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Transformer models contain substantial internal redundancy arising from coordinate-
dependent representations and continuous symmetries, in model space and in head space,
respectively. While recent approaches address this by explicitly breaking symmetry, we
propose a complementary framework based on symmetry reduction. We reformulate
representations, attention mechanisms, and optimization dynamics in terms of invariant
relational quantities, eliminating redundant degrees of freedom by construction. This
perspective yields architectures that operate directly on relational structures, providing
a principled geometric framework for reducing parameter redundancy and analyzing
optimization.

DOI: 10.1103/v57m-nhhq

I. INTRODUCTION

Transformer architectures have become the dominant foundation of modern Machine Learning
(ML) systems for language, vision, and multimodal reasoning [1—4]. Since their introduction in Ref.
[5], transformers have replaced recurrent and convolutional models in most large-scale sequence
modeling tasks.

At a high level, a transformer processes sequences by representing each token as a vector in a
shared hidden-feature space, x; € R?, where d is the model (hidden) dimension (all layers act on
and update these vectors within the same ambient space R?), and repeatedly refining these vectors
through attention mechanisms and feedforward layers. Attention allows each token representation
to update itself by referencing all other tokens (unless causal masking is applied) in the sequence,
enabling flexible modeling of long-range dependencies and contextual relationships. Stacking such
layers yields deep models capable of learning complex linguistic and semantic structures.
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Despite their empirical success, transformers remain poorly understood from a theoretical stand-
point [6-8]. Recent research has begun to analyze symmetry and equivariance in deep learning
[9,10], as well as optimization dynamics and representational geometry [11,12]. Here, let us remark
that, in transformers, equivariance means that if you apply a transformation g to the input (or to an
internal representation) and there is a corresponding transformation p(g) on the output (or next-layer
representation), then the layer F' (here, F' is simply the learned function implemented by the layer)
commutes with that action: F(g-X) = p(g) - F(X). It is an architectural symmetry constraint:
The computation is designed (or happens) to respect a group action (e.g., token permutations
in set/graph transformers, translations/rotations in vision, or internal head-space basis changes in
attention submodules). Invariance is the special case p(g) = id; i.e., the output does not change.

In particular, our fundamental focus in this work is the following fact: Transformers feature large
continuous symmetries in their linear attention submodules, so that many parameters and represen-
tation configurations correspond to identical model behavior [13—15]: This large redundancy may
result in nonoptimal use of computational resources and/or hinder convergence.

Notably, recent works have identified continuous reparametrization symmetries in attention
that go beyond the classical permutation symmetries of Multilayer Perceptrons (MLPs). More
specifically, rotation-type symmetries in self-attention have been analyzed and exploited for model
fusion [14], and quotient-geometric perspectives have been used to define sharpness and geometry
on symmetry-reduced manifolds, including the GL(d},, R) reparametrization symmetry of the value-
output sector in attention heads [16] (d), being the dimension of the head-space vector space).
On the dynamical side, symmetry can induce conserved quantities in idealized learning dynamics
[17], and very recent work shows how such conserved quantities can obstruct certain efficient
training schemes for transformers, motivating explicit symmetry-breaking interventions [15]. While
effective, such breaking introduces preferred directions into internal representation spaces and may
obscure deeper relational structure in learned representations [18—22]. Our contribution is to outline
a complementary symmetry-reduction program: Rather than breaking the symmetry, we formulate
states, attention, and optimization directly in terms of invariant relational variables.

In this, we take inspiration from developments in the modern theoretical physics of gauge field
theory that aims, rather than breaking symmetry (e.g., by selecting arbitrary coordinate frames),
to eliminate redundant degrees of freedom (d.o.f.) by working directly with manifestly invariant
variables, e.g., constraint Hamiltonian dynamics [23], symplectic reduction [24], or covariant phase-
space approaches [25]. One tool, developed in the past decade, systematically implementing such
an idea is the Dressing Field Method (DFM) [26-37], which allows to extract the relational [38—41]
invariant content of physical theories.

We note here that gauge ideas already appear, e.g., in geometric Deep Learning when modeling
data on manifolds or non-Euclidean domains (graphs, spheres, tori, etc.)—see, e.g., Refs. [42—48].
In this context, “gauge” often refers to local coordinate freedom/choice of basis in tangent spaces
and gauge-equivariant convolutions that respect this freedom (for instance, no preferred frame).
These works use the geometric language of connections on (principal) fiber bundles.

In this work, we propose to adapt the DFM philosophy to transformer architectures: Instead
of modifying networks by inserting preferred coordinate directions, we consider how transformer
computations can be reformulated in terms of relational, manifestly invariant structures, removing
internal coordinate redundancies while preserving model expressivity. We focus on components
where internal redundancies appear and propose invariant reformulations:

(1) Dressing internal representation frames by replacing coordinate-dependent vectors with
relational invariants, hence reformulating attention mechanisms in invariant relational form.

(2) Considering optimization dynamics in reduced, symmetry-free parameter spaces.

Our immediate goal is not yet to replace existing architectures, but to establish a conceptual
and mathematical framework in which learning proceeds directly on meaningful relational d.o.f.
rather than on arbitrary coordinate representations. Such a formulation may reduce optimization
degeneracies, clarify internal mechanisms, and open directions for invariant and interpretable
architectures. In this context, let us observe that our proposal is orthogonal to the encoder-only
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FIG. 1. Schematic summary of the main content of the work.

versus decoder-only architectural distinction: The symmetry-reduction viewpoint concerns internal
representational and parameter redundancies and, in principle, may be studied in encoder, decoder,
or encoder-decoder attention blocks alike. Accordingly, we do not claim superiority over masked
autoregressive decoder-only architectures in the present work.

For clarity, we distinguish three distinct (but compatible) reductions: (1) state/representation
reduction, which replaces coordinate-dependent hidden states X € R"*? (X is the hidden-state
matrix of one transformer layer, n is the sequence length—number of tokens, each row is one
token—and d is the model/hidden dimension, or size of each token vector; so, row i of X is x; € R%)
by invariant relational objects [e.g., XX or XAX ", where XX T € R™" is the Gram matrix of
tokens—entry (i, j) is x;” x;—which encodes pairwise relations between tokens and is invariant
under any global rotation of the hidden space, while XAX T, with A € R?*?, denotes a learned
matrix—entry (i, j) is xl-TAx i—or learned relational kernel, a more flexible invariant similarity than
plain dot products]; (2) parameter reduction, which replaces redundant parametrizations by invari-
ant composites (e.g., WQT Wk, with Wy, the query projection matrix and Wy the key projection matrix,
both € R%*?_they are both learned linear maps; they take a token vector x; € R¢ and produce
qi = Wox;, ki = Wgx;, where g;, k; € R% live in the head space; then, attention scores are q;rk i
which is just the dot product between query and key) that determine the forward computation; and
(3) dynamical/optimization reduction, which modifies training so that updates have no component
along symmetry orbits (quotient or projected dynamics).

Sections III and IV focus on (1), while Sec. V is devoted to (2) and (3). Figure 1 provides
a schematic overview of our symmetry-reduction perspective. A complementary summary of the
redundancies and the corresponding invariant variables is given in Table I.

Throughout this paper, we distinguish two independent sources of redundancy in transformer
architectures and address them separately:

TABLE I. Redundancies and corresponding invariants.

Redundancy type Invariant variable

Model space frame G=XXT,XAX", X = Xu[X]"
QK head-space symmetry Gok = WQT Wg

VO head-space symmetry Gyo = WoWy
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(1) Model space (representation-frame) redundancy, corresponding to arbitrary orthogonal
changes of basis X — XU T, U € O(d), in the model feature space R4, This motivates a refor-
mulation of hidden states and attention weights in terms of invariant relational quantities (Secs. III
and IV).

Part I. Relational Representation and Model Space Symmetry Reduction in R? of the article is
devoted to this.

(2) Parameter space reparametrization redundancy inside attention heads, corresponding to
exact internal symmetries O(dj;) (query-key sector) and GL(dj,, R) (value-output sector). These
symmetries act on parameters while leaving the computed function unchanged and are treated via
symmetry-reduced optimization and invariant composites (Sec. V).

Part II. Attention-Head reparametrization Symmetry and Optimization Dynamics in R% of the
paper concerns this.

The first reduction concerns representations; the second concerns parameters. They are logically
independent but complementary.

The remainder of this paper is structured as follows. In Sec. II, we briefly review the DFM in
its field-theoretic setting, emphasizing its role as conceptual motivation for symmetry reduction via
relational variables. Section III discusses internal representation frames in transformer models. In
Sec. IV, we reformulate token representations in model space in relational terms via “dressing.”
Section V addresses optimization dynamics on reduced, symmetry-free parameter spaces, hence in
head space. There, we also provide a concrete differentiable realization and initialization sketch for
arepresentative case, that is, the value-output sector of a single attention head. Section VI concludes
the paper with directions for future work, including a concrete evaluation road map. In the Appendix,
we provide an illustrative algorithmic sketch of symmetry-reduced optimization for a representative
attention submodule.

Let us remark that this paper develops a conceptual and mathematical framework. We (1) identify
precise reparametrization symmetries for idealized transformer blocks, (2) show how invariant
composites encode the functionally relevant d.o.f. in specific submodules (e.g., query-key—Q/K—
bilinear forms), and (3) suggest symmetry-reduced architectural and optimization realizations. We
do not claim that every practical transformer with LayerNorm (layer normalization, which normal-
izes each token vector independently across its feature dimension) and standard implementation
details enjoys the same full symmetry group; rather, we treat such details as reducing the symmetry
and motivating approximate or partial reductions. Empirical evaluation and engineering trade-offs
are left for future work.

a. Scope of the present work: The purpose of this paper is conceptual and mathematical. We
develop a symmetry-reduction framework for transformer representations and optimization, identify
the relevant invariant composites in idealized attention submodules, and formulate corresponding
relational variables. We also provide concrete differentiable realizations for representative sectors
(see Sec. VD), illustrating how invariant variables, gradients, and initialization may be handled in
practice.

We do not, however, present a benchmarked implementation or claim empirical speedups,
accuracy gains, or reduced training cost on standard datasets. Such questions require a dedicated
engineering and experimental study, which lies beyond the scope of the present article. To make the
empirical implications of the framework precise, we provide in Sec. VI A a concrete evaluation road
map for future work.

II. THE DRESSING FIELD METHOD IN FIELD THEORY:
CONCEPTUAL MOTIVATION

The purpose of this section is conceptual rather than technical. We do not claim that trans-
former models possess gauge symmetries in the field-theoretic sense, nor that the Dressing Field
Method can be directly applied to ML architectures. Instead, we briefly review the DFM in its
native theoretical physics context as a mature framework whose central insight—the elimination

000034-4



TOWARD MANIFEST RELATIONALITY IN ...

of redundant d.o.f. through invariant, relational variables—serves as methodological inspiration for
the symmetry-reduction program suggested here.

In Gauge Field Theory, the DFM provides a systematic procedure for replacing gauge-dependent
fields by relational, gauge-invariant quantities extracted from the original field content. Our goal is
to abstract this philosophy and adapt it to transformer architectures, where internal representations
exhibit analogous redundancies arising from coordinate-dependent parametrizations rather than
gauge symmetries.

We therefore present a concise overview of the DFM in the case of internal gauge symmetries,
in order to motivate the relational reformulations introduced in subsequent sections.

In its natural theoretical physics framework, namely, general-relativistic Gauge Field Theory,
the DFM [26-37] is used to construct gauge-invariant, relational variables [41] from the field space
® = {¢} of a gauge theory, ¢ being a collection of fields on the “spacetime” manifold M. We briefly
recall the dressing procedure for internal gauge symmetry group 7, whose elements are smooth
maps y : M — H and H is a (finite-dimensional) Lie group.

A. Invariant dressed fields

Consider a gauge field theory with field content ¢ = {A, ¢}, where A denotes the gauge potential
[e.g., the electromagnetic potential, when H = U (1)] and ¢ collectively denotes matter fields. These
transform under the gauge group H as

AT =y Ay +yTldy, ¢ =yl (1)
A dressing field is defined as a smooth map
u:M— H, suchthat u” =y 'u, 2)

with the crucial property that u is extracted from the original field content, i.e., u = u[¢]. Conse-
quently, the dressing field is an equivariant functional of the fields,

= ulg’] =y~ ulgl. 3)
Given such a dressing field, one defines the dressed fields
A= u " Au+uT du, 9" i=ulg. 4)

By construction, these are strictly 7 invariant.

When the dressing field is field dependent, the resulting dressed variables admit a natural
relational interpretation: The dressed fields {A*4-#], p*4-¢]1} encode gauge-invariant relations among
the original d.o.f. in ¢ = {A, ¢}. In this sense, the DFM replaces gauge-dependent variables with
relational physical quantities.

The dynamics of a gauge field theory is determined by a Lagrangian L(¢), typically required to
be quasiinvariant under H, i.e.,

L(¢") = L(¢) + db(y; ). (&)

This ensures the covariance of the field equation, obtained from L(¢) via the variational principle,
under H. Given a dressing field u, one defines the dressed Lagrangian

L(¢") := L(¢) + db(u; ¢), (6)

which is strictly H invariant. The dressed field equations possess the same functional form as the
original ones, but now govern gauge-invariant relational variables with a well-posed deterministic
evolution.
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B. Residual transformations

If H is only partially reduced, dressed fields may still transform under residual symmetries.
Additionally, possible ambiguities in the choice of dressing field are encoded in transformations of
the second kind, often interpretable as physical reference-frame covariance [32,35].

We emphasize that this brief review is presented solely to illustrate the general mechanism of
symmetry reduction through invariant relational variables. In the remainder of this work, we apply
this idea abstractly to transformer architectures, replacing gauge symmetry by internal representa-
tional redundancy and dressed fields/variables by relational reformulation of neural representations.

PART I. RELATIONAL REPRESENTATION AND MODEL SPACE SYMMETRY
REDUCTION IN R?

III. INTERNAL REPRESENTATION FRAMES IN MACHINE LEARNING

A central observation motivating our proposed approach to ML is that internal representations
in transformer models are not uniquely defined: They depend on arbitrary coordinate choices in
hidden-state space. While such choices do not affect model outputs, they introduce redundant
internal d.o.f. that influence optimization dynamics and obscure the relational structure encoded
in representations. In this section, we analyze this coordinate redundancy and propose a reformu-
lation in which computations depend only on invariant, relational quantities rather than arbitrary
coordinate frames.

A. Coordinate redundancy in transformer representations

In transformer architectures, hidden states at a given layer are represented as vectors
xeRY i=1,...,n, (7)

where 7 is the sequence length and d the hidden dimension. Attention and feedforward layers act
on these vectors through learned linear maps.

For simplicity of exposition, we shall suppress positional encoding mechanisms in the main
formulas. In practical transformers, positional information may be added either additively or through
structured modifications of the query-key interaction, as in rotary position embeddings. Such
mechanisms generally constrain/modify the symmetry structure discussed here.

Each token representation x; is linearly projected into three vectors called the query, key, and
value representations:

qi = WQ-xiv ki = WK)C,', Vv = W\/X,', (8)
where the matrices
Wy, Wi, Wy € R4 ©)

are learned parameters and dj is the dimension of each attention head. Attention weights are
computed from query-key similarities,

sij = q; k; = Woxi)T (Wix;)),

Sii
Attn(i, j) = o;; := softmax (—j ,
dy

yi= Zaijvjs (10)
J
and are then used to aggregate value vectors across tokens, producing context-dependent updates

of token representations. We recall that the “softmax” function applied to a vector of raw scores

(logits) z = (z1,...,2,) € R” is defined as softmax(z); = <=2%) i =1,...,n. It maps the
Z/:1 exp(z;)
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scores to a probability distribution (non-negative entries summing to 1), with larger values receiving
exponentially higher weight. Finally, we have Wy € R?*%, which projects head-space outputs in
R% back to the model space R?. Notice that the softmax does not break the shared O(d;,) query-key
symmetry because it depends only on the invariant logits q;rkj, but nonlinear and normalization
layers outside this idealized submodule generally reduce the full symmetry.

Although the mechanism in Eq. (10) enables flexible contextual interactions, it remains funda-
mentally coordinate based: Queries, keys, and values are vectors in an internal latent space whose
basis is arbitrary.

This means that transformer blocks contain reparametrization redundancies in intermediate
subspaces.

First, on the one hand, we have a transformation acting on tokens in the model space,

x; — Ux;, with U € O(d), (11)

which is a change of basis in model space. To preserve the attention computation under this change
of basis, the weight matrices must transform as

Wo > WoU ™!,
Wg > WxU ™!,
Wy > Wy U™,
Wo > UWp. (12)

This is representation covariance, not a parameter redundancy.

On the other hand, we have continuous symmetries arising in the linear attention submodules
as invertible changes of basis in each head space. Concretely, for a single head with Wy, Wx, Wy, €
Ré%>4 and W, € R?*%  the forward computation is invariant under

(WQ, WK) = (SWQ, SWK), S e O(dh), (13)

Wy, Wo) > (S™'Wy, WoS), S € GL(dy, R). (14)

We restrict to O(d),) since the score uses the standard Euclidean inner product in head space; a
general GL(d), R) transformation would not preserve, e.g., g, k; without a compensating change of
metric. Note that (1) query-key scores depend only on head-space inner products and are preserved
by the shared O(d},) rotation in Eq. (13), and (2) the value-output contribution depends only on the
composite WoWy and is therefore invariant under the refactorization symmetry (14).

Consequently, attention operates in a representation space containing redundant d.o.f. So,
multiple internal parameter configurations correspond to identical model functions. Learning dy-
namics may therefore evolve along directions that do not affect outputs, producing optimization
degeneracies analogous to gauge redundancies in physical systems. This motivates our proposal:
reformulating attention directly in terms of relational invariants.

Notice, however, that a full transformer block with LayerNorm, biases, and elementwise MLP
nonlinearities is not invariant under arbitrary changes of basis in the model dimension d; our rela-
tional scoring isolates an O(d)-invariant subcomputation inside this otherwise symmetry-breaking
architecture (see Sec. I[II A 1).

1. What symmetry actually holds (architecture dependent)?

Before proceeding with our approach, to avoid overclaiming, let us fix here an explicit class of
blocks and state the precise reparametrization symmetry.

a. What is symmetric?. In standard transformers, most nonlinear components (MLP with ele-
mentwise activation, LayerNorm, biases) are defined with respect to a chosen coordinate system in
R? and therefore are not equivariant under an arbitrary GL(d, R) change of basis in the hidden-
feature dimension. Exact continuous symmetries instead appear in specific linear submodules
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(notably, attention heads), where reparametrizations of intermediate head spaces leave the computed
function unchanged (see Sec. V). Accordingly, in this paper, internal symmetry refers to (1) exact
symmetries of such linear submodules and (2) approximate symmetries of more complete blocks
when nonlinearities act as symmetry-breaking perturbations.

b. Effect of LayerNorm and biases. In practical transformers, LayerNorm and bias terms restrict
this symmetry. For example, standard LayerNorm is not equivariant under arbitrary GL(d, R)
basis changes. Hence, throughout this paper, any claim of continuous internal symmetry should
be interpreted as (1) exact for the minimal block above, and (2) approximate or reduced to a smaller
group for common architectural choices (LayerNorm, biases, parameter tying), which we treat as
symmetry-breaking perturbations of the idealized symmetry.

This point is especially important in practice, since mainstream architectures in language and
vision (e.g., BERT/GPT-type models, ViT-type models) systematically include normalization layers
and nonlinear MLP blocks. Accordingly, the exact continuous symmetries discussed here should be
understood as properties of idealized linear attention submodules embedded in larger architectures
where these symmetries are partially or approximately broken. This is why we view the present
work as a framework for identifying the symmetry-reduced core structure, rather than as a claim
about exact full-network symmetry in production models.

IV. DRESSING AND RELATIONAL INVARIANTS IN MODEL SPACE

We start by providing our idea for a relational scoring formulation in which attention weights are
computed from the Gram matrix

G:=XX" e R™", n=sequence length, (15)

which is strictly invariant under X +> XU T, U € O(d). Token states are represented relationally by
the Gram data, e.g., by the ith row (G;;)’j_, that encodes the relations of token i to all other tokens

in the current sequence, rather than by coordinate-dependent vectors x; € RY. When convenient,
we still use X as an O(d)-equivariant representative to transport vector-valued features, while the
invariant content used for scoring is carried by G.

We present this O(d)-equivariant Gram-based attention as an idealized, symmetry-manifest
alternative; incorporating generic learned feature maps (e.g., Wy, Wp) would generally break O(d)
unless explicitly constrained. Accordingly, we view the following construction as a conceptual
prototype of relational attention. We may therefore think of an attention mechanism in which
attention weights depend only on O(d)-invariant quantities between token representations [hence,
O(d)-frame-invariant attention weights]. Let X € R"*? denote the matrix of token states (row i is
xiT ), and let the model feature-space transform as Eq. (11). Under this action, the Gram matrix
G:=XXT, Gij = xiij, is strictly invariant.

We therefore define attention scores directly from Gram invariants as

sij = f(Rij) = f(Gij, Gii, Gjj), (16)

where f : R® — R is a learned scalar function (for instance, a small multilayer perceptron applied
pointwise) and Gj; = |x;||> allows the scoring function to access token norms. We remark that,
when R;; is taken to be an inner product (or a learned bilinear form) and f is scalar, the resulting
attention weights are a form of kernelized attention. Our contribution here is not to claim novelty of
pairwise-kernel attention per se, but to place such constructions in a symmetry-reduction program:
(1) choose relational invariants as primary variables, and (2) parametrize and optimize only the d.o.f.
that affect these invariants. We stress that this construction is intended as an idealized, illustrative
prototype rather than a drop-in replacement for standard dot-product attention, meant to make the
symmetry-reduced structure explicit.
The attention weights are then given by

Attn(i, j) = softmax,-(ﬂ), (17)
T
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where T > 0 is a temperature parameter (analogous to the conventional score normalization in dot-
product attention). By analogy with dot-product attention, one may set T = +/dj,, but here 7 is
simply a temperature hyperparameter for the scalar logits s;;. We restrict here to ¢ > 0, for which
the softmax is smooth. The singular limit T — 0% corresponds formally to a hard argmax selection
and would require a separate nonsmooth treatment, beyond the scope of the present discussion.

Since the scores depend only on Gram invariants, the attention weights are strictly O(d) invariant.
To propagate vector-valued information while preserving symmetry, we take values to be the token
states themselves and define the output as

yi= Y Atn(i, j)x;, (18)
J

or in matrix form ¥ = AX, where A;; = Attn(i, j). This update is O(d) equivariant: If X > XUT,
then Y > YU T. If one wishes a fully invariant state update, one may propagate G itself:

Gt =YY" = (AX)(AX)" = AGAT, (19)

which is strictly O(d) invariant as A depends only on G.

In this formulation, internal coordinate frames are eliminated by construction: Attention operates
purely on relational invariants and vector features are transported equivariantly. This realizes a
genuine dressed attention mechanism in which semantic interaction depends only on relations
between tokens rather than on arbitrary feature-space coordinates.

A. Dressing of vector representatives

Besides fully relational state propagation, one may realize symmetry reduction by introducing a
dressing field that selects a canonical representative of each O(d) orbit while retaining vector-valued
carriers. Let X € R"™¢ denote the token matrix, transforming as

X~ XU", Ueo0o@). (20)
A “dressing field” is a data-dependent map
ulX] e 0@d) (1)
satisfying the equivariance property
ulXU' = ulX1U". (22)
One then defines the dressed representative
X :=XuX] " (23)
By construction,
X—XU" = XX, (24)

so X is strictly O(d) invariant.

A concrete choice is obtained from the singular value decomposition (SVD, which factorizes X
into orthogonal matrices Uy, Vy, and a diagonal matrix Xy, enabling a canonical extraction of the
right singular vectors Vy)

X =UxZxVy, VyxeO@), (25)
and defining
ulX]:=Vy. (26)
Under X — XU T, one has (for a consistent choice of SVD) Vyy+ = U Vx; hence,

ulXUT1=Vyr =VWUT =ulX1U", 27
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as required. The dressed representative becomes
X :=XVy = Uy Zx. (28)

All subsequent computations may then be performed using X, which is invariant under model space
frame rotations.

a. Residual ambiguity. If Xy has degeneracies or X is rank deficient, Vx is not unique, leading
to a residual O(m) freedom within each m-dimensional degenerate singular subspace, together with
discrete sign and permutation ambiguities. This corresponds to the standard transformations of the
second kind, familiar from DFM constructions.

Note that this realization implements symmetry reduction without eliminating vector carriers:
Vectors are retained for computational convenience, but internal frame redundancy is removed by
dressing rather than broken.

b. Well-definedness of the dressing map. The definition u[X] := V| presupposes a deterministic
convention for choosing the SVD. Indeed, the right singular factor Vx € O(d) is not uniquely
defined: Even when Xy has distinct nonzero singular values, each singular vector is only defined
up to an overall sign, and when Xx has degeneracies [or rank(X) < d] there is a continuous
freedom Vx — VxR, with R € O(m) acting in each degenerate singular subspace. Accordingly, the
equivariance identity u[XU T]1 = u[X]UT holds on the open set where a chosen convention fixes
these ambiguities (e.g., by fixing the sign of each singular vector via a deterministic rule), and
otherwise holds up to the corresponding residual transformation. In practice, one may (1) restrict
the discussion to matrices X with simple singular spectrum, where the map can be made locally
smooth by such conventions, or (2) treat the remaining freedom as a residual symmetry (of the
second kind) and accept that X is defined only up to the corresponding residual action.

Our relational formulation eliminates dependence on model space coordinate frames [O(d)] at
the level of attention weights. Even after eliminating model space frame dependence, standard
attention heads still possess exact internal reparametrization symmetries acting on intermediate head
spaces. These do not affect representations directly but generate flat directions in parameter space.
We now turn to this second, independent reduction.

In the next section, we examine how optimization dynamics themselves can be reformulated
in reduced relational parameter spaces. In fact, head-space reparametrization symmetries [O(d},),
GL(dy,)] act in parameter space and can be removed by quotient-based optimization. Optimization
dynamics therefore evolve in reduced parameter spaces, eliminating directions that do not affect
model behavior. Note that this symmetry reduction parallels gauge reduction in physical systems
(this is an analogy, not a literal gauge symmetry): Rather than introducing preferred directions,
redundant d.o.f. are eliminated by construction. Consequently, learning trajectories are constrained
to meaningful relational manifolds, potentially improving optimization efficiency and stability.

PART II. ATTENTION-HEAD REPARAMETRIZATION SYMMETRY AND OPTIMIZATION
DYNAMICS IN R%

V. OPTIMIZATION DYNAMICS ON REDUCED, SYMMETRY-FREE PARAMETER SPACES

Standard transformer parametrizations contain large internal redundancies: Many distinct pa-
rameter settings realize the same input-output function due to continuous symmetries (e.g., internal
rotations of representation subspaces) and other reparametrization freedoms in head space. From an
optimization perspective, such redundancies give rise to flat directions and may induce dynamics
that expend update budget moving along directions that do not change the predictive behavior of the
model.

In fact, when training is viewed dynamically, internal symmetries can be particularly conse-
quential. Symmetry directions can create (approximately) conserved quantities or long-lived modes
that constrain exploration and slow descent in functionally relevant directions. This phenomenon
has been highlighted recently in Hamiltonian analyses of learning dynamics in attention models,
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where continuous symmetries yield conserved currents in idealized dynamics and corresponding
optimization pathologies in practice [15].

The objective of this section is to formalize a symmetry-reduction viewpoint for optimization:
Rather than breaking symmetries by introducing preferred directions, we aim to quotient out
redundant d.o.f. and study learning directly on a reduced, symmetry-free space of functionally
distinct models.

A. Symmetry groups and equivalence classes in parameter space

Let 6 € ® denote the full parameter vector of a transformer model (all trainable weights and
biases, i.e., in a transformer: embedding tables, all projection matrices Wy, Wg, Wy, Wy, MLP
weights, LayerNorm parameters, etc.; ® is the parameter space) and let

LO) = Exy)~p €(fo(x), y) (29)

be the population loss, that is, the expected loss over the true data distribution [which is the ideal

objective one would minimize knowing D exactly, with x the input random variable, y the tar-

get/label random variable associated with x, (x, y) a data point, and D the data distribution over pairs

(x, y)—writing (x, y) ~ D means “sample a random training example from the underlying popula-

tion distribution”; E(, y)~p [-] is the expectation with respect to that distribution and ¢ denotes the

per-example loss function or pointwise loss — it compares the model’s prediction to the true target y].
Now, suppose there exists a (Lie) group G acting on parameters,

O g-0, geG, (30)

such that the model function is unchanged:
feo(x) = fo(x) Vx, VgeG. 31

Then, £(0) is constant along group orbits:
L(g-0)=L(6). (32)

Hence, physically (or functionally) distinct models correspond not to points in ® but to equivalence
classes

[6] := {g-0: ge G} (33)
The reduced parameter space is the quotient
®red = ®/G7 (34)

whose points correspond to distinct functions. Optimization should take place on ®4 rather than
on O, because motion tangent to the orbit [] does not change the learned function.

B. Decomposition of updates: tangent versus transverse directions

At a given 6, the orbit direction is spanned by the infinitesimal generators of G. Let g denote
the Lie algebra of G and let £ € g generate an infinitesimal action §¢6. Then, tangent directions
(spanning the tangent space to a group orbit) have the form

(SQH € Tg([@]) = {359 : f (S g} (35)

We may decompose any parameter update A6 (i.e., a finite optimization update, e.g., gradient step)
into tangent and transverse components,

AO = NGy + A6, (36)

where A6, moves in functionally meaningful directions (changing [#]) and A moves along a
redundant orbit. Here, A0 € span{8:0 : & € g}, i.e., AGy =, ¢, 8,0, for some basis {&,} of g
and coefficients ¢, € R.
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In ideal learning dynamics, we would enforce
AG, =0, (37)

so that learning updates are purely transverse. Note that this is similar, morally, to what is done in
gauge theory in physics, when fixing a gauge. Quotient-based learning dynamics would avoid this
by evolving directly in ®4. This is the spirit of the DFM.

a. A DFM-inspired dressing map for optimization. In physics, in gauge theory, symmetry
reduction can be achieved by constructing dressed variables via a dressing field that removes the
redundant group action. Translating this logic to optimization suggests introducing a projection
(surjective) map

D:0O — Opyq,
0 0:=D@O)="D(g-0), (38)

which assigns to each 6 a representative in the reduced space, or equivalently a set of invariant
coordinates. Optimization then proceeds by updating 6 and, when needed, reconstructing a com-
patible 6 (a representative) for forward computation. Geometrically, we have the pushforward map
D, : Ty® — B4 acting as

D.(AO) =0, 50 Dy(AO) =D,(A0)) € TyOpq. (39)

Thus, the optimal update is Af := D,(Af,).
Observe that this differs from explicit symmetry breaking: No preferred direction is introduced;
rather, the redundant d.o.f. never appear as independent optimization variables.

1. Reduced variables as invariants: learning on ©

A practical approach to quotient optimization is to parametrize the model using invariants under
the group G. In the attention setting, an example of such invariant combinations arises from the
observation that dot-product scores depend on Wy, and Wx only through the bilinear form

Gox = W, Wk, (40)
since
(Woxi) " (Wixj) = x (W, W) x; = x Gox x;. (41)
Under a left action by an orthogonal matrix S € O(d,,),
Wo = SWp, Wk — SWg, (42)
the composite
Gok = W,y Wy € R¥*¢ (43)

is unchanged since (S WQ)T(S Wg) = WQ-r Wk. Hence, (W, W) are identifiable only up to a shared
O(d,,) rotation of the head space. In physics, this would correspond to the alternative move of
dressing, rather than gauge fixing [28,49].

Note that, if dj, < d, then rank(Ggk) < dj, so not every d X d matrix is representable as WQT Wk.
Thus, optimizing directly in Gok either requires enforcing rank(Gok ) < dj, (a constrained problem)
or else allowing arbitrary Gok, which changes the model class.

a. Value-output sector. Let Wy € R%*? and W, € R?*“ denote the value and output projections
of a single head (up to architectural conventions). The contribution of this head to the hidden update
is

Xi = WOWVX,'. (44)
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Define the composite (which can be seen as a dressed quantity)

Gyo = WoWy € R, (45)
Under a right action by any invertible matrix § € GL(d,, R),
Wy > ST'Wy,  Wo > WoS, (46)
the composite Gy is unchanged:
WoS)(S™ W) = WoWy . (47)

Hence, (Wp, Wy ) are identifiable only up to this internal GL(dj,, R) reparametrization.
Since Gy factors through a dj,-dimensional latent space, it necessarily satisfies

rank(Gyo) < dj. (48)

Consequently, optimizing directly over Gy either requires enforcing the rank constraint or, if
arbitrary d x d matrices are allowed, amounts to optimizing over a different model family.

A simple projected gradient step in the value-output sector is sketched in the Appendix.

b. Multihead symmetry and head permutations. For H attention heads, the forward computation
is invariant under arbitrary permutations of the heads. Let o € Sy act by permuting head indices
simultaneously in (WQ(h), ngh), W‘fh), Wo(h) ). Then, the summed output over heads is unchanged.
Thus, in addition to the continuous reparametrizations described above, there is a discrete symmetry
group Sy acting on parameters.

Functionally distinct models therefore live on the quotient space

Orea = O/(0(dn)gx x GL(dp, R)o x S), (49)

up to architectural details.

Note that the discrete permutation symmetry Sy differs conceptually from the continuous
reparametrizations discussed above. While the groups O(d;)? and GL(d,, R)? generate in-
finitesimal tangent directions in parameter space and are responsible for genuine optimization
degeneracies, the action of Sy is purely discrete and corresponds only to a relabeling of identical
attention heads. Sy induces no flat directions, conserved quantities, or continuous orbit structure.
As such, one may regard it as a residual reference-frame freedom.

c¢. Projected gradient flow. Let us mention that a complementary approach is to keep the original
parametrization but project updates to the transverse subspace. Let VL(0) denote the gradient in
® equipped with an inner product (-, -). Let P, (6) be the orthogonal projector onto the transverse
complement of 7y ([#]). Here, orthogonality is defined with respect to a chosen Riemannian metric
on parameter space. This choice is not canonical and affects the reduced dynamics. In practice, exact
projection is expensive, so symmetry reduction is typically implemented in structured approxima-
tions (e.g., per-head reductions where tangent directions are known analytically).

Then, the projected gradient flow is

6 = —P(0) VLO). (50)

Discretizations of this flow yield reduced versions of stochastic gradient descent or momentum
methods. This quotient-based projection viewpoint is conceptually related to projection-based
gradient modification methods such as PCGrad [50], although the objective here is different: We
project out symmetry-tangent directions associated with internal reparametrization redundancies,
rather than resolving conflicts among gradients coming from multiple tasks.

From this perspective, standard optimizers can be interpreted as evolving on ® with implicit
(often uncontrolled) components in both tangent and transverse directions, whereas a projected
optimizer explicitly removes the tangent component. Notice the difference with Eq. (39).

Note that, as in other projection-based optimization schemes, removing selected update com-
ponents may improve conditioning in some regimes but may also increase per-step cost or alter
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beneficial stochastic effects. Hence, whether quotient-based projection is advantageous is task and
implementation dependent, and should be assessed empirically.

d. Reduced Hamiltonian dynamics and conserved quantities. When optimization is formulated
dynamically—for instance, in Hamiltonian or momentum-based forms—symmetries can induce
conserved quantities. Consider a generic Hamiltonian-like system on (0, ):

. 0H . oH
0=—, 7=—, (51)
o a0
where m denotes momenta. If H is invariant under a continuous group action, then the associated
Noether charges are conserved in idealized dynamics, constraining exploration in phase space.
A symmetry-reduced formulation replaces the full phase space by a reduced phase space:

(© x M)/G, (52)

in which the Noether charges are absent as independent d.o.f.; equivalently, the reduced system
evolves only in the functionally relevant directions, eliminating conserved motions along redundant
symmetry orbits.

This makes clear why symmetry reduction is a principled alternative to symmetry breaking:
Rather than introducing stochastic perturbations or preferred directions to shake the system out of
conserved motions, we can remove the conserved directions by construction.

C. Practical schemes for symmetry-free optimization

Let us therefore outline three practical schemes for optimizing in reduced spaces:

(1) Dressedrepresentatives. Maintain a representative 6 for forward computation while regularly
applying a dressing map D that removes accumulated motion along the orbit.

(2) Invariant reparametrization. Replace redundant parameters by invariant composites (e.g.,
Gok, Gyo) and train directly in these variables. This eliminates redundant motions but may change
computational cost and requires ensuring sufficient expressivity and numerical stability.

(3) Projection-based quotient updates. Maintain standard parameters but project gradients (or
momentum) orthogonally to symmetry orbits. This requires computing tangent directions and
implementing projectors, but keeps the forward pass unchanged.

Each scheme implements the same principle: learning updates should occur only in the reduced
space of functionally distinct models.

This section formalized optimization as a dynamical process on a parameter space with
symmetry-induced redundancies. We proposed a symmetry-reduced viewpoint in which training
takes place on a quotient space ® /G, either by reparametrizing in invariant variables or by explicitly
projecting updates to remove tangent components along symmetry orbits.

In summary, attention layers exhibit continuous internal symmetries O(d,) (query-key),
GL(dy, R) (value-output), and a discrete head permutation symmetry Sy . The functionally mean-
ingful d.o.f. are therefore encoded in invariant composites such as Gog and Gy subject to rank
constraints, together with their arrangement across heads. Symmetry-reduced optimization amounts
to learning directly on this quotient space rather than on redundant parametrizations.

For clarity, we now provide a minimal concrete differentiable realization and initialization
strategy for a representative reduced sector.

D. Concrete differentiable realization and initialization sketch

To clarify how symmetry-reduced variables may be handled in practice, we describe a minimal
differentiable realization for a representative case, namely, the value-output sector of a single
attention head. This sector contributes to the hidden update through the composite operator Gy :=
WoWy € R?*4 which is invariant under the internal reparametrization (W, Wp) — (S Wy, WoS),
with § € GL(dy, R).
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A convenient realization of this invariant is obtained by introducing matrices A € R?*%,
B € R%*4_and defining Gyo = AB, which enforces rank(Gyo) < d;, by construction. The pair
(A, B) provides a representation of the invariant operator Gy, and it is therefore not unique. In
particular, it admits a residual redundancy (A, B) — (AS, S ~1B), with § € GL(d,, R), which leaves
the composite Gy unchanged and pertains only to the chosen representation of Gy .

Now, as far as differentiable implementation is concerned, we observe that the map (A, B) — AB
is smooth, so gradients of the loss with respect to A and B can be computed by standard automatic
differentiation through the matrix product. No modification of backpropagation algorithms is
required.

A natural initialization is then obtained by sampling A and B using standard variance-preserving
random initializations (e.g., Xavier/Glorot-type schemes adapted to their dimensions), and setting
G, = AoBy.

Alternatively, one may treat Gy itself as the optimization variable in R?*“, perform gradient
updates directly on Gy, and enforce the rank constraint rank(Gy o) < dj, by projection (for instance
via truncated SVD), as described in the Appendix. An initial Gy, may again be obtained from a
low-rank factorization.

This construction provides a concrete differentiable realization for a representative symmetry-
reduced sector. It illustrates how invariant variables, gradients, and initialization can be handled
within standard automatic-differentiation-based machine learning frameworks, yet without specify-
ing a complete training procedure for full transformer architectures.

VI. CONCLUSIONS

We outline a conceptual framework for relational, symmetry-reduced transformer architectures,
in which

(1) internal representation frames are dressed by replacing coordinate-dependent vectors with
relational invariants, and attention mechanisms are rewritten in invariant relational form;

(2) optimization dynamics are studied on reduced parameter spaces, eliminating motion along
redundant symmetry orbits.

Together, these would yield a framework in which representations, attention, optimization,
structure are all formulated in manifestly relational way (with invariant weights and equivariant
vector carriers).

Of course, both standard dot-product attention and explicit relational matrices involve pairwise
token interactions and therefore retain an O(n?) interaction structure in sequence length. Standard
implementations propagate per-token vectors and compute pairwise scores on the fly, whereas a
fully relational formulation may choose to store relational objects across layers. Storing relational
objects across depth can increase memory unless one uses low-rank/sparse parametrizations or
recomputation strategies.

Empirical evaluation of these ideas is left for future work (possibly collaborative). In partic-
ular, whether symmetry reduction yields measurable gains in wall-clock training time, memory
consumption, or convergence speed relative to standard transformer implementations is an open
implementation-dependent question that requires dedicated benchmarking on shared tasks and
matched model budgets. The present paper provides the conceptual and mathematical framework
needed to formulate such comparisons precisely, but does not itself report experimental results.

For future practical implementations, beyond predictive accuracy one should also track resource
and optimization metrics such as

(1) training loss curves (does the invariant version converge faster or more stably?);

(2) sensitivity to random initialization (variance across 20-50 seeds);

(3) effective rank of internal representations or parameter matrices (does symmetry reduction
lead to lower effective dimensionality?);

(4) qualitative attention patterns (are they more interpretable in the relational case?).
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Future directions include developing scalable implementations of invariant relational attention
and designing optimizers that operate directly on reduced parameter spaces. We also note that
introducing architectural inductive biases—for instance, through locality, hierarchy, or constrained
attention patterns—is complementary in spirit to the present proposal. Such biases may improve
optimization and generalization for reasons different from symmetry reduction, and studying their
interplay with the reduced relational variables proposed here would be an interesting direction for
future work.

More broadly, symmetry reduction provides a unifying lens for understanding representation and
learning dynamics in modern ML. By removing redundant d.o.f., we move toward models whose
internal structure directly reflects the relational organization of the data they process. We hope this
framework opens avenues for both theoretical analysis and practical architecture design in deep
learning.

A. Empirical scope and evaluation road map

A natural question is whether the symmetry-reduced formulations proposed here lead, in practice,
to improved training efficiency, lower memory usage, or better predictive performance relative
to standard transformer baselines. We emphasize that the present paper does not answer this
experimentally. Its objective is to isolate the relevant symmetries, formulate invariant relational
variables, and identify reduced parametrizations and projected dynamics at the conceptual and
mathematical level.

Nevertheless, the framework suggests a concrete experimental program. A minimal empirical
study would compare (1) a standard transformer baseline, (2) a relational/invariant scoring variant
in model space, and/or (3) a symmetry-reduced optimization variant in head space, on the same task
and with matched parameter budgets as closely as possible. Relevant measurements would include
the following:

(1) predictive performance (validation/test loss or accuracy);

(2) wall-clock training time per epoch and to target loss;

(3) peak memory consumption;

(4) number of trainable parameters and effective rank of learned operators;

(5) sensitivity to initialization across multiple random seeds;

(6) optimizer statistics indicating motion along reduced versus redundant directions when
projection-based schemes are used.

From a computational viewpoint, both standard dot-product attention and the relational scoring
constructions discussed in this paper involve pairwise token interactions and therefore share the
same O(n?) interaction structure in sequence length. However, their constant factors, memory access
patterns, and implementation overheads may differ substantially. In particular, explicitly storing
relational objects such as G = XX | across layers may increase memory usage unless low-rank,
sparse, kernelized, or recomputation strategies are adopted. Likewise, quotient- or projection-based
optimization may reduce motion along redundant parameter directions, but whether this translates
into lower wall-clock cost or improved convergence is an empirical question.

Accordingly, the present work should be read as providing the mathematical framework and
architectural principles that make such an experimental comparison well posed, rather than as
reporting the outcome of that comparison. A full empirical evaluation is left for future work,
potentially in collaboration with researchers specializing in large-scale implementation and bench-
marking. A possible starting point for such future benchmarking is to follow the experimental
paradigm of Ref. [15], adapting it to compare standard transformer baselines with the symmetry-
reduced variants proposed here under matched parameter and training budgets.
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APPENDIX: ALGORITHMIC SKETCH: INVARIANT UPDATES
FOR THE VALUE-OUTPUT SECTOR

This Appendix sketches an invariant (symmetry-reduced) optimization viewpoint for the value-
output parameters (Wy € R%*¢ W, e R4*%) of a single attention head. As discussed in Sec. V,
the forward contribution of this sector depends on (Wy,, Wy) only through the composite

Gyo = WoWy € R4, (A1)
which is invariant under the internal reparametrization
Wy, Wo) = (S™'Wy, WoS), S € GL(dy, R). (A2)

In the idealized attention submodule (i.e., in the absence of symmetry-breaking components such as
LayerNorm or nonlinear MLPs), this composite therefore captures the functionally relevant d.o.f.
of the value-output sector.

From the symmetry-reduction perspective advocated in this paper, it is natural to regard Gyo
as the primary variable and to formulate learning directly in terms of this invariant. Here, let us
also remark that, in practice, gradients with respect to the invariant composites can be obtained by
standard automatic differentiation once a concrete differentiable realization of the reduced variables
is chosen.

1. Invariant gradient and direct update on Gy,

Restricting attention to the symmetric submodule, the loss may be viewed as a function of the
invariant,

L = L(Gyo), (A3)

up to symmetry-breaking components such as LayerNorm, biases, and nonlinear MLPs (cf.
Sec. IIT A 1). One may therefore define the invariant gradient

Ve, L € R (A4)
and perform symmetry-reduced gradient descent directly on Gyo:
GVO <~ GVO - nVGv()Eﬂ (AS)

with learning rate n > 0 (n € R.). This update evolves on the reduced parameter space and
contains no motion along the internal GL(d;,, R) symmetry directions, since these do not appear
as independent variables.

2. Rank constraint and low-rank realizations

Since Gy factors through a dj,-dimensional head space, it necessarily satisfies

rank(Gyo) < dp. (A6)
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Consequently, unrestricted updates of the form (AS5) may leave the representable set unless this
constraint is enforced [if one updated Gy freely, it may become full rank, hence no longer realizable
by any (Wp, Wy)]. Two standard strategies may be used to address this.

(1) Explicit low-rank parametrization: One may parametrize the invariant directly as

Gyvo =AB, AecR¥™  BeRW* (A7)

which enforces rank(Gyp) < d), by construction. Gradient-based optimization is then carried out
on (A, B), with the model depending on these variables only through their product AB. Note that
A and B merely provide a low-rank realization of the invariant operator. The factorization itself
retains a residual internal reparametrization freedom (A, B) — (AS, S™'B), S € GL(d;, R), but this
redundancy pertains only to the chosen representation of Gy; the learned function depends solely
on the invariant composite.

(2) Projected invariant updates: Alternatively, one may update Gy in the ambient space via Eq.
(AS) and subsequently project back onto the rank-< dj, manifold. A simple projection is obtained
via (rank-< d,) truncated SVD:

Gvo=UZV', Mgy (Gvo):=U4 2a,V, . (A8)

where Gyp = UZVT is an SVD with singular values in descending order, U, € R¥*4r and Vi, €
R denote the matrices formed by the first d; columns of U and V, respectively, and £, € R >4
is the diagonal matrix of the largest dj, singular values. The SVD factorizes Gy into orthogonal
matrices U, V, and a diagonal matrix ¥ of non-negative singular values, providing the optimal
rank-< dj, approximation in Frobenius norm (the truncated SVD gives the lowest possible total
squared error when compressing Gy to rank < dp,).

The invariant update then reads

GVO < Hédh (Gvo — nvaoﬁ). (A9)

In other words, one first performs a gradient step in the ambient space of d x d matrices and then
projects back onto the rank-< dj, manifold to ensure compatibility with the attention-head structure.

3. Choosing representatives for standard implementations

If one wishes to implement the forward pass in the conventional factorized form Wy, Wy, a
representative factorization of the current invariant Gy may be chosen at any stage. For example,
from a truncated SVD Gyp = UV T, with & € R%*%_one may set

Wo:=UZ'"?, Wy :=3%"VT, (A10)

so that WoWy = Gyo. This choice is not unique: Any pair (WpS, S~'Wy), with § € GL(d,, R),
yields the same invariant. Of course, such choices correspond merely to different internal coordinate
frames for the same relational operator.

In conclusion, in this symmetry-reduced formulation, the value-output sector is naturally de-
scribed by the invariant composite Gyp = WoWy . Learning may therefore proceed directly on this
object, with rank constraints enforced either by low-rank parametrization or by projection. This
realizes symmetry reduction by construction: Optimization evolves only in functionally meaningful
directions, without introducing preferred internal frames or explicit symmetry breaking.
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