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A novel linear transport model with distinct scattering
mechanisms for direction and speed

Martina Conte* Nadia Loy

Department of Mathematical Sciences “G. L. Lagrange”
Politecnico di Torino, Italy

Abstract

We introduce a novel linear transport equation that models the evolution of a one-particle
distribution subject to free transport and two distinct scattering mechanisms: one affecting
the particle’s speed and the other its direction. These scattering processes occur at differ-
ent time scales and with different intensities, leading to a kinetic equation where the total
scattering operator is the sum of two separate operators. Each of them depends not only on
the kernel characterizing the corresponding scattering mechanism, but also explicitly on the
marginal distribution of either the speed or the direction. Therefore, unlike classical settings,
the gain terms in our operators are not tied to a fixed equilibrium distribution but evolve in
time through the marginals. As a result, typical analytical tools from kinetic theory, such
as equilibrium characterization, entropy methods, spectral analysis in Hilbert spaces, and
Fredholm theory, are not applicable in a standard fashion. In this work, we rigorously ana-
lyze the properties of this new class of scattering operators, including the structure of their
non-standard pseudo-inverses and their asymptotic behavior. We also derive macroscopic (hy-
drodynamic) limits under different regimes of scattering frequencies, revealing new effective
equations and highlighting the interplay between speed and directional relaxation.

Keywords: Boltzmann-type equations, Markov jump processes, transition probabilities,
transport equation, scattering mechanisms

Mathematics Subject Classification: 35Q20, 35Q70, 35Q84

1 Introduction

The linear transport equation, or linear Boltzmann equation, describes the evolution of a one-
particle distribution which moves by free drift and undergoes scattering due to an external medium.
Given the one particle distribution f = f(¢,z,v) defined for each time ¢ > 0 on the phase space
(x,v), being x € R? the position and v € ¥ C R? the microscopic velocity, a typical form is

Of+v-Vaof =p(pM(v) - f) (1)

being p the mass density. While the operator v - V. f implements the free drift, the stochastic
process underlying the scattering operator in the right-hand side in (1), often called velocity-jump
process, is a piecewise Markov process ruled by a Poissonian renewal process of intensity (fre-
quency) p [20, 36]. The new velocity v is chosen according to the transition probability density
(or kernel) M (v) which describes the fixed background that imposes the new reorientation ve-
locities to the moving particle. Being a transition probability density, M : R? — R, satisfies a
normalization condition [, M(v)dv = 1. Here we are assuming the simplification in which the
scattering process is a memoryless Markovian process, i.e., M does not depend on the previous
velocity. Equation (1) is sometimes referred to as a BGK-type transport equation [8, 3].

*Corresponding author: martina.conte@polito.it
Tnadia.loy@polito.it
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The linear Boltzmann equation is originally a simplification of the full Boltzmann equation,
where interactions between particles are linearized, making it applicable to situations with low
particle densities and weak interactions [8]. This equation has a large variety of long standing
applications ranging from gas dynamics and plasma physics, to radiation transfer and dust parti-
cles [8, 24, 14], but also more recent applications such as traffic flow [35, 40], bacteria [6, 4] and
cell migration [38, 1, 22, 21].

Mathematically, this equation has been widely studied, both from the point of view of existence
and uniqueness of the solution [30], as well as decay to equilibrium [31, 32, 2, 7, 16]. Macroscopic
(or hydrodynamic) limits in diffusive, hyperbolic, and fractional regimes have also been derived
(see e.g. [22, 21, 15, 27]).

One of the main mathematical issues is the interplay between the free transport operator v-V,
and the scattering process embodied by the following scattering operator defined on the space of
L? functions on V:

LiL2(V)— IA(V),  Lf=pM()—f, (2)

which conserves the mass as M is normalized to one. The transition probability density M defines
the equilibrium of (1) making the operator vanish, as its kernel is ker(L) = span{M}. The
operator (2) is typically studied on the following L? Hilbert space

1
)= {0 e PO llplly, = [ P dv <o)

where the Fredholm alternative allows us to state that the L32,()) space can be orthogonally
partitioned between the equilibria carrying all the mass and the functions with zero mass, i.e.

L2,(V) = span(M) @ span(M)* (3)

being
span(M)* = {ap e L*(V): /Vgadv = O} (4)

the space of functions with vanishing mass. As a consequence, for f € span(M)*, Lf has no gain
term as p = 0; therefore (2) can be easily inverted on span(M)*.

As a matter of fact, equation (1) describes a scattering process in which the whole microscopic
velocity v changes, i.e., both direction and speed change at times ruled by the same Poisson
process of intensity p and according to a transition probability density which essentially regulates
the reorientation mechanism. However, prototype migration modes concerning cell motility have
shown the importance of having two different backgrounds causing the scattering of the direction
o € S%1, and of the speed © € R,. In fact, cells and bacteria move by run-and-tumble, i.e.,
they run over straight lines and then reorientate changing their direction of motion o, that may
be chosen according to an external bias. This has been effectively modeled using velocity-jump
processes by means of kinetic equations such as (1), as presented in [38, 21, 6, 19]. In this context,
M describes the reorientation probability, often affected by the presence of a directional, or tactic,
cue, such as a chemoattractant or the distribution of fibers in a directed environment. However,
cells may undergo not only taxis, i.e. ‘directed orientation reactions’, but also kineses, which is
defined as an ‘undirected locomotory reaction in which the speed of movement (...) depends on
the intensity of stimulation’ [17]. Indeed, the speed may change because of external factors, which
may be cues of chemical but also mechanical origin, such as a viscous environment or the presence
of other cells. Moreover, many tactic and kinetic cues may be present at the same time in the
cellular environment. A prototype example is represented by cell migration on the extracellular-
matriz (ECM), which is of the utmost importance as it regulates most of the pathological and
physiological processes, from wound healing to cancer spread [39, 34]. The ECM is the non-cellular
component of the human organism which is composed mainly by a fibrous collagen. Cells moving
on the ECM reorientate because of the presence of fibers on which they crawl, and their speed
may be modulated by the matrix density, stiffness, viscosity and porosity [9]. In this case, an
appropriate modeling choice would be V = R, x S?~! so that M depends on the couple (7,7)
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instead of the velocity vector v = vv. Specifically, many individual microscopic mechanisms in
cell migration, among which migration on ECM, have been reproduced by considering a scattering
kernel of the form

M (5, 0) = (3]0)q(0) . ()
In (5), g(0) describes a directed fixed background related to the change of the orientation ¢ (e.g.,
in the case of ECM, the fibers distribution, as introduced in [21], which can be estimated from
experimental data). Instead, ¥(7|0) describes the distribution of the new speeds ¥ on a fixed
migration direction [26, 13], which may be modulated, for example, by the ECM density and that
can be also inferred from experiments.

Furthermore, experimental observations show that not only there may be superposing tactic
and kinetic cues in the same environment, but also taxis and kineses in response to different factors
may happen at distinct times and with different intensities. In fact, the physico-mechanical cues
of the ECM may all feature a different variability with respect to the fibrous structure which
regulates the direction of motion [39, 10, 23, 41]. Then, not only different cues affect the dynamics
of the direction and of the speed, but also different time scales are involved in the two processes.
For instance, for breast cancer the ECM is considered a prognostic factor as it plays a promoting
role in local invasion, both through tactic [33] and kinetic [34] cues. In the context of brain
tumors, for which the key spread process is migration along the fibrous white matter measurable
with MRI data [11], novel therapeutic strategies can be seen as acting on the motility of cells by
reducing their speed along favorable directions and promoting a more isotropic spread [5]. From a
mathematical modeling view point, kinetic models which describe separately the change in speed
and direction are missing. To the very best of our present knowledge, we mention here the very
recent work [29], in which the authors propose a kinetic model for cell run and tumble in presence
of mechanotaxis. This model features a reorientation operator and a drift term describing the
change in speed.

Motivated by these considerations, we propose a new kinetic model implementing distinct
stochastic processes for the speed and for the direction. These two superposing microscopic dy-
namics give rise to a transport equation of the form

Of+v-Vuf =plf+iLlf, (6)

featuring an operator given by the sum of two separate scattering operators, namely L f and
Lf, which involve the marginal distributions of f along with the scattering kernels for the two
mechanisms. Specifically, our novel transport equation (6) is not be in the form (1), in which
the gain term is essentially defined by the equilibrium. Instead, it is a time-dependent (through
the marginals) gain term which is not directly defined by a fixed equilibrium distribution. This
technical issue will pose many challenges which extend beyond the determination of the explicit
equilibrium of the operators, their sum, and the marginal operators appearing in the equations
for the marginals. In fact, the marginal operators will not map the same functional spaces, so
that even though the marginal equilibria allow to define scalar products and Hilbert spaces and
the subsequent Fredholm alternative, not all gain terms vanish on the orthogonal space to the one
generated by the equilibrium. This will require to define non-standard pseudo-inverse operators.
We also investigate the relaxation to equilibrium in the spatially homogeneous case, proving a
new entropy decay results (Theorem 3.1). Furthermore, our approach allows the investigation
of macroscopic limits in different regimes of time scales for the two processes. Some of these
issues are marginally tackled in [25], where the migrating particle has a microscopic velocity and
a phenotype, and the transport equation for the one particle distribution features two distinct
operators describing the dynamics of the velocity vector and of the phenotype. In the present
work, the truly non-standard difficulty is due to the evolution of the speed and of the direction
caused by two different processes.

In section 2 we shall propose a formal derivation of the novel kinetic equation (21) from
discrete-time stochastic processes. We study the strong equation (26) with semigroup theory and
use the results in order to give an insight on the continuous stochastic trajectories of the particles.
Then, in section 3, we shall focus on the properties of the scattering operator, on its kernel, on
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the Fredholm-alternative and on their inversion. Some preliminary results on the entropy decay
in the homogeneous case will be presented. In section 4, we shall investigate macroscopic limits of
the kinetic equation, by considering different scalings defined by different orders of frequencies of
the two processes. Finally, the results will be illustrated by means of numerical tests in section 5.

2 Microscopic stochastic description

In this section we present a formal derivation of a kinetic equation implementing a microscopic
dynamics in which the speed and direction change at times that are ruled by two independent
stochastic processes. The microscopic dynamics is described in terms of discrete-time stochastic
processes, as it is customary in the literature of multi-agent systems [28]. The analysis of the
kinetic equation by means of semigroup theory allows us to give an insight on the continuous-time
stochastic individual trajectories.

2.1 Formal derivation from discrete-time stochastic processes

Let us consider a particle identified by its position z € R?, speed © € R, and direction of motion
0 € S%1, being d the space dimension. The notation v := 99 € R? defines v to be the velocity
vector which clearly has magnitude ¥ and direction (or orientation) .

We then introduce the corresponding random variables X; € R, V, € Ry, V, € Si-1 describing
the position, speed and direction, respectively. Given a time step At > 0 we consider the discrete-
time domain Da; := {kAt, k € N}, and we express the stochastic processes

Xignr = Xi + Atfftvt, (7)
Visar = (1= Opran)Vi + ét+At‘7t/+At, (8)
Vigar = (1= Opran)Vi + OV Ay, (9)

that are defined for t € D, given the initial condition (X, Vo, \70) = (o, Vo, Vo). The stochastic
process (7) describes the time evolution of the position X; at time ¢ into a new one X4 a; at time
t + At that is determined by the free drift performed by the particle during the time interval At
along the constant direction V; and with constant speed Vi, being Vt, V, the direction and speed
at time t, respectively. The time evolution of the speed and of the direction are both due to
jump-processes that we assume to happen at stochastically independent times. Specifically, the
direction changes in consequence of a reorientation process (also called direction-jump), which
depends on an external cue, while the speed changes according to a speed-jump process influenced
by the external environment, which may modulate the speed of motion. Being the time interval
At fixed, both the speed V}+At and the direction V}er at time ¢ + At may change or not into a
new one with respect to the departing speed V; and direction V. n (8)-(9) this is expressed by
@t+At and @t+At which are Bernoulli random variables that are bampled at each time iteration
t + At,t € Da;. For each sample time t € Da; we assume that

O, ~ Bernoulli(iAt), O, ~ Bernoulli(At), YVt € Day (10)

where [, i € R, are the positive frequencies of the two Bernoulli trial processes. We here remark
that for the good definition of both Bernoulli random variables, we shall need a restriction on the
time step, i.e., At < mm{i i} O,, 0, are assumed to be independent, in order to embody the
independence of the times of the two jump processes, i.e.,

0;, 6, areindependent Vt € Da;. (11)
Moreover, we assume that

Vi, 6 are independent Vt € Dag, (12)
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Vi, Oy are independent V¢ € Da;. (13)

In (8), @HAt discriminates whether a speed-jump happens ((:)tJrAt = 1) or not ((:)tJrAt =0).
If it does, V; changes into Viya¢ = V[ A, where V/ _,, is a random variable (sampled at time

t+ At). We assume {f/t’ teDa, to be a homogeneous Markov process with no memory distributed
according to the transition probability density 1 : Ry x S~ = Ry, i.e.

V! ~ (V] =0 |V, = 0), Vt € Dag. (14)

We highlight that we are considering that the transition probability density ¢ of f/;' depends on
the current direction of motion V; = ©. Being % a transition probability density, we are assuming
that

P@lo)do =1, Vo esit, (15)
Ry
in such a way that, given A C R, we have that Prob( V’ eA)=[,v¢ 4 ¥(0]0) do. In particular, we
are assuming that
(o) e LMNRy) Vo esth (16)
Concerning the direction, its time variation is expressed analogously by the stochastic pro-
cess (9). In (9), 9t+At discriminates whether a jump happens (9t+At = 1) or not (GH_M =0).
If it does, V; changes into Vija; = Vt+Atv where Vt+At is a random variable (sampled at time
t+ At). We assume {V/},cp,, to be a homogeneous Markov process with no memory distributed
according to the transition probability density ¢ : S?~! — R_, i.e.,

V!~ q(V] =19, Vt € Day. (17)

Being g a transition probability density, we have that

J RIS (18)
Sd*l

in such a way that, given A C S?~! we have that Prob( V; € A) = [, q(0)dd. Note that we are
assuming that
q(-) € LY. (19)

In order to formally derive the kinetic equation, we first introduce the kinetic one-particle
density function on the phase space

fiRy xRI xRy xS Ry
(t7$7{}7’[}) '—> f(t7 1"7 ’D? {}) (20)

that is, at each (¢, z) € R, xR? fixed, the joint probability density function of the couple of random
variables V;, V. Le us now consider a test function, which is an observable quantity depending on
the microscopic velocity couple, i.e., ¢ = ¢(7,9) defined on V, being V = R, x S¢~1. We assume
that ¢ € C.(V) with compact support. The evolution equation for the expected value of ¢ along
the stochastic trajectories defined by (7)-(14) and (17) in the limit At — 07 is

%/ ©(0,0)f(t,z,,0)dddd + V,; - / o0, 0)vf(t,z,0,0)dddo =
1% %

i [ ][], e ad - o) s ioaoas
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The full formal procedure for deriving (21) is standard and it is reported in the Appendix A.1.
Equation (21) is the weak kinetic equation for the probability density function f for particles
at (t,x) having velocity (o, 9) evolving according to the microscopic stochastic dynamics (7)-(14)
and (17) in the continuous-time limit A¢ — 0. The first term on the right-hand side, i.e.,
the second line in (21), describes the change in direction happening with frequency /i and ruled
by (17) being ¢ fixed, while the second term, i.e., the third line in (21) describes the change in
speed happening with frequency fi and ruled by (14) being the direction ¢ fixed.

2.2 The strong kinetic equation

Let us now introduce the number density p of the one particle distribution f as its zero-th order
statistical moment for each (¢, z) fixed, i.e.,

p=p(tz):= /Vf(t,x, 0,0) dodd. (22)

As f is a joint probability function for the couple of random variables V, V at each (t,z) fixed, we
also introduce the normalized marginals. Let us then define the marginal of V, i.e., the function
pf Ry xR xS 5 R, as

pf(0) = pf(t,x,0) = i f(t,z,9,0)do, (23)

and the marginal of V, i.e., pf : Ry xRYx R, — Ry as

pF(0) = pf(t.,0)i= [ f(t.o5.0)do. (24)

§d—1

The marginals f , f are normalized probability density functions in the sense that, by defini-
tions (23)-(24) the following conditions hold:

‘/ f(®)do =1, f(©)do = 1. (25)
sd-1 Ry

We can now write the strong form of the evolution equation (21) for f defined in (20), that is
Ouf +v-Vaf = it |pf(®)a(®) = f| + it |pf (@)(@l0) - £, (26)
which we couple with an initial condition
f(0,2,9,0) = folx,,9), (z,9,0) € RT x Ry x S471. (27)

Equation (26) is a linear transport equation for the probability density f, in which in the left-
hand side the operator v-V, describes the free particle drift performed with velocity v = v0. The
right-hand side features two different scattering terms. The first one implements the direction-
jump dynamics being the speed fixed. In fact, the gain term jipf (0)q(D) describes the fraction of
particles p f (0) with o fixed that with frequency fi acquire a new direction v according to g. The
second one is related to the speed-jump process being ¢ fixed, and its gain term [Lpf(f[})w(f;w)
describes the fraction of particles p f (0) that, having direction ¢ fixed, change their speed with
frequency i according to the density ¥ (9|9). It can be easily verified from (21) setting ¢ = 1 and
integrating over R? in dz that the total number of particles is conserved in time, i.e.,

/ ft,z,v,0)dodvda = / fo(z,9,0)dodode. (28)
R xV

R xV

For formal purposes, let us now rewrite equation (26) as

Ouf +v-Vof =pLf+ iLf, (29)
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L:L*V)— L*(V)

ﬁ@(ﬁvﬁ) = q(ﬁ) /Sd L 50(6a/0/> dﬁl - 90(’576) = pso(ﬁ(ﬁ)Q(ﬁ) - (p(f}7 @)a
and the speed-jump operator

L:L*V) — L2(V)

The quantities p,, @, ¢ are defined as in (22)-(23)-(24), definitions that we report here for com-

pleteness
1 1
Pp = / pdodo, ¢:=— pdt, ¢:=— pdo. (30)
Po Jsd-1 Py
We remark that in (22) we are denotlng Py =p-

Let us, eventually, define £ := ,uﬁ + L, that is the following operator
L:L*(V)— L*(V)

Lp(0,) = (19 (0)a(0) + fipop(0)1(0]0)) — (i + fi)p- (31)

Thanks to (31), (29) can be formally written as a linear transport kinetic equation with scattering
operator L, i.e.,

Of +v-Vof =Lf. (32)

However, despite its compact form, the linear equation (32) has only a formal resemblance with
the linear Boltzmann equation (1). The main difference between (32)-(31) (i.e., (26)) and (1)
lies in the structure of the gain term of the operator £, which is not in the form pM, where M
is the transition probability density describing the simultaneous change of the velocity couple.
Conversely, the gain term in £ depends on f (and then also on time) through f and f and not
only through p.

It is worthwhile to stress again that the marginals f and f appear in the operators L and ﬁ,
respectively, as these two operators describe the two different stochastic processes for the speed
(that changes being the direction fixed) and for the direction (that changes being the speed fixed).
Let us then consider the equations for the marginals f and f . The evolution equation for f is
obtained by integrating (26) over S?~! that gives

o) + 9. (3 [ oras) =iw| [ foyutetorao-f]. 3

or, alternatively, by setting ¢(0,0) = ¢(0) - 1 in (21) and writing the strong form with respect to
0. Analogously, the evolution equation for f is obtained by integrating (26) over R, that gives

Ou(pf) + Vs - (v /R of d@) = fip [qw) - f] : (34)

or, alternatively, by setting ¢(9,0) = (0
9. The equations for the marginals (33)-(

)-1in (21) and writing the strong form with respect to
34) lead to define the marginal operators

Ly L2(V) l—>L2( n

Lyp(d) = Sd 1 ( /R (¥, 0) dd" — (D, v)) do, (35)
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and
L3(V) — L2(S47h)

,
Loy =i [ (a0 [ o000 = 0(5,6)) ar (30

so that (33)-(34) may be rewritten as

A(pf) + Vg - (a /SH ﬁfd@) =Lyf, (37)

and

O (pf) + V- <U/R 1”;fdz7> =L,f (38)

We remark that the equations for the marginals (37)-(38) are not closed in f, f respectively. One
reason lies in the presence of the transport term, that, as usual, involves higher order statistical
moments of f. In fact, (37) features the average direction of f being the transport speed ¢ fixed,
while (38) features the average speed of f being the transport direction ¢ fixed. However, even in
the spatially homogeneous case, i.e., no transport term involved, the closure of (37)-(38) would not
be granted. In fact, the microscopic dynamics for the speed is ruled by the transition probability
density 1 that depends on v. This is why the operator Ew is defined on f, because, as clearly

written in (33), it features both marginals, being Ly f = p {fgd,l F(@")ep(0]0") o’ — ﬂ In analogy
to va we have defined the reorientation operator ﬁq as a function of f. However, in this case as the
transition probability density g only depends on o, then we actually have that ﬁq f=p {q(ﬁ) — f} ,

and the homogeneous version of (34) would be closed with respect to f.
To this respect, we mention here that f we may always be factorized as

f(0,0) = pfe(0]0)f(0) (39)

for each (t,z) fixed, that we are omitting in the notation. In (39) the function f. = f.(9|0) is the
conditional probability density of the random variable 1% given V = 4. Because of the dependence
of ¥, notwithstanding the independence of the Bernoulli trial processes for the speed and for the
direction (11), the distribution of the speeds is correlated to the one of the directions. In fact,
the independence only concerns the stochastic distribution of the times of reorientation and of
speed-jump. The marginal of the speed can be then also written as

J@) = | F010)](0)db. (40)
For the reader’s convenience, in Table 1 we provide a summary of the main symbols used
throughout the paper and their meaning.

2.3 Insight on the stochastic trajectories

We now want to analyze the Cauchy problem (26)-(27) by means of the perturbed semigroup
theory for linear problems. This will give an insight on the stochastic trajectories as it allows us
to define the underlying continuous-in-time stochastic process, which is a step forward with respect
to the former discrete-time stochastic process. Moreover, the formal solution which is obtained
thanks to the perturbed semigroup theory, specifically by means of the Duhamel formula, could be
used in order to study the well-posedness, existence and uniqueness of the solution, as classically
done for the linear transport equation.

Let us first choose the appropriate Banach space. Because of the conservation property (28),
the most natural choice is

Y = LY R x V),



Symbol Meaning

0 Speed of motion.

0 Direction of motion.

v =00 Velocity vector with magnitude © and direction o.

f(t,x,5,9) Joint probability density function of (7,9) at each (t,x) € Ry x R%.

f(t, z,0) Marginal distribution with respect to the speed o.

f t,x,0) Marginal distribution with respect to the direction ©.

i Frequency associated with the speed-jump process.

i Frequency associated with the direction-jump process.

Y(0]0) Conditional transition probability density of the speed-jump process, given direction v.
q(v) Transition probability density of the direction-jump process.

)q(D) Marginal equilibrium distribution of the speed, defined in (51).

Y (0]0) Conditional stationary distribution of the speed given direction 9, defined in (50).
T(v,0) Transition probability density defining the equilibrium of the operator £ in (31).

Table 1: Summary of the main symbols used throughout the manuscript.

so that choosing fy € Y, the conservation property (28) writes

£ lly = [ folly-

Let us then rewrite (26)-(27) as the following evolution problem in Y

d
f0)=fo €Y,

where A is the operator defined by

DA ={feY-V,feY}

(42)

being D(A) the domain of A. The semigroup generated by A, that we shall indicate as (T'(¢)f),
can be formally found by solving the problem

Ouf(t,2,0,0) = —v- Vo f(t,x,0,0) — (b + ) f(t,2,0,9),
£(0,2,9,0) = fo(z,0,0) €Y, (z,9,9) € R x V, t >0,
and it is well known to be the transport semigroup (that is actually a group) defined as
(T ) f)(x,0,0) = e~ AR f(2 — tv, D, D), fey.
As to the perturbation operator @, it is actually defined by the sum of two operators
Q=Q+Q (43)

where

Q) (x,0,9) := aq(®) | f(t,x,5,0")do’



(Qf)(x7ﬁ7ﬁ) = /11#(17\77) f(t7x7{/vﬁ) dv’
ge-s (45)

> It can be readily seen that
1Ay = [ a@) [ Fltn,s, ) di'dsdide = llflly
RxV Sd—1
s thanks to the positivity of ¢ and to (19), and that
1071y = [ mb@le) [ f(t.a,5',5) di'dadods = jl
RadxV

Ry

thanks to the positivity of 1) and to (16). As a consequence, both Qf and Qf are defined for each
f €Y and they are linear bounded operators with ||Q|| = 2 and ||Q|| = fi. Thus, Q is bounded
with ||Q|| = @t + fi. Therefore, the hypothesis of Theorem II1.1.10 in [18] are satisfied and the
integral solution of the problem (41)-(42)-(43)-(44)-(45) is given by the Dyson-Phillips series

f@t)=1T(t)fo

~ o o »

=+ / T(t — Sl)QT(Sl)fO d81
0

t S1
+ /0 /0 T(t — Sl)QT(Sl — Sg)f() dso dsy

+ e (46)
s and its limit is the integral equation for f given by the Duhamel formula

ft,z,0,0) = folx — tv,ﬁ,f))e_(‘”[‘)t

+ fg(0) /Ot e BHRE=9) (s 0 — (t — s)v) f(s,2 — (t — s)v,0) ds

+ fip(0]0) /Ot e M=) p(s 0 — (t — s)v) f(s,2 — (t — s)v, D) ds.

o The terms in (46) have a physical meaning that may give an insight on the stochastic trajectories
1 that are followed by the particles. The first term in (46) is

(T(t) fo)(x,0,0) = e_(ﬁ'ﬂl)tfo(x — tv, 0,0)

1n  which takes into account the particles that have reached position x with velocity vector v at time
12t without reorientation or speed-jumps: they have never modified their direction © or speed v
13 since t = 0 when they where located at  — tv. The second term refers to particles which have
12 undergone one direction-jump and one speed-jump. It is worth writing it explicitly as

/ T(t — 51)QT(s1) fodsy =

0

+ fig(d) / e 53, — (¢ = 51)0) 1, — (¢ — 51)0, ) diy
0

+ [y (3]0) / t e M3 (51 o — (t — 31 )0) f(51, 2 — (t — 51 )v,0) d3y. (47)
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Figure 1: Graphical representation of the stochastic trajectories. The left y-axis (black)
refers to the times of the direction-jump process (§1), while the right y-axis (green) refers to the
times of the speed-jump process (81). Speed changes are identified by the changes in the line style
of the green lines (dashed or dotted lines), while direction changes are identified by the changes in
orientation of the black lines. We denote the spatial point as zg = x—v(t—8§;) —v' (81— 81) —v" 51,
1 =2 —v(t—8§)—v'§, and x5 = x — vt.

The second line in (47) represents the particles that have reached position x with velocity v = 09
after having performed exactly one direction-jump at time §; (the term is integrated over all the
possible times §;). These particles have traveled with velocity v' = 99’ up to §; when they have
reoriented along 0, keeping ¢ fixed. Analogously, the third line in (47) represents the particles
that have reached position = with velocity v = 00 after having performed exactly one speed-jump
at time §; (the term is integrated over all the possible times §;). These particles have traveled
with velocity v/ = 9’0 up to 51 when they have changed their speed into o, keeping © fixed. In
order to fix the ideas, we can consider for a moment the possibility §; > 5;. This situation is
represented in Figure 1. At §; the velocity v = 99’ changes into v = 00, given that at 5; the
velocity had changed into v’ given the previous velocity v” = ©'9’ held by the particle from time
0 to §;. Hence, those particles were located in z — v(t — §1) —v'(§; — §1) — v”'5; at time ¢ = 0.
Following this interpretation, we can express the continuous-time stochastic process underly-
ing (26) (and therefore (21)) as follows. Let {7, tnen, {7n}nen be two distinct and independent
sequences of independent identically distributed random variables in R, with exponential law

P(F, >t) = e ", P(7, > t) = e ", Vn € N.
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Therefore, the probability densities pz(t), p+(t) of 7,,, 7, are
pr(t) = fie ™, pa(t) = pe .

The random variables 7,, and 7,, represent the inter-arrival times in their respective renewal pro-
cesses, that we shall define, respectively, as

n—1 n—1
Tn = E 7~'7;, Tn = E 7A'i.
i=0 =0

These ones are Poisson processes as the distribution of the inter-arrival times are exponential
distributions. As {7, }nen, {7n}nen are assumed to be independent, then {Tn}neN and {Tn}neN
are independent as well. This independence of the two renewal processes is equivalent to the one
of the two trial Bernoulli processes (11) in the discrete-time stochastic process.

Like in the previous subsection, let us now introduce the random variables V;, V; where now
t € Ry, so that {V;}y>0, {Vi }¢>0 are continuous-time stochastic processes. Furthermore, we require
that {7, }nen and {Vt}tzo are independent as well as {7, } nen and {Vt}tzo. These two requirements
have their analogous counterpart in (12) and (13), respectively, in the discrete process. We here
highlight the fact that {f/t}tgo, {Vt}tzo are two piecewise deterministic Markov processes that
are ruled by two different renewal processes {Tt}t207 {Tt}tzo- In order to define the stochastic
trajectories in the physical space, i.e. the process X;, as we have two different Poisson processes
for the speed and direction, we define the renewal process for the velocity vector as

Ty = min{Ty, Ty}, T, :=min{T;,T;} —{T;,i=0,...,n—1} forn>2. (48)
ét each T; either the sp~eedA or the direction changes. Given the initial condition Xy = x, Vy = U0,
Vo = 09, we define X, V;, V; as follows:

-for0<t< Ty
Xy = a9 + to, Vi = vg := 0970,
so that X7, = xo + T1vo;
-for Ty <t < Ty SN
Xy = Xp, + (t —T)V;, Vi =WV,
where if T7 = Ty, then V, = VTI ~ ¢(v) and V, = @9, while if T} = T3, then V; = 9, and
Vi =V, ~9(000);
- for T, <t < Ty - .
Xy = Xg, +(t —T,)Vi, Vi = ViV,
We remark that ~ . ~ .
Pt<T)=Pt<Tint<Ty) =Pt <T)P(t <Ty)

where the first equality follows from (48), while the second equality follows from the independence

of the two renewal processes. Now, as T; = 71 and T = 71, we may conclude that
P(t <Ty) = e~ (At+p)t

which is the factor appearing in the first term in (46), that is the one related to particles which
have not undergone a jump process, neither the direction or the speed one.

3 Investigation of the operators

In this section we study some of the properties of the new operators that define the transport
equation (32)-(31). First, we analyze the kernels and the stationary states. After defining the ap-
propriate Hilbert spaces, we determine the pseudo-inverse operators, with the purpose of deriving
macroscopic limits in the following section. Building upon the obtained results, we establish some
properties for the entropy decay to equilibrium in the spatially homogeneous case.

12
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3.1 Kernels and stationary states

As already mentioned, the linear transport equation (32)-(31), has only a formal similarity with
the linear Boltzmann equation, because the operator £ is defined by the sum of the operators
L and £. As such, £ is not in the form (2) as in (1), where M is both the turning kernel and
the equilibrium, being ker(L) = span{M}. This poses many technical issues, the first one being
the determination of the kernel of £ and of an explicit kinetic equilibrium. To fill this gap, we
establish the following result on the kernel of the operator L.

Proposition 3.1. Let us consider ¢ satisfying (15),(16), q satisfying (18),(19), and the operator
L defined by (31). We have that
ker(L) = span{T},

where
T:V—Ry T(0,0) := q(0)1g(0]0), (49)
being ) ) o
C10) Ry SRy, ys(alo) = ALV ERVED) gy ¢ gao (50)
fi+ it
where
VpiRy SR U= [ (i) a(0)do. (51)
Moreover
g € L'(Ry), Wl wy) =1, (52)
Pe(-10) € L'(Ry), el @,y =1, Voes™, (53)
and
T e L'(V), Tl 1wy = 1. (54)

Proof. By definition (31), we have that

) fp(0)q(0) + ap(0)$(0]0)

p €ker(L) <= (0,0) = py, R (55)
Therefore, if ¢ € ker(L), direct computations using (30) show that
G0 =a(e). @) = | c@wilna
The latter implies that
G(0) =q(@), (D) =1hg(0) := | ¥(0]0)q(0)do. (56)

Taking into account the positivity of ¢ and ¢, we have that ), is positive. Thanks to (15),(18),
and (16),(19) for inverting the order of integration, we have that

Wil = [ wn@ai= [ o) [ wiodidi=1.

ie., 1, € L'(R4) and (52) is verified. Therefore, substituting (56) in (55), we have that
©(0,0) = p,T'(0,0),

being T' defined in (49), with 97 defined in (50). It is clear that 1) and T are positive thanks to
the positivity of ¢ and ¢. Thanks to (18),(52), we have that (53) and then (54) are verified as
well. In conclusion, ¢ € span{T'}.

Conversely, if ¢ € span{T}, then ¢ = p,T for (54). Direct computations show that Lp,T = 0,
and therefore ¢ € ker(L). O
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It is now worth to investigate the kernels of the marginal operators ﬁq, ﬁw and their relation
to the kernel of L.

Proposition 3.2. Let us consider ¢ satisfying (15),(16), q satisfying (18),(19), and the operators
Lq, Ly defined by (36), (35). We have that

(57)
= {30 e LA(V) : A p(v,0)do € span{q}} ,
and
ker(Ey) = {ip € 220) + 60) = [ w(ol0)9(0)di
) {<p e L*(V) : @(0,0)dd € span{wq}} . (58)
§d—1

Moreover,

ker(£) C ker(£,) Nker(Ly). (59)

Proof. 1t is straightforward to verify (57)-(58). If ¢ € ker(L), then for Proposition 3.1 ¢ = p,T.
Therefore ¢(9) = ¢(0) so that ¢ € ker(L,), but also G(7) = 1,(7) so that ¢ € ker(Ly). O

Remark 3.1. If p € ker(ﬁq) N ker(ﬁw), then ¢ = q and @ = 1vq. However, this does not allow to
Aq(0)4(0]0) + ng(0)q(0)
A+
but it belongs to ker(L) only if A = fi,n = fi. This is why in general the inclusion in (59) is not

an equality.

conclude that o = p,T. In fact, for each \,n > 0, ¢ = p,,

Thanks to Proposition 3.1, being 7' spatially homogeneous, it is possible to state that the
stationary state and equilibrium of (32) is

[(0,9) = pT'(v,9), T(v,0) = Q(@W;(’a\’f’), (60)
where R
f=(0) = q(0) (61)
thanks to (57). In view of (39), we have that
[ (0]0) = g (0]0). (62)

As a consequence, thanks to (40), it is possible to find the stationary state of the marginal f, that
is

F(0) = 1y (0). (63)

We can also remark that the inclusion in (59) is due do the dependence of the process {V;}; on
{V:}+ through ¢ (0|0). In fact, if the two processes are completely uncorrelated, i.e., ¥ = ¥ (?)
does not depend on the direction ¥, then we have that

(V) = Yq(0) = g(0). (64)
The latter implies that ~
[(0) = f2(0) = 4(v), (65)
which means that at the stationary state the two random variables V;, V, are independent, i.e.,
F2(@0,0) = pf>(@) > (0). (66)

14
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Coming again to the issue of the gain term of £, the difference with respect to the classical
case (1), is that it is not in the form pT', being T the equilibrium of £. In order to establish a
connection, we can remark that £ can be written as

LE=T)—(a+n)f.  Tf)=plafa+ ifv), (67)

where T(f) is not (@ + f1)T. Manipulating 7(f), we have that

T(f) = il f £vq)pg + i(f £ q)pv = Ly, (pf)a — Lqlpf) + (it + i) pT (68)

where

Ly L2(SYY) = LS, Le(pf) = pwla— 1), (69)

and

Ly, LPRy) = LP(Ry), Ly, (pf) = fip(vq = f).

Differently with respect to ﬁq, £~¢, the operators L, Ly, map the same functional spaces (L2(S%1)
and L?(Ry), respectively), and therefore ker(£,) = span{q}, while ker(Ly,) = span{t;}. This
mirrors the fact that the stationary states of the marginals are ¢ (see (61)) and ¢, (see (63)). As
a consequence

Lf=Lrf— Ly, (pf)a— Lq(pf)v (70)
being
Lrf = (i+ i) (pT — f)

i.e. the reorientation process described by L is a linear combination of the reorientation process
Lt dictated by the equilibrium 7" and the opposite of the marginal processes —L,, =Ly, . It is

worth mentioning that, while £, actually rules the evolution of f given by (38), the operator Ly,

does not explicitly appear in the evolution of the marginal f , i.e., (37), which is ruled by 9. Only
when ¢ does not depend on ¥ and (64) holds true, then Ly (pf) = Ly, (pf)-

3.2 Hilbert spaces and pseudo-inverse operators

Building on the results of the previous subsection, we now want to define the appropriate Hilbert
spaces with the purpose of defining the pseudo-inverse operators, being the final aim the derivation
of macroscopic limits.

In view of the fact that T is the equilibrium distribution as it is the generator of ker(£), it is
natural to define the following scalar product on L?())

nEEPY), (0. &)r = /V 0(5, 0)E(®, )T (5,0) " d do. (71)

The space LZ(V) := (L?(V),T~!) endowed with the scalar product (71) is a Hilbert space. The
Fredholm alternative for L1 allows us to state that

L% = span {T'} @ span {T}J‘

where

span {T}" = {(p 10 = (o, T)p = /Vgo(f),f}) do dﬁ}.

Analogously, as the equilibrium of the marginal f is ¢ and ker(£,) = span{q}, we introduce the
scalar product on L2(S%71) as

n.€€ L3S, (n,€)y = / n(6)€(8)g() " do,
Sd—l
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which defines a Hilbert space L2(S%™!) := (L*(S%™'),¢!). Here we have that the Fredholm
alternative for £, allows us to state that

2/@d—1\ __ 1
L,(S%"") = span{q} @ span{q},
where

span - = {n € 26" 0=y = [ afoya .

Then, the classical theory applies and the operator £, can be inverted in Lg (S=1) on the orthog-
onal to its kernel, i.e,
-1 .. 1 . 1
L, :span{q}~ — span{q}
1
n——=n
i
Now, £,, whose kernel is given by (57), is defined on L2.(V), but maps into L2(S%71), thus it must
be inverted on span {q}J‘. Noticing that
@ € span{T}*+ = @d € span{q}™,
R
we have that .
E;l - span {g}" — span {T'}*
1
no-ge st [ (00— (), (72)
H R4

ie., ppo¢ = n. In the same spirit, we also define a scalar product on L?*(R. ) that will be connected
to 14(0), which is the equilibrium of the marginal f, and that generates ker(Ly, ), but not ker(Ly,).
Specifically, we set

nEC ARy, (1€, = / N(E)E@D)bq(5) " a5, (73)

so that LY (Ry) := (L*(R+), ¢, ") endowed with the scalar product (73) is a Hilbert space. Here
we have again that the Fredholm alternative for Ly allows us to state that

L2, = span {1} & span {1},
where

span {%}L = {f €cL?R;):0= (€ Vg)p, = ; &(0) df;}.

The operator Ly, can be inverted in Liq (R4) on the orthogonal to its kernel, i.e, span {wq}l, and
we have that

Ciql : span {wq}l — span {wq}J‘
1
n——=n
Q

Now, as we actually shall need to invert va analogously to the previous case ﬁq, we remark that
it maps two different functional spaces, L2.(V) into prq (Ry), and its kernel is described by (58),
and we note that

@ € span{T}+ = / @do € span{t, }*.
S§d—1
We now observe that, differently from the previous case /:’,q, even if fgd,l pdo € span{wq}L7 the

gain term of Ew(ap) does not vanish. Moreover, ﬁw should be inverted on the orthogonal to its
kernel, which is a subspace of L%(V) in which the functions have marginals in ¢ that do not
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belong in general to the space span {1, } (because of (58)). However, as we shall need to invert
L,Ly, L, at the same time, we recall the inclusion (59), which tells us that if ¢ € ker(£) ,then
Jsa—1 ©(0,0) d0 € span{tyy}. In fact

where the first equality follows from ¢ € ker(Ly), and the second one from ¢ € ker(£,). As a
consequence, the pseudo-inverse operator reads

5;1 : span {wq}J‘ — span {T}+

1
n——-—=¢
i

s.t. n(f)):/ (v, 0) df)—/ (', 9) »(0]0) dd d’, (74)
Sd 1 R+ Sd—l
iow, 0(B) = poB(B) — P fyams (0)(010) db.

In the same spirit, £ can be inverted on the orthogonal to its kernel, but, as it is in the
form (67), i.e., its gain term 7 is not in the form pT, then it does not vanish. In fact, even
though ¢ € span {T}J'7 the quantities p, @, p,¢ are not zero. It is their integral over Ry and
S9=1, respectively, which vanishes. As a consequence the pseudo-inverse of £ defined in (31) is

£ span {T}" — span {T}*

1
n—>(ﬂ+ﬁ)(—n+7(s0))7 (75)
st. n(0,0) =T(p) — (& + @)p(D,0)

where T (¢) = po(0pq + ip).

Remark 3.2. It is important to highlight the fact the the pseudo-inverse functionals (72)-(74)-
(75) are not individually well defined, in the sense that the image of each of them is not in general
unique. In fact, a joint probability density function is not univocally defined by its marginals. How-
ever, these operators shall be inverted at the same time. In fact, being the aim the inversion of L
which involves the marginals, one has to consider (72)-(74). While the knowledge of the marginals
given by (72)-(74) does not guarantee the knowledge of a unique density @, the relation (75) gives
the ‘copula’, that is the relation between the marginals, which guarantees the knowledge of the
unique ¢ [37].

3.2.1 Boundedness of the operator £

We remark that, as f € L2(V), then it is immediate to verify that f € L2(S?71). In fact, thanks
to Jensen’s inequality applied with respect to the measure wg( ||9) for each & € S~ fixed, we have

I = oA = [ (07 @)Ra(e) " ao

:/S (/ 5.0 ¢EZ:U; dv>2q({;)’1dfz (76)
<[,

. 1
/ (0,9) ~|v)q({)) dvdv—|\f||L2.
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Conversely, due to the definition of 7" which depends on 1y and not on 1, it is not immediate to

verify that f € Liq. However, assuming that
{lpc
¥q

thanks to Holder’s inequality, we have that

e L=(V), (77)

(78)

<lly HLwIIfIILz

ie fe L .
Eventually, we prove the following boundedness property for L.

Proposition 3.3. Let us assume that conditions (15),(16),(18),(19),(77) hold true. Then, the
linear operator L defined in (31) is bounded in L%(V), i.e., 3C > 0 such that ¥Vf € L4(V),
IEF112, < CISIE,

Proof. Dropping the dependencies, we have that
1712 = [ (T(0) = (i)’ doas
:/VT(f)QT‘ldﬁd@—ir(ﬂ—I—ﬂ)Q/VfZT‘ldﬂdﬁ

2+ ) / T(H)T didi (79)
/T T dodo + (f /fQT do do
+2(ﬂ+ﬂ)/vT(f)fT* do do.

Now, in view of (68), we have that

[T avai = [ (20,00 + L0 P0R + it 2T T did

2/\) (Cwq(pf) (pf —— = (f+ 1) (ﬁ¢q pfla+ Ly (pf)w) p) do do

g/ (qu(pf)Qq+ Eq(pf) v (M+u)2P2T> do do
\Z

[ q Y
. AP
+2p2uu/ (wqq+ff)¢fgdvdv
‘Cwq( f) Lq(pf)Q c(ﬂ+ﬂ)2 ~ A\2 2 d~dA
S/V< 5 /l = p (s e +(A+p)°p™T ) dvdd
+ 202G+ i) [ (vaa-+ FF) ava
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In (80), the first inequality is justified by [c., Ly(pf)di = fR+ Ly, (pf)do = 0 and (15), and by
explicit computations of the product of the two operators L, Ly, where we neglect the negative
terms; the second inequality in (80) is justified by, in the order (for the first, second and fourth
term, respectively)

1 pA+i 1

-
Y ’ vo_ftp
qu /’L’L/}q

Vg i’

fp < g+ i),

which follow from (50) and its positivity. Now we remark that [i, , Lq(pf)2q~" do = [|L4(pf)| |22
and fR+ Ly, (pf)qu_l do = [|Ly, (pf)||%2 . Using (25), we can write the following bounds
Yq

1oty < 6 [ P + P+ 2f o) a0 = 211 +3).

and
2o oDy, <262 (1712, +3).

Therefore, observing that the last term in (80) is 4p?(& + f1)fi thanks to (15),(18),(25), we have
that

~2 ~ ~ /\2 ~ A~ 2

—1 3~ 1 P+ ; e+ 3 - A ~ A

/VT(f)QT fdodo < p? <(ﬂ)(|f|ig}q +3)+ (ﬂz)(llfllig +3) + (A + ) + 4(A+ u)u) ,

(81)

where for the first and second terms we have used (18) and (53), while (54) is used for the third

term.

It is immediate to verify that, for the Jensen inequality with respect to the measure T on V,

we have that

7 <1 (82)

Therefore, in view of (81) and using (76)-(78)-(82), the first term in the inequality in (79) can be
bounded from above as

~2(~ | o c A2(m 1 )2
[ ava < il (“(”“‘) (1553~ +8) + PRy +4(ﬂ+ﬂ)ﬂ> .
v T H Vg M

The third term in the inequality in (79) can be bounded as

2+ ) [ T 4o < 206+ ( [ arfuo L avan s [ ppiae) dﬁd@)

= 20"+ ) (112 +117117:)

where in the first inequality we have used (15)~" < 4 1‘%’1 and /Y5 < u, while in the
second equality we have used (23)-(24). In conclusion, using (76)-(78)-(82) where needed, we may
conclude that

I££I125 < ClIfIZ,

where
i (2 (Y YP(RAR) oo o e oo ()Y
C=(@+n) (= (I e +3 ) + ——5—— +2(h+ ) + 40+ 2 (A + ) { [[7|[L + 1
H Pq 2 q
is a positive finite constant. O
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3.3 Relaxation to Equilibrium in the Spatially Homogeneous Case

The introduced Hilbert spaces LF(V), L2 (S9-1), L?pq (R.) provide the correct framework for study-
ing the decay of entropy in the spatially homogeneous case, i.e. when f = f(¢,9,0). In the case (1)
f solves 0y f = u(pM — f) for which it is immediate to see by explicit integration that f converges
to pM in time. Moreover, in the case (2), it is possible to show under classical arguments that
the operator L is bounded, symmetric and non-positive, as

(Lf, f)nt = / LffM~ dido

) @) )
_ P ) sdo*dodo* < 0.
=Du(f //( M, M(@*,{/*)) dodv*dodo™ <0

The negative entropy dissipation functional Dys(f) satisfies Dps(f) =0 if f = pM and Dy (f) <
—pl|f — pM]|2, thanks to the Jensen inequality. This implies that
M

@

d d
prltd —pM|[7, = %Hf”i?w =(Lf, f)mr < —pllf — pM|[72 .
so that for the Gronwalls inequality (fy denoting the initial condition)
_ut
lf = pMl|zz, <exp™ 2 [|fo — pM]|Lz,.
The latter implies exponential entropy decay to the equilibrium pM.

The same argument can be directly applied to direction marginal equation d;(p f) = Ly(pf),
with £, defined in (69) for which we have that

<£q(ﬂf)apf>q = i Eq(ﬂf)ﬁqu)71 do
S BN (N () N
=Dy(pf) =~ S“(q(@) q(@*)> dodd* < 0.

Conversely, this does not hold for f in general, as ¥ depends on ¢ and this causes the fact that
the turning kernel 7 does not coincide with the marginal equilibrium v,. Only when ¢ = ¥(9),
which implies that the equilibrium ¢ only depends on @ as (64) holds, one can invoke the same
argument and prove that

(Lo(pf),pf)e / Ly(pf)pfio(®)~

_Dy(pf) = - [ (f@_f(ﬁ*)) G < 0.

2 (o) (%)

In the case (64), T and M coincide and (66) holds true. However, even though M and T coincide,
and their kernels are the same, the structure of the operators (1) and (35) is different. As a
consequence, a different result for entropy decay is needed.

Theorem 3.1. Let us consider the system

where L is defined in (31). Let us assume that (15),(16),(18),(19) hold and that ¢ does not depend
on v, i.e. (64) is verified. Then
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(Lf, f)r = D(f) = 2Dr(f) — Dy, (pf) — Dg(pf) <0 (83)

where

1 F,0,0)  F50)\
Dr(f) = _2/\;<T(f},ﬁ) — T(f)*,ﬁ*)) dodv*dodo* <0,

which means that the operator L is symmetric and nonpositive. Moreover, (83) implies that

d
Sl =pTIE, = D() <0,

which means that there is decay in the L3. norm toward the stationary equilibrium distribution
defined in (60).

2. If f= pff YVt > 0, then we have that
1f = pTllz, < exp™ % |Ipfo = pallez + exp™ % |lpfo — ptgllez IIfl Lz, (84)

which means that there is exponential decay in the L% norm toward the stationary equilibrium
distribution defined in (60), as f € L2(S?™1) for

Proof. Thanks to (70), it is immediate to prove the equality in (83). Then, thanks to (19), one
can apply the Jensen inequality to Dy(pf) with respect to the measure ¢ on S~! and show that

_Dq(Pf) < —Dr(f).

As 1 does not depend on ¥ so that (65) holds, thanks to (16), we have that a similar inequality
holds, i.e.

—Dy,(pf) < =Dr(f).
To prove (84), we first note that

1f = pT 2. < Ipf(F =)z + oo (f = @)llez < 1fllez lo(F = )z + llp(f =)z (85)

Since f € LZ(V), it follows immediately that fe La(Sd_l). Applying the Gronwall inequality
to (85) then yields (84). O

This result clearly shows that there is entropy decay to the equilibrium (66) with (61),(63)
in the Hilbert space L2. The entropy dissipation operator D clearly reflects the structure of
the operator £ highlighted in (70). The opposite of the marginal operators that would describe
the relaxation of the marginals to their respective equilibria ¢ and ), contribute with a positive
entropy, however they are balanced by the double negative entropy 2Dr.

In the case in which ¢ depends on © we have that this result does not apply, as it is not possible
to prove the first point of the Theorem. In order to have a hint of the possible entropy decay we
remark that

. A
5=t =7 [, ellee, S0 7 [ = wili, 26) - ato) as

(86)

< (Lsup Wllea 17 = ali, + sup 150 w5l ).
§d—1 Yq peSd—1 v

DESI—
where for ¢(99)
1
d||? ::/ (]0)% ——— do, Vo e §91
H ||Lﬁ)g R, ( | ) 1/)§(U|U)
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is the norm in L?(Ry) of the conditional density ¢ = f. or of the difference ¢ = f, — Yy with
respect to the weight ¢, which is the conditional stationary equilibrium (62). In order to have

exponential decay, the exponential convergence of f is necessary (and it holds), but not sufficient.
In fact, (86) shows that one needs the exponential entropy decay of f..

In this general case, the convergence of the marginal f is not easy to prove as 1, # g, S0
that relating the metrics of Lqu and L% is not trivial. For f., whose related metrics is more easily
connected to the one defined by T by virtue of (49), even though its equilibrium is known, it was
not possible to prove under which conditions the exponential decay holds.

4 Macroscopic limits

In this section, we formally derive the macroscopic limits of the transport equation (29). We begin
by considering the regime in which the two jump processes evolve on the same temporal scale, i.e.,
the two frequencies fi, i are of the same order. We then move to the case in which one of the two
processes is faster than the other one. The resulting macroscopic equations are then compared with
the classical case described by equation (1) under the assumption of an unconditioned probability
distribution for the speed and a zero-mean probability distribution for the direction.

4.1 Preliminaries: notation and the classical case

The macroscopic or hydrodynamic limit of the linear transport equation (1) can be performed
under several scalings (diffusive, hyperbolic etc..). The common point is that hydrodynamic limits
are performed in a fluid (not rarefied) regime, which is formally defined by a high frequency
n—t, (87)
€

where 0 < ¢ < 1 is a small parameter, typically relatable to the Knudsen number. The hydro-
dynamic limit of Equation (1), which under the scaling (87) is solved by f¢, is then defined by
¢ — 0% which corresponds to an arbitrarily large (infinite) frequency of continuous reorienta-
tions. The hydrodynamic limit of (1) under the scaling (87), is usually performed by considering
a Chapmann-Enskog expansion of the distribution f¢. In the following, we omit the explicit de-
pendence on (t, z) for notational simplicity and introduce the Chapman-Enskog expansion of f¢
for each (t,z) fixed, i.e.,

f2(0,0) = f°(5,0) + e f*(9,), (88)
where we assume that the mass is in the leading order f° = p°M, while the correction carries no
mass, i.e.

p° ::/fodﬁdf;zp, pt ::/de@dﬂzo.
1% %

The zero mass assumption on the correction f is linked to the fact that the operator L conserves
the mass which is already at equilibrium, and it is related to the Fredholm alternative (3) for L
given by (2). For this reason the mass is concentrated in f° which belongs to ker(L) = span(M).
This zero mass assumption also implies that Lf+ = —puf*, which allows us to determine easily the
correction f* that belongs to span(M)~L defined in (4). The macroscopic limit of the transport
equation (1) under the scaling (87) with first order correction is

Bp+ V- (puns) = %v@. (D Vap) - (89)

Here, the drift velocity wps is the average velocity of M defined in (5)

up = /VUM(T), 0)dv = /qu 0ty (0)g(0) do, (90)
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where the quantity
Uy (D) == / 09(0]0)do (91)
R

represents the average speed acquired after a speed-jump by a particle moving along direction o.
The average velocity wuyy is thus the average velocity of a particle moving on the directed structure
described by ¢ according to the speed distribution . The diffusion tensor D,; is defined as the
variance-covariance matrix of M

Dy = / v ® (v — uar) M (5,8) dv = ViV, — uas ® unr,
%
where
wﬂ:/‘ﬁwwwmv (92)
R

is assumed to be independent on ¥ and

v, ::/ b ® bq(9) db.
gd—1

For the reader’s convenience, we also define the mean direction of the transition probability density
q as

g = / oq(6)do, (93)
gd—1

which is the average direction after a reorientation. We also define the second-order variance-
covariance tensor of ¢

D, := / 0@ (0 — ug)q() dd = Vg — uq @ uq (94)
Sd*l

as well as the average velocity of the speed distribution 1),

wy, = /R ()05 = /V 50(6]0)q(6)dbds = /S () q(0)dd (95)

d—1

and its second order moment
V,, = / b (5)db = / 520 (5]0)g(6)dod (96)
Ry v

Given the assumption that Vi is independent of o, if follows that V, =V, .
Therefore, the average of the transition probability density T defined in (49) is

N fi PR p
upr = | vT(0,0)dodd = —— Dy (0)q(0) dd + ——uy, u
[ aods = L [ by )a0)ai+
(97)
A a
=———UupM + =
fi+ fi fi+ fi

quuq.

The average ur shows that in the microscopic dynamics described by (26), the average velocity
has a contribution defined by the basic equilibrium average uys, which is proportional to the speed
frequency ratio ﬁ, and a contribution, proportional to the reorientation frequency ratio ﬁ—ftﬂ’
that is related to the directional average u, weighted by the average speed u.,, along the directional

structure defined by ¢. The corresponding second-order variance-covariance tensor is

Dy = / v® (v—up)T(0,9)dv = Vi, Vy — ur Qur. (98)
%
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4.2 Jump processes with same order frequencies

We start by considering the regime which naturally extends (87), that is defined by frequencies of
the same order

o= =, ﬁ—); (99)

Under the scaling (99), the kinetic equation (29) becomes
1
Oeff +v-Vyff = gﬁfg. (100)

In analogy to the standard case of the previous section, we consider a Chapman-Enskog expan-
sion (88) of f°. In the present case, as the kinetic equation is (26), we need the corresponding
Chapman-Enskog expansion for the marginals fE, fe. Recalling the definition of f (24), we inte-
grate (88) with respect to do obtaining

pf*=pf* +epft.
Further integrating in do we find

frdo=o. (101)
Ry

Similarly, recalling the definition of f (23) and integrating (88) with respect to d#@ we obtain
pfe=pf*+epft.
Integrating this expression in do we find
fHdo=o. (102)
S§d—1

It is worth highlighting the fact that the corrections of the marginals are both multiplied by p and

it is their mass which vanishes, i.e., (101)-(102). This is the reason underlying the fact that the

gain term of £ does not vanish on ker(£)*, which makes the pseudo-inverse of £ less standard (75).
From equation (100), collecting the terms of order € we have that

Lf* =0,
which implies f© € ker(L£). According to the results derived in the previous section, this yields
fo=pT (103)
where T is defined in (49). At order ! equation (100) becomes
OfO+v-Vof'=Lft (104)
Integrating the latter over V with f° defined in (103) we obtain the macroscopic equation
Op+ Va - (pur) =0, (105)

where ug is defined in (97).

We now look for the correction f+, which belongs to span{T}* and has zero mass according

to the scalar product (71). From (104) and using the pseudo inverse operator £~! defined in (75)

we have that 1 . -
H il H

= (0 0 Vo ) + == pf e+

fi+ fi ( ) fi+ fi fi+fo

We first determine pf* by inverting £, according to (72) in (38), which gives

= pfrp. (106)

1

pft = M<atpf0+@-vx ﬁfo(ﬁ,ﬁ)df;),

Ry
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1 and can be written as

pf* = 2409 [(pur) = = (@) + s, ) ). (107)

> where uy(0) and uy, are defined in (91) and (95), respectively. Similarly, from (37), inverting Ly
s according to (74) gives

ot = o 119, [ af@ad| 4o [ vl

gd—1

+ Substituting the expression from (107) in the latter and rearranging the terms we obtain

d—1

it L VL (pug) — v, 5 (]0)ig(8)dd
i = 20,0 i)~ = [o [ ovtalariatonai]

1 N u A CIAN <~ AN A
+ ﬁwq(v)vm < (pur) — mvz . [p /Sdi1 vq(v)w(v|v)u¢(v)dv} (108)

1

PN TR 1% ~ ~
- o, [ 0@ - SE T, o o)

s where u, is defined in (93). By plugging (108) and (107) into (106), we obtain the expression for
s f1, namely
1

fr=——
fitp

[v- Vi (pT) =TV, - (pur)] + %T V- (pur)

7 which satisfies

/VdevEO.

s To derive the correction term in the macroscopic equation (105), we need to integrate

fo+v-Vu(fOoteft)=crft
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1 over V that gives (computations are reported in the Appendix A.2)

€ 201 + [
Op+ V- (pur) == Vo Vi, VqVap) — E#Vz ur @ urVap)

i+ A+ fr)
O R
+(gfgyvm Pw@édxm@ﬁ0+QWQ@ﬁMMNh4 o
el v, [ [ G () + il @) a0y @ 000 w}

> Of course, the diffusive correction term of order € includes mixed terms taking into account the su-
3 perposition of the microscopic mechanisms for the speed and the direction, which are not uncorre-
+ lated due to the mechanism embodied by ¥ (9|0). In order to get an insight on this correction term,
5 we consider the simplified case in which ¢ (9|0) = ¢ (). The straightforward consequence (64) im-
s plies that wuy(0) = uy,, and that the variance of ¢ = 1, is (Vy, — U?pq)7 while ur = uy, uq,
7 and Dp =V, V, — uqu“q ® uq. Then, the corresponding macroscopic equation with first order
s correction reads

Op+ V- (pur) =

AV {(quVq - uiquq ® uq) pr}

ji
+e——Vo [V tg ®@ugVap| + 6
fi(fi + i) [Vt @ V) i1+ i)

£2 ) 2
a4 {2
— &€=V |U u®qup]. (111
(i + i) ata )
o Choosing i = i = 1, we have that

Op+ V- (pur) = 5 V- [DrVep

| ™

e e
+ 5V (Vi =, )t © 4y Vap| + 5V - [0, Dy Virpl:

10 In the latter, the first term in the right-hand side is the diffusive correction related to the equilib-
u  rium 7', while the second two terms are related to the diffusion (variance-covariance) of the two
1 independent jump processes: the speed one (Vy, — uqu) directed by the tensor uy, ® ug4, and the
13 direction one (Dy) with quadratic speed uiq along the directed structure q.

1 This helps interpreting the correction term in (111), which can be rewritten as

Op+ V- (pur) == ° ~ V- KV%Vq — uquuq ® uq) Vg;p}

[t
A(f+ i) (i + i) “
i 2 4 2
_EM7~V:L" Uy, Ug QU Vx _5M7~V1;' Uy Ug QU VI .
M(M+M) |: Yq 4 q p:| M(H+M) |: Pq q p:|

15 In the latter, the first term in the right-hand side is again the diffusive correction related to the
16 equilibrium T, the second and fourth terms are related to the diffusion in the speed jump process,
17 while the third and fifth terms are connected to the diffusion in the direction jump process.
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4.3 Jump operators with different order frequencies

We now consider the regime in which one of the two operators is faster than the other one, i.e.,
the two microscopic processes happen on two different time scales. Specifically, we analyze the
following scalings:

(112)

o  p—== p

)

where (a) represents a regime scenario where reorientations happen more frequently, while (b)
accounts for more frequent changes in speed. Because of the different order of the frequencies,
here we adopt a Hilbert expansion for f¢ which takes into account higher order in e corrections.
It is defined for fixed (¢,x) by

fs(f)v’ﬁ) = fo(@@) +5f1(~aﬁ> +52.](.2({)’17) + 0(52)7 (113)
with
p° ::/Vfodfjdﬁzp, pizz/vfidf;dazo Vi>1,

i.e., the mass is in the leading order f°, while higher order corrections carry no mass. Again,
as (26) features the marginals, we need to define a Hilbert expansion for f¢ and f¢ which will
follow from (113). Integrating (113) with respect to do over S?~! we obtain

pfe=pf'+epft +pf* + O(?)
and, from this, integrating in do over R, , we deduce that
fido=0 Vi>1.
Ry
Similarly, integrating (113) with respect to do over R} we obtain
pfe=pf° +epft +%pf? + O(?)
so that, integrating the latter in do over S*~!, we find
fido=0 Vi>1.
gd—1
Starting from case (112)(a), the kinetic equation becomes
atf5+v~VIf5:€%ﬁf5+gﬁf€. (114)
At order €°, we have .
L[ =0,
and, therefore, we deduce that ~
10(5,0) = p°(5)a(0) (115)
Integrating £ with respect to do reveals that the leading-order operator conserves not only the
total mass p, but also the quantity pf(9) for all o. Then, integrating (115) with respect to do
yields .
Fo(0) = q(0). (116)

At order ¢!, equation (114) becomes

AL+ pLfo =0,
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which can be rewritten as

flpfa =11+ alpfow — 1) = 0. (117)
Integrating (117) over do and using (116), we obtain
FO(B) = 4 (9). (118)
Combining (115) and (118), we obtain the explicit form for f°, namely
FO(0,0) = pq(0)q(0) .- (119)

Since f° is a joint distribution for the pair (9,9), in view of (39) which can be written for f°,
equation (119) implies }
F2(010) = fO(0) = ¢y (0) .-
This is coherent with the fact that the equilibrium in ¢ is reached more fastly in regime (a).
Moreover, it indicates that there is statistical independence at leading order, due to the separation
of time scales. This does not imply unconditional independence as the transition probability
density 1 (0]0) always encodes dependence on ¢ along the whole dynamics. However, in this regime,
the system relaxes fast toward an equilibrium distribution which features statistical independence
of the speed and direction.
Integrating (117) with respect to do we obtain

fr=o, (120)

which means that the marginal f is already at equilibrium, which is consistent with the dominance
of the faster reorientation process. Plugging (119) in (117) we obtain

ff=pfla+ %pq (% =) -
At order €2, equation (114) becomes
Of° 4o Vof® = pLf* + pLf". (121)
Integrating over V we derive the macroscopic equation

O0ip + Vg - (puguy,) =0, (122)

where u, and uy, are defined in (93) and (95). To determine the missing information about the
marginal f! and, consequently, f!, we integrate (121) with f° given by (119) over do:

bo)0up + Vi - (pugitry(®)) = <p (518) 1 (8) db — pfwv)) |

Sd—l

Using (120), the latter simplifies to

On(ptog) + Vi - (pug®0g(9)) = i(=pf")
and, then, including (122) we obtain
- 1 1
pfH(0) = AL (pug03hq(0)) + ﬁ%(@)vx - (puguy,) -
Hence,

fl(@,0) = —%Q(@)Vw  [Puqtbg(0)(0 — uy, )] + gpq(@)(w(ﬂ@) — g (0))-

Therefore, the first order correction to (122) is obtained by integrating
Of* +v-ValfO +ef') = pLF + BLf!
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over V. This yields the macroscopic equation with first-order correction
f f _ ¢ 2
Op+ V- |p|uguy, (1- Eﬁ + €EUM = ﬁvx Vi, — qu)uq O ugVep| (123)

where wuys is given by (90). In (123) the first order correction enters in the drift term. While the
leading order term features the factorized advective velocity ugquy,, its correction is proportional
to the difference uys — ugquy,. The diffusive correction is related to the variance of 9, along the
direction imposed by the tensor uq ® u4, while no diffusion related to the direction-jump process
appears because under scaling (a), the equilibrium in ¢ is reached fast.

Conversely, considering the scaling (112)(b), the kinetic equation becomes

oSt +o-Vof =L+ BLp. (124)

In this regime, the leading order operator £ conserves the marginal p f (0) for all ©. Thus, at order
€% we have ~
Lf9=0
implying that X
F0,0) = pfP(0)p(o]0).
At order ¢!, equation (124) reads ) .
pLfO+ plfl =0

ie., _ .
wpfq = )+ plpfly — 1) = 0. (125)
Integrating the latter with respect to dv we obtain
FO@) = q(d)
and, thus,
FO(0, ) = pq(0)1(3]0) . (126)
Integrating (117) in d¢ we obtain
P = [ POUED =), (127)

Unlike the previous scaling (a), here the conditional distribution f0(%|9) at leading order is
£2(810) = 9 (]0)
which implies that . ~
Fo(w,0) # f2(0)f°(9),
which means no statistical independence for f°. Thus, this scaling preserves the statistical depen-

dence in the speed-jump operator at leading order. Moreover, plugging (126) and (127) into (125)
gives

F1(5,0) = pf ' (0)(8]9) + %PQ(f)) (¢q(2) — 9(0]0)) -
At order €2, equation (124) becomes
Of®+v-Vauf® = pLf' + pLf>. (128)
Integrating over V we obtain the macroscopic equation

Oep+ V- (pun) =0,
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with wups given by (90). To exploit (128) for determining f', we integrate it with respect to do
with f9 given by (119):

a(0)9rp + V. - (pa(0)ou,(0)) = 1 (pa(s) = pf')
pfL(8) = pf°(5) + %qw) Ve (puns) — Va - (g (9)p)] -
Thus, f! takes the form

%pq@) () — (3]0)) -

f1(9,9) = pa(0)(3]0) + %q(ﬁ)t/f(@\ﬁ)vz “[p(unr — vuy (0))] +

Therefore, the macroscopic equation with first-order correction reads

Op+V, - [p (uM(l be)— %6(uM _ uqqu)ﬂ _
i (129)

ﬁVw : K/Sd uZ, (8)q(0)0 @ 6dd — up & uM> Vmp} ;

where the dominant advective velocity is now wups defined in (90) which mirrors the statistical
dependence of the equilibrium (126) under scaling (b). Here again the first order correction also
enters the flux with uy, u, (defined by (95) and (93)), which means a higher order independence
of the two jump processes. The diffusion correction in the right-hand side does not feature any
specific variance, but fluctuations related to both direction and speed processes are present, as the
speed process is faster under scaling (b), but the mechanism (9|9) features a dependence on ©
which evolves more slowly.

Remark 4.1. We observe that the two scalings, (a) and (b), correspond to distinct equilibrium
distributions. Specifically, for the scaling (a) the equilibrium distribution is given by

P(0,0) = 1q(0)q(0) ,
which features a statistical independence of direction and speed, while, for the scaling (b) the

equilibrium distribution is given by M defined in (5). These allow us to define the corresponding
average velocities:

up = / vP(0,0) dv dd = uguy, up = / vM(0,0)dodd
Vv %
and second-order tensors
Dp = / VR (’U—UP)P(~,’[A]) dodo = V,quq —up Q@up,
%

and
Dy :=/v®(v—uM)M(~7@)df}df):quVq—uMé@uM.
%

Because of the independence of U and v in P, up is factorized and
up @ up = u?pquq R Ug -

Then equation (123) corresponding to the faster reorientation can be rewritten as

0+ V.- [p(ur+ <5 (unr = up) | = V.-V, (pDp = Vi, y)
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where the diffusion is given by the equilibrium diffusion Dp minus the direction diffusion D,
weighted by the speed second moment Vi, . Conversely, equation (129) corresponding to the faster
speed jump process takes the form

Op+Vy - [p (uM +6(

==

(up — upr) +uM)>} =

%Vz Vg - <p1DM - p/ (Vip, — uz(9)) q(9)d @ f)dﬁ) ,
gd—1

where the diffusion is given by the equilibrium one Dy; minus the speed variance along the direction
field q, i.e. the term [o,_, (qu - ui(@)) q(9)0 ® odo.

4.4 Comparison of the macroscopic limiting equations

We now focus on the special case where the directional distribution has zero mean, i.e., uy = 0,
and compare the macroscopic equations with first-order corrections derived for the dependent
operator case (89), as well as for the case of independent operators for speed and direction under
the same-order frequency scaling (110), and for the two scalings with different frequencies, namely
equations (123) and (129).

The case uq, = 0 is particularly relevant due to its applicability in modeling cell migration
on ECM of non-polarized fibers (both senses on a given direction can be considered). In this
setting, the condition u, = 0 implies that the tensor D, introduced in (94) simplifies to D, = V,,.
Likewise, the effective transport velocity becomes up = fi/(fi+[)uns, i.€., it is directly proportional
to the drift velocity ups appearing in (89). Under these conditions, the macroscopic equation (89)
corresponding to the standard case of dependent operators remains unchanged. When v, = 0 the
macroscopic equation (110) for the case of independent speed and direction operators simplifies to

~2 A ~
fi € ° (21 + fi)
0 V- = ——V,- V. Vg — ———~ Ve
tp-i-ﬂJrﬂ (pun) Ry (( by Vg n 2uM®uM> P)

Moving to the case of independent operators with frequencies of different order, the resulting
macroscopic behavior differs significantly. For the scaling (a) (where speed changes are slower),
the macroscopic equation (123) does not retain any advective terms at leading order, while its
first-order correction simplifies to a transport-dominated form:

Op + E%Vx “(pup) =0

This behavior is consistent with the assumption that reorientation dominates the dynamics, and,
in the case of a zero-mean direction distribution, suppresses drift at leading order. The residual
transport at first order thus reflects the delayed relaxation of the speed distribution. For scaling
(b) (where speed changes are faster), the governing equation (129) becomes

Oip + Vi - {puM <1 +el = “)] = v, [(/ w2 (8)q(0)b @ 0dd — upr © uM> pr:| (131)
Hw H Sa-1

which retains both advective and diffusive contributions. Notably, the fast relaxation of the speed

variable allows the drift velocity ups to persist at leading order, similarly to the standard case (89)

and the same-order frequency scenario (130). The diffusive correction also aligns with that of (89),

but with a key distinction: the second-order moment of v, i.e., Vi, used in (89) is here replaced
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by the squared mean “1211 This substitution reflects the fact that, under fast speed dynamics,

fluctuations in the speed distribution are effectively averaged out, leading to a diffusion term
governed by the mean-square speed rather than its variance.

If we further assume that the probability distribution ¢(o|0) is independent of the direction
0, then the effective drift velocity uys in equation (89) vanishes. In this case, the macroscopic
equation simplifies to a purely diffusion model:

€
Op = ; Vi Ve (Vy,Vep),

describing diffusion modulated by the microscopic speed variance Vy,, and directional variance-
covariance tensor V,. In this same setting, the macroscopic equation (130) for independent speed
and direction dynamics simplifies to:

€ oo
Orp = = Avgf(V (V + —u )pr>
Uit i G\

which again has the structure of a diffusion equation, but with an enhanced effective diffusivity
due to the decoupling between speed and direction processes. Finally, for the case of independent
operators with frequencies of different order, the macroscopic equation under scaling (a) becomes
trivial, i.e., no dynamics are retained at zero and first order, while under the scaling (), equation
(131) reduces to

dp = %Vx V- {uquq p} :

confirming once again that, in the absence of directional bias, all transport effects vanish, and the
evolution is governed solely by a diffusion term. In this case, due to the faster speed dynamics,
the effective diffusivity is governed by the squared mean speed ug and the directional variance-
covariance tensor V.

5 Numerical tests

In this section, we perform some numerical tests aimed at qualitatively comparing the evolution of
the standard linear transport equation (1) with the evolution of the linear transport equation with
distinct scattering operators (26) introduced in these notes. Precisely, we numerically integrate
the transport equations to approximate the density distribution f, as in [26, 13, 12], and in turn
the corresponding macroscopic density via (22). We present two numerical tests.

HFest 1. In section 5.1, we compare the evolution of linear transport equation in three cases: Eq. (1)

26

27

28

29

for M(0,0) = ¥(0)q(0), i.e., a single scattering operator with unconditioned speed transi-
tion probability density; Eq. (1) for M (9,0) = ¥(0|0)q(?), i.e., a single scattering operator
with conditioned speed transition probability density; Eq. (26) with two distinct scattering
operators and conditioned speed transition probability density 1 (9|9).

slest 2. In section 5.2, we compare the evolution of the macroscopic settings derived in section 4 via

31

32

33

34

35

36

37

two demonstrative examples.

5.1 Test 1: comparison between the linear transport equations

Test 1 is designed to highlight the qualitative differences in the evolution of the described kinetic
model in a particular experimental setting. Formally, we are dealing with:

(K1) Eq. (1) in which M (9,9) = 1(9)q(?), namely there is no dependence between the new speed
and the current direction;

(K2) Eq. (1) with M(9,9) = ¥(9]0)g(?), which introduces a conditional dependence of the new
speed on the current direction;
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(K3) Eq. (26) with ¢» = ¢(9|0) in the scattering operator for the speed.

We shall perform the test in a two dimensional setting corresponding to d = 2, so that we can
define © = (cos(f) sin(f)), 6 € [0,27). In particular, we consider the region = [0,2.5] x [0, 2.5].
For the transition probability density of the speed, we consider the following unimodal von Mises
distribution rescaled over [0, U], i.e.,

W(E[0) = 27r101(k‘w) exp [kw cos (%”‘UU(“))] , (132)

where the maximum speed is U = 4, the concentration parameter k, = 80, while Io(k,) is the
Bessel function of order 0. The mean speed U(?) is chosen to be constant U(9) = U = 1.5 in the
case (K1), while for (K2) and (K3) we set

_ 1.5 for 0<o<m,
U(d) =

0.2 for <0< 2rm.

For the transition probability density of the directions, we use a bimodal von Mises distribution,
with given concentration parameter k, = 10 and preferential direction of migration 8, = 7/2, i.e.,

1

() = 11y (exp (kg cos(8 — 0,)] + exp [—kq cos((6 — 6,)] ) . (133)

We remark that in this case uq = 0. The initial condition pgy is a Gaussian

2
pol) = ro exp (—“2“) (134)
o

with 79 = 1, 02 = 0.01, and zo = (1.25,1.25).

This experimental setting is inspired by various realistic scenarios in which the particles exhibit
a preferential direction of movement, yet their forward and backward speeds are clearly different.
A typical example is traffic on a straight highway: although the preferential direction is well-
defined, vehicles can move forward at high speed but cannot realistically move backward, even
if the direction (in a symmetric sense) is the same. A second example, drawn from a biological
context, involves cell migration in a fibrous environment with steric hindrance effects. In this
case, although the probability of selecting direction 6, or —f, may be symmetric, the density of
the extracellular matrix could impede cell movement in one direction, thereby enhancing it in the
opposite one.

Results of this first test are shown in Figure 2. We observe a clear distinction between the

K1 K2 K3
2.5 ( ) 2.5 2.5 ( ) 2.5 2.5 ( ) 2.5
1.5 11.5 1.5
=1.25 =125 ‘ =1.25
0.5 0.5 05
0 0 0
0 1.25 2.5 0 1.25 2.5 0 1.25 2.5
x T x

Figure 2: Test 1. Evolution of the macroscopic density p in the three cases (K1), (K2), and (K3)
at time 7" = 1.88 and starting from the initial distribution defined in (134).

unconditioned case (K1) and the conditioned cases (K2) and (K3). Specifically, when the mean
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speed is constant and independent of the particles’ current direction, as in (K1), the dynamics are
primarily governed by the fixed directional distribution ¢(%). As a result, particles tend to move
away from their initial position predominantly along the directions 6, and —§,. In contrast, when
we assume that ¢ = ¢ (0|0), as in (K2) and (K3), the movement changes significantly: between
the two symmetric directions, particles tend to move more strongly in the directions where the
mean speed U is higher, namely for directions within the interval [0, 7). Regarding cases (K2) and
(K3), we observe a qualitatively similar trend: in both cases, particles tend to move predominantly
along the direction 6, = /2, where the mean speed is higher. However, the dynamics in (K2)
appear to be faster compared to (K3). Additionally, the ellipsoidal shape of the spreading pattern,
which characterizes the dynamics driven by ¢(0), is more elongated along the y-axis in (K2). In
(K3), while the y-axis component still dominates, the spread exhibits a comparatively larger x-axis
component than in (K2). These differences may be attributed to the structural distinction in the
models. In fact, in (K3), the use of two distinct scattering operators for speed and direction allows
changes in speed without necessarily altering direction. Given our specific choice of ¢ and U (%),
this decoupling permits particles to explore regions of higher speed even if they are not perfectly
aligned with the preferential direction prescribed by ¢(v).

5.2 Test 2: comparison between the macroscopic settings

This test is designed to highlight the qualitative differences in the evolution of the macroscopic
models derived in section 4, under different assumptions on the microscopic transition frequencies.
In this test, we focus exclusively on the case of conditioned transition probability density v (v]0)
for the speed, and we consider the following four macroscopic models:

(M1) Eq. (89) derived from the transport equation (1) with a single scattering operator, under
the scaling u — u/e;

(M2) Eq. (110) derived from the transport equation (26) with distinct scattering operators for
speed and direction and assuming jump processes with the same order frequencies, i.e.,

i = fife and i — i/

(M3) Eq. (123), also derived from the transport equation (26) with distinct scattering operators
for speed and direction, but assuming a faster jump process for the direction, i.e., i — fi/e
and 1 — fi/e?;

(M4) Eq. (129) derived from the transport equation (26) with distinct scattering operators for
speed and direction but under the opposite assumption, i.e., a faster speed jump process
with i — fi/e? and i — fi/e.

We consider two experimental configurations, referred to as Test 2.1 and Test 2.2.

In Test 2.1, we adopt the same initial conditions defined in section 5.1. The goal here is
to compare the evolution of the four macroscopic models (M1)—(M4) and assess the influence
of the underlying microscopic assumptions on the large-scale behavior. The results of this test
are shown in Figure 3. We first observe that, qualitatively, the macroscopic models (M1) and
(M2) exhibit similar evolutionary behavior, both showing the expected drift-driven dynamics
along the preferential direction 6, = w/2. The differences in their propagation speed can be
mainly attributed to the nature of the leading-order drift terms. In (M1), the drift is governed
solely by wups, whereas in (M2) it results from a combination of uy and wy, ug weighted by a
factor of 1/2. Since u, = 0, the drift velocity in (M2) is the half with respect to the case (M1).
This structural difference leads to a reduced effective drift in (M2) compared to (M1), thereby
providing an explanation to the slightly slower dynamics. Looking instead at the evolution of
models (M3) and (M4), we observe two distinct behaviors. When the direction jump process relaxes
faster, i.e., when i — fi/e? as in (M3), the dynamics are strongly influenced by the equilibrium
distribution of the scattering operator for direction. This is evidenced by the ellipsoidal shape
of the spreading pattern, which aligns with the preferential direction 6,. However, the overall
dynamics are significantly slower compared to the other models. In contrast, when the speed
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Figure 3: Test 2.1. Evolution of the macroscopic density p in the settings (M1), (M2), (M3), and
(M4). Precisely, (M1) and (M2) are shown at time 7' = 1.25, (M3) at time T' = 4.69, and (M4) at
time T = 0.47. For all the simulations, we set y =g = i = 1.

jump process relaxes faster, i.e., i — fi/e?, as in (M4), the distribution of speed plays a more
dominant role. In this case, particles tend to explore a broader portion of the domain, particularly
regions where the mean speed is higher (i.e., 0 € [0,7)). Nevertheless, a greater accumulation of
particles is still observed along the preferential direction 6, consistent with the influence of the
directional bias encoded in ¢(?).

In Test 2.2, we consider the same region Q = [0,2.5] x [0,2.5]. For the transition probability
density of the speed, we use the unimodal von Mises distribution rescaled over [0, U], as given in
(132), with a direction-dependent mean speed defined by U (%) = 1.5| cos(?)| and set the concen-
tration parameter to Ky, = 150. For the transition probability density of the directions, we adopt
the same bimodal von Mises distribution as in (133), but we set the concentration parameter to
kg =2.

This experimental setting was designed with the aim of defining a conditioned speed distribu-
tion that, given a fixed directional distribution with preferential orientation 60,, counterbalances
this bias by encouraging movement in the perpendicular direction. The goal is to make an otherwise
anisotropic movement more isotropic. This approach draws biological inspiration from the idea
of controlling and regulating the invasive behavior of brain tumor cells. A well-established phe-
nomenon is related to the tendency of cells to migrate preferentially along the white matter tracts
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of the brain, resulting in highly anisotropic movement. This directional migration contributes to
deeper tumor infiltration and makes the invasion more challenging to predict and treat. Certain
therapeutic strategies aim to disrupt this guided migration by slowing down cell migration and
thus promoting a more isotropic and uniform cell movement, thereby making tumor spread more
regular, predictable, and potentially easier to control. The therapeutic strategy (embodied by
L'i) is of course independent and happens on a different time scale than the one which rules cell
migration, which is embodied by L.

Results of this test are shown in Figure 4. Starting from the evolution of models (M1) and

10 10
8 8
~1.25 6 5195 6
4 4
2 2
1.25 1.25
X X
(M3)
10 10
8 8
>1.25 6 > 1.25 6
4 4
2 2
1.25 1.25
X X

Figure 4: Test 2.2. Evolution of the macroscopic density p in the settings (M1), (M2), (M3), and
(M4). Precisely, (M1) and (M2) are shown at time 7 = 1.875, (M3) at time T" = 5.94, and (M4)
at time 7' = 0.1875. For all the simulations, we set p == = 1.

(M2), we observe that the choice of the transition probability density for the speed and its associ-
ated concentration parameter enables the recovery of an isotropic-like movement of the particles.
This counterbalances the effect of the directional transition probability density, which on its own
would have resulted in a purely anisotropic motion in direction 6,. As previously noted, the pri-
mary difference between the two simulations concerns the duration of the transient regimes. In
particular, model (M2) exhibits faster spreading dynamics compared to model (M1). As before,
this may be attributed to differences in the structure of the drift terms and, more specifically, to
the greater influence of the speed-jump process, which, in this case, tends to drive particles pref-
erentially along the x—direction. In contrast, models (M3) and (M4) exhibit markedly different
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behaviors. In the case of model (M3), where fi — ji/e2, the dynamics are strongly influenced by
the equilibrium distribution of the scattering operator acting on direction, which induces a more
pronounced ellipsoidal shape in the spreading pattern, elongated along the y—direction. Although
anisotropy remains present, it is less dominant than in the previous case, primarily due to the
altered transition probability density governing speed. On the other hand, in model (M4), where
fi — fi/€2, the speed distribution plays a central role. This leads to a distinct behavior, charac-
terized by enhanced particle propagation in regions of the domain with higher mean speeds, with
a more pronounced anisotropic spreading pattern and an ellipsoidal shape elongated along the
x—direction, oriented oppositely to that observed in model (M3).

6 Conclusion

In this work, we proposed a novel linear transport model describing the evolution of a one particle
distribution undergoing free particle drift and incorporating two distinct scattering mechanisms to
describe changes in its speed and direction. The model is grounded in the classical theory of the
linear Boltzmann equation for particle dynamics. However, the presence of two separate scattering
operators, acting at different times and with different intensities, necessitated a non-trivial analysis
of their properties, posing non-standard challenges.

Starting from a microscopic description of the dynamics based on discrete-time stochastic
processes, we modeled the evolution of the microscopic state of the particles. Specifically, the dy-
namics of speed and direction were described by two distinct jump processes occurring at different
stochastic times and with different frequencies. From this microscopic framework, we formally
derived the novel kinetic equation for the one-particle density function f, along with the ones for
the associated marginal distributions for speed (f) and direction (f). We examined the structure
of the operators appearing in the corresponding kinetic equations, highlighting both their con-
nections and distinctive features. Furthermore, we analyzed the resulting kinetic equation using
semigroup theory, which provided insights into the behavior of continuous stochastic trajecto-
ries. In particular, we highlighted the main differences between the proposed description and the
standard case of a single scattering operator for the velocity changes (1).

We investigated the properties of the newly introduced scattering operators for speed and direc-
tion by analyzing their kernels and stationary states. Specifically, we characterized the structure
of the kernel for the operators of both the one-particle distribution f and its marginals, proving
that the kernel of £ in the equation for f is included in the intersection of the kernels of the
operators ﬁq and Ed, in the equations for f and f . Moreover, we computed the stationary states
for the three distributions, emphasizing the differences between the unconditioned case, where
1 = () and the asymptotic distribution f>° factorizes into speed and direction components, and
the conditioned case, where such factorization no longer holds. We then analyzed the Fredholm-
alternative and the non-standard pseudo-inverse operators in suitable Hilbert spaces, establishing
the boundedness of the operator £, and proving a novel entropy decay result in the spatially
homogeneous setting for the unconditioned case 1 = ¥ (7). As discussed in section 3.3, extending
the entropy decay analysis to the general case 1) = 9(9]0) remains an open question that we aim
to address in future research.

Building on these results, we formally derived the macroscopic limits of the novel kinetic
equation under different scaling regimes. We considered both the case where the frequencies of
the jump processes for speed and direction are of the same order, and the case where one process
is faster than the other one. The derived macroscopic equations were analyzed and we provided
an interpretation in some simplified scenarios, such as when i = i = 1 or when ¢ = ¢(0). We
then focused on the case where the directional distribution has zero mean, i.e., u, = 0, comparing
the different macroscopic equations. This scenario may be particularly relevant for biological
applications involving cell migration in fibrous environments. In such settings, fibers are typically
assumed to be non-polarized, and their distribution naturally satisfies the condition uq = 0. Cells
tend to migrate along these fibers, while their speed may be modulated by other factors operating
on different time scales. This behavior is effectively captured by the proposed model, making it

37



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

well-suited to describe cell motility in such structured, anisotropic media.

Finally, the numerical results presented in section 5 provided a visual illustration of the key
differences between the standard linear transport equation (1), with a single scattering operator
for speed and direction, and the newly introduced formulation. Our simulations showed that, with
the new model, particles exhibit greater flexibility in exploring regions of the domain where either
speed or direction is favorable, rather than being predominantly guided by a single combined
influence of both. This highlights the richer dynamics captured by decoupling the scattering
processes for speed and direction.

We remark that, although the model and the analysis were developed in a general framework of
particle movement influenced by an external medium, the approach is applicable to a wide range
of scenarios. One notable application is in the study of traffic dynamics, where vehicles (modeled
as particles) can independently adjust their direction and speed for different reasons. For example,
a change in direction may result from the driver’s intention to reach a specific destination, while
speed variations may be caused by traffic conditions or imposed speed limits. Furthermore, as
previously discussed, the model is well-suited to describe various experimental settings involving
cell migration in heterogeneous environments, where distinct chemical or mechanical factors may
influence directional changes and speed modulation on different time scales.

Although the results presented here offer a rich analysis of the characteristic features of the
newly introduced operators and their differences with respect to the standard case, several open
questions remain, paving the way for future research. Future investigations include the well-
posedness, existence and uniqueness of the model, macroscopic limits in other, possibly fractional,
regimes, but also hypocoercivity properties of the model in presence of spatially heterogeneous
scattering kernels.

A Appendix

A.1 Formal derivation of the linear transport equation

Let us consider a test function ¢, which is an observable quantity depending on the micro-
scopic variables, i.e., ¢ = ¢(x,9,9) defined on R? x V, being V = S41 x R,. We assume
that ¢ € C°(R? x V) with compact support. Our purpose is to derive the evolution equation for
the expected value of ¢ along the stochastic trajectories defined by (7)-(8)-(9)-(10)-(11)-(12)-(13)-
(14)-(17). To this aim, we calculate the mean variation rate of the quantity ¢ in the time interval
At, namely

(¢ (Xt—i-Ata Virar, Vt+At>> — (¢ (Xt, Vi, Vt)>
At ’
where, here and henceforth, (-) denotes the expectation with respect to all random variables

appearing in the brackets. Specifically, if n € B C R is a random variable with law h = h(n) : B —
R, then

() = /B (V) d.

Considering (7)-(8)-(9), we have that

(¢ (Xt+At> Viiat, ‘7t+m)>
At -

(¢ (Xt + Vi VA, (1- ét+At)Vt + ét+At‘~/t/+At7 (1- ét+At)‘Zt + ét+At‘A/;I+At)>
At

Xt + ‘Z‘,‘A/;fAta ‘7t7 ‘A/t)>
At

(@ (X0 + ViViae, 7, 77))
At

i R o
(1 — aAt)(1 — aAt) + apAt
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Xt + ‘zmAtv ‘Z&lv ‘?t)>
At

Xt + VtVtAt, ‘Zﬁa f)vt/>>
At ’

N (1 1
+ pAL(1 — ) + (1 — pAt)pAt

1 where the second equality follows from (10) and from the assumed independence (11). As a
> consequence, we have that

(& (Xevar Virar Virae)) = (0 (X Ve T2)) (0 (Xo + ViViat, 13, T2)) = (6 (X2 Vi Vi)

At At

il (Xo + ViVAL VL T2)) + il (X + ViVid, Vi, V7)) = G+ ) (X + VAL Vi, )

+ st ((6 (Xe + VAL V) = (6 (Xo + ViVt T, 10)) = (o (X + Tiiat, T, 7)) ).
(135)
s Considering the limit of At — 07, the left-hand side gives the instantaneous time variation of the
+ expected value of ¢, i.e.,

<d) (Xt—‘rAta‘?t—‘rAta‘?t+At)> - <¢ (Xta‘;;v‘?t)> d ~ N
At s @@ (X V).
s The first term on the right-hand side in (135) gives

(@ (X0 + ViV, Vtﬁ) ~ 6 (X0, Vi Vi) 9 (Wi T

s while the second line in (135) tends to

ﬂ<¢ (Xt7 ‘;;/a f/t)> + ﬂ<¢ <Xt7 ‘7t7 f/;f/)> - (IEL + ﬂ)<¢ (Xt7 ‘N/t; f/t)> .
7 In the third line in (135), the first term in brackets is a gain term regarding simultaneous reori-
s entations and speed-jumps, while the second and third terms are loss terms in which either the

s direction or the speed changes. These ones are higher order terms in At and vanish as At — 07.
10 We now write explicitly the expected values of interest

(¢ (Xt,f/t,f/t)>:/Rd/v¢(x,a,@)f(t,x,~,@)df;dodx,
($ (Xt,f/t’,f/t)>=/w/v 5 o(x, 7, 0)p(@']0) V' f(t,x,5,9) db do dz ,

(6 <Xt"~/t"7t/)>:/w/v/sw o(z, 5,8 )q(8)dd f(t, z, 5, 0) d5 do da,

1 and we obtain



1 where the disappearance of the term in the last passage is due to the Divergence Theorem.

2 Next, choosing the test function such that it factorizes the dependency on x and the couple
s (0,0), ie. ¢(x,0,0) = &(x)p(0,0), it is possible to eliminate the integration in x and of the a-test
+ function ¢(z) and write the weak form of the equation expressing the evolution of the expectation
s of p(v,0) as follow:

d

s which is (21).

 A.2 Additional details of the derivation of the macroscopic models

s Taking into account the derivation of the macroscopic limit and, particularly, the case of jump
o processes where the frequencies of speed and direction changes are of the same order, i.e., i — fi/e
o and i — fie, we report here additional calculations related to the correction term f+ in the
1 Chapman-Enskog expansion of f¢. In particular, after deriving the expression for f as given
2 in (109), we proceed to compute the following integral term:

/va-(vfi)dvz

1 f
- ——=V;- V.- D + =Va |lurVy - (pur)| + ===V - |uy, uVae - (pu
— e+ 5V [ur Ve - (ur)] + ==V g,V - (pur)]
i 2
_ mvx . {/Sdl 1y, (0)q(0)0 @ 0dd pr]
— LVI' -uw / Uy (0)q(0)0 @ 0dO Vyp
G e " fos
f [ 12
(i + )2 e L w(0)0q(0) e Vi, g @ ugVap]
—LVI. -u ®/ u (0)0q(0)do Vp
Grpr e " f
- ,\#Vm' -’uw Ug ®/ Uy (0)0g(0)dD pr:|
i+ p)? L §d—1

15 where Dp, Vi (0), and Vi, are defined in (98), (92), and (96), respectively. Then, using the
1 identity

ooy as B fi
/Sd_l Uy (0)0gq(0)d0 = 7 up — ﬁuq“wq
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1 derived from (97), and observing that the integral terms is exactly up; defined in (90), the final
» correction term simplifies to:

/va.(vfi)dv:

1 20+ [
——V. |V qV Vep| + ==V lur @urVyp
fi Vo, VaVer] (i + i) [ )

———=Vs- [(qu - ui,q)uq ® uqVap
- Ve e [ G0+ %) 040000V,
Sd—l

— V- / (g, Uy (D) + fiuZ,(9)) q(0)0 @ 9D Vap|

RS R { . (A, up (0) + firug, (9)) q(0) 7Y

3 Moreover, under the assumption that the transition probability density for the speed does not
+ depend on the current direction, i.e., ¥ = 1(¥), the correction term simplifies to

/vvx~(va)dv:

1 4
——V,- Vi Vo, — 12 u, @ u Vep| — ———=Vo | Vy g @ ugVyp
i+ i [( Yg Vg P tq q) } H(HJF,U) [wq q q ]
"y ~{u2VVp}+MV ~[u2u ®qu]

) I S B (7R ) B S C R

s which is, then, used into (111).
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