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theory, implying the vanishing of the curvature two-forms as field equations.
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1 Introduction

The gravitational interaction can be effectively described by Newtonian gravity for regimes
of low velocities relative to the speed of light ¢ and weak gravitational fields. Notably, a
non-relativistic (NR) formulation of General Relativity (GR) was introduced by Cartan
in [1, 2], commonly referred to Newton-Cartan (NC) gravity. The latter employs a NC
geometry that can be seen as the NR analogue of Riemannian geometry for GR, providing
a geometric interpretation of the Poisson equation. NR theories, also known as Galilean,
are commonly derived as the ¢ — oo limit of relativistic ones. Conversely, the ¢ — 0 limit
defines the ultra-relativistic (UR) regime, also referred to as the Carrollian limit [3, 4], in
homage to Lewis Carroll, the author of Alice’s Adventures in Wonderland. Both the Galilean
and the Carrollian algebras, also referred as non-Lorentzian (NL), can be obtained through
specific contraction of the Poincaré one, and they form part of the broader classification of
kinematical Lie algebras introduced by Bacry and Lévy-Leblond in [5].

NL symmetries have garnered increasing attention due to their emergence in a wide
range of physical phenomena. On the one hand, NR theories and their corresponding
geometries have been useful in the study of holography [6-20], Hofava-Lifshitz gravity [21-26],
Quantum Hall effect [27-31], asymptotic symmetries [32-34], post-Newtonian corrections [35—
37], among others. On the other hand, UR symmetries have received a renewed interest since
they manifest within the context of tachyon condensation [38], tensionless strings [39-43],
asymptotic structures [44-46], holography in asymptotically flat spacetimes [47-54], and
black hole horizon [55-59].

In particular, NL gravity theories in three spacetime dimensions can be explored using
the Chern-Simons (CS) formalism. The three-dimensional CS approach serves as a laboratory
model for studying the properties of higher-dimensional gravity theories, as it shares with



them intriguing features, e.g. concerning black hole solutions and their associated thermo-
dynamics [60]. Notably, three-dimensional GR with negative cosmological constant can
be formulated as a CS action for the so(2,2) algebra, commonly referred to as the AdS
algebra [61-63]. In the limit of vanishing cosmological constant, the underlying symmetry is
given by the iso0 (2, 1), namely Poincaré, algebra. While the Carrollian regime of relativistic
CS gravity can be consistently derived as a UR limit [64-66], the NR counterpart presents
significant challenges. Specifically, both the Newton-Hooke [5, 67-69] and the Galilean
algebras, which emerge as NR limits of the AdS and Poincaré algebras, respectively, suffer
from degeneracy issues of their invariant tensor, key ingredients of field-theoretic CS formula-
tions. In fact, a CS action with a non-degenerate invariant bilinear trace admits a kinetic
term for each gauge field which, in three spacetime dimensions, implies the vanishing of
the curvature two-forms as field equations in the CS field-theoretical framework. One way
to avoid degeneracy in the NR realm is to add two central charges to the corresponding
NR algebras, reproducing the extended Newton-Hooke [70-76] and the extended Bargmann
algebra [77, 78]. Both NR algebras can be obtained through a contraction process from the
AdS@u (1)? and the Poincaré®u (1)* algebra, respectively [64].

More recently, an alternative approach to obtain NR symmetries, based on Lie algebra
expansion procedures [79-82], has been extensively discussed in [66, 83-90]. Notably, the
original “cube” of Bacry and Lévy-Leblond, exhibiting in a compact way the links among
algebraic structures, was extended in [90] to include non-degenerate kinematical Lie algebras
through the semigroup expansion (S-expansion) method [81]. This approach allows to recover
centrally extended NR algebras by expanding relativistic algebras, without introducing u (1)
generators as required in the contraction process. The S-expansion method has been useful
not only for deriving the commutation relations of an expanded algebra but also for obtaining
the non-vanishing components of their invariant tensor in terms of the original ones [81].
Furthermore, the CS action for a given expanded Lie algebra can be recovered directly from the
CS action of the original algebra by appropriately expanding the corresponding gauge fields.

Although supersymmetric extensions of gravity theories have been largely studied, their
NR regime has only recently been approached, mainly due to the lack of clarity about possible
NR supermultiplets [91]. Furthermore, the proper derivation of a NR superalgebra cannot be
reproduced as a straightforward limit of a relativistic superalgebra as in the bosonic case, and
instead requires alternative strategies. The first successful approach to NR supergravity was
based on NC geometry in three spacetime dimensions [92, 93]. Later, a non-vanishing torsion
was introduced in NC supergravity through a NR superconformal tensor calculus [94]. A third
attempt for constructing NR supergravity was possible via the CS formalism in three spacetime
dimensions. A CS supergravity action based on a supersymmetric extension of the Bargmann
algebra was first presented in [78]. This approach was subsequently applied to develop
extended Newtonian supergravity [95], Maxwellian extended Bargmann supergravity [96],
extended Newton-Hooke, extended Lifshitz and extended Schrodinger supergravity [97].
The CS formalism has also been useful to construct UR supergravity models based on the
Carroll superalgebra [98] and its AN -extensions [99]. More recently, the Lie algebra expansion
procedure [80, 81] has been used to derive different NR regimes of known three-dimensional
relativistic CS supergravity models [69, 100-105]. Despite differences in the methods employed
to construct NR supergravity theories, they are all defined in three spacetime dimensions



and require N’ = 2 supersymmetry to express the time translation generators as bilinear
combinations of supersymmetry generators. To our knowledge, aside from recent developments

! no consistent NL supergravity models exist in higher

in ten and eleven spacetime dimensions,
spacetime dimensions, despite extensive investigation into relativistic supergravity theories.

In this work, motivated by the numerous applications of NL symmetries and by the
absence of a general framework for exploring NR (super)gravity in spacetime dimensions
higher than three, we present a systematic approach to derive NL regimes of relativistic
kinematical superalgebras. To this aim, we combine the S-expansion method [81] with the
CS formalism to construct three-dimensional NL supergravity actions. The derivation of
consistent NL superalgebras is constrained by the non-degeneracy criterion, which allows us to
identify “good” NL supersymmetries for constructing CS actions. As a result, we extend the
original cube of Bacry and Lévy-Leblond [5] into a supersymmetric one, where the (extended)
kinematical superalgebras are characterized by a non-degenerate bilinear invariant trace.

In the UR regime, we show that the S-expansion method used in [90] can be extended to
the supersymmetric realm, first recovering the N' = 2 (AdS-)Carroll introduced in [99] and
then generalizing the results of [99] to a family of generalized (AdS-)Carroll superalgebras.
In the NR counterpart, we recover the N' = 2 extended Newton-Hooke superalgebra [85, 90]
and the extended Bargmann superalgebra [78]. Notably, the S-expansion method allows
us to classify these superalgebras within a broader framework inspired by the original
cube of Bacry and Lévy-Leblond [5]. In this context, we present novel non-Lorentzian
superalgebras, including the N/ = 2 extended (AdS-)static, generalized Newton-Hooke and
generalized Galilean superalgebras. Both the new results and those that were already known
correspond to supersymmetric extensions of the general kinematical algebras discussed in [90].
Furthermore, we construct the CS supergravity action based on the kinematical superalgebras
obtained here. It is worth emphasizing that the classification of these general kinematical
superalgebras could serve for approaching higher-dimensional non-Lorentzian supergravity
theories, which remain largely unexplored. To this end, the non-degeneracy criterion will be
an essential starting point. Additional details on this issue, as well as potential extensions
of our results, are discussed in the concluding section.

This paper is organized as follows: in section 2, we briefly review the extended kinematical
Lie algebras which admit a non-degenerate bilinear invariant trace [90]. Sections 3 and 4
contain our main results. In section 3, we classify the supersymmetric extensions of the
extended kinematical algebras by applying non- and ultra-relativistic expansions through
appropriate semigroups. Section 4 is devoted to the construction of NL supergravity theories
based on the aforementioned extended kinematical superalgebras. Section 5 concludes our
work with some comments about our results and possible future developments.

2 Extended kinematical Lie algebras

Diverse strategies have been implemented to address the degeneracy issue present in the NR
regime of the original kinematical Lie algebra [5]. Notably, the Lie algebra expansion method
based on semigroups [81] has demonstrated effectiveness not only to derive NR symmetries

'Recent results have been obtained in the study of NI version of ten-dimensional minimal supergravity [106]
and 11-dimensional supergravity [107, 108].
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Figure 1. This cube summarizes the different regimes starting from the AdS algebra. Both relativistic
and non-Lorentzian algebras admit a non-degenerate bilinear invariant trace [90].

without degeneracy but also to construct the corresponding NR CS actions [90]. In this

section, following [90], we briefly review the different expansions applied, starting from the

s0 (2, 2) algebra, which reproduce both the UR limit and the NR expansion (see figure 1).
The commutation relations of so(2,2) are given by

[jAajB} =eapcd©, [jA,PB} = eapcPY, [PA,PB} = K%GABCjC7 (2.1)

where J4 correspond to the Lorentz generators and P4 are the spacetime translations. Here,
the AdS radius (length parameter) ¢ is related to the cosmological constant through A = —e%.
In the vanishing cosmological constant limit £ — oo, the AdS algebra reproduces the Poincaré
one. Before applying the expansion, a decomposition of the relativistic rigid (Lorentz) indices
A =0,1,2 is required, by considering a time-space splitting such that A = {0,a} with a =1, 2.

Then, implementing this decomposition, the AdS algebra reads

[/, Ga] = €abGo [J, Pa] = € P, (Ga, Gb] = —€apd
1
[H7 Ga] = 6(1be7 [Gm Pb] = _e(le7 [HJ Pa] = ﬁeabiJ
1
[Pa) Pb] = _ﬁeabJ7 (22)

with €, = €oqp and € = €29, Here we have relabeled the AdS generators as follows:
J =T, Gy =Ja, H="F, P,=P,. (2.3)

Let s0 (2,2) = Vp + V1 be a subspace decomposition of the so (2,2) algebra whose content
depends on the desired expansion as shown in table 1. The subspaces Vj and V; satisfy



Subspaces || NR expansion UR limit

‘/0 Jv-H J’Pa
V1 Ga,Pa H,Ga

Table 1. Subspace decomposition of the AdS algebra.

a Zo-graded Lie algebra,
[‘/Oavb] C‘/Oa [Vb"/l] CVl, [Vla‘/l] C‘/O (24)

The UR limit can be reproduced considering the SJ(EI) semigroup, whose elements fulfill the
following multiplication rules:

Ny if i4+5<2
N = J ’ 2.5
J {& if i+j5>2, (2:5)

where Ay = Og is the zero element of the semigroup which satisfies Og\; = A\;05 = 0g. A
subset decomposition of the semigroup having the same algebraic structure as the subspace

decompositions provided in table 1 is given by
So = {0, A2}, S1={A1, A2} (2.6)
Such subset decomposition is said to be in resonance with (2.4), since it satisfies

SO'SQCSO, So-Slcsl, 51'51CS(]. (27)

On the other hand, the NR expansion requires to consider Sg) as the relevant semigroup [90],
whose elements satisfy:

Nip; if i+5<3
Aidj = J ’ 2.8
J {& if i+j>3, (28)

with A3 = Og being the zero element of the semigroup. A resonant subset decomposition
of the semigroup reads

So = {0, A2, A3}, S1={\1,A3}. (2.9)

Each NL regime appearing in the cube of figure 1 can be obtained after applying an Sg-
resonant expansion of the relativistic so (2,2) algebra:

6= (S() X V()) D (Sl X Vl) , (2.10)

and performing a Og-reduction, namely 0g7s = 0. The S-expanded generators are written
in terms of the so0(2,2) ones and the semigroup elements as in table 2.

The explicit commutation relations of the expanded algebra are listed in table 3 and are
derived by combining the multiplication rule of the semigroup Sg and the commutators of
the starting algebra. Let us note that the AdS-Carroll algebra can be alternatively recovered



NR expansion UR limit
A3

X || s, M
M Ga, Pa H G,
Xo || J, H J, P,

J, H |G, P, || J, P, | H, &,

Table 2. Expanded generators in terms of the relativistic ones and the semigroup elements. The
relativistic generators have been organized according to the subspace decomposition of table 1.

AdS-Carroll | Extended Newton-Hooke | Extended AdS-static
[, Ga] €abGp €abGp €abGp
[J, Pa] €abPp €abPp €abPp
[Ga, Gy 0 —€uS 0
[H, Ga] 0 €abPb 0
[Gq, Pp) —€qH —€pM —€apM
[H, Pg] zlzfabi zlzéabi %zﬁabcb
[Py, Py —z€apd — 2 €abS — 2€abS

Table 3. Commutation relations of the (extended) kinematical algebras. The vanishing cosmological
constant limit ¢ — oo reproduces the Carroll algebra, the extended Bargmann algebra, and the
extended static algebra, respectively.

)
AdS-Carroll and the Poincaré algebra, exchanging the generators G, and P, leads to quiet

as a resonant Sg -expansion of s0(2,2). Despite the isomorphism existing between the

distinct physical implications [5]. On the other hand, from the cube of figure 1, the Carroll
algebra can either be recovered as an Sg)-expansion of the Poincaré algebra or as a flat
limit ¢ — oo applied to the AdS-Carroll one.

In the NR counterpart, we obtain extended kinematical algebras which are characterized by
the presence of central charges. Such central extensions solve the degeneracy present in the
NR regime of the original kinematical algebra [5]. Here, the extended Newton-Hooke [70-76]
and extended Bargmann [77, 78] algebras appear after performing the Sg)—expansion of
50 (2,2) and the Poincaré algebra, respectively. Extensions of the static algebra, which
have been related to infinitely massive systems that cannot move [5], can also be derived as
expansions. Here, the extended AdS-static algebra and its flat limit can be obtained either as
a resonant S’g)—expansion of the Carrollian algebras or as a resonant SS)—eXpansion of the
extended NR ones. However, as one can see from table 4, different subspace decompositions

of the starting algebra have to be considered.

3 Supersymmetric extensions of extended kinematical algebras

In this section, we explore the supersymmetric extension of the kinematical Lie algebras [5]
in three-dimensional spacetime, using the semigroup expansion method [81], starting from an



NR expansion UR limit
A3

Ao s, M
A Ga, Po H M G,
o J, H J, S, P,

J, Ga, Pa J, S, P, | H M, G,

Table 4. Extended (AdS-)static generators in terms of the non-Lorentzian ones and the semigroup
elements. The UR limit column contains expanded kinematical generators in terms of the extended
(AdS-)Carroll ones. On the other hand, the extended (AdS-)static generators are obtained from the
extended Bargmann (or extended Newton-Hooke) ones in the NR expansion column.

N = 2 relativistic superalgebra. The use of A/ = 2 ensures that the expanded non-relativistic
superalgebras yield genuine supergravity actions, in which the time translational generators
can be expressed as bilinear combinations of supersymmetry generators. Additionally, in
the NR regime we will derive supersymmetric extensions of the extended kinematic algebras
discussed in [90], which are distinguished by a non-degenerate invariant bilinear form. The
non-degeneracy of the three-dimensional CS action guarantees a kinetic term for each gauge
field leading to the vanishing of the curvatures as equations of motion.

In three spacetime dimensions, the AN/ = 2 supersymmetric extension of the AdS algebra
with a well-defined Poincaré limit £ — oo is given by an so(2)-extension of the osp (2,2)®sp (2)
superalgebra whose (anti-)commutation relations are given by [109]:

{ ~A7 jB: = 6ABCjC )
{ ~A7PB: = EABCPC,
[~A7PB E%GABCjca
[~A, ol = —% (va),” Q.
{NA, o] = —2%(%4)&5 oy
1) Lo,
{QL. ~i3} = _%5@' (’YAC)QB Ja— 8 (’YAC)QB Py — Cope (Z;l + 2'7-) ) (3.1)

where Q, is a Majorana spinor charge. On the other hand, the presence of the generators
{7‘,2;1 } ensures the non-degeneracy of the bilinear invariant form in the Poincaré limit in
which ¢ becomes the central charge. Here, A, B,--- = 0,1,2 denote the Lorentz indices
which are raised and lowered with the Minkowski metric nap = (—1,1,1) and e4pc is the
Levi-Civita tensor, while o, 8 = 1,2, 4,7 = 1,2 denote the number of supercharges, the
gamma matrices in three dimensions are denoted by 4, and C' is the charge conjugation
matrix, satisfying CT = —C and Cy4 = (C~y*)T. The osp (2,2) @ sp (2) superalgebra admits



the following non-vanishing components of a non-degenerate invariant tensor:

(JaJB) = Gonap, (JaPp) = d1nap
(PaPp) = %M& (TT) = ao,
(T = 6 | ) = —%,
(@) =2 (a1 + 5 ) Capd. 3.2)

Before applying the expansion, let us consider a time-space splitting of the relativistic
Lorentz index A = {0,a} with a = 1,2. Then, the so(2)-extension of the osp (2,2) ®
sp (2) superalgebra is spanned by {J,G,, H, P,,T, U, Qi}, where we have considered the
redefinitions (2.3) together with the following ones:

T-T. v-d, Q= = (A4 (0a@) . ()

Then, the so (2)-extension of the osp (2,2) ® sp (2) superalgebra can be written as

1, Gl = Gy ], P = eas Py, (G Gy = —ean
(H,Ga] = easPs Gy Py = —eopH | H, P, = 512 Gl
[Pas Pl =~ pan] L) =30l QE, Q] = —o; (0] GF
[Gay Q] = —% (L QF . [PnQi] = 55 () 2QF, (TQE = 45 (0),s O3
{5, Qfy =~ )aﬁ(lJJrH) (o)., (U+2T> ,
{QF,Q5} = —(1"0)ys (EGﬁPa) ,
{Qqa, Q51 =— (voc)aﬁ (KJ + H) + ('yOC)QB (U + 2T> . (3.4)

3.1 Ultra-relativistic expansions

The Carrollian regime of the kinematical superalgebras can be obtained by expanding the
relativistic ones through a pertinent semigroup and by implementing an explicit reduction
procedure. Interestingly, a family of UR superalgebras can be derived by considering larger
semigroups. Before applying the UR expansion, we require to consider a particular subspace
decomposition of the so (2)-extension of the osp (2,2) ® sp (2) given by

Vo ={J, P, T}, Vi={Q%,Q5}, Vo ={H,G4,U}. (3.5)

Here, the subspaces Vy, Vi, and V5 satisfy the following algebraic structure:

[VE)?‘/O]CVEM [‘/lavl]c‘/()@VQ7
[‘/()7V1]CVY17 [ViaVQ]C‘/iv



3.1.1 The N = 2 (AdS-)Carroll superalgebra

Let Sg) = {0, A1, A2, A3} be the finite Abelian semigroup whose elements obey the multi-
plication law (2.8) and whose zero element is given by A3. A subset decomposition of the
semigroup Sg) = Sy U Sy Sy, with

So = {Xo, A2, Az}, S1={A1, A3}, Sy = {2, Az}, (3.7)

is said to be resonant since it satisfies the same algebraic structure (3.6) as the subspaces
Vo, Vi, and V5, namely

So- Sy C So, S1-51CSoNSy,
So-S1 C S, S1-52 C 51,
SQ'SQCSQ, SQ'SQCSO. (3.8)

According to [81], the superalgebra &r = (S x Vo) @ (S1 x V1) @ (S2 x V2) corresponds to a
resonant super subalgebra of the Sg)—expanded one. A smaller superalgebra can be extracted
from the resonant one through a reduction procedure [81]. Let us consider a partition of
the subsets S, = S’p U S”p with

So = {Xo}, So = {Xa2, A3},
S1={\1, Si={\s},
Sy = {Ag}, Sy = {\s}. (3.9)

Such partition satisfies S’p N S’p = O together with the following algebraic structure:

go-S’ngo, S(1‘»SA’1CS'OQS'27
g()'glCS1, gl'SQCSI;
gO'S’Q CSQ, §2'5’2 CSO- (3'10)

Then, we have
éR:(goxVD)@(ngW)EB(SEXVz) ;
Gr= (S x Vo) @ (Six V1)@ (S x1h), (3.11)
where & gr corresponds to a reduced superalgebra of &z which satisfies
[Gr,Br] C B. (3.12)

The expanded generators of the reduced superalgebra & are written in terms of the so (2)-
extension of the osp (2,2) @ sp (2) ones and the semigroup elements as in table 5.

The (anti-)commutation relations of the reduced superalgebra ®x are obtained by
combining the multiplication law of the Sg) semigroup and the (anti-)commutators of the



A3
A9 H G, U
A1 Q. Q.
Ao J, Py, T
J, P, T t,Q, | H, G, U

Table 5. Expanded generators of the reduced superalgebra & R in terms of the relativistic ones and
the semigroup elements.

50 (2)-extension of the osp (2,2) ® sp (2) superalgebra (3.4),

1
[Ja Ga] = 6abi ) [Ja Pa] = 6abe ) [Paa Pb] = _ﬁeabJ )
1 1
[H,Pa] = Gy, [Gas Pa] = —€atH, [3,65] = =5 (0)a’ 05 -
1 1
[Po.Qy) = —5; ()’ Q5. [T.03] = %5 (0)a’ 05,

{a.efy=-("0) ,E+v),
(05,05} = 5 ("C)ay Gu
{0205} =~(1"C) ,(8~V). (3.13)

The reduced superalgebra Gr corresponds to the A/ = 2 AdS-Carroll superalgebra? introduced
in [99] and differs from the one presented in [110] due to the presence of the U generator. In
the ultra-relativistic regime, the U generator becomes a central charge as in the Poincaré
superalgebra. In particular, the N = 2 AdS-Carroll superalgebra (3.13) is isomorphic to
the /' = 2 Poincaré superalgebra under exchange of the /P, and G, generators. In the
vanishing cosmological constant limit £ — oo, the superalgebra reproduces the N' = 2 Carroll
superalgebra. Interestingly, the A/ = 2 Carroll superalgebra can alternatively be recovered
by S-expanding the A/ = 2 Poincaré one following the same procedure used to obtain the
N = 2 AdS-Carroll superalgebra (see figure 2).

3.1.2 Generalized N' = 2 AdS-Carroll superalgebras

A large semigroup SgN) can be considered to obtain generalized N = 2 AdS-Carroll

superalgebras from the osp(2,2) ® sp (2) superalgebra. Let us consider first SgN) =
{0, A1, A2, -+, Aan+1} as the finite semigroup whose elements satisfy

(3.14)

Aat+p  if a+B<2N+1,
Aag =
Aont1 if a+8>2N+1,

2There are two inequivalent ' = 2 AdS-Carroll superalgebras: the so-called A = (1,1) and the N = (2,0).
Here, N' = 2 refers to N' = (2,0), since we started from the N' = (2,0) AdS superalgebra. An N' = (1,1)
AdS-Carroll superalgebra can also be obtained from the A" = (1,1) AdS one following the same procedure
considered here.

,10,
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N =2 super P 30 (2)-extension of
AdS-Carroll 03p(2,2) ® 3p(2)
Flat limit * Flat limit *
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o)
N =2 super P E N = 2 super
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Figure 2. Diagram summarizing the (reduced) UR expansion and flat limit starting from the
50 (2)-extension of the osp (2,2) ® sp (2) superalgebra.

with Aay4+1 = Og being the zero element of the semigroup. A subset decomposition of the
semigroup S](EQN) = Sy U S1 U Ss is given by

Sy = {)\Qm, with m =0,... ,N} U {)\2N+1} ,

S1={Aom+1, withm =0,...,N =1} U{Aon41},

Sy = {)\Qm+2, withm=0,...,N — 1}U{)\2N+1}. (315)
The decomposition (3.15) is resonant since it satisfies the same algebraic structure as the sub-

space decomposition (3.6) of the original so (2)-extension of the osp (2, 2) ®sp (2) superalgebra.
The resonant expanded superalgebra is given by

Gr = (So X Vo) @ (Sl X Vl) D (52 X Vé) , (3.16)

where Vp, Vi, and V5 are the subspaces of the starting relativistic superalgebra given in (3.5).
A smaller superalgebra can be extracted from &g by considering a partition of the subsets
S, = S, US, with

So = {Agm, withm =0,...,N —1}, So = {Xan, Aana}
S’lz{)\2m+1a Wlthm:(],,N—l} ’ gl:{)\zN‘f‘l} ’
SQ = {)\2m+27 with m = 0, e 7,Z\r — 1} y SQ = {>\2N+1} . (317)

One can check that this subset partition satisfies the conditions (3.10) and S, N S, = @.
Both conditions ensure that

[6r,68] C &g, (3.18)
where
éR:(S'()X‘/Q)@<g1XV1)@(S’2X‘/2) s
éR = (SO X ‘/0) [S2) (Sl X Vl) D (5’2 X ‘/2) . (319)
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Then, G is a reduced superalgebra of the resonant superalgebra &p [81]. The generators
of the reduced superalgebra G are related to the relativistic ones through the semigroup
elements as follows:

J(m) = Xomd P((lm) = Xom Py, T(m) = Ao T’
HO™ = Ny H 6™ = Aopi2Gla, U™ = Mgyl
QF ™ = Xom1QF Q" = Ao i1Qy (3.20)
where m =0,..., N — 1. The G generators satisfy the following commutation relations:
(307, 6(7] = ewGi™™, [60m, 6] = — g3ttt
[J m)’ Pan) - 6abpl(;ern) ) [Gam)7 Pz(zn)— = *eabH(m—i_n) ’
7 1 m-n m n)] 1 m+n
[H | egeabGl(, * )7 P, )7Pl(; )_ = *ﬁeab‘]( + )a
| m+n m n)] 1 m+n
Hm) G | —Eabpl() + +2)7 |:J( )aQ;t( )_ :_5 (VO)QBQ:;( + )7
1 1 1 1
(m) gt(n)| — B ot (m+n+1) m) nx(n)| _ - B AF (m+n)
[0, 0] = — 27 () e = - () F
m n 1 m~+n+1 m n 1 + (m+n
G, = =2 Gl Y [ e = 27 (o) T, (321

together with the following anti-commutators:

n 1 m+n m+n
{Q;r(m) +( )} ( Oc) (EJ( +n+1) +H( + )> _ (700)
(@05 " = = (170 5 (64 4R )

—m) 4~y _ (.0 L msnt1) | p(mtn) 0 (m+n) | Lo(man+1)
{0z ™,q; M =- (4 C)aﬂ (eJ +H >+(7 C)aﬁ (U + 5T .
(3.22)

(U(m+n) + 1T(m+n+1))
af V4 ’

2N)

Here, we considered the multiplication laws of the Sf(E
Jcommutation relations of the so (2)-extension of osp (2,2) ® sp (2) (3.4). In particular, for
m+n+1> N —1 we have T(m+n+1)

generalization of the N' = 2 AdS-Carroll superalgebra which we have denoted as the N' = 2 ads-
N)

semigroup (3.14) and the (anti-
0. The obtained N' = 2 superalgebra corresponds to a
car™) superalgebra.® In the flat limit £ — oo, we find a generalized A = 2 Carroll superalgebra
denoted as N = 2 cat™), which can be seen as the higher-dimensional Carrollian analogue of
supersymmetric extensions of the (post-)Newtonian symmetries discussed in [95, 111, 112].
Alternatively, the ' = 2 cat™™) superalgebra can also be derived from the A = 2 Poincaré
superalgebra considering the same semigroup and series of steps employed to obtain the
ads-car(N)

One can check that, for N =1 (i.e., considering Sg) in the expansion procedure), the

N = 2 super ads-car®) reproduces the A" = 2 AdS-Carroll superalgebra (3.13). Anovel N =2
AdS-Carroll superalgebra appears for N = 2 which involves the inclusion of two additional

superalgebra (see figure 3).

3The avs-car™) superalgebra can also be seen as a A = 2 supersymmetric extension of the generalized
para-Poincaré algebra introduced in [90].
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Majorana fermionic charges F£. The generators of the N = 2 ads-car(®) superalgebra satisfy

the following commutators:

[J,Ga] = €anGo [Ga, Pa] = —€apH, [J,Pa] = €abPy
1
[H7 Pa] = ﬁﬁabi 5 [Pm Pb] 52 —€abd, [J7 Ma] = €apMp ,
[J,Za] = €avZs [Pa, Mp| = ~jacak, K, Ga] = €avZs
1
(Z,Pq] = 73 €ablh [Pa, Zp] = —€abZ, [K,Pa] = €atMp
1
[H.Ma] = ey, [Gas My] = —€abZ, [3,63] = —5 (0)a” G »
1 1 1
P, O] = — = (7). QF H,QZ) = —— ()] FE Co, O] = —= (va) F3
[ 7Qa] 20 (7 )a QB? [ 7Qa} 20 (’70)0( B [ 7Qa] 2(7 )a B
1 1 1 N
[3.F] =5 (0 F5,  PaFal=-5, (s FF. [K03] =5 (0)d F5
1 1
[Ma) QZ{E] = _ﬂ (Va)alg Fg: ) [Tlv Q;ﬂ = ii (/YO)aﬁ Q:ﬁt ) [Tla Fi] = ii (70)a/8 F/:Bt ’
1
[TQ’ Q(::ﬂ = i§ (70)023 F/g ) (323)
and anti-commutators:
1 1
+ Aty 0 - 0 -
(@051 == (1), (g +8) 7 (:°0),, (v + 7).
1
= o] Gy +M
(0,05} = = (1700 ( 760 +Ma)
{sztﬂF (70 ) Z:l:UQ) )
{ay,Ff} = —% “Cop Za (3.24)
where we have defined
30 =5, 3 =k, HO =H, oY =z,
6" =Gq, G\ = 2,4, P =P,, P =M,
T =1, T =1, v =1, v =1y,
0= © =g, (M =F (3.25)
In the flat limit £ — oo, the (anti-)commutation relations (3.23) and (3.24) reproduces an
N = 2 car® superalgebra which can alternatively be obtained as a resonant S (4)-expansion
(2N+1)

of the N' = 2 Poincaré superalgebra. As an ending remark, one could consider S as
the relevant semigroup applied to the so (2)-extension of the osp (2,2) ® sp (2) superalgebra.
Nonetheless, as we shall discuss in next section, the non-degeneracy of the invariant bilinear

trace requires (T(™U(™)) =£ 0, which is fulfilled only for superalgebras obtained with Sk (@N),

3.2 Non-relativistic expansions

The NR sector of the kinematical superalgebra without degeneracy can be derived by

(2)

expanding the N = 2 relativistic superalgebras with Sy’ as the relevant semigroup. As we

,13,



Sv(2N )
N =2 super P E 30 (2)-extension of

ad3-car®) N 03p(2,2) @ 8p(2)
Flat limit * Flat limit *
v v
sem
N =2super E N =2 super
cat®) D Poincaré

Figure 3. Diagram summarizing the generalized (reduced) UR expansion and flat limit starting from
the so (2)-extension of the osp (2,2) ® sp (2) superalgebra.

W = 2 super
AdS-Carroll

30 (2)-extension of

S@
£ 08p(2,2) ® 3p(2)

N = 2 super
Carroll

?

N =2 super
Poincaré

2
SE

v

e ’( .......
Lt W =2super | TTTTeeelll_ )4
Jeiad extended
v .- AdS-static W =2 super
.A' extended
Newton-Hooke
extended
static N =2 super

extended
Bargmann

Figure 4. This cube summarizes the different expansion relations starting from the so (2)-extension
of the osp (2,2) ® sp (2) superalgebra.

shall see, the Sg)-expansion can also be applied to the Carrollian superalgebra obtained
previously, which reproduces an N' = 2 extended AdS-static superalgebra and its flat limit (see
figure 4). The static sector can alternatively be recovered from the A= 2 NR superalgebras
by applying a reduced S-expansion following the same procedure used to derive the N/ = 2
(ads) car(® superalgebra. Then, the expansion made with the Sg) semigroup along its reduced
subset 5’(;) allows us to define the supersymmetric extension of the extended kinematical
algebras [90]. Therefore, the NR expansions and UR ones not only extend the cube of Bacry
and Lévy-Leblond [5] to supersymmetry but also solve the degeneracy issue presented in

the original cube.
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A3
Ao S, M, Ty, U Ry
A1 Ga, Pa, Qn
M| J, H T1, U, QF
J, H, T, U, QFf Go, Py, Q5

Table 6. Expanded generators in terms of the relativistic osp (2,2) ® sp (2) ones and the semigroup el-
ements.

3.2.1 The N = 2 extended Newton-Hooke and extended Bargmann
superalgebras

Before applying the NR expansion, we first consider a subspace decomposition of the so (2)-
extension of the osp (2,2) ® sp (2) superalgebra different from the one considered in the
UR expansion:

‘/():{JvHaT)Ung}? Vl:{GUJ‘Pa’Q;}’ (326)

which satisfy a Zg-graded Lie algebra (2.4). Let 5’1(32) be the finite semigroup whose elements

satisfy the multiplication rule (2.8) and with A3 being the zero element of the semigroup.
. . @) . .

A resonant decomposition of the semigroup Sp’ is given by

So = {Ao, A2, Az}, S1={A1, A3}, (3.27)

which satisfy the same algebraic structure as the subspaces of the so (2)-extension of the
0sp (2,2) @ sp (2) superalgebra. Then, an NR superalgebra is obtained after performing a
resonant Sg) -expansion of the relativistic osp (2,2) ® sp (2),

6= (S() X %) (S5) (Sl X Vl) , (3.28)

and considering the Og-reduction A3T4 = 0. The expanded generators are related to the

relativistic ones through the corresponding semigroup elements as in table 6.
The (anti-)commutators of the resonant Sg)
0sp (2,2) ® sp (2) superalgebra are obtained by combining the relativistic (anti-)commutation

relations (3.4) and the multiplication rule of the Sg) semigroup (2.8). In particular, the

-expansion of the so (2)-extension of the

expanded generators satisfy the following commutation relations:

[Gq, Gp] = —€awpS, [J,Ga] = €abGo [J,Pa] = €abPy
1
[Ga7 Pb] - _ﬁabM; [H7 Ga} = EQbe 9 [H7 Pa] = ﬁeabcb )
1 4 1 B At 1 8
[Pavpa] = _ﬁeabsv [‘]7 Qa} = _5 (70)01 Qﬁ ) [JvR'Oé] = _5 (/YO)a R’Bv
1 1
+1_ B At = B +| - _ B
[Ha Qa] - 20 (,YO)O( Q,B ; [H’ROJ 2/ (70)(3( Rﬂa |:S7 Qa} - 2 (70)a Rﬁv
1 1
+ _ _ = Ba— -1— _— B
[ aQa] - 2€ (70)04 B [Gav Qa} - 2 (fya)a Qﬁ ’ [Gaa Qa} - 2 (’Va)a Rﬂ’
1 1 1
_ Ba— -1 — _ B At
[Paa Q(—)t} - _?g (PYCL)OC QB ) [Pav Qa} - _?e (’Ya)a R,Bv [Tl? Qa} - :l:§ (’70)0[ QB )
1 1
[TuRa = £5 (0) Rs, [To,QF] =% (0) R, (3.29)
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together with the following anti-commutation relations:

{Q7.qf} = - (VOC)QB (EJ +H> = (VOO)W @Tl —|—U1> ,

) . 1

{Q,.Q5} = — <700)a5 (zs +M> + (fyoc)aﬁ QTQ +U2> :
{Qf,Rs} = — (’700>aﬁ (zs +M> — (yﬁc)aﬁ @Tg +U2> : (3.30)

The obtained superalgebra corresponds to the N/ = 2 extended Newton-Hooke superalge-
bra [97, 102]. The extended Newton-Hooke algebra [70-76] appears as a subalgebra and
is characterized by the central charges S and M which are crucial for avoiding degeneracy.
In the presence of supersymmetry, the additional bosonic content {T1,T2,U;,Us} ensures
the non-degeneracy of the extended Bargmann superalgebra [78] obtained in the vanishing
cosmological constant limit £ — oo. In particular, both T; and Ty appear as expansion of the
R-symmetry generator 7" and act non-trivially on the fermionic charges. Let us note that
the extended Bargmann superalgebra can also be derived by expanding the AN/ = 2 Poincaré
superalgebra with the Sg) semigroup, following the same procedure considered to obtain
the extended Newton-Hooke superalgebra (see figure 4).

3.2.2 The N = 2 extended (AdS-)static superalgebra

The N = 2 extended AdS-static superalgebra and its vanishing cosmological constant limit can
be derived from the NR expansion of the N' = 2 AdS-Carroll superalgebra (3.13). To this end,
let us consider the following subspace decomposition of the N' = 2 AdS-Carroll superalgebra:

Vo = {J,H,T,U, Q;r}v Vi= {Ga,Pa,Q;}, (3'31>

which satisfies (2.4). Let us consider the same semigroup used to obtain the extended
Newton-Hooke superalgebra, namely Sg) = {0, A\1, A2, A3}. The elements of Sg) obey the
multiplication laws (2.8) and Az corresponds to the zero element of the semigroup. A resonant
decomposition of the semigroup S](EQ) is given by (3.27), which satisfies the same algebraic
structure as the subspaces of the AV = 2 AdS-Carroll superalgebra. Then, a supersymmetric
extension of the extended AdS-static algebra? is obtained after performing a resonant Sg)—
expansion of the N' = 2 AdS-Carroll superalgebra and imposing the 0g-reduction A\3T4 = 0.
The expanded generators are related to the Carrollian ones through the semigroup elements
as in table 7. Then, the expanded superalgebra is given by

[J,Ga] = €anGo, [J,Pa] = €avPs, [Pa, Po) = — S,

.0] = yeaGs. (GarPa] = —casM, 3,62 = 5 (0. 6%

BR)= 50 R [80] =50 R [Pal] = oy (WG
PoOy) = =55 () Rs, (10,83 = £ (0005, [T Ra] = 5 (0)Rs,
[12,08] = 5 (0). B (32)

“Originally denoted as the extended para-Bargmann in [90], due to its isomorphism with the extended
Bargmann algebra.
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A3
Ao S, M, Ty, Uy, R
A Ga,  Pg, Q.
M| J, H Ty, U, QO
J H T, U Qf Ga, P, Q,

Table 7. Expanded generators in terms of the A/ = 2 super AdS-Carroll ones and the semigroup ele-

ments.
A3
o H M, G, U, U
A Q., Qi, Ra
M || J, S, Py, Ty, To
J, S, Pg Ty, To QY, Q,, Ra H M, G, U, U

Table 8. N = 2 super extended AdS-static generators in terms of the extended Newton-Hooke ones
and the semigroup elements.

and
(@505 =—(°C) E+0), {8585} =~ (1)
0.5 =~ (1"C) , (1-1a) . {lRs) =~ (1°C)  (mt02) . (333)

where we have considered the multiplication laws of Sg) along the starting (anti-)commutation

relations of the A/ = 2 super AdS-Carroll superalgebra given by (3.13). The obtained super-
algebra corresponds to a A/ = 2 supersymmetric extension of the extended para-Bargmann
algebra defined in [90]. As its bosonic sector, the N' = 2 extended AdS-static superalge-
bra (3.32) and (3.33) is isomorphic to the N' = 2 extended Bargmann superalgebra [78] by
interchanging G, and /P,. In the vanishing cosmological constant limit £ — oo, we get the
N = 2 supersymmetric extension of the extended static algebra introduced in [90].

An alternative procedure to recover the N' = 2 extended AdS-static superalgebra is
starting from the N' = 2 extended Newton-Hooke and apply a resonant gg)—expansion
(see figure 4). In such case, the subspace decomposition of the extended Newton-Hooke
superalgebra that one has to consider is the following:

‘/b — {vaaPaaTlaTQ}a Vl - {QI, Q(;aRa}a V2 — {HaMa GaaUlyUQ} . (334)

After performing a resonant Sg)—expansion of the extended Newton-Hooke superalgebra and
extracting a S’g) reduced subalgebra, we can express the N' = 2 super extended AdS-static

generators in terms of the extended Newton-Hooke ones as in table 8.

3.2.3 Generalized Newton-Hooke and Galilean superalgebras

Generalized kinematical superalgebras can be obtained by applying the NR expansion with a

bigger semigroup SgN) = {0, A1, A2, -+, Aant1 ). Indeed, N = 2 supersymmetric extension
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of the generalized Newton-Hooke algebra [85, 90] can be derived from the so (2)-extension of
the osp (2,2) ® sp (2) superalgebra. To this end, let us consider the subspace decomposition
of the relativistic superalgebra given in (3.26), which satisfies a Zy-graded Lie algebra (2.4).
Let SgN) = {Xo, A1, A2, -+, Aan41} be the finite semigroup whose elements obey (3.14),
and Agnyy1 = Og corresponds to the zero element of the semigroup. A resonant subset
decomposition of the semigroup SgN) = Sp U 5] reads

So = {Aam, withm =0,..., N} U{ ) an+1},
S1 ={Xam+1, withm=0,...,N =1} U{don11}, (3.35)
which satisfy the same algebraic structure (2.4) as the o0sp (2,2) ® sp (2) subspaces. A
resonant expanded superalgebra is given by
Gr=(Sox V)@ (S1xW), (3.36)

where V) and Vj are the relativistic subspaces given in (3.26). Then, generalized Newton-
Hooke superalgebras are obtained after performing a Og-reduction, namely 0g74 = 0. The
generalized Newton-Hooke generators are related to the relativistic ones through the semigroup
elements as follows

30 = Mg PI™ = Aom41Pa s T = Mgy T
B™ = Ao H ™ = Agnt1Ga, U™ = XU
QL™ = X Q7 Qs ™ = Ao 11Qg - (3.37)
Considering the (anti-)commutation relations of the starting so (2)-extension of the osp (2,2)®

2N)

sp (2) superalgebra and the multiplication laws of the SJ(E semigroup, the generalized

Newton-Hooke superalgebra is expressed as

{J(m), ng)} = eabGl()m-i-n) s {Ggm), Gén)} — _€abJ(m+n+1) 7
[J(m)vpt(ln)_ _ 6abl:,l()ern) , [G((lm)vpgn)_ _ _fabH(m+n+1) 7
[H(m)vpgn): 22 - G£m+n) ’ Pam)vpgn)_ _ _E%EabJ(m—i-n—i-l) ’
T m-+n m 1 m+n
B0, 6] = eapp{™4, I ] = =5 6o a5,
7 1 1 1 _
(m) g=()| — B gT (m+n) (m) g+t(M)| — _ = B g7 (mtn)
] = —— ol a ", R = = ) g
7 1 1 1 _
(m) g—(n)| — + (m+n+1) m) n+(n)| _ - B (m+n)
|:Pa 7Qa - 26( ) Q ’ |:Ga 7Qa - Q(Va)a QB ’
1 m-rn m n 1 m-+n
6.0, W] = =2 ()l ay Y 1 E 0] = 22 (0 05 Y (3.39)
together with the following anti-commutators:
+(m) +m)y _ (.0 1 ) | g(man) (0 (m+n) | Le(mtn)
{0F™,qf ™y =— (v C)aﬁ([l +H ) (»e),, (U +5T :

—\n a 1 m+n m-+n
(020,857} = (070, (6l 420

—(m) o= _ _ (0 1 mint1) | pyimint1) 0 (m4n+1) | Lo(ment1)
{0; .05 My =— (v C)aﬁ <€J +H >+(7 C)aﬁ <U +5T > :
(3.39)
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Let us note that the (anti-)commutators are Abelian for T’ Ingr")
properties of the semigroup S(E2N). The N = 2 generalized Newton-Hooke superalgebra (3.38)—

= Xon+174 due to the

(3.39) corresponds to the N' = 2 supersymmetric extension of the generalized Newton-Hooke
algebra [85] which has been denoted as nh™) in [90]. In the vanishing cosmological constant
limit £ — oo, we obtain the N = 2 supersymmetric extension of the generalized Galilean
(N) in [90]. The super gal™)_ obtained after taking the flat limit, can be
viewed both as a generalization of the extended Newtonian superalgebra discussed in [95, 103]

algebras, denoted as gal

and as a supersymmetric extension of the extended post-Newtonian symmetries [85, 111].

(N) can also be derived as a resonant SgN)—expansion of the

Let us note that the super gal
N = 2 Poincaré superalgebra (see figure 5).

The N = 2 extended Newton-Hooke superalgebra (3.29)—(3.30) together with the ex-
tended Bargmann one are recovered for N = 1, namely with Sg) as the semigroup involved
in the expansion. For N = 2, we obtain the exotic Newtonian superalgebra introduced
in [103], whose generators obey the N/ = 2 extended Newton-Hooke (anti-)commutation

relations (3.29)-(3.30), together with the following commutation relations:

(Ga,Bp) = —€wpZ, [J,Ba] = €atBy [J,Ta) = €arTp,
1
[Ga7Tb] = _eava [H7 Ba] = 6CLbTb) [H7Ta] = ﬁeabBba
[PavBa] - _EabYa [Sv Ga] - EabBbv [S)Pa] - GabTb,
1 1
[Paa Ta] = _ﬁfabz7 [Ma Ga] =€apTh, [M,Pa] - ﬁeabBbv
1 _ 1 _ 1
[‘ng} :_5(70)028‘”’2’:7 [S7Qa} :_5(70)028‘”’/8 ) [S7Ra]:_§(,‘y{))af8wg_7
1 _ 1 _ 1
[H)wéﬂ :_ﬁ<70)a5w§7 [M) Qa} :_ﬁ(’ﬂ))aﬁwﬁ ) [M)R'Oc] :_ﬂ(’yg)aﬁwg’_7
1 1 1 _
20 =50, L] =50V, [GaRal =5 () Vs
_ 1 1 _ _ 1
[Ga, Wy ] :_5(%1)045"‘];7 [Pa;Ral :_ﬂ('ﬁz)aﬁwﬁ ; [PayWq] __?E(Va)aﬁwzga
1 1 1
[BIMQzﬂ :_5(7 )aﬂw/:BF7 [TIMQzﬂ :_ﬂ(ya)aﬂwga [Tlvwi:] ::l:§ (Wo)aﬁw:ﬂta
_ 1 _ 1 1
[T27 Qa} == _5 (70)04 w/@ 9 [T27R'O<] - 5 (’.)/O)aﬁ wg ) |:T37 QI:| = 5 (70)045 w; ) (340)
and anti-commutators:
1 1
{arsy=-("0) (gz - Y) -(+0), <£T3 + U3> ,
_ a 1
(@07} = = (170 (78 +Ta)
_ o 1
(@ Ra} =~ (°Coy (7B +Ta)
_ 1
@ w3 == (), , (52+7) + (), , (7 +m)
1 1
{Ra,Rg} = — (VOC)QB <€Z +Y> - (700>ag <£T3 —|—U3> . (3.41)
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Here the generators have been identified to the generalized Newton-Hooke ones (3.37) as

follows:
3=130), Go =G, T =10, U =,
s =30 B, = GV Ty, =T, Up = U,
z=139, P, =P Ty =T, Us = U,
H=uO, T, = P, o =0qF @, Rq = Qf V),
M =D, wh=qr @, Q, =q; @, W, =q,; W,
N (3.42)

In the vanishing cosmological constant limit ¢ — oo, we find the extended Newtonian
superalgebra introduced in [95]. At the bosonic level, the central charges Y and Z are essential
to ensure the non-degeneracy of the invariant bilinear trace of the three-dimensional extended
Newtonian gravity. In the absence of such central charges, the algebra corresponds to the
so-called Newtonian algebra, which has been first encountered as the underlying symmetry of
an action principle for Newtonian gravity [113] in four spacetime dimensions. On the other
hand, the Newton-Hooke version of the Newtonian algebra has been useful to construct a four-
dimensional non-relativistic gravity action based on the MacDowell-Mansouri formalism [89].

3.2.4 Generalized (AdS-)static superalgebras

The S](EQN) semigroup can also be applied to the Carrollian sector to reproduce generalizations
of the (AdS-)static superalgebra. In particular, N’ = 2 generalized AdS-static superalgebras
are obtained by expanding the N/ = 2 AdS-Carroll superalgebra (3.13) with SgN). Before
applying the expansion, we first consider the subspace decomposition of the N' = 2 AdS-
Carroll superalgebra given in (3.31), which satisfies a Zs-graded Lie algebra (2.4). A subset
decomposition of the semigroup S(E2N) = Sp U S; resonant with (2.4) is given by (3.35).
Then, a N' = 2 generalized AdS-static superalgebra is derived after performing a resonant
SgN)—expansion of the N/ = 2 AdS-Carroll superalgebra (3.13) and extracting a 0g-reduced
subalgebra. The expanded generators can be expressed in terms of the AdS-Carroll ones
through the semigroup elements as
30 = X3, PV =domiiPa, T = AgpT,  GF0M = M08,

a

H(m) = >\2mH7 G m) )\2m+1Ga, U(m) = )\QmUa Q; (m) = )‘2m+1Q<; : (343)

a

The explicit (anti-)commutation relations of the ' = 2 generalized AdS-static superalgebra are
obtained by considering the multiplication laws of SgN) and the original (anti-)commutators
of the N/ = 2 AdS-Carroll superalgebra. Therefore we get:

0] =" .04 b
2 ("] = —%ea Jomin) ) B = Ly,
o]t o 2] L 3
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1 _ 1
(m) gtr(n)| — _ ~ Ba—(m+n) (m) n-m)] _ 1 8+ (m4n—+1)
[Pa aQa :|_ 2£(7a)a Qﬁ ’ [Pa aQa }_ 2€(’7a)a QB )
1 m+n
[T(m),Qi:(n)} :i*(VO)aBQ;‘:( + )7

.05 ==(y"C) (w4l

{Qg(m)ﬂg(”)}:_
{Qa—(m)’gg(”)}zi v

(’Yac)aﬁ Ggm+n) ’

o) (smn D —gtmn) (3.49)

NS R~ N

As in the generalized nb(N ) superalgebra, the (anti-)commutators vanish for TngFn) =

Aon+1T4, due to the Og-reduction condition imposed during the expansion. The obtained
superalgebra (3.44), which we have denoted as the N/ = 2 ads-stat™) superalgebra, reproduces
an N = 2 generalized static superalgebra in the vanishing cosmological constant limit £ — oc.
The N = 2 stat™) superalgebra can also be recovered after imposing a resonant SgN)—
expansion on the N/ = 2 Carroll superalgebra and applying a Og-reduction. Alternatively, the
N = 2 ads-stat™) superalgebra together with its flat limit can be derived from the N = 2

super nh™) one (3.38)-(3.39) after performing a resonant Sg)—expansion and extracting a

S’gm reduced subalgebra (see figure 5). As in the generalized nhN) superalgebra, the (anti-
)commutators vanishes for T X?Hn) = Aon+174 due to the Og-reduction condition imposed

during the expansion. The obtained superalgebra (3.44), which we have denoted as the N = 2
ads-stat™) superalgebra, reproduces a N = 2 generalized static superalgebra in the vanishing

(N)

cosmological constant limit £ — oco. The N = 2 stat\"") superalgebra can also be recovered

after imposing a resonant SgN)-expansion on the A/ = 2 Carroll superalgebra and applying
a Og-reduction. Alternatively, the N = 2 ads-stat(V) superalgebra together with its flat limit
can be derived from the A = 2 super nh™) one (3.38)-(3.39) after performing a resonant

) reduced subalgebra (see figure 5).

Sg)—expansion and extracting a S’gN
4 Three-dimensional non-Lorentzian supergravity theories based on
extended kinematical superalgebras

In this section, we present three-dimensional NL supergravity actions invariant under NL
superalgebras which have been obtained after a suitable sequence of expansions starting
from the so (2)-extension of the osp (2,2) ® sp (2) superalgebra and using the Sg) and 5’(;)
semigroups. Our construction is based on the CS formalism, whose action reads

K 2
Tos = 4 /M<AdA +2A%, (4.1)

where A is the gauge connection one-form, (- - -) denotes the invariant tensor and k corresponds
to the CS level of the theory, related to the gravitational constant G through & = 1/(4G).
The degeneracy of the invariant bilinear trace prevents to obtain a kinematical term for each
gauge field and some fields could not be determined by the field equations. Remarkably, the
N = 2 Carrollian superalgebras and the extended kinematical superalgebras discussed in the
NR regime admit a non-degenerate invariant metric which, in three spacetime dimensions,
implies the vanishing of the curvatures as field equations in the CS formulation.
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Figure 5. This cube summarizes the generalized expansion processes starting from the so (2)-extension
of the osp (2,2) ® sp (2) superalgebra.

It is important to emphasize that the non-degeneracy of the original superalgebra does
not necessarily imply that the expanded superalgebra also admits a non-degenerate bilinear
trace. Nonetheless, the non-degeneracy condition of the relativistic N/ = 2 superalgebra,
given by é&; # 0 in (3.2), requires the existence of the relativistic generators Py, Ja, T, and
U. Then, considering the subspace decomposition employed in both the UR and the NR
expansions (see table 5 and 6), together with the multiplication law of the Sg semigroup (2.8),
the expanded superalgebras inherit the non-degeneracy of the relativistic invariant tensor by
including at least Ay in the chosen semigroup Sg. Thus, the smallest semigroup that satisfies
the non-degeneracy criterion for both the NR and the UR cases is S](EQ) = {0, A1, A2, Ag},
where A3 is the zero element of the semigroup.

Here, we will present the CS supergravity action based on each N’ = 2 kinematical
superalgebra of the cube 4 and their generalizations discussed in the previous section. For
this purpose, we will divide our results into three parts. First, we will review the N/ = 2 AdS-
Carroll supergravity and explore novel generalizations. Then, we will study the non-relativistic
regime of the o0sp (2,2) ® sp (2) supergravity along with its vanishing cosmological constant
limit. Finally, we will analyze NL supergravity actions based on the N' = 2 (AdS-)static
superalgebra and its generalization.

4.1 N = 2 AdS-Carroll Chern-Simons supergravity and beyond

The N = 2 AdS-Carroll supergravity defined & la CS in three spacetime dimensions has been
first discussed in [99]. Here, we briefly review its construction and present its generalization:
the N = 2 ads-car™) supergravity.
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Let A be the gauge connection one-form for the A = 2 AdS-Carroll superalgebra (3.13),
A=wI+w'Gy +TH+ P, +tT+uU+ QT+~ Q (4.2)

where w and w, are the time and spatial components of the spin-connection. The time and
spatial components of the dreibein are given by 7 and e®, respectively. On the other hand,

t and v are the gauge field dual to the generators T and U, respectively. The curvature
two-form F = dA + 1 [A, A] reads

F=F(w)J+F (o) G+ F(r)H+ F* (") Pu+ F () T+ F (w) U+ VT Qt + Vo Q-

(4.3)
whose components are given by
1

F (w) = dw 2626 ‘egec = R (w) + %26 “eqec
(wb) = dw® + ¢*“ww, + %26“0760 + Zi/ﬁ*yaw_ = R® (wb) + 6126 Tec + %1;+’Ya1/}_ ,

F(r) = dr + uee + 20200 + 20200 = R(7) + 590 + 59
(eb) = de" + €"“we, = R“( ) ,

F(t)=dt,

F (u) = du + w* Oyt — JJWOW
VUt = it 4 ot + ;Ee Y™ — 519097
Vi~ = dg™ + wrol + ettt + s tow. (4.4)

2 20 2

Let us note that the curvature two-forms (4.4) reduce to the N' = 2 Carroll ones in the
vanishing cosmological constant limit £ — oo. The N' = 2 AdS-Carroll superalgebra admits a
non-degenerate invariant tensor whose non-vanishing components are given by [99]

(33) = —ay, (PaPy) = EQ Oab
(JH) = —aq, (GoPp) = a1dap
(TT) = a0, (TU) = a1,
(Q305) = 201Cag (QaQ5) = 201Cag , (4.5)

where ap and ay are arbitrary constants which can be related to the relativistic ones (3.2)
through the Sg) elements as

g = )\0@0, a1 = )\25[1 . (46)

Here, the non-degeneracy of the invariant tensor requires ay # O.
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The CS supergravity action for the N/ = 2 AdS-Carroll superalgebra (3.13) is obtained
considering the non-vanishing components of the invariant tensor (4.5) along the gauge
connection one-form (4.2) into the general CS expression (4.1). Thus, we get [99]

Ié\a/’sgat pp /a0|: eaRa ) WR(W)+tdt]

1 _ _
—€"regect2tdu—20T VYT =2V | . (4.7)

+a [2% R® (wb) —27R(w)+ 7

The N = 2 AdS-Carroll CS supergravity action contains two independent terms. The term
proportional to ag corresponds to the UR version of the exotic Lagrangian [62]. On the
other hand, the sector along «; corresponds to the Carrollian regime of the SO(2) extension
of the N' = 2 AdS supergravity Lagrangian [109]. Let us note that the N' = 2 Carroll CS
supergravity theory is derived in the vanishing cosmological constant limit ¢ — oco. Since the
supersymmetric terms appear only in the term involving a1, we can, without loss of generality,
set g = 0 as this does not affect the non-degeneracy. In particular, the non-degeneracy
ensures that the field equations are given by the vanishing of the curvature two-forms (4.4),
which transform covariantly with respect to the supersymmetry transformation rules:

dw =20,
1 1
5 - a
ge YT+ il Gt
6 = a0t + 2740,
e =0,
0t=0,
Su=cetydyt —e 7%,
1 1 1 I
St =det + 2wfyo<€ + ﬂe Vo€ — §tfyo€
1 1 1
oY~ =de” + wayos + ﬂe Yaet + 2t'yoe . (4.8)
Here, €T are the gauge parameters related to the fermionic charges Q*. The supersym-

metry transformation rules for the N' = 2 Carroll CS supergravity are recovered in the
flat limit ¢ — oo.

Generalized N/ = 2 AdS-Carroll supergravity theory and its flat limit

A generalized UR CS supergravity theory can be constructed from the N = 2 generalized
AdS-Carroll superalgebra (3.21)—(3.22). To this end, let us consider the gauge connection
one-form for the N' = 2 ads-car™),

N-1
e Z (030t m)Gm) . ) . g (Wp(m) . m)g(m) 4y ()

g mgE () = (mig=(m) (4.9)
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The corresponding curvature two-form reads
F= Z (£ (W) 30 4 o (P M) Gm) 4 F (70 ) 50 4 e (e (m)) p{m)

+F( {00) 100 1 (w0 ) 4 it (g ) 4 7= (g ()] (4.10)

(N)

where the curvature components are directly derived from the NV = 2 ads-car'?’) superalgebra

and are given by

F (w( )) — dw™ 1 ﬁ Z om. e o) P ZO 5n+p+lwi (1) 0, (7)
n,p=0 n,p=

1 N-1

T3 Y e e CwMw®)
n,p=0

np:O n,p=0

dt(m + - Z o P M0y E @)

)
)
P () = den Nil o eyl Nz_:l e 00
)z
)=

F (u(m) = du(™ + Z 5n+p N)70¢i(13) ’
n,p=0

1
Tyt ) — gyt (m) + Z m (wm)w/,i(p) — et My O ﬁ(n)w/)i(p))
np 0

N-1
1
3 X e (07 Oay O 4 o)) (411)
n,p=0
In the vanishing cosmological constant limit ¢ — oo, we obtain the curvature two-forms of
the A/ = 2 generalized Carroll superalgebra. The N = 2 ads-car(™ superalgebra admits

the following components of an invariant tensor:

(IMEM) = —ag g1, (G™P™) = 10
1
(T = oyt (™) = 7 OmAnt2
(02 ™05 ") = 204 41Cas (0; ™ ") = 20n1m41Cas (4.12)

where ¢ < N for «;. Here, we have intentionally omitted the components related to the
exotic sector of the theory. The non-degeneracy of the invariant tensor is guaranteed for
ay # 0. Let us note that, for N = 1, we recover the invariant tensor for the N = 2
AdS-Carroll superalgebra.
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Then, by considering the invariant tensor (4.12) and the connection one-form (4.9) in
the CS expression (4.1), we get an UR CS supergravity action for the N' = 2 generalized
AdS-Carroll superalgebra (3.21)—(3.22),

= k a m) pa n m n 5n+7“ ac,_(m r
Ié\afﬁ-?ut(N) = E/Zapfsgwrnﬂ 2¢" R (Wb( )) —2r™R (w( )) + (2726 TMe{delr)
p=1

494 g, (1) _ (gg;jrlu(m)du(q) — 2t Mgyt () _ 9y Mgy~ (n)] , (4.13)

where we have defined

R® ( b(m)) = dw® (™ 4 Z 51T e

n,p=0
R(o™) = o™ + 13 et (1.12)
n,p=0

Here, we can set a; = 0 for ¢ # p without affecting the non-degeneracy condition ay # 0.
The non-degeneracy of the invariant tensor (4.12) ensures that the field equations are given
by the vanishing of the curvature two-forms (4.11). One can notice that the N = 2 ads-car™)
CS supergravity action is invariant under the following supersymmetry transformation rules:

g Z 5n+p+1§i(n Ow:t(p)

n,p=0
Z 5n+p—:i:(n awq:
n,p=0
F(m) — Z o gt ()~ 0yt (p)
n,p=0
de’ (m) _ Z 5n+p+15 (n) aIp?(p
n,p=0
5tm) — i Z 5n+p+15 (1) 0q)y ()
n,p=0
:l: Z 5n+p_:t (n) 01/}:|:
n,p=0
1 1
Sy (m) — gt (m) 4 Z 5n+p< Mgt @) 4 oo (M, FB) 5 2yt <p>>
n,p=0
1
+ Z 5n+p+1 < (n)%a?jF (P) + ?ZT(n)’Yo€i (p)> s (415)
n,p=0

with e* (™) being the gauge parameters related to the fermionic generators Q= (™). Let us note
that the CS supergravity action (4.13) can be written as the sum of individual Lagrangians
based on N = 2 ads-car® for p = 1,2,--- N,

Iaas car(™) = 4 / Z ap‘caas car(®) (4'16)
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In particular, p = 1 reproduces the N' = 2 AdS-Carroll supergravity Lagrangian propor-
tional to o in (4.7). For p = 2, the Lagrangian is invariant under the N' = 2 ads-car(®
superalgebra (3.23)—(3.24),

= a a 2 ac ]' ac
ﬁﬁgs__?at(z) = [QeaR (k‘b) + 2my R (wb) —27R (k) — 2hR (w) + 72 TeqMe + 72 hegec
1 _
+2t1dus + 2taduy — Jurdu - 20TV E — 2xFVT| (4.17)
with

R® (k:b> = dk® + “wk, + ¢k,

R (k) =dk,
+ + 1 + 1 a F 1 + 1 a mp 1 +
VX =dx + FwWrXT + 5w Yo" + 51-6701# + 5 X+ Ww/}
1 1 1
+ oMt F SoxT F gt (4.18)

On the other hand, R® (w?), R (w) and VT are given in (4.4). Here we have defined

w® =w, w® =k, O =7 M =p,
FON— oA = k. T
tO0 = ¢, , t1) = ¢, , ul® =y ut) = uy ,

v =97, va 'V =xa- (4.19)

In the vanishing cosmological constant limit £ — oo, the theory reduces to the N = 2
cat(® supergravity, which extends the A" = 2 Carroll supergravity appearing along the aq
term. Post-Carrollian extensions of the N' = 2 AdS-Carroll supergravity (4.7) appear at
higher order in p.

4.2 N = 2 extended Newton-Hooke Chern-Simons supergravity and its
generalization

The three-dimensional N' = 2 extended Newton-Hooke supergravity has been first introduced
in [97] and subsequently recovered in [102, 103]. Here, we start with a brief review of
the extended Newton-Hooke supergravity theory discussed in [102, 103]. Then, we show
that the NR expansion, as in the Carrollian case, allows us to derive novel post-Newtonian
generalizations of the Newton-Hooke supergravity.

The gauge connection one-form for the N/ = 2 extended Newton-Hooke reads

A=wJ+w'G, + sS+TH+ ePy, + MM+ t1T1 + t2To + u1U1 4+ usUs
+9Q" +497Q7 + pR, (4.20)

with s and m being the gauge field related to the central charges S and M. The ex-
tended Newton-Hooke superalgebra admits a non-degenerate bilinear invariant tensor whose
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components are given by

(Js) = —o0, (GaGp) = 000ab
(M) = (HS) = —f, (GaPp) = B1dab ,
<HM> = _%a <Pan> = %&be
(T1T2) = 0o, (T1Ug) = (T2U1) = 1,
(U1U2) = —% ) (Q,Q5) = (A Rg) =2 (51 + J;) Cop - (4.21)

Here, 0o and (3 are related to the relativistic osp (2,2) ® sp (2) constants through the Sg)

elements:
o) — )\26&0, 51 = )\2@1 . (422)

Here, o is related to an exotic NR sector [102, 103] which can be set to zero since the
non-degeneracy is satisfied for o9 # +¢51 and B # 0. Then, the NR CS supergravity action
based on the N/ = 2 extended Newton-Hooke superalgebra (3.29) is given by

I 7

2 _ _
—ZulduQ — 2"V —20Vp — 2pVpt| | (4.23)

_ k 1
/Xt;?ldednh = / Bi {QeaR“ (wb> —2mR (w) —2TR(s) + —€*“Teqec + 2t1dus + 2taduy

where

R(w) = dw,
R (w*) = dw® 4 €*“wuw,

1
R(s) =ds+ ieacwawc,

1 1 1
V't = dyt + Zwyy™ + ?TVO¢+ — —t1yoyT,

2 14 2
V@Z}__d'éz}_‘i’l @Z)_‘Fl 1/)_—|—1 a w++1 a w++1t v
1 1 1 _ 1 _ 1
V,O = dp + §w70p + 5570¢+ + §Wa7a¢ + ?eeafyaw + ?ET’YOp
1 1 1
+ +

20 —gtor =5t : 4.24

+2€m'yow 511700 — 3 270 (4.24)

In the vanishing cosmological constant limit £ — co, the CS action reproduces the extended
Bargmann theory in the presence of the additional bosonic content ¢1, to, u1, and ug [102]. The
presence of such gauge fields is not whimsical but is due to the non-degeneracy requirement.
Indeed, they are related to the bosonic generators {Ti, T2, Uy, Uz}, which appear as expansions
of the so (2) automorphism generator 7" and central charge U of the so (2)-extension of the
0sp (2,2) @ sp (2) superalgebra (3.4). As in the relativistic case [109], the extra generators
ensure the non-degeneracy of the bilinear invariant trace, implying the vanishing of the
curvature two-forms as equations of motion even in the flat limit. In particular, the bosonic
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curvature two-forms read
1 -
F (@)= R(@) + o020
a a 1 ac 1 - a, | —
F(w")=R (wb)—l—ﬁe Tec+z¢+’y v,
1-
F(r)=dr+ §¢+70?/)+ ;
F (%) = de® + *“we, + €*“Twe + PpTy* ),
1 ac 1 0,/,— 1 7+ .0
F(S):R(S)‘Fﬁf ea€c+ﬂ¢ v +Z¢ P,
1_ _
F (m) = dm + €"“wqec + 51!}_’70@0_ + @Z)_‘—'Yopa
1 -
F (t1) =dt; + 27€¢+70w+ )
1 - 1-
F(ts) = dbty — 077"~ + —p*4%p,
20 Y4
1 -
F (ul) =du; + §w+701/1+ s
1 - _
F(ug) = dup = 5974"0" + 9.

On the other hand, the fermionic curvature two-forms are defined in (4.24).

Generalized N = 2 Newton-Hooke and Galilean CS supergravity theories

(4.25)

A CS supergravity action based on the ' = 2 nh™) superalgebra (3.38)—(3.39) can be

constructed from the gauge connection one-form,

hE

A=Y (wtmgm) - rOmgem) . fmglm) g () g (mige (m))

2 3
Dyl

_l’_

(Ml - et M) 4 = (mg=(m)

I
o

m

and the non-vanishing components of the invariant tensor,

<J(m)H(n)> = *ﬂern s <G£Lm)Pl(;n)> = BernJrléab’
<T(m)U(n)> = Bmtn <U(m)U(n)> = _éﬂm-i-n )
<Q(; (m)QL; (”)> = 2/8m+n+10a5 ) <Q;t (m)sz_ (n)> = 2Bn+m0aﬂ ’

(4.26)

(4.27)

with 1 < p < N for the 3, constants. Here, the 3, constants are related to the relativistic

ones (3.2) through the SgN) semigroup elements as

Bp = Agpli1 .

(4.28)

Without loss of generality, we can set By = 0, 5y being related to the three-dimensional

Galilean gravity term [85, 114].
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A generalized NR CS supergravity action constructed from the gauge connection one-
form (4.26) is then given by

5., 1
N3 = / Zﬂp ””"l ) R () + DL a7 ) of0) o)1 91" ") — ™ ™)

—2g Tyt O] 48,00 L [2elM R (WP 0)) 2 (Mvy ()] (4.29)
with
R(w(m>) m) 4 - Z P
pq 0

R® (w“ (m)) = dw®™ 4 Z 67T+peacw(”)w((:p) ,
,p*O

V= gt m 4 Z o (w(m%w )

STt @) — (gt (p>>
n,p=0

N-1
. L o .
b3 B (900 Lm0

n,p=0
Vg = ) 4 >, (w(”)fmw—(pwET‘")vow-<P>+t<">~mw-<p>
n,p=0
o) %eam)%w (p)) . (4.30)

The obtained NR CS supergravity action is based on the ' = 2 nh(N ) superalgebra and can
be seen as the supersymmetric extension of the generalized Newton-Hooke gravity action
introduced in [85]. In the vanishing cosmological constant limit ¢ — oo the CS action
reproduces a generalized Galilean supergravity. As in the generalized super AdS-Carroll
case, the CS supergravity action can be written as the sum of Lagrangians invariant under
the N' = 2 nh® superalgebra for p = 1,2,--- , N. Indeed, the CS action (4.29) can be
expressed as follows:

HEE / Zﬂpﬁnh(p) (431)

For each Lagrangian we have set 8; = 0 for ¢ 75 p since the non-degeneracy condition for
nh®) is given by Bp # 0. Then, for an arbitrary p, the equations of motion for the nh®
supergravity are given by the vanishing of the following curvature two-forms (field strengths
of the bosonic one-form gauge potentials):

F(w(m)) ( ) Z n+p+1 ( egn)e((:p)+z¢—(n)70w—(p))

np*
% Z 5n+p¢+(n)70¢+(p)
n,p=0
e (wb(m)) ( )+ Z 5n+p( P)+ ¢+ (n) a¢ P))
n,p=0
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N-1
1-
p(gmgzdgmu_zj&ﬁmJwayk@+?¢4m¢w—w)

n,p=0

Z 5n+p (1) Oyt (2)

n,p=0
F“( b(m )) de®(m) 1 Z 5n+p( <")egp)+e“CT<”)wgp>+1/7+<")7“¢*<p>),
n,p=0
F(t(m)) =d o ; Oyt (Ot ®) ;05n+p+1w(n)701/’(p)
F( (m )) du m)—i- Z 5n+p 0¢+ + Z 5n+p+l¢ 701&7(}7); (4.32)
n,p=0 n,p=0

the fermionic curvature two-forms are defined in (4.30). One can notice that the Lagrangian
for p = 1 corresponds to the extended Newton-Hooke supergravity Lagrangian obtained
n (4.23). For p > 2, the Lagrangian reproduces post-Newtonian extensions of the extended
Newton-Hooke supergravity. For instance, p = 2 reproduces the so-called exotic Newtonian
supergravity [103]. Indeed, by considering the following redefinition of the gauge fields:

FON W = W =
T(O):T, T(l):m, T(Q):t,
tO0 =¢, tW =ty t? =tg,
FOR. uD =y u® =y
va =97, vd ™ = pa, va® =¢5
w((lo) = w,, ‘9((10) = e,, W 0) — ’
wi) = ba., el =ta, va W =0g, (4.33)
we get
‘Cnh(Z) 2e*R® (bb) +2t*R* (wb> —27R(2)—2mR(s)—2yR (w) +£—26a076atc+ ﬁeacmeaec

2 1 _ _
+2t1dug -+ 2tadup +2t3du - urdug - ZquuQ—wiwi —20EVYT—2pVp.

(4.34)
Here, the curvature two-forms read
R (bb> = db® + €*“wb. + €*“swe ,
R(z) = dz + €*“wgb.,
1 1 1
VoT = do™ + §w70¢+ §S’Vop+ 5@ b + b“wﬁ + 276 “Yad” + 27770¢+
1 1 1 1 1
7 t -‘r + _ ¢ + Zt — ¢ +
+5m00 + 55 Yo~ + Zw%) 2gyw/) 5117007 — 5t2%0p — St3%0Y
IS R S 1 . oty L 1
Vo~ =do Qw%cb + 2870¢ + 5w ap + 26 Yath + 55 “Yap + %Wocb
1 1 1 1
— 0y T — Zt1ygpT — =t -, 4.35
%m’mw 5 Yo 5 1700 5 270t (4.35)
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Moreover, R (w), R® (wb), R (s), Vy*, and Vp have been defined in (4.24). In the flat
limit ¢ — oo, we recover the extended Newtonian supergravity introduced in [95], which
can also be understood as post-Newtonian corrections [115]. At higher order in p, the
Lagrangians Eﬁ\é(:z)z extends to the supersymmetric case the family of Newton-Hooke gravity
theories discussed in [85].

Interestingly, the N' = 2 generalized Newton-Hooke CS supergravity action (4.29) can
alternatively be obtained from the relativistic one,

_ 1 1 .
I'/A\{i_s2 = /dl |:2€ARA + @EABceAeBGC + tdu — E—Qudu —2U'VVU| (4.36)
where
1
RA = dw” + ieABCwac,
1
T4 = de? + §eABCwBeC,
. 1 | , o
VU = qUt + iwAVA\IIZ + ﬂeAfyA\I” + £ W (4.37)

Indeed, the NR supergravity action (4.23) is obtained by expanding the relativistic the-
ory (4.36) after identifying the NR gauge fields in terms of the relativistic ones through
the Sg) elements as

w™ = Appwo, T =Aomeg T = 2,0 1M = ot W™ = Mg,
W™ = Domr1wa €S = domprea T = N U, (4.38)

where we have defined

vk = \}5 (\If; + (vo)aﬁ m%) . (4.39)

4.3 N = 2 (AdS-)static Chern-Simons supergravity and its generalization

A third class of kinematical superalgebras are the static one which, as we have shown in
the previous section, can be either be obtained from the UR superalgebras or from the NR
ones. Here, we present the three-dimensional CS supergravity action based on the N' = 2
extended AdS-static superalgebra (3.32)-(3.33) and its flat limit.

The gauge connection one-form for the N' = 2 AdS-static superalgebra is given by

A=wI+wGy+ sS+TH+ePy +mM+ 1Ty + t2To + u1Up + uoUs
+tQT +47Q” + pR. (4.40)
The corresponding curvature two-form reads
F=F(w)3+F () ot F(r)B+F (") P+ F (01) To + F (82) To
+ F (u1) Uy + F (ug) Us + Vo QT + Vp~Q™ + VpR, (4.41)
with
F(w)=dw=R W),
F (wb) = dw® + *ww, + %26“760 + %1/_#7”%* =R (wb> + %26“6766 + %;Jr’yadf ,
F(r) = dr + 5320t
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F (e?) = de® + e*“we,,

1 ac
F (s )—ds+2€ €t eaec—R(s)—f—TEQG €aCe s
1
F(m) =dm + e*“wze. + 2¢_70¢_
]'—(tl) =dty,
F (ta) = dta,
1-
F(u1) = duy + §¢+70¢+ ,
1_ _
F (ug) = dug + 51/77%’ + 9%,
1 1
Vot =dyt + *OWO@W - 5751’701/1+ ,
1
Vi~ =dyp™ + oni/J + 76 T+ 5151’701#_»
Vp—dp+ = 41 Yt + ! Y _L L T (4.42)
p=dp+ 5wr0p+ 55709 " + 556" 5t1700 = St20¢" . :

Let us note that the curvature two-forms above are quite different from the extended Newton-
Hooke and extended Bargmann ones, although the gauge connection one-form (4.40) is
identical to the extended Newton-Hooke one (4.20). The non-vanishing components of the

invariant tensor for the A/ = 2 AdS-static superalgebra are given by
Vo

(JS) = -1y, (PaPp) = 6—25@,
(IM) = (HS) = —p1, (GaPb) = 1110ap ,
(T1T2) = 1o (T1U2) = (ToU1) = i1,
(QaQ5) =2 1Ca/3, (Q3Rs) = 2u1C0g (4.43)

where vy and g1 can be written in terms of the N/ = 2 AdS-Carroll constants (4.5) and
the element of the Sg) semigroup as

Yo = X200, p1 = A2y .
Alternatively, vy and u; can also be recovered from the extended Newton-Hooke ones (4.21)
with

Vo = X000, = A2

The exotic sector proportional to vy can be set to zero without affecting the non-degeneracy
criterion, which requires p # 0. The N/ = 2 AdS-static CS supergravity action constructed
from the connection one-form (4.40) and the invariant tensor (4.43) is then given by

k 1
Ié\afs fmt yy /Ml [26[17?,“ (wb) —2mR (w) — 27R (s) + 6—26“76&60 + 2t1dus + 2taduy

2TV — 25Vt — 2&—%/}—] : (4.44)

The obtained CS action differs from the N' = 2 extended Bargmann one (see (4.23) for
¢ — o0) in the definition of the curvature two-forms (4.42). The non-degeneracy of the bilinear
invariant tensor (4.43) ensures the vanishing of the AdS-static curvature two-forms (4.42) as
field equations which are different from the extended Bargmann ones (4.25). Nonetheless, a
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reinterpretation of the e* and w® gauge fields allows us to recover the known non-relativistic
supergravity action [78, 97, 102]. Indeed, the N' = 2 extended Bargmann CS supergravity
action appears by interchanging the roles of e* and fw®. On the other hand, the vanishing
cosmological constant limit £ — co reproduces an N = 2 static CS supergravity action. The
flat limit is free of degeneracy due to the presence of the bosonic generators {Ty, T2,Uy,Us},
ensuring the vanishing of the proper curvature two-forms as field equations both in the
AdS-static and static supergravity. The CS supergravity action (4.44) is invariant under

the following supersymmetry transformation rules:

ow =0,
dw? = %§+'y“w7 + ééfvadﬁ,
61 = 4%,
e =0,
6s =0,
om =& 7"+ + T,
oty =0,
dto =0,

6“1 == 5_|_70¢+ )
duy =9 % + ot Yt — 770y,

1 1 1
ST = deT + Zwyoet + —eveeT — stivoet,

2 20 2
S~ d*+1 *+1“ ++1t -
= age —WYE —€ 15 - g
92 Y0 2/ Ya 9 170 y
5p = do+ ~ 4 L eypet 4 Loty — & L roet (4.45)
= —w —S8Y0€ —e VaE — = - = e, .
P o B Yoo B Y0 o Ya 5 1700 5 270

where the gauge parameters ¥ and p are related to the fermionic charges Q* and p,
respectively. The transformation rules for the N' = 2 static supergravity theory are derived
in the flat limit { — oo.

Generalized N = 2 (AdS-)static supergravity

The NV = 2 ads-stat!N) superalgebra (3.44) admits a non-degenerate invariant tensor whose
non-vanishing components read

(IH) = iy (G PY™) = pramn 10
<T(m)U(n)> = HMm+n s <QE () QE (n)> = 2:um+n+10043 >
<Qj; (m)Q; (n)> = 2n1mCag (4.46)

with 1 < p < N for the pu, constants.” Here, the y, constants can be either be obtained
from the AN/ = 2 AdS-Carroll ones (4.5),

,up = )\gpal N (4.47)

5Here we have intentionally omitted the exotic sector.
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or from the N' = 2 nh™) constants (4.27),
fp = A2p . (4.48)

A generalized N = 2 (AdS-)static CS supergravity action can be constructed from the invariant
tensor (4.46) and the gauge connection one-form for the A" = 2 ads-stat!N) superalgebra,

A= Z ( m)J(m =+ 7—( )H(m) + t(m)T(m) + u(m)U(m) + J)-i-(m)Q—i—(m))

+ Z ( (m) m) +e“(m)P(m + (m)) , (4.49)
and the Correspondlng curvature two-forms,

f(w(m)) dw™ +@ ;05n+p+1€ eMe®

Fo () = duot () 4 Z om (e ( acy ) 4 L z cer () o(p) +2¢;+(n)ya¢<p>> ,

n,p=0
N-1 1_
F(rm) = artm 4 ;O 5 <6acwén>6£p) b 6 0y (p>>
_|_ Z 5 pw+ Owﬁ-(l’)’
n,p=0
N-1

Fe (eb( )) = de® (™) 4 Z Opp € (”)e((:p),

F (1) = e

N-1
.F(’LL )_du(m + Z 6n+p n),yOer( + Z 5n+p+1¢ Olpi (p)’
n,p= 0 n,p= 0
V¢+(m) — d1/}+( + Z 5n+p ( (n)’YOer ® _ t(n)fmdﬂr (p))
n,p=0
| N1
+ 7 Z 521+p+16a(n)’7a¢7( )
n,p=0
vy = g 4 Z o <w<n>%¢<p> = @) +Zea<n)%¢+<p)> ,
n,p=0

(4.50)

Then, the general expression for the CS supergravity action based on the N = 2
ads-stat™) superalgebra (3.44) is given by

_ ko[ _
Iy = E/Zﬂp‘sgwrnﬂ [26((;”)73'1 (wb(")) —2w_(m)v¢—(")}
p=1

o -
+ip0n, i, [ 2r(MR (w(")> +7q;;+1 o7 (M) el@) () L 94 (M) gy (M) _9qp+ (M) g+ ()|

(4.51)
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where

R () = d () 4 Z 5 €y (4.52)
n,p=0

The N = 2 ads- stat( ) CS supergravity action (4.51) can be expressed as the sum of individual

Lagrangians ok each of which is invariant under the ads-stat’?) superalgebra,

ads- 5tat(1’) ’

N=2
Iabs—stat(N) 4 / Z MP aas 5£at(1’) (453)

For p = 1, we recover the N' = 2 AdS-static CS Lagrangian (4.44) along the p; constant.
Generalized AdS-static supergravity actions are derived for p > 2. According to figures 4 and 5,
the corresponding N = 2 static CS supergravity theory together with its generalizations
are obtained either as a vanishing cosmological constant limit £ — co of the ads-stat(™N)
theory, or by expanding the N = 2 ga[(N ) / car™) supergravity models. In the expansion
procedure, the N = 2 stat™) CS supergravity action can be obtained from the generalized
Galilean/Carrollian supergravity action. Indeed, the generalized static gauge fields can be

(2)

expressed in terms of the ga[(N ) ones and the 1 elements as

W) Z A ) Z ypm) g (m) Aﬂﬁ (m) ) Z \gpm) |y m) g (m) |

wl(lm) — )\2w¢(7,m) e((lm) — )\Oegm) P~ (m) — )\1¢ (454)
or in terms of the cat®™) ones and the SgN) elements,

w(m) = )\2mw7 T(m) = AomT ¢+ (m) = )\2m¢+ ) t(m) = )\2mt7 u(m) = )\2mu7

wi™ = Xgmi1wa € = domirea P = Ayt (4.55)

5 Discussion

In this work, we have presented the supersymmetric extension of kinematical Lie algebras by
applying systematic S-expansions starting from a so (2)-extension of the osp (2,2) x sp (2)
superalgebra. We have classified both NR and UR regimes of the relativistic N' = 2 AdS
and Poincaré superalgebras constrained by the non-degeneracy condition. Such condition
ensures that the field equations derived from the corresponding CS supergravity action are
given by the vanishing of the curvatures for each supersymmetric (extended) kinematical Lie
algebra. Our results can be summarized through the cube 4, in which both the relativistic
and the NL superalgebras admit a non-degenerate invariant tensor. To this end, each NL
regime requires particular considerations at the level of the semigroups and the subspaces of
the original superalgebra. We then extend our results to post-Newtonian and post-Carrollian
superalgebras, whose expansion relations have been summarized in cube 5. We have also
considered the construction of CS supergravity theories for each (extended) kinematical
superalgebra and their generalizations.
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The general framework to derive NL regimes of known relativistic supergravity theories
presented here could serve as a starting point for approaching various open issues. Of particular
interest is the extension of our results to higher spacetime dimensions. In odd spacetime
dimensions, the expansion method could be applied to distinct CS (super)gravity models
defined in arbitrary higher spacetime dimensions [63]. Nonetheless, a geometric approach
a la MacDowell-Mansouri [116] is required to explore the NL counterpart of (super)gravity
theories defined in even spacetime dimensions. At the bosonic level, it would be interesting
to explore the NL version of the Lovelock gravity [117, 118] which reproduces the CS and
Born-Infeld (BI) gravity for particular values of the Lovelock parameters. One could explore
whether, as in the relativistic case, the obtained NL CS and BI gravity theories can be
recovered from a NL version of the Lovelock gravity model. Our results could be useful to
explore the NL regime of the applications of higher-curvature terms in holography [119, 120].
A first step toward holographic developments involves the potential extension to higher
dimensions and, above all, the study of the resulting theory in the presence of a non-trivial
spacetime boundary, following the approach of [121-125]. This shall be followed by an
investigation of the asymptotic symmetries and the theory emerging at the boundary. Further
applications in the context of holography and analogue modeling include, for instance, the
study of hydrodynamic systems — e.g., the “Carrollian fluids” [126] — within the framework
of gauge-gravity duality applied within relativistic and non-relativistic physics.

Another aspect that deserves to be explored is the conformal extension of NL (su-
per)algebras. The S-expansion method employed here could be useful to classify diverse NL
(super)algebras and extend to conformal symmetries both the original cube of Bacry and
Lévy-Leblond [5] and its supersymmetric extension presented here. One could expect to obtain
the Galilean conformal (gea) and Carrollian conformal (cca) (super)algebras [10, 12, 127, 128]
by expanding the conformal one, after considering suitable partitions of the semigroups
and decompositions of the relativistic subspaces. In analogy to the results obtained here,
bigger semigroups should allow us to derive post-Newtonian and post-Carrollian extensions
of the geca and cca (super)algebras, whose (anti-)commutators should satisfy a Schrodinger-
like (super)algebra. Motivated by the bmss/gcay (or bmss/ccas) duality [34, 47], it would
be interesting to explore the existence of a duality between two-dimensional extended NL
conformal (super)algebras and infinite-dimensional asymptotic (super)algebra in higher
spacetime dimensions.

It would be also interesting to extend our results to higher-spin gravity and bigger
symmetries. The NL regime of gravity consistently coupled to spin-3 gauge fields has already
been discussed in [65, 66, 87]. One could go further and study the distinct NL versions of
gravity coupled to spin-5/2 gauge fields, also refereed to as hypergravity [129-134]. One
should expect to find hypersymmetric extensions of the Galilean and Carrollian algebras.
Our method should allow us to select the “good” hyperalgebras provided with non-degenerate
bilinear invariant traces useful to construct CS hypergravity actions. In this direction,
extended kinematical hyperalgebras should appear in the NR counterpart. On the other
hand, one could extend the study of kinematical Lie (super)algebras to the Maxwellian case.
The Maxwell algebra, first introduced in [135-137] has received a growing interest due to its
different applications in the (super)gravity context [138-151]. A Maxwellian generalization of
the cube presented in [90] and its supersymmetric extensions introduced here could require a
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subtle treatment. In particular, as it was pointed out in [152], the Maxwellian Carroll algebra
obtained as a UR limit of the Maxwell algebra suffers from degeneracy, as in the NR limit.
We expect to solve the degeneracy issue appearing in the Carrollian regime with a larger
semigroup, analogously to the strategy employed here, in the NR expansion.
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