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Dynamical implementation of the constraints in conformal gravity

L Andrianopoli1,2, R D’Auria1, G Grosso1 and L Ravera1,2,3,∗
1 DISAT, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
2 INFN, Sezione di Torino, Via Pietro Giuria 1, 10125 Torino, Italy
3 GIFT, ‘Grupo de Investigación en Física Teórica’, Universidad Católica De La Santísima Concepción, Av. Alonso de Ribera 2850,

Concepción, Bío Bío, Chile
∗ Author to whom any correspondence should be addressed.

E-mail: lucrezia.ravera@polito.it, laura.andrianopoli@polito.it, riccardo.dauria@polito.it and giacomo.grosso@edu.unito.it

Keywords: conformal gravity, Cartan geometry, first-order Lagrangian, standard constraints of conformal gravity,
spacetime symmetries, MacDowell–Mansouri formulation, Weyl’s conformal gravity

Abstract
We propose a first-order geometric Lagrangian for four-dimensional conformal gravity (CG)
within the Cartan formulation, which yields, dynamically, the standard constraints on the fields,
expected for CG. Upon imposing the dynamical constraints, together with the request of con-
formal invariance of the off-shell Lagrangian, the theory reduces to the standard expression for
CG, in terms of quadratic curvature invariants. Our results clarify the geometric status of CG as a
gauge theory and open the way to a similar dynamical implementation of the constraints in higher
dimensions and supersymmetric extensions.

1. Introduction

Conformal gravity (CG) is a higher-derivative theory of gravitation which is invariant under Weyl rescal-
ings of the metric, gµν → Ω2 gµν . In four spacetime dimensions, it has a higher-derivative action which
is quadratic in the Weyl tensor [1, 2]. Originally introduced by Weyl as an attempt to unify gravitation
and electromagnetism [1], the theory later re-emerged as an alternative to Einstein gravity [3], mainly
due to its improved ultraviolet behaviour, and has since been studied extensively both at the classical
and the quantum levels. Early developments focused on the group structure and representations of con-
formal symmetry, as a possible symmetry underlying high-energy physics [4], and more generally on the
formulation of gauge theories for spacetime symmetries [5–7]. More recently, phenomenological implic-
ations of conformal (Weyl) gravity at astrophysical and cosmological scales have been studied [8–10],
and the conformal symmetry has been further explored as a fundamental symmetry principle underlying
spacetime dynamics [11]. The relation between CG and Einstein gravity was fruitfully analyzed: in [12]
it was shown that, by the inclusion of a Neumann boundary condition, CG can be used to get the semi-
classical wavefunction of the Universe of four dimensional asymptotically de Sitter or Euclidean anti-de
Sitter spacetimes (see also [13]); on the other hand, the embedding of Einstein–AdS gravity in CG was
shown to provide a new derivation of the Hawking mass and Willmore energy functionals for asymptot-
ically AdS spacetimes [14]. More general, non-Einstein exact solutions corresponding to black holes [15,
16], gravitational waves [17, 18] and gravitational instantons [19], were also found.

The fourth-order equations of motion (e.o.m.) of Weyl’s CG for the metric describe, beside the
propagation of a massless graviton of helicity ±2 and of a massless gauge vector of helicity ±1, also
ghost-like states (of helicity ±2, ±1) [20–25]. The standard formulation of Weyl’s CG enjoys invariance
under local Lorentz transformations and Weyl rescalings, but a non-manifest invariance under the full
conformal symmetry is hidden. In fact, the theory was later recognised as the gauge theory of the con-
formal group, where the full conformal invariance, including local special conformal transformations
alongside Lorentz and dilatation symmetries, is realized at the Lagrangian level [5, 26–29]. The resulting
action, for four-dimensional CG, has a Yang–Mills-like structure. The same model was then expressed in
a Cartan geometric framework [30], which allows a compact matrix treatment [31] and a better under-
standing of the underlying geometry.
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CG has attracted renewed interest due to its deep connections with gauge theory formulations of
gravity [27, 32], its role in AdS/CFT and holography [12], and its potential relevance to cosmology and
astrophysics without invoking Dark Matter [33].

Despite these appealing features, the geometric interpretation of CG and, in particular, of its con-
straints, remains less developed than in the Einstein–Cartan framework for pure gravity, motivating fur-
ther investigation.

This work aims to clarify that, at least for the D= 4 case, it is possible to find a first-order geomet-
ric formulation4 – á la Cartan—of CG, in a Lagrangian theory exhibiting manifest invariance under the
full conformal group. By this we mean an approach where the differential and algebraic constraints usu-
ally understood [2, 4, 5, 27, 31, 32, 34–37] on the fields of CG, could be obtained dynamically, from a
Lagrangian formulation, just as it happens for the torsion constraint in the Cartan–Einstein (CE) formu-
lation of general relativity, which arises from the spin connection equation of motion. The above men-
tioned constraints can actually be obtained dynamically from a geometric Lagrangian which turns out
to be equivalent (after imposing the dynamical constraints) to the standard one of D= 4 (CG) [27, 31].
More precisely, besides the vielbein, the set of off-shell fields of our CG á la Cartan includes the gauge
fields associated with conformal boosts and dilatations, and the Lorentz spin connection. Their equations
of motion, which correspond to passing to second-order, will allow to express the gauge fields in terms
of the metric field and its derivatives only, thus recovering the standard Weyl theory.

The Lagrangian that we are going to construct here works for CG as the CE Lagrangian does for
gravity. A common feature of Einstein gravity and CG is that they are H-gauge invariant theories based
on higher G⊃H group structures (the Poincaré group for Einstein gravity and the conformal group
for CG), where the gauge group H acts non-trivially on spacetime. In these theories, the spacetime,
whose cotangent space is spanned by the vielbein Va, has actually the same dimension as the homo-
geneous space M= G/H, and it is locally equivalent to it. In the vacuum, corresponding to vanishing
curvatures, the identification becomes global and the full G-invariance of the theory is recovered. All
the above structure can be rephrased by saying that the set of gauge fields plus the vielbein are the local
components of a Cartan connection [38–40] on a principal bundle with fiber H and spacetime itself as
base manifold [6, 7]5.

Cartan geometry precisely provides the natural framework for formulating gravitational theories
as gauge theories, offering a unified differential-geometric perspective on spacetime and its dynamics.
Unlike standard Yang–Mills theories [41], where an Ehresmann connection [42] on a principal bundle
P(M,H), with structure group H, defines parallel transport across the abstract fiber which is, in general,
unrelated from the base manifold M, gravity requires a connection that incorporates a soldering form.
The soldering form, which is the vielbein itself, locally identifies the tangent space to the base mani-
fold with the vector space g/h (where g is the Lie algebra of a larger group G⊃H), effectively tying
the fiber to the spacetime geometry itself via the vielbein 1-form Va = Va

µdxµ, where xµ are coordin-
ates on spacetime. In this framework, a crucial role is played by the Cartan connection on the prin-
cipal H-bundle: it is g-valued (with g⊃ h), has no kernel, and induces an isomorphism TpM≃ g/h.
Its curvature splits into torsion (the g/h-valued part) and h-curvature. The manifold M is locally iso-
morphic to the homogeneous Klein space G/H. The Klein geometry describes the (zero-curvatures)
vacuum of the theory, where the full G-invariance is recovered as a global symmetry; out of the vacuum,
Cartan geometry provides a curved generalization of Klein geometry, well-adapted for describing gravita-
tional dynamics.

For the case of Einstein’s theory á la Cartan, the Cartan bundle structure, if not taken a priori, can
also be seen as emerging from the requirement of Lorentz gauge invariance and the study of the dynam-
ics of the theory, encoded in the field equations of the gauge field. This approach was first introduced
by Ne’eman and Regge in [6, 7] from a theoretical-physics point of view, and applied to Penrose’s twis-
tor theory [43–45], as well as to non-relativistic classical physics [46] within a mathematical-physics
approach.

4 By ‘geometric formulation’ we mean a Lagrangian formulation which does not rely on a choice of the metric. This is generally
obtained if the fields are written in terms of differential forms and their exterior differential (d), and if the kinetic terms are expressed at
first-order, avoiding use of the Hodge-dual operator.
5 To be more precise, a Cartan bundle P has structure group H⊂ G spanning the fiber, and the associated gauge transformations result
from the action of the bundle vertical automorphisms group Autv(P). The latter is isomorphic to the gauge groupH. All the relevant
symmetries of theories of gravity, including the diffeomorphisms of the base manifold Diff(M), are then naturally organised in the
short exact sequenceH≃ Autv(P)→ Aut(P)→ Diff(M) of groups associated with the bundle. Then, in rigorous mathematical terms,
the base spaceM of the bundle is locally isomorphic to the homogeneous space G/H.
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In this work, following the line of thought pioneered by Ne’eman and Regge [6, 7] for Einstein grav-
ity and supergravity, we show how the bundle structure, together with the standard constraints of CG,
emerge dynamically in our theory from the field equations of a first-order Lagrangian.

In this theory, the gauge group is HC = (SO(1,3)× SO(1,1))⋉R1,3, and it is a non-semisimple,
solvable Lie group. It is a subgroup of the conformal group GC = SO(2,4), and can be obtained as an
‘Inónü–Wigner contraction’ of it6. The group HC acts non-trivially on the spacetime vielbein. However,
as we will see, the first-order Lagrangian that we will build enjoys invariance under the gauge group HC

in two different and inequivalent ways: one corresponds to thinking of HC as embedded in the con-
formal group (usually referred to as standard conformal gauge invariance), the other to treating it as a
Yang–Mills-like gauge invariance of the Lagrangian, without referring to a larger group structure. The
Maurer–Cartan (MC) dual form of the algebra is different in the two cases. The implementation of
HC-invariance in this second sense is new in the study of CG, and has implications on the conformal-
torsion constraint, which we are going to sketch in the following. A key difference of CG with respect to
ordinary Einstein gravity is that, in CG, the quadratic appearance of the Weyl tensor in the Lagrangian
[31] makes the equation of motion for the spin connection a genuine dynamical equation, associated
with a propagating torsion, rather than an algebraic constraint. The vanishing of conformal torsion—
traditionally assumed as a kinematic constraint in the literature on CG—cannot be obtained dynamically
from the spin-connection field equation in the same direct way as it happens in the CE theory.

A strong motivation for imposing the conformal-torsion constraint arises from the symmetry analysis
itself: the local Yang–Mills-like invariance under HC is not automatic in the first-order Lagrangian of CG,
due to the non-semisimple structure of the gauge group. As we will see in section 4, the explicit calcu-
lation shows that such HC-invariance of the first-order Lagrangian for CG holds only when conformal
torsion vanishes. Thus, the requirement of gauge invariance under the aforementioned structure provides
a dynamical symmetry-based justification for imposing the conformal-torsion constraint. Conversely,
if invariance under this Yang–Mills-like gauge symmetry is not required, the theory may in principle
admit a non-vanishing conformal torsion. In this case, the Yang–Mills structure of the Lagrangian is lost,
whereas the Cartan bundle structure persists.

We will however insist, here, on the symmetry argument of HC-invariance of the first-order
conformal-gravity Lagrangian. For this reason, to implement the conformal-torsion constraint, our
Lagrangian will include a two-form Lagrange multiplier that enforces vanishing of the conformal tor-
sion. As a byproduct, with the introduction of the Lagrange multiplier, then, the equations of motion of
the spin connection and Weyl gauge field turn into (non-dynamical) relations expressing the Lagrange
multiplier in terms of the other fields and their curvatures.

The analysis presented here could be fruitfully applied to more involved, higher-dimensional CG
models, in particular in six dimensions, where both the group-theoretical structure and the dynamical
content are substantially more intricate, and especially to build consistent supersymmetric extensions.

The remainder of the paper is structured as follows: In section 2, we recall the algebraic setup of
CG within the Cartan geometric framework, introducing the conformal group, its gauge subgroup,
the corresponding connection and curvature components, together with the conformal Bianchi iden-
tities (BIs). Section 3 presents the construction of our first-order geometric Lagrangian. We discuss
the inclusion, besides of the auxiliary fields of the so-called ‘1.5-order formulation’, to get a geometric
Lagrangian which avoids the choice of a metric, also of a Lagrange multiplier to enforce vanishing con-
formal torsion, and we derive the dynamical emergence of the standard constraints from the variations
of the Lagrangian with respect to the auxiliary fields, the Lagrange multiplier, and the gauge fields. In
section 4, we discuss the symmetries of the Lagrangian: first, its invariance under the full conformal
gauge transformations within the Cartan bundle structure, showing how this requirement leads to the
standard quadratic combination of curvatures; second, the conditions for the Yang–Mills-like invariance
under the direct action of the corresponding gauge group alone. In section 5, we provide the final form
of our Lagrangian á la Cartan and its second-order expression, which yields Weyl’s CG. Finally, we con-
clude in section 6 with a summary of the results and perspectives for higher dimensional and supersym-
metric extensions. In appendix A, we provide the conformal algebra and recall the Cartan kinematics,
and, in appendix B, we collect the standard constraints assumed in the CG literature.

6 Note that the generators of translations get decoupled from the rest of the algebra in the contraction. They are then projected out
fromHC, which is a proper subgroup of GC.
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2. Algebraic structure

The first-order Cartan formulation of CG that we are going to present here will be constructed in ana-
logy with the Cartan formulation of Einstein gravity. To clarify similarities and differences with the case
of conformal Cartan gravity, let us then first remind the relevant issues of Einstein–Cartan gravity.

The Cartan formulation of (matter-coupled) Einstein gravity, thought of as a gauge theory whose
gauge group acts non-trivially on spacetime, is based on the following specific features:

• One writes a Lorentz-invariant Lagrangian (built up with terms separately invariant under the Lorentz
subgroup HE = SO(1,3) of the Poincaré group GE = ISO(1,3))7.

• The equation of motion of the HE gauge field, that is the condition δLCE

δωab = 0, is not dynamical,
enforcing instead the torsion constraint which expresses the spin connection in term of the vielbein
and its derivatives, thus making, in a dynamical way, the vielbein a soldering form.

• Furthermore, the theory has a bundle geometric structure as a principal Cartan bundle with fiber
HE ⊂ GE [6, 7]. The base space M of the bundle, whose cotangent plane is spanned by the vielbein
Va, is locally isomorphic to the homogeneous space GE/HE (GE-invariance is recovered in the free-
falling frame where, locally, diffeomorphisms amount to spacetime translations, that is in the zero-
curvatures vacuum configuration). The full set of physical 1-form fields (ωab and Va for the case of
Einstein–Cartan gravity) should then be thought of as local representatives of the Cartan connection
on the GE-bundle:

AE =
1

2
ωabJab +VaPa =Ω(HE) ⊕PE , taking values in gE , (2.1)

which allows the local identification

Ωab
(HE)

= ωab , Pa
E = Va . (2.2)

The same recipe can be applied to CG. In this case, the principal Cartan bundle has fiber HC ⊂ GC,
where GC = SO(2,4) is the conformal group and HC = (SO(1,3)× SO(1,1))⋉R1,3 ⊂ SO(2,4) its gauge
subgroup. It is a solvable, non-semisimple (parabolic) subgroup of the conformal group, whose associ-
ated algebra can be obtained as a contraction of the conformal algebra, the contraction being performed
on the generators with positive so(1,1) grading. The algebra of the conformal group SO(2,4) is gener-
ated by the set of generators TA = {Jab,Pa,Ka,D}, where we have decomposed the adjoint index A of the
conformal algebra with respect to the Lorentz indices a,b, . . .= 0,1,2,3. Jab are the Lorentz rotations, Pa
the spacetime translations, Ka the conformal boosts, and D the dilatations (scale transformations). See
appendix A for details.

An important difference of the algebraic structure of CG with respect to Einstein gravity resides
in the non-semisimple nature of HC that, as we will see, implies its two-fold possible action on the
Lagrangian. The gauge algebra associated with HC can be obtained by rescaling the translation gener-
ators, in the algebra of the conformal group GC, as Pa → λPa with a parameter λ, then taking λ→∞,
and reads [

Jcd, Jef
]
=−1

2

(
−ηceδ

ab
fd + ηcfδ

ab
ed + ηdeδ

ab
fc − ηdfδ

ab
ec

)
Jab = f[ab][cd][ef]J[ab] ,

[Jbc,Kd] =
1

2
(δabηcd − δac ηbd)Ka = f a[bc]dKa ,

[Ka,D] = δbaKb = f ba0Kb .

(2.3)

This algebra acts non-trivially on spacetime due to fact that the generators of diffeomorphisms, which
are locally isomorphic to translations, are Lorentz vectors with definite Weyl weight, implying their non-
vanishing commutators with the generators Jab and D

8. Focusing on the intrinsic group-theoretical and
algebraic structure of HC independently of its embedding into the full GC, we can then write the gauge
algebra (2.3) in its dual MC formulation as follows:

7 In general, we will denote rigid Lorentz spacetime indices with Latin letters a,b, . . .= 0,1,2,3.
8 Indeed the translations generator Pa is a Lorentz vector, that is [Jbc,Pd] =

1
2
(δabηcd − δac ηbd)Pa = f a [bc]dPa, with a definite Weyl

weight, that is [Pa,D] =−δbaPb =−f b a0Pb.

4
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Rab ≡ dωab +ωa
c ∧ωcb = 0 , (2.4a)

G̊≡ db= 0 , (2.4b)

Ca ≡DSa = dSa +ωab ∧ Sb − b∧ Sa = 0 . (2.4c)

The right-hand side of (2.4) gives the MC equations dual to the algebra (2.3), describing the
vacuum, in terms of the left-invariant 1-form fields ωab (Lorentz spin connection), b (dilatation gauge
field), and Sa (special conformal 1-form field), respectively dual to the vector-field generators of the
gauge algebra9. On the other hand, out of the vacuum the 1-form fields become the dynamical gauge
fields, whose corresponding field strengths, on the left-hand side of (2.4), are the Riemann tensor Rab,
the dilatation field strength db, and Ca.

The above 1-form gauge fields enter the Lagrangian together with the vielbein 1-form Va. The non-
trivial action on spacetime of the Lorentz and Weyl subgroups of HC manifests itself on the dynamical
fields through its action on the spacetime vielbein 1-form Va, that is through the conformal torsion

Ta ≡ dVa +ωa
b ∧Vb + b∧Va =DVa . (2.5)

However, the action of the conformal boosts of HC on the vielbein 1-form is trivial. This can also be
seen from the embedding in GC of the contracted group HC.

On the other hand, if we regard HC as embedded into GC and thus endow the theory with a prin-
cipal bundle geometric structure, a (conformal) Cartan geometry naturally emerges. In this geometric
setup, the action of the full (non-contracted) conformal group manifests itself through the Cartan con-
nection, which is described by the set of 1-form fields ωab, b, Sa, and Va, respectively dual to the vector-
field generators of the conformal algebra, and reads

AC =
1

2
ωabJab + SaKa + bD+VaPa =Ω(HC) ⊕PC taking values in gC , (2.6)

with the local identification of

Ω(HC) =
1

2
ωabJab + SaKa + bD (2.7)

as the HC-gauge field, and of PC = VaPa as the spacetime vielbein. The field strength associated
with AC is

FC =
1

2
WabJab +CaKa +GD+TaPa , (2.8)

where

Wab ≡ dωab +ωa
c ∧ωcb − 2V[a ∧ Sb] = Rab − 2V[a ∧ Sb] =

1

2
Wab

cdV
c ∧Vd , (2.9a)

Ca ≡DSa = dSa +ωab ∧ Sb − b∧ Sa =
1

2
Ca

bcV
b ∧Vc , (2.9b)

G≡ db−Va ∧ Sa =
1

2
GabV

a ∧Vb , (2.9c)

Ta ≡DVa = dVa +ωa
b ∧Vb + b∧Va =

1

2
Ta

bcV
b ∧Vc , (2.9d)

D being the Lorentz plus scale covariant derivative (the Lorentz covariant derivative is instead defined
as DL ≡ d+ω). The curvature 2-forms above can be obtained through the standard formula RA =
dµA + 1

2 f
A
BEµ

B ∧µE, using the structure constants listed in appendix A. They describe the out-of-vacuum
structure with respect to the novel MC equations associated with this geometric structure. In the dual
formulation in terms of algebra generators, the extra terms in (2.9), with respect to (2.4), correspond
to the non-vanishing commutation relation in GC which are then suppressed in its contraction HC:
[Ka,Pb] = ηabD− 2δcdabJcd = ( fKP)0abD+( fKP)[cd]abJ[cd], whereas within HC one has instead [Ka,Pb] = 0.
This distinction will reflect in the form of the infinitesimal transformation laws of the gauge fields under
these two distinct implementations of the HC symmetry.

9 The solvable algebra (2.4) in its dual form can be obtained as a contraction from the MC equations of the conformal algebra, by
redefining Va → 1

λ
Va, then sending λ→∞.

5
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The length-scale weights (and O(1,1)-gradings) of the 1-forms—and of their curvatures—are[
ωab

]
= [b] = 0 , [Va] = 1 , [Sa] =−1 . (2.10)

The BIs associated with (2.9) read

DWab =−2T[a ∧ Sb] + 2V[a ∧Cb] , (2.11a)

DTa = Rab ∧Vb + db∧Va =Wab ∧Vb +G∧Va , (2.11b)

DCa = Rab ∧ Sb − db∧ Sa =Wab ∧ Sb −G∧ Sa , (2.11c)

DG=−Ta ∧ Sa+Va ∧Ca . (2.11d)

Then, concerning the dynamics we are going to consider, the constraints required on the
Lagrangian LCG of CG (that is, constraining on-shell the gauge fields such that Saµ = Saµ(V

a,∂Va),

ωab = ωab(Va,∂Va,Ta
bc), b= 0), should be obtained dynamically, from δLCG

δωab = 0, δLCG

δb = 0, δLCG

δSa = 0.
Upon imposing the dynamical constraints, the Lagrangian LCG should reduce to the standard one of
CG. We collect in appendix B all the constraints that are assumed to hold kinematically in the standard
approach.

3. The geometric Lagrangian with its dynamical constraints

To construct a Lagrangian capable of implementing the CG constraints dynamically, we should write,
to start with, the most general sum of Lorentz and scale invariant 4-form terms, with the same par-
ity of the Einstein–Cartan Lagrangian, refraining from assuming off-shell the validity of the standard
constraints.

Furthermore, for later convenience, we will formulate our Lagrangian as a geometric Lagrangian,
which shall not depend on a specific reference frame. To this aim, we work at first-order for the field
strengths, so as to avoid use of the Hodge-duality operator in the Lagrangian. To be fully general, we
also allow for boundary terms to play a role.

Let us then write the following linear combination of Lorentz and scale invariant 4-form terms,
written in terms of the field strengths (2.9), a linear combination of which should give our locally HC-
invariant Lagrangian:

LCG = a1Wab ∧Wcdϵabcd + a2Wab ∧ W̃ab
|cdVℓ ∧Vmϵcdℓm − 1

24
a2W̃

ab
|cdW̃ab

|cdΩ(4)

+ b1Wab ∧Vc ∧ Sdϵabcd + b4V
a ∧Vb ∧ Sc ∧ Sdϵabcd

+ c1
(
TaC̃a

ℓm +CaT̃a
ℓm
)
∧Vc ∧Vdϵℓmcd −

1

12
c1T̃a

bcC̃a
bcΩ

(4)

+ d1G G̃ab ∧Vc ∧Vdϵabcd −
1

24
d1G̃

abG̃abΩ
(4) +Va ∧DΦa , (3.1)

where Ω(4) ≡ Vℓ1 ∧ ·· · ∧Vℓ4ϵℓ1···ℓ4 =−24
√−gd4x10 The Lagrangian (3.1) depends on the spacetime vier-

bein Va, the gauge 1-form fields ωab,b,Sa, and on the auxiliary tensorial 0-form fields W̃ab
cd, T̃a

bc, C̃a
bc,

G̃ab, which allow to write the Lagrangian geometrically11

Vanishing conformal torsion. Besides the above mentioned fields, our Lagrangian also depends on the
2-form Lagrange multiplier Φa ≡ 1

2Φ
a
bcVb ∧Vc, implementing the condition Ta = 0. This is a sort of

‘compromise’, in order to reproduce the conformal-torsion constraint, the latter being one of the stand-
ard constraints which are generally assumed to hold in CG. Indeed, differently from the case of the CE

10 Let us remark that, in general,Wcdϵ
abcd ̸= ∗Wab. Indeed, decomposing them on a basis of 2-forms Vℓ ∧Vm ≡ ϵabℓmΩ

(2)
ab , and using

for the Hodge-duality: ∗(Vi1 ∧ ·· · ∧Vik ) = 1
(D−k)!

Vj1 ∧ ·· · ∧VjD−k ϵj1...jD−k
i1...ik (satisfying, in D= 4, ∗∗ =−1), we have

Wabϵabcd =
1

2
Wab

ℓmϵabcdϵ
ℓmrsΩ

(2)
rs =−2

(
Wab

cdΩ
(2)
ab − 4Wab

b[cΩ
(2)
d]a

+Wab
abΩ

(2)
cd

)
,

∗Wcd =
1

4
Wcd

abϵabℓmϵ
ℓmrsΩ

(2)
rs =−Wcd

abΩ
(2)
ab .

In the standard formulation of CG, whereWab
cd =Wcd

ab andWab
cb =Wab

ab = 0, the above relations boil down toWabϵabcd = 2∗Wcd.
11 The coefficients, in front of the terms quadratic in the auxiliary tensorial 0-forms, set the normalization of the latter, in such a way
that the auxiliary fields get exactly identified, through their field equations, with the spacetime components of the corresponding phys-
ical fields (see equations (3.2)).
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theory, where the vanishing torsion constraint directly follows from the spin connection e.o.m., the Weyl
tensor (which is the field strength of the spin connection ωab) appears quadratically in the Lagrangian of
CG, making in this case the spin connection e.o.m. a dynamical equation, and not a constraint.

An algebraic motivation to impose the conformal-torsion constraint emerges from our analysis.
Indeed, as we will see in detail in section 4.2, the vanishing of the conformal torsion is a necessary con-
dition in order for our Lagrangian to be HC-invariant. The condition of HE (Lorentz)-invariance is
automatically enjoyed by the CE Lagrangian of matter-coupled gravity theories, which indeed is built
up of Lorentz-invariant terms. On the other hand, in the case of CG, where the HC gauge group is non-
semisimple, HC-invariance of our first-order CG Lagrangian (3.1) is not obviously guaranteed, and it is
indeed satisfied only after imposing the vanishing of Ta12.

On the other hand, if we would not impose the torsion constraint via a Lagrange multiplier, thus
keeping a possible contribution to the field equations from the conformal torsion, still a careful ana-
lysis of the gauge fields e.o.m. shows that none of the possible irreducible components of the conformal-
torsion tensor is allowed in our first-order Lagrangian.

3.1. Variation with respect to the auxiliary fields
By varying our first-order Lagrangian (3.1) with respect to the auxiliary fields, we get

δLCG

δW̃ab
cd

= 0 : W̃ab
cd =Wab

cd , (3.2a)

δLCG

δG̃ab

= 0 : G̃ab =Gab , (3.2b)

δLCG

δT̃a
bc

= 0 : C̃a
bc = Ca

bc , (3.2c)

δLCG

δC̃a
bc

= 0 : T̃a
bc = Ta

bc . (3.2d)

On the other hand, variation with respect to the Lagrange multiplier,

δLCG

δΦa
= 0 : Ta = 0 . (3.3)

Note that the condition (3.3) also implies, for consistency, DTa = 0, that is

Wab ∧Vb +G∧Va = 0 , (3.4)

which further implies

Wb
[c|d]b =−R[cd] + 2S[c|d] =−Gcd ⇔ R[cd] = 2D[cbd] . (3.5)

3.2. Variation with respect to the gauge fields
Let us now analyze the field equations of the dynamical fields. As we are going to see, having included
in the Lagrangian (3.1) the term with the Lagrange multiplier Φa, the only relevant conditions come
from the Sa gauge field, the other field equations just amounting to express Φa in terms of the physical
fields. We get the following results.

• δLCG

δSa = 0: From the variation of the Lagrangian with respect to Sa we obtain

(b1 − 4a1)V
b ∧Wcdϵabcd − 2a2V

b ∧ W̃ab
cdVℓ ∧Vmϵcdℓm

− 2(b1 − b4)S
b ∧Vc ∧Vdϵabcd + c1D

(
T̃a

ℓmVc ∧Vdϵcdℓm

)
+ d1G̃

ℓmVa ∧Vc ∧Vdϵcdℓm = 0 , (3.6)

that is, in components and using (3.3),

(b1 − 4a1)Wcd
|cdηat − (8a1 − 2b1)Wb

t|ab + 8a2W̃
b
a|tb

− 4d1
(
G̃at

)
+ 4(b1 − b4)

(
St|a − Sb|bηat

)
= 0 . (3.7)

12 We notice that, on the other hand, GC is simple, while GE is not.
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As a first observation, let us remark that a particular solution to the field equations has to be the
zero-curvatures vacuum. In this case, equation (3.7) reduces to

4(b1 − b4)
(
St|a − Sb|bηat

)
= 0 , (3.8)

which implies the following condition on the coefficients of the Lagrangian (3.1):

b1 = b4 . (3.9)

Equation (3.7) can then be decomposed in its symmetric and antisymmetric parts in the indices a, t,
giving, after substituting (3.2),

(at) : (b1 − 4a1)Wcd
|cdηat − (8a1 − 8a2 − 2b1)Wb

(t|a)b = 0 , (3.10)

[at] : (2b1 − 8a1 − 8a2)Wb
[t|a]b + 4d1Gta = 0 . (3.11)

Comparison of equation (3.11) with equation (3.5), at Ta = 0 implies the condition

2d1 = b1 − 4a1−4a2 . (3.12)

On the other hand, taking the trace of equation (3.10) gives

2(b1 − 4a1 − 4a2)Wcd
|cd = 0 . (3.13)

For b1 ̸= 4(a1 + a2), this implies Wcd
|cd = 0 and then, if further b1 ̸= 4(a1 − a2), also

Wb
(t|a)b = 0 . (3.14)

This is one of the standard constraints that hold for CG at Ta = 0, since it implies

S(a|b) =
1

2

(
R(ab) −

1

6
ηabR

)
, Sa|a ≡ S=

1

6
R , (3.15)

which, in Weyl’s CG, defines S(a|b) as the Schouten tensor. On the other hand, regarding the
curvature component Wc

[a|b]c =−R[ab] + 2S[a|b], which at Ta = 0 satisfies:

Wc
[a|b]c =−Gab =−R[ab] + 2S[a|b] , (3.16)

we do not achieve the other constraint usually assumed in CG, that is Wc
[a|b]c = 0, which would

imply S[a|b] =
1
2R[ab].

Making theWeyl symmetry global (first part). As it is well known [47–51], when CG is expressed
solely in terms of the Weyl tensor as a higher-derivative theory for the metric field, the gauge sym-
metry associated with Weyl rescalings is turned into a global symmetry.

As we are going to show, this feature can be understood in our formalism, at Ta = 0, by compar-
ing the field equation of the gauge field Sa with the set of BIs of the model. As we shall discuss in
detail in section 4.1, this issue will be further clarified by passing to the second-order expression for
the Lagrangian at Ta = 0, upon imposing the equations of motion of the gauge fields.

Indeed, let us recall that the BI for the Lorentz curvature implies that the Einstein tensor

Gab ≡Rab −
1

2
ηabR , (3.17)

whose symmetric part is

G(ab) = 2
(
S(a|b) − ηabS

c
|c
)
, (3.18)

satisfies the following condition:

Da
LGab = 0 . (3.19)

8
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This condition follows from the BI of the Riemann tensor, DLRab = 0, and it holds true even when
the Ricci tensor has an antisymmetric part13. We now observe that this condition corresponds to
turning the Weyl symmetry into a global symmetry. Indeed,

Wb
a|cb =Wb

[a|c]b , (3.20)

and, at Ta = 0, from the BI we get

DaWb
a|cb = 2Ca

|ac . (3.21)

Then, using the definitions (2.9a) and (2.4c), we get

Wb
a|cb =Wb

[a|c]b = 2Sa|c + ηacS
b
|b −Rac , (3.22)

Ca
a|c =Da

(
Sa|c − ηacS

b
|b
)
, (3.23)

and, substituting in (3.21), we obtain

Da

(
Rac −

1

2
ηacR

)
= 0 , (3.24)

that is

DaGac = 0 . (3.25)

Notice that it is compatible with equation (3.19) only if the Weyl connection b is not minimally
coupled with Gab, despite of the fact that it carries a non-vanishing Weyl weight.

This is an indication that the Weyl symmetry, when acting on the second-order fields (that is
expressed in terms of the metric and its derivatives), becomes a global symmetry. This argument will
be further clarified when inspecting the final form of the Lagrangian, written at second-order for the
gauge fields, at Ta = 0, in section 4.1.

• δLCG

δb = 0: The variation of the Lagrangian with respect to the gauge field b yields

c1
(
VaC̃a

ℓm − SaT̃a
ℓm
)
VcVdϵℓmcd + d1D

(
G̃abVcVd

)
ϵabcd +Va ∧Φa = 0 , (3.26)

that is, using the constraints (3.2) and (3.3),

4c1Ca
at + 4d1DaGat = Φ̃a

at , (3.27)

where we have defined the Hodge-dual of the Lagrange multiplier 2-form as

Φ̃a
|bc ≡

1

2
Φa|ℓmϵℓmbc . (3.28)

Using now the conditions from the BIs at Ta = 0, then, equation (3.27) gives

Φ̃a
at = 4(c1−2d1)Ca

at . (3.29)

• δLCG

δωab = 0: From the variation of the Lagrangian with respect to the spin connection

(b1 − 4a1)
(
TcSd −VcCd

)
ϵabcd + a2

(
DW̃ab

cdVℓ + 2W̃ab
cdTℓ

)
∧Vmϵcdℓm

+ c1
(
e[bC̃a]

ℓm + S[bT̃a]
ℓm
)
∧Vc ∧Vdϵcdℓm − e[a ∧Φb] = 0 . (3.30)

Using the constraints (3.2), (3.3), it gives

(b1 − 4a1)
(
Cℓ

|ab + 2Cc
|c[aδ

ℓ
b]

)
−4a2DcWab

cℓ − 4c1C[a|b]
ℓ +

1

2
Φ[a

cdϵ
b]cdℓ = 0 , (3.31)

that is, recalling (3.28),

Φ̃[a|b]
ℓ = (4a1 − b1)

(
Cℓ

|ab + 2Cc
|c[aδ

ℓ
b]

)
+4a2DcWab

cℓ + 4c1C[a|b]
ℓ . (3.32)

13 In terms of Sa|b, in D spacetime dimensions it gives: G(ab) = (D− 2)
(
S(a|b) − ηabSc|c

)
.
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Let us take its trace, to be compared with (3.29).
Using Ta = 0 and Wa

(b|c)a = 0, we get

Φ̃a
at =−4

[
−(4a1 − b1 + c1)Ca

|at − 2a2DaWc
[a|t]c

]
. (3.33)

Since, at Ta = 0, the BI of G and (3.40) imply

2Ca
ab =DaWc

[a|b]c =−DaGab , (3.34)

this can be rewritten as

Φ̃ at
a = 4(4a1 − b1 + c1 + 4a2)Ca

|at . (3.35)

Comparison with (3.29) gives the condition

2d1 = b1 − 4a1 − 4a2 . (3.36)

On the other hand, directly from (3.32), we get

Φ̃a
bc =(b1 − 4a1 + 4c1)Ca

|bc + 2(4a1 − b1)
(
C[b|c]

a − 2Cd
|d[bδ

a
c]

)
+ 4a2Dd

(
−2Wa

[b|c]
d +Wbc

|ad
)
, (3.37)

whose trace reproduces (3.29).

3.3. Summary of our results
The results obtained dynamically so far from the Lagrangian (3.1), which include the constraint Ta = 0,
are the following.

• From the condition Ta = 0 we get:

W[ab|cd] = 0 , Wa
[b|c]a =−Gbc , Ca

|ab =
1

2
DaWc

a|bc , R[ab] = 2D[abb] ; (3.38)

• The conditions Wa
(b|c)a = 0 and Wa

[b|c]a =−Gbc imply:

S(a|b) =
1

2

(
R(ab) −

1

6
ηabR

)
, (3.39)

S[a|b] =
1

2

(
R[ab] −Gab

)
; (3.40)

• The Lagrange multiplier 2-form is expressed in terms of the field strengths of Sa and ωab as in (3.37);

• Finally, the above conditions require the following relations among the coefficients of the
Lagrangian (3.1):

b4 = b1 , b1 − 4a1 − 4a2 = 2d1 , b1 ̸= 4(a1 + a2) , b1 ̸= 4(a1 − a2) . (3.41)

Let us remark that in the ‘standard’ formulation of CG, besides Ta = 0, one also assumes Wab
|cb =

0, S[a|b] = 0, Gab = 0 and R[ab] = 0, from which it follows Ca
|ab = 0, C[a|bc] = 0. Within the present

approach, we are not able to get the vanishing of these quantities, at first-order. However, they are all
related to each other, since

Wa
b|ca =Wa

[b|c]a =−Gbc = 2S[b|c] −R[bc] , (3.42)

and

Ca
ab =

1

2
DaWc

a|bc . (3.43)

As we will see below, in section 4.1, however, for Ta = 0 this sector gets decoupled from the fields of the
standard theory, and can be truncated out from the theory. Furthermore, at Ta = 0, once the Lagrangian
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is expressed at second-order for the gauge fields, the sector involving the fields in (3.42) completely dis-
appears from the Lagrangian. For comparison, let us mention the first-order formulation of CG pro-
posed in [52], where the theory is written in terms of a conformal-algebra-valued connection supple-
mented by auxiliary fields carrying the index structure of the Weyl and Cotton tensors. In that approach,
the algebraic properties of the auxiliary sector ensure that the dilation and special conformal compon-
ents drop out, while the remaining constraints on torsion and the Lorentz connection are recovered
through field equations and algebraic gauge symmetries, leading to the Weyl-squared action after gauge-
fixing. The primary focus there is on exhibiting the presymplectic BV-AKSZ structure of the model,
which provides directly the corresponding BV formulation within a geometric framework (see also [53]
for a more refined exposition of the presymplectic BV-AKSZ approach in this context).

In our first-order CG theory, as far as the Lagrange multiplier Φa is concerned, in the Ta = 0 case its
on-shell expression, equation (3.37), simplifies into

Φa =−4(d1 + c1)
∗Ca , (3.44)

where

∗Ca =
1

4
CaℓmVbVcϵbcℓm , (3.45)

and we have used (3.41).
Using the relations found for the coefficients, we can rewrite the Lagrangian (3.1), upon using (3.2),

but not yet (3.3), as

LCG = a1
(
Wab + 2Va ∧ Sb

)
∧
(
Wcd + 2Vc ∧ Sd

)
ϵabcd + 2a2Wab ∧∗ Wab

+(2d1 + 4a2)
(
Wab + Va ∧ Sb

)
∧Vc ∧ Sdϵabcd + 4c1Ta ∧∗ Ca + 2d1G∧∗ G , (3.46)

that we supplement with the Lagrange multiplier term VaDΦa to implement the torsion constraint. Note
that the first term in (3.46) is the Euler boundary term. The remaining free coefficients shall now be
further restricted by the requirement of invariance under conformal boosts.

4. Symmetries of the Lagrangian

We shall now study the symmetries of the Lagrangian (3.46), whose algebraic structure was the object
of section 2. By construction, each term of the Lagrangian is automatically invariant under coordin-
ate transformations and under Lorentz and Weyl gauge transformations. On the other hand, invari-
ance under conformal boosts is not automatic, and must be required explicitly to get full conformal
invariance.

We first focus on conformal invariance, meaning invariance of the Lagrangian under the gauge sub-
group HC embedded in the conformal group as a principal Cartan bundle. For more details on the
structure of the conformal group and, in particular, its (structure group and) conformal gauge subgroup,
and the conformal Cartan kinematics, we refer the reader to appendix A.1. Here we will consider infin-
itesimal transformations.

Then, in the second part of this section, we will inspect under which conditions our Lagrangian can
be invariant also under the direct action of the gauge group HC, without referring to the underlying
Cartan bundle structure. As clarified in section 2, this corresponds to performing a contraction on the
generators of translations in the conformal group.

4.1. Conformal gauge invariance
Under special conformal transformations [30, 54–56], with parameter ka, k for short, the fields of
Cartan-CG transform as

δkω
ab =−2V[akb] ,

δkV
a = 0 ,

δkS
a =Dka ,

δkb=−Vaka . (4.1)
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From (4.1) we also find the transformations of their field strengths:

δkWab =−2DV[akb] ,

δkDVa = 0 ,

δkDSa =Wabkb −Gka ,

δkG=−DVaka . (4.2)

We shall now use these transformations to check under which conditions the Lagrangian (3.46) is invari-
ant. We get

δkLCG = kaTb ∧
(
−(4a2 + 2d1)Wcdϵ

abcd + 4(2a2 − c1)
∗Wab

)
− 4(c1 + d1)k

aG∧∗ Ta

− (4a2 + 4a1 + 2d1)d
[
Vakb

(
Wcd + 2Vc ∧ Sd

)
ϵabcd

]
. (4.3)

Special conformal invariance of LCG, up to boundary terms, would thus require, regardless of whether
or not the conformal torsion vanishes:

c1 = 2a2 =−d1 . (4.4)

Let us notice that the inclusion in the Lagrangian of the Lagrange multiplier term VaDΦa, enforcing
the torsion constraint, should not alter the conformal invariance of the Lagrangian itself. Since δkTa = 0,
this implies that the multiplier Φa should be invariant under conformal boosts. Remarkably, this agrees
with the on-shell expression (3.44) found for it at Ta = 0, using (4.4).

4.2. Gauge invariance á la Yang–Mills
The CE Lagrangian is built up with HE-invariant terms. On the other hand, the invariance of the Cartan
CG under the gauge group HC is not automatically satisfied, because of its non-semisimple structure.

Therefore, we now study the conditions for the invariance of our CG theory á la Cartan under the
gauge group HC = (SO(1,3)× SO(1,1))⋉R1,3 without referring to the underlying Cartan GC-bundle
structure.

The gauge algebra we now consider is (2.3), and the associated field strengths are (2.4), which satisfy
the following BIs:

DLR
ab = 0 , (4.5a)

dG̊= 0 , (4.5b)

DCa = Rab ∧ Sb − G̊∧ Sa , (4.5c)

where DL denotes the Lorentz-covariant derivative.
The infinitesimal transformation of the physical fields under the transformations generated by the

tangent vector dual to Sa above, with parameter κ̃, read14

δκ̃S
a =Dκ̃a ,

δκ̃ω
ab = 0 ,

δκ̃b= 0 ,

δκ̃V
a = 0 . (4.6)

We remark that, under (4.6), and differently from (4.1), the fields do not transform into the spacetime
vielbein. Consequently, we find

δκ̃R
ab = 0 ,

δκ̃Ta = 0 ,

δκ̃Ca = Rabκ̃b − G̊κ̃a =Wabκ̃b −Gκ̃a ,

δκ̃G̊= 0 , (4.7)

14 Notice that these are not the special conformal transformations, as we can see by comparison with section 4.1.
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from which it follows, for the field strengths appearing in the Lagrangian,

δκ̃G=Dκ̃a ∧Va , (4.8a)

δκ̃Wab =− 2V[a ∧Dκ̃b] . (4.8b)

Applying the above transformations to the Lagrangian in its final form, equation (5.1) below, we
find

δκ̃LCG =− 8a2D
(
κ̃a ∧Vb

)
[∗Wab + ηab

∗G] , (4.9)

which identically vanishes at Ta = 0 by virtue of the torsion BI.
Thus, in the case of vanishing conformal torsion, we get strict invariance of the Lagrangian

δκ̃LCG ≡ 0 . (4.10)

Therefore, the requirement of HC-invariance of our conformal theory can be interpreted as a ‘symmetry-
induced argument’ for imposing the vanishing of Ta from the outset.

We observe, on the other hand, that if invariance under this Yang–Mills-like gauge symmetry is not
imposed (as typically done in the CG literature), the theory may in principle admit a non-vanishing
conformal torsion, in the sense that such a constraint no longer follows from a symmetry-based argu-
ment. In this case, the Yang–Mills structure of the Lagrangian is lost, although the Cartan bundle struc-
ture remains present—with the Cartan connection subsuming the associated Ehresmann connection.

5. The Lagrangian á la Cartan and its second-order expression

Thus, the final expression of the conformal invariant Lagrangian á la Cartan is

LCG = a1
(
Wab + 2Va ∧ Sb

)
∧
(
Wcd + 2Vc ∧ Sd

)
ϵabcd

+ 2a2Wab ∧∗ Wab + 8a2Ta ∧∗ Ca − 4a2G∧∗ G . (5.1)

The latter perfectly agrees, for the bulk contributions, with the combination of Lorentz plus Weyl invari-
ants usually considered in the literature on Cartan CG is (see, e.g. [31, 35]).

Let us notice that the Lagrangian (5.1) has a MacDowell–Mansouri structure [32], that is, up to a
normalization constant, it has the form

LCG ∝ FA ∧∗ FBηAB , (5.2)

where FA = (Wab,G,Ca,Ta), and ηAB is the Killing metric of SO(2,4).
Written in components, and in terms of the dynamical fields, the spacetime Lagrangian (5.1) reads

LCG = a2

{
−Rab|cdR

ab|cd + 8S(a|b)
(
Rab − Sa|b −

1

2
ηabS

c
|c

)
+ 8S[a|b]

(
R[ab] − 2D[abb]

)
+ 8D[abb]Dabb

+ 8D[abb]bcTc
|ab + 2bcbdTc

|abTd|ab

−8Sa|b
(
bcTc

|abDcTa|bc +
1

2
Ta|cdTb

|cd +Ta|b
cTd

|cd

)}
det|V|d4x

+ d
(
a1ω

abRcdϵabcd + 8a2S
a ∧ ∗Ta

)
, (5.3)

where the last line is a boundary term, that will not be further discussed.
It is interesting to inspect the bulk Lagrangian in this final form, equation (5.3), and its field

equations, since all the relevant features of CG in its standard Weyl form emerge neatly, together with
some extra terms: The first line contains the only terms that contribute to the standard formulation
of CG, at Ta = 0. They will be discussed later. As for the second line, it describes an extra dynamical
sector: it involves the spin-1 gauge field ba, with a ghost-like kinetic term, and a term linear in S[a|b].
S[a|b] is therefore a Lagrange multiplier enforcing the condition R[ab] − 2D[abb] = funct(Tℓ) which, at
Ta = 0, is consistent with the Ta BI. S[a|b] is also a source for b, due to the ba field equation: DaD[abb] =
DaS[a|b] + funct(Tℓ). In the third and fourth line we collected all the terms proportional to the con-
formal torsion. In particular, at Ta ̸= 0, S(a|b) looks coupled to b and to the torsion components.
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As we are going to show below, at Ta = 0, the Lagrangian simplifies dramatically once properly
expressed at second-order: all the contributions in S[a|b] and ba exactly cancel out and one is left with
the standard Weyl theory, where Weyl invariance is a global symmetry. This property was already
observed, and expressed by the condition ba = 0, in, e.g. [27, 57] and [11, 29]—in the latter works, in
particular, this can be interpreted in terms of a dressing operation [31, 58, 59]. In the following, we will
explicitly show how this mechanism is implemented in our first-order Lagrangian.

Making theWeyl symmetry global (second part). At Ta = 0, up to the boundary term, the
Lagrangian (5.3) boils down to

LCG = a2

{
−Rab|cdR

ab|cd + 8S(a|b)
(
Rab − Sa|b −

1

2
ηabS

c
|c

)
+8S[a|b]

(
R[ab] − 2DL|[abb]

)
+ 8DL|[abb]Da

Lb
b

}
det|V|d4x . (5.4)

The condition Ta = 0 is a constraint that allows to express the components of the Lorentz-spin con-
nection in terms of Va

µ, bµ, and their derivatives. It can be rephrased in terms of the Lorentz torsion

T̊a ≡DLVa as the condition T̊a =−b∧Va. This is useful because it allows us to write the contribu-
tions in bµ as contorsion, that is: ωab

|µ = ωab
|µ(V,b) = ω̊ab

|µ(V)+κab
|µ(b), where ω̊ab

|µ is the torsion-

less (Levi–Civita), Lorentz-spin connection and κab
|µ := 2δ[aµ bb] the contorsion. With this substitution

in (5.4), the S[a|b] term cancels out from the Lagrangian.
Passing now to second-order, by varying the Lagrangian with respect to S(a|b), and substituting back

the result in (5.4), we obtain

LCG
Weyl = a2

(
−R̊µν|ρσR̊

µν|ρσ + 2R̊µνR̊µν −
1

3
R̊2

)√
−g d4x , (5.5)

which, for a2 a positive, adimensional normalization constant, is the standard Weyl Lagrangian, where
R̊µν|ρσ is the Levi-Civita Riemann tensor, R̊µν = R̊νµ := R̊ ρ

µ |νρ the Levi-Civita Ricci tensor, and R̊ :=

R̊µ
µ the associated Ricci scalar.
Moreover, let us mention that, by doing this, we obtain

Sa|a =
1

6
R̊− bab

a −DL|ab
a =

1

6
R , (5.6)

S(a|b) =
1

2
R̊ab + babb −

1

12
ηab

(
6bcb

c + R̊
)
−DL|(abb) =

1

2

(
R(ab) −

1

6
ηabR

)
, (5.7)

which coincide with the usual expressions (at vanishing conformal torsion).

6. Conclusions

In this work, we have constructed and analyzed a first-order geometric Lagrangian for four-dimensional
CG embedded, á la Cartan, in the conformal group SO(2,4). Our Lagrangian á la Cartan depends on its
gauge fields ωab,b,Sa and on the spacetime vielbein Va, all fields being thought of as independent from
each other, off-shell. It also includes a Lagrange multiplier to implement the condition of vanishing con-
formal torsion, which is a condition generally assumed in standard CG. While not arising dynamically
from the field equations of the spin connection as in the Einstein–Cartan theory, the above condition is
shown to be required by local gauge invariance under the gauge group HC, á la Yang–Mills15. If invari-
ance under the aforementioned Yang–Mills-type gauge symmetry is not imposed, the theory allows, in
general, for a non-vanishing conformal torsion. In such a setting, the Yang–Mills structure of the theory
is lost.

By varying this Lagrangian with respect to its gauge fields, the standard constraints traditionally
imposed kinematically on the spin connection, the dilatation gauge field, the special conformal gauge
field, and the Weyl tensor emerge dynamically, revealing the underlying conformal Cartan bundle struc-
ture without assuming it a priori. Moreover, from our treatment, the mechanism that makes Weyl sym-
metry global, at second-order, is explicitly shown.

15 Let us mention that this result is still compatible with the analysis done in [36], where, indeed, such Yang–Mills-like invariance was
not required, and the conformal gravitational theory constructed was different with respect to the one here constructed (in particular,
the only term involved in the Lagrangian was the usual quadratic Weyl tensor, cf also [25, 27]).
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Our results clarify the geometric status of CG as a gauge theory. In this respect, our first-order
approach could significantly simplify the analysis of CG models more complicated than the four-
dimensional one. Natural perspectives include the extension of our approach to higher spacetime dimen-
sions, where higher-derivative theories of CG are much more intricate, see, for example, [60, 61]. The
same applies to extensions to the superconformal case—see, e.g. [62, 63].

In the supersymmetric context, a fundamental tool for simplifying the analysis—and in particular for
formulating the theory in superspace—may be provided by the study of superspace cohomology and of the
possible cocycles that can be constructed therein, building on existing analyses such as those presented
and discussed in, e.g. [51, 64–68], and [69]. This investigation may become possible in the supercon-
formal theory through suitable extensions of the ‘standard’ cohomology (that is, of the standard cocycles,
which would otherwise be trivial in the conformal case).
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Appendix A. Conformal algebra and conformal Cartan geometry

The rigid conformal algebra conf(1,3)≃ so(2,4) is codified by the following commutation relations:

[
Jcd, Jef

]
=−1

2

(
−ηceδ

ab
fd + ηcfδ

ab
ed + ηdeδ

ab
fc − ηdfδ

ab
ec

)
Jab = f [ab][cd][ef]J[ab] ,

[Jbc,Pd] =
1

2
(δabηcd − δac ηbd)Pa = f a [bc]dPa ,

[Jbc,Kd] =
1

2
(δabηcd − δac ηbd)Ka =

(
f K
)a

[bc]d
Ka ,

[Pa,D] =−δbaPb =
(
f PD

)b

a0
Pb ,

[Ka,D] = δbaKb =
(
f KD

)b

a0
Kb ,

[Ka,Pb] = ηabD− 2δcdabJcd =
(
f KP

)0

ab
D+

(
f KP

)[cd]

ab
J[cd] ,

(A.1)
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where the index ‘0’ refers to the dilatation generator D. The duality between the 1-form fields and the
generators is given by

ωab (Jcd) = 2δabcd , Va (Pb) = δab , Sa (Kb) = δab , b(D) = 1 . (A.2)

A.1. Conformal group and conformal Cartan geometry (kinematics)
The group SO(2|4) is such that

SO(2|4)⊃H=H0 ⋉H1 = (SO(1,3)× SO(1,1))⋉R(1,3)∗ =

z 0 0
0 s 0
0 0 z−1

1 r 1
2 rr

t

0 1 rt

0 0 1

 , (A.3)

where in the first matrix we have Lorentz and Weyl transformations, while in the second matrix of the
product we have the special conformal transformations (see Proposition 1.6.3 on page 118 of [56]). At
the algebraic level:

so(2,4)⊃ b= b0 ⊕ b1 =

ε 0 0
0 s 0
0 0 −ε

⊕

0 k 0
0 0 kt

0 0 0

 . (A.4)

The conformal Cartan geometry (kinematics) is given by a principal bundle P which is an H-bundle
with gauge group H(P,ϖ)—or gauge algebra LieH. Note that H is not SO(2,4). The Cartan connection
ϖ ∈ Ω1(P,so(2,4)) is a 1-form taking value into the Lie algebra so(2,4) and reads

ϖ =

b S 0
V ω St

0 Vt −b

 . (A.5)

The gauge transformation of ϖ is

ϖγ = γ−1ϖγ+ γ−1dγ , γ = γ0γ1 ∈H=H0 ⋉H1 . (A.6)

In particular, explicitly we have

γ0 =

z 0 0
0 s 0
0 0 z−1

 , (A.7)

which implies, by straightforward matrix computation,

ϖγ0 = γ−1
0 ϖγ0 + γ−1

0 dγ0 =

 b z−1Ss 0
s−1Vz s−1ωs s−1Stz−1

0 zVs −b

+

z−1dz 0 0
0 s−1ds 0
0 0 zdz−1

 , (A.8)

and

γ1 =

1 r 1
2 rr

t

0 1 rt

0 0 1

 , (A.9)

which yields

ϖγ1 = γ−1
1 ϖγ1 + γ−1

1 dγ1 =

b− rV S− rω− 1
2 rr

tVt + br− rVr 0
V ω+Vr− rtVt ∗
0 Vt −b+Vtrt

+

0 dr 0
0 0 drt

0 0 0

 .

(A.10)

Thus, since infinitesimally we have

δλϖ = Dϖλ= dλ+ [ϖ,λ] , λ ∈ LieH , (A.11)

we can also write

δλ0ϖ = Dϖ λ0 , (A.12)
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and

δλ1ϖ = Dϖ λ1 =

0 dk 0
0 0 dkt

0 0 0

+

0 bk Skt

0 Vk ωkt

0 0 Vtkt

−

kV kω kSt

0 ktVt −bkt

0 0 0

 , (A.13)

that is, using the scalar product between S and kt etc

δλ1ϖ = Dϖ λ1 =

0 dk 0
0 0 dkt

0 0 0

+

−kV bk− kω 0
0 Vk− ktVt ωkt − bkt

0 0 Vtkt

 . (A.14)

The latter exactly encodes (4.1), which is indeed the infinitesimal special conformal part in H1 of the
gauge transformations in H of the conformal group underlying conformal Cartan geometry.

Appendix B. Constraints assumed in standard CG

Let us enumerate in the following the constraints usually considered in ‘standard’ CG, there commonly
assumed as kinematic conditions. They emerge from requiring the Weyl tensor Wab

cd to be in the irre-
ducible representation with Dynkin label (0, 2) of the SO(1,3) group. Since, from the definition (2.9a)

Wab
cd = Rab

cd − 2δa[cS
b
d] + 2δb[cS

a
d] , (B.1)

the above requirement would imply:

1. Wa
[bcd] = 0, which means in intrinsic terms Wa

b ∧Vb = 0, and yields

Ra
[bcd] = 2δa[cSb|d] . (B.2)

This, together with DTa = Ra
bVb + dbVa, implies

D[bTa
|cd] +Ta

f|[bTf
|cd] = Ra

[bcd] + 2δa[bDcbd] =−2δa[b
(
Scd] −Dcbd]

)
= δa[bGcd] . (B.3)

2. W[ab|cd] = 0, which implies

R[ab|cd] = 0 . (B.4)

A useful observation is the following: once we impose Ta = 0, the condition W[ab|cd] = 0 is just a con-
sequence of the Ta BI, multiplied by Va: 0=Wab ∧Vb ∧Va +GVa ∧Va︸ ︷︷ ︸

=0

=⇒ W[ab|cd] = 0.

3. The condition Wb
a|cb = 0, which implies (for general D spacetime dimensions):

Sa|b =
1

D− 2

(
Rab −

1

2(D− 1)
gabR

)
, (B.5)

where Rab ≡ Rab|cdη
bd is the Ricci tensor, R≡Rabη

ab the Ricci scalar.
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