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Relational Supersymmetry via the Dressing Field Method
and Matter-Interaction Supergeometric Framework

Jordan Frangois* and L. Ravera*

Relationality is the paradigmatic conceptual core of general-relativistic gauge
field theory. It can be made manifest via the Dressing Field Method (DFM) of
symmetry reduction, a systematic tool to achieve gauge-invariance by
extracting the physical degrees of freedom representing relations among field
variables. Some applications of the DFM are reviewed and further expanded
to the very foundations of the supersymmetric framework, where it allows to
build relational supersymmetric field theory and (dis)solves crucial issues.
Furthermore, a novel approach within the relational supersymmetric field
theory framework giving a unified description of fermionic matter fields and
bosonic gauge fields is elaborated, and thus close to Berezin’s original
motivation for the introduction of supergeometry in fundamental physics: a
Matter-Interaction Supergeometric Unification (MISU). This new approach
stands irrespective from the ultimate empirical status of standard

1. Introduction

A fundamental insight of general-
relativistic physics is that diffeomor-
phisms covariance encodes its paradig-
matic feature: dynamical physical field-
theoretical degrees of freedom (d.o.f))
relationally co-define each other, via
pointwise coincidences, in a diffeo-
invariant way, thereby defining physical
spacetime points/events. This is what we
shall call relationality hereafter: it implies
background independence, i.e., the idea
that there are no non-dynamical physi-
cal entities, acting upon without being
acted upon. This insight, discovered

supersymmetric field theory, about which it is agnostic.
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by articulating his so-called hole and

point-coincidence arguments, was piv-

otal to Einstein’s completion of General

Relativity (GR). See e.g., refs. [1-7] and [8]
for the extension of those arguments to a fully-fledged bundle-
geometric framework, in which invariance under the action of
the group of bundle automorphisms is discussed and achieved
for general-relativistic Gauge Field Theory (gRGFT) for the first
time — both formally and with field-theoretical applications, e.g.,
to gravity and electromagnetism coupled to scalar fields.

Relationality, though a core insight of fundamental physics es-
tablished in the framework of gRGFT, is seldom recognized as
such. Typically, at best, field-theoretical setups exhibit symme-
try covariance and are tacitly relational, while better desiderata
would be manifest invariance and explicit relationality. The lat-
ter, while conceptually very appealing, are more challenging to
implement from a technical standpoint unless one has a system-
atic and mathematically rigorous framework to do so.

In the last ten years, an innovative new approach to reduce
gauge symmetry was developed: the Dressing Field Method (DFM),
a systematic tool® to build gauge-invariant variables grounded
in the differential geometry of fiber bundles, thus fully non-
perturbative. First developed in refs. [10, 11] in the context of
Yang-Mills-type theory and gauge formulations of gravity, i.e., for
internal gauge groups, it notably provides an alternative to the
Spontaneous Symmetry Breaking interpretation of Higgs-type
models, with strong conceptual implications explored in refs. [12,
13], and it modifies the BRST algebra of a gauge theory via the no-
tion of “dressed ghost”, as showcased in refs. [14, 15]. It was also
shown to have natural applications in conformal Cartan geometry
and twistor theory,['6'7] whereby an original mathematical struc-
ture was uncovered as a result.l'¥ These results were reviewed in
ref. [19]. The bundle geometry of the field space of a gauge the-
ory was shown to be the most natural mathematical arena of the
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DFM in refs. [20, 21] — where the method was also revealed to
be the geometric underpinning of the notion of “edge modes”
introduced in the study of the covariant phase space of gauge
theories over bounded regions — whilel??] further elaborated on
its bundle geometric foundations. The important technical and
conceptual distinction between the DFM and gauge-fixing was
discussed specifically in refs. [23] and [24]- the latter reference
emphasizing the Faddeev-Popov gauge-fixing of the Path Inte-
gral. The most complete technical and conceptual presentation
of the DFM to date is ref. [25] where, generalizing,[?] the method
is extended to cover the whole framework of classical gRGFT. It
is in that context that it was shown to supply a natural technical
implementation of relationality, allowing to reformulate the foun-
dation of physics in a principled, manifestly relational and auto-
matically invariant way. Recently, the method has been shown
to apply to (a bundle geometric formulation of) non-relativistic
quantum mechanics,?’! thus making explicit its relational char-
acter, distinct from that meant in relational QMI?%] and exactly
analogue to that of gRGFT.

Also quite recently, the DFM has been applied to the founda-
tions of supersymmetric field theory, in particular to the case of
the Rarita—Schwinger (RS) and gravitino fields:!*"! There it was
shown that, while usually understood to result from a gauge-
fixing, these are actually instances of “self-dressed,” relational
variables.[23725293] This fact emerges right from the start, that
is from the kinematics one typically considers in supersymmet-
ric field theory, and has deep consequences on the formulation
of theories based on supersymmetry (susy), as we will discuss
in this work. Moreover, the DFM is at the very root of “uncon-
ventional supersymmetry” (ususy) formulated via the so-called
matter ansatz, as shown in [31]. The understanding of this fact
is not only foundational to the three-dimensional ususy model
originally proposed in [32] (AVZ model) and to its entire physical
and geometric framework, but it is also the foundation for the
formulation of a novel supergeometric setup we here put forth:
a Matter-Interaction Supergeometric Unification (MISU), in which
the framework of supersymmetric field theory is used as a tool
to provide a unified description of fermionic matter fields and
bosonic gauge fields, as parts of a single superconnection, while
remaining agnostic on the ultimate fate of supersymmetry and
the existence of particle superpartners. Our framework is based
on supersymmetrizations of the Lorentz algebra, and the match-
ing between bosonic and fermionic d.o.f. is not required.’**! Fur-
thermore, as we shall discuss, it corrects attempts presented in
the literaturel3#37] to extend the ususy idea to higher dimensions,
providing an unambiguous setup with a solid foundation in dif-
ferential geometry.

This contribution is primarily indented as a focused review pa-
per of applications of the DFM to foundational aspects of stan-
dard supersymmetric field theory, so as to advertise the approach
to a broader community that hitherto has had little to no exposure
to its technical and conceptual underpinning. Yet, it also contains
the preliminary original results mentioned above concerning the
MISU approach. It is thus structured as follows: Sections 2 and
3 review fundamental aspects of standard susy through the lens
of the DFM. In Section 2 we provide the basics of gauge field the-
ory and methodically review the key aspects of the DFM, both in
the finite case and at the perturbative level. We stress the differ-
ence between gauge-fixing and the implementation of the DFM
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via field dependent dressing fields. We also give the dressed BRST al-
gebra. In Section 3 we recall the cases of the RS spinor-vector and
gravitino field as self-dressed field-theoretic variables, rather than
gauge-fixed objects. Then, in Section 4 we present new mate-
rial: our prescription for a naturally relational Matter-Interaction
Supergeometric Framework and its dressed BRST formulation,
which we illustrate via a simple case. We conclude with Section 5,
where we comment on these results, highlighting some conse-
quences of our relational supersymmetric field theory framework.
Finally, we discuss the prospects of the novel, intrinsically rela-
tional, Matter-Interaction Supergeometric Framework, mention-
ing also some planned future developments of our findings. In
Appendix A, for the sake of completeness, we introduce the per-
turbatively dressed BRST formalism.

2. Basics of Gauge Theory and Symmetry
Reduction via the DFM

In order to better frame and understand the DEM of symmetry
reduction, let us start by introducing the typical field content and
the associated geometric structure of Gauge Field Theory (GFT),
sketching first the kinematics/geometry and then the dynamics.

Kinematics/Geometry of GFT: A gauge theory is based on a
(finite-dimensional) Lie group H,1*®! with corresponding Lie al-
gebra J), and defined over a region U C M of a d-dimensional
manifold M. The basic field content is given by the gauge poten-
tial (or connection) 1-form A = A, dx* € Q'(U,§) and the mat-
ter fields ¢ € Q*(U, V), with V a representation space via p:
H — GL(V),and p, : § — g[(V). The minimal coupling prescrip-
tion is provided by the covariant derivative D¢ := d¢p + p, (A) ¢ €
Q+Y(U, V). The field strength of A (that is the curvature) is
F=dA+1/2[A Al € Q*(U, ), and fulfills the Bianchi identity
DAF = 0.

The (infinite-dimensional) gauge group of the theory, that is
the set of H-valued functions y: U — H, x — y(x), with point-
wise group multiplication (yy’)(x) = y(x)y’(x), defined by

Hi={yn:U-H|n" =y}, (1)
acts on the fields and their field strengths. The corresponding Lie
algebra is

LieH := {,1, VU640 =4, } 2

The gauge transformations of the fields are defined by the action
of H at the finite level and of LieH infinitesimally:(*°]

A A=yTAY YTy, ¢ e =)
3)

infinitesimally, 6,A = DA=dA+ad(A)4, 6,0 =—p,(4)¢.

Consequently, the corresponding field strengths gauge-
transform as

F e F=yFy,
D¢ + (D@)! := dgp' + p,(A")¢" = p(y)"' Dép.

The action of H on the field space ® = {A, ¢} of a GFT is a right
action, (A")Y = AW and (¢")Y = ¢", and foliates @ into gauge or-

)
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Figure 1. Gauge-fixing in @, i.e., a choice of local section ¢ of ®@. The
gauge-fixing slice is the image of ¢.

bits @". The latter, under adequate restrictions on either ® or H,
are isomorphic to H — cf., e.g., refs. [40-45]. Then, ® is a princi-
pal fiber bundle with structure group H over the moduli space of

orbits M := ®/H. The projection ®5 M, with (A, ¢) =[A, ¢],
maps to equivalence classes in the moduli space.

Gauge Fixing: It is often considered convenient to somehow
restrict to those variables {A, ¢} satisfying particular functional
properties. This can make computations more manageable and is
typically considered a necessary step toward quantization. When
restrictions are imposed by exploiting the gauge freedom (3) of
the fields, they are referred to as “gauge-fixing” conditions. The
functional restrictions define a “slice” in ®, namely cutting across
gauge orbits once. This selects a single representative in each. In
other words, as schematically represented in Figure 1, a gauge-
fixing is a choice of local section of the field space bundle ®, namely
c:UCM- .

Concretely, a gauge-fixing is specified by a condition taking the
form of an algebraic and/or differential equation on fields, im-
plemented by using the gauge freedom (3): C(AY, ¢?) = 0. The
gauge-fixing slice is the submanifold

S ={(A¢) € P | C(A", ¢") = 0} C . (5)

Such a section does not exist globally, meaning that there is no
“good” gauge-fixing, unless @ is a trivial bundle, i.e. ® = M X H
(cf. the literature on the Gribov-Singer obstruction/ambiguity,
starting with[**41#4]), We highlight these features of gauge-fixing
to pave the way for a better understanding of the difference be-
tween the latter and the dressing via DFM, which will be dis-
cussed in the following.

Dynamics of GFT: The dynamics of a GFT is given by a La-
grangian form

L=L(A ¢) = L(A, ¢)vol, € QY (U, R), (6)
with vol, the volume form on the region U C M, with dimension
d. The Lagrangian is typically required to be H-quasi-invariant

(Gauge Principle), meaning H-invariant up to boundary terms:

L(AY, ¢") = L(A, @) + db(A, ¢; ), )
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for y € H, so that the field equations E(A, ¢) =0 remain H-
covariant. The infinitesimal gauge transformation of the La-
grangian reads

8,L(A, @) = dp(A, ¢; ). ®)

BRST Formalism: In GFT, to the infinitesimal generators of
gauge transformations — cf. the 2nd line in (3) — one can associate
a Faddeev—Popov ghost field ¢, which is the field-theoretic place
holder for the Maurer—Cartan form of the gauge group H. The
BRST algebra of a (non-Abelian) GFT is defined as (see ref. [46])

sA=—Dc=—dc—[AV], s¢p=-p,c),
)
sc = —%[c, cl,

and we also have, for the curvature F and covariant derivative of
the matter field ¢,

SF=[F,c, s(D¢)=—p.(c) Db (10)
The BRST operator s is an antiderivation which anticommutes
with the exterior differential d, so that sd + ds = 0, and with odd
differential forms. The bracket [, ] is graded w.r.t. the form and
ghost degrees. It is easily verified that s> = 0 — and, since d* = 0,
we have (s+ d)*> = 0.

Let us also mention that such differential algebra can be recast
as a bigraded algebra, with total degree the sum of the form and
ghost degrees, whose nilpotent operator is d := d + s, such that
(s.t.) d2 = 0. One define the “algebraic connection”*’] A == A 4 ¢
of bidegree 1. The above BRST algebra follows from what Stora
referred to as the “Russian formula” dA + %[A, A] = F, by expand-
ing it w.r.t. the ghost degree. The same can be done for the mat-
ter sector. In fact, ¢ being a 0-form stands alone in the bigraded
algebra ¢ = ¢, and, if one requires the “horizontality condition”
(see ref. [48]) D¢ = dp + p,(A) ¢ = D, the BRST variation of the
matter sector above is recovered. The BRST transformation of the
Lagrangian is

SL(A, ) = dp(A, ¢; ), (11)

which reproduces (8). A Lagrangian functional thus belong to the
smodulo d cohomology: L € H%"(s|d), where 0is the ghost degree
and n the de Rham form degree.

2.1. The Dressing Field Method

The DFM is a systematic tool to produce gauge-invariants out of
the field space @ of a gauge theory with gauge group H whose
action on @ defines gauge transformations, as described above.
Although the DFM is a relatively recent method, it has already
been presented multiple times in the literature, either in a more
formal and abstract manner or in a more explicit way, depending
on the specific context. We refer the interested reader to, e.g., refs.
[13, 23, 25-27, 29, 31]. Here, we will review the key aspects of
the DFM, which is key to understanding its applications within
the supersymmetric framework to be presented and discussed
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next.*”) We consider a H-gauge theory with Lagrangian L(A, ¢) €
Q4(U, R) and expose how the DFM manifests in its kinematics
first, and then its dynamics.

2.1.1. Kinematics

Consider a subgroup K of the structure group H, K C H, to
which corresponds the gauge subgroup K C H. Suppose there
is a group G s.t. either H2 G 2 K, or G 2 H. A K-dressing field
is a map

u:M-G, (12)

i.e. a G-valued field, defined by its K-gauge transformation:

u ="y,

fork € K. (13)
The space of G-valued K-dressing fields is denoted by Dr[G, K],
where K (or K) is the equivariance group of u, while G is its target
group. Considering the fields {A, ¢} as above, given the existence
of a K-dressing field we may “dress” them, thereby defining the
dressed fields

A =uwlAu+uldu, ¢t =ul¢. (14)
This illustrates the DFM “rule of thumb”: To obtain the dressing of
an object, compute first its gauge transformation, then (formally)
substitute the gauge parameter with u in the result. Note, how-
ever, that the dressing field is not an element of the gauge group.
The dressed fields (14) are K-invariant, as is clear from (3) and
(13). Therefore, when u is a H-dressing field, the dressed fields
are H-invariant. The dressed curvature of A" is

F* = u™'Fu = dA" + 1/2[A%, AY), (15)

and the dressed covariant derivative is

D' =d+p,(AY), sothat D“¢* = p(u) ' Dp = d¢" + p,(A")d".

(16)

The dressed curvature F* satisfies the Bianchi identity D4" F* =
0.

Residual Transformations: Let us remark that, being K-
invariant, the dressed fields (14) are expected to display residual
transformations under what remains of the gauge group. If K is
a normal subgroup of H, K< H, then H/K =: J is a Lie group.
Correspondingly, K < H and J = H/K is a gauge subgroup of
H. In this case, the dressed fields (14) may exhibit well-defined
residual J-gauge transformations, which are called residual trans-
formations of the 1st kind. If, e.g., the KC-dressing field transforms
asu' = n7lunforn € J, the dressed fields are J -gauge variables,
satisfying (3) with y — .

Dressed objects may also exhibit residual transformations re-
sulting from a possible “ambiguity” in the choice of dressing
field: Two dressing fields u, w' € Dr[G, K] may a priori be related
by w' = ué&, where ¢ is an element of what is referred to as the
group of residual transformations of the 2nd kind. We may write its
action on a dressing field by u¢ = ué. This group has no action on
“bare” objects. Hence, its action on dressed variables, say dressed
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forms g, is found via (*)¢ = (§%)* = p*. Residual transforma-
tions of the 2nd kind have been shown to encode physical reference
frame covariance, both at the classical and at the quantum level.[”]

Field-Dependent Dressing Fields and DFM Relational Interpreta-
tion: Key to the DFM is the fact that a dressing field should be
extracted from the field content of the theory, rather than being in-
troduced in some ad hoc way. This means that it has to be a field-
dependent dressing field, functional on @:

u : ® - Dr[G,K)],

{A, ¢} —» u=ulA @]

(17)

Note that the original fields {4, ¢} encode redundant d.o.f., in the
sense that physical d.o.f. are mixed with non-physical pure gauge
modes. We may understand the dressed fields {A“49], #1491} as
a reshuffling of the d.o.f. of the original fields. This implies an
elimination, partial or complete, of the pure gauge modes.

In the presence of field-dependent dressing fields (17), the
DFM has a natural relational interpretation:[#2°l The dressed
fields {AYA4] U491} represent the gauge-invariant, physical re-
lations among d.o.f. embedded in the original (bare) fields
{4, ¢}

Perturbative Dressing: It may be — as it is typically the case in
supersymmetric field theory — that one is interested in invariance
at first order, that is under the infinitesimal gauge transformations
in (3). Let us keep in mind that geometrically this means trans-
formations that are not only linear in the gauge parameter A (i.e.
1st order in perturbation theory), but well-defined in the relevant
mathematical space. In this case, in the implementation of the
DFM one is led to define an infinitesimal LieKX-dressing field as

v:UCM-g, st 6,o~—4for Aeliek, (18)

neglecting higher-order terms, polynomial in 4 and o yet not in
g, in the first order transformation property.>!! The perturbatively
dressed fields are then defined as,

P =0+5,0, b=(Ad) (19)

where §,¢ “mimics” the functional expression of the infinitesi-
mal gauge transformation §,¢ in (3), with A — v (so, in no sense
is §, a differential of the algebra of fields). More explicitly, we have
the perturbatively dressed gauge potential and matter field

A'=A+8,A ¢'=¢+5,0

(20)
=A+ Duv,

These perturbatively dressed fields are K-invariant at Ist order:
5,0 =6, + Saw‘b =5,0+8_,0=6,0-6,6=0, (21)

where one must neglect higher-order terms in 4 and o, starting
from §,(6,¢). For example, for the perturbatively dressed gauge
potential and the matter field we have

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

85U8017 SUOWWIOD AITeID) 8|qe[dde 8y} Ag peusenob a8 So o1l O ‘8sN J0 S8|nJ o} Akeid8UIIUO A8|IA UO (SUOTIPUOD-PUB-SWLB) W00 A8 1M Ale.d1|BulU//:SAny) SUONIPUOD pue swie | 8y} 8eS *[9202/90/72] Uo Ariqiauliuo Ae|im ‘elfeleueiyood Ag TZT00520Z dpue/zo0T OT/I0p/wod Ae|im Areiq1jeul|uoy/sdny woiy pepeojumod ‘6 ‘520z ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

=z nhysik

www.advancedsciencenews.com

www.ann-phys.org

neglect

8,A" = 5,A+6,Dv = DA+ D(8,0) + [5,A,0] = DA+ D(—4) + [DAo]” =0,

neglect (22)

8.0° = 8,0 = 8,(p-0)®) = =p.(N) = .(3:0) & = p.(0) 8, = —p() S = p.(~N) = pL)pt=TD =0,

Let us now address the impact of the DFM on the dynamics of a
gauge theory.

2.1.2. Dynamics

Let us consider the quasi-invariant Lagrangian form L = L(A, ¢)
of an H-gauge theory. Supposing that there exists a X-dressing
field u with target group G C H, we may exploit the quasi-
invariance of L to define the dressed Lagrangian as the Lagrangian
expressed in terms of the dressed fields in (14):

L(A*, @") = L(A, @) + db(A, ¢; u). (23)

It is easily obtained from the quasi-invariance of Lagrangian and
using the DFM rule of thumb. Notice that if L is strictly H-
invariant, i.e, s.t. b = 0, then L(A, ¢) = L(A*, ¢"). In either cases,
the field equations E(A*, ¢*) = 0 for the dressed fields have the
same functional expression as the field equations for the bare fields,
E(A, ¢) = 0. Let us also remark that, in the presence of residual
J-transformations of the 1st kind, L(A*, ¢") is a J-theory.

Considering the perturbative dressing scenario described
above, for a quasi-invariant Lagrangian, such that §,L(A, ¢) =
dp(A, @; A), we may define the perturbatively dressed Lagrangian
as

L(A”, ") = L(A, &) + dB(A, ¢ v). (24)

The dressed field equations E(A®, ¢°) = 0 in this case are thus
K-invariant at 1st order. Naturally, (20)—(24) may be obtained by
linearization of (14)—(23).

2.1.3. Difference Between Dressing via the DFM and Gauge-Fixing

Comparing the definition (1) of the gauge group and that of a
dressing field (13), is evident that u ¢ K. It follows that a ¢-
dependent dressing field u = u[¢p], which by definition trans-
forms as u[¢p]< := u[dp*] = k 'u[d], cannot be misconstrued as a
¢-dependent gauge group element y[¢], which by definition is s.t.
7[0]° := y[d*] = k~y[d]x. This is a crucial fact of the DFM: De-
spite the formal analogy with (3), the dressed fields (14) are not
gauge transformations. The dressed fields {A*, ¢*} are not a point
in the gauge K-orbit OF, ,, C (9& s of {A ¢}. Hence, {A", ¢"}
must not be confused with a gauge-fixing of the bare variables
{A, ¢}, namely with a point on a gauge-fixing slice S. Contrary to
a gauge-fixing ® — S C @, the “dressing operation” is not a map
from @ to itself, but from @ to the space of dressed fields @, only
isomorphic to a subbundle of ®.

In particular, if one considers a complete symmetry reduction
via an H-dressing field, then @ is readily understood as a coor-
dinatization of the moduli space M — or of a region U" C M over
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which the field-dependent dressing field u : @, — Dr[G, H] is
defined: the one-to-one mapping (®;,)* < U C M may indeed
be seen as a “coordinate chart.” It follows that performing the
dressing procedure allows to work with the physical d.o.f. which
are not accessible in any way to direct computations through
gauge-fixing. Furthermore, as highlighted above, dressed fields
¢* = {A", ¢p*} are invariant relational variables, while representa-
tives fields located on a gauge-fixing slice S are neither. This dis-
tinction applies obviously to gauge-fixings whichever ways they
are implemented; be it in the most straightforward way, by hand,
or via more subtle means like the so-called BRST gauge-fixing
(and Faddeev—Popov trick).>?] The difference between the imple-
mentation of a (full) dressing operation via the DFM and a gauge-
fixing in the field space bundle ® is schematically represented in
Figure 2.

Finally, we remark that the theory confronted to experimen-
tal tests is always the dressed one, not a gauge-fixed version
of it, as is often said — cf. ref. [25] for details on this crucial
point, and to refs. [23, 24] for further details discussion of the
technical and conceptual distinction between gauge-fixing and
dressing.

2.2. Dressed BRST Formalism

We conclude this section by reviewing the dressed BRST formalism
in GFT, applications of which to conformal Cartan geometry and
twistor theory may be found in refs. [14, 53].

Given the definition of the “bare” BRST algebra (9)-(10) and of
the dressed fields (14), it is easy to show that the latter satisfy a
dressed BRST algebra

()

bar. o) ,
\ :

\ :

oA, ) i

| H
\//\ GAL, ¢ =0

Gauge-fixing slice

via U
ﬂ [A, @] 9/

Figure 2. Difference between dressing as done via the DFM and gauge-
fixing in field space ®.

Dressing _, T l
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sA" = =D"c¢", s¢" = —p,(c")¢", sF*=[F"c"],
S(Du¢u) = _p* (CM) DM¢M} (25)

sc = —%[c“, c"].

with the dressed ghost ¢* defined as
¢ = ulou+ulsu. (26)

These results are formal, leaving the BRST variation su of the
field u unspecified, i.e. independent of wether or not it is a dress-
ing field.

If it is a H-dressing field indeed, then it satisfies the BRST
version of the defining property of a dressing field: su = —cu. So
the dressed ghost is

¢ =uleut+ulsu=uou+u (—cu) =0, (27)
which trivializes the dressed BRST algebra:
SAY=0, sp*=0, sF*=0, s(D“¢")=0. (28)

thereby expressing that the H symmetry is totally reduced. In
other words, invariant, dressed variables ¢* are in the kernel
of the differential BRST operator s. Therefore, the dressed La-
grangian is s-closed: sL(A%, ¢*) = 0.

If uis a K-dressing field, as we have previously discussed, one
expects residual J-gauge symmetry of the first kind. Following
the notation introduced previously, we may write

c=cxte,
(29)

s=sg+s)

From the defining property syu = —cu f the dressing field fol-
lows that the dressed ghost is

¢ =uTN g+ o)utusu
=uTlcgu+ulu+uT (—ou) + ulsu (30)
=ulcu+u sy,
so that the dressed BRST algebra encodes the residual J-
symmetry of the K-invariant dressed fields ¢*. The explicit form
of s;u depends on the specific case under analysis. If, for example,
the KC-dressing field transforms as u" = n~'un forn € J, so that
the corresponding BRST variation is s;u = [u, ¢;], we see that the
dressed ghost (30) simply reduces to ¢* = c;. So that (25) becomes
sA* = =D, s¢" =—p,(c)) d",
sF* = [FM, C]], S(DM¢M) = —p*(C]) D”(;b“, (31)

1
sC;p = — 3 e, ¢l

showing that the K-invariant dressed fields are standard J-
gauge fields: on them the BRST operator reduces to s = s;. Then
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the BRST variation of the dressed Lagrangian is sL(AY, ¢*) =
s;L(A", ¢") = dB(A", ¥; ¢)), i.e., it belongs to the 5; modulo d co-
homology: L* € H""(s;|d).

In Appendix A we give the perturbative version of the above,
i.e., the perturbatively dressed BRST algebra satisfied by perturba-
tively dressed fields (19)-(A1).

3. Relational Supersymmetry

As shown first in ref. [29], two of the most common “gauge-
fixing choices” used in supersymmetric field theory to achieve
the desired number of off-shell d.o.f. are actually instances of the
DFM. They can be applied to both the Rarita—Schwinger (RS)
spinor-vector and the gravitino field, which shows them to be
self-dressed, relational, field variables: hence the terminology re-
lational supersymmetry we introduce.> Via the DFM, supersym-
metry is therefore reduced, yielding susy-invariant objects (field
variables that are singlets under susy). The procedure applies at
the kinematical level, dynamical considerations coming only af-
ter. It holds the same in any dimensions and in the presence of
any amount N of susy charges. For simplicity, in the following
we will showcase the simple A" = 1, four-dimensional case.

3.1. Rarita—Schwinger Spinor-Vector Self-Dressing

The Rarita—Schwinger (RS) field in supersymmetric field theo-
ries is considered to be a spinor-vector y“,,*>5¢! component of a
spinor-valued 1-form field y = y, dx* € Q'(U,S), with U c M
a 4D manifold and S a (Dirac) spinor representation for the
Lorentz group SO(1, 3). For notational convenience, we will fre-
quently omit the spinor index a. We assume the Majorana condi-
tion w = wiy? = y'C, with C the charge conjugation matrix (s.t.
C' = —(). In the context of supersymmetric field theory, the La-
grangian referred to as the RS term is the (massless) theory
Lisw) =W Arsy Ady  —  Lgs(yw) =W, 757,00, (32)
with y :=y, dx" the gamma-matrix 1-form. The field equa-
tions arel6°7]
sy Adp =0 —  e"yy0,y, =0. (33)
The Lagrangian (32) is quasi-invariant under the susy gauge
transformation
yoy =ytde -y, oy =y, +0e

(34)
infinitesimally, 6w =de — by, =0,
where ¢ is the linearization of the spin-1/2 Majorana spinor € =
€(x) belonging to the Abelian (additive) gauge group

£ = {e,e’:U—> T°|4|ee'=e}, (35)

where T%* c T** is the supertranslation subgroup of the (N = 1)
super-Poincaré group sISO(1, 3) := SO(1, 3) i T**.[585%] Note that
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we have

W) = (v +de) =y +de’ =y +de +de=y+ de+€)
=yt (36)

We have then the susy transformation of the the Lagrangian

Lus () = Lus(v) + dblw€) = Lys(v) + d@ Aysy Adw).  (37)

In the susy literature, the field field y*, is usually said to con-
tain a spin-3/2 and a spin-1/2 part. Yet, in terms of irreducible
spin representations, it actually involves a spin-3/2 component

and two spin-1/2 parts:[®¥]

160)®1/2=3/201/201/2. (38)

The spin-1/2 fields in this irreducible decomposition corre-
sponds to the gamma-trace and the divergence of w*“,. The de-
composition most commonly mentioned in the susy literature,

v P x) =0ty x% 39)

where y“:=1/dy"y*, is a spin-1/2 field, is reducible. Here
p®, is s.t. y#p, = 0, and it contains both a “longitudinal” mode
(divergence-free) and a “transverse” mode, p**, and p*!" ; they
correspond, respectively, to 8 and 4 off-shell d.o.f., namely to a
spin-3/2 contribution and a spin-1/2 part. It is commonly said
that the spin-1/2 part of y can be eliminated by “gauge-fixing”,

typically
yH v, = 0, (40)

and that one is thus left with a spin-3/2 field (we have 16 — 4 = 12
off-shell d.o.f.). Actually, these 12 off-shell d.o.f. correspond to
those carried by the residual spin-3/2 and spin-1/2 parts after
“gauge-fixing”. But what is even more important is the fact that,
as we will show below, the condition (40) can be invariantly im-
plemented through symmetry reduction via dressing. Therefore,
what is commonly referred to as the RS field y is in fact obtained
via the DFM as a self-dressed susy-invariant variable.

Before showing this, let us just recall that taking together the
field equations (33) and the condition (40), one also obtains the
transversality condition

o'y, =0, (41)

which therefore follows only on-shell in the theory at hand. There-
fore, y satisfies [Ty = 0, where [] := 0%9,. It describes, on-shell,
a spin-3/2 massless particle propagating in a Minkowski back-
ground. Indeed, in the flat case, using [d,,7,] = 0 together with
the properties of the gamma-matrices, it can be shown that the
field equations (33) imply d(y*y,) — 0*wy, =0, which, taking
into account (40) — choice made at the kinematical level — yields
(41). Using the same field equations (33) together with the alter-
native choice (41), one gets the weaker constraint d(y “y,) = 0.

Gamma-Trace Dressing: The “gamma-trace gauge-fixing” can
actually be seen as an instance of the DFM. Let us consider the
RS field y*, carrying 16 off-shell degrees of freedom, and let us
proceed point by point in our analysis:
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1. The susy transformation (34) of the reducible gamma-trace
decomposition (39), in dimension d, is

X a =+
(42)
3 1
Pu = P, =P Eyﬂde + 0”€.

2. We pick the gamma-tracelessness constraint (40) as a func-
tional condition on the variable

v, =Y, 0,u (43)
and solve it explicitly for the “parameter” u:

r'w,=r"y, +0,u)=0 =

I/L[l[/] = —d_l(y”[/ju) = —dd_ljf. (44)

3. We now have to assess if u is

A) an element of the gauge group, and thus the gamma-trace
constraint (40) a gauge-fixing;

B) a dressing field, in which case u has to transform accord-
ingly.

For (40) to be a gauge-fixing, u must be an element of

the gauge group &: i.e. it must be gauge-invariant: u[y|° :=

u[y*] = u[y] - because the gauge group £ of supertranslation

is Abelian (35). But we can easily check that, as a functional

of w, under the susy transformations (42) u gauge transforms

as

ulw] = uly] = —dd " 4 = —dd_l( x+ §¢e>
= —dd_lﬂ/ —€= u[u/] — €. (45)

The latter is, in fact, the Abelian (additive) version of a dressing
field transformation (13). We thus conclude that the explicit
solution of the gamma-trace constraint (40) does not result
in a gauge-fixing but in a dressing operation, in the precise
technical sense stemming from the DFM. Observe that this
dressing is non-local.

4. The variable w* is thus a susy-invariant dressed field, ex-
pressed in terms of bare fields as:

v =y, +0uly] =w, —dd, 4 x. (46)

It satisfies y*# w, =0 by construction. In other words, once
u = u[y] has been properly extracted as a dressing field, then
v, = 0is trivially satisfied by y/, meaning that this equa-
tion is not a constraint for the dressed field y, just an identity
it fulfills.

5. We may finally have a look at the decomposition (39) applied
toy. We find the dressed d.o.f.

2=+ Sdulw) = + 3(-d)dd  y =0,
(47)
Pl =p, = 37, dulw]+0,uly] = .

In conclusion, in this case the dressing field is given in terms
of the gamma-trace component y, which carries 4 off-shell d.o.f;;
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the resulting dressed field w* = p* carries 12 physical off-shell
d.o.f. (16 —4 =12, as " = 0). Note that it still contains both a
spin-3/2 (8 d.o.f.) part and a spin-1/2 (4 d.o.f.) component. It
should be stressed that in the DFM treatment, the 12 off-shell
d.o.f. of the dressed RS field (46) are obtained in a susy-invariant
way, without any restriction on the gauge group.®% On the
other hand, if one aims to restrict to this 12 d.o.f. by imposing (40)
by fiat, this requires a restriction of the field space to the subspace
v, = p,, and correspondingly a restriction of the gauge group to
those elements satisfying de = 0 — by the 1st line of (42).

Transverse Dressing: We repeat the above template, this time
considering the alternative functional constraint (41), which is
(again) usually understood as a gauge-fixing. We show that, when
solved explicitly, it again yields a dressing field as technically de-
fined in the DFM.

1. We perform the reducible (non-local) decomposition
vo=v vl =yl 10 070w =y ok, (48)

where u/; is the transverse component and y := 0,k is the
longitudinal d-exact component; k is a spin-1/2 field carrying
4 d.o.f. off-shell. Under the susy transformation (34) we have

€
v, = (w}) =y,

: (49)
L L\ _ L : - _
v, e (l[/ﬂ) =y, +0,€ thatis x —» K=k +e.
Observe that V/E is invariant under (34).

2. We consider (41) as a functional condition on the variable
v, =y, +0,u (50)
and solve it explicitly for u:
oMy = 0"y, +0,u) =0,

S ulyl=-07"0",) = -0 0"v}) = . (51)

3. We check the transformation of u. As a functional of y, under
(49) u gauge transforms as

€

uy] = Uy = —x = —x —e = uly] — ¢, (52)

which is the Abelian (additive) version of a dressing field trans-
formation (13). Therefore, we conclude that solving explic-
itly the divergencelessness condition (41) does not result in
a gauge-fixing, but in a dressing operation via the DFM. This
dressing is non-local.

4. The corresponding dressed field reads

wi=w, +o,u= (vl + a},x) —ok =y (53)

It is both susy-invariant and divergence-free by construction.
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5. In fact, applying the decomposition (48) to y/, we find

v - v, =yl >
(v)

The dressing field in this case is given in terms of K which
carries 4 off-shell d.o.f.; the resulting dressed field y* = u/ carries
12 physical off-shell d.o.f. and still contains both a spm 3/2 (8
d.o.f.) component and a spin-1/2 (4 d.o.f.) part. Indeed, we may
observe that the dressed field is still gamma-traceful, y# v, # 0.
The 12 physical off-shell d.o.f. are obtained in a gauge-invariant
way, without any restriction on the gauge group.!?*%I

In both the cases reviewed above, the dressed field y* is a
relational variable:® it encodes the physical, invariant relations
among the off-shell d.o.f. of y. Observe that £-invariance is
achieved at the “cost” of locality, hinting at the fact that susy
is, in this context, what is called a substantial (or substantive)
symmetry.[1264]

Dynamics of the Dressed Theory: Implementing the DFM at
the level of the dynamics in both the cases described above, the
Lagrangian 4-form of the dressed theory is, by (23),

Les(W") = @" Aysy Ady"

= Lgs(w) + db(w; u) (55)
=@ Aysy Ady +d(@ A ysy Ady).
In components, we have the dressed Lagrangian density
Les(w") = "W, y5y,0,¥, . (56)
The dressed field equations read

Ysy Adp*=0 — " yy0,p’=0. (57)
Let us stress that the dressed Lagrangian (55) is £-invariant be-
cause y" is a susy singlet (£-invariant). Given the relational, gauge-
invariant character of the dressed theory, the dressed field equa-
tions (57) are deterministic, meaning that, once initial conditions
are specified, they determine in a unique way the evolution of the
relational d.o.f. encoded by y*.

Finally, we observe that, if ufy] is given by the gamma-trace
constraint (44), the dressed field equations (57) automatically im-
ply 0"w, = 0. On the other hand, if u[y] is given by the diver-
gencelessness constraint (51), the dressed field equations (57)
yield the weaker condition d(y*y}) = 0.

3.1.1. Dressed BRST Formalism for the RS Case

Here we provide the BRST formulation of the above discussion.
We thus introduce the BRST operator s, associated with super-
symmetry, and the BRST algebra for the RS field,

Ssusyll/ = _dC»
(58)
Ssusy€ = 0,

susy
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where ¢ is a spinorial ghost field and its BRST transformation
identically vanished due to the additive Abelian character of the
symmetry group. This BRST algebra simply encodes the susy
transformations (34).

For both for the gamma-trace dressing and for the transverse
dressing, we have
ssusyu =G (59)
the BRST version of (45) and (52). Correspondingly, the dressed
(Abelian) ghost is
c“=c+s

susy

u=c—c=0, (60)
which implies the triviality of the dressed BRST algebra:

SqusyW " = —dc" =0,

(61)
ssusyc“ =0,
i.e. the susy-invariance of y*, as expected. One can explicitly ver-
ify the BRST invariance of " in both the gamma-trace dressing
and the transverse dressing. In the former case, indeed, we have,
in d spacetime dimensions,

u= H[W] = _dd_lﬂl = Ssusyy/ﬁ = Ssusy(wy - da“d_ll%,)
—1
= Sq W, — 40,4 (s 2) = 0,0+ 0,0 =0, (62)

where we have used the fact that s, ¥ = — Ldc, the BRST version
of the first line of (34). Similarly, in the case of the transverse
dressing,

u=uy]=-07"0"y,)=-« =
Ssusywz = Ssusy(wu + auK) = Ssusyu/u + au (Ssusy’()
=-0,+0,c=0, (63)

simply exploiting s, k = —s;,,,# = ¢. Finally, in both the cases
the dressed Lagrangian Ly (w") satisfies sy, Lgs(w") = 0, as susy
is completely reduced and the dressed Lagrangian written in
terms of susy singlets. In the presence of another gauge group
J besides susy, one should consider s = s, +5;, where 5; is the
BRST operator associated with the residual J-transformations:
after susy reduction, the dressed ghost depends on ¢; and s;u, see
Equation (30), so that the dressed BRST algebra (25) encodes the
linear J-transformation of y*.

3.2. Gravitino Self-dressing and Relational Supergravity

We now turn to the case of supergravity (sugra), where things be-
come a bit more subtle because susy transformations correspond
to diffeomorphisms along the fermionic directions of superspace
M#NA [65] This is made clearer in the geometric approach to
supergravity in superspace: See for example the so-called rheo-
nomic approach!®®-%8! comprehensively reviewed in refs. [69-71]
or more generally the framework of Cartan super-geometry as
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the mathematical foundation of sugra — see ref. [71] and ref-
erences therein. In order to have better geometric control over
the procedure to be implemented via DFM for reducing susy in
sugra (and obtain gauge-invariant field-theoretical variables) one
should adopt a super-Cartan approach, that is, work with a super-
Cartan bundle. Moreover, since higher-dimensional, N -extended
sugra models typically involve higher-degree forms (antisymmet-
ric tensors with multiple indices), a fully developed relational
framework for sugra would require the formal development of
higher Cartan supergeometry, along with a corresponding higher
version of the DFM (the latter being in preparation!’?)).

Here, we will focus on the simple case of N' = 1, d = 4 sugra,
suggesting a dressing superfield within the rheonomic approach,
which is enough to exemplify our relational approach to sugra.
We shall first review the coupling with gravity and the infinitesi-
mal local susy transformations — the sugra literature indeed typi-
cally deals only with infinitesimal transformations. We will see
how the gamma-trace and covariant transverse constraints in
sugra are obtained via the DFM.

The minimal coupling of the RS field with gravity is described
via the (Lorentz) spin connection %, € Q' (U, 80(1, 3)) and the
soldering 1-form ¢* € Q' (U, R*) (the vierbein). It is obtained as
usual via the substitution (“covariantization”)

9, D,==0,+p.(0,),
(64)

a
Yu B Ve

where D, is the SO(1, 3)-covariant derivative and y, the flat space
gamma-matrices. Then, the complete spacetime Lagrangian de-
scribing both the dynamics of gravity (spin-2 graviton) and of the
RS field y, now renamed “gravitino,” is
Lsugra(wab! ea' W) = Rab A €’ A edeabcd + 4‘/_/ A 1474 A DW' (65)
where R := dw™ + @, A ®? is the Riemann (Lorentz) curva-
ture 2-form and y :=y,e* =y e’ dx" =y, dx".

The infinitesimal transformation (34) is not a symmetry of the
coupled theory (65). We have to covariantize it,

oy =De — 4,y,=De. (66)

The infinitesimal £-transformations of e* and %, are [68, 73]
6.e" =iEyy,
_ _ (67)
b0 =i (D[“q'/b]yc -2 D[al[_/C}/b]) e¢.

Under (66)-(67) the Lagrangian (65) is quasi-invariant. The field
equations of the theory are

E(w) = 2(Def — /2% A y°w) A ee g = 0,
E(B) = 2Rah A eceabcd + 4‘;’ A J/Syle// = 0! (68)
E(w) = 8ysy,Dy A" + 4ysy,w A (De* — i/ 29 Ay'y) = 0.

We remind that the susy algebra — the commutator of two susy
transformations with parameters € and ¢’ — closes only on-shell,
i.e., on the field equations. Anticipating future comments, we
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may rephrase by saying that the closure of the susy transforma-
tions on bare fields occurs only on-shell.

In the sugra literature, to get the right number of off-shell d.o.f.
(12 for the gravitino), one usually “gauge-fixes” y by requiring the
condition y*y, = 0. Below we show that solving the functional
constraint associated with this “gauge-choice” actually results in
a perturbative dressing via the DFM.

Gamma-Trace Dressing in Sugra: Let us follow the template
established for the pure RS case, just “covariantizing” where
needed. We consider the gamma-tracelessness constraint (40) as
a functional condition on the variable

v =y, + 8y, (69)
and solve it explicitly for the linear “parameter” v:

rfw, =yv*w,+D,)=0 =

olwl= -0 (r"y,) = -dB " 1. (70)

Then, we check that v[y] satisfies (18), neglecting higher-order
. 1
terms. Indeed, given 6, y = ;Ee, one has

neglect

5ooly) = ~dB(G, 7) - dS BT ~ . (71)

So v[y]is indeed a perturbative dressing field. We therefore build
the perturbatively dressed gravitino field

w' =+ Dujy]=y —dDP 'z, (72)

which, by construction, fulfills y "y = 0 and is susy-invariant at
1st order, 6,y ~ 0. Hence, we can immediately conclude that
what is usually referred to as the gravitino field is, in fact, a
susy-invariant self-dressed non-local field carrying 12 (relational)
d.o.f. off-shell.

Covariant Transverse Dressing: Analogously, one can consider
the functional constraint (41) on the variable

W; =y, + Svllj (73)
and solve it explicitly for v:
D'y =D"y,+Do)=0 = ofy]=-0O0"D"y,) (74)

It is easily checked — again neglecting higher-order terms — that

neglect

s.0ly] = -O(D*6.(v,,)) - 6.0P4w,  ~ . (75)

We can then write down the perturbatively dressed, non-local
gravitino,

y" =y + Doly] =y - DI (D"w,)] (76)

By construction, it is divergence-free, D*y” =0, and susy-
invariant at 1st order, 5,y = 0. The dressed gravitino y" is trans-
verse, w’ =y, and carries 12 off-shell d.o.f. — as it can be eas-
ily checked by considering the covariant version of (48), that is
w=y'+y'=y"+D,[0(D"w)]
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Dressed Supergravity and Its Dynamics: In both the cases dis-
cussed above, the perturbatively dressed vielbein and spin con-
nection 1-forms are formally given by

(€’ = e +iv[y]y'y,
_ ] (77)
(") := 0™ +i (D%"y, — 2 Dy p") vly] €.

These perturbatively dressed fields are relational variables:® they
represent the physical, invariant relations among the (off-shell)
d.o.f. of w, ¢, and y.

According to the DFM - see (24) — with either dressing fields
above the Lagrangian 4-form of the dressed theory is written as

Lsugra (wu" eu’ lI/U) = Lsugra (w’ e" W) + dﬂ(w’ e’ w; D)' (78)

Let us stress that it is susy-invariant at 1st order because y*,
w’, and ¢’ are susy singlets at 1st order. The dressed field equa-
tions read

E(COU) — Z[Dz)(ec)u _ L/Zl[_lv A ycwu] A (ed)ueubcd =0,

E(BU) — Z(Rab)n A (EC)ugude + 4v—,u A ysyanwu =0,
(79)
E(W“) = 87/5}/aDU[I/” /\ (ea)v + 4y5}/ulllll A [Dl}(ea)”

~ /20" A YY" =0,

and they are deterministic, meaning that they uniquely deter-
mine the evolution of the relational d.o.f. of the theory. This show-
cases the simplest model of relational supergravity, where susy-
invariance is implemented at 1st order.

Dressing Superfield in Superspace: In ref. [29] a candidate for a
possible dressing superfield within the rheonomic approach!®! to su-
pergravity in superspace was proposed. This was done by consid-
ering the extension of the functional constraint (40) to superfields
in superspace. We briefly review this construction. The gravitino
super 1-form field in superspace is

W (x,0) =y, (x,0) dx* + y % y(x, 0) 6. (80)
The infinitesimal transformation of w*(x, ) under (even) su-
perdiffeomorphisms in M** is given by the Lie derivative £y :=

d(ixw) + ix(dy) along a vector superfield X. In the M =1 susy
case, we have

Cxy = De =: 6y, (81)
where e =e® =%(x,0) = 1,y = X"y, + Xy, is the lo-

cal susy (super)parameter. One then considers the following
“gamma-trace decomposition” of y *(x, 6):

wo(0) = [p7, (6,0 +(1,)", 2 (x.0)| dx"

+ [p“ﬁ(x, 0)+(r,)", 2" (x, 9)] do’ -
= pa#(x, 0) dxH + paﬁ(x] 0) do° + (yﬂ)a

Xy [ (%, 6) dx" + 7" (x,0) do" |,
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with
(},M)aﬁ pﬂu(x’ 9) = 0’ (yv)a[i p/ja(x’ 9) =0. (83)

Notice that y#(x,0) is a spin-1/2 superfield, while y#(x, 6) is a
4-vector (spin-1) superfield; they are defined as

K0 = 2 () v (.0),
(84)
I . 1 My a p
X 0) =5 () Wl (x.0),

where N = 2%? is the number of spinorial dimensions —i.e., here
in d = 4, N = 4. Now, considering the gamma-tracelessness con-
straint

yow=(") o (x0) =0, Z={au}, (85)
on the 1-form superfield y“ in (80) as a functional condition on
the “super-variable”

vi=y+d,w (86)

and solving it explicitly for the linear “super-parameter” v, one
gets

yow'=y-(w+Do)=0, > oyl=-B"(r-y) (87)
We can then easily check that v[y] is actually a dressing superfield
in superspace: it satisfies, neglecting higher-order terms,

syl =—B"(y-6.w) ~ -, (88)

fulfilling the defining property (18). Finally, the perturbatively
dressed gravitino 1-form superfield, which is a self-dressed super-
field, reads

v’ =w+Doly]=y — DETl(y “y). (89)

By construction, it is gamma-traceless, y -y =0, and susy-
invariant at 1st order, 5, y" ~ 0. Following the prescription given
by the rheonomic approach, we may then restrict the theory to
spacetime, which yields,

W Olomsono = 07,00+ ()", 2" ()] d”. (90

We recover the previous results for the dressed sugra the-
ory. For the dressed gravitino 1-form in fact we simply have
w'(%,0)|g_go—o = W'(¥), and similarly for the other fields of
the theory.

4. Matter-Interaction Supergeometric Framework

In this section we will articulate the template of a novel
Matter-Interaction Supergeometric Unification (MISU) scheme,
inspired by the analysis of “unconventional supersymmetry”
(ususy) via the DFM done in ref. [31]. We shall illustrate this gen-
eral template by treating the simplest MISU kinematics based on
the Lorentz superalgebra, and deriving its dressed BRST algebra.
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Finally, we comment on how the ususy notion is a special case of
the proposed MISU framework, stressing the root cause of pre-
viously unsuccessful attempts to extend ususy beyond the model
in which it was showcased.

4.1. Relational Matter-Interaction Supergeometric Unification via
the DFM

Supersymmetric field theory as conventionally applied within
high energy physics implies a doubling of the number of fun-
damental fields (and particles), whereby each known particle
has a superpartner of opposite statistics: fermionic (matter) fields
have bosonic partners, bosonic (gauge and Higgs) fields have
fermionic partners. This view can only be accommodated with
empirical data via the notion of (spontaneous) susy breaking.
Still, until now, supersymmetric particles did not show up in col-
liders.

However, this fact does not decisively undermine the frame-
work of differential supergeometry (the mathematical founda-
tion of supersymmetric field theory), which does not require a
matching of bosonic and fermionic degrees of freedom (d.o.f.).13%]
The MISU framework we propose here freely exploits superge-
ometry without the d.o.f. matching constraint to describe gauge
interactions and matter fields as parts of the same superconnection.
It is thus closer to Berezin’s original motivation for the introduc-
tion of supergeometry in fundamental physics:7# a program cur-
rently “in dormancy” that awaits to yield its full potential, and of
which our proposal is but the first step. Furthermore, the DFM
is an integral part of MISU, so that the unifying invariant super-
connection is fundamentally a relational variable. Let us sketch
the template for a MISU kinematics.

In our Matter-Interaction Supergeometric Framework, the
kinematics is given by a superbundle P - M where the base M
is bosonic and whose structure group H is a graded Lie group:
correspondingly, the gauge super-group is M, i.e. susy is “in-
ternal”. So that the full super-group of local transformations is
Diff (M) X H. The field space on which it acts is ® = {¢, A} where
e=¢* =¢", dx" is the canonical soldering form of M and A is a
(non-canonical) h-valued Ehresmann superconnection, § the Lie
superalgebra of H.

There are two options for choosing § in a MISU kinematics.
First and easiest, one may simply select the Lie superalgebra § s.t.
the bracket of its susy generators Q is not generated by “(internal)
infinitesimal translation generators” P. This is so that there is
no spurious “internal translation potential” in A, which would
be redundant (or would need to be identified) with the existing
soldering e of M.

Second, less trivially, one may consider Cartan super-
geometries317!l modeled on Klein pairs of Lie superalgebras
(8,9) s.t. h C g and g/} is a bosonic H-module with basis (gen-
erators) P (infinitesimal “translations”): Then, P - M is a su-
perbundle as required above, and we have a Cartan geometry
(P, A) with g-valued Cartan super-connection A spliting as a §-
valued Ehresmann super-connection A and a g/}-valued solder-
ing form (vielbein) e = ¢%; i.e., the field space is the space of Car-
tan connections ® = {A}, which is naturally subject to internal
transformations under Diff (M) X H (which contains no “gauged
translations”).
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To find candidates suiting either of the above desiderata, for
f and/or (g, h), one can refer to, and pick from, a classification
of superalgebras, e.g., ref. [75]. In either of the two described op-
tions, to obtain the MISU kinematics one must finally apply the
DFM:

In both cases, the susy (Q-) part of the superconnection A is
indeed a spinor 1-form field y = w*, from which a susy-dressing
field u[A] can be extracted via a gamma-trace decomposition as
illustrated in Sections 3.1 and 3.2.

Using (14) (or (20)) of Section 2.1, one obtains a susy-invariant
dressed superconnection A* whose susy component is of the
form y y* = dx*y, y" with y* a spinor field, potentially describ-
ing a matter field —and y = dx"y, = dx"y,e’ , the gamma matrix
1-form — and whose bosonic component describes a gauge po-
tential. Thus, the susy-invariant relational superconnection A*
geometrically (kinematically) unifies gauge and matter fields.

Given a MISU kinematics obtained following the above tem-
plate, many models may be built, i.e., a dynamics maybe chosen
by writing down a Lagrangian. Model building can be approached
in two ways.

One option is to propose a Lagrangian that is (quasi-)invariant
under either the initial full supergroup H - that is, covariant un-
der Diff (M) X H —i.e., to apply the Gauge Principle to the bare
(“pre-MISU”) kinematics, and then dress it via (23) (or (24)). One
thereby gets a dressed Lagrangian, from which derive dressed
field equations for the dressed fields, that is a MISU model. In
Section 4.3, we discuss such a case, the so-called AVZ model
of ususy.

Alternatively, one may start directly from the MISU kinemat-
ics, whose residual gauge transformations of the 1st kind (re-
mind Section 2.1) is the bosonic gauge group H /susy, i.e., whose
group of local transformations is Diff (M) X (H /susy). That is,
one may apply the Gauge Principle to the residual gauge trans-
formations of the first kind, proposing a Lagrangian (quasi-
)invariant under H /susy, whose field equations for the dressed
field are therefore (H /susy)-covariant. The first approach is more
constraining than the second, the latter’s gauge group being only
a subgroup of the former’s.”57”! We illustrate next our template
with a simple MISU kinematics.

4.2. An lllustrative Model: Lorentz Superalgebra-based MISU

Let us consider a simple example in n =4 spacetime dimen-
sions: the semi-direct extension § = 8[(2, C) @ C? of the Lorentz
algebra 8pin(1, 3) ~ 8[(2, C) by an (additive) Abelian superalge-
bra. We consider a superbundle P - M with structure super-
group H = SL(2,C) X C? over an even manifold M, with corre-
sponding gauge supergroup H :={g,g' : M - H|g'¢ =g '¢g'g}
and gauge algebra LieH := {4, : M - §|5,4' =[4, A]}. Re-
lying on a compact matrix notation, we write an element of
H as

= (5 %) o1)

with Be SL£(2,C) and € : M — C? a susy spinor, and the semi-
direct structure of H is reproduced by matrix multiplication. Let
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us introduce the notation

B:= <§ (1)> €= <(1) ‘;) (92)

for the S£(2, C) and the susy gauge subgroups elements, respec-
tively. Correspondingly, an element of LieH is

p €
= (b 4) (93

with f € 8[(2,C) and e € C? a spinorial susy parameter. The
Ehresmann superconnection and its curvature are thus

_(® V¥
A-(O 0), and

F=dA +[A A] = dA + A (94)
_(Q Vy\ (do+@® dy+oy
—\O 0o/~ 0 0 !

where V denotes the Lorentz-covariant derivative. The curva-

ture satisfies Bianchi identity DAF = dA +[A,F] = 0. The H-
transformations of A and F are

—1 —1 -1

At =g 'Ag+gldg = (B ‘”B(J)“ B'dB B ("'0+ Ve)) ,

(95)
-1 -1
F& = g lFg = <B QB B Y(Vy +Qe)> ,
0 0

That is, we have for our elementary fields w and y,

®® =B 'wB+B'dB, and o =o,
(96)

vt = Bly, and y¢ =y + Ve
Notice that here w is a susy singlet already. The corresponding
LieH-transformations are

—py + V£> and

vp
— DAy —
5AA_D/I_<0 o

(97)
8,F=[F, 4= <[Q(’)ﬂ]

—pVy + Qe
0 ,

with Vg = dp + [w, fland Ve = de + we. Again, notice that 6,0 =
0.

One may now introduce the “gamma-trace” decomposition for
v =y, dx' precisely as in (39): y = p + y v, where by definition
7#p,=0and y := %y "y, From it we will extract of a susy dress-
ing field u = ufy]. Under (finite) susy transformations we have:

) 1
. ‘ P, =pu— 37 Ye+ Ve
wo=pi 4y, 0 = oo ! (98)
X =x+;Ye
Let us define the (field-dependent) operator
1
b,=bo]=1rY-V, (99)
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with formal left inverse is [b~!]#, so that we may write
P, =Py~ b,(e). (100)
Now, given a susy-valued parameter u, we consider the variable
v, =y, +Vu=p +y, 1"

satisfying the functional constraint p}; = 0. (101)

By solving explicitly for u we extract the field-dependent dressing
field:

uly, o] = uA] = [67']"(p,), (102)

whose dependence on @ comes from b,. Its susy transformation
is indeed easily found to be

U = A = uly*, o] = uly*, 0] = (blw] )" (p;)
= (bl@] )" (p, — b,(€) = WA] — €. (103)

We have thus a non-local Abelian dressing field. We use the ma-
trix notation,

()= (3 ).

so that the standard (“non-Abelian”) defining property of a dress-
ing fields is

w=clu= <(1) _1€> <(1) ?) = <(1) u1_€> (105)

reproducing the Abelian transformation (103). With the dressing
field u we build the susy-invariant superconnection

0 0

(5 =05 ). (109

with the susy-invariant dressed spinor y* = y + %Wu, by con-
struction. Thus, gauge and matter fields feature on equal footing
in the dressed superconnection A*. The corresponding dressed
curvature is

oo (@ v =y V(@ v T -yt
0 0 0 0 ’

(107)

A*=u'Au+u'du= ( @'yt Vu>

where T° := de® + »%,¢’ is the torsion of M.

Let us remark that the dressing field u (or, in the compact ma-
trix notation, u) being non-local — by Equation (102), where a dif-
ferential operator is formally inverted — so is y* in the dressed
fields (106)-(107) above. This indicates that the susy gauge sym-
metry is substantive in MISU: its elimination “costs” the field lo-
cality. This trade-off “invariance vs locality” is a typical signature
of substantive gauge symmetries.['?] We also highlight that, since
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u = u[A], the susy-invariant dressed field A* — and in particular
w" =y y" —1is a self-dressed relational field variable.

The dressed fields A* and F* are expected to exhibit resid-
ual SL(2, C)-transformations. To find them, one need only deter-
mine the S£(2, C)-transformations of the dressing: u®. We have

u® = u[A®] = (b[0"]")“(p]) = B'bw] 'B(B™'p,)
(108)
= B™'bw] ' (p,) = B~'u[A)],

where we used the fact that b, [] is a Lorentz covariant operator.
This is cast in matrix form as

(5 90 ()
- <(1) B_ll"‘m]> . (109)

Then, given that AP is given by (95) (specializing g — B), it is
immediate that

-1 -1 -1, U
(AY)E = BA*B+B 1 dB = (B “’BJ&B B B 7 )

—1 -1 a U _ u
([F“)B=[EB‘1[F"[EB=(B OQB B (YaT% rVx )>.

(110)

Thatis, the susy-invariant dressed field A* have standard residual
Lorentz gauge transformations.

Up to now we have dealt with the kinematics. As explained at
the end of Section 4.1, regarding the dynamics, one may consider
two possibilities: Lagrangians that are (quasi-)invariant under ei-
ther the initial full gauge supergroup H, or the residual gauge
symmetries H /susy = SL(2, C). The former case is more con-
straining, but then it is possible to dress such an H-invariant La-
grangian. This was done, e.g., in ref. [31] for the 3D AVZ model
based on the superalgebra 08p(2|2), which is dressed following
the prescription given by (24) — see Section 4.3 below. The lat-
ter case allows more freedom, as susy-invariance is kinematically
guaranteed by the DFM (the basic dressed fields being susy sin-
glets), and is arguably more sensible as it deals directly with the
physical relational d.o.f. of the kinematics.

4.2.1. Dressed BRST Formulation of the MISU Model

The, naturally relational, MISU framework just described can
also be recast in the BRST formulation, in which one can derive
the dressed BRST algebra. Here we do this for the relevant four-
dimensional example we just presented.

The BRST algebra of the simple model above, reproducing the
linear gauge transformation (97), is

sA=-D*C, and sF=][F,C], (111)

© 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

85U8017 SUOWWIOD AITeID) 8|qe[dde 8y} Ag peusenob a8 So o1l O ‘8sN J0 S8|nJ o} Akeid8UIIUO A8|IA UO (SUOTIPUOD-PUB-SWLB) W00 A8 1M Ale.d1|BulU//:SAny) SUONIPUOD pue swie | 8y} 8eS *[9202/90/72] Uo Ariqiauliuo Ae|im ‘elfeleueiyood Ag TZT00520Z dpue/zo0T OT/I0p/wod Ae|im Areiq1jeul|uoy/sdny woiy pepeojumod ‘6 ‘520z ‘688ETZST


http://www.advancedsciencenews.com
http://www.ann-phys.org

ADVANCED
SCIENCE NEWS

=z nhysik

www.advancedsciencenews.com

where the ghost field splitsasC = C, + C
and a susy ghost. In matrix notation,

C=CL+Csusy=<g 8)+<8 g>=<g g) (112)

with g and e now being assigned ghost degree 1. The BRST oper-
ator splits accordingly as s = s + 5,5, The BRST versions of the
defining susy transformation (105) of the dressing u[A], and its
SL(2,C) transformation (109), are

with a Lorentz ghost

susy

s, u=-C

susy T susy

u and su=[uC] (113)
Thus, the dressed BRST algebra satisfied by A* and F* is

sA* = —DA"C*, and sF*=[F"*,C"], (114)
with dressed ghost found to be

C'=u'Cu+u'su

= u‘l(CL + Csusy)u + u‘l(sLu + ssusyu)

(115)

= u_l(CL + Csusy)u + u! ([u’ CL] - Csusyu)

=u'Ciu+u'(uC, —Cu)=u"uC, =C,.

Which shows that the susy-invariant dressed fields A* and F* are
standard Lorentz gauge fields, as we have

sA* = 5 A% = —DA"C, = <_Zﬂ —y(f;ﬂ) , and
sF=sF*=[F*C/|= ([Q(’)ﬂ] r ﬂOV)(“> . (116)

This is just kinematics. Regarding the dynamics, let us again
remark that one now only has to require a dressed Lagrangian L*
to be invariant under s;; the dressed fields being in the kernel of

Susy» S0 Will be a Lagrangian functional written for them.[”7%]

4.3. The AVZ Model as a MISU Subcase

Let us close by pointing out that the MISU approach en-
compasses the so-called “unconventional supersymmetry” in-
troduced by Alvarez, Valenzuela, and Zanelli in the guise of a
3D model.**3*] In this “AVZ model”, based on the superalgebra
08p(2]2), a superconnection A ., is chosen such that its susy part
is required to satisfy what has been dubbed the “matter ansatz” in
ref. [35]: w ==y y. The field A, thus encodes both a gauge and
a matter field, and the model has been shown to be applicable to
the description of graphene systems, see e.g., refs. [80-83].

The conceptual and technical status of the “matter ansatz” was
unclear, and®* attempted at interpreting it as a gauge-fixing.[®*l
It will not surprise the reader that in ref. [31]it was showed to be
better understood as a case of the DFM: In a way very similar as
above, a perturbative susy dressing field v[A,,,] is extracted from
the general 08p(2|2) superconnection A, again via a gamma-
trace decomposition of its odd component y. The perturbatively
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dressed connection then reproduces the AVZ ansatz with the ben-
efit of achieving susy-invariance at first order, A,

The ususy literature struggled to extend it to 'Eligher dimen-
sions: the main cause for puzzlement being the apparent neces-
sity of “two metric structures” (or vielbein), one from the mani-
fold M the other “internal”. See e.g., refs. [34-37] for attempts at
4D cases.

The MISU approach decisively clarifies this issue, as the above
example illustrates, showing that difficulties stemmed from in-
adequate choices of superalgebras, and misunderstanding of the
proper underlying Cartan supergeometric picture. Indeed, the is-
sue was to have chosen superalgebras g for the kinematics where,
like the super-Poincaré algebra, the brackets of susy generators Q
have a component along the translations (or transvections) gen-
erator P. This leaves with either of two options:

~ Apyz-

i) To treat the g-valued superconnection as an Ehresmann con-
nection, acted upon by a gauge group G. A move exactly analo-
gous to Poincaré gauge gravity or Metric-Affine Gravity (MAG),
and suffering all the same technical drawbacks and concep-
tual issues; chief among which the presence of unwanted “in-
ternal gauge translations” and the presence of a “translational
gauge potential” somehow to be identified with (or made to
induce) the vierbein on M.[77:85-87]

ii) To consider a natural Cartan geometric picture for these alge-
bras (if it exists): i.e., finding § C g such that (g, §) is a super-
Klein pair on which a Cartan supergeometry is modeled, H
being the fibration and the vielbein being g/§-valued. But this
gives a superbundle over a supermanifold rather than over a
manifold, so that the fermionic 1-form field y is part of a su-
pervielbein and susy is the odd part of the superdiffeomorphisms
of such supermanifold, rather than an internal gauge symme-
try. This is, e.g., the case of “standard” supergravity.

Unfortunately, none lead to a compelling unification of matter
and gauge fields, contrary to the MISU approach sketched here,
where it is achieved naturally.

5. Conclusion and Prospects of the Novel Setup

We have shown that the DFM features decisively in simple, yet
foundational, models of supersymmetric field theory. In particu-
lar, we have shown that popular “gauge-fixing conditions,” when
solved explicitly, yield dressing (super)fields.[1:1261.88-90] Thig en-
tails that one may build the RS spinor-vector field and the grav-
itino as (non-local) supersymmetry-invariant relational dressed
field variables, with the expected number of (off-shell, and then
on-shell) degrees of freedom. The DFM therefore appears foun-
dational to susy field theory.

Yet, it bears emphasizing that some procedures/operations
named “dressing” in the susy literature are in no way related to
the precise technical and conceptual meaning of the terminology
as employed in the DFM. For example, in the context of (gauged)
supergravity, in ref. [91] the object T, called T-tensor, is said to be
the “dressing of © [the embedding tensor] by the scalar field coset
representative”. Yet, this quantity is not a dressed field as defined
here, since the “dressing object” identified in Equation (9) of the
aforementioned work is coset-valued, while a dressing field in the
DFM is group-valued. The only way for the two notions to con-
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nect would be the specific case where the coset is a group, i.e., for
the main group to be a direct or semi-direct product.

Staying within standard supersymmetric field theory, a well-
known issue is the a priori puzzling fact that the algebra of susy
transformations close (in general) only on-shell. In this regard,
the fact that the DFM produces susy-invariant objects will reveal
key to off-shell susy.l”]

As we observe in the introduction of Section 4, another issue
of susy as usually conceived in high energy physics, is that it can
only be saved from immediate empirical refutation by appeal-
ing to some mechanism of (spontaneous) susy breaking. In such
more sophisticated susy models the DFM is bound to play a role
too. Indeed, the reformulation of the electroweak (EW) model
via the DFM showed that the notion of Spontaneous Symme-
try Breaking (SSB) is superfluous to the empirical success of the
theory: a gauge-invariant understanding of the BEHGHK mecha-
nism is available, preserving all the phenomenology and showing
the physically operative mechanism to be a phase transition of the
EW vacuum (without gauge symmetry “breaking”). A conclusion
reached, or hinted at, independently by many authors, among
whom Higgs and Kibble themselves. Indeed, while the DFM is a
clean mathematical framework with a clear (relational) interpre-
tive structure, the SSB is not an “approach” to GFT but only an
interpretation of the BEHGHK mechanism — a heuristic from the
context of discovery of the EW model that has sedimented and
uncritically considered as part of its context of justification.[*?]
The same will be shown to apply to “susy SSB”.

Relatedly, we observe that the DFM also encompasses the stan-
dard Stueckelberg trick to obtain the Proca model for a massive
gauge field, the Stueckelberg field being a special case of dress-
ing field — not the other way around as mistakenly remarked
in [92]. More broadly it underlies the so-called “Massive Yang-
Mills” models. Insofar, as Stueckelberg trick is used in susy mod-
els, the DFM shall bring further conceptual and technical clarity.
The DFM as a framework encompasses both the EW model and
Stueckelberg-type models,[1225] but ultimately, it is empirical ad-
equacy that arbitrates between models.

The new MISU approach we introduced in Section 4 does not
suffer these problems plaguing standard susy: it aims to exploit
supergeometry and the DFM to unify gauge and matter fields in
a superconnection. We illustrated the proposal with a simple 4D
model base on a semi-direct super-extension of the Lorentz alge-
bra. This approach encompasses the so-called “unconventional
supersymmetry” introduced in 3D, as shown in [31], and clarify
why some authors struggled to extend it in four spacetime di-
mensions in a compelling way.

To develop the proposal, one may work out more elaborated
models than the one we presented. For example the class of
models based on orthosymplectic superalgebras 03p contain-
ing 8pin(1,3) =~ 8[(2,C) =~ 8p(2,C) in their even subalgebra —
such as the superalgebra 08p(2, N'; C)1**] — fit our template for
MISU. Another important class of scenarios fitting our template
(in d > 3 in general) are super-Klein pairs (g, §) with § C g such
that g/} is an even vector space, which lead to the desiderate Car-
tan supergeometric picture: a Cartan superbundle over a bosonic
M and a g-valued Cartan superconnection whose g/§-part is the
vielbein e* of M. In this case, the dressed Cartan superconnec-
tion would display e* both in its g/§-part and in the odd sector of
its h-part (analogously to what happens in the already discussed
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“matter ansatz” of the AVZ model in d = 3). This would supply
the kinematics for Einstein—Dirac MISU models describing grav-
itational and matter fields unified in a single superconnection.

All these examples of application and open directions of the
Matter-Interaction supergeometric framework we propose would
strengthen its connection with pre-existing attempts by Berezin
and collaborators to unify the description of bosonic gauge fields
and fermionic matter fields, exploiting a single superconnection,
without implying the existence of standard supersymmetry and
independently of the phenomenological evidence of the latter.

Furthermore, a very interesting parallel is to be drawn be-
tween the MISU approach and antecedent proposals to use
the framework of non-commutative geometry to describe gauge
fields and the Higgs field as unified in a single non-commutative
connection.[*®-1%] Maybe the parallel is not so surprising, as su-
pergeometry is in fact the “mildest” form of non-commutative
geometry. A fusion of both endeavors, exploiting, e.g., the setup
of super-Lie algebroids together with the DFM, may lead to geo-
metric unification of gauge, matter and Higgs fields: all parts of
one and the same generalized superconnection. This investiga-
tion is left to future works.

Appendix A: Perturbatively Dressed BRST
Formalism

Here we give the perturbatively dressed BRST algebra, mentioned at the end
of Section 2.2. It is possible to proceed as follows: given the definition of
the “bare” BRST algebra (9)-(10) and of the perturbatively dressed fields
(19)-(20), one shows that the latter satisfy a perturbative dressed BRST
algebra,

SAY = —DV?, st = —p, (c”) ¢,
sFY=[F"¢"], s(D"¢") =—-p,(c") D"9", (A1)

v

1
s¢’ = —=[c" c"].
2

with the perturbatively dressed ghost c* defined by
¢’ =c+sv+][cv]. (A2)

This holds as a formal result irrespective of the BRST variation sv of v, i.e.,
independent of wether or not it is a dressing field. We stress if it obtain by
neglecting terms of order 2 in v in perturbation theory.

Let us consider the case where ¢ = ¢ + < and s =sg + S and where
vis a K-dressing field: In that case its defining BRST transformation is

SK0 = —Cy, (A3)

which is just the BRST version of (18). We remark that such objects have
appeared in the literature, without being recognized as perturbative dress-
ing field however. Which is unfortunate given the technical and conceptual
clarity brought by the DFM - see, e.g., Appendix A of ref. [92], where the
object ®K in formulas (A.6), (A.7), (A.8), (A.9) is actually a perturbative
dressing field as defined in the DFM. The perturbatively dressed ghost is
then

¢’ =(ck +¢) +sgo+ s+ +¢, 0]

(A4)
=¢ +sp+[c, 0],
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where the term [¢;, v] = —[sv, 0] is to be neglected for consistency, as it
is of order 2 in v in perturbation theory. Thus the perturbatively dressed
BRST algebra (A1) manifestly encodes the residual J-transformations of
the perturbatively dressed fields. The BRST variation of the perturbatively
dressed Lagrangian L* = L(A”, ¢") is then
scL(A%, ¢") =0, and sL(A", ¢") = dB(A”, ¢ c”), (A5)
with ¢” given by (A4). This shows that after K-dressing, the dressed La-
grangian is in the kernel of s, but belongs to the sy modulo d cohomology,
in ghost degree 0: L € H°|"(sJ|d).

In the particular case where the residual BRST variation of the dressing
field v is

sv=[v¢l, (A6)

which is just the BRST version of the linear residual transformation of the
dressing mentioned in footnote 7, we have that the residual perturbatively
dressed ghost is

¢’ =¢+sp+c, 0]
(A7)
=¢+vogl+ev]=¢.

Which means that the perturbatively dressed fields are standard J-gauge
fields, satisfying a standard residual (perturbative) BRST algebra, given by
(A1) with dressed ghost ¢” = ¢;. The residual BRST variation of the pertur-
batively dressed Lagrangian L” is then s;L(A", ¢”) = dB(A”, ¢"; c)), show-
ing it to be a standard [J-gauge theory.
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