝐴[𝜓] = 𝜓𝐴 − 4▽ ∕▽−1

𝜒𝐴. (32)

The latter, by construction, identically fulfils 𝛾𝜇𝜓𝜐
𝐴|𝜇 ≡ 0, it is susy

invariant at 1st order, 𝛿𝜀𝜓𝜐
𝐴
≈ 0, and carries 12 × 2 = 24 d.o.f. off-shell.

One shall now also dress the other fields of the theory accordingly. 
The perturbatively dressed vierbein, graviphoton, and spin connection 
1-forms are formally given by

(𝑉 𝑎)𝜐 ∶= 𝑉 𝑎 + 𝑖𝜐̄𝐴[𝜓]𝛾𝑎𝜓𝐴,

()𝜐 ∶=+ 2𝜖𝐴𝐵𝜓̄𝐴𝜐𝐵,

(𝜔𝑎𝑏)𝜐 ∶= 𝜔𝑎𝑏 + 2𝑒𝜓̄𝐴𝛾
𝑎𝑏𝜐𝐴

+
(
𝑖𝜌̄𝑐𝑎

𝐴
𝛾𝑏 + 𝑖𝜌̄𝑐𝑑

𝐴
𝛾𝑎 − 𝑖𝜌̄𝑎𝑏

𝐴
𝛾𝑐
)
𝜐𝐴𝑉𝑐

+ 2𝜖𝐴𝐵𝐹
𝑎𝑏𝜓̄𝐵𝜐𝐴 + 𝑖𝜖𝑎𝑏𝑐𝑑𝜖𝐴𝐵𝐹𝑐𝑑𝜓̄𝐵𝛾5𝜐𝐴.

(33)

All the perturbatively dressed fields above are relational variables [26]: 
they represent the physical, susy-invariant relations among the d.o.f. of 
𝜔𝑎𝑏, 𝑉 𝑎, , and 𝜓𝐴.

According to the DFM, as previously discussed, with the dressing 
fields 𝜐𝐴[𝜓] the Lagrangian 4-form of the dressed theory is given by

𝐿𝜐 =𝐿(𝜔𝜐,𝑉 𝜐,𝜐,𝜓𝜐
𝐴
)

=𝐿(𝜔,𝑉 ,, 𝜓𝐴) + 𝑑𝛽(𝜐𝐴[𝜓];𝜔,𝑉 ,, 𝜓𝐴).
(34)

Let us stress that it is susy-invariant at 1st order because it is a functional 
of the dressed field-theoretic variables φ𝜐, which are susy-invariant at 
1st order:

𝛿𝜀𝐿
𝜐 = 𝛿𝜀𝐿+ 𝛿𝜀𝑑𝛽(𝜐𝐴[𝜓];𝜔,𝑉 ,, 𝜓𝐴)

= 𝛿𝜀𝐿+ 𝑑𝛽(𝛿𝜀𝜐𝐴[𝜓];φ) +�������� neglect

𝑑 𝛿𝜀𝛽(𝜐𝐴[𝜓];φ)

= 𝑑𝛽(𝜀𝐴;𝜔,𝑉 ,, 𝜓𝐴) − 𝑑𝛽(𝜀𝐴;𝜔,𝑉 ,, 𝜓𝐴) = 0.

(35)

The dressed field equations 𝑬(φ𝜐) = 0 have the same functional ex
pression of the bare ones, 𝑬(φ) = 0 (given in [33]) and they are 
susy-invariant at 1st order. They are deterministic, meaning that they 
uniquely determine the evolution of the relational d.o.f. of the theory. 
This showcases the relational version of the  = 2, 𝐷 = 4 pure sugra 
model, where susy-invariance is implemented at 1st order.

Since all the fields in the model are now dressed in such a way as to 
be invariant under susy transformations, it follows that

[𝛿𝜀, 𝛿𝜀′ ] (𝑉 𝑎)𝜐 = 0,

[𝛿𝜀, 𝛿𝜀′ ] (𝜓𝐴)𝜐 = 0,

[𝛿𝜀, 𝛿𝜀′ ] ()𝜐 = 0,

[𝛿𝜀, 𝛿𝜀′ ] (𝜔𝑎𝑏)𝜐 = 0,

(36)

which in fact circumvents the issue of the on-shell closure of susy trans
formations on the (bare) fields.

Observe that the dressed fields still transform under the residual 
gauge symmetries of the 1st kind remaining after susy has been reduced, 
that is under Lorentz transformations, SO(2) gauge transformations, and 
bosonic spacetime diffeomorphisms. Calling the residual gauge group  , 
we can thus say that the model in which susy has been reduced is thus 
a  -theory.

Let us finally mention that the same procedure of susy reduction via 
the DFM can be applied to the  = 2 supersymmetric extension of the 
MacDowell-Mansouri theory presented in [42], where a boundary term 
is added to the bulk  = 2, 𝐷 = 4 sugra theory to restore susy invariance 
of the action in the presence of a non-trivial boundary of spacetime -- that 

is, when the fields do not asymptotically vanish at the boundary. This 
situation, whereby the presence of non-trivial boundaries in 𝑀 break 
Diff(𝑀) (or superdiffeomorphisms, in supersymmetric field theory in 
superspace) or -gauge symmetries, also commonly referred to as the 
boundary problem, has the same conceptual structure as a hole argument, 
and can be therefore dissolved by the point-coincidence argument -- see, 
e.g., [43] and references therein. This is technically implemented via 
the DFM [26,44]. The boundary problem dissolves once it is recognised 
that a physical spacetime boundaries are relationally defined, and therefore 
are invariant.

Regardless of this, observation, and as we have discussed in Sec
tion 3.2, one can dress the field content as discussed above and consider 
another Lagrangian functional of the dressed variables for the  = 2, 
𝐷 = 4 sugra theory, such as the supersymmetric MacDowell-Mansouri 
functional.

4. Discussion

We have shown that applying the DFM to supersymmetric field the
ory allows one to circumvent the problem of on-shell closure of susy 
transformations. This leads to a new, manifestly invariant and relational 
approach to supersymmetric theories, in which susy is reduced. Typi
cally, the procedure involves non-local dressing fields, yet the resulting 
formulation may prove more amenable to quantization, as it achieves 
manifest invariance without the need for auxiliary fields. In doing so, 
we have focused primarily on point (ii) discussed in the introduction.

As for point (i), the issue of matching bosonic and fermionic d.o.f. 
off-shell (and of course on-shell) may be addressed by circumventing the 
traditional no-go theorem of susy [16], which asserts the impossibility 
of off-shell formulations without an infinite number of auxiliary fields. 
A viable strategy involves introducing a finite number of auxiliary fields 
by making use of the so-called (dual formulation of) hidden superalge
bras underlying supersymmetric theories in the presence of tensor fields 
– namely, higher-degree differential forms. Alternative off-shell formu
lations, potentially involving a finite set of auxiliary fields, could in fact 
emerge from superspace extensions distinct from the standard harmonic 
or projective ones. A promising avenue in this direction is indeed offered 
by the hidden superalgebra framework [45], which defines an extension 
of superspace incorporating not only additional even directions but also 
new odd directions associated with spin-3/2 fields [45--50]. Such an 
extension might allow one to evade the assumptions of the no-go the
orem, which traditionally only considers auxiliary spin-1/2 fields, as 
anticipated in [20], in particular thinking of (re-)constructing the the
ory directly in terms of the extra forms involved. Preliminary results 
supporting this approach can be found in [51,52].

Since these frameworks involve higher-degree differential forms (see 
also [53]), it is natural to expect that the notion of higher dressing will 
become relevant in this context [41]. Moreover, to construct the full 
spectrum of higher structures within a superspace formalism, recent de
velopments in the literature -- such as the use of the Poincaré–Hilbert 
series and the Molien–Weyl formula [54,55] -- may offer particularly 
powerful tools.

Another possibility consists in reducing susy by implementing alter
native dressing functional constraints, different from those presented 
so far for standard susy -- for instance, the one considered in [31]. 
These allow for a different reduction and rearrangement of bosonic and 
fermionic d.o.f., already at the purely kinematical level, which may as
sist in achieving a matching of bosonic and fermionic d.o.f. off-shell. 
For example, one may think of reducing the off-shell d.o.f. of the ex
tra fermionic 1-form fields appearing in the dual form of the hidden 
superalgebra to spin-1/2 fields, reducing the symmetry transformations 
naturally induced by the presence of these objects. A similar argument 
may also be applied to the (extra) bosonic 1-form fields.

If, on the other hand, one does not impose or is not interested in 
requiring the off-shell matching of bosonic and fermionic d.o.f. [56], 
it becomes interesting to explore alternative, non-standard approaches 
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to supersymmetric field theory, such as the Matter-Interaction Superge
ometric Unification (MISU) proposed in [28,31]. The latter is close to 
Berezin’s original motivation for the introduction of supergeometry in 
fundamental physics [57], and is indifferent to the ultimate empirical 
status of standard supersymmetric field theory.

Irrespective of the chosen formalism, the DFM offers a versatile 
framework for systematically reducing the symmetries of a theory, in
cluding susy. By properly building a dressing field (whenever possible), 
one can effectively reduce the symmetry, thus building manifestly rela

tional, automatically invariant observables. This paves the way for a novel 
quantization strategy we call Relational Quantization, and which we elab
orate in a forthcoming paper [58] (see also for preliminary results and 
examples [32]).
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