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Relational Bundle Geometric Formulation of
Non-Relativistic Quantum Mechanics

J. T. François* and L. Ravera*

A bundle geometric formulation of non-relativistic many-particles Quantum
Mechanics is presented. A wave function is seen to be a ℂ-valued cocyclic
tensorial 0-form on configuration space-time seen as a principal bundle, while
the Schrödinger equation flows from its covariant derivative, with the action
functional supplying a (flat) cocyclic connection 1-form on the configuration
bundle. In line with the historical motivations of Dirac and Feynman, ours is
thus a Lagrangian geometric formulation of QM, in which the Dirac–Feynman
path integral arises in a geometrically natural way.
Applying the dressing field method, we obtain a relational reformulation of this
geometric non-relativistic QM: a relational wave function is realised as a basic
cocyclic 0-form on the configuration bundle. In this relational QM, any particle
position can be used as a dressing field, i.e., as a “physical reference frame.”
The dressing field method naturally accounts for the freedom in choosing the
dressing field, which is readily understood as a covariance of the relational
formulation under changes of physical reference frame.
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1. Introduction

Contrary to the other fundamental pil-
lars ofmodern physics, General Relativity
(GR) and Gauge Field Theory (GFT)—or
broadly, general-relativistic Gauge Field
Theory (gRGFT)—which are fundamen-
tally understood in geometric terms,
QuantumMechanics (QM) is usually still
primarily conceived algebraically. Indeed
many of its key puzzling features, from
an interpretive standpoint, stems from
its algebraic linearity. Yet, the geometric
structure of QM has been a topic of inter-
est for many. Notably, the field of geomet-
ric quantization[1] pioneered by Souriau,
Kostant, and Kirillov has been fruitful,
mainly in mathematics and group rep-
resentation theory. Also, isolated works
throughout the years have made interest-
ing contributions, e.g., refs. [2–4].1

As part of our program of a relational (re)formulation of fun-
damental physics, started in refs. [6, 7] (see also refs. [8, 9]), in
this work, we propose an original contribution to this tradition.
We give a bundle geometric formulation of non-relativistic QM,
which relies on a generalisation of standard bundle geometric no-
tions, where group representations are replaced by 1-cocycles for
the action of the group: cocyclic bundle geometry[10]—originally
called twisted bundle geometry. A key notion of which is that of
cocyclic connection, extending the usual Ehresmann (and/or Car-
tan) connections.2 We further stress that ours is naturally a La-
grangian approach to QM, which soundly resonates with the his-
torical motivations of Dirac[13] and Feynman,[14,15]3 leading them
to the path integral (PI) formulation. As a matter of fact, the
Dirac–Feynman PI fits well with our geometric approach.
Our bundle geometric version of QM makes it possible to ap-

ply the dressing field method (DFM) of symmetry reduction,[7,16,17]

1 Recently was published the result[5] of a years-long concerted effort
to couch QM in differential geometric terms. Our approach, to be de-
scribed momentarily, is entirely independent.

2 The notion of cocyclic (or twisted) connection features prominently in
twistor geometry,[11] as well as in its real counterpart, conformal trac-
tor geometry[12] – and in projective geometry. Tractor and twistors are
cocyclic gauge fields regarding Weyl rescaling symmetry, and the con-
formal tractor and twistor connections are cocyclic Cartan connections.

3 Dirac sought a Lagrangian formulation of QM so that it could be made
compatible with Special Relativity from first principles. Feynman was
motivated to find a Lagrangian approach to QM by the particular ap-
proach he and Wheeler took at the time to tackle QED, which rested
on a classical version of electrodynamics that could not be cast in an
Hamiltonian form.

Fortschr. Phys. 2025, 73, e70040 e70040 (1 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH

http://www.fp-journal.org
mailto:jordan.francois@uni-graz.at
mailto:lucrezia.ravera@polito.it
https://doi.org/10.1002/prop.70040
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fprop.70040&domain=pdf&date_stamp=2025-10-21


www.advancedsciencenews.com www.fp-journal.org

thereby obtaining a geometric relational formulation of QM. It is
distinct from relational QM à la Rovelli,[18] even though the in-
terpretation of our results is broadly in line with it. In spirit, it is
also broadly in line with the heuristic idea behind the recent bur-
geoning literature on “quantum reference frames,”[19–21] though
we approach the subject in a mathematically more sophisticated
way, akin to geometric quantization.
The paper is organised as follows: For the benefit of the reader,

in Section 2, we provide the essential background material. In
Section 2.1, we remind the basics of bundle geometry. This is
necessary for two reasons: First to introduce cocyclic bundle ge-
ometry, in terms of which we shall formulate QM, and second
because bundle geometry is the proper framework to express the
DFM, which we do in Section 2.2.
With this preparatory work done, in Section 3, we give our

bundle geometric formulation of non-relativistic QM. The con-
figuration space 𝒞|t of a set of N particles at a time t is seen as
the fiber of a principal bundle 𝒞, which we call the configura-
tion space-time bundle, over the Newtonian time line  , its base
space. The gauge group of 𝒞 is shown to exactly capture the so-
called extended Galilean transformations.[22] The action functional
is shown to induce a flat cocyclic connection 1-form. It induces a
cocyclic covariant derivative on ℂ-valued cocyclic tensorial forms on
𝒞. Quantum mechanical wave functions 𝜓 are the subspace of
form degree 0 of its kernel. The cocyclic covariant derivative of 𝜓
splits—in bundle coordinates—as two equations: One gives the
quantummechanical prescription for the conjugate momentum
operator π̂ = −iℏ 𝜕

𝜕x
, while the other gives the Schrödinger equa-

tion. We then show how the Dirac–Feynman PI formulationmay
arise naturally from this geometric framework.
In Section 4, we describe a bundle geometric relational refor-

mulation of both classical and quantummechanics, achieved via
the DFM. Relational wave functions are realized as dressed, or ba-
sic, 0-forms on𝒞. Correspondingly, a relational Schrödinger equa-
tion gives the quantum dynamics. The DFM further naturally ac-
counts for the freedom in choosing the dressing field: in this case,
any particle position can be used as a dressing field, i.e., as a phys-
ical reference frame. The dressed, relational formulation of QM
via the DFM thus automatically implements a “covariance under
change of physical reference frame.”
In the conclusion 5, we discuss the salient points our results

and we indicate the next phase of our program. The main text
being kept general, Appendix A illustrates our formalism for
free particles.

2. Bundle Geometry and the Dressing Field
Method

2.1. Cocyclic Bundle Geometry in a Nutshell

The differential geometry of principal bundles is the underpin-
ning of our formulation of non-relativistic classical and quantum
mechanics, and of the Dressing Field Method.
The central object is a principal bundle P over a base manifold

M with structure groupH and projection 𝜋 : P → M, p → 𝜋(p) =
x. A fiber over x ∈ M, 𝜋−1(x) = P|x ⊂ P, is an orbit of the right ac-
tion of the structure group,P ×H → P, (p, h) → ph =: Rhp, which
is free and transitive on fibers, and s.t. 𝜋 ◦Rh = 𝜋. Thismeans the
base is isomorphic as a manifold to the space of fibers P∕H ≃ M.

The linearisation of the action of H induces vectors tangent to
the fibers: ∀X ∈ 𝔥 corresponds a fundamental vertical vector Xv|p
at p. At p ∈ P, the span of these vectors is a subvector space VpP
of the tangent space TpP. The canonical vertical subbundle is
VP = ∪pVpP ⊂ TP. We denote by Γ(VP) the space of sections of
VP, i.e., vertical vector fields Xv : P → VP.
The natural maximal group of transformation of P is its group

of automorphisms

Aut(P) :=
{
Ξ ∈ Diff(P) | Ξ(ph) = Ξ(p)h

}
. (1)

It is the subgroup of Diff(P) that preserves the fibration structure
by sending fibers to fibers, and thus induces diffeomorphisms of
the base spaceM, i.e., projects onto Diff(M). Its maximal normal
subgroup is the group of vertical automorphisms

Autv(P) :=
{
Ξ ∈ Aut(P) | 𝜋 ◦Ξ = 𝜋

}
. (2)

It is the subgroup of those automorphisms that induce the iden-
tity transformation on M. It is isomorphic to the gauge group of
P,

 :=
{
𝛾 : P → H | R∗

h𝛾 = h−1𝛾h
}
, (3)

the isomorphism being given by Ξ(p) = p𝛾(p). The action of
Autv(P) ≃  on differential forms of P defines their active gauge
transformations. We have thus the characteristic short exact se-
quence (SES) of groups of P,

idP → Autv(P) ≃  ⊲
←←←←←←→ Aut(P)

𝜋̃
←←←←←→ Diff(M) → idM, (4)

whose linear version, the SES of Lie algebras, characterizes the
Atiyah Lie algebroid canonically associated to P.
Spaces of Remarkable Differential Forms: As a smooth

manifold P has a graded ring of differential forms
Ω∙(P) =

⨁
k≥0 Ωk(P), with graded Lie algebra of derivations

Der∙
(
Ω∙(P)

)
=
⨁

k≥0 Derk
(
Ω∙(P)

)
s.t. for D1 ∈ Derp and

D2 ∈ Derq we have [D1, D2] := D1 ◦D2 − (−)pqD2 ◦D1 ∈ Derp+q.
In particular, we have the exterior de Rham derivative d ∈ Der1,
the inner derivation 𝜄X ∈ Der−1 for any X ∈ Γ(TP), and the Lie
derivative 𝔏X := [d, 𝜄X ]. The de Rham complex of P is

(
Ω∙(P), d

)
.

The action of the structure group on P induces a right action
on forms Ω∙(P) ×H → Ω∙(P), (𝛼, h) → R∗

h𝛼, which defines their
equivariance. The action by pullback of the group of automor-
phisms is also a right action: Ω∙(P) × Aut(P) → Ω∙(P), (𝛼,Ξ) →
Ξ∗𝛼. In particular, gauge transformations are defined by the right
action Ω∙(P) × Autv(P) ≃  → Ω∙(P), (𝛼,Ξ ∼ 𝛾) → Ξ∗𝛼 =: 𝛼𝛾 .
There are a number of remarkable spaces of forms worth de-

scribing. The first, which can be defined canonically, are horizon-
tal forms, i.e., those that vanish when evaluated on vertical vector
fields

Ω∙
hor(P) :=

{
𝛼 ∈ Ω∙(P) | 𝜄Xv𝛼 = 0 for Xv ∈ Γ(VP)

}
. (5)

Then, there is the space of equivariant forms, whose equivariance
is “simple.” In standard bundle geometry, equivariant forms are
valued in representations (𝜌, V) of H, which control their equiv-
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ariance:

Ω∙
eq(P, 𝜌) :=

{
𝛼 ∈ Ω∙(P, V) | R∗

h𝛼 = 𝜌(h)−1𝛼
}
. (6)

Their linear equivariance is then given by the Lie derivative along
fundamental vector fields: 𝔏Xv𝛼 = −𝜌∗(X) 𝛼.
This is generalised in cocyclic bundle geometry (formerly intro-

duced as twisted bundle geometry[10]), where one defines cocyclic
equivariant forms whose equivariance is controlled by a 1-cocycle
for the action of the structure group: Given a Lie group G we de-
fine

C : P ×H → G,

(p, h) → C(p, h), s.t. C(p, hh′) = C(p, h) ⋅ C(ph, h′).
(7)

We see that a 1-cocycle generalises representations. From this
defining property follows that

C(p, eH) = eG = C(ph, eH),

C(p, h)−1 = C(ph, h−1), and C(p, h−1) = C(ph−1, h)−1.
(8)

The linearisation of such a group cocycle gives a 1-cocycle for the
action of 𝔥 on P:

a : P × 𝔥 → 𝔤,

(p, X) → a(X, p), s.t. Xv ⋅ a(Y, p) − Yv ⋅ a(X, p)

+ [a(X, p), a(Y, p)]𝔤 = a([X, Y ], p).

(9)

This can indeed be deduced from (7) via a(X, p) := d
d𝜏
C(p, h𝜏 )

|||𝜏=0
and X := d

d𝜏
h𝜏

|||𝜏=0 ∈ 𝔥. One may observe that, in the context of
the field space of a gauge theory, P → Φ, this generalises the
Wess–Zumino consistency condition for (classical and/or quan-
tum) gauge anomalies (see refs. [7, 10]).
Now, for V a G-space, we define cocyclic equivariant forms as

Ω∙
eq(P, C) :=

{
𝛼 ∈ Ω∙(P, V) | R∗

h𝛼 = C( , h)−1𝛼
}
. (10)

Onemay check that the 1-cocycle defining property ensures com-
patibility with the right action of H, R∗

hh′ = R∗
hR

∗
h′ . The linear

equivariance is then given by 𝔏Xv𝛼 = −a(X, _ ) 𝛼. The 1-cocycle
property (9) ensures compatibility with [𝔏Xv ,𝔏Yv ] = 𝔏[Xv,Yv ] =
𝔏[X,Y ]v—which uses the fact that the map 𝔥 → Γ(VP), X → Xv, is
a Lie algebra morphism.
Forms that are both equivariant and horizontal are said tenso-

rial. As above, cocyclic tensorial forms generalise standard tenso-
rial forms:

Ω∙
tens(P, 𝜌) := Ω∙

hor(P) ∩ Ω∙
eq(P, 𝜌)

⊂ Ω∙
tens(P, C) := Ω∙

hor(P) ∩ Ω∙
eq(P, C). (11)

Observe that Ω0
eq(P, 𝜌) = Ω0

tens(P, 𝜌) and Ω0
eq(P, C) = Ω0

tens(P, C)
since 0-forms are horizontal.
It is an elementary result of bundle geometry that there is a

bijection Ωk
tens(P, 𝜌) ≃ Ωk(M)⊗ E between the space of standard

tensorial forms and the space of forms on M valued in associ-
ated vector bundles E = P ×𝜌 V := P × V∕ ∼, where the equiva-
lence relation is [p, v] = (p, v) ∼ (ph, 𝜌(h)−1v): the bijection is given
by 𝛼̃|x = [p, 𝛼|p] = [ph, R∗

h𝛼|ph] = [ph, 𝜌(h)−1𝛼|p]. In degree 0, this
is the well-known isomorphism Ω0

tens(P, 𝜌) ≃ Ω0(M)⊗ E ≃ Γ(E)
between representation-valued equivariant maps on P and sec-
tions of associated bundles Γ(E) = {s : M → E}. This in particu-
lar gives another characterisation of the gauge group , whose
elements are H-valued equivariant 0-forms, as the space of sec-
tions of the associated bundle Conj(P) = P ×Conj H = P ×H∕ ∼,
with equivalence relation given by [p, h′] = (p, h′) ∼ (ph, h−1h′h):
so we have the isomorphisms Autv(P) ≃  ≃ Γ

(
Conj(P)

)
.

The result extends to the bijection Ωk
tens(P, C) ≃ Ωk(M)⊗ EC

between the space of cocyclic tensorial forms and the space
of forms on M valued in cocyclic associated bundles EC = P ×C
V := P × V∕ ∼, where the equivalence relation is [p, v] = (p, v) ∼
(ph, C(p, h)−1v): the bijection being 𝛼̃|x = [p, 𝛼|p] = [ph, R∗

h𝛼|ph] =
[ph, C(p, h)−1𝛼|p]. In degree 0, this gives the isomorphism
Ω0
tens(P, C) ≃ Γ(EC), with Γ(EC) = {s̃ : M → EC}.
Finally, one may define the important space of basic forms

Ω∙
basic(P) :=

{
𝛼 ∈ Ω∙(P) | ∃ 𝛽 ∈ Ω∙(M) s.t. 𝛼 = 𝜋∗𝛽

}
. (12)

These are horizontal: 𝛼(Xv) = 𝜋∗(𝛽)(Xv) = 𝛽(𝜋∗Xv) = 0. They
are invariant, i.e., have trivial equivariance: R∗

h𝛼 = R∗
h𝜋

∗𝛽 =
(𝜋 ◦Rh)

∗𝛽 = 𝜋∗𝛽 =: 𝛼. This makes for an alternative defini-
tion of basic forms, as follows: Ω∙

basic(P) :=
{
𝛼 ∈ Ω∙(P) | 𝜄Xv𝛼 =

0 and R∗
h𝛼 = 𝛼

}
= Ω∙

hor(P) ∩ Ω∙
inv(P).

Connections and Covariant Derivatives: The exterior derivative
is not a derivation of the spaces of tensorial forms. To define first-
order differential operators preserving those spaces, the covariant
derivatives, we need non-canonical structures on P: the appropri-
ate notions of connection.
In standard bundle geometry, the solution is well-known and

given by the celebrated Ehresmann (or principal) connection 1-
form 𝜔 ∈ Ω1(P, 𝔥) defined as

R∗
h𝜔 = Adh−1𝜔, i.e., 𝜔 ∈ Ω1

eq(P,Ad), and

𝜔p(X
v|p) = X ∈ 𝔥, ∀Xv|p ∈ VpP, (13)

whose associated curvature can be found via the Cartan struc-
ture equation Ω = d𝜔 + 1

2
[𝜔,𝜔] ∈ Ω2

tens(P,Ad). The connection
𝜔 allows to define the standard covariant derivative D = d +
𝜌∗(𝜔) : Ω∙

tens(P, 𝜌) → Ω∙+1
tens(P, 𝜌), which is s.t. D ◦D = 𝜌∗(Ω). Fur-

thermore, we have the Bianchi identity: DΩ = 0.
ByΩk

tens(P, 𝜌) ≃ Ωk(M)⊗ E, a connection𝜔 onP induces a con-
nection on the space Ω∙(M)⊗ E by

D : Ωk
tens(P, 𝜌) → Ωk+1

tens(P, 𝜌), ⇒ ∇ : Ωk(M)⊗ E → Ωk+1(M)⊗ E,

𝛼 → D𝛼, 𝛼̃ → ∇𝛼̃ = [_, D𝛼].

In particular, for k = 0 we have 𝜑 ∈ Ω0
tens(P, 𝜌) ∼ s ∈ Γ(E), and

the above restricts to a connection on the space of sections of
associated bundles:

∇ : Γ(E) → Ω1(M)⊗ E,

s → ∇s = [_, D𝜑].
(14)
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Finally, we observe that the space of connections  is an affine
space modelled on the vector space Ω1

tens(P, 𝔥), meaning that for
𝜔 ∈  and 𝛼 ∈ Ω1

tens(P, 𝔥), 𝜔
′ := 𝜔 + 𝛼 ∈ .4

This generalises to cocyclic bundle geometry. One first defines
the notion of cocyclic connection 1-form𝜛 ∈ Ω1(P, 𝔤) by

R∗
h𝜛|ph = AdC(p,h)−1𝜛|p + C(p, h)−1dC( , h)|p,

𝜛p(X
v|p) = d

d𝜏
C(p, h𝜏 )

|||𝜏=0 := a(X, p) ∈ 𝔤,
(15)

where X := d
d𝜏
h𝜏
|||𝜏=0 ∈ 𝔥. The cocyclic curvature is a cocyclic ten-

sorial 2-formdefined by the Cartan structure equation Ω̄ := d𝜛 +
1
2
[𝜛,𝜛] ∈ Ω2

tens(P, C). A cocyclic connection allows to define a
cocyclic covariant derivativeD̄ = d +𝜛 : Ω∙

tens(P, C) → Ω∙+1
tens(P, C),

which is s.t. D̄ ◦ D̄ = Ω̄. The cocyclic curvature satisfies a Bianchi
identity, D̄Ω̄ = 0.
By the isomorphism Ωk

tens(P, C) ≃ Ωk(M)⊗ EC, a cocyclic con-
nection 𝜛 on P induces a cocyclic connection on the space
Ω∙(M)⊗ EC by

D̄ : Ωk
tens(P, C)→Ωk+1

tens(P, C), ⇒ ∇̄ : Ωk(M)⊗ EC→Ωk+1(M)⊗ EC,

𝛼 → D̄𝛼, 𝛼̃ → ∇̄𝛼̃ = [_, D̄𝛼].

For k = 0, we have 𝜑 ∈ Ω0
tens(P, C) ∼ s̃ ∈ Γ(EC) and the above

restricts to a connection on the space of sections of cocyclic asso-
ciated bundles:

∇̄ : Γ(EC) → Ω1(M)⊗ EC,

s̃ → ∇̄s̃ = [_, D̄𝜑].
(16)

The space ̄ of cocyclic connections is an affine space modeled
on cocyclic tensorial 1-forms Ω1

tens(P, C), so that for 𝜛 ∈ ̄ and
𝛼 ∈ Ω1

tens(P, C),𝜛
′ = 𝜛 + 𝛼.

We observe that the exterior derivative d is a covariant deriva-
tive for basic forms, d : Ω∙

basic(P) → Ω∙+1
basic(P). This means that(

Ω∙
basic(P), d

)
is a subcomplex of the de Rham complex of P, called

the basic subcomplex, defining the equivariant cohomology of P.[23]

It is of special importance, notably in Physics, since it is iso-
morphic to the de Rham complex of the baseM:

(
Ω∙
basic(P), d

)
≃(

Ω∙(M), d
)
. As we shall see shortly, the dressing field method

(DFM) is a way to associate to a form on P a corresponding ba-
sic form.
Gauge Transformations: As observed above, the group of auto-

morphisms Aut(P) acts onΩ∙(P) by pullback: it preserves the var-
ious spaces defined above, in particular tensorial forms Ω∙

tens(P)
and the space of connections . This stems from the functorial-
ity of the definition of those spaces, automorphisms being special
cases of morphisms in the bundle category. It follows that gauge
transformations, defined by the action of vertical automorphisms
Autv(P), preserve these spaces too. Since Autv(P) ≃ , gauge
transformations may be expressed via elements of : We define
the gauge transformation of 𝛼 ∈ Ω∙(P) by 𝛼𝛾 (𝔛) := Ξ∗𝛼(𝔛), for

4 Or, as is clear from the above defining properties, for 𝜔,𝜔′ ∈ , 𝜔 +
𝜔′ ∉  and 𝜔′ − 𝜔 ∈ Ω1

tens(P, 𝔥).

𝛾 ∈  ∼ Ξ ∈ Autv(P) and𝔛 ∈ Γ(TP). The explicit result is found
by Ξ∗𝛼(𝔛) = 𝛼(Ξ∗𝔛) and via the well-known result

Ξ∗𝔛|p = R𝛾(p)∗𝔛|p + {𝛾−1d𝛾|p(𝔛|p)}v|Ξ(p)
= R𝛾(p)∗

(
𝔛|p + {d𝛾𝛾−1|p (𝔛|p)}v|p

)
. (17)

From this follows that standard and cocyclic tensorial forms have
homogeneous gauge transformations, controlled by their equiv-
ariance: they are “gauge tensorial,” hence their name,

𝛼𝛾 = 𝜌(𝛾)−1𝛼, for 𝛼 ∈ Ω∙
tens(P, 𝜌),

𝛼𝛾 = C(𝛾)−1𝛼, for 𝛼 ∈ Ω∙
tens(P, C),

(18)

where we introduce the shorthand notation C(𝛾(p)) := C(p, 𝛾(p)).
The-transformations of standard and cocyclic connections are

𝜔𝛾 := Ξ∗𝜔 = 𝛾−1𝜔𝛾 + 𝛾−1d𝛾 , for 𝜔 ∈ ,
𝜛𝛾 := Ξ∗𝜛 = C(𝛾)−1𝜛 C(𝛾) + C(𝛾)−1dC(𝛾), for 𝜛 ∈ ̄. (19)

The first result is well-known, and easily read from (17). For the
proof of the second one see Section 4.2 of.[10] The result (18) gives,
in particular, the -transformations of the curvatures Ω and Ω̄
of the Ehresmann and cocyclic connections, as well as that of the
(cocyclic) covariant derivative D̄𝛼 of a (cocyclic) form 𝛼. It also
gives the action of the gauge group  on its own elements: for
𝜂, 𝛾 ∈  we have 𝜂𝛾 = 𝛾−1𝜂𝛾 .
The action of Autv(P) ≃ , giving (18)–(19), are called active

gauge transformations. These are to be distinguished from pas-
sive gauge transformations, the name given to the gluings of local
representatives on the baseM, stemming from the local structure
of P.
Local Structure: A principal bundle P is locally trivial, i.e.

for any open sets U ⊂ M we have P|U ≃ U ×H: the isomor-
phism being realised by a trivialisation 𝜙 = (𝜋, t) : P|U → U ×H,
p → 𝜙(p) =

(
𝜋(p)=x, t(p)

)
, which provides a “bundle coordinate

chart” on P|U . A trivialisation is compatible with the structure
group action, 𝜙 ◦Rh = Rh ◦𝜙, meaning that the fiber coordinate
map t is s.t. R∗

ht = th, or t(ph) = t(p)h. Often t itself is called a triv-
ialisation. A local section of P is a map 𝜎 : U → P|U , x → 𝜎(x)—
which allows to define a trivialisation of P|U . Any two local sec-
tions 𝜎 and 𝜎′ over U—or over overlapping sets U ∩U′ – are
related via 𝜎′ = 𝜎g, where g is a transition function of P, that is a
map g : U → H, x → g(x).
Given a local section 𝜎, onemay define the local representative of

a form 𝛽 ∈ Ω∙(P) as b := 𝜎∗𝛽 ∈ Ω∙(U). In particular, the local rep-
resentative of a standard or cocyclic tensorial form is a := 𝜎∗𝛼 ∈
Ω∙(U,V), that of Ehresmann and cocyclic connections are respec-
tively A := 𝜎∗𝜔 ∈ Ω∙(U, 𝔥) and Ā := 𝜎∗𝜛 ∈ Ω∙(U, 𝔤). One may
also define the pullback of a 1-cocycle 𝖢 := 𝜎∗C : U ×H → G,
(x, h) → 𝖢(x, h) = C

(
𝜎(x), h

)
. It allows to define the map 𝖢(g) :=

C(𝜎, g) : U → G, which are cocyclic transition function—i.e., none
other than the transition functions of cocyclic associated bun-
dles EC. Under change of local section 𝜎′ = 𝜎g, i.e., of bundle
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coordinates, the local representatives a′ := 𝜎′∗a, A′ := 𝜎′∗𝜔 and
Ā′ := 𝜎′∗𝜛 satisfy gluing relations

a′ = 𝜌(g)−1a, A′ = g−1Ag + g−1dg,

a′ = 𝖢(g)−1a, Ā′ = 𝖢(g)−1Ā𝖢(g) + 𝖢(g)−1d𝖢(g).
(20)

These are also known as passive gauge transformations. These
must be conceptually distinguished from local active gauge trans-
formations: Let us define the local gauge grouploc := {γ := 𝜎∗𝛾 :
U → H | 𝛾 ∈ , and ηγ = γ−1ηγ}, and consider the map 𝖢(γ) :=
C(𝜎, γ) : U → G. Now, through a given section 𝜎, the local repre-
sentatives of the active gauge transformations (18)–(19) are

a′ = 𝜌(γ)−1a, A′ = γ−1Aγ + γ−1dγ,

a′ = 𝖢(γ)−1a, Ā′ = 𝖢(γ)−1Ā𝖢(γ) + 𝖢(γ)−1d𝖢(γ).
(21)

These are the local active gauge transformations, formally indis-
tinguishable from the passive gauge transformations (20), but
conceptually as distinct as coordinate changes and diffeomor-
phisms in GR.

2.2. The Dressing Field Method: Basics

The dressing field method (DFM) has been conceived as a tool
of gauge symmetry reduction in Gauge Field Theory[16,24,25] (see
also refs. [26, 27]) whose foundational implications were first
explored in refs. [28, 29] (see also ref. [30]). It is extended to
general-relativistic theories, whose covariance group is the group
of diffeomorphisms, in ref. [17]. The most general and syn-
thetic mathematical and conceptual presentation, for general-
relativistic Gauge Field Theory, is to be found in ref. [7].
Mathematically, it is a result about realisation of subbundles

and of basic, or partially basic, forms on a bundle. In that respect
it is close to the well-known bundle reduction theorem, a stan-
dard result of bundle geometry.[31–33] A key difference is that, in
the DFM the dressing map, or dressing field, is assumed to have a
functional dependence on one or several forms of P. In physical
terms, the dressing field is a functional of the degrees of free-
dom (d.o.f.) of the theory under consideration. The DFM thus
has a straightforward relational interpretation:5 the basic forms
produced, or dressed fields, are naturally seen as relational vari-
ables as articulated precisely in refs. [6, 7, 17]—and close to the
views expressed, e.g., in refs. [35–39].
We shall now give a synthetic review of the fundamentals of the

DFM, as it is essential to our subsequent relational reformulation
of non-relativistic classical and quantum mechanics.
Dressing Field and Basic Dressed Fields: Suppose there exists

a subgroup K ⊆ H of the structure group, to which corresponds
a subgroup  ⊂  of the gauge group, which is isomorphic to
the subgroup Autv(P)

K ⊂ Autv(P) of the group of vertical auto-
morphisms. Consider further a Lie groupG s.t. K ⊆ G ⊆ H. A K-

5 Which sets it apart from gauge-fixing, a notion, in Gauge Field Theory,
with which it is often conflated. See ref. [34]

dressing field is defined as

u : P → G, s.t. u𝜅 := Ξ∗u = 𝜅−1u, Ξ ∈ Autv(P)
K ∼ 𝜅 ∈ ,

or s.t. R∗
ku := k−1u, k ∈ K.

(22)

We denote the space of G-valued K-dressing fields on P by
r[K,G]: K is called the equivariance group of the dressing field
and G its target group. In the DFM, one considers more gener-
ally dressing fields having a functional dependence on objects of
P (typically forms):

u : Ω∙(P) → r[K,G],

𝛼 → {u[𝛼] : P → G, s.t. u[𝛼]𝜅 := Ξ∗u[𝛼] = 𝜅−1u[𝛼],

or s.t. R∗
ku[𝛼] := k−1u[𝛼], k ∈ K}.

(23)

Alternatively, the property can be defined as—or required com-
patible with – an equivariance w.r.t. transformation of the func-
tional argument: u[𝛼]𝜅 := u[𝛼𝜅 ] = u[Ξ∗𝛼] = 𝜅−1u[𝛼]. In physical
applications, dynamical d.o.f. are represented by (or embedded
into) objects on P, so one may understand dressing fields (23)
as being determined by physical (sub)systems. We may also ob-
serve that for K = G = H a dressing field (22) is equivalent to
a trivialisation t := u−1, i.e., provides a bundle coordinate chart.
Therefore, dressing fields (23) provide bundle coordinatisations
via physical degrees of freedom.
Given such a K-dressing field, one may define the dressing

map

fu : P → P′ ⊂ P, s.t. fu ◦Rk = fu, and fu ◦Ξ = fu
for Ξ ∈ Autv(P)

K ∼ ,

p → fu(p) := pu(p),

(24)

where P′ = P∕K is a quotient space since fu is constant along the
action of K. It allows to define, for any form 𝛽 ∈ Ω∙(P), its dressed
counterpart

𝛽u := f ∗u 𝛽 ∈ Ω∙
K-basic(P). (25)

It is K-basic since it has both trivial K-equivariance and is K-
horizontal, so that it is ≃ Autv(P)

K -invariant, (𝛽u)𝜅 := Ξ∗(𝛽u) =
Ξ∗f ∗u 𝛽 = f ∗u 𝛽 =: 𝛽

u. A dressed form 𝛽u therefore naturally “lives”
on the quotient space P∕K. In particular, the dressings of an
Ehresmann connection 𝜔 and standard tensorial form 𝛼 have ex-
plicit expressions

𝜔u := u−1𝜔u + u−1du and 𝛼u := 𝜌(u)−1𝛼. (26)

The dressing of cocyclic connections and cocyclic tensorial forms
is

𝜛u := C(u)−1𝜛 C(u) + C(u)−1dC(u) and 𝛼u := C(u)−1𝛼, (27)

where, from the 1-cocycle C : P ×H → 𝖦 (where we distinguish
the target group 𝖦 of C from that G ⊆ H of the dressing field),
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one defines the K-cocyclic dressing field

C(u) := C( ,u) : P → 𝖦, s.t. R∗
kC(u) = C( , k)−1C(u).

p → C(u(p)) := C(p,u(p)),
(28)

whose equivariance is secured by the 1-cocycle property (7) and
(8):

C
(
u(pk)

)
= C

(
pk,u(pk)

)
= C

(
pk, k−1u(p)

)
= C

(
pk, k−1

)
C
(
pkk−1,u(p)

)
= C(p, k)−1C(p,u(p)). (29)

Similarly, we find the C(u)𝜅 = C(𝜅)−1C(u), from which, to-
gether with (18)–(19), the  ≃ Autv(P)

K -invariance of (27) is eas-
ily checked.
From the above, comparing (18)–(19) and (26)–(27), we de-

rive the “rule of thumb” of the DFM: To find the dressing of a
form 𝛽 ∈ Ω∙(P), on account of the formal similarity of the action
of the dressing map fu and a vertical automorphism Autv(P)

K ,
first compute its -gauge transformation 𝛽𝜅 := Ξ∗𝛽 in terms of
𝜅 ∈  ∼ Ξ ∈ Autv(P)

K , and then simply substitute 𝜅 → u in this
expression to get the dressed, K-basic, form 𝛽u.
Let us stress the following important fact: It should be clear

from its definition that a dressing field is not a gauge group el-
ement, u ∉ , and that a dressing map fu is not a vertical auto-
morphism. So that despite a superficial formal resemblance with
(18)–(19), dressed fields (26)–(27) are not gauge transformations:
dressed fields 𝛽u are not points in the-gauge orbits[𝛽] of the
form 𝛽—and in particular must not be conflated with a gauge-
fixing of 𝛽. For example, a dressed connection is no more a con-
nection, 𝜔u ∉ .
We observe that a dressing field induces a (partial, i.e., LieK-

valued) flat Ehresmann connection 𝜔0 := −duu−1.
As we stressed above, since dressings fields (23) depend on the

dynamical d.o.f. at play, dressed forms (25)–(27) have a natural
interpretation as relational variables: They encode the -gauge-
invariant, physical, relational d.o.f. among the dynamical d.o.f.
describing the system.
Residual Transformations of the 1st Kind: Being K-basic, i.e.,

-invariant, the dressed forms 𝛽u may be expected to display
residual transformations under what remains of the structure
and gauge groups. For these to bemeaningful, it must be the case
thatK is a normal subgroup of the structure group,K ⊲H, so that
their quotient is itself a group H∕K = J. Then, P′ = P∕K is a J-
principal subbundle of P, on which dressed form 𝛽u “live,” with
isomorphic vertical automorphism and gauge groups Aut(P′) =
Autv(P)

J ≃  . The structure group of P can then be written (as-
suming the trivial homomorphism 𝜙 : J → H, 𝜙(j) = j ∈ H) as
H = J ⋉ K, correspondingly its vertical automorphism groups is
Autv(P) = Autv(P)

J ⋉ Autv(P)
K , and its gauge group is  =  ⋉

.
Since the J-equivariance and J-horizontality of 𝛽 are already

known by assumption, those of 𝛽u depend only on the J-
equivariance of u: R∗

j u. Alternatively, one may say that the  -
transformation of 𝛽 being known, to get that of 𝛽u one needs
only to find the  -transformation of u: u𝜂 . Finding the residual
J-equivariance and/or  -transformation of u will depend on the
specifics of the situation under consideration.

As an illustrative example, consider the case where R∗
j u =

j−1uj for j ∈ J, so that u𝜂 = 𝜂−1u 𝜂 for 𝜂 ∈  . The residual  -
transformations of the dressed forms (26) are then easily found to
be: (𝜔u)𝜂 = 𝜂−1𝜔u 𝜂 + 𝜂−1d𝜂 and (𝛼u)𝜂 = 𝜌(𝜂)−1𝛼u. They behave as
standard connections and tensorial forms onP′ ⊂ P. See refs. [12,
29] for other cases.
Residual Transformations of the 2nd Kind: The dressed forms

may exhibit residual transformations resulting from a possible
ambiguity in the choice of dressing field. Two dressings u,u′ ∈
r[K,G] may a priori be related by u′ = u𝜉, where 𝜉 ∈  :={
𝜉 : P → G |R∗

k𝜉 = 𝜉
}
. We may write the -action on a dressing

by u𝜉 = u𝜉. By definition,  has no action on Ω∙(P), so 𝛽𝜉 = 𝛽.
The -action on dressed forms is thus easily found via (𝛽u)𝜉 :=
(𝛽𝜉)u𝜉 = 𝛽u𝜉 . For example, the residual -transformations of
(26) are found to be: (𝜔u)𝜉 := (𝜔𝜉)u𝜉 = 𝜔u𝜉 = 𝜉−1𝜔u𝜉 + 𝜉−1d𝜉 and
(𝛼u)𝜉 := (𝛼𝜉)u𝜉 = 𝛼u𝜉 = 𝜌(𝜉−1)𝛼u.
For cocyclic dressing fields we get C(u)𝜉 := C

(
u𝜉
)
,

which is C
(
p,u(p)𝜉(p)

)
= C

(
p,u(p)

)
C
(
pu(p), 𝜉(p)

)
=

C
(
p,u(p)

)
C
(
fu(p), 𝜉(p)

)
, where we may write fu(p) = p′ ∈

P′ ⊂ P. This result we may denote by

C(u)𝜉 = C
(
u𝜉
)
= C(u)C(𝜉). (30)

So, the residual -transformations of cocyclic dressed forms (27)
are easily found to be:

(𝜛u)𝜉 = C(𝜉)−1𝜛uC(𝜉) + C(𝜉)−1dC(𝜉) and (𝛼u)𝜉 = C(𝜉)−1𝛼u.

(31)

Transformations like (31) are the basis of the frame change co-
variance of the relational version of our geometric formulation
of QM, both of which we now describe.

3. Bundle Geometric Non-Relativistic Mechanics
and Quantum Mechanics

As said in the introduction, until now, the main applications of
the DFM have been in classical general-relativistic Gauge Field
Theory,[7] the natural relational interpretation of the former fit-
ting the conceptual foundation of the latter.[6] In the following,
the DFM will be applied for the first time in a quantum context,
allowing a manifestly relational formulation of non-relativistic
many-particle quantummechanics. This ismade possible by first
providing a bundle geometric description of both non-relativistic
Mechanics and then Quantum Mechanics.

3.1. Bundle Geometry of Configuration Space-Time 𝒞

Our geometric formulation of non-relativistic QM is based on the
bundle geometry of the configuration space-time of N classical
structureless, point-like, particles, which generalises the descrip-
tion of Galilean space-time.

The configuration space-time is a principal bundle 𝒞
𝜋
←←←←←→ 

over the 1-dimensional non-compact manifold  , representing
theNewtonian universal time line. The fiber over an instant t ∈ 
is 𝒞|t := 𝜋−1(t) = 𝔼3N , i.e., the configuration space of N classical

Fortschr. Phys. 2025, 73, e70040 e70040 (6 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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structureless point particles. A point p = (p1,… , pN) ∈ 𝒞|t ⊂ 𝒞,
𝜋(p) = t ∈  , is the instantaneous configuration of the N parti-
cles. The structure group of 𝒞 isH = ℝ3N := ℝ3 ×… ×ℝ3

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
N times

.

Its right action is

𝒞 ×H → 𝒞,

(p, X) → RXp = p + X, s.t. 𝜋 ◦RX = 𝜋.
(32)

We observe that this action reflects the fact that 𝔼3N is an affine
space over ℝ3N , because the Euclidean plane 𝔼3 is affine over
ℝ3. SinceH is (additive) Abelian, we haveRX ′RXp = p + X + X ′ =
RXRX ′p, i.e., RX+X ′ = RX ′+X .
As usual, the linearisation of the right action of H defines the

canonical vertical subbundle V𝒞 ⊂ T𝒞, and a fundamental ver-
tical vector is

𝜒 v|p := d
d𝜏

RX𝜏
p
||||𝜏=0 = p + 𝜒 ∈ Vp𝒞, with d

d𝜏
X𝜏

||||𝜏=0 := 𝜒 ∈ 𝔥,

(33)

so that a fundamental vector field is 𝜒 v ∈ Γ(V𝒞). Because H is
Abelian, these are right invariant: RX∗ 𝜒

v|p = 𝜒 v|p+X . Equation (33)
defines the “verticality map” |v : 𝔥 → Γ(V𝒞), applying to any 𝔥-
valued (0-)form on 𝒞. As we shall see shortly, contrary to the
case of Gauge Field Theory, vertical “motion” along the fibers of
𝒞, with “velocity” in Γ(V𝒞), is not always unphysical, or “pure
gauge”: it also contains genuine physical changes within the set
of particles. Of course, the true physical dynamics of the latter
unfolds along a curve in 𝒞 that projects onto a curve in  . Over
an open set  ⊂  , i.e., a time interval, a local trivialisation is a
map

𝜙 : 𝒞| →  ×H,

p → 𝜙(p) :=
(
𝜋(p), h(p)

)
= (t, x) =

(
t, (x1,… , xN)

)
.

(34)

The fiber coordinate h(p) = x may also be written x =
{xi}i∈{1,…,N} = {xi

aea} where {ea} is a basis of ℝ3, meaning
that x = {xi} is an intrinsic vector of ℝ3N , independent of a
choice of basis. The trivialisation is s.t. 𝜙 ◦RX = RX ◦𝜙, i.e.,
𝜙(p + X ) = 𝜙(p) + X , meaning that the fiber coordinate satis-
fies R∗

Xh = h + X , i.e. h(p + X) = h(p) + X . A local (trivialising)
section is 𝜎 :  ⊂  → 𝒞| ≃  ×H, t → 𝜎(t) =

(
t, x(t)

)
, i.e.,

it gives the graph of the trajectories of the particles described
by p = 𝜎(t). Two local sections are related by 𝜎′ = Rg 𝜎 = 𝜎 + g,
where g :  → H, t → g(t) is a transition function of 𝒞.
These are involved in gluings of local representatives on 
of forms on 𝒞, i.e., in passive gauge transformations. Again,
beware that here the latter may relate two physically distinct
particle configurations. Since  is contractible, 𝒞 is globally
trivial, 𝒞 ≃  ×H.
Under the action RX : 𝒞|t → 𝒞|t, p = (p1,… , pN) → p + X =

(p1 + X1,… , pN + XN), of the structure group H = ℝ3N , each
particle position is shifted by a different vector Xi ∈ ℝ3. It is
clear that any configuration of particles is left invariant by the

Figure 1. The 2-fibration structure of the configuration space-time bundle
𝒞 of N classical particles.

subgroup

HΔ = ℝ3N
Δ := diagℝ3N ≃ ℝ3, whose elements are X = (

N times
⏞⏞⏞⏞⏞
X,… , X).

(35)

Now, since any subgroup of an Abelian group is normal, we have
HΔ ⊲H, so thatH∕HΔ is an Abelian group. The structure group
thus decomposes as

H = H∕HΔ ⋉HΔ =: Hint ⋉Hext, (36)

where the nomenclature is chosen to reflect the fact thatHint im-
plements physical changes in the configuration of particles as
seen from any particle within it, while Hext only reflects a global
change of the whole configuration as seen from a viewpoint ex-
ternal to the configuration.6

The action of Hint maps a configuration to a physically dis-
tinct configuration, where the relative positions of the particles
are different. The decomposition (36) implies that the configura-
tion space-time bundle is a 2-fibration:

(37)

where the quotient subbundle 𝒞rel := 𝒞∕Hext

Hint
←←←←←←←←←←←←←←→  is the

relational configuration space-time bundle—here realised as a
quotient—encoding the internal relative dynamics of the N par-
ticles system. Figure 1 sketches the 2-fibration structure of 𝒞.

6 So, Hext = HΔ can be seen as inducing unphysical transformation of
the configuration. Yet, it is not so for the corresponding gauge sub-
group, ext. See below.

Fortschr. Phys. 2025, 73, e70040 e70040 (7 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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The group of automorphism of 𝒞 is Aut(𝒞) :=
{
Ξ ∈

Diff(𝒞) |Ξ ◦RX = RX ◦Ξ
}
, and projects onto Diff( ), i.e.,

induces diffeomorphisms of the time line. Its maximal
normal subgroup is the group of vertical automorphisms
Autv(𝒞) :=

{
Ξ ∈ Aut(𝒞) |𝜋 ◦Ξ = 𝜋

}
, inducing the identity

transformation on  .
The latter is isomorphic to the gauge group  :=

{
X : 𝒞 →

H |R∗
XX = Conj(−X)X = X

}
. The isomorphism being Ξ(p) =

RX (p)p = p + X (p). It is noteworthy that the elements of the
gauge group are basic, being horizontal as usual (as 0-forms
on 𝒞) and invariant due to H being Abelian. So, we have
that  ≃ Ω0

basic(𝒞, H) ≃ Ω0( , H), i.e., any X ∈  arises from
some X̃ :  → H s.t. X = 𝜋∗X̃ . Elements of the gauge group
 thus depend only on t ∈  . The restriction of  to a
trivial patch 𝒞| ⊂ 𝒞 thus carries the same information as

the local gauge group loc :=
{
X̃ := 𝜎∗X :  → H | X̃ X̃ ′

= X̃
}
≃

Ω0( , H) =: Ω0( , H)| . The definition of loc is actually inde-
pendent of the choice of local section 𝜎, its elements having trivial
gluings. The use of the same notation X̃ for elements ofloc and
Ω0( , H) is meant to highlight that they are the same objects.
We observe that includes Galilean boosts via elements of the

form X (t) = vextt, where vext ∈ Hext is constant and interpretable
as the relative velocity between the configuration p of N par-
ticles and an external observer ext. The gauge group also en-
codes constant relative accelerations aext ∈ Hext between p and
ext via X (t) = 1

2
aextt

2, whereby inertial forces manifest. More
generally, the gauge group ≃ Ω0

basic(𝒞, H) ≃ Ω0( , H) encodes
precisely what is known as “extended Galilean transformations”:
Indeed, the action Ξ : 𝒞 → 𝒞, p → Ξ(p) = p + X (p), of a vertical
automorphism Ξ ∈ Autv(𝒞) ≃ X ∈  is, in bundle coordinates,
(t, x) → (t′, x′) =

(
t, x + X̃ (t)

)
. The latter is precisely the usual def-

inition of extendedGalilean transformations as described, e.g., in
ref. [22]. The characteristic SES of the bundle 𝒞 is then

id𝒞 → Autv(𝒞) ≃  ⊲
←←←←←←→ Aut(𝒞) ←→ Diff( ) → id . (38)

Given that the structure group H decomposes as (36), the group
of vertical automorphisms and the gauge group decompose cor-
respondingly: Autv(𝒞) = Autv(𝒞)

Hint ⋉ Autv(𝒞)
Hext ≃  = int ⋉ext, with Autv(𝒞)

Hint = Autv(𝒞rel). So, we have the SES character-
izing the relational configuration space-time bundle,

id𝒞rel
→ Autv(𝒞rel) ≃ int

⊲
←←←←←←→ Aut(𝒞rel) ←→ Diff( ) → id . (39)

The action of Autv(𝒞) ≃  on 𝛽 ∈ Ω∙(𝒞) defines the ac-
tive gauge transformations𝛽X := Ξ∗𝛽, geometrically found via
Ξ∗𝛽(𝔛) = 𝛽(Ξ∗𝔛), where 𝔛 ∈ Γ(T𝒞) is a generic vector field on
𝒞 and, as special case of (17),

Ξ∗𝔛|p = RX (p)∗𝔛|p + {
dX |p(𝔛|p)}v|Ξ(p) = RX (p)∗𝔛|p + {

dX |p(𝔛|p)}v|p,
(40)

where the second equality arises because of the right invariance
of fundamental vector fields. For example, for an Ehresmann
connection 𝜔 ∈ Ω1

eq(𝒞,Ad), s.t. R∗
X 𝜔 = 𝜔 and 𝜔(𝜒 v) = 𝜒 ∈ 𝔥, we

have

𝜔X := Ξ∗𝜔 = 𝜔 + dX , (41)

which is an Abelian version of the first line of (19).7

Cocyclic geometry on 𝒞 is defined via a 1-cocycle

C : 𝒞 ×H → G,

(p, X) → C(p, X ), s.t. C(p, X + X ′) = C(p, X) ⋅ C(p + X, X ′),

(42)

with corresponding linear 1-cocyle a(𝜒 , p) := d
d𝜏
C(p, X𝜏 )

|||𝜏=0,
a : 𝒞 × 𝔥 → 𝔤,

(p,𝜒) → a(𝜒 , p), s.t. 𝜒 v ⋅ a(𝜒 ′, p) − 𝜒 ′v ⋅ a(𝜒 , p)

+ [a(𝜒 , p), a(𝜒 ′, p)]𝔤 = 0. (43)

So that cocyclic tensorial forms 𝛼 ∈ Ω∙
tens(𝒞, C) and cocyclic con-

nections𝜛 ∈ Ω∙
eq(𝒞, C), s.t.

R∗
X 𝜛|p+X = C(p, X)−1𝜛|pC(p, X ) + C(p, X )−1dC( , X)|p and

𝜛|p(𝜒 v|p) = a(𝜒 , p),
(44)

have gauge transformations given by

𝛼X = C(X )−1𝛼 and 𝜛X = C(X )−1𝜛 C(X ) + C(X )−1dC(X ),

(45)

with the map C(X ) : 𝒞 → G defined by C
(
X (p)

)
= C

(
p,X (p)

)
,

being special cases of (18)–(19).

3.2. Classical Mechanics on 𝒞: The Action as a Cocyclic
Connection

The dynamics of the configuration ofN classical particles is given
by the Lagrangian, which we take to be in general a cocyclic ten-
sorial 1-form L ∈ Ω1

tens(𝒞, c) where the 1-cocycle c takes values in(
Ω1(𝒞),+

)
seen as an additive Abelian group: It thus satisfies the

defining property

c(p, X + X ′) = c(p, X) + c(p + X, X ′), (46)

the Abelian version of (7). A Lagrangian thus satisfies

𝜄𝜒v L = 0 and R∗
XL|p+x = L|p + c(p, X). (47)

7 We may observe that, as is standard in bundle geometry, the ker-
nel of a connection defines an horizontal subbundle ker𝜔 := H𝒞 s.t.
Tp𝒞 = Vp𝒞 ⊕Hp𝒞 at any p ∈ 𝒞: Given a curve c(𝜏) ∈  s.t. c(0) =
t and c(1) = t′, it allows to define the horizontal lift ch(𝜏) ∈ 𝒞 s.t.
d
d𝜏
ch(𝜏) ||𝜏=0 ∈ Γ(H𝒞) is a horizontal vector field. In turn, this allows to

define the parallel transport map ch𝜏 : 𝒞t → 𝒞t′ , p → ch1 (p) = p′, which
prescribes a standard of identification across distinct fibers, i.e., deter-
mines (for each choice of connection 𝜔) what it means for a configura-
tion of particles p to remains “the same” across time.

Fortschr. Phys. 2025, 73, e70040 e70040 (8 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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The infinitesimal equivariance is then given by the Lie derivative,

𝔏XvL = d
d𝜀

R∗
X𝜀
L |||𝜀=0 = d

d𝜀
c( _ , X𝜀)

|||𝜀=0 =: a(𝜒 , _ ), (48)

where d
d𝜀
X𝜀

|||𝜀=0 = 𝜒 ∈ 𝔥, and a(𝜒 ; _ ) is the 𝔥-1-cocycle (linear in
𝜒) associated to L. The ∼Autv(𝒞)-transformation of L is then
easily deduced to be

LX := Ξ∗L = L + c( _ ,X ) =: L + c(X ). (49)

The Lie∼𝔞𝔲𝔱v(𝒞)-transformation of L is 𝔏
𝝌v L = a(𝝌 , _ ) =:

a(𝝌 ), with 𝝌 ∈ Lie. The cocyle a(𝝌 ) will be shown to encode
the Euler-Lagrange equations.
In a trivialisation, 𝜙, i.e., in a bundle coordinate chart, we

may therefore write (using the same notation above) L|(t,x) =
(𝜙−1)∗L|p = (t, x) dt. Given a local section 𝜎 :  ⊂  → 𝒞, t →
𝜎(t) ≃

(
t, x(t)

)
, where ≃ is meant to indicate the expression in a

bundle chart, the local representative of L on  is the familiar
expression:

𝜎∗L|t = L|𝜎(t) ≃ L|(t, x(t)) = (t, x(t)) dt ∈ Ω1( , c). (50)

Given a curve 𝛾 : I ⊂ ℝ → 𝒞, 𝜏 → 𝛾(𝜏) ≃
(
t(𝜏), x(𝜏)

)
, with tan-

gent vector field 𝛾̇ = dx
d𝜏
𝜕

𝜕x
+ dt

d𝜏
𝜕

𝜕t
= ẋ 𝜕

𝜕x
+ ṫ 𝜕

𝜕t
∈ Γ(T𝒞), the re-

striction of L “on” 𝛾 , actually its pullback to I, is:

𝓁𝛾|𝜏 := 𝛾∗L|𝜏 = L|𝛾𝜏 ≃ L|(t(𝜏), x(𝜏)) = (t(𝜏), x(𝜏)) 𝛾∗dt|𝜏
= (t(𝜏), x(𝜏)) ṫd𝜏 ∈ Ω1(I, c). (51)

Observe that (51) is the so-called “parametrized” formulation of
non-relativistic mechanics (as exposed in, e.g., ref. [37]), while
the standard (50) is the “deparametrized” or “unparametrized”
version. We obtain the latter from the former via the choice ṫ = 1,
which identifies the parameter 𝜏 with the time variable t, getting
again the familiar expression 𝓁𝛾|𝜏 =  (

𝜏, x(𝜏)
)
d𝜏. Remark also

that ẋ = dx
dt
ṫ =: x′ ṫ, where x′ is the physical (measurable) velocity

of x—i.e., the set of velocities {x′i}i={1,…,N} of theN particles under
consideration. So, the condition ṫ = 1 thus identifies ẋ with the
velocity x′.8 This dual picture is unsurprising: the image of a local
section 𝜎 is a curve in 𝒞 parametrized by t ∈  .
Although there is no action of H and  on I, one may define

indirectly their “action” on𝓁 ∈ Ω1(I)—in the similar way that one
may define their action on local representatives 𝜎∗L ∈ Ω1( ). The
equivariance of 𝓁𝛾 may be defined via the action ofH on 𝛾 : since
RX𝛾 =: 𝛾 ′,

R∗
X𝓁𝛾 := 𝛾

′∗L = (RX ◦ 𝛾)
∗L = 𝛾∗R∗

XL = 𝛾∗
(
L + c( _ , X)

)
= 𝓁𝛾 + c𝛾 ( _ , X), (52)

where c𝛾 ( _ , X) := c( _ , X) ◦ 𝛾 : I → Ω1(𝒞). Hence, the notation
𝓁𝛾 ∈ Ω1(𝒞, c) and the legitimacy of considering 𝓁𝛾 as a cocyclic
1-form. The same may be done for local representatives, using

8 We stress that ṫ = 1 is not a “gauge choice” (as many would be inclined
to understand it), but actually reflects a dressing operation. We shall
fully elaborate on this remark in a forthcoming paper.[40]

𝜎′ = RX𝜎. The infinitesimal equivariance is obtained by linearis-
ing the above, which may be written as

𝛿𝜒𝓁𝛾 = a𝛾 (𝜒 , _ ) := a(𝜒 , _ ) ◦ 𝛾. (53)

The action of the gauge group ≃ Autv(𝒞) is likewise obtained:
considering 𝛾X := Ξ ◦ 𝛾 , one defines

𝓁X
𝛾
:=

(
𝛾X

)∗
L= (Ξ ◦ 𝛾)∗L= 𝛾∗Ξ∗L= 𝛾∗(L+ c( _ ,X ))=𝓁𝛾 + c𝛾 (X ),

(54)

where c𝛾 (X ) := 𝛾∗c( _ ,X ) : I → Ω1(𝒞). This is analogous to the
way one obtains the local version the active gauge transformation
of L, and the way one defines passive gauge transformations of
local representatives, i.e., gluings. The infinitesimal gauge trans-
formation, i.e., the action of Lie ∼ 𝔞𝔲𝔱v(𝒞), is obtained by lin-
earising the above,

𝛿
𝝌
𝓁𝛾 = a𝛾 (𝝌 ) := 𝛾∗a(𝝌 , _ ), (55)

which is also just 𝛾∗
(
𝔏

𝝌v L
)
, as expected from consistency of the

definitions. Observe that 𝛿
𝝌
𝛾 = 𝝌 (𝛾).

Let us observe that the tangent vector field 𝛾̇ ∈ Γ(T𝒞)
of a curve 𝛾 is right-invariant: This is clear from the fact
that 𝛾̇ = d

d𝜏
𝛾(𝜏) |||𝜏=0 ≃ ẋ 𝜕

𝜕x
+ ṫ 𝜕

𝜕t
and RX∗𝛾̇ :=

d
d𝜏
RX ◦ 𝛾(𝜏)

|||𝜏=0 =
d
d𝜏
𝛾(𝜏) + X |||𝜏=0 = 𝛾̇ . Therefore, its pushforward by a vertical au-

tomorphism is, by (40), Ξ∗𝛾̇ = 𝛾̇ +
{
dX (𝛾̇)

}
v. We have dX (𝛾̇) =

𝜕X
𝜕t
ṫ + 𝜕X

𝜕x
ẋ =: dX

d𝜏
=: Ẋ , and since 𝜕X

𝜕x
= 0 as X ∈ Ω0

inv(𝒞), we get

Ẋ = 𝜕X
𝜕t
ṫ. So,

Ξ∗𝛾̇ = 𝛾̇ +
{
Ẋ
}
v ≃ (ẋ + Ẋ ) 𝜕

𝜕x
+ ṫ 𝜕
𝜕t
. (56)

The choice ṫ = 1 gives Ẋ = 𝜕X
𝜕t

= X ′, with X ′ the physical velocity
shift induced by the extended Galilean transformation X ∈ .
In particular, the above specialises to vertical tangent vectors of
vertical curves, s.t. ṫ = 0.
The action functional is defined by

 [𝛾 ] := ∫𝛾 L = ∫I
𝛾∗L =: ∫I

𝓁𝛾 ≃ ∫I
(t(𝜏), x(𝜏)) ṫ d𝜏. (57)

Here again, the standard “unparametrised” version of the ac-
tion is obtained by setting ṫ = 1.9 The equivariance of  [𝛾 ] is
derived from that of 𝓁𝛾 : R

∗
X [𝛾 ] = ∫I R∗

X𝓁𝛾 = ∫I 𝓁𝛾 + c𝛾 ( _ , X) = [𝛾 ] + ∫I c𝛾 ( _ , X). Which, for consistency, is cross-checked by

R∗
X [𝛾 ] :=  [𝛾 ′] = ∫𝛾 ′ L = ∫I

𝛾 ′
∗L = ∫I

(RX ◦ 𝛾)
∗L = ∫I

𝛾∗R∗
XL

= ∫𝛾 R
∗
XL = ∫𝛾 L + c( _ , X) =:  [𝛾 ] + ∫𝛾 c( _ , X ). (58)

9 Or by defining it as  [𝜎] := ∫⊂ 𝜎∗L, for a local section 𝜎 :  ⊂  →

𝒞| , t → 𝜎(t) ≃
(
t, x(t)

)
representing a trajectory/history.

Fortschr. Phys. 2025, 73, e70040 e70040 (9 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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Its infinitesimal equivariance is then defined by linearisation of
the above,

𝛿𝜒|𝛾 := d
d𝜀

R∗
X𝜀
 [𝛾 ] |||𝜀=0 = ∫𝛾

d
d𝜀

R∗
X𝜀
L |||𝜀=0 = ∫𝛾 𝔏𝜒v L = ∫𝛾 a(𝜒 , _ ),

= ∫I
a𝛾 (𝜒 , _ ), (59)

which is indeed the expression 𝛿𝜒|𝛾 = ∫I 𝛿𝜒𝓁𝛾 intuitively
expected from the definition of  [𝛾 ]. The ∼Autv(𝒞)-
transformation of the action is likewise defined, via 𝛾X := Ξ ◦ 𝛾 ,
as

 [𝛾 ]X :=  [𝛾X ] = ∫𝛾 Ξ
∗L = ∫𝛾X L = ∫I

(𝛾X )∗L = ∫I
𝓁X
𝛾

= ∫I
𝓁𝛾 + c𝛾 (X ) =  [𝛾 ] + ∫𝛾 c(X ), (60)

with c(X ) := c( _ ,X ), which is consistent with the intuitive
formula  [𝛾 ]X = ∫I 𝓁X

𝛾
. By linearisation, the Lie∼𝔞𝔲𝔱v(𝒞)-

transformation of  is easily found:

𝛿
𝝌
|𝛾 := d

d𝜀∫𝛾 Ξ
∗
𝜀
L |||𝜀=0 = ∫𝛾𝔏𝝌v L = ∫𝛾a(𝝌 ) = ∫I

a𝛾 (𝝌 ) =: ∫I
𝛿X𝓁𝛾 .

(61)

Equivalently, this is seen to be the Gateaux derivative along ∼
Autv(𝒞): for 𝛾𝜀 := Ξ𝜀 ◦ 𝛾 = 𝛾 + X 𝜀(𝛾), we have

𝛿
𝝌
|𝛾 := d

d𝜀
 [𝛾𝜀] −  [𝛾 ] |||𝜀=0 = d

d𝜀 ∫𝛾 c( _ ,X 𝜀)
|||𝜀=0 = ∫𝛾 a(𝝌 ).

(62)

This allows to define the classical dynamics as the critical points
(curves) of  .
Considering the set 0,1 :=

{
𝛾 : I → 𝒞 | 𝛾(𝜕I) = {p0, p1}

}
of

pathswith beginning and end points p0 ≃ (t0, x0) and p1 ≃ (t1, x1),
respectively. Consider also the gauge subgroup 0,1 :=

{
X ∈

 |X (t ≤ t0) = 0 = X (t ≥ t1) and X (t0 < t < t1) ≠ 0
}
⊂ . We

have that 0,1 acts freely and transitively on 0,1, i.e., for any
choice of initial reference curve 𝛾 ∈ 0,1, any other can be written
as 𝛾X for some X ∈ 0,1: so 0,1 ≃ 0,1. The classical physical
trajectory 𝛾c, i.e., the classical history, between the configurations
p0 and p1, is the critical point of  [𝛾 ] for 𝛾 ∈ 0,1. By (61)–(62),
we see that this is given by the vanishing of the linearised
1-cocycle. Said otherwise, the 1-cocycle a(𝝌 ) encodes the Euler–
Lagrange equations, i.e., the dynamics, up to vanishing boundary
terms:

𝛿
𝝌
|𝛾c = ∫𝛾c a(𝝌 ) = ∫I

a𝛾c (𝝌 ) = ∫I
E(𝝌 , 𝛾c) ≡ 0, ∀ 𝝌 ∈ Lie0,1,

(63)

where E(𝝌 , 𝛾) := 𝝌 (𝛾) ⋅ EL[𝛾 ] d𝜏 = 𝛿
𝝌
𝛾 ⋅ EL[𝛾 ] d𝜏 is the equa-

tions of motion 1-form, with EL[𝛾 ] the Euler–Lagrange equa-
tions for the curve 𝛾 . The critical curve is s.t. EL[𝛾c] ≡ 0. Then,

for any 𝛾 ∈ 0,1 there is a unique X ∈ 0,1 s.t. 𝛾 = 𝛾Xc , and by
(60) one has

 [𝛾 ] =  [𝛾c] + ∫𝛾c c(X ). (64)

One may define the function S𝛾 =  [𝛾 ; _ , p0] ∈ Ω0
tens(𝒞; c𝛾 )

where 𝛾(𝜕I) = {p0, p} and c𝛾 (_ , X) := ∫
𝛾
c(_ , X) is a 1-cocycle in-

herited from (58): i.e., we have R∗
XS𝛾 = S𝛾 + c𝛾 (_ , X). So its -

transformation is immediately read to be SX
𝛾
:= Ξ∗S𝛾 = S𝛾 +

c𝛾 (X ), where c𝛾 (X ) := c𝛾 (_,X ). For 𝛾 = 𝛾c, the cocyclic 0-form S𝛾c is
the Hamilton Principal Function (HPF). It satisfies the Hamilton

equation:
𝜕S𝛾c
dt

= −H
(
x,
𝜕S𝛾c
𝜕x
; t
)
, where the canonical conjugate

momenta is by definition π := 𝜕S𝛾c
𝜕x

and H(x, π, t) is the Hamilto-

nian. Defining the 1-cocycleC𝛾 (_ , X ) := exp{− i
ℏ
c𝛾 (_ , X)}, we find

that the action induces the flat cocyclic connection 𝜛0,𝛾 := − i
ℏ
dS𝛾

on 𝒞, s.t.

R∗
X𝜛0,𝛾 = 𝜛0,𝛾 + C𝛾 (_ , X)

−1dC𝛾 (_ , X).

𝜄𝜒v𝜛0,𝛾 = − i
ℏ
𝜄𝜒v dS𝛾 = − i

ℏ
L𝜒vS𝛾 = − i

ℏ

d
d𝜀

R∗
X𝜀
S𝛾

|||𝜀=0
= − i

ℏ

d
d𝜀

c𝛾 (_ , X𝜀)
|||𝜀=0 = − i

ℏ ∫𝛾 a(𝜒)

= d
d𝜀

C𝛾 (_ , X𝜀)
|||𝜀=0,

(65)

which is a special case of (15). From which follows that the -
transformation of𝜛0,𝛾 is

𝜛0,𝛾
X := Ξ∗𝜛0,𝛾 = 𝜛0,𝛾 + C𝛾 (X )

−1dC𝛾 (X ), (66)

which is a special case of (19). It is also (dS𝛾 )
X := Ξ∗dS𝛾 = dS𝛾 +

dc𝛾 (X ), consistent with the -transformation of S𝛾 and [d,Ξ∗] =
0. Notice that 𝜄𝜒v𝜛0,𝛾 ≠ 0 since 𝜒 ∈ LieH, contrary to what is
done in (63) to determine the critical point 𝛾c. Actually, since
E(𝜒 ; 𝛾c) ≡ 0 by definition of 𝛾c, the verticality property of 𝜛0,𝛾c

gives the conserved Noether charge: In a bundle chart, 𝜒 v ≃ 𝜒 𝜕

𝜕x

and dS𝛾c =
𝜕S𝛾c
𝜕x

dx + 𝜕S𝛾c
𝜕t
dt, so 𝜄𝜒v𝜛0,𝛾c

= − i
ℏ
𝜒
𝜕S𝛾c
𝜕x

=: − i
ℏ
𝜒 π.10 Fi-

nally, we may observe that (64) implies a relation analogous to
(66): For X ∈ 0,1 we have

𝜛0,𝛾 = 𝜛0,𝛾c
+ C𝛾c (X )

−1dC𝛾c (X ). (67)

We are now but a couple of steps from a formulation of Quan-
tum Mechanics.

10 This is also none other than the evaluation of 𝜒v on the canonical 1-
form (also known as the presymplectic potential) − i

ℏ
𝜃 := − i

ℏ
πdx, fa-

miliar in that form from Geometric Quantization.
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3.3. Quantum Mechanics on 𝒞: Schrödinger Equation as a
Cocyclic Covariant Derivative

One may quite naturally consider the simplest possible cocyclic
tensorial objects on 𝒞 to which (65) is associated:

𝜓𝛾 : 𝒞 → ℂ s.t. 𝜓𝛾 ∈ Ω0
tens(𝒞, C𝛾 )

p → 𝜓𝛾 (p)

p + X → 𝜓𝛾 (p + X) = C𝛾 (p, X)
−1𝜓𝛾 (p),

(68)

i.e., R∗
X𝜓𝛾 = C𝛾 (_ , X)

−1𝜓𝛾 with the 1-cocycle C𝛾 : 𝒞 ×H →

U(1), (p, X) → C𝛾 (p, X) := exp{− i
ℏ
c𝛾 (p, X)} defined via  [𝛾 ]. Their

gauge transformation is thus𝜓X
𝛾
= C𝛾 (X )

−1𝜓𝛾 =: 𝜓𝛾X , forX ∈ .
These can also be seen as sections 𝜓̃𝛾 of the cocyclic associated
bundle EC𝛾 := 𝒞 ×C𝛾

ℂ over  , so that Ω0
tens(𝒞, C𝛾 ) ≃ Γ(EC𝛾 ). Let

us name the latter the space of “pre-wave functions.” One then
has the cocyclic covariant derivative preserving cocyclic tensori-
ality,

D̄0,𝛾 : Ω0
tens(𝒞, C𝛾 ) → Ω1

tens(𝒞, C𝛾 ),

𝜓𝛾 → D̄0,𝛾 𝜓𝛾 := d𝜓𝛾 +𝜛0,𝛾 𝜓𝛾 .
(69)

Notice that from the horizontality property of D̄0,𝛾 𝜓𝛾 follows, in

bundle coordinates, that −iℏ 𝜕
𝜕x

= 𝜕S𝛾
𝜕x
. Then, in view of (67), it

must be the case that

𝜓𝛾 = C𝛾c (X )
−1𝜓𝛾c , and D̄0,𝛾 𝜓𝛾 = C𝛾c (X )

−1D̄0,𝛾c
𝜓𝛾c for X ∈ 0,1.

(70)

Now, from (69) one defines the linear space of “wave functions”
as 𝒦 := ker D̄0,𝛾 ⊂ Ω0

tens(𝒞, C𝛾 ), i.e., the covariantly constant co-
cyclic pre-wave functions. The name is justified by the observa-
tion that QM is encoded in the statement

𝜓𝛾c ∈ 𝒦, i.e., D̄0,𝛾c
𝜓𝛾c = 0. (71)

Indeed, remember from the previous section that𝜛0,𝛾c
= − i

ℏ
dS𝛾c

where S𝛾c =  [𝛾c; _ , p0] is the HPF, satisfying the Hamilton–
Jacobi equation. So, in bundle coordinate, we have

D̄0,𝛾c
𝜓𝛾c = d𝜓𝛾c +𝜛0,𝛾c

𝜓𝛾c = 0

⇒ dt 𝜕
𝜕t
𝜓𝛾c + dx 𝜕

𝜕x
𝜓𝛾c −

i
ℏ

(
dt
𝜕S𝛾c
𝜕t

+ dx
𝜕S𝛾c
𝜕x

)
𝜓𝛾c = 0

→ dt
(
𝜕

𝜕t
𝜓𝛾c +

i
ℏ
H(x, π, t)𝜓𝛾c

)
+ dx

(
𝜕

𝜕x
− i
ℏ
π
)
𝜓𝛾c = 0.

(72)

The horizontality property of D̄0,𝛾c
𝜓𝛾c means the identical van-

ishing of the coefficient of dx: which is an eigenvalue problem
implying the quantum mechanical prescription for the momen-
tum operator π̂ := −iℏ 𝜕

𝜕x
. It is then immediate that, upon defin-

ing (still in bundle coordinates) the position operator x̂𝜓 = x𝜓 ,
one gets the canonical commutation relation: [x̂, π̂] = iℏ𝛿(x − x).
These facts are “kinematical”, so to speak, arising from the geo-
metric nature (the tensoriality) of the objects considered. Cocyclic

covariant constancy is a further dynamical constraint: It specifi-
cally implies the vanishing of the coefficient of dt in (72), which
is just the eigenvalue problem for the Schrödinger equation. In
summary, we have

D̄0,𝛾c
𝜓𝛾c=0 ⇒ π̂ := −iℏ 𝜕

𝜕x
and iℏ 𝜕

𝜕t
𝜓𝛾c = H(x̂, π̂, t)𝜓𝛾c .

(73)

The cocyclic covariant constancy condition (71) naturally encodes
both the essential kinematical and dynamical axioms of Quan-
tum Mechanics: the momentum operator and the Schrödinger
equation. It extends to any 𝜓𝛾 ∈ 𝒦 by (70). We remark that, per
Section 2.1, QM is equivalently encoded in the statement 𝜓̃𝛾 ∈
𝒦̃, where 𝒦̃ := ker ∇̄0 with ∇̄0 : Γ(EC𝛾 ) → Ω1( )⊗ EC𝛾 the co-
cyclic covariant derivative induced on associated bundles EC𝛾 →
 .
One defines the standard (Hermitian) inner product, seen as

a fiber-wise integration on 𝒞,

⟨_, _⟩ : 𝒦 ×𝒦 → C∞( ,ℂ),
(𝜓𝛾 ,𝜓

′
𝛾
) → ⟨𝜓𝛾 ,𝜓 ′

𝛾
⟩ := ∫𝒞

𝜓∗
𝛾
𝜓 ′
𝛾
vol(𝒞),

(74)

with 𝜓∗
𝛾
the ℂ-conjugate of 𝜓𝛾 , and vol(𝒞) the HΔ-invariant vol-

ume form on fibers 𝒞|t = 𝔼3N , R∗
Xvol(𝒞) = vol(𝒞). Then, ℋ :=

(𝒦; ⟨_, _⟩) is a Hilbert space.
We observe that one may obtain (71)–(73) as the field

equation of a “meta-action” 𝔖(𝜓𝛾 ,𝜛0,𝛾 ) := ⟨𝜓𝛾 , 𝜄𝔛D̄0,𝛾 𝜓𝛾⟩—yet,
we are aware, a not very apt name since this functional is
dimensionless—where 𝔛 ∈ Γ(T𝒞) is any non-vertical vector
field (𝜋∗𝔛 ≠ 0), via the associated variational principle: 𝛿

𝛿𝜓
𝔖 =

0 ⇒ D̄0,𝛾 𝜓𝛾 = 0. In typical quantum field-theoretical parlance,
𝔖(𝜓𝛾 ,𝜛0,𝛾 ) = ⟨𝜓𝛾 |𝜄𝔛D̄0,𝛾 |𝜓𝛾⟩ may be understood as the expecta-
tion value of the cocyclic covariant derivative operator D̄0,𝛾 . QM
arises from requiring stationarity of this expectation value.
Path Integral: The a priori dependence of the above consider-

ations on curves 𝛾 ∈ 0,1 between initial and final points 𝛾(𝜕I) =
{p0, p} may seem unusual, but it naturally leads to the path in-
tegral description of QM. One may formally define the quantity
depending only on the boundary by functional integration

K(p, p0) := ∫0,1
𝛾 𝜓𝛾 = ∫0,1

X 𝜓𝛾Xr = ∫0,1

X C𝛾r (X )
−1𝜓𝛾r ,

(75)

where 𝛾 and X are formal measures on the space of curves
0,1 and on 0,1 respectively. The first equality arises from the
isomorphism0,1 ≃ 0,1 mentioned above when discussing clas-
sical dynamics, and specified by any reference curve 𝛾r ∈ 0,1 so
that for any other 𝛾 ∈ 0,1, ∃!X ∈ 0,1 s.t. 𝛾 = 𝛾Xr . Stated other-
wise, 0,1 acts freely and transitively on 0,1. One may then de-
fine the pre-wave function depending only on the final point by
fiber integration over all initial conditions:

𝜓(p) := ∫𝒞|t0
K(p, p0)𝜓(p0) vol(𝒞|t0 ), (76)

Fortschr. Phys. 2025, 73, e70040 e70040 (11 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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where vol(𝒞|t0 ) is the volume form of the fiber 𝒞|t0 ⊂ 𝒞 over
𝜋(p0) = t0 ∈  . In bundle coordinates, 𝜓(p) ≃ 𝜓(t, x). The quan-
tity (75) is usually seen as a propagator, describing the “transition
amplitude” between the initial and final states. We may take the
classical history as reference curve 𝛾r = 𝛾c, so that

K(p, p0) := ∫0,1
𝛾 𝜓𝛾 = ∫0,1

X C𝛾c (X )
−1𝜓𝛾c . (77)

Restricting furthermore the attention to wave functions 𝜓𝛾 ∈ 𝒦,
solutions of D̄0,𝛾𝜓𝛾 = 0 of the form

𝜓𝛾 = 𝜓0 exp∫𝛾 𝜛0,𝛾 = 𝜓0 exp
i
ℏ
S𝛾 = 𝜓0 exp

i
ℏ
 [𝛾 ], (78)

then the quantity (77) becomes the standard Dirac–Feynman
propagator, or path integral (PI),

K(p, p0) = ∫0,1
𝛾 𝜓0 exp i

ℏ
 [𝛾 ]

= ∫0,1

X C𝛾c (X )
−1𝜓0 exp

i
ℏ
 [𝛾c] (79)

= 𝜓0 exp
i
ℏ
 [𝛾c]∫0,1

X exp i
ℏ
c𝛾c (X ).

Then, 𝜓(p) in (76) is a wave function. Notice how geometric
considerations automatically provide, in view of (73), a split-
ting of the PI in a contribution from the classical history, 𝜓𝛾c =
𝜓0 exp

i
ℏ
 [𝛾c] ∈ 𝒦, and a contribution from the functional inte-

gral of the 1-cocycle c𝛾c (X ) := ∫
𝛾c
c(_,X ) = ∫I c(_,X ) ◦ 𝛾c, inherited

from the Lagrangian. In the semi-classical (e.g., WKB) analysis,
the former contribution is known to contain the essential dynam-
ical physical information, while the latter is a normalization fac-
tor.
The flat cocyclic connection𝜛0,𝛾 is at the centre of our geomet-

ric formulation of both classical and quantum mechanics. As an
intriguing exercise, one may entertain the possibility of allowing
a non-flat cocyclic connection 𝜛𝛾 and see what kind of generali-
sation of classical and quantum mechanics this leads to.

4. Relational Bundle Geometric Classical and
Quantum Mechanics

In this section, we apply the Dressing Field Method to the con-
figuration space-time bundle 𝒞 to obtain relational reformula-
tions of Classical and Quantum Mechanics. First, we consider
how to realise the relational configuration space-time subbun-

dle 𝒞rel := 𝒞∕Hext

Hint
←←←←←←←←←←←←←←→  , encoding the physical kinematics. In

particular, we show how the notion of residual transformations
of the 2nd kind in the DFM, parametrizing the choice of dress-
ing, here parametrizes the multiple realisations of𝒞rel within𝒞.
Then, we show how to obtain the dressed Lagrangian/action and
wave function encoding the physical classical and quantum dy-
namics. In the context of relational QM, the group of residual
transformations of the 2nd kind implements a notion of “physi-
cal reference frame covariance.”

4.1. Relational Configuration Space-Time Subbundle via DFM

Given that the configuration space-time bundle𝒞 is a 2-fibration

(80)

illustrated in Figure 1, with gauge group = int ⋉ext, wemay
use the DFM to realise the relational configuration space-time
𝒞rel, thereby reducing the gauge group ext. Specializing 2.2 to
this context, a dressing field fit for that purpose is defined as

u : 𝒞 → Hext = HΔ ⊲H s.t. R∗
Xu = u − X, i.e.,

u(p + X ) = u(p) − X .
(81)

This is typically the rule for an Abelian dressing field. It is aHext-
tensorial 0-form, thus it gauge transforms as uX := Ξ∗u = u − X
for X ∈ ext. It allows to define the map fu : 𝒞 → 𝒞,

p → fu(p) := p + u(p), s.t. fu ◦RX = fu and

fu ◦Ξ = fu for Ξ ∈ Autv(𝒞)
Hext ∼ X ∈ ext,

(82)

whose image is a subbundle of 𝒞 isomorphic to 𝒞rel: we thus
denote it 𝒞u

rel.
The question is: Can we produce such a dressing field? As a

matter of fact we can: Take p ∈ 𝒞 as describing an instantaneous
configuration of N particles, and, given bundle coordinates s.t.
p ≃ (t, x) ∈  ×H with  ⊂  , let us define

ui(p) = ui(p1,… , pi,… pN) := −xi = (

N times
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
−xi,… ,−xi ) ∈ Hext = ℝ3N

Δ ,

(83)

which clearly satisfies (81). So, the dressing field ui outputs the
vertical bundle coordinate (the spatial coordinate) of the ith par-
ticle of the configuration.11 We have the associated map

fui (p) = p + ui(p) =
(
p1 − xi,… , pi − xi,… , pN − xi

)
≃

(
t; x1 − xi,… , 0,… , xN − xi

)
. (84)

That is, Imfui =: 𝒞
ui
rel is the realisation of the relational configura-

tion space-time bundle𝒞rel from the viewpoint of the ith particle:
it is a description of the N-configuration from within, by a partic-
ipating “observer.” Notice that (84) is independent of the choice
of bundle coordinates (i.e., of trivialisation).
Residual Transformations of the 1st Kind: SinceHext is reduced

via dressing, and thus acts trivially on𝒞 ui
rel , one expects that there

is still a residual action of the non-reduced subgroup Hint ⊂ H.
It is indeed so, but with an interesting refinement that brings a
better understanding of the isomorphism between 𝒞 ui

rel and 𝒞rel.
The group Hint acts via RYp = p + Y . However, it is intuitive

that from the viewpoint of any particle in the N-configuration, it

11 It induces the LieHext-valued Ehresmann connection 𝜔0 = −dui, giv-
ing the position of the ith particle as the standard of identification of
fibers of𝒞 (i.e., of space) at distinct moments of time —recall, with-
out a connection, there is no canonical identification between fibers.

Fortschr. Phys. 2025, 73, e70040 e70040 (12 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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has not moved, theN − 1 others have. So is it in particular for the
ith particle. We indeed find that the dressing field (83) satisfies

R∗
Yui = ui − Yi, i.e., ui(p + Y) = ui(p) − Yi for Y ∈ Hint,

(85)

so that, given X = Y + X0 ∈ H = Hint ⋉Hext, we find that

fui (p + X) = fui (p + Y) = p + Y + ui(p + Y) = fui (p) + (Y − Yi),

= (t; x1 − xi,… , 0,… , xN − xi) + (Y1 − Yi,… , 0,… , YN − Yi).

(86)

Which is as expected. We thus find that 𝒞 ui
rel has structure group

H ui
int := {Y − Yi}, isomorphic, but not identical, toHint. The group

of residual gauge transformations is then  ui
int ≃ Autv(𝒞

ui
rel ), iso-

morphic to int but with an altered action. Remark also that the
dimension 3(N − 1) of Hint is more immediately read from the
concrete realisationHu

int (86).
We seize the opportunity to observe that this phenomenon is

exactly what happens in the DFM treatment of the electroweak
model,[28,29,41] which dispenses with the notion of spontaneous
symmetry breaking (SSB): After reduction of the  (2) sub-
group of (1) ×  (2) via dressing, the group of residual gauge
transformations is  (1)u, isomorphic to the original  (1) but
with an action on the  (2)-invariant dressed fields different
from the action of  (1) on the initial “bare” fields.12 The Gell–
Mann–Nishijima formula flows trivially from the construction of
gauge-invariants; its analogue here is x̄ i := x − xi which is ext-
invariant.
Residual Transformations of the 2nd Kind: Frame Covariance:

As explained in 2.2, the DFM framework accounts for the pos-
sible multiplicity of choices of dressing via what we call residual
transformations of the 2nd kind. In the present case, it is clear
that the definition of the dressing field (83) allows for alternative
choices: actually N such choices {ui}i∈{1,…,N}. Considering, e.g.,
the dressing field given by the jth particle in the N-configuration

uj(p) = uj(p1,… , pj,… pN) := −xj ∈ Hext, (87)

we find that it is related to ui as

uj = ui + Zij, (88)

where Zij is the element ofℝΔ s.t. pj = pi − Zij ∈ 𝔼3; as in bundle
coordinates p ≃ (t, x), it is xi − xj = Zij ∈ ℝΔ.
At given t ∈  , within the fiber 𝒞t, dressings are thus related

by the finite (permutation) group

G : =
{
Zij ∈ ℝΔ | pj

= pi − Zij for any pj, pi in the N-configuration p
}
. (89)

12 This is usually framed, heuristically and somewhat confusingly (from
a conceptual perspective), as saying that the  (1)u =  (1)EM is the
“electromagnetic” gauge group after SSB, and distinct from the gauge
group  (1) =  (1)Y before SSB, generating the so-called “weak hy-
percharge” Y. The DFM analysis in terms of residual transformations
of the 1st kind is more direct technically and clearer conceptually.

Figure 2. Realisations of the relational space-time configuration bundle
via dressing and frame covariance.

So, in general, dressing fields are related by the action of the finite
local group

 :=
{
Zij : 𝒞 → G |R∗

XZij = Zij for X ∈ Hext

}
. (90)

TheHext-invariance of Z ∈ , implying ZX = Z for X ∈ ext, fol-
lows from the definition (89). This action is

uj = ui + Zij, which we may denote generically uZ = u + Z.

(91)

For later convenience, let us also denote

fu(p) = p + u(p) ≃
(
t; x̄1, … , x̄N−1

)
= (t, x̄) (92)

for the generic bundle coordinate on 𝒞 u
rel. It is an instantaneous

relational description of N particles as seen from any one of
them, naturally accounting for N − 1 relations. In this notation,
the structure group of 𝒞 u

rel is H
u
int := {Ȳ}. The notation may spe-

cialise, writing, e.g., (84) for the ith particle as: fui (p) = p + ui(p) ≃(
t; x̄ i

1,… , x̄ i
N−1

)
= (t, x̄ i).

Another choice of dressing field uj induces another realisa-
tion of the relational configuration spacetime bundle Imfuj =:
𝒞

uj
rel , which is aH

uj
int := {Y − Yj}-bundle, isomorphic to𝒞rel. It de-

scribes theN-configuration relationally, from the viewpoint of the
jth particle. We have the isomorphisms𝒞

uj
rel ≃ 𝒞 ui

rel ≃ 𝒞rel, as illus-
trated by Figure 2.
The group  thus parametrizes the multiple realisations of

𝒞rel, allowing to switch between internal relational viewpoints:
Indeed, we have, e.g.,

Fortschr. Phys. 2025, 73, e70040 e70040 (13 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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fui (p) ≃
⎛⎜⎜⎜⎝
t; x1 − xi,… ,

0
⏞⏞⏞
xi − xi ,… ,

−Zij(p)
⏞⏞⏞
xj − xi ,… xN − xi

⎞⎟⎟⎟⎠
,

fuj (p) ≃

⎛⎜⎜⎜⎜⎝
t; x1 − xj,… , xi − xj

⏟⏟⏟
Zij(p)

,… , xj − xj
⏟⏟⏟

0

,… xN − xj

⎞⎟⎟⎟⎟⎠
= fui (p) + Zij(p), (93)

which showcases the relational symmetry of the viewpoint per-
mutation. In the generic notation of (91)–(92),

fuZ (p) = fu(p) + Z(p). (94)

In other words, it is clear that the group  of transformations
of the 2nd kind precisely encodes the notion of physical reference
frame covariance of the relational description.
As seen in Section 3.2, a kinematical history is a curve 𝛾 : I →

𝒞. Its “dressing” is the projection on 𝒞u
rel,

𝛾u := fu ◦ 𝛾 : I → 𝒞u
rel,

𝜏 → 𝛾u(𝜏)= 𝛾(𝜏)+u(𝛾(𝜏))

≃ (t(𝜏); x̄1(𝜏),… , x̄N−1(𝜏)) = (t(𝜏), x̄(𝜏)).

(95)

It is a relational kinematical history of a N particles configuration,
as described from the internal viewpoint of any one of them,
e.g., the ith if u = ui. By definition it is ext-invariant: we de-
fine (𝛾u)X := fu ◦Ξ ◦ 𝛾 = fu ◦ 𝛾 = 𝛾u, for X ∈ ext generating Ξ ∈
Autv(𝒞)

Hext . On account of (86), it supports the residual transfor-
mation of the 1st kind

(𝛾u)Y = 𝛾u + Ȳ (𝛾) =: (𝛾u)Ȳ , for Y ∈ int ≃ Ȳ ∈ u
int, (96)

≃
(
t(𝜏) ; x̄1(𝜏),… , x̄N−1(𝜏)

)
+
(
Ȳ1(𝜏),… , ȲN−1(𝜏)

)
,

which describes a physically distinct relational kinematical his-
tory in 𝒞u

rel. The infinitesimal variation of a physical rela-

tional kinematics is then: 𝛿𝚼 𝛾
u := d

d𝜀
(𝛾u)Y 𝜀 − 𝛾u |||𝜀=0 = 𝚼̄(𝛾), with

d
d𝜀
Y 𝜏

|||𝜀=0 = 𝚼 ∈ Lieint.
On account of (93)–(94), 𝛾u support the action of 

(𝛾u)Z = 𝛾u + Z(𝛾), for Z ∈ , (97)

where (𝛾u)Z and 𝛾u describe the same relational kinematical his-
tory: specialising the notation, this is indeed by (93)

𝛾u(𝜏) = 𝛾ui (𝜏) ≃
(
t(𝜏); x̄ i

1(𝜏),… , x̄ i
N−1(𝜏)

)
= (t(𝜏), x̄ i(𝜏)), and

(𝛾u)Z(𝜏) = 𝛾uj (𝜏) = 𝛾ui (𝜏) + Zij(𝛾(𝜏)) ≃
(
t(𝜏); x̄ j

1(𝜏),… , x̄ j
N−1(𝜏)

)
=

(
t(𝜏), x̄ j(𝜏)

)
. (98)

Equation (97) demonstrates the physical reference frame covari-
ance of the relational description of a kinematical history. We can
now move on to the relational description of classical and quan-
tum mechanics.

4.2. Relational Classical Mechanics, and Physical Frame
Covariance

As a special case of the general formulae (25)–(27) of the DFM,
the dressed Lagrangian 1-form is

Lu := f ∗u L = L + c(u), (99)

where we used the notation c(u) := c(_ ,u). It isHext-basic by con-
struction, hence ext-invariant. This is checked explicitly using
theext-transformation of L (49) and the fact that, by the Abelian
version (46) of (8), we get,

c(u)X (p) := c(_ ,u)X (p) =
(
Ξ∗c(_ ,u)

)
(p) = c

(
Ξ(p),Ξ∗u(p)

)
= c

(
p + X (p),−X (p) + u(p)

)
= c

(
p + X (p),−X (p)

)
+ c

(
p + X (p) − X (p), u(p)

)
= − c

(
p,X (p)

)
+ c

(
p, u(p)

)
,

c(u)X = c(u) − c(X ), for X ∈ ext, (100)

i.e., an Abelian version of (the gauge transformation of) a cocyclic
dressing field (29). Remark that we thus have

𝔏
𝝌vc(u) = −a(𝝌 ) for 𝝌 ∈ Lieext, (101)

which is the “classical anomaly” (48). We may also observe that
the notion of cocyclic dressing field c(u), as it appears here in
Mechanics, encompasses the notion of Wess-Zumino countert-
erms introduced to “restore” gauge-invariance and/or implement
anomaly cancellation—see, e.g., Section 12.3 in ref. [42], Chap. 15
in [43], or the end of Chap.4 in [44]. See ref. [7] for further discus-
sion of this point in the context of general-relativistic Gauge Field
Theory.
Notice that (99) can be obtained from (49) substituting the

gauge parameter by the dressing field, X → u. This illustrates the
DFM rule of thumb described in Section 2.2: To obtain the dress-
ing of an object, compute first its gauge transformation, then sub-
stitute X → u in the result. We shall often see instances of it in
what follows.
On account of (86), Lu exhibits residual int ≃ u

int-
transformations (of the 1st kind), which by (99) may be found
by: (Lu)Y = LY + c(u)Y . Theint-transformation of L is known as
a special case of (49), so we need only to find c(u)Y . For this let
us first notice the very simple lemma

c(p,u + Y ) = c(p,u) + c(p + u,Y ) = c(p,Y ) + c(p + Y ,u),

⇒ c(p + Y ,u) − c(p + u,Y ) = c(p,u) − c(p,Y ), (102)

Fortschr. Phys. 2025, 73, e70040 e70040 (14 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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where we used the definition of an Abelian 1-cocycle. So, for Y ∈
int generating Ξ ∈ Autv(𝒞)

Hint and u = ui:

c(ui)
Y (p) := c(_ ,ui)

Y (p) =
(
Ξ∗c(_ ,ui)

)
(p) = c

(
Ξ(p),Ξ∗ui(p)

)
= c

(
p + Y (p), ui(p) − Y i(p)

)
= c

(
p + Y (p) + ui(p),−Y i(p)

)
+ c

(
p + Y (p), ui(p)

)
= c

(
p + ui(p),Y (p) − Y i(p)

)
− c

(
p + ui(p),Y (p)

)
+ c

(
p + Y (p), ui(p)

)
= c

(
p + ui(p), Ȳ

i(p)
)
+ c

(
p, ui(p)

)
− c

(
p,Y (p)

)
= c

(
p,ui(p) + Ȳ i(p)

)
− c(p,Y ),

→ c(u)Y = c(u) + c
(
fu(_), Ȳ

)
− c(Y )

= c(u + Ȳ ) − c(Y ), (103)

using again the defining property of c. We thus compute the
residual int ≃ u

int-transformation of Lu to be

(Lu)Y = LY + c(u)Y = L + c(Y ) + c(u) + c
(
fu(_), Ȳ

)
− c(Y )

= L + c(u) + c
(
fu(_), Ȳ

)
= Lu + c

(
fu(_), Ȳ

)
, (104)

which is also (Lu)Y = L + c(p,u + Ȳ ). Equation (104) is precisely
what geometric reasoning immediately gives: Considering Lu as
a form on the subbundle𝒞u

rel = Imfu, its gauge groupu
int acts in

exactly the same formal way as int acts on L, i.e., for Ȳ ∈ u
int

generating Ξ ∈ Autv(𝒞
u
rel) we have

(Lu)Ȳ := Ξ∗Lu = Lu + c(fu(_), Ȳ ). (105)

We also see that indeed (Lu)Y = (Lu)Ȳ , as expected from int ≃u
int, but ensured by the peculiaru

int-transformation (103) of the
cocyclic dressing field c(u). For 𝚼 ∈ Lieint we read from (104)
the infinitesimal transformation

𝔏𝚼v Lu = 𝔏 𝚼̄v Lu = a
(
𝚼̄, fu(_)

)
. (106)

This cross-checked via (99) and from the transformation of the
cocyclic dressing read from (103)

𝔏𝚼vc(u) = a
(
𝚼̄, fu(_)

)
− a(𝚼), (107)

by which we get,

𝔏𝚼v Lu = 𝔏𝚼v L + 𝔏𝚼vc(u)= a(𝚼)+ a
(
𝚼̄, fu(_)

)
− a(𝚼) = a

(
𝚼̄, fu(_)

)
.

(108)

This computation is instructive by itself for the following reason:
As we observed in Section 3.2, the infinitesimal 1-cocycle a(𝚼) =
a(𝚼, _) essentially encodes the Euler-Lagrange equations, and

therefore the dressed infinitesimal cocycle a
(
𝚼̄, fu(_)

)
—which

may be understood as a “residual classical anomaly,” in analogy
with field theory—will similarly be shown to encode the relational
Euler–Lagrange equations. So, Equation (108) establishes the link
between the bare and relational equations of motions.
On account of (91), Lu supports -transformations (of the

2nd kind), which by (99) may be found by writing: (Lu)Z = LZ +
c(u)Z = L + c(u)Z. So we just need to determine c(u)Z, which is
easily done:

c(u)Z(p) :

= c(p,u(p))Z = c(p,uZ(p)) = c(p,u(p) + Z(p))

= c(p,u(p)) + c(p + u(p),Z(p)),

→ c(u)Z = c(u + Z) = c(u) + c
(
fu(_),Z

)
. (109)

This is the Abelian version of (30). We thus find the -
transformation of Lu to be

(Lu)Z = Lu + c
(
fu(_),Z

)
, (110)

which is also (Lu)Z = LuZ = L + c(u + Z). Equation (110) is but a
special case of the general formulae (31) of the DFM.
Despite their formal similarity, Equations (104) and (110) carry

very different meanings: Equation (104) specifies how the de-
scription of the Lagrangian form changes from the point of view
of the same particle participating in a distinct physical configu-
ration, a change which is continuous and parametrized by the
Lie group int ≃ u

int. So that both (Lu)Y and (Lu) “live” on the
same subbundle 𝒞u

rel. Although (110) specifies how the descrip-
tion of the Lagrangian changes when shifting to a distinct parti-
cle in the same physical configuration, a change which is discrete
and parametrized by the finite group  (89): Specialising the nota-
tion, (110) is Luj = Lui + c

(
fui (_),Zij

)
, and indicates how to relate

the relational descriptions of the Lagrangian on the bundles 𝒞ui
rel

and 𝒞
uj
rel in Figure 2.

Since both (Lu)Z = Luj and (Lu) = Lui are the same object seen
from two distinct perspectives, it is of interest to see explicitly
how their residual int-transformations are related. By (104) we
know that

(Luj )Y = Luj + c
(
fuj (_), Ȳ

j
)
, with Ȳ j := Y − Y j,

(Lui )Y = Lui + c
(
fui (_), Ȳ

i
)
, with Ȳ i := Y − Y i.

(111)

By (110), we have (Luj )Y = (Lui )Y + c
(
fui (_),Zij

)Y
. To compute

the c
(
fui (_),Zij

)Y
the int-transformation of Z = Zij is needed.

Since by definition pj = pi − Zij(p), under the action of int we
have pj + Y j = pi + Y i − ZY

ij (p), so that pi − Zij(p) + Y j = pi + Y i −
ZY
ij (p), and we obtain finally

ZY
ij = Zij +

(
Y i − Y j

)
= Zij +

(
Ȳ j − Ȳ i

)
. (112)
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So, we may compute

c
(
fui (_),Zij

)Y = c
(
fui (_)

Y ,ZY
ij

)
= c

(
fui (_) + Ȳ i,Zij + (Ȳ j − Ȳ i)

)
= c

(
fui (_), Ȳ

i + (Ȳ j − Ȳ i) + Zij

)
− c

(
fui (_), Ȳ

i
)

= c
(
fui (_), Ȳ

j + Zij

)
− c

(
fui (_), Ȳ

i
)

= c
(
fui (_),Zij

)
+ c

(
fui (_) + Zij, Ȳ

j
)
− c

(
fui (_), Ȳ

i
)

= c
(
fui (_),Zij

)
+ c

(
fuj (_), Ȳ

j
)
− c

(
fui (_), Ȳ

i
)
.

(113)

Remark the similarity with (103). We thus find

(114)

as expected. Again, the subtle cocyclic structure enforces consis-
tency. The linear version of the above is of special interest. From
(106) we have that

𝔏𝚼v Luj = a
(
𝚼̄j
, fuj (_)

)
, and 𝔏𝚼v Lui = a

(
𝚼̄i
, fui (_)

)
. (115)

By (110) we must have 𝔏𝚼v Luj = 𝔏𝚼v Lui + 𝔏𝚼vc
(
fui (_),Zij

)
, and by

(113) we get

𝔏𝚼vc
(
fui (_),Zij

)
= a

(
𝚼̄j
, fui (_) + Zij

)
− a

(
𝚼̄i
, fui (_)

)
= a

(
𝚼̄j
, fuj (_)

)
− a

(
𝚼̄i
, fui (_)

)
. (116)

Remark the similarity with (107). So, analogously to (108), we
have

(117)

as expected. As we show below, at the end of this section, this
computation is key to establish the correspondence between for-
mulations of the relational variational principle as seen from dis-
tinct perspectives within the same kinematical history 𝛾 .

The dressed Lagrangian restricted along a kinematical history
𝛾 is,

𝓁u
𝛾
:= 𝛾∗Lu = (fu ◦ 𝛾)

∗L =: (𝛾u)∗L :=𝓁𝛾u

= ( ◦ 𝛾u) (𝛾u)∗dt

= ( ◦ 𝛾u) ṫ d𝜏,

i.e., 𝓁u
𝛾
(𝜏) = 𝓁𝛾u (𝜏) = (t(𝜏), x̄(𝜏)) ṫ d𝜏 ∈ Ω1(I, c).

(118)

This expression is conceptually clear: it is the relational
parametrized Lagrangian from the viewpoint of one of theN par-
ticles in 𝛾 , which thus describes the kinematics as 𝛾u. From (99),
we get the computationally useful expression

𝓁𝛾u = 𝓁u
𝛾
:= 𝛾∗Lu = 𝛾∗

(
L + c(u)

)
=: 𝓁𝛾 + c𝛾 (u), (119)

giving the relational Lagrangian in terms of the bare Lagrangian
and its 1-cocycle. It could have been obtained from the ext-
transformation of 𝓁 (54) via the DFM rule of thumb. The residual
int ≃ u

int-transformation is, by (104),

(𝓁u
𝛾
)Y = (𝓁u

𝛾
)Ȳ := 𝛾∗

(
Lu + c(fu(_), Ȳ )

)
= 𝓁u

𝛾
+ c

(
fu(𝛾), Ȳ (𝛾)

)
,

or equivalently (𝓁𝛾u )
Y = (𝓁𝛾u )

Ȳ = 𝓁𝛾u + c𝛾u (Ȳ ).
(120)

It is the relational parametrized Lagrangian from the internal
viewpoint of the same particle in a physically distinct kine-
matical history (𝛾u)Ȳ given by (96). This may be checked by
(𝓁𝛾u )

Y := 𝛾∗Ξ∗f ∗u L = (Ξ ◦ 𝛾)∗f ∗u L = (𝛾Y )∗f ∗u L = (fu ◦ 𝛾
Y )∗L. Then,

observe that fui ◦ 𝛾
Y = 𝛾Y + u(𝛾Y ) = 𝛾 + Y (𝛾) + ui

(
𝛾 + Y (𝛾)

)
=

𝛾 + Y (𝛾) + ui(𝛾) − Y i(𝛾) = fui (𝛾) + Ȳ i(𝛾) = 𝛾ui + Ȳ i(𝛾) =: (𝛾ui )Ȳ .
So that (𝓁𝛾u )

Y = 𝓁(𝛾u)Ȳ . The infinitesimal transformation is then

𝛿𝚼 𝓁
u
𝛾
:= d

d𝜀
(𝓁u
𝛾
)Y 𝜀 − 𝓁u

𝛾

|||𝜀=0 = d
d𝜀
c𝛾u (Ȳ 𝜀)

|||𝜀=0 =: a𝛾u (𝚼̄), (121)

which is the variation of the relational Lagrangian under vari-
ation of the physical relational kinematical history 𝛿𝛾u = 𝚼̄(𝛾).
This is consistent with (106), writing 𝛿𝚼 𝓁

u
𝛾
= 𝛾∗

(
𝔏𝚼v Lu

)
=

𝛾∗a
(
𝚼̄, fu(_)

)
.

The -transformation of 𝓁u
𝛾
is, by (110),

(𝓁u
𝛾
)Z : = 𝛾∗

(
Lu + c(fu(_),Z)

)
= 𝓁u

𝛾
+ c

(
fu(𝛾),Z(𝛾)

)
= 𝓁u

𝛾
+ c

(
𝛾u,Z(𝛾)

)
, or equivalently (𝓁𝛾u )

Z

= 𝓁𝛾u + c𝛾u (Z), (122)

which is the relational parametrized Lagrangian from the inter-
nal viewpoint of a distinct particle in the same physical kine-
matical history (𝛾u)Z given by (97). Equation (122) showcases the
physical reference frame covariance of the relational dynamics,
controlled by the finite group : Taking a concrete case, (122) is
𝓁
uj
𝛾 = 𝓁ui

𝛾 + c
(
𝛾ui ,Zij(𝛾)

)
.
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Consequently, by (99) and (118)–(119), we find the dressed, re-
lational action to be

(123)

giving both the conceptually clear expression and the computa-
tionally useful form. The latter, as usual, could be directly read
from the ext-transformation (60) of  [𝛾 ] by the DFM rule of
thumb. Quite naturally, it is the action associated to the relational
kinematics 𝛾u, as it is clear from

 [𝛾 ]u := ∫𝛾 L
u = ∫𝛾 f

∗
u L = ∫fu ◦ 𝛾

L = ∫𝛾u L =: S[𝛾u]. (124)

From (104) and (120), we find that theint ≃ u
int-transformation

of the dressed action is

( [𝛾 ]u)Y := ∫𝛾 (L
u)Y = ∫𝛾 L

u + c
(
fu(_), Ȳ

)
= [𝛾 ]u + c𝛾u (Ȳ ),

or equivalently ( [𝛾u])Y := ∫I
(𝓁𝛾u )

Y = ∫I
𝓁𝛾u + c𝛾u (Ȳ )

= [𝛾u] + c𝛾u (Ȳ ).

(125)

It is the dressed action seen from the viewpoint of the same par-
ticle in a physically distinct kinematical history (𝛾u)Ȳ , given by
(96): indeed, one also writes ( [𝛾u])Y :=  [(𝛾u)Y ] =  [(𝛾u)Ȳ ]. The
infinitesimal residual transformation is then, for Υ ∈ Lieint,

𝛿𝚼u|𝛾 := d
d𝜀 ∫𝛾 Ξ

∗
𝜀
Lu |||𝜀=0 = ∫𝛾 𝔏𝚼v Lu = ∫𝛾 a

(
𝚼̄, fu(_)

)

= ∫I
a𝛾u (𝚼̄) =: ∫I

𝛿𝚼𝓁
u
𝛾
. (126)

Equivalently, this is the Gateaux derivative of  [𝛾u] along u
int∼

Autv(𝒞
u
rel): for 𝛾

u
𝜀
:= (𝛾u)Y 𝜀 = 𝛾u + Ȳ 𝜀(𝛾) and infinitesimal varia-

tion of the relational kinematical history 𝛿𝚼𝛾
u = 𝚼̄(𝛾), we have

𝛿𝚼|𝛾u := d
d𝜀

 [𝛾u
𝜀
] −  [𝛾u] |||𝜀=0

= d
d𝜀 ∫𝛾 c

(
fu(_),Y 𝜀

) |||𝜀=0 = ∫𝛾 a
(
𝚼̄, fu(_)

)
. (127)

This allows to define the critical points of u, i.e., the classical
relational dynamics.
We proceed as in Section 3.2; Consider u

0,1 :=
{
𝛾u : I →

𝒞u
rel | 𝛾u(𝜕I) = {q0, q1}

}
the set of paths with beginning and

end points q0 = fu(p0) ≃ (t0, x̄0) and q1 = fu(p1) ≃ (t1, x̄1), i.e.,

u
0,1 =

{
𝛾u | 𝛾 ∈ 0,1

}
. Consider also the gauge subgroup

int | 0, 1 := {
Y ∈ int |Y (t ≤ t0) = 0 = Y (t ≥ t1) and Y (t0 < t <

t1) ≠ 0
}
⊂ int, isomorphic to the similarly defined (mutatis mu-

tandis) u
int | 0, 1 ⊂ u

int. We have that int | 0, 1 ≃ u
int | 0, 1 acts freely

and transitively on u
0,1, i.e., for any choice of initial reference

curve 𝛾u ∈ u
0,1, any other is written as (𝛾u)Y = (𝛾u)Ȳ for some

Y ∈ int | 0, 1 ≃ Ȳ ∈ u
int | 0, 1: so u

0,1 ≃ int | 0, 1 ≃ u
int | 0, 1.

The classical relational history 𝛾uc between q0 and q1 is the critical
point of  [𝛾u] =  [𝛾 ]u for 𝛾u ∈ u

0,1. By (126)–(127), it is given by
the vanishing of the 1-cocycle a(𝚼̄) on 𝛾uc . It encodes the dressed
Euler–Lagrange equations, i.e., the relational dynamics (up to
vanishing boundary terms) as seen from within any particle
in 𝛾 :

𝛿𝚼|𝛾uc = ∫𝛾uc a(𝚼̄) = ∫I
a𝛾uc (𝚼̄) = ∫I

E(𝚼̄, 𝛾uc ) ≡ 0,

∀ 𝚼 ≃ 𝚼̄ ∈ Lieint | 0, 1 ≃ Lieu
int | 0, 1, (128)

where E(𝚼̄, 𝛾u) := 𝚼̄(𝛾) ⋅ EL[𝛾u] d𝜏 = 𝛿𝚼𝛾u ⋅ EL[𝛾u] d𝜏 is the equa-
tions of motion 1-form, with EL[𝛾u] the Euler–Lagrange equa-
tions for the curve 𝛾u. The critical curve is s.t. EL[𝛾uc ] ≡ 0. Then,
for any 𝛾u ∈ u

0,1 there is a uniqueY ∈ u
int | 0, 1 s.t. 𝛾u = (𝛾uc )

Y , and
by (125) one has

 [𝛾u] =  [𝛾uc ] + ∫𝛾uc c(Ȳ ). (129)

It is clear that 𝛾uc = fu(𝛾c), i.e., that the variational principle is well-
behaved under dressing, meaning the relational variational prin-
ciple (128) indeed produces the relational version of the dynamics
obtained via the “bare” variational principle (63). This can be seen
from a direct computation, similar to (108): using (107) we have
indeed

𝛿𝚼S
u|𝛾 = ∫𝛾 𝔏𝚼v Lu = ∫𝛾 𝔏𝚼v L + ∫𝛾 𝔏𝚼vc(u)

= 𝛿𝚼S|𝛾 + ∫𝛾 𝔏𝚼vc(u), ∀𝚼 ∈ Lieint, (130)

= ∫𝛾 a(𝚼) + ∫𝛾 a
(
𝚼̄, fu(_)

)
− a(𝚼) = ∫𝛾 a

(
𝚼̄, fu(_)

)
,

which of course reproduces (128). But for 𝚼 ∈ Lieint | 0, 1, by
(63)–(128), Equation (130) establishes the correspondence be-
tween the bare and the relational formulations of the variational
principle. Notice the remarkable fact that from the above we see
that both the bare and relational Euler–Lagrange equations can be
obtained from the Lieint | 0, 1-transformation (107) of the cocyclic
dressing field c(u).

Fortschr. Phys. 2025, 73, e70040 e70040 (17 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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The -transformation of  [𝛾 ]u =  [𝛾u] is, by (110) and (122),

( [𝛾 ]u)Z := ∫𝛾 (L
u)Z = ∫𝛾 L

u + c
(
fu(_),Z

)
= [𝛾 ]u + c𝛾u (Z),

or equivalently  [𝛾u]Z := ∫I
(𝓁𝛾u )

Z = ∫I
𝓁𝛾u + c𝛾u (Z)

= [𝛾u] + c𝛾u (Z).

(131)

It the relational action from the internal viewpoint of a distinct
particle in the same physical kinematical history (𝛾u)Z given by
(97): Specialising the notation in (131), it is  [𝛾uj ] =  [𝛾ui ] +
c
(
𝛾ui ,Zij(𝛾)

)
. It shows the physical reference frame covariance

of the relational dynamics.
We can go a step further, establishing the correspondence be-

tween the relational formulation of the variational principle as
written, e.g., from the viewpoints of the ith and the jth particles.
It can be obtained by linearising a computation all but similar to
(114), using (113), relating  [𝛾uj ]Y and  [𝛾ui ]Y . Or it is obtained
directly from (117), or using (116),

(132)

which reproduces (126), as expected. Remark the similarity with
(130), using (108)–(107). And, similarly, for 𝚼 ∈ Lieint | 0, 1, by
(128), Equation (132) establishes the equivalence between the re-
lational formulations of the variational principle written by ith
and the jth particles. We also notice the remarkable fact that from
the above we see that both the relational Euler–Lagrange equa-
tions written from the viewpoints of the ith and the jth particles
can be obtained from the Lieint | 0, 1-transformation (116) of the
cocyclic quantity c

(
fui (_),Zij

)
.

The dressed action induces the function Su
𝛾
= S𝛾u =  [𝛾u; _ , q0]

with 𝛾u(𝜕I) = {q0, q}: It is ext-invariant by construction and co-
cyclic int ≃ u

int-tensorial, S𝛾u ∈ Ω0
tens(𝒞

u
rel; c𝛾u ). It is then im-

mediate that its int ≃ u
int-transformation is given by (S𝛾u )

Y =
(S𝛾u )

Ȳ = S𝛾u + c𝛾u (Ȳ ). For 𝛾
u = 𝛾uc , the cocyclic 0-form S𝛾uc is the

dressed Hamilton Principal Function, and satisfies the dressed

Hamilton equation:
𝜕Su𝛾c
dt

= −H
(
x̄,
𝜕Su𝛾c
𝜕x̄
; t
)
, where the dressed

canonical conjugate momenta is by definition π̄ :=
𝜕Su𝛾c
𝜕x̄

and
H(x̄, π̄, t) is the dressed Hamiltonian.
Defining the U(1)-valued Hu

int-1-cocycle C𝛾u (_ , Ȳ) =
C𝛾 (fu(_), Ȳ) := exp{− i

ℏ
c𝛾u (_ , Ȳ)} = exp{− i

ℏ
∫
𝛾
c(fu(_) , Ȳ)}, the

dressed action induces the dressed flat cocyclic connection
𝜛u

0,𝛾 := − i
ℏ
dSu
𝛾
on 𝒞u

rel, s.t.

R∗
Ȳ
𝜛u

0,𝛾 = 𝜛
u
0,𝛾 + C𝛾u (_ , Ȳ)

−1dC𝛾u (_ , Ȳ),

𝜄Ῡv𝜛u
0,𝛾 = − i

ℏ
𝜄Ῡv dSu𝛾 = − i

ℏ
L𝜒vS

u
𝛾
= − i

ℏ

d
d𝜀

R∗
Ȳ𝜀
Su
𝛾

|||𝜀=0
= − i

ℏ

d
d𝜀

c𝛾u (_ , Ȳ𝜀)
|||𝜀=0 = − i

ℏ ∫𝛾 a
(
Ῡ, fu(_)

)
= d

d𝜀
C𝛾u ( , Ȳ𝜀)

|||𝜀=0,

(133)

which is the dressing of (65): By (123), indeed,

𝜛u
0,𝛾 = 𝜛0,𝛾 + C𝛾 (u)

−1dC𝛾 (u), (134)

a special case of (27). It follows that the int ≃ u
int-

transformation of𝜛u
0,𝛾 is

(𝜛u
0,𝛾 )

Ȳ := Ξ∗𝜛u
0,𝛾 = 𝜛

u
0,𝛾 + C𝛾u (Ȳ )

−1dC𝛾u (Ȳ ), (135)

which is (dSu
𝛾
)Ȳ = dSu

𝛾
+ dc𝛾u (Ȳ ), as expected from int ≃ u

int-
transformation of Su

𝛾
and [d,Ξ∗] = 0 forΞ ∈ u

int. SinceE(Ȳ ; 𝛾
u
c ) ≡

0 by definition of 𝛾uc , the verticality property of𝜛
u
0,𝛾c

= 𝜛0,𝛾uc
gives

the dressed conserved Noether charge: In a bundle chart, Ῡv ≃
𝜒 𝜕

𝜕x̄
and dSu

𝛾c
=
𝜕Su𝛾c
𝜕x̄

dx̄ +
𝜕Su𝛾c
𝜕t
dt, so 𝜄Ῡv𝜛u

0,𝛾c
= − i

ℏ
𝜒
𝜕Su𝛾c
𝜕x̄

=: − i
ℏ
Ῡ π̄.

Finally, notice that (129) implies a relation, analogous to (135):
For Ȳ ∈ int | 0,1 s.t. 𝛾u = (𝛾uc )

Ȳ , we have

𝜛u
0,𝛾 = 𝜛

u
0,𝛾c

+ C𝛾uc (Ȳ )
−1dC𝛾uc (Ȳ ). (136)

Under the action of , by (131), we have (Su
𝛾
)Z = S(𝛾u)Z = Su

𝛾
+

c𝛾u (Z). Specialising, S
u
𝛾
= Sui𝛾 and (Su

𝛾
)Z = S

uj
𝛾 are the same object

seen fromdistinct viewpoint within 𝛾 . In particular, (Su
𝛾c
)Z = S

uj
𝛾c
is

the dressedHPF described from the jth particle. This induces the
cocyclic connection (𝜛u

0,𝛾 )
Z := − i

ℏ
d(Su

𝛾
)Z on𝒞uZ

rel = 𝒞
uj
rel, explicitly,

(𝜛u
0,𝛾 )

Z = 𝜛u
0,𝛾 + C𝛾u (Z)

−1dC𝛾u (Z), i.e.,

(𝜛
uj
0,𝛾 ) = 𝜛

ui
0,𝛾 + C𝛾ui (Zij)

−1dC𝛾ui (Zij).
(137)

This is another key instance showing how the discrete group
 relates the relational descriptions on 𝒞ui

rel and 𝒞
uj
rel, and im-

plement the physical reference frame covariance of this descri-
ption.
After this thorough presentation of relational classical me-

chanics, we can now turn to the formulation of relational quan-
tum mechanics.

4.3. Relational Quantum Mechanics, and Physical Frame
Covariance

We define the dressed pre-wave function, using (25)–(27) or the
DFM rule of thumb,

𝜓u
𝛾
:= f ∗u 𝜓𝛾 = C𝛾 (u)

−1𝜓𝛾 , (138)

Fortschr. Phys. 2025, 73, e70040 e70040 (18 of 24) © 2025 The Author(s). Fortschritte der Physik published by Wiley-VCH GmbH
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whereC𝛾 (u) := C𝛾 (_ ,u) = exp{− i
ℏ
c𝛾
(
_ ,u(_)

)
}. It isHext-basic on

𝒞 by construction, and ext-invariant as is checked using the
ext-transformation of 𝜓𝛾 , 𝜓

X
𝛾
= C𝛾 (X )

−1𝜓𝛾 , the fact that by (100)
one has C𝛾 (u)

X = C𝛾 (X )
−1C𝛾 (u). It is thus a 0-form on 𝒞 u

rel, as it
is clear from (92), and in bundle coordinates

𝜓u
𝛾
(p) = 𝜓𝛾 ◦ fu(p) = 𝜓𝛾 (p + u(p)) ≃ 𝜓𝛾 (t; x̄1,… , x̄N−1) = 𝜓𝛾 (t, x̄),

(139)

which also shows that we may write 𝜓u
𝛾
= 𝜓𝛾u . Specialising

this to, e.g., u = ui, it is 𝜓
ui
𝛾 (p) ≃ 𝜓𝛾 (t, x̄i) = 𝜓𝛾 (t, x̄i1,… , x̄iN−1) =

𝜓𝛾 (t; x1 − xi,… , 0,… , xN − xi), i.e., the pre-wave function as seen
from the ith particle. Again, residualint ≃ u

int-transformations
are naturally expected and easily written, since, from (103), we
have

C𝛾 (u)
Y = C𝛾 (Y )

−1C𝛾 (u)C𝛾u (Ȳ ), (140)

so that we find

(𝜓u
𝛾
)Y = (𝜓𝛾u )

Y =
(
C𝛾 (u)

Y
)−1
𝜓Y
𝛾
,

= C𝛾u (Ȳ )
−1C𝛾 (u)

−1C𝛾 (Y ) ⋅ C𝛾 (Y )
−1𝜓𝛾 ,

= C𝛾u (Ȳ )
−1𝜓𝛾u =: (𝜓𝛾u )Ȳ . (141)

The dressed pre-wave function is thus a cocyclic tensorial 0-form
on 𝒞 u

rel, 𝜓
u
𝛾
= 𝜓𝛾u ∈ Ω0

tens

(
𝒞 u
rel, C𝛾u

)
. So it can also be seen as a

section of the cocyclic-associated bundle EC𝛾u := 𝒞 u
rel ×C𝛾u

ℂ. So
that Ω0

tens

(
𝒞 u
rel, C𝛾u

)
≃ Γ

(
EC𝛾u

)
is the space of “dressed pre-wave

functions.”
The dressed cocyclic connection (134)–(135) induces the co-

cyclic covariant derivative preserving this space

D̄0,𝛾u : Ω0
tens

(
𝒞 u
rel, C𝛾u

)
→ Ω1

tens

(
𝒞 u
rel, C𝛾u

)
,

𝜓𝛾u → D̄0,𝛾u 𝜓𝛾u := d𝜓𝛾u +𝜛0,𝛾u 𝜓𝛾u .
(142)

It is the dressing of the bare cocyclic covariant derivative; by
(134)–(138), we have D̄0,𝛾u 𝜓𝛾u = C𝛾 (u)

−1D̄0,𝛾 𝜓𝛾 . From the hori-
zontality of D̄0,𝛾u 𝜓𝛾u follows that in bundle coordinates −iℏ

𝜕

𝜕x̄
=

𝜕S𝛾u

𝜕x̄
. By (136), we have that

𝜓𝛾u = C𝛾uc (Ȳ )
−1𝜓𝛾uc , and D̄0,𝛾u 𝜓𝛾u = C𝛾uc (Ȳ )

−1D̄0,𝛾uc
𝜓𝛾uc

for Ȳ ∈ u
int | 0,1. (143)

The space of dressed wave function is 𝒦u := ker D̄0,𝛾u ⊂

Ω0
tens

(
𝒞u
rel, C𝛾u

)
, i.e., the covariantly constant dressed pre-wave

functions. A relational version of QM is encoded in the statement

𝜓𝛾uc ∈ 𝒦u, i.e., D̄0,𝛾uc
𝜓𝛾uc = 0. (144)

Since S𝛾uc =  [𝛾uc ; _ , q0] is the dressed HPF, satisfying the rela-
tional Hamilton–Jacobi equation, in bundle coordinates we have

D̄0,𝛾uc
𝜓𝛾uc = d𝜓𝛾uc +𝜛0,𝛾uc

𝜓𝛾uc = 0

⇒ dt 𝜕
𝜕t
𝜓𝛾uc + dx̄ 𝜕

𝜕x̄
𝜓𝛾uc −

i
ℏ

(
dt
𝜕S𝛾uc
𝜕t

+ dx̄
𝜕S𝛾uc
𝜕x̄

)
𝜓𝛾uc = 0

→ dt
(
𝜕

𝜕t
𝜓𝛾uc +

i
ℏ
H(x̄, π̄, t)𝜓𝛾uc

)
+ dx̄

(
𝜕

𝜕x̄
− i
ℏ
π̄
)
𝜓𝛾uc = 0.

(145)

This gives the relational version of the quantummechanical pre-
scription for the momentum operator ̂̄π := −iℏ 𝜕

𝜕x̄
, from which

we get the relational canonical commutation relation: [ ̂̄x, ̂̄π] =
iℏ𝛿(x̄ − x̄). So, altogether we have

D̄0,𝛾uc
𝜓𝛾uc ≡ 0 ⇒ ̂̄π := −iℏ 𝜕

𝜕x̄
and

iℏ 𝜕
𝜕t
𝜓𝛾uc = H( ̂̄x, ̂̄π, t)𝜓𝛾uc . (146)

It extends to any 𝜓𝛾u ∈ 𝒦u by (143). Relational QM is equiv-
alently encoded in 𝜓̃𝛾u ∈ 𝒦̃u, where 𝒦̃u := ker ∇̄u

0 with ∇̄u
0 :

Γ(EC𝛾u ) → Ω1( )⊗ EC𝛾u the cocyclic covariant derivative induced
on associated bundles EC𝛾u →  .
Dressed Path Integral: The above allows to define the dressed,

or relational, version of the PI, defined on u
0,1 :=

{
𝛾u : I →

𝒞u
rel | 𝛾u(𝜕I) = {q0, q1}

}
=
{
𝛾u | 𝛾 ∈ 0,1

}
the space of paths with

beginning and end points q0 = fu(p0) ≃ (t0, x̄0) and q1 = fu(p1) ≃
(t1, x̄1). We define the dressed propagator,

Ku(p, p0) := f ∗u K(p, p0) = K(q, q0) := ∫u
0,1

𝛾u 𝜓𝛾u

= ∫u
int | 0,1
Ȳ 𝜓(𝛾ur )Ȳ = ∫u

int | 0,1
Ȳ C𝛾ur (Ȳ )

−1𝜓𝛾ur , (147)

where 𝛾u and Ȳ are formal measures on u
0,1 and u

int | 0,1, re-
spectively. The dressed pre-wave function depending only on the
final point is

𝜓u(p) := f ∗u 𝜓(p) = 𝜓(q) = ∫𝒞 u
rel |t0
K(q, q0)𝜓(q0) vol(𝒞

u
rel |t0 ), (148)

with vol(𝒞 u
rel |t0 ) the volume form of the fiber 𝒞 u

rel |t0 ⊂ 𝒞 u
rel over

𝜋(q0) = t0 ∈  . In bundle coordinates, 𝜓(q) ≃ 𝜓(t, x̄). Taking the
relational classical history 𝛾ur = 𝛾uc as reference curve, we write

K(q, q0) := ∫u
0,1

𝛾u 𝜓𝛾u = ∫u
int | 0,1
Ȳ C𝛾uc (Ȳ )

−1𝜓𝛾uc . (149)

Further restricting attention to dressedwave functions𝜓𝛾u ∈ 𝒦u,
which are solutions of D̄0,𝛾u𝜓𝛾u = 0 of the form

𝜓𝛾u = 𝜓0 exp∫𝛾u 𝜛0,𝛾u = 𝜓0 exp
i
ℏ
S𝛾u = 𝜓0 exp

i
ℏ
 [𝛾u], (150)

then the propagator (149) becomes the relational path integral

K(q, q0) = ∫u
0,1

𝛾u 𝜓0 exp i
ℏ
 [𝛾u]
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= ∫u
int | 0,1
Ȳ C𝛾uc (Ȳ )

−1𝜓0 exp
i
ℏ
 [𝛾uc ]

= 𝜓0 exp
i
ℏ
 [𝛾uc ]∫u

int | 0,1
Ȳ exp i

ℏ
c𝛾uc (Ȳ ). (151)

Then, 𝜓u(p) = 𝜓(q) in (148) is a relational wave function, e.g.,
as seen from the ith particle if u = ui. As in the bare case, we
obtain the splitting of the relational PI in a contribution from
the classical history,𝜓𝛾uc = 𝜓0 exp

i
ℏ
 [𝛾uc ], containing the essential

dynamical physical information, and a normalisation factor given
by functional integration of the 1-cocycle c𝛾uc (Ȳ ) := ∫

𝛾uc
c(_, Ȳ ) =

∫I c(_, Ȳ ) ◦ 𝛾uc .
Reference Frame Covariance: The dressed pre-wave functions

support -tranformations. Themost direct way to write it is to no-
tice that from (109) follows that the cocyclic dressing C𝛾 (u) trans-
forms as

C𝛾 (u)
Z = C𝛾 (u)C𝛾u (Z), (152)

as a special case of (30), while 𝜓𝛾 is -invariant by construction.
A dressed pre-wave function (148) -transforms as

(
𝜓u
𝛾

)Z
=
(
C𝛾 (u)

Z
)−1

(𝜓𝛾 )
Z = C𝛾u (Z)

−1C𝛾 (u)
−1𝜓𝛾

= C𝛾u (Z)
−1𝜓u

𝛾
. (153)

This is a case of (31), and can also be written as (𝜓𝛾u )
Z =

C𝛾u (Z)
−1𝜓𝛾u . This result is also obtained from defining

(
𝜓u
𝛾

)Z
=

𝜓
(uZ )
𝛾 := f ∗

uZ
𝜓𝛾 via (94), which is thus the same pre-wave function

seen from a different viewpoint. The result (153) showcases the
covariance of the relational description under change of physi-
cal reference frame. Specialising, e.g., to u = ui and uZ = uj =
ui + Zij, by (93) we have, in bundle coordinates,

𝜓
uj
𝛾 (p) ≃ 𝜓𝛾

(
t, x̄j

)
= 𝜓𝛾

(
t; x1 − xj,… , xi − xj,… , 0,… , xN − xj

)
,

𝜓ui
𝛾
(p) ≃ 𝜓𝛾

(
t, x̄i

)
= 𝜓𝛾

(
t; x1 − xi,… , 0,… , xj − xi,… , xN − xi

)
,

and 𝜓𝛾
(
t, x̄j

)
= C

(
(t, x̄i),Zij

)−1
𝜓𝛾

(
t, x̄i

)
. (154)

Correspondingly, by (137) we have that

(
D̄0,𝛾u 𝜓𝛾u

)Z = C𝛾u (Z)
−1D̄0,𝛾u 𝜓𝛾u ,

→ D̄0,𝛾uj 𝜓𝛾uj = C𝛾ui (Zij)
−1D̄0,𝛾ui 𝜓𝛾ui .

(155)

This shows that 𝒦uj := ker D̄0,𝛾uj ≃ 𝒦ui := D̄0,𝛾ui , which in turn
implies the physical reference frame covariance of the relational
description ofQM (146)—here displayed on𝒞ui

rel and𝒞
uj
rel —as one

should expect, a covariance explicitly controlled by the cocyclic
structure. It is clear it similarly controls the frame covariance of
the relational PI, via K (uZ )(p, p0) and 𝜓

(uZ )(p), so that, e.g., rela-
tional wave functions on𝒞ui

rel and𝒞
uj
rel are, in bundle coordinates,

𝜓uj (p) ≃ 𝜓
(
t, x̄j

)
= 𝜓

(
t; x1 − xj,… , xi − xj,… , 0,… , xN − xj

)
,

𝜓ui (p) ≃ 𝜓
(
t, x̄i

)
= 𝜓

(
t; x1 − xi,… , 0,… , xj − xi,… , xN − xi

)
,

and 𝜓
(
t, x̄j

)
= C

(
(t, x̄i),Zij

)−1
𝜓
(
t, x̄i

)
. (156)

Observe that the change of physical reference frame is a unitary
transformation of the relational quantum state 𝜓u, as it is imple-
mented by the U(1)-valued 1-cocyle C(Z).

5. Conclusion

It is interesting to interpret Equations (153)–(156), key results of
the relational formulation of QM via DFM: A first reading would
be to say that a reference subsystem s, here a particle si = pi,
“sees itself” as classical, and only the other subsystems (here
the other N − 1 particles in the N particles configuration) are
described quantum mechanically from its perspective. Yet, the
-transformations—the transformations of the 2nd kind in the
DFM framework—implementing physical frame covariance en-
sure a “quantum democracy” in that any subsystem is as legiti-
mate as any to witness (write) the quantum dynamics.
A more refined and accurate understanding would be to say

that there is no meaningful way for a given reference subsys-
tem si = pi to assign itself a relational quantum state: it can only
do so for other subsystems, which are assigned a wave function
with respect to si = pi: the dressed/relational wave function 𝜓

ui

(138)/(148). Said otherwise still, for a given subsystem si = pi, it
only makes sense to assign a quantum state to the set of rela-
tions between itself and the rest of the world, which is what 𝜓ui

represents. However, the physical reference frame covariance im-
plemented by -transformations ensures the equivalence (inter-
changeability) of any subsystem viewpoint to describe the collec-
tive relational quantum dynamics.
The reader will have certainly noticed that the dressed ver-

sion of QM is very much alike the bare one: The dressed wave
function 𝜓ui for N − 1 particles assigned by the ith particle from
within the N particles configuration is not unlike the bare wave
function 𝜓 for the N particles configuration assigned by an ide-
alized “external observer,” i.e., an “external” physical system sext.
A benefit of the relational formulation via DFM is to clearly in-
dicate that the initial bare 𝜓 can indeed be understood as the
dressed wave function assigned to the “internal” system sint =
{N particles configuration} by sext from within the total system
stot = sint ∪ sext (= {(N + 1) particles configuration}).
A further benefit of the DFM approach to relational QM is its

built-in treatment of physical reference frame covariance by -
transformations: It dispels the possible a priori misconception
that QM relies on “classical observers/systems” with a special sta-
tus, showing instead how it naturally instantiate the above men-
tioned “quantum democracy.” This is broadly in line with heuris-
tic ideas behind the literature on “quantum reference frames”
(QRFs), as discussed, e.g., in ref. [21].13

The relational formulation of QM via DFM thus shows explic-
itly something thatmight be overlooked on first reading: that QM
is a description of physics from within—without the need for an

13 We avoid the terminology “QRF” as in our estimation it is potentially
misleading, suggesting a “quantum fuzziness” of the reference sub-
system si in its own frame.
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all-encompassing external viewpoint (“god’s eye view”), nor of a
partition between classical measuring devices and quantum sys-
tems (“Heisenberg cut”). This is broadly in line with Rovelli’s “re-
lational interpretation” of QM.[18,37,45]

Remark also that the relational structure of QM we focus on
here rests on that of classical mechanics, the DFM treating both
in essentially the same way. From which follows that QM is
plainly seen to be about quantization of relational d.o.f.: in the
simple setup tackled here, the network of relative positions of
classical particles.
There are a number of developments that we shall pursue.

First, our framework may be naturally generalised to the me-
chanics of extended bodies, undergoing rotations, or of parti-
cles with spin. The latter case would be treated elegantly via
bundle supergeometry, thereby going back to Berezin original
motivation for the introduction of supergeometry in (established)
physics.[46] Another future natural development will be to extend
our framework to write a bundle geometric formulation of rela-
tivistic QM—which may, e.g., reproduce and generalise[47–49]—
whose relational version would be obtained via the DFM. How-
ever, the immediate follow-up to the present work will be the
companion,[40] where we shall recast classical mechanics as a 1-
dimensional “general-relativistic” gauge field theory, to which the
DFM as developed in ref, [7] applies. We will thereby highlight
another key facet of its relational structure and, in echo to the
observation of the previous paragraph, we will establish the no-
tion of relational quantisation. A notion we shall then develop for
standard general-relativistic Gauge Field Theory.

Appendix A: The Case of Free Particles

We consider a configuration of N free particles represented
by a point p = (p1,… , pN) ∈ 𝒞|t at time t ∈  , and a vector 𝔛|p ∈
Tp𝒞 which in a bundle chart reads𝔛 = 𝔛x𝜕x +𝔛t𝜕t, with𝔛x𝜕x ∈
Tp(𝒞|t) = Vp𝒞 ≃ ℝ3N . At another configuration p′ = RXp = p +
X ∈ 𝒞|t, with X ∈ H, we have that RX∗𝔛 and 𝔛 have the same
t-component, i.e., the same projection as 𝜋∗RX∗𝔛 = 𝜋∗𝔛. Further-
more, using the canonical parallel transport on 𝒞|t ≃ 𝔼3N , allow-
ing to identify Vp𝒞 ≃ Vp′𝒞 ≃ ℝ3N , we may identify RX∗(𝔛x𝜕x) ≃
𝔛x𝜕x, so that RX∗𝔛 = 𝔛. Correspondingly, for Ξ ∈ Autv(𝒞) gen-
erated by X ∈  via Ξ(p) = p + X (p), we have by(40) Ξ∗𝔛 = 𝔛 +
{dX (𝔛)}v. We have dX (𝔛) = 𝔛x𝜕xX +𝔛t𝜕tX = 𝔛tX ′, since 𝜕xX =
0 for X ∈  are basic on 𝒞 so x-independent, so that Ξ∗𝔛 ≃(
𝔛x +𝔛tX ′) 𝜕x +𝔛t𝜕t.
The fiber metric is here the standard flat metric on ℝ3N ≃

V𝒞, ⟨_ , _⟩ : ℝ3N ×ℝ3N → ℝ, (w, w′) → ⟨w, w′⟩. The particles have
masses m = (m1,… , mN), and we define the free Lagrangian
on 𝒞 as L|p = m

2
⟨v(𝔛), v(𝔛)⟩|p dt|p = ∑N

k=1
mk

2
⟨vk(𝔛), vk(𝔛)⟩|p dt|p,

where dt ∈ Ω1
basic(𝒞) and we defined v := dx

dt
, so that v(𝔛) = 𝔛x

𝔛t
.

It gauge transforms as

LX := Ξ∗L = m
2
⟨v(Ξ∗𝔛), v(Ξ∗𝔛)⟩Ξ∗dt

= m
2
⟨v(𝔛) + X ′, v(𝔛) + X ′⟩ dt

= m
2
⟨v(𝔛), v(𝔛)⟩ dt + m

(⟨v(𝔛),X ′⟩ + 1
2
⟨X ′,X ′⟩) dt

= L + c(p,X ). (A1)

One checks that c(p, X) is a 1-cocycle for the action of the structure
groupH of 𝒞:

c(p,X + Y ) = m
(⟨v(𝔛),X ′ + Y ′⟩ + 1

2
⟨X ′ + Y ′,X ′ + Y ′⟩) dt

= m
(⟨v(𝔛),X ′⟩ + ⟨v(𝔛),Y ′⟩

+ 1
2
⟨X ′,X ′⟩ + ⟨X ′,Y ′⟩ + 1

2
⟨Y ′,Y ′⟩) dt

= c(p,X ) +
(⟨v(𝔛) + X ′,Y ′⟩ + 1

2
⟨Y ′,Y ′⟩) dt

= c(p,X ) + c(p + X ,Y ). (A2)

The infinitesimal gauge transformation of L is thus, for 𝜒̄ =
d
d𝜀
X 𝜀

|||𝜀=0 ∈ Lie,

𝔏
𝝌v L = d

d𝜀
c(p,X 𝜀)

|||𝜀=0 = m⟨v(𝔛),𝝌 ′⟩ dt =: a(𝝌 , p). (A3)

Given a kinematical history 𝛾 : I → 𝒞, 𝜏 → 𝛾(𝜏) ≃
(
t(𝜏), x(𝜏)

)
,

we have 𝛾̇ ≃ ẋ𝜕x + ṫ𝜕t. We have v(𝛾̇) = ẋ
ṫ
= x′, the physical ve-

locity (and ẋ = x′ for the choice ṫ = 1). By (56) we have Ξ∗𝛾̇ =
𝛾̇ + {Ẋ}v ≃

(
ẋ + ṫX ′) 𝜕x + ṫ𝜕t, so v(Ξ∗𝛾̇) = x′ + X ′. The restriction

of L on 𝛾 is 𝓁𝛾 := 𝛾∗L ≃ m
2
⟨x′, x′⟩ 𝛾∗dt = m

2
⟨ẋ, ẋ⟩ ṫ−1d𝜏, which

is the so-called “parametrized” Lagrangian—reducing for ṫ =
1 to the standard unparametrized 𝓁𝛾 =

m
2
⟨x′, x′⟩ dt. The -

transformation of 𝓁𝛾 is, by (54) and above,

𝓁X
𝛾
= 𝓁𝛾 + c𝛾 (X ) = 𝓁𝛾 + c

(
𝛾 ,X (𝛾)

)
≃ 𝓁𝛾 +m

(⟨ẋ, Ẋ⟩ + 1
2
⟨Ẋ , Ẋ⟩) ṫ−1d𝜏. (A4)

The linearisation of which gives

𝛿
𝝌
𝓁𝛾 = a𝛾 (𝝌 ) = a

(
𝜒(𝛾), 𝛾

)
= m⟨ẋ, 𝝌̇⟩ ṫ−1d𝜏
= −m⟨x′′,𝝌⟩ ṫd𝜏 +(

d
d𝜏

m⟨x′,𝝌⟩)d𝜏,
(A5)

where we identify the Euler–Lagrange 1-form E(𝝌 , 𝛾) = 𝝌 (𝛾) ⋅
EL[𝛾 ]d𝜏 = −⟨𝝌 , mx′′⟩ ṫd𝜏, and the presymplectic potential giving
the conserved Noether charge ⟨mx′,𝝌⟩. The gauge transforma-
tion in the unparametrized version for ṫ = 1 reads

𝓁X
𝛾
= 𝓁𝛾 +m

(⟨x′,X ′⟩ + 1
2
⟨X ′,X ′⟩) dt. (A6)

So, 𝛿
𝝌
𝓁𝛾 = a𝛾 (𝝌 ) = −⟨𝝌 , mx′′⟩dt + d

dt
⟨𝝌 , mx′⟩dt, where we recog-

nise the standard expression of the canonical momentum π =
mx′ and of the Euler–Lagrange 1-form E(𝝌 , 𝛾) = 𝝌 (𝛾) ⋅ EL[𝛾 ]dt =
−⟨𝝌 , π′⟩dt.
The Equations (A4)–(A6) give the transformation of the free

Lagrangian under the so-called “extended Galilean transforma-
tions” (or boosts),[22] as discussed in Section 3.1. Standard
Galilean boosts are reproduced for X (t) = vtwith v ∈ H, in which
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case the Lagrangian is quasi-invariant—i.e., invariant up to a
boundary term—as

𝓁X
𝛾
= 𝓁𝛾 +m

(⟨x′, v⟩ + 1
2
⟨v, v⟩) dt

= 𝓁𝛾 +
d
dt

(
m
(⟨x, v⟩ + 1

2
⟨v, v⟩ t)) dt

=: 𝓁𝛾 +
d
dt
Δ
(
(t, x), v

)
dt.

(A7)

This reproduces Equation (3.1.5) in ref. [50], where Δ
(
(t, x), v

)
is

called a 1-cocycle for the Galilean group, satisfying a special case
of the defining property (46)–(A2) of c(p, X) and c𝛾 (X ). The rigid
limit X → X of (A4)/(A6) gives the trivial H-equivariance of 𝓁𝛾 ,
R∗
X𝓁𝛾 = 𝓁𝛾 , i.e., the well-known invariance of the free Lagrangian

under translations.
The action functional is  [𝛾 ] = ∫

𝛾
L = ∫I 𝓁𝛾 = ∫I m

2
⟨ẋ, ẋ⟩ ṫ−1d𝜏,

or, in the unparametrised form,  [𝛾 ] = ∫ m
2
⟨x′, x′⟩ dt. Its -

transformation is

 [𝛾 ]X =  [𝛾 ] + ∫I
c𝛾 (X )

≃  [𝛾 ] + ∫I
m
(⟨ẋ, Ẋ⟩ + 1

2
⟨Ẋ , Ẋ⟩) ṫ−1d𝜏

≃  [𝛾 ] + ∫ m
(⟨x′,X ′⟩ + 1

2
⟨X ′,X ′⟩) dt, for ṫ = 1.

(A8)

Which linearises as

𝛿
𝝌
 [𝛾 ] = ∫I

a𝛾 (𝝌 )

≃ ∫I
−m⟨x′′,𝝌⟩ ṫd𝜏 +(

d
d𝜏

m⟨x′,𝝌⟩)d𝜏
≃ ∫ −⟨𝝌 , mx′′⟩dt + d

dt
⟨𝝌 , mx′⟩ dt, for ṫ = 1,

= ∫ 𝝌 (𝛾) ⋅ EL[𝛾 ] dt + ⟨𝝌 (𝛾), π⟩|||t1t0 , with 𝝌 (𝛾) = 𝛿𝜒𝛾.

(A9)

From which we obtain the variational principle: 𝛿
𝝌
 [𝛾c] ≡ 0 for

any 𝝌 ∈ Lie0,1, giving the equation of motion EL[𝛾c] = mx′′ =
π′ = 0, and the conserved Noether charge π.
The wave function for N free particles is 𝜓𝛾 (p) ≃ 𝜓 (t, x) =

𝜓
(
t; x1,… , xN

)
and its -transformation is

𝜓X
𝛾
= C𝛾 (X )

−1𝜓𝛾 = exp
{

i
ℏ ∫I

c𝛾 (X )
}
𝜓𝛾 ,

→ 𝜓(t, x + X ) = exp
{
i
ℏ∫I

m
(⟨ẋ, Ẋ⟩ + 1

2
⟨Ẋ , Ẋ⟩) ṫ−1d𝜏}𝜓(t, x)

= exp
{
i
ℏ∫ m

(⟨x′,X ′⟩ + 1
2
⟨X ′,X ′⟩) dt}𝜓(t, x),

for ṫ = 1. (A10)

For the special case X (t) = vt, by (A7) this reduces to

𝜓(t, x + X ) = exp
{

i
ℏ ∫

d
dt
Δ
(
(t, x), v

)
dt
}
𝜓(t, x)

= exp
{

i
ℏ
Δ
(
(t, x), v

)}
𝜓(t, x)

= exp
{

i
ℏ
m
(⟨x, v⟩ + 1

2
⟨v, v⟩ t)} 𝜓(t, x),

(A11)

reproducing Equation (3.1.9) in ref. [50], the well-known trans-
formation of the wave function under Galilean boosts.

Relational Description via the DFM: Here we aim only to il-
lustrate in a simple case how the relational, dressed, Lagrangian
𝓁u
𝛾
and physical frame covariance may be computed using the

cocycle. Taking, for concreteness, first the viewpoint of the ith
particle, i.e., the dressing u(p) = ui(p) = −xi, we have,

c𝛾 (ui) ≃
N∑
k=1

mk

(⟨ẋk, u̇i⟩ + 1
2
⟨u̇i, u̇i⟩)ṫ−1d𝜏. (A12)

Using (119), we thus have the dressed Lagrangian

𝓁ui
𝛾
= 𝓁𝛾 + c𝛾 (ui) ≃

N∑
k=1

mk

2

(⟨ẋk, ẋk⟩ + 2⟨ẋk, u̇i⟩ + ⟨u̇i, u̇i⟩) ṫ−1d𝜏
=

N∑
k=1

mk

2

(⟨ẋk, ẋk⟩ − 2⟨ẋk, ẋi⟩ + ⟨ẋi, ẋi⟩) ṫ−1d𝜏
=

N∑
k=1

mk

2
⟨ẋk − ẋi, ẋk − ẋi⟩ ṫ−1d𝜏

=
N∑
k=1

mk

2
⟨ ̇̄x i

k, ̇̄x
i
k⟩ ṫ−1d𝜏 = m

2
⟨ ̇̄x i, ̇̄x i⟩ ṫ−1d𝜏

=
N∑
k=1
k≠i

mk

2
⟨ ̇̄x i

k, ̇̄x
i
k⟩ ṫ−1d𝜏 = 𝓁𝛾ui . (A13)

This Lagrangian describes the relational dynamics ofN − 1 parti-
cles with respect to the ith particle. It is manifestlyext-invariant,
and its residual transformation (1st kind) underui

int ≃ int is, by
(120), analogous to (A4):

(𝓁ui
𝛾
)Ȳ = 𝓁ui

𝛾
+ c𝛾ui (Ȳ ) = 𝓁ui

𝛾
+ c

(
𝛾ui , Ȳ (𝛾)

)
≃ 𝓁ui

𝛾
+m

(⟨ ̇̄x i, ̇̄Y i⟩ + 1
2
⟨ ̇̄Y i, ̇̄Y i⟩) ṫ−1d𝜏,

(A14)

with Ȳ i = Y − Y i =
(
Y 1 − Y i,… , 0,… ,YN − Y i

)
by (86) and

(96). It is easily checked directly by plugging x̄Ȳ = x̄ + Ȳ in the
expression (A13) for 𝓁ui

𝛾 .
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Similarly, the dressed wave function for free particles is, by
(138)–(139),

𝜓ui
𝛾
= C𝛾 (ui)

−1𝜓𝛾 ≃ 𝜓
(
t, x̄ i

)
= 𝜓

(
t, x̄ i

1,… , 0,… , x i
N

)
, (A15)

and describes the relational quantum state between the ith parti-
cle and the N − 1 others. It is by constructionext-invariant, and
its ui

int ≃ int-transformation is, by (141), similar to (A10):

(
𝜓ui
𝛾

)Ȳ
= C𝛾 (Ȳ )

−1𝜓𝛾 = exp
{

i
ℏ ∫I

c𝛾 (Ȳ )
}
𝜓𝛾 ,

→ 𝜓(t, x̄ i + Ȳ i) = exp
{
i
ℏ∫I

m
(⟨ ̇̄x i, ̇̄Y i⟩ + 1

2
⟨ ̇̄Y i, ̇̄Y i⟩) ṫ−1d𝜏}

𝜓(t, x̄ i). (A16)

We may now look at how physical frame covariance is imple-
mented by -transformations. By (97)–(98), the change from the
reference frame of the ith particle to that of the jth particle is given
by 𝛾uj = (𝛾ui )Zij = 𝛾ui + Zij(𝛾) forZij = xi − xj ∈ . Then, by (122),
we have

(A17)

showing explicitly that the cocyclic structure controls the physical
frame covariance. The frame covariance of the wave function is,
by (154)–(156),

𝜓
uj
𝛾 =

(
𝜓ui
𝛾

)Zij

= C𝛾ui (Zij)
−1𝜓ui

𝛾
= exp

{
i
ℏ ∫I

c𝛾ui (Zij)
}
𝜓ui
𝛾
,

→ 𝜓(t, x̄ j) = exp
{
i
ℏ∫I

m
(⟨ ̇̄x i, Żij⟩ + 1

2
⟨Żij, Żij⟩) ṫ−1d𝜏}𝜓(t, x̄ i).

(A18)

It describes the relational quantum state between the jth particle
and the N − 1 others. It is by construction ext-invariant, and itsuj

int ≃ int is, mutatis mutandis, the same as (A16). We thus see
the “relational quantum democracy” at play, whereby any sub-
system can be used to describe the collective quantum state, and
change of subsystem is implemented by -transformations via
the cocyclic structure.

All the above applies identically for a configuration of N har-
monic oscillators, whose dynamics is given by the Lagrangian
L = m

2
⟨v, v⟩ dt − k

2
⟨x, x⟩ dt = ∑N

l=1
ml

2
⟨vl, vl⟩ dt − kl

2
⟨xl, xl⟩ dt, with

spring constants k =
(
k1,… , kN

)
, whose -transformation is

given by the 1-cocycle c (p,X ) := m
(⟨v,X ′⟩ + 1

2
⟨X ′,X ′⟩) dt −

k
(⟨x,X⟩ + 1

2
⟨X ,X⟩) dt.
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