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Abstract We reassess foundational aspects of Metric-
Affine Gravity (MAG) in light of the Dressing Field Method,
a tool allowing to systematically build gauge-invariant field
variables. To get MAG started, one has to deal with the prob-
lem of “gauge translations”. We first recall that Cartan geom-
etry is the proper mathematical foundation for gauge theories
of gravity, and that this problem never arises in that frame-
work, which still allows to clarify the geometric status of
gauge translations. Then, we show how the MAG kinemat-
ics is obtained via dressing in a technically streamlined way,
which highlights that it reduces to a Cartan-geometric kine-
matics.
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1 Introduction

In the mid 1970s was established [1] the now well-known
fact that the mathematical foundation of Gauge Field Theory
(GFT), ala Yang—-Mills (YM), is the differential geometry of
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Ehresmann (or principal) connections on fiber bundles [2,3].
General Relativity (GR) already being inherently a geometric
theory, in the late 1970s and 1980s, treatments stressing the
geometric structure of all fundamental interactions appeared,
e.g. [4-6].

The field of gauge theoretic formulations of gravity has its
roots in Einstein’s introduction, in 1925, of the local Lorentz
group SO(1, 3) and vielbein e, [7,8], and in Weyl’s intro-
duction of the local spin group S£(2, C) (acting on spinors)
in the 1929 paper [9] in which he also introduces for the
first time the Gauge Principle for U (1) [10]. But it started
in earnest with Utiyama, who, in 1955, introduced (indepen-
dently from the simple S/ (2) model published in 1954 by
Yang and Mills [11]) the general framework of GFT based
on the general Gauge Principle for (i.e. of “gauging” of) an
arbitrary Lie group G, and thus applied it to the Lorentz
group SO(1, 3) to recover the structure of GR [12]. In the
early 1960s, Kibble [13] and Sciama [14] (re-)introduced the
Einstein—Cartan formulation, which allows for spacetime tor-
sion sourced by spinor fields. Around that time, elucidation
of the gauge structure of gravity was motivated, aside from
deepening our understanding of it, by the expectations that
it would facilitate its quantization — as quantization of other
GFTs has been successful, notably in the Standard Model
(SM) — and/or its unification with the other fundamental
interactions. See e.g. [15]. The 1970s thus saw a consid-
erable activity in model building based on the gauging of
various groups, and supersymmetrization thereof leading to
supergravity models — e.g. de Sitter groups by MacDowell
and Mansouri [16], or the conformal group [17].

Gauge approaches to gravity have been dominated, under-
standably, by the heuristic habits of Yang—Mills theory:
Meaning that whenever one wanted to “gauge” a Lie group
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G, one postulated a gauge potential A with value in the
Lie algebra g of G, defined by its gauge transformations
under the gauge group, supposed to be G; i.e. the group,
under pointwise product, of maps g : U C M — G with
M a (spacetime) manifold. Prominent examples of this are
Poincaré gravity (PG), where G = SO(1,3) x R* [18-
22], and its Metric-Affine gravity (MAG) generalization to
G = GL(n) x R" with n = dimM [23-26]. See [27] for
a bibliographic sample. In mathematical, bundle geometric
terms, it means that the gravitational gauge potential is seen
as (the local representative of, see after) an Ehresmann con-
nection on a G-principal fiber bundle Q over M, whose gauge
group is G. However, such approaches feature systematically
a group of “internal gauge translations”, conceptually redun-
dant with the group of diffeomorphisms Diff (M), which
gives rise to a set of issues that we shall review below. To
even get started as theories of gravity, MAG and PG have to
deal with these issues, which essentially implies to get rid
of these gauge translations, or to try to identify them with
Diff (M) (via the tetrad field/soldering form).

We have here two converging aims. First, we shall remind
that a proper understanding of bundle geometry forbids such
an identification (see our comment below Eq. (4) giving the
short exact sequence characterizing the bundle Q), but most
importantly we will highlight that the proper mathematical
foundation of gauge theories of gravity is Cartan geometry
[28-31], i.e. the differential geometry of Cartan connection
[32,33] on fiber bundles, which captures the key Einsteinian
insight about the nature of gravity and in which the issue
of “gauge translation” simply does not arise. Second, we
shall expose and use the Dressing Field Method (DFM) [34—
39], a systematic approach to building gauge-invariants in
GFT, to eliminate gauge translations, thereby streamlining
the construction of the basic MAG and PG kinematics. Doing
so will stress that the latter are actually just the kinematics
one would obtain by starting from Cartan geometry in the
first place.

Considered together, these two goals result in our thesis
that it is a priori misguided to attempt to build a gauge theory
of gravity by “gauging” the affine or Poincaré groups — as
this remains captive of the heuristic habits of YM theory,
and overlooks the insight of Cartan geometry — but also that
even doing so, MAG and PG actually cannot be understood
as genuine gauge theories stemming from applications of
the Gauge Principle to these groups. Indeed, we shall stress
that the tinkering done to make it work — put on solid formal
grounds via the DFM —leads back to Cartan geometry, where
one should have started from the beginning.

The very same logic and conclusion apply e.g. to attempts
to build theories of conformal gauge gravity by gauging the
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conformal group SO (2, 4), as well as for supersymmetriza-
tion of all the aforementioned theories. !

The paper is thus structured as follows: In Sect. 2 we
remind the bundle geometric structures underlying Yang—
Mills type and gravitational gauge theories, emphasizing the
distinct foundational role of Cartan geometry for the lat-
ter. Then, in Sect. 3, after briefly reviewing the gauge field-
theoretic counterpart of the previously discussed global geo-
metric structures, we present the key technical and concep-
tual aspects of the DFM. All this lays the groundwork for
Sect. 4, where MAG (and PG) kinematics is obtained via
the DFM, thereby streamlining its technical and conceptual
foundations: in particular, we automatically reproduce the
so-called “radius vector” usually introduced ad hoc to han-
dle the issue of gauge translations. Finally, we further discuss
the implications of the DFM approach to MAG and PG in
Sect. 5, our main conclusion being that it only highlights
that Cartan geometry is the sole sound foundation for gauge
theories of gravity.

2 Cartan geometric foundation of gauge theories of
gravity

The underlying geometry of GFTs a la YM is that of a
principal bundle P, a smooth manifold supporting the right
action of a Lie group H (its structure group), P x H — P,
(p,h) — ph =: Rpp, whose orbits are the fibers of P.
The moduli space of fibers is itself a smooth manifold
M := P/H, so that there is a projection 7 : P — M,
p — w(p) = x, s.t. m(ph) = 7w (p). The bundle may be
noted P — M. Its tangent bundle 7 P contains thus the
canonical vertical subbundle VP C T P, defined as the ker-
nel of the tangent application m,, : TP — T M. The lin-
earization of the right action of H defines the morphism of
Lie algebras h — V P, X — XY, with b the Lie algebra of
H and X" a fundamental vertical vector induced by X € b.
The maximal group of automorphisms Aut(P) of P is the
subgroup of its diffeomorphisms preserving its fiber struc-
ture — & € Diff(P) s.t. E(ph) = E(p)h — ie. map-
ping fibers to fibers. It thus induces by definition diffeo-
morphisms of M, so that there is a surjective group mor-
phism Aut(P) — Diff(M). Its kernel is the normal sub-

! Relatedly, but distinct from supergravity model building, conceptual
confusion about which group to gauge and misunderstanding of Cartan
geometry are the root causes leading to obstacles in applying the super-
symmetric framework to obtain a general approach to a unified descrip-
tion of matter and interaction fields — beyond the special 3D “uncon-
ventional susy” (or AVZ) model, first proposing it [40-42]. Attempts
at building models of such a framework in 4D stumbled upon the issue
of having to make sense of “internal gauge translations” and to identify
the translation potential with a separately postulated soldering form,
leading to uncompelling efforts to justify a “double metric structure”.
These matters are addressed and solved via the DFM in [37,43].
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group Aut, (P) of vertical automorphisms of P, i.e. those
automorphisms acting only along fibers and inducing the
identity transformation on M, i.e. idy € Diff(M). These
are thus generated by maps y : P — H with defining prop-
erty Y(ph) = h~'y(p)h, forming, under pointwise product,
the gauge group H(P) of P: There is then a isomorphism
Aut,(P) >~ H(P), given by E(p) = pY(p).2 The geom-
etry of P is thus characterized by the short exact sequence
(SES) of groups

~ H(P) > Aut(P) 5 Diff (M) — idy.
(D

idp — Auty,(P)

The local structure of P is trivial, i.e. for U C M it is the
case that Py >~ U x H. Yet, in general P # M x H.

As a manifold, P has a de Rham complex of forms
(Q'(P), d), with d the exterior derivative. The equivari-
ance of a form B € Q°(P) is defined by the pullback
action of the structure group, R 8. In particular, given a
representation (p, V) of H, one defines equivariant forms
B € 2, (P, V) whose equivariance is controlled by the rep-

resentation: R} B = p(h)~ 18.The gauge transformation of a
form B is deﬁned by the pullback action by Aut, (P), which,
given the above isomorphism, is expressible in terms of the
corresponding generating elements of H(P): BY = E*B.
Animportant case is that of tensorial formsa € Q¢, (P, V),
whose gauge transformations are homogeneous and con-
trolled by the representation: ¥ = E*a = p(y) la. We
remark that, in particular, gauge group elements are both
equivariant O-forms, Ry y = h~ yh and tensorlal 0-forms
acting on each other by T]V = E*n=v 'ny.In physics,
tensorial O-forms ¢ € QU (P, V) represent matter fields.
Unfortunately, d does not preserve tensorial forms, i.e.
da ¢ Q. (P, p). To get a first order differential operator
on 2 (P, p), one needs to introduce an Ehresmann con-

tens
nectionon P:thatisw € Qéq( P, ), with defining properties

(i) Rro=Adh Ho=h"'oh, and (i) o(X’) =X

@)

These properties implies that @ gauge transforms inho-
mogeneously: @Y = vy~ 'wy 4+ y~'dy. It also implies that
it induces a covariant derivative on tensorial forms, D_ =
d_+ pe(w)_ : QL (P,V) — QNP V). This reflects
the Gauge Principle, or gauge argument, of GFT. One shows
that Dzoe = DoDua = p.(RQ2)a, where Q = dw—i—%[w, w] =
do + w? € Q2. (P, ) is the curvature of w. It thus gauge
transforms as QY = y~!Qy, and satisfies the Bianchi iden-

tity DQ = dQ + Ad, (0)Q = dQ + [, Q] = 0.

2 One may indeed check the defining automorphism property E(ph) =
(ph)y(ph) = ..., showing the defining property of 'y to be essential.

The above, when restricted to M, or U C M, provides the
complete kinematics of a YM gauge field theory, as we shall
review briefly in next section, the only missing ingredient
being a Lagrangian providing a specific dynamics.

The mathematical underpinning of gauge theories of grav-
ity is Cartan geometry; see e.g. [31] for a recent review, and
[28-30] for in depth treatments, while [33,44] are of his-
torical interest. A Cartan geometry (P, ) is an H-principal
bundle P endowed with a Cartan connection @ € Qéq(P, 9,
with g D b s.t. g/b =: p is a left H-module, satisfying the
same two defining properties (2) of an Ehresmann connec-
tion, but also a third distinctive one:

(i) @ : TP — g isalinear isomorphism, i.e. ker(®) = @.

3

From this single key property stems the specificities of Car-
tan geometry, which essentially boil down to the fact that it
ensures P encodes the geometry of M. Given the general-
relativistic insight that gravity is the geometry of space-
time, Cartan geometry is thus perfectly adapted to describe
the kinematics of gauge theories of gravitation, the Cartan
connection @ representing a generalized gravitational gauge
potential.

We emphasize that since a Cartan connection @ satisfies,
like an Ehresmann connection w, the properties (2), it trans-
forms under the gauge group H(P) as &Y = vy~ 'oy +
v~!dy: in other words, there is no gauge transformation
“associated to” p. Since in many cases p >~ R", there is no
“internal gauge translations” in Cartan geometry.

Technically, @ induces soldering on M, i.e. the tangent
bundle 7 M is isomorphic to the associated vector bundle
to P with fiber p: we write TM =~ P xpy p. In other
words, vector fields on M are represented by QU (P, p),
and all tensors on M are likewise represented by forms
on P. Relatedly, given T : g — p, a Cartan connection
induces a soldering form 0 := 1(w) € Qtens(P p), which
thus H(P)-transforms as Y = y 19 The curvature of @
is Q = do + 2[a) @] = do + @* € tem(P g), and
thus H(P)-transforms as QY = y~'Qy. It satisfies the
Bianchi identity DQ = d@ + [@, Q] = 0. The torsion of
@is © := 1(Q) € Q% (P,p), and H(P)-transforms as
@Y = y~!©®. Manifestly, soldering and torsion are notions
inexistent for Ehresmann connections, which on the upside
accounts for the fact that Ehresmann geometry (P, w) allows
to describe an “enriched structure” over M, unrelated to M’s
intrinsic geometry, and is thus a perfect fit for YM type GFTs.
See [45] for a discussion of this point.

A Cartan connection is normal if it is entirely expressed
in term of its soldering part: @y = @y(0). Typically this at
least implies that ® = 0. This generalizes the notion of Levi-
Civita connection. In reductive or parabolic Cartan geome-
tries, one has a H-invariant decomposition g = § & p, so

@ Springer



902 Page 4 of 12

Eur. Phys. J. C (2025) 85:902

o =w+60 where w € Qéq(P, h) is an Ehresman connection
on P. Correspondingly, @ = Q@ + ©, but Q € Q2 (P, h)
in general is not @’s curvature, yet contains it.

A flat Cartan geometry (P, @) is isomorphic to a Klein
geometry (G, wmc), where G is a Lie group with Lie algebra
g and closed subgroup H so that it is an H-bundle over the
homogeneous space M := G/H, i.e. G — M. The Maurer—
Cartan form wyc € Qéq(G, g) satisfies (i)—(iii) and domc +
%[J)MC, wmc] = 0; thus is a flat Cartan connection. In other
words, Cartan flatness implies that the manifold M becomes
(isomorphic to) a homogeneous space M, thus generalizing
Riemann flatness which implies that M becomes (isomorphic
to) the homogeneous space M = R”,

On M, or U C M, the local representative of @ and Q
are A and F, which describe respectively the gravitational
gauge potential and its field strength. The local representative
of fise € Q (U, p), which is none other than a “vielbein”.
Given an H -invariant non-degenerate bilinear form 1 : p x
p — R, the Cartan connection thus induces a metric on M
bygoe:I'(TM) xI'(TM) - R, (X,9) — g(X,9) :=
n(e(X). e)).

There is a relation between Cartan and Ehresmann geom-
etry. Suppose the H-bundle P of the Cartan geometry (P, ®)
can be embedded as a subbundle of a bundle 9 — M with
structure group G D H, t: P < G, and with SES

idg — Auty(Q) ~ G(Q) = Aut(Q) 2> Diff (M) — idy,
4

where G(Q) is the gauge group of Q, whose elements
are maps Y : Q — G with defining property yY(pg) =
g ¥(p)g. Observe that it contains gauge transformations
“associated to” p, thatis “gauge translations” in case p = R”.
It should be clear from the SES (4) that these can in no way
be identified with Diff (M), contrary to what is often stated
in the literature,® as the whole gauge group G(Q) maps to
idy.

An Ehresmann connection on Q is @w € Qéq(Q, g) sat-
isfying, mutatis mutandis, the two defining properties (2).
It therefore transforms under the gauge group G(Q) as
w?Y = Y '@y + v~ 'dy, thus in particular under gauge
transformations corresponding to p (“gauge translations”).
An Ehresmann connection @ on Q induces by restriction
a Cartan connection @ := t*@w on P, provided the condi-
tion ker(@) N 14 (T P) = # is met — so that (iii) holds on P.
Reciprocally, a Cartan connection @ on P induces an Ehres-
mann connection & on Q satisfying this condition. See [29],

3 For example, early in the well-known review [23] one reads “On the
face of it, local diffeomorphisms can be considered as locally gauged
translations [...]”. And in footnote 12, it is claimed that “the group
[of gauge translations] is locally isomorphic to the group of active
diffeomorphisms”.
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appendix A.3. The space of Ehresmann connections on Q
thus contains the space of Cartan connections on P.

Locally, on U C M, the local representatives of both
@ and @ are forms A € Q'(U, g), and the only way to
distinguish them is by how they transform: A is the local
representative of @ on Q if it transforms under the local
version G of G(Q), i.e. with maps y : U — G, and it is the
local representative of @ on P if it transforms under the local
version H of H(P), i.e. withmaps y : U — H (see Eq. (5)
below for a more precise statement).

Gauge theories with gauge group G, as MAG and PG pur-
port to be, are actually concerned with the geometry of the
bundle (Q, @) characterized by the SES (4), which is not
a Cartan geometry and therefore not the proper framework
for a gauge theory of gravity. Yet, as we shall demonstrate,
MAG and PG are actually no such theories, as their kinemat-
ics involves the elimination of gauge translations, which we
shall perform systematically via the Dressing Field Method
presented next, thereby ending up with a kinematics with
gauge group H stemming from the Cartan geometry (P, @),
as befitting gauge theories of gravity.

3 The Dressing Field Method of gauge symmetry
reduction

The DFM [34-39] is a systematic tool to produce gauge-
invariant variables out of the field space ® of a theory with
gauge group H whose action on ¢ defines gauge transforma-
tions. Let us briefly review its key aspects, to better appreci-
ate the content of what comes next. We start with the local,
field theoretic, version of the geometric structures discussed
above.

Consider a gauge theory over an n-dimensional manifold
M, or region U C M, based on a (finite-dimensional) Lie
group H, the structure group of the underlying principal bun-
dle P — M, with Lie algebra h. Its elementary variables are:
A YM gauge potential 1-form A = A, dx" € QLU ),
with field strength 2-form F = dA + %[A, Al = dA +
A% € Q2(U.b). They are respectively the local represen-
tatives of an Ehresmann connection w and its curvature €2
on P. Alternatively (or in addition) if one is considering a
gauge theory of gravity, a gravitational gauge potential 1-
formis A = A, dx" € Q'(U, g), with curvature 2-form
F = dA+ YA Al = dA + A € Q*(U, g). They are
respectively the local representatives of a Cartan connection
@ and its curvature  on P. Often the potential splits as
A= A+e, where e = e dxt e QI(U, p) is a soldering
form. Matter fields are ¢ € QO(U , V), with V a representa-
tionspace for H,i.e.p : H — GL(V),and p, : h — gl(V).
Their minimal coupling to gauge potentials is given by the
covariant derivative, D¢ := d¢+ p«(A)¢ € QL(U, V). One
shows that D2¢ = p,(F)¢.



Eur. Phys. J. C (2025) 85:902

Page50f 12 902

These fields are acted upon by the (infinite-dimensional)
gauge group of the theory: the set of H-valued functions y :
U — H, x — y(x), with point-wise group multiplication
(yy)(x) =y (x)y’(x), defined by

Hi=lyn:U—Hing =y"ny |, )

This action defines the gauge transformations of the fields,
AV =y lAy +y Ty, o i=0() e, (6)

where we designate collectively o« = {F, F,e,d), Do},
which are all “gauge-tensorial” and H-transform respectively
via the adjoint (field strength), left (soldering), and p (matter
fields and their covariant derivatives) representations, that we
denote collectively p = {Ad, ¢, p}.

The Lagrangian of a theory is a top form L(A, e, ¢) €
Q"(U, R) required to be quasi-invariant under the action of
H, ie. L(AY, eV, ¢Y) = L(A,e,¢) +db(y; A, e, p), so
that the field equations E(A, e, ¢) = 0 are H-covariant:
E(AY,e”,¢7) =p(y) 'E(A,e,¢) =0.

Now, consider a subgroup K of the structure group H,
K C H, to which corresponds the gauge subgroup C C H.
A K-dressing field isamapu : U C M — K, ie. a K-
valued field, defined by its K-gauge transformation:

u =k u,

fork € K. @)
Given the existence of a KC-dressing field, one defines the
KC-invariant dressed fields

A" =y Au+udu, o = pw) . (8)

In particular, a dressed field strength is F* = u~'Fu =
dA" + %[A”, A"], i.e. it is the field strength of the dressed
potential. A dressed matter field is ¢* = p(u)~'¢, and
(DY) = p(w)~'DP = d¢" + pi (A" =t D"¢", ie.
the dressed covariant derivative is the minimal coupling of
the dressed matter field with the dressed gauge potential.

Noticing the formal similarity with the gauge-transformations

(6), one sees the simplest case of the DFM “rule of thumb’: To
obtain the dressing of an object (field or functional thereof),
first compute its gauge transformation, then substitute in the
resulting expression the gauge parameter y with the dressing
field u. The dressed object is [C-invariant by construction.
Note, however, that the dressing field is not an element
of the gauge group, u ¢ IC, as it can be immediately seen
by comparing (5) and (7). This is a crucial fact of the DFM:
Despite the formal analogy with (6), the dressed fields (8)
are not gauge transformations. Hence, {A", a"} must not be
confused with a gauge-fixing of the bare variables {A, «}.
Contrary to a gauge-fixing, the dressing operation is not a
map from @ to itself, but from P to the space of dressed
fields @, only isomorphic to a subspace (a subbundle) of

@ —cf. [35,46] for details. Clearly, when u is an H-dressing
field, s.t. u¥ = y_lu, the dressed fields are H-invariant.

A key aspect of the DFM is that a dressing field should
be extracted/built from the (bare) field content ¢ = {A, o}
of the theory, i.e. u = u[d], so that u[d]“ = u[dp*] =
ku [db]. In such a case the dressed field d)”[d’] have a natural
interpretation as relational variables: they encodes the gauge-
invariant relations among the physical degrees of freedom
(d.o.f.) embedded redundantly in the bare fields (among pure
gauge modes). The relational aspect of the theory is encoded
in the gauge symmetry of the bare theory, which is then said
substantive, see [35,47]. If a dressing is introduced by fiat, as
additional d.o.f., one is dealing with a new, distinct theory:
The dressing field is ad hoc, not built from the original d.o.f.;
the dressed fields thus cannot be interpreted as representing
the physical, relational content of the original theory. The
gauge symmetry of the new theory is said to be artificial
[471.4
Residual transformations

Being KC-invariant, the dressed fields (8) are expected to
display residual transformations under what remains of the
gauge group. For these to be well-defined, it must be that K
is a normal subgroup of H, K <« H, so that H/K =: J
is again a Lie group. Correspondingly then, X < H and
J = H/K is a gauge subgroup of 7. In this case, the dressed
fields may exhibit well-defined residual [J-gauge transfor-
mations, which are named residual transformations of the st
kind. Now, since the [J-transformations of the bare fields are
known, as a special case of their H-transformations given by
(6), to find the residual .7 -transformations of the /C-invariant
dressed fields (8) one only needs to determine that of the
dressing field u. An interesting case is given by the follow-
ing

Proposition 1 If a K-dressing field transforms as u" =
n~Yun for n € J, then the dressed fields (8) are standard
J-gauge fields with [J-gauge transformations

(AT = A+ Ny, (@) =", )

In particular, the dressed curvature transforms as (F*)T =
n~VF“n, and a dressed matter field and its dressed covari-
ant derivative as (¢")! = pn~YH " and (D*)"
p(n~") D",

Dressed variables may also be subject to residual transfor-
mations stemming from a possible “ambiguity” in the choice

4 This case encompasses the so-called Stueckelberg trick, whereby
one implements a gauge symmetry in a theory via the introduction of
extra d.o.f., the Stueckelberg fields: It is clear that the latter are ad hoc
dressing fields, and what we described above is the inverse procedure
of a Stueckelberg trick (which is thus an “undressing” operation) [35].
More broadly, the DFM underlies the so-called “Massive Yang—Mills”
models and, as a framework, it encompasses both the electroweak model
and Stueckelberg-type models [35,47].
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of the dressing field: Two dressing fields u, u’ are a priori
relatedby u’ = u¢, for¢ : U — K amaps.t. £¥ = ¢. Under
pointwise product, these maps form a group we denote & and
call the group of residual transformations of the 2nd kind. Its
action on a dressing we may denote u® = ut, so that, while
it does not act on bare fields ¢° := ¢, it does act naturally
on dressed ones as (¢p*)¢ := ¢p¥¢. Explicitly, we have

Proposition 2 Ifthe IC-dressing field transforms as u® = u¢
for ¢ € &, then the dressed fields (8) &-transform as

A =A%+ e e, @9 =pcHat.  (10)

With in particular, (F*)¢ = ¢~'FUz, while (¢*)¢ =
p(&~ Y ¢" and (DY*)* = p(¢~") Dg*.

However, when u = u[¢] is built from the fields, the
constructive procedure may typically reduce & to a discrete
group, reflecting the finite choices among the d.o.f. available.
This happens e.g. in the context of classical and quantum
mechanics, where residual transformations of the 2nd kind
(10) are shown to encode physical reference frame covari-
ance [48]. No such restriction naturally exists for ad hoc
dressing fields: in that case, the action of ® on ¢* essentially
just replicates the action of K on ¢, the two situation are
isomorphic.

Dressed dynamics

As is clear from what precedes, a dressing is an operation
performed at the kinematical level, turning the bare kinemat-
ics into a dressed one. Regarding dynamics, there are two
possibilities to consider.

First, suppose that, following a Gauge Principle for
the gauge group H, one had built an H-quasi-invariant
Lagrangian for the bare variables L(A, e, ¢), with bare
field equations E(A,e,¢) = 0, defining an H-gauge
theory. Then, given a dressing field u, one defines the
dressed Lagrangian by L(A",é“,¢") = L(A,e, ¢) +
db(u; A, e,¢) — again seen to be a case of the DFM
rule of thumb — from which derives dressed field equa-
tions E (A%, e", ¢*) = 0, i.e. equations for the dressed
fields, which have just the same functional expression as
the bare field equations. In case Proposition 1 obtains,
L(A", ", ¢") is J-quasi-invariant, and the dressed field
equations E (A", ", ") = 0 are J -covariant. The H-theory
is thus seen to be reduced to a J-gauge theory.

Alternatively, one may start from the dressed kinemat-
ics, considered as the only physically relevant one, and
take advantage of the greater freedom afforded by follow-
ing a Gauge Principle for the residual gauge subgroup 7.
That is, one may define a [J-gauge theory by building a
J-quasi-invariant Lagrangian L’(A", e, ¢*) from which
derive J-covariant field equations for the dressed fields
E'(A", e", ") = 0. Such a theory, in general not H-quasi-
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invariant, obviously cannot be considered to follow from a
standard application of the Gauge Principle to H.

As it turns out, this second strategy is the one followed by
model building in MAG and PG, as we stress below. So, con-
trary to heuristic claims often encountered in the literature,
neither MAG nor PG follow straightforwardly from gauging
of the affine and Poincaré groups.

4 Reduction of gauge translations in MAG via the DFM

We shall now apply the DFM to MAG. What follows essen-
tially applies mutatis mutandis to PG, i.e. by simply substi-
tuting the general linear group G L(n) by the Lorentz group
SO (1, 3) — or its spin cover Spin(1,3) >~ SL(2,C). Let us
start with reminding its a priori kinematical setup, introduc-
ing a compact matrix notation.

MAG starts with the gauging of the affine group G L (n) X
T", whose elements are pairs (G, t) with composition law
G,t) - (G',t) = (GG',t 4+ Gt'). The neutral element
is (1,0), so the inverses are (G,t)"1 = (G~ 1, -G~ "t).
By definition of a semidirect product group, the subgroup 7"
isnormalin GL(n) x T", i.e. (G, 0)~'-(1,¢)- (G, 1) € T".
This group can be embedded in GL(n + 1): we have the
injective group morphism

GLn) x T" <> GLmn+1),
Gt
GbH g=(0 1), an
G! -Gt
—1 -1 _
GH™" = g —(0 | )

such that indeed the semidirect group law of the affine group
is reproduced by simple matrix multiplication,

, (Gt (Gt\ (GG Gl +t
gg_(01>'<01)_(0 1 ) (12)

The associated gauge group is GL(n) x T" :={y : U —
GL(n)xT"™| ...}, similarly to the general case (5). Abusing
notations slightly, we shall write gauge elements as y =

(((? ;() . So, the gauge transformation of gauge elements is

s (Gt\ (G't) (Gt
TEY =01 01) \o1

G 'GGG
=< 0 | ) (13)

which indicates in particular that the gauge elements t are
G L (n)-tensorial and 7" -invariant, T"-valued function. Cor-
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respondingly, an element of the gauge subgroup GL(n) is

_(Go o (G0
G_(O 1), with inverse G _<O l)’ (14)

while an element of the additive Abelian normal gauge sub-
group 7" is given by the upper triangular matrix

(1t A 1 (1t
T_<0 1>, with inverse T —(0 1). (15)

Using this matrix embedding, the gauge potential of MAG
and its field strength are

A:(A V), and F':dA+A2:<FT>

00 00
2
z(dAE)LA deAV)’ (16)

where V is the gauge potential of translations, A that of gen-
eral linear rotations, and T is the “torsion” 2-form of A. As
the potential A is being seen as the local, field-theoretical
representatives of an Ehresmann connection on the G =
(GL(n) x T")-bundle Q over M — rather than of a Car-
tan connection on the H = G L(n)-bundle P over M — the
fields (16) transform under the gauge group GL(n) X 7" as

AY =y tAy 4y lay

Gt 'rav Gt+Gt_1 dG dt
o1 00)\o1 01 01
_ (G—IAGBLG—ldG G—l(v0+ Dt) ) P =y 1Ry

-3 (D)
_ (G—IFG G~!(T + Ft) ) ,

0 0 an

where Dt := dt+ Atis the covariant derivative of the GL (n)-
tensorial and 7" -invariant 7" -valued functiont. In particular,
this specializes to give the transformation of the MAG poten-
tial and field strength under “internal gauge translations”,

0 0

F T+ Ft
0 0 ’

AT = T'AT 4+ T-'4T = <A V+Dt> and

FT=T1FT=( (18)

We may also observe that the fundamental representa-
tion of the affine group is R" =~ T", the corresponding
right action of the gauge group on X € QO(U,R") is

X — (G, H7'X = G~ (X —1), or using the matrix embed-
ding,

- - _ Iy —
X = (f) > X' =ylX= (G (f U). (19)
The covariant derivative induced by A is thus,

1
(DX)Y = D"X" =y~ ' DX, (20)

DX —dX + AX — (D“ V), and s.t.

with DX := dX + AX. One furthermore shows that D>X =
FX = <FX1+ T) . The object X € QO(U, R"™) is the
local representative of a tensorial O-form on the (GL(n) X
T™)-bundle Q — M, and can equally well be understood
as a the section of an associated bundle P X G (n)x 77 R+
Typically in gauge theory, these represent matter fields, or
“Higgs” fields if the Lagrangian of the theory features a
potential term V (X). A priori, one may attempt to see X,
i.e. X, as the spacetime velocity of a material point particle
on M. However, there is obstruction to such an interpretation.

The very existence of “internal” gauge translations is a
problem. First, and most notably, they are redundant con-
ceptually with diffeomorphisms Diff (M). And yet, contrary
to what is often claimed in the MAG and Poincaré gravity
literature,’ they can bear no relation to them because, as we
stressed at the end of Sect. 2 and as the SES (4) makes clear,
T" as a gauge subgroup acts trivially on M, i.e. induces the
identity of Diff (M).

Then, 7" makes impossible to identify the most basic
objects in the fundamental representation X € QO(U, R")
with (components of) vector fields X € I'(TM) of M; it
is indeed clear by (19) that while the former are GL(n)-
tensorial, as expected from vector field components, they are
not 7"-invariant. Consequently, the covariant derivative DX
in DX cannot be understood as the covariant derivative of a
vector field on M —and DX = 0 is not a geodesic equation
in M.% Idem for objects in the dual of the fundamental rep-
resentation X* € QO(U, R™), which cannot be identified
with (components of) covectors, 1-forms, on M. So that, in

5 See again footnote 3: one finds attempts to justify such claims by
heuristic arguments, e.g. in [23] that “this view gains some additional
Jjustification from the fact that the gravitational field is coupled to the
energy-momentum tensor density, i.e. to the translational current.”

6 Had we dealt with PG, e.g. in n = 4 dimension, instead of MAG,
we would have found relatedly that the object ¥ € Q%U, C?) in the
spin cover of the fundamental representation cannot be understood as
a spinor field on M, for it lacks invariance under gauge translations:
so fermionic matter is not naturally represented. Nor is its minimal
coupling to gravity, which is not Dy € Q!(U, C?).

@ Springer
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general, tensorial objects built from tensoring X and X* are
not related to tensors of M.

Finally, gauge translations make impossible the identifi-
cation of the translation potential V e QU(U, T") with a
soldering form inducing a metric on M (and consequently
make unclear the relation between T and a true torsion ten-
sor on M): Indeed, given a G L (n)-invariant non-degenerate
bilinear form n : T" x T" — R, if one tries to define
a metric as g := noV '(TM) x T'(TM) — R,
X9 > gX,2) = n(V(X), V(®)). then this metric is
not 7 "-invariant.

Thus, to even get started with MAG as a gravity theory,
one must somehow get rid of the gauge subgroup 7.7 The
DFM provides just the systematic framework that allows to
do so naturally.

4.1 Dressed connection and curvature

A dressing field for the gauge subgroup 7" of “internal trans-
lations” isamap u : U C M — T" defined by u™ = T~ u,
for T € 7". Using again the matrix embedding, we write

01
_ 1 -t 1¢ 1&6-—t
T _ 1., _ —

w =T ”_(01)<01)_(0 1)' @D
We stress that, without the matrix embedding, one might
have defined the dressing for 7" directly by § : U — T"
s.t. €' = & —t, as an additive Abelian version of the general
definition of a dressing field.

Given a dressing field as above, applying (8), we easily
build the 7" -invariant dressed potential

U= (1 5) , withé € QOU, T, sit.

A = u Au+u " du

(1 €\ [AV (18  (1-£)[0ds
=lo1)\oo)lo1)T o1 ) oo
_(AV+DE\ _ [Ae

e A

where D§ := d§ + A§. Correspondingly, the 7" -invariant
dressed field strength, i.e. the field strength of A, is

i im (L8 (FT\ (1§
Fri=u F“‘(o 1)(00)(01)
z(gTJBFé:):; (gg) 23)

7 That much is clear from [23] where there is indeed no mention of a
Lagrangian or field equations for MAG of PG before the issue of gauge
translations is dealt with.
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Comparison of (22)—(23) with (18) illustrates the DFM rule
of thumb. We observe that the 7" -invariant dressed field e :=
V 4+ D¢ € QN U, T™) in (22) is called the “key relation” of
MAG in [23].8 Finally, one can build the dressed 0-form and
its dressed covariant derivative

X' =u'X = (XI—S) =: (XIE) and

DX¢ + e)

1 (24)

DX — dX 4 AR — (

with DX§ = dX% + AX5 Now, X§ = X —£ € QO(U, R"),
being 7 "-invariant, is potentially identifiable as a vector field
on M if it retains the correct GL(n)-tensorial transforma-
tion of its bare counterpart X. Similarly, the 7"-invariant
form e := V + D& € Q' (U, T") is a soldering form, and
® = De = de + Ae is a true torsion 2-form on M, only
if both are G L (n)-tensorial. To ascertain these questions, we
must assess the residual transformations of the 1st kind of
the above dressed fields.

4.2 Residual GL(n) transformations

After reducing the normal gauge subgroup 7" via dress-
ing, we expect residual transformations of the 1st kind under
GL(n). As per the general explanations of Sect. 3, as we
already know the G L (n)-transformations of the bare vari-
ables by (17) and (19), we need only find that of the dressing
field u.

By assumption, the dressing field £ is in the fundamental
representation of GL(n), so that & — EG := G~ l£. Using
the matrix embedding, and (14), this is

¢ _ 1.~ _(GTTO\ /L&) (GO) [(1G '
wr =G ”G_<o 1)(01)(01)‘(0 1 )

(25)

This is a special case of Proposition 1, which allows us
to immediately conclude that the dressed fields are standard

8 Comparable results have been achieved in [49] via the notion of “non-
linear realisations/representations” (NR), as defined e.g. in [50-52]. One
key difference between the DFM and NR is that, while in the former
a dressing field is group-valued, the “dressing factor” in NR is coset-
valued. Furthermore, the DFM having a clear bundle geometric formu-
lation, a dressing field (like all geometric objects) has a clean geometric
equivariance under the gauge subgroup being eliminated (i.e. a “linear”,
covariant, transformation), while the “non-linear” transformation of the
coset-valued field of NR seems non-geometric. The closest bundle geo-
metric result that seems to connect to NR (that [49] indeed appears to be
hinting at) is the Bundle Reduction Theorem (BRT) —see e.g. [4,53-55].
As detailed in [34], the DFM and the BRT can coincide when the struc-
ture group of the bundle under consideration is a (semi-)direct product
of two subgroups. Which is precisely the case here.
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GL(n)-gauge fields, so that by (9) we have:

(AYC = G 1A“G + G1dG
_ (GT'AG+GdG G e
- 0 0 ’

0 0

_ _ 1yt
(X)C = G1% = (G ]X )

-1 -1
(FM)GZG_IFHGZ(G FGG ®>’

_ _ -1 3
and (DuXu)G — G—lDuXu — (G (Dlx + e)) .

(26)

The full group of local transformations of the dressed MAG
kinematics is thus Diff (M) x GL(n). From (26) it is now
clear that X¢ is indeed identifiable with a vector field X of
M, and can now represent the spacetime velocity of a point
particle on M. So, DX § in D" X" is the covariant derivative
of vector fields, and DX = 0 describes a geodesic on M.
Tensors obtained from tensoring X¢ and X¢* are true tensors
of M.

Furthermore, it is clear that A“ is but the (local represen-
tative of a) Cartan connection associated to a Cartan-affine
geometry, with curvature Fu, inducing via e € Qlwu, ),
a true soldering form on M, a gauge-invariant metric on
Mbyg:=noe: T(TM)xI'(TM) - R, X,9 —
g(X,Y) =1 (e(.’{), e(Qj)). We have now a good kinematics
for a gauge theory of gravity: But it is just the local ver-
sion of the Cartan-affine geometry (P, @), with P — M a
H = GL(n)-principal bundle (i.e. the frame bundle of M),
we would have started with had we heeded the insight of
Cartan geometry.

5 Discussion

Several observations and comments are in order. First, we
did not yet say how the 7"-dressing field u (21) is to be
found: in the DFM, the physical picture changes significantly
depending if the dressing is field-dependent or not.

If it is introduced as a separate object from the bare
GL(n) x T" kinematics, i.e. as extra d.o.f., then it is what
in Sect. 3 we called an ad hoc dressing field. In that form it
reproduces what is known as the “radius vector”, e.g. men-
tioned early in [23] (and attributed to Trautman [56]), an
object indeed introduced in MAG to get rid of gauge trans-
lations 7. But according to the DFM, this means that in
MAG (and PG), which is thus the bare GL (n) x 7" kinemat-
ics supplemented by an ad hoc dressing field u/radius vector,
7" is an artificial gauge symmetry —also called “fake” gauge
symmetry by [57] — with no physical signature.

Only the residual GL(n) (or SO(1, 3) in PG) gauge group
has physical significance and is thus substantive. As a matter
of fact, and as observed already at the end of Sect. 3 (and foot-
note 7), model building in MAG (and PG) starts only after
eliminations of gauge translations 7" and the Lagrangians
are only required to be (quasi-) invariant under the resid-
ual GL (n)-transformations.® Usually, no invariance property
under 7" is required. It is thus incorrect to claim that MAG,
or PG, are built from “gauging” the affine or Poincaré groups
2 la Yang-Mills.!® As we just showed above, at best MAG
(and PG) kinematics is just the kinematics of Cartan-affine
geometry.

Looking at it the other way around, we see that one may
have started with a Cartan-affine kinematics, i.e. A’ and F’
supporting G L (n)-gauge transformations like (26). Then, we
may enforce an artificial “gauge translations” group 77",
acting trivially on A’ and F’, by introducing a Stueckel-
berg field u™! : U — T" (le. =€) s.t. ™ HT = u™'T,
and then defining the fields A := uA'u"'! + udu™' and
F := uF'u~!, transforming under 7" as (18): i.e. we end-up
with a GL(n) x 7" kinematics where 7" is “fake”. Clearly,
A’ = A" and F’ = F"; as stressed earlier, the DFM encom-
passes Stueckelberg tricks when dressing fields are ad hoc.

Furthermore, it could be argued that since in MAG/PG
the dressing field is ad hoc, according to Proposition 2 and
Eq. (10), the dressed fields (22)—(24) may a priori support
&-transformations of the 2nd kind, which all but reproduce
the action (18)—(19) of 7" on bare variables.

A way out is to notice that in the field content ¢ =
{A, F, X} there is a natural candidate for a 7" -dressing field:
we may indeed define

u=ulX]= (g f) , which by (19) is s.t.
ulX1T = u[XT] = T u[X), (27)
and u[X]® := u[X®] = G 'u[X]G. (28)

9 That much is hinted at early in [23] where we read e.g. that “Only
after a certain reduction, the translational connection and curvature
are converted into coframe and torsion, respectively”|...]”, in line with
our comments after (24) and (26) above.

10 For example, [23] insists on considering “[Poincaré] gravitational
theories from the point of view of a Yang—Mills like gauging of the
Poincaré group.”, while its section 2.7 is entitled “Metric-affine gauge
theories: gauging the [affine group] [...]”. The preface of [27] states that
“If one applies the gauge-theoretical ideas to [the Poincaré group], one
arrives at the Poincaré gauge theory of gravity (PG)”. In the forewords
of [27], Kibble states “applying the gauge principle to [the] Poincaré-
group symmetries leads most directly not precisely to Einstein’s general
relativity, but to a variant, originally proposed by Elie Cartan, which
[...] uses a spacetime with torsion.”

@ Springer
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Said otherwise, this is the field-dependent dressing field § =
&[X] = X. It allows to define the 7" -invariant fields

~u[% AV +DX Ae
ulX] _ _.
A _(0 0 >_. (O 0) and
- FT+FX F ®
ulX] _ _.
F a (O 0 ) o (O O) (29
by (22)—(23), as well as

XX — yX17'X = <‘1)> and

(DX )T = g X1 4 AulX) gulX] - (i) : (30)

similarly to (24). Their residual GL (n)-transformations are
given by (26). The fields (29)—(30) may be understood as rela-
tional variables encoding the 7" -invariant relations among
the “internal translational” d.o.f. of A and X. Itis indeed con-
sistent with the a priori postulate of a GL (n) x 7" kinematics,
based on the bundled Q — M, that fields would have inter-
nal translational d.o.f. — which are still entirely unrelated to
Diff (M), as noted earlier. The object X would then describe
the “generalised spacetime velocity” of a point particle with
such translational internal d.o.f. and X“IX1 = (0, 1) simply
expresses that such a particle “sees” itself at rest in its own
reference frame.!!

Pushing the idea a step further, suppose we have a collec-
tion of N such point particles, so ¢ = {/i, F, )_(1, ...)_(N}.
Then, clearly, we have N choices to define a dressing field
u = u[X;l,i € {1,...N}, giving rise to dressed fields
Ui = (A%, Fui X\, X[ ... X\}, which are the rela-
tional variables describing the 7" -invariant relations among
internal d.o.f. within ¢ as seen from the frame of X;. The
change of particle perspective — i.e. of “physical” reference
frame — is encoded by residual transformations of the 2nd
kind, where & is the discrete group of elements ¢;; s.t.
uj = u; gij, sothat p*/ = p({ij)’lc])“i . This is analogous to
the application of the DFM in non-relativistic classical and
quantum mechanics [48].

This view is not so bad, it could be interesting if one was
in the business of writing theories for the affine gauge group
GL(n) x 7", in which case one might expect empirical con-
sequences to the presence of the symmetry 7. That could
also be the case e.g. if, instead of seeing X as a type of
matter field, one was trying to interpret it as a sort of “gravi-

1 Something exactly analogous to (27)—(30) can be done in confor-
mal Cartan geometry, and conformal gravity, where a dressing field
u[¥] may be built from the dilaton embedded in the tractor field Y €
Q%U, R%) in the fundamental representation of H C G = SO(2,4),
and used to reduce Weyl gauge rescalings; this allows in particular to
produce Dirac spinors from twistors [58].
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tational Higgs field”, by embedding it into an invariant poten-
tial V (X), possibly leading to Higgs-type mechanism.'? The
issue, as stated earlier, is that this is not what MAG/PG model
building is usually about, since it starts only after kinemat-
ical elimination of 7" via dressing, and is constrained only
by (quasi-)invariance under residual G L (n)-transformations.
These approaches have no observable consequences associ-
ated to gauge translations, so one is only really concerned by
the physics underpinned by Cartan geometry.

So, even if superficially MAG and PG approaches seemed
to be taking a road to gauge gravity distinct from Cartan
geometry, by gauging the affine or Poincaré groups ala Yang—
Mills — implying to consider A as the local representative of
an Ehresmann connection on the G-bundle Q — M - the
actual practice to get them started, involving the reduction
of the gauge translation group 7" via the DFM, circles back
to Cartan geometry and only highlights it as the sole sound
foundation of classical gauge theories of gravity.
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