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ARTICLE INFO ABSTRACT

Keywords: This work presents the principal component analysis-based method, a novel approach for shape sensing in com-
Shape sensing plex structures. Shape sensing is the process of reconstructing a structure’s deformed shape from discrete strain
Principal component analysis measurements. This challenge has been addressed with various algorithms over the past three decades, each with

Modal method
Thermal loads
Composite structure
Space grid structure

its advantages and disadvantages. The principal component analysis-based method derives its structure from the
modal method, a traditional approach, replacing the normal modes with bases obtained through a four-step pro-
cess: (1) defining representative base loads (whatever their physical origin may be, whether mechanical, thermal
or otherwise), (2) computing corresponding displacement fields via finite element analysis, (3) applying principal
component analysis to these fields to derive an ordered set of new displacement bases, and (4) calculating the
associated strain fields through further finite element simulations. The method’s effectiveness is demonstrated
by reconstructing the shape of a composite grid-like structure under non-uniform thermal loads with limited
sensor availability. Thermal deformations are particularly relevant to the aerospace community and are largely
absent from the shape-sensing literature. The principal component analysis-based method outperforms the modal
method by providing an accurate solution for a complex case in which the normal modes are not valid bases for
reconstructing the deformed shape.

1. Introduction deformation and load information for use in iterative design cycles [2].
A context where these methods can prove very useful is that of remotely
located structures, where having an operator perform measurements or
even just a visual inspection is impossible. Space structures, such as
satellite components, are interesting examples because they are very re-
mote and difficult to monitor directly. As is well known, the number of
space structures has grown significantly over the last two decades, and
their functional accuracy is becoming increasingly crucial across many
civil and defense applications [13,33,40]. A space structure is subject
to loads that are uncommon in Earth applications, especially in terms of
thermal conditions. Cyclic exposure to sunlight results in widely varying
temperatures, which can produce deformations very different from those
generated by mechanical loads [3,9]. Real-time knowledge of these de-
formations can significantly improve the efficiency and effectiveness of

Engineering structures have become increasingly intelligent in recent
years. The types and number of sensors installed on such structures have
grown, and with them the possibilities for real-time or offline monitoring
and control [6,28,36]. In parallel, the demand for real-time monitoring
of structures has grown across several fields, and the aerospace sector is
a clear example of this [1]. The techniques and processes with these ob-
jectives fall within the Structural Health Monitoring (SHM) field. Among
them, a very useful process is called shape-sensing (or shape recon-
struction), which aims to compute the deformed shape of a structure
using only strains measured at discrete locations. Measuring strains is
typically much easier than measuring displacements, especially during
operation. Therefore, shape-sensing techniques can provide useful infor-
mation for real-time monitoring and actuation of the structure, as well as
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antennas, reflectors, and solar panels, to name a few. It is therefore cru-
cial to have SHM techniques, specifically shape-sensing, operating on
such structures under thermal loads.

Over the last three decades, several shape-sensing methods have been
developed. They are presented here following the four-group classifica-
tion proposed by Gherlone et al. [18]. The first group includes methods
that obtain displacements by directly integrating strain measurements.
A remarkable effort was made here by Ko and coworkers in develop-
ing what’s called Ko’s Displacement Theory. The approach was initially
presented for slender constant cross-section beams and then extended to
include wing-boxes and plates [30]. This approach has been shown to
provide accurate results with a limited number of sensors [4,25,29], but
it requires the structure to be accurately approximated as a beam-like
structure. The methods in the second group approximate the strain field
as a linear combination of global or piecewise continuous basis func-
tions. An a priori set of basis functions is selected, and the strain field is
approximated by deriving the linear combination of such bases that best
fits the measured strains. Then, the displacement field is obtained from
the strain-displacement relationships, subject to appropriate Boundary
Conditions (BCs). The most common choice of basis functions is probably
the structure’s normal modes. In this case, the shape-sensing algorithm
is referred to as the Modal Method (MM), which was originally pro-
posed simultaneously by Pisoni et al. [41] and Foss and Haugse [14].
In these works, the normal modes were experimentally determined, a
process more complex, time-consuming, and expensive than comput-
ing them through a Finite Element (FE) model as commonly done in
many subsequent works [5,12,15,23,34]. However, unlike the FE pro-
cess, the experimental validation of the normal modes does not require
knowledge of the material properties, a significant advantage. The MM
is versatile since it can, in principle, be applied to any type of struc-
ture (beam-like, plate-like, or solid) and can produce accurate results
with fewer strain sensors than alternatives [12]. However, it typically re-
quires an accurate FE model of the structure and its material properties,
along with a set of possible load cases to compute normal modes and
select the relevant ones. The third group of shape-sensing approaches
consists of methods based on Artificial Neural Networks (ANNs). The
initial efforts showed a strong dependency of the accuracy on the train-
ing data [7,35]. However, exploiting the idea by Raissi et al. [43], many
researchers have recently tried to include physics knowledge in the train-
ing process to reduce the required training data and to make the ANNs
robust outside of the training space [22,32,42]. Research on these meth-
ods is very active, and frequent improvements are achieved by changing
architectures, objective functions, and training datasets. Lastly, there
is the group of methods based on a FE discrete variational principle.
These methods use different kinds of variational approaches and FE ap-
proximations to perform full-field shape-sensing [39,44-47]. A quite
successful method in this group is the inverse Finite Element Method
(iFEM) for shear deformable plates and shell structures presented by
Tessler and Spangler [45,47]. In this method, a least-squares functional,
discretized by FEs and capable of accommodating arbitrarily positioned
and oriented strain data, is defined. Minimizing this functional with
respect to nodal Degrees Of Freedom (DOFs) enforces compatibility be-
tween the measured strains and those interpolated within each element.
The iFEM was then specialized by Gherlone et al. in [19] and in [20] for
the shape sensing of truss, beam, and frame structures. Moreover, it was
extended to work with cylindrical and conical structures, first with an in-
verse shell element [26] and then with specific beam elements [11,38].
The iFEM has proven to be a very accurate and versatile method, re-
quiring no information on material properties or loading conditions
and using a discretization similar to that of the standard FE method.
However, its main drawback is the greater number of strain measure-
ments and thus sensors required to achieve accurate results compared
to other methods.

These shape-sensing methods have been widely tested for the recon-
struction of mechanically generated deformations, but their validation
for thermal deformations is largely lacking in the literature, although
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some examples exist. Cerracchio et al. [9] used iFEM for the shape sens-
ing of a composite stiffened plate under a uniform temperature variation.
This work shows that the process can produce accurate results, but it
might require more sensors than when reconstructing mechanical de-
formations. A similar conclusion is also drawn by Yu et al. [53], who
reconstructed the shape of a space truss structure and two attached so-
lar panels under mechanical and thermal loads. The authors used Ko’s
displacement theory for shape sensing of trusses and proposed a defor-
mation reconstruction strategy tailored for panels with complex BCs.
An experimental validation of iFEM to reconstruct thermal deforma-
tions was presented by Chen et al. [10], who proposed a technique to
improve the inverse mesh definition. A large-scale antenna panel was
loaded under uniform and non-uniform thermal loads, and the method
showed good reconstruction accuracy. These examples show that there
is interest in the technology, but there are some limiting factors for its
application, specifically, reducing the number of sensors and handling
complex geometries and materials.

This paper presents a novel shape-sensing method, conceptually de-
rived as a variation of the MM, retaining many of its advantages. This
new method substitutes the normal modes in the linear combination at
the core of the MM with bases generated via a four-step process centered
on Principal Component Analysis (PCA). Thus, the proposed method is
called the PCA-based Method (PCAM). The first step is to define a set
of base loads on the structure, which may be thermal, mechanical, or
even different, depending on the nature of the actual loads applied.
In the second step, these loads are imposed on the structure in an FE
analysis to obtain the corresponding displacement fields. In the third
step, PCA is performed on these displacement fields to obtain an or-
dered set of new deformed shapes. In the fourth step, these PCA-derived
deformed shapes are then imposed on the structure in new FE analyses
to obtain the corresponding strain fields. The sets of displacement and
strain fields are then used for the shape-sensing procedure. Following
the MM approach, the linear combination of the selected strain bases
that best fits the measured strains in a least-squares sense is computed,
and then a linear combination of the corresponding displacement bases
is performed to reconstruct the objective displacements. Thanks to its
similarity to the MM, the PCAM is expected to retain most of its proper-
ties, including its accuracy under limited sensor availability and its low
computational cost, making it a very good option for real-time moni-
toring. In fact, the only real-time computation required for operational
monitoring is a matrix-vector multiplication. Another property inherited
from the MM is its versatility, since the PCAM is, in principle, applica-
ble independently of the structure’s geometry and material, as well as
the load type and distribution. On the other hand, the PCAM, unlike
the MM, does not require knowledge of the structure’s typical loading
conditions for mode selection. Moreover, the PCAM is applicable to any
type of external load (mechanical, thermal, etc.), whereas MM performs
poorly for non-mechanical loads.

In the literature, PCA has been widely used in direct structural anal-
ysis mainly for one objective: finding computationally efficient base
shapes for linear combinations in methods such as Rayleigh-Ritz or
Galerkin. These methods typically aim to solve the linear/nonlinear
static or dynamic problem of determining the model degrees of free-
dom satisfying approximated equilibrium or motion equations, and they
are the traditional alternative to the FE method [8,27,31]. This problem
differs from the one investigated in the present work, i.e., shape sens-
ing, where the degrees of freedom are reconstructed from sparse sensor
strain measurements in order to best fit these to the reconstructed ones.
In the context of shape sensing, Zhang et al. [54] used PCA as a prepro-
cessing tool to expand the strain measurements, which were then used
as inputs for the iFEM. This approach is fundamentally different from
the method presented in this work, in which PCA is incorporated into
the shape-sensing algorithm itself. More similar to the shape sensing
approach presented here is that used by Galasso et al. [16], where the
deformed shape is reconstructed as a linear combination of shapes gener-
ated from specific loads. However, the present contribution generalizes
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that approach by performing PCA on the initial distributions, resulting
in less load dependency and the ability to reconstruct more complex
deformations.

After presenting the formulation of the novel method, this study com-
pares the PCAM and the MM for the shape sensing of the Carbon Fiber
Reinforced Plastic (CFRP) grid structure of a satellite boom segment un-
der a non-uniform thermal load. This structure, called the LRBOOM, is
designed to support a large deployable satellite reflector and, as a result,
is subject to thermal deformations from solar radiation. Its complex ge-
ometry, the anisotropic material, the limited number of sensors, the type
of load, and, above all, the combination of these aspects pose interesting
challenges for this field. It is in these conditions that the MM typically
excels over alternatives, but under this case, as shown in the rest of the
study, the results are inaccurate, if not completely wrong, underscor-
ing the need for a new approach. This new approach is provided by
the PCAM, which can reconstruct the structure’s deformed shape under
these complex conditions. Moreover, this study shows that the compu-
tational cost of the preliminary steps required to obtain the PCA-derived
bases is comparable to that of the normal modes they replace.

Therefore, there are two main novel aspects to this work. First, the
proposed shape-sensing method, PCAM, is a new approach that adds ad-
ditional information about the structure’s behavior to the reconstruction
process. The method, generally applicable to any type of structure and
load case, uses PCA, a well-known data-processing technique that has
not been used in a shape-sensing algorithm. Second, the validation of
this method is proposed for a space structure under non-uniform ther-
mal loading, a test case particularly relevant to the structural health
monitoring and aerospace communities but crucially missing in the
literature.

In line with the objectives presented above, this paper begins with
a description of the MM in Section 2. Then, Section 3 describes the
PCAM, highlighting the differences with the MM. Following this, the
numerical test case is presented in Section 4, highlighting the problems
of the MM in this scenario. Finally, the results are discussed, and fu-
ture improvements to the method are proposed in Sections 5 and 6,
respectively.

2. Modal method

The Modal Method (MM) has been thoroughly described in many
papers, from the ones in which it was first presented [14,41], to more
recent ones [12,18]. Therefore, the aim of this section will not be to
describe the method in a thorough manner but to provide a schematic
(Fig. 1) that facilitates the explanation of the alternative proposed here.
Some details are omitted and can be found in the work by Esposito
and Gherlone [12], which is also used as the main reference for the
description proposed.

As mentioned in the introduction, the MM reconstructs the deformed
shape as a linear combination of the structure’s normal modes. The core
of the method derives the coefficients of the linear combination by find-
ing, in a least-squares sense, the optimal set of coefficients that best fit
the measured strain values. The first step is to obtain the structure’s nor-
mal modes. Although it is possible to experimentally derive the normal
modes [14,41], it is easier and more common to compute them through
a FE analysis. If the FE approach is used, a model must be built and a
modal analysis performed. To numerically compute the normal modes,
BCs, and elastic material properties should be defined in the FE model.
From this analysis, a set of normal modes of the structure and the cor-
responding strain fields are obtained. Information about displacements
and strain for each mode is saved in two matrices, where each column
corresponds to a mode. First is the displacement modal shapes matrix
(simply known as the modal matrix), ®,, of size D x M, where D is the
number of displacements exported from the FE simulation for each mode
and M is the number of modes computed. Then, there is the strain modal
shape matrix, @, of size S x M, where S is the number of strain values
exported from the FE simulation for each mode. Then, it is possible to
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write the displacement (w) and strain (¢) vectors of the reference de-
formed shape in terms of a linear combination of the modal matrices,
as in Egs. (1) and (2), respectively. In these equations, q is the vector of
coefficients of the linear combination, also called modal coordinates.

w=®d,q (€8}
e=®gq (2)

From Eq. (2), the modal coordinates can be computed as in Eq. (3).
q= CI);l € 3)

However, typically @, is a non-square matrix and is therefore not invert-
ible. The typical case involves having more strain sensors than modes
(S > M), which can be solved in the least-squares sense using the
Moore-Penrose pseudoinverse in place of standard inversion, resulting
in Eq. (4).

g=@ @) '®Te @)

Then, substituting Eq. (4) into Eq. (1), (5) is obtained to compute the
reconstructed displacements.

w=d,@ D) ®e (5)

The next step involves selecting the modes to include in the linear
combination. The most common mode selection procedure, presented
by Bogert et al. [5], selects modes based on their strain energy contribu-
tions to a reference static deformation. To do so, the reference solution
must be selected as representative of the load cases to be reconstructed.
Although this method appears to require knowledge of the deformed
shape (the solution to the problem) as input, that is not entirely true. In
fact, typically, to design a structural component, knowledge of the most
common or most critical load cases is required, and those load cases can
be used as a reference for the mode selection procedure. It is also possi-
ble to consider multiple load cases in the mode selection as presented by
Galfione et al. [17]. As mentioned above, the modes are selected based
on the contribution to the strain energy of a reference deformed shape.
This process is done by ordering the deformed shapes in terms of strain
energy contribution, defining a strain energy threshold ¢,,, then select-
ing the first M,,; modes as defined in Eq. (6). In this equation, e; is the
fraction of strain energy contribution of the ith mode.

Mg, -1

<

sel

e; < ey and e > ey (6)

sel

i=1

A remark must be made regarding the computation of the strain energy
from a structural FE analysis in which thermal loads are applied. The
strain energy output from the software used in this study, MSC Nastran,
is not the quantity required for the mode selection criterion, and a few
additional steps are needed to obtain the correct value. The details,
which might differ in other software, are discussed in Appendix A. After
the mode selection, the two modal matrices, ®, and ®@,, will have M,
columns, where M,,, is the number of selected modes. The last missing
piece is the vector of measured strains. These values, either measured
experimentally on a structure or exported from a reference FE analysis,
are put together in a column vector . Using these quantities, the recon-
structed displacements can be computed using Eq. (5), where the modal
matrices contain only the selected modes.

It is important to note that once the sensor locations and the modes
are selected, the modal matrices ®, and ®,, used in (5), are fixed, and
the computation is reduced to a matrix-vector multiplication. As men-
tioned above, this makes the MM highly efficient and well-suited for
real-time monitoring.
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Fig. 1. Diagram of the MM procedure.

3. Principal component analysis method

In this section, the Principal Component Analysis-based Method
(PCAM), an alternative shape-sensing approach, is presented. In this
method, unlike MM, the bases are the deformed shapes obtained from
a PCA rather than the normal modes. The green part of the diagram
in Fig. 1 is then modified to yield the diagram shown in Fig. 2, which
illustrates the PCAM procedure. The process starts from the definition
of a generic set of N, load cases. Once the load cases are defined, they
are applied to a FE model of the structure. A static structural FE analy-
sis is performed for each load case to obtain N, deformed shapes. The
displacement fields of each deformed shape are assembled in the ma-
trix W, of size D x N,, where D is the number of displacement terms
for each deformed shape. Then, the PCA is performed on the ¥, matrix.
This process is defined as an orthogonal linear transformation that maps
the data to a new coordinate system such that the greatest variance, un-
der some scalar projection of the data, lies on the first coordinate (the
first principal component), the second greatest variance on the second
coordinate, and so on. This procedure is commonly used to reduce the
dimensionality of a dataset, retaining most of its variation [24], which is
also its purpose in this work. The PCA requires the data, in this case the
deformed shapes, to be centered around the origin. This preliminary step
is done by computing the mean of each row of ¥, and subtracting the
vector of means from each column. Then, the principal components and
the corresponding coefficients are computed using the MATLAB built-in
svd function, with the econ option active, which performs the compact
Singular Value Decomposition (SVD) [52]. This approach is equivalent
to using the MATLAB built-in pca function. The resulting decomposition
of the ¥, matrix is

v, =UzvT 7)

Here, X is an r X r diagonal matrix, where r is the rank of ¥,. In X,
the diagonal elements are the non-zero singular values of ¥, and are
ordered in decreasing order. Then, U is a D x r semi-orthogonal matrix,
which means that the vectors in the smaller dimension are orthonormal
vectors, in this case, the columns. The columns of U are the left singular
vectors of W, for the corresponding singular values stored and ordered
in X. Similarly, V is an N, xr semi-orthogonal matrix, which, also in this
case, means that the columns are orthonormal vectors. The columns of
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Fig. 2. Diagram of the PCAM procedure.

V are the right singular vectors of ¥, for the corresponding singular
values. In this context, the left singular vectors are the relevant ones,
since, going back to the structural interpretation, they define new defor-
mations ordered by the variance of the initial data on them. Therefore,
the columns of U are the new bases used in place of the normal modes
in the shape reconstruction process. To select which bases to include in
the reconstruction, a threshold (c,,) on the cumulative variance can be
imposed, selecting the first B, bases using Eq. (8), where X; is the i-th
diagonal element of X.

sel

By -1 By
z X < o and z X >0 (€))]
i=1 i=1

The remaining quantities needed to define the “modal” matrices are the
strain fields corresponding to the selected bases, which are used to build
matrix ¥,. To obtain them, the displacement fields computed with the
PCA (the first By,; columns of U) are imposed on the FE model, and the
strains at the relevant locations are computed through a static structural
analysis.

Since PCAM requires more analysis steps than MM, it is of inter-
est to compare their computational costs. The MM requires solving an
eigenvalue problem, which is typically much more expensive than a
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(a) Picture of the LRBOOM with fiber-optic strain sensors
installed. The top metallic flange present in this picture is
not modeled because it is not part of the composite structure
investigated in the study.

(b) FE model of the LRBOOM in MSC PATRAN

Fig. 3. The LRBOOM.

static structural analysis. On the other hand, the PCAM requires solving
two sets of N, static structural analyses. The first set consists of static
structural analyses in which initial loads are applied to the structure.
Conversely, the second set consists of static structural analyses in which
displacements are imposed at all nodes, except at least one DOF, which
should be left free to have a non-empty system to solve. Moreover, the
number of analyses to solve in this second set can be reduced to By,
if the strain fields are computed only for the selected bases. The com-
putational costs in these problems lie in different steps, whose duration
depends on the number of natural modes computed or the number of
load cases considered. To provide a benchmark, the computational times
for the analyses performed here are presented in Section 5.

The remaining steps of the process are identical to those for the
MM, but use the selected PCA-generated bases instead of the normal
modes. The measured strain vector & is built, and the pseudo-inversion
and matrix multiplication are performed to obtain the reconstructed dis-
placement field w using Eq. (5), which becomes Eq. (9) using the PCAM

notation. In this equation, ¥, has size Dx B,,;, while ¥ has size SX B,;.

w=,PT¥) We ©)

As for the MM, the matrices ¥, and ¥, depend only on the bases and
sensor locations; therefore, once these are selected, the computation re-
duces to a matrix-vector multiplication. This makes the PCAM equally
valid for real-time monitoring as the MM.

4. Test case

This section presents the components used to validate the proposed
approach by describing the FE model in detail. Then, the process for sim-
ulating a lab test of the component under non-uniform thermal loads
is described. The rationale behind the test setup is to reproduce, in a
laboratory-friendly way, the loading condition to which the component
would be subjected when laterally exposed to sunlight. Clearly, the tem-
peratures involved would not be equivalent to the operational ones, but

the structural behavior should provide an idea of what to expect in the
actual case. Moreover, the scope of this paper is to provide a practically
relevant test case for the proposed methodology, not to test the structure
under real operational loads. Finally, the processes to obtain the basis
functions for the MM and the PCAM are specialized to this case, and the
Optimal Sensor Placement (OSP) procedure is presented.

4.1. Test component

The test case for the proposed methodology is a CFRP grid satel-
lite boom segment for large deployable reflectors, called LRBOOM
(Fig. 3(a)). The component, examined here numerically, is manufac-
tured using a specific winding technology that endows it with peculiar
thermal properties [16,21]. The manufacturing process aligns the fibers
along the length direction of each element, resulting in a unidirectional
composite everywhere except at the crossing points. There, the fibers
are oriented in two “in-plane” directions, resulting in different mate-
rial properties. Since the Coefficient of Thermal Expansion (CTE) of the
material is negative in the fiber direction and positive in the transverse
directions, at crossing locations, there is a change in the tangential CTE.
This aspect is the most probable cause, combined with the geometry, for
the complex thermal behavior of the structure. To perform the analyses
required in this study, an FE model (Fig. 3(b)) of the component is used.
The structure is modeled with three-dimensional elements to capture the
through-thickness behavior and the material orthotropy.

A zoom on the end section of the model, shown in Fig. 4, allows one
to see all the element types used in the discretization of the LRBOOM.
The light blue elements are hexahedral, and the red ones are wedges.
Among the hexahedral elements, two kinds are distinguished for their
purpose in the structure and their orientation. First, the helicoidal struts
wind around the structure between the two ends; their elements are here
called helic elements. Second, the hoop elements are part of stiffening
hoops added to the structure orthogonally to the main beam direction.
These two element types have different dimensions, but the same local
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Fig. 4. Zoom on the LRBOOM end. On the left, a picture of the actual component, on the right, part of the model showing the different kinds of FEs, from MSC

PATRAN.

Table 1
Material properties of the orthotropic hexahedral elements.

Property  Value Description

E, 180 GPa Longitudinal elastic modulus

E, 6.1 GPa Transverse elastic modulus

E, 6.1 GPa Out-of-plane elastic modulus

G, 3.8 GPa In-plane shear modulus

Gy 2.5 GPa Out-of-plane shear modulus

Gy, 3.8 GPa Transverse shear modulus

Via 0.25 In-plane Poisson’s ratio

Vi3 0.25 Out-of-plane Poisson’s ratio

Vo3 0.60 Transverse Poisson’s ratio

p 1450 kgm™3 Density

CTE,, —2E-7K"! Longitudinal CTE

CTE,, 5.4E-5K™! Transverse CTE

CTEs 54E-5K~! Out-of-plane CTE

K1y 30Wm K Longitudinal thermal conductivity
Ky 031 Wm™'K~'  Transverse thermal conductivity
K33 031 Wm K™ Out-of-plane thermal conductivity

material properties, shown in Table 1. In both cases, the material 1 di-
rection is parallel to the fibers, while the material 3 direction is radial,
pointing outward, and the missing direction is derived by the right-hand
rule. On the other hand, the wedge elements are used to model three
parts of the structure: the crossings of two helicoidal struts (helic-helic
crossing elements), the crossing of a helicoidal strut and a stiffening hoop
(helic-hoop crossing elements), and the end rings (end ring elements).
The end rings are made of bands of plain-weave fabric and connect the
LRBOOM to other similar segments of the boom assembly via specific
interfaces. For the current demonstrator, metallic flanges are bolted to
the end rings and used for constraints or load applications. The overall
CFRP grid structure, thus including the end rings, is manufactured by
dry robotic winding and resin infusion (the dry robotic winding process
is covered by a patent filed by CIRA). Therefore, the properties of the
end rings are not dominated by a single dimension (as in helic and hoop
elements), but rather by two dimensions. The material properties for the
wedge elements are presented in Table 2, divided by type of element.
A cylindrical coordinate system aligned with the boom is used to de-
fine the material coordinate system of the end ring elements, the only
anisotropic wedge elements. This means that material coordinate 1 is
radial, material coordinate 2 is tangential, and material coordinate 3 is
aligned with the main direction of the boom.

4.2. Thermal test

As mentioned above, this test aims to simulate a laboratory test
in which the LRBOOM structure is laterally irradiated by two halogen

Table 2
Material properties of wedge elements.

Element type Property Value Description

Helic-Helic and E 170 GPa Elastic modulus
Helic-Hoop v 0.30 Poisson’s ratio
Crossings (Isotropic) G 65 GPa Shear modulus
p 1700kgm™ Density
CTE —2E--7K~' CTE
K 30Wm'K~'  Thermal conductivity
End Rings (Orthotropic) E, 15 GPa Out-of-plane elastic modulus
E, 30 GPa Longitudinal elastic modulus
E, 30 GPa Transverse elastic modulus
G 2 GPa Out-of-plane shear modulus
Gy 3.2 GPa In-plane shear modulus
Gy, 2 GPa Out-of-plane shear modulus
Vi 0.25 In-plane Poisson’s ratio
Vi3 0.25 Out-of-plane Poisson’s ratio
Va3 0.60 Transverse Poisson’s ratio
p 1650 kgm™3 Density
CTE,, S5.0E-5K~! Out-of-plane CTE
CTE,, 45E-6K~! Longitudinal CTE
CTEy;; 45E-6K~! Transverse CTE
Ky 031 Wm™'K~! Out-of-plane thermal conductivity
Ko 30Wm™'K~! Longitudinal thermal conductivity
K33 30Wm™'K~!  Transverse thermal conductivity

lamps. The simulation is performed in two steps. First, a steady-state
thermal analysis is performed to obtain a temperature distribution on the
LRBOOM structure. Then, a static structural analysis is performed impos-
ing the temperature distribution obtained in the previous step as nodal
loads. From the results of this second analysis, the strain measurements
for shape sensing are extracted, mimicking the experimental strains.
Moreover, the displacements are used as a reference for numerically
validating the method.

4.2.1. Thermal analysis

The steady-state thermal analysis is carried out in the commercial
FE software ANSYS Mechanical. The FE model is presented in Fig. 6(a),
where the two cylinders on the left represent the halogen lamps and the
components at the bottom of the LRBOOM are the clamping supports.
The lamps are discretized using shell elements: triangular elements on
the radiating surface (dark green in the figure) and rectangular elements
on the reflective tube (gray in the figure). The thermal conductivity of
the reflective tube is defined as isotropic and equal to 60.5Wm~'K~!.
The base supports are discretized using hexahedral elements in the
rectangular plate (orange in the figure) and tetrahedral elements in
the internal and external flanges (gray and yellow, respectively). The
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Fig. 5. Application regions of the thermal BCs.

LRBOOM model is identical to that presented in Section 4.1, as it is
imported into ANSYS by reading the.bdf file (the MSC NASTRAN in-
put file). The thermal conductivity of all the base components is also
set to 60.5Wm~'K~!. Finally, to model radiation to the ambient, walls
are defined around the component at a large distance (more than 10 m)
and discretized using quadrilateral shell elements. Two types of BCs are
used in this model. They are listed here, and the application regions are
shown in Fig. 5.

1. Fixed temperatures

(1) Bottom surface of the base plate at room temperature (7, =
22°C)
(2) Lamp radiating surface at lamp temperature (7, = 500°C)
(3) Walls at room temperature (7, = 22°C)
2. Radiation
(1) Lamp radiating surface (¢,,; = 0.9)
(2) Lamp reflecting tube (¢, ,, = 0.9)
(3) LRBOOM inner faces facing the lamps (¢,,,; = 0.89)
(4) LRBOOM outer faces facing the lamps (e,,; = 0.89)
(5) Walls (e,,y = 0.6)

In the definition of the BCs, ¢,,, is the emissivity of the surface. The
initial temperature is defined as equal to room temperature T, = T, =
22°C, and all the radiation BCs are defined as surface to surface in the
same enclosure.

The output of this steady-state thermal analysis is a nodal temper-
ature field at all nodes of the LRBOOM structure, shown in Fig. 7(a).

This temperature field is used as an external load in the static structural
analysis.

4.2.2. Structural analysis

The static structural analysis is performed using the FE commer-
cial software MSC Patran/Nastran. The temperature distribution ob-
tained from the steady-state thermal analysis is exported from ANSYS
Mechanical and applied as a nodal load in the static structural anal-
ysis. In this analysis, the model of the LRBOOM is the one presented
in Section 4.1, the nodes of the bottom end rings (in the green square
in Fig. 6(b)) are constrained by setting all DOFs to 0, and the ini-
tial temperature is set at 7, = 22°C. As a result of the temperature
variation, a deformed shape is obtained. The result of this FE analy-
sis provides both the input strains for the shape reconstruction process
and the reference displacements for numerical validation, since this is
the shape to reconstruct. Displacements are exported at all nodes of
the structure, whereas strains are exported only at locations that would
best permit strain-sensor installation. The nodes at which strains are
exported are those that have two characteristics: they are only nodes
of helic elements (defined in Section 4.1), and they are at the mid-
dle of the outside faces of the helicoidal struts. In Fig. 8, the nodes at
which strains are exported are highlighted in orange. Since the struts
are very slender, and therefore, the longitudinal strain is expected to
be the most relevant component, the longitudinal strains at these nodes
are obtained by exporting the longitudinal component (X-component in
Element IJK, the standard local element reference frame in Patran) with
the default MSC Patran 2024.2 settings, meaning the Average Definition
is performed on All Entities, using the Derive/Average method and the
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(a) Model of the LRBOOM used for the steady state thermal (b) Model of the LRBOOM used for the static structural
analysis, with the two lamps and the base in ANSYS analysis in MSC Nastran. The green square indicates the
constrained nodes.

Fig. 6. LRBOOM models used in the FE analyses.

(a) Temperature distribution resulting from the steady-state (b) Deformed shape resulting from imposing the tempera-

thermal analysis. The colormap is in [°C]. tures as thermal loads. It is the reference deformed shape
to reconstruct. The colormap indicates displacement mag-
nitudes in [m].

Fig. 7. Results of the FE analyses on the LRBOOM.

Shape Function extrapolation. The words or groups of words in ital- shape to reconstruct, is shown in Fig. 7(b). This shape is characterized
ics in the previous sentence represent software settings. The deformed by three macroscopically visible phenomena: (a) Axial shrinking due to
shape resulting from this analysis, which is also the reference deformed overall temperature increase, (b) global bending due to the temperature
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(a) Side view with close-ups

(b) Top view

Fig. 8. In Orange are the nodes at which strain values are exported, from two
different views.

gradient between the radiated and shaded sides, and (c) cross-section
dilation at the free end ring due to the in-plane CTEs being positive and
one order of magnitude larger than the axial CTE of the helic elements.
Additionally, local phenomena at the intersection of different kinds of
elements are also present and will be relevant in the shape sensing
process.

4.3. Normal modes basis

To implement the MM, the strain and displacement fields of a set
of normal modes of the structure are required. In this case, this in-
formation is obtained through a modal analysis of the structure in the
commercial FE software MSC Patran/Nastran, using the model described
in Section 4.2.2. The first 100 modes of the structure are computed, and
displacement and strain fields for each mode are exported to MATLAB
for the shape sensing process. Displacements and strains are exported
with the same approach presented in Section 4.2.2. This means that dis-
placements are exported at all nodes, while strains are exported only at
certain nodes shown in Fig. 8. The modes are then selected based on
their strain-energy contributions, following the procedure described in
Section 2. Different thresholds on the strain energy contributions result
in a different number of selected modes, and the results of this selection
process are shown in Section 5, while the relevant modes and their strain
energy contributions are presented in Appendix B.
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4.4. PCA-derived bases

To generate the PCA-derived bases, the process described in Section 3
is followed. The first step is the definition of the load cases, in this
case, temperature distributions, to generate the starting set of deforma-
tions. Here, the temperature distributions are defined by exploiting the
structure’s two primary directions. A first set of temperature distribu-
tions is defined as varying along the axial direction (Y) of the LRBOOM
(Fig. 3(b)), with Y = 0 at the base of the lower end of the structure
(on the clamp side). These temperature distributions are defined using
Lagrange polynomial bases as follows. Consider N interpolation nodes
at coordinates Y),Y,,...,Yy. Then, define the normalized coordinate #
in [-1, 1] using Eq. (10).

PEPR b (S 10)
Yy-1

Then, the normalized coordinate of the k-th interpolation node, #, is

computed using Eq. (11).

Y -7

— -1 11
7 1D

me=2
Given N interpolation nodes, N Lagrange polynomial bases exist, each
associated with a node. The Lagrange polynomial basis associated with
node k when N interpolation nodes are used is defined by Eq. (12).

N

O |

=Lk e =M

n—n; a2)

Here, Lagrange polynomials for N = 2,3,4 equidistant interpolation
nodes are used, meaning a total of nine temperature distributions are
generated this way. The two external nodes are always located at ¥; =0
and Yy = L, where L is the length of the LRBOOM. A final step is per-
formed on the temperature distributions generated with this approach;
they are normalized between 0 and 1.

The second set of temperature distributions is defined to vary along
the tangential (angular) direction 9, following a similar approach. In
this case, trigonometric basis functions are defined as follows. Consider
N equidistant interpolation nodes ©,,0,, ..., ®, on the angular coordi-
nate © of the LRBOOM, which spans [—x, z]. Then, define the translated
coordinate 9 in [0, 2] using Eq. (13).

9=0+r 13)

Then, the translated coordinate of the k-th interpolation node, 9,, is
computed using Eq. (14).

9, =0, +7 (14

Given N interpolation nodes, N trigonometric basis functions are de-
fined. Eq. (15) defines the basis function associated with the k-th
interpolation node, when N interpolation nodes are used.

N

L (1 +2 Z,: cos (m(9 — 19k))> s

< <1 +2 Zf:‘l‘ cos (m(9 — 8,)) + cos (%(& - 9,9)) . ifNiseven
(15)

if N is odd
TkN )=

Similarly to before, the trigonometric basis functions are computed
for N = 2,3,4 equidistant nodes whose translated coordinates 9, are
defined as

_2x(k—1)

9
k N

16)
This results in nine temperature distributions of this second kind again.
Then, the temperature distributions obtained from the basis functions
are normalized to the [0,1] range. Lastly, two uniform temperature
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Table 3
Error metrics and modes selected for varying basis selection thresholds for
the MM and PCAM when all sensor locations are used.

Method Basis selection threshold # Bases selected NRMSE MDE
MM 0.0002% 1 17.57%  77.90%
MM 0.0003% 3 19.57%  69.32%
MM 0.0004% 5 20.31% 64.08%
MM 0.0005% 11 21.17%  51.39%
MM 0.0006% 100 26.83%  41.00%
PCAM 70% 2 9.04% 55.92%
PCAM 80% 2 9.04% 55.92%
PCAM 90% 3 6.67% 51.59%
PCAM 95% 5 4.03% 14.81%
PCAM 99% 6 3.96% 8.35%
PCAM 99.9% 7 3.96% 6.80%

distributions are added: the first with a uniform value of 0, and the sec-
ond with a uniform value of 1. Therefore, the resulting set contains 20
temperature distributions between 0 and 1.

In the second step, these temperature distributions are applied as
loads in the commercial FE software MSC Patran/Nastran to the model
presented in Section 4.2.2, with an initial temperature 7; = 0. The result-
ing deformed shapes are exported by stacking the three displacements
at each node in a column vector and assembling them in ¥, a matrix of
size DX N;, where D is the number of displacement terms per deformed
shape and N; = 20 is the number of temperature distributions and thus
of deformed shapes generated.

Subsequently, the SVD of the ¥, matrix is computed as shown in
Eq. (7). As a result, the U matrix is obtained, whose N, columns can be
used as bases for the shape sensing process. Then, imposing a thresh-
old o,, on the cumulative variance, only the first B, bases are selected
for the shape sensing process, as defined in Eq. (8). As for the MM, the
basis selection results are presented in Section 5 for a range of thresh-
olds. Moreover, the relevant bases and their variances are presented in
Appendix B.

The final quantities required for the shape-sensing process are the
strain fields corresponding to each selected basis. The displacement

Displacement Magnitude [m]

x [m] z [m]

(a) MM reconstructed shape
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fields obtained from the PCA process are imposed on the nodes of the
model in MSC Nastran, and a static analysis is performed to compute the
strain field.

Finally, the PCA-generated bases and the corresponding strain fields
are used to build the ¥, and ¥, matrices and perform the shape sensing
process by matrix pseudo-inversion, using Eq. (9).

4.5. Optimal sensor placement

An OSP is studied to achieve accurate results with a limited num-
ber of sensors, using both the MM and the PCAM. For each method, the
OSP was performed using the multiobjective genetic algorithm imple-
mented in the gamultiobj MATLAB function [48], following the approach
presented by Galfione et al. [17]. For each generated individual, the
gamultiobj function computes the reconstructed deformed shape and
compares it with the reference using the two error metrics presented
in Egs. (17) and (18) as objective functions

n 3
1 qRes ss
;ZIZI( —ass)’
NRMSE = i 17
Ref
)
Idie -3 |
MDE = Ref (18)
ld; “ Il
nax = argmax(nd’“f I 19)

Here, NRM SE stands for Normalized Root Mean Squared Error, and
MDE stands for Maximum Displacement Error. Then, d; represents
the displacement vector of the i-th node, while d;; represents the j-
th component of the displacement vector of the i-th node. Moreover,
dRe/ indicates a displacement component or vector of the reference de-
formed shape, while 45 indicates a displacement component or vector
of the deformed shape reconstructed with shape sensing. Finally, d;

is the displacement vector at the node for which the magnitude of the
displacement is maximum in the deformed shape, n is the number of
nodes, and || - || is an operator computing the Euclidean norm of the vec-
tor contained. These error metrics are valid for a case, such as the one

Displacement Magnitude [m]

x [m] z [m]

(b) PCAM reconstructed shape

Fig. 9. Reconstructed deformed shapes with the two methods when all sensor locations are used. The reconstructed shapes with the minimum errors are shown. The

shapes are plotted with a scale factor of 500.
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(a) Reference deformed shape

(b) Normal Mode 1
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(c) PCA-derived shape 1

Fig. 10. Zoom on a representative section of the deformed shapes, comparing the reference with the first normal mode and the first PCA-derived shape. White lines

represent FE edges.

presented here, in which all displacement DOFs of each considered node
are reconstructed; similar metrics can be designed when this is not the
case. The number of strain sensors has been fixed at 16, as it is the num-
ber of channels in many acquisition systems. The acceptable locations
for strain sensors are the nodes at which strain is exported for both the
static and modal analyses presented above. These nodes, as described
in Section 4.2.2, are those with two characteristics: they are only nodes
of helic elements, and they are at the middle of the outside faces of the
helicoidal struts. These nodes are shown in Fig. 8 for clarification.

Although the built-in gamultiobj MATLAB function is used here,
some non-standard options are used to accommodate the nature of this
optimization problem. The problem was defined as finding the best 16-
sensor configuration, with respect to the two error metrics presented
above. Each individual generated by gamultiobj is a vector of 16 inte-
ger numbers between 1 and the maximum number of possible locations
(in this case, 7392). To obtain this type of individual, all 16 variables
are defined as integers, with the lower bound set to 1 and the upper
bound equal to the number of acceptable locations. Two additional con-
siderations have been implemented to avoid sensor repetition within
each individual, which could result in having more bases than sensors,
thereby altering the problem’s nature. First, a custom initial population
is defined as a Latin hypercube sample generated by the MATLAB lhsde-
sign function [49]. This population (defined between 0 and 1) is rescaled
between the lower and upper bounds, and then each value is rounded
to the closest integer using the MATLAB round function [50]. Finally,
any repeated number in a single individual is replaced with a differ-
ent randomly generated number. This approach ensures that the initial
population contains no individuals with repeated values. However, rep-
etitions may still occur in individuals of subsequent generations, since
gamultiobj has no option to prevent them. The approach adopted here is
to avoid critical cases in which the number of unique sensors is less than
or equal to the number of bases. This is obtained by defining a condition
in the fitness (or objective) function for which, if the number of unique
sensors is not larger than the number of bases, the shape sensing process
is not performed, and both objectives are set to Inf.

The gamultiobj function returns a set of Pareto optimal individuals,
with the corresponding objective function values. However, here the
interest is in a single individual, who is then selected as the one with
the smallest Euclidean norm of the vector of objective function values.
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Table 4
Error metrics for varying basis selection thresholds for the MM and PCAM
when OSP is performed.

Method  Basis selection ~ # Bases selected ~NRMSE MDE
threshold

MM 0.0002% 1 (53.68 £0.600% (7722 +0.41)%
MM 0.0003% 3 (5425 +1.500% (43.10+1.99)%
MM 0.0004% 5 47.15+1500%  (33.17 £2.15)%
MM 0.0005% 11 (36.839 +4.21)%  (32.18 +2.55)%
PCAM 70% 2 (35.19+0.48)%  (31.37+0.46)%
PCAM 80% 2 (35.04+£047% (3159 +0.67)%
PCAM 90% 3 (17.19 £0.52)%  (20.07 + 0.50)%
PCAM 95% 5 (10.60 £0.19%  (2.14+0.79%
PCAM 99% 6 (1054 £0.17)%  (2.20 +0.90)%
PCAM 99.9% 7 (10.58 £0.22)%  (1.86 +0.99)%

5. Results and discussion

The two methods, MM and PCAM, are compared using the two er-
ror metrics presented in Egs. (17) and (18). First, the comparison is
conducted assuming that all strain-sensor locations are instrumented;
thus, 7392 strain sensors are used. These results are presented by vary-
ing the basis selection thresholds, e,, for the MM (Eq. (6)) and ¢, for the
PCAM (Eq. (8)), to investigate their impact on reconstruction accuracy,
as shown in Table 3. Comparing these results, two important aspects
are clear. First, the accuracy obtained with the best PCAM solution is
much higher on both error metrics than that of the MM. Second, the
first 100 natural modes of the structure can only reconstruct less than
the 0.0006% of the static strain energy, meaning basically none of the
modes are relevant for the reconstruction in this case. This is confirmed
by comparing the best reconstructed shapes obtained with each method,
presented in Fig. 9, with the reference deformed shape in Fig. 7(b).
These figures qualitatively show that the PCAM-reconstructed shape is
very close to the reference, whereas the MM-reconstructed shape is very
different. As mentioned in Sections 4.3 and 4.4, to provide further in-
formation on these results, the deformed shapes of the first 11 normal
modes by strain energy contribution are shown in Appendix B. In the
same appendix, the deformed shapes of the first 7 PCA-derived shapes
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(a) MM reconstructed shape
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— 0.8

y [m
Displacement Magnitude [m]

z [m] x [m]

(b) PCAM reconstructed shape

Fig. 11. Reconstructed deformed shapes with the two methods when OSP is performed. The reconstructed shapes with the minimum errors are shown. The shapes

are plotted with a scale factor of 500.

y [m]

0.5

z [m] x [m]

(a) Optimal sensor configuration for the MM

y [m]

0.5

z [m] x [m]

(b) Optimal sensor configuration for the PCAM

Fig. 12. Optimal sensor configurations resulting from the OSP for the MM and PCAM. These configurations are the ones that produce the reconstructions shown in

Fig. 11. Each red dot represents a strain sensor.

are also shown. A relevant remark should be made about small but sig-
nificant differences between the deformed shapes of the normal modes
and the PCA-derived shapes. For instance, comparing Normal Mode 1
and Normal Mode 2, Fig. 13(f) and (h) respectively, with the first two
PCA-derived shapes, Fig. 14(a) and (b), they look globally similar apart
from a rescaling factor. The reason the normal modes do not produce
results with the same accuracy as the PCA-derived shapes is local ef-
fects, as shown in Fig. 10. Looking at this zoomed-in section, it is clear
that the variation in CTE at the intersection of helic elements results
in bending phenomena and local strains in the reference that cannot
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be captured by the normal modes, but are present in the PCA-derived
shapes.

Another interesting aspect of the comparison arises when perform-
ing the OSP. As mentioned above, the objective of this part of the
investigation is to determine whether the proposed method is applica-
ble under limited sensor availability. This is done by finding an optimal
16-sensor configuration for each value of the basis selection threshold.
Here, the term optimal refers to a configuration that minimizes the error
metrics on the considered load case. The results are presented in Table 4
using the same basis selection thresholds as for the non-optimized sensor
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Table 5
Computational cost to obtain the bases
for the two methods.

Method Wall time

MM
PCAM

116s
108s

configurations. For each basis selection threshold, the OSP is repeated
30 times, and the error metrics are reported as the mean + standard
deviation computed with the built-in MATLAB std function [51]. A first
remark regarding these results is the absence of the final basis selection
threshold previously used in the MM (0.0006%). That threshold yielded
100 selected modes, resulting in more modes than sensors when the OSP
was performed, an unfeasible condition. As before, the difference in er-
ror metrics between the two methods is substantial, with PCAM largely
outperforming MM. The best accuracies obtained with the PCAM when
OSP is performed are close to those obtained in the non-optimized case.
However, a difference between the optimized and non-optimized PCAM
results is evident: optimization yields more accurate local results and
less accurate global results. In fact, the lowest N RM SE is obtained for
the non-optimized case, whereas the lowest M DE is achieved by the
optimized configurations. The accuracy of the PCAM can also be quali-
tatively verified in Fig. 11, where the best reconstructed shape with the
MM and the PCAM are plotted. These deformed shapes were obtained
using the sensor configurations shown in Fig. 12. Clearly, the MM can-
not reconstruct the reference deformed shape (Fig. 7(b)), whereas the
PCAM produces a very good result.

A final remark concerns the computational cost of obtaining the bases
for the two methods. As mentioned in Section 3, the computational cost
is distributed differently in the methods, and the final values depend
on the number of normal modes to compute for the MM as well as the
number of load cases considered for the PCAM. To provide a benchmark,
the computational costs for the analyses performed here are presented
in Table 5. The analyses were performed on a laptop with a 10-core
AMD Ryzen AI 9 365W/ Radeon 880M (2.00 GHz) CPU and 32 GB (5600
MT/s) of memory. The cost presented for the MM is the cost of the modal
analysis performed with MSC Nastran, whereas the cost for the PCAM is
the sum of the costs of the two static structural analyses, also performed
with MSC Nastran. The first static analysis aimed to obtain displace-
ment fields from the polynomial temperature distributions, whereas the
second aimed to obtain strain fields corresponding to the PCA-derived
displacements. The difference between the two is small, although the
PCAM cost could be slightly reduced by considering only the selected
shapes rather than all shapes, as done here. Both computational costs
presented here are for the preliminary steps required to obtain the in-
gredients for the shape sensing process. The cost of the actual shape
sensing is identical for the two methods, as long as the same number of
bases are selected, and consists of computing Egs. (5) or (9). The cost
of this computation is typically small enough to allow real-time moni-
toring with the MM, a property that is definitely retained in the PCAM.
In real-time monitoring, the cost is especially low since, as mentioned
above, the computation reduces to a matrix-vector multiplication.

6. Conclusions and future work

This work presents a new shape-sensing method derived as a variant
of the Modal Method (MM), here referred to as the Principal Component
Analysis-based Method (PCAM). In the PCAM, the structure’s normal
modes are replaced with alternative shapes computed through a four-
step process. First, a set of relevant loads is defined. Second, loads
are applied to the structure, and the resulting deformed shapes are
computed via FE analysis. Third, PCA is performed on the obtained
displacement fields, yielding a new ordered set of displacement fields
that serve as the bases for the shape sensing process. Finally, the
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corresponding strain fields are obtained by applying the displacement
fields to the structure in FE analyses. This new method can retain more
information than the MM in the base shapes and therefore outperform it,
especially when very local effects, unrelated to the structure’s inertia, are
involved.

The PCAM is then tested and compared with the MM in a relevant
case study: the shape sensing of a boom segment for large deployable
reflectors (LRBOOM) under non-uniform thermal loads. This structure
presents several challenges and interesting aspects that render the MM
inapplicable for shape sensing under these conditions. The main chal-
lenges are, on one hand, the nature of the loads (thermal) and, on the
other hand, the material’s anisotropy, which, combined with the com-
plex geometry, produces locally sharp variations in the coefficient of
thermal expansion in both magnitude and direction. These local effects
are not captured by the structure’s first normal modes, which arise from
structural inertia, and therefore cannot be reconstructed by the MM,
which yields highly inaccurate results. In contrast, in the PCAM, the
bases are generated from temperature distributions and therefore inher-
ently capture local thermal effects. Given its practical relevance, this
study also investigates the applicability of the PCAM under limited sen-
sor availability by performing an OSP that reduces the number of sensors
to 16. The results show good accuracy for the PCAM, even with a lim-
ited number of sensors, a typical advantage of the MM compared to
traditional alternatives that is retained in the new method.

To conclude, the PCAM showed promising results as an alternative
to the MM in a case in which the latter performed poorly, but it was the
only applicable method for structural complexity and sensor scarcity. In
general, the literature lacks thorough validation of shape sensing algo-
rithms for reconstructing thermal deformations. This work highlights
that methods developed for shape sensing of structural deformations
may not be suitable for different types of loads and proposes an al-
ternative to a well-known shape-sensing algorithm, demonstrating its
applicability to reconstructing thermal deformations of complex struc-
tures even under limited sensor availability. However, further numerical
and experimental validation of this method is needed to demonstrate
its usefulness and identify other relevant applications where current
methods may falter.
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Appendix A. Strain energy from MSC nastran

In the commercial software MSC Nastran, used for structural analyses in this study, the quantity called elemental strain energy is computed as
follows for linear elements subjected to temperature variations only [37]

1
Ef= EueTKeue -u’'P, (20)
where u, is the vector of element nodal dofs, K, is the element stiffness matrix, and P,, is the element load vector equivalent to temperature variations.
However, for the mode selection formulation, only the first term of E? in Eq. (20) is relevant [5]

1
E, = EueTKeue 21
Two options are here proposed for getting E, once E; is provided by MSC Nastran. The first one, and probably the easiest, is to obtain u,, P, and
E?¥ as outputs from the analysis, and to simply compute E, as

E,=E! +u] P, (22)

The second option is to enforce the computed u, on the structure as BCs without any other mechanical or thermal load. Since in this second analysis
P, =0, the provided E would correspond to the required E, (Eq. (20)). As noted above, this additional step is required when using MSC Nastran;
however, other software may compute strain energy differently and may not require this correction.

Appendix B. Bases for MM and PCAM

This appendix presents the deformed shapes of the bases used in the MM and the PCAM for shape sensing. Starting with the normal modes of the
MM, the first 11 modes by strain-energy contribution are shown in Fig. 13 and the corresponding strain-energy contributions are shown in Table 6.
These strain energy contributions are computed as described in Section 2 using all available strain sensors.

Then, the first 7 PCA-generated shapes used in the PCAM are plotted in Fig. 14, and the information on the corresponding variance is shown in
Table 7.
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Fig. 13. Plots of the first 11 normal modes of the structure by strain energy contribution. They are all plotted with a scale factor of 0.1.
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Table 6

Strain energy contributions of the first 11 normal modes.
Mode Number Strain energy contribution Cumulative strain energy contribution
6 0.0002167% 0.0002167%
7 0.0000731% 0.0002899%
5 0.0000524% 0.0003423%
73 0.0000511% 0.0003935%
10 0.0000300% 0.0004234%
1 0.0000237% 0.0004471%
13 0.0000151% 0.0004623%
2 0.0000148% 0.0004772%
16 0.0000110% 0.0004882%
17 0.0000084% 0.0004966%
8 0.0000078% 0.0005044%
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Fig. 14. Plots of the first 7 PCA-derived shapes. They are all plotted with a scale factor of 5.
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Table 7
Variances of the first 7 PCA-generated shapes.

Shape Number  Variance Cumulative variance
1 48.28% 48.28%

2 37.59% 85.87%

3 5.02% 90.89%

4 4.08% 94.97%

5 3.28% 98.26%

6 1.27% 99.52%

7 0.477086% 99.999994%

Data availability

Data will be made available upon request.
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