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Abstract

This dissertation studies the role of topology and geometry in the analysis of complex systems,
with a focus on higher-order dynamical models and neural networks. The thesis is divided
into two main parts, which address distinct problems but share a common methodological

foundation rooted in applied topology and discrete geometry.

The first part investigates dynamical processes on higher-order networks, modeled using
simplicial complexes and hypergraphs. After introducing the necessary background in algebraic
topology and topological signal processing, we study Kuramoto-like synchronization models
defined on simplicial complexes, in which oscillators are associated with simplices of arbitrary
dimension and interact via the complex’s adjacency structure. The main contributions of this
part consist in an analytical study of the equilibrium configurations of these models, their
dependence on the strength of the interaction terms, and the stability properties of the resulting
phase-locked states. In the process, particular attention is devoted to disentangling the meaning
of the different interaction mechanisms appearing in the equations, clarifying their interpretation
and their respective impact on collective synchronization. This analysis highlights how the
topology of the underlying simplicial complex constrains the set of admissible equilibria and

shapes their stability properties.

Building on this operator-based viewpoint, we introduce a renormalization-group framework
for higher-order networks based on a novel class of operators, the cross-order Laplacians,
which describe diffusion processes between simplices of different dimensions. Using spectral
and entropic observables derived from these operators, we define higher-order notions of
scale-invariance and propose an explicit higher-order Laplacian renormalization scheme. The
method is validated on synthetic models with known hierarchical structure and applied to real-



vi

world datasets, revealing order-specific scale-invariant signatures and non-trivial higher-order

organization.

The second part focuses on the topology and geometry of the parameter space of ReLLU
neural networks trained by gradient flow. Exploiting the rescaling symmetries induced
by homogeneous activations, we characterize the training-invariant parameter space as an
algebraic variety constrained by conserved quantities. For shallow networks, we show that
this invariant set can be disconnected, leading to a topological obstruction to training that
depends on initialization and can reduce the network’s effective expressivity. We derive exact
conditions for disconnectedness and analytical estimates for the probability of encountering
such obstructions under standard initialization schemes.

We then extend the analysis to general feedforward architectures modeled as directed
acyclic graphs. The invariant set is described as an algebraic variety whose topology depends
on architectural features such as bottlenecks and flow imbalance. We give a complete
characterization of its connectedness properties, identify the singularities of this space
corresponding to effective subnetworks, and show how regularization schemes, particularly
nuclear norm regularization, promote convergence toward such configurations, providing a

geometry-motivated form of structured pruning.
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0.1 Elements of algebraic topology

In this part of the preliminaries, we give a brief overview of the theory of discrete exterior
calculus, whose tools will largely be used throughout Chapters 1 and 2. The exposition loosely
follows the book by Grady [2], together with [3], although with a different notation and a few
differences in the mathematical constructions. The main goal will be to define and explore the
properties of simplicial complexes, a particular class of combinatorial objects that extend the

familiar notion of oriented graph to account for higher-order connections, called simplices.



2 Preliminaries

Simplicial complexes take the role of geometric domains, combinatorial in nature, upon which
one can define the discrete equivalent of differential forms, which we interpret as signals, and

operators that act on them, like derivatives and Laplacians.

It is important to underline that discrete calculus is not just a discretization of differential
calculus. It is possible to discretize (more precisely, triangulate) manifolds with simplicial
complexes in such a way that the discrete objects converge to their continuous equivalents as
the discretization becomes finer and finer. In this setting, discrete calculus can be seen as
a discretization of calculus, useful for performing computations on continuous objects that,
by their nature, cannot be fully described by a computer. Discrete calculus, however, can
be applied to much more general situations and provides tools to work with other kinds of
geometries, such as networks, where there is no notion of an underlying continuous space. This
is the spirit in which the combinatorial theory of simplicial complexes has been successfully

used in network science to address higher-order networks.

0.1.1 Simplicial complexes

Definition 0.1 (Simplicial complex).

Let V be a finite set of vertices. A k-simplex o is a subset {vg,...,vi} of k + 1
vertices in V. A face of o is any subset obtained by removing one of its vertices, i.e.
0—i =1{v0,..., Vi1, ¥;»Vi+1, . . ., Vi y for some i. In this case, we say that o is a superface
of o_;.

An abstract simplicial complex X is a finite collection of simplices that is closed under

the operation of taking faces: if o € X, then all faces of o also belong to X.

We denote by n; the number of k-simplices in X, Xj the set of k-simplices of X, and by K
the smallest integer such that ng.; = 0, called the dimension of the complex. A subcomplex
of a simplicial complex X is simply a subset A C X that is also a simplicial complex.

Geometric realization. By definition, an abstract simplicial complex encodes only combina-
torial information and cannot be directly seen as a topological space in the standard sense, i.e.

a set together with a collection of open sets closed by union and finite intersection [4].

In that regard, it is important to note that the set of subsets X that defines a simplicial

complex is not a topology in this sense. In fact, the single vertices {v} Vv € V always belong
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to the simplicial complex X and thus, if X were a topology, all of their unions would need to

belong to X, resulting in the discrete topology that contains every subset of V.

Therefore, it is important to clarify here in what sense simplicial complexes provide a
combinatorial notion of topology. The idea is that, given an abstract simplicial complex X, one
can construct a geometric realization | X| as a subspace of Euclidean space by gluing together
geometric simplices, i.e. points, segments, triangles, tetrahedra, and their higher-dimensional
analogs. With geometric k-simplex, we denote here the convex hull of k + 1 affinely independent

vectors

k
Conv({ug, ..., ux}) = {Z O:u;
i=0

k
Zeizl,el-zo fori:O,...,k}.
=0

Definition 0.2 (Geometric realization).

Let X be a simplicial complex on a finite vertex set V. An injective map f : V — R is a

geometric realization of X if,

1. for every simplex o = {vg, ..., v} € X, the images f(vg), ..., f(vy) are affinely
independent in R,

2. For any o, 7 € X, Conv(f (o)) N Conv(f (1)) = Conv(f(o NT)).

The geometric realization of X induced by f is the subspace of R? obtained by taking the

union of the convex hulls of the simplices in X mapped through f,

1X| := |_J Conv(f(c)

ogeX

equipped with the subspace topology.

The first property of Definition 0.2 ensures that abstract k-simplices are mapped to
k-dimensional simplices in R¢, avoiding degeneracies arising from points being affinely
dependent. The second property, instead, gives to | X| the structure of a geometric simplicial
complex, ensuring that intersections between two simplices are nonempty only when one is
included in the other or when they share a face, and their intersection will coincide with that
face.
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- == A 4

Fig. 1 a. A small oriented simplicial complex. b. Oriented simplices in their two possible orientations
from order O to 3.

a b

In the following, we will always work with abstract simplicial complexes, while still keeping
in mind their interpretation as geometric realizations. For this reason, we will often refer to
abstract 1-simplices as “edges” — , 2-simplices as “triangles” A, 3-simplices “tetrahedra”

L and so on.

Orientation. A k-simplex o can be oriented by choosing an ordering of its vertices. When
this is the case, we write the corresponding set of nodes using square brackets o = [vq, ..., vi].
Two orientations are considered to be equivalent when they differ by an even permutation, that
is, by an even number of transpositions of elements. Hence, each simplex has exactly two
possible orientations (see Figure 1). For instance, the oriented simplices [a, b, c] and [c, a, b]
have the same orientation, since the latter can be obtained from the former via two swaps:

[a,b,c] — [a,c,b] — [c,a,b].

Remark 0.1 (Induced and coherent orientations). An oriented simplex naturally induces
orientations on all of its faces by restricting the chosen order to the vertices of each face.
For example, the oriented 2-simplex [vo, V1, v2] induces the orientations [vo,vi], [vo,v2],
and [v1,v2] on its faces. Given an oriented simplex o = [vy, ..., vi]| and one of its faces
7 = o \ {vi} with the vertex v; removed, we say that they are coherently oriented v ~ o if
either i is even and the orientation of T is equivalent to the orientation induced by o or, if i is
odd, the orientation of T is not equivalent to the orientation induced by o. Otherwise, we say

that they are not coherent and write T ~ o.

The role of orientations on the simplices will become clear once we start working with
signals defined on top of them. For the moment, it is enough to keep in mind that orientations
are not “physical” quantities, in the sense that any of the two possible orientations is a valid
way to describe the same simplex. Orientations are best thought to provide a reference frame

that is used to measure quantities define on top of the simplices.
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Simplicial signals. Intuitively, we talk about k-dimensional signals to denote functions that
associate a real number to every k-simplex, characterizing, e.g., the state of a dynamical
variable at a given time. O-dimensional signals, in particular, are functions defined on the
vertices of a simplicial complex and are therefore the most natural objects that appear in
graph signal processing [5]. To formalize this intuition, we start by constructing a family of
linear-algebraic objects on top of the simplicial complex. We start with chain spaces, which
are the most natural way to define homology groups and other aspects of the topology of

simplicial complexes.

As a technical point, we note that in the following we will deal with chains and homology
groups with real coeflicients. We do this because it allows us to see the algebraic constructions
through the language of real linear algebra, which may be more familiar to the reader. This
choice, however, is non-standard, as most texts introduce these objects using integer coefficients.
Luckily, there exist results, in particular the universal coefficient theorem (see [6] Chapter 3.A)),
guaranteeing that one can pass from integer coeflicients to real coefficients (or coefficients in
any field F) without losing any of the important aspects that we care about here.

Definition 0.3 (Chain space).

For a simplicial complex X, we denote by Ci (X;R) the real vector space generated by the
oriented k-simplices of X. This space is called the k-th chain space, and its elements,
the k-chains, are formal linear combinations with real coefficients of the k-simplices. By
definition, changing the orientation of a simplex in a chain corresponds to multiplying it
by —1.

A k-chain can therefore be written as the linear combination

X = E XgO

oeXy

with x, € R Vo € X. The orientation property in Definition 0.3 tells us that any chain can be
written as a linear combination of oriented simplices, with each simplex appearing only one

time, irrespective of orientation. For instance, if oo = [vg, v{, v2], we have that

x1[vo, vi, va] + x2[v1, vo, va] = (x1 — x2) [vo, vi, v2],

as [vo, vi,v2] = —[v1, vo, v2]. From this, it is clear that the set of oriented k-simplices of X
forms a basis for Ci (X;R).
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From a physical point of view, the fact that the value of a signal changes sign when
we change the simplex’s orientation, means that simplicial chains are “oriented quantities”.
For instance, let G = (V, E) be an undirected graph with nodes V and edges E. A 1-chain
x € C1(X;R) can be seen as an assignment of a directed flow to each edge. In fact, let us
consider the edge e = [vg, v{] with associated value x, € R. If x, < 0, we can interpret the
chain as describing a flow that is judged to be negative by a reference frame that measures it
going from vg to vi. This, however, is equivalent to seeing the flow as positive in a reference

frame that is “reversed” and measures it going from v to vo. This is captured by the relation

Xe[vo, vi] = =xe[v1, vol.

It is of fundamental importance to keep this intrinsic orientation in mind when dealing
with simplicial signals with the formalism outlined in this section. In fact, neglecting it can

cause unexpected results that can lead to interpretative issues, as we will see in Chapter 1.

Boundary operators. A simplicial complex should be thought of as a set of objects, the
simplices, which are connected by a large number of relations describing their inclusion
and adjacency properties. These relations are usually formalized algebraically through the
definition of a family of linear operators acting on the chain spaces.

Definition 0.4 (Boundary operator).

The boundary operator of order k is the linear map
O : Cr(X;R) — Cr-1(X;R)

defined on the basis elements by

k
ak[VO, °o -,Vk] = Z(_l)] [VO, coo ’vj—1’¢j7vj+la~ 0 ~7vk]a
=0

and extended by linearity to k-chains.

Thus, the boundary of a k-simplex is the alternating sum of its (k — 1)-dimensional faces,

with signs chosen to take orientation into account.

A chain whose boundary is zero is called a cycle. Intuitively, a 1-cycle may represent a
closed path of edges, while a 2-cycle can be thought of as a triangulated closed surface such as
a sphere or torus. A k-chain lying in the image of di, is instead called a boundary (Figure 2).
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Cycle and boundary Cycle but not boundary Neither cycle nor boundary

Fig. 2 (Left) In red, a 1-cycle that is also a 1-boundary. (Middle) A 1-cycle that is not a 1-boundary.
(Right) A 1-chain x that is neither a cycle nor a boundary. In yellow, we represent its boundary 0 x,
which is a O-boundary.

Chain complex. A key structural property of the chain spaces and boundary maps is that
together they form a chain complex:

Ok -1

o
Cxk(X:R) 25 Cxo (XR) 25 - B (X5 R) D Co(XiR) 2 0, (1)

where we set dy = 0. The boundary operators satisfy the following fundamental property:

Proposition 0.1 (Boundary of a boundary).
0k—10r =0 Vk=1,...,K. 2)

Proof. Let us verify it for the basis k-chain representing a single k-simplex:

k
Ok-10k[vo, ..., vi] = Z(—l)j O-1[vos - ¥ oo vid
=0

= > D D s P Vo V]
j<l

+ Z(—l)j(—l)l'l[vo, Vel
Jj>1

=0,

as, if we swap j and [ in the second summation, every term appears twice with opposite
sign. [

This identity in Proposition 0.1, often summarized informally as “the boundary of a
boundary is zero,” frequently appears in mathematics in different scenarios and has deep
implications in physics, appearing in field theories of electromagnetism and gravitation [7]. At
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Fig. 3 Illustration of the chain complex (C,, d.), the fundamental subspaces of the chain spaces, ker d,,
and Im 0,41 and their inclusions derived from Proposition 0.1.

its core Proposition 0.1 is the linear-algebraic formulation of a purely topological fact: given
a topological space X and a subspace Y C X, the boundary of the boundary of Y is always
empty, 00Y = 0.

The chain complex of Equation (1), denoted here by (C,, 0,), is a specific instance of a
more general object composed of a sequence of abelian groups C; and homomorphisms J
between them with the property that Im 9y C ker dx_1, as visualized in Figure 3.

Incidence matrices. When working in practice with these elements, we make use of the
isomorphism Ci (X, R) = R which assigns each basis simplex to an element of the canonical
basis of R"*, and represent chains as ni-dimensional real vectors. Accordingly, we represent
the k-th order boundary operator as a matrix with the so-called incidence matrix. If we order
the k- and (k — 1)-simplices of X (o7;); and (7;);, respectively, we can define the incidence

matrix in the following way.

Definition 0.5 (Incidence matrix).
We define the incidence matrix By € R™*-1>" ag
0 ifr i ¢ o j

Bk(iaj) =141 ifT,' C o andTi ~ 0

-1 if ; Cojand 7; % 0;

where, when 7; C 07, we write 7; ~ o7; if their orientations are coherent. For completeness,
we also define By = 0 € R1>"0,
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Proposition 0.1 is translated to matrix form to
By-1By =0 Vk=1,...,K. 3)

Example 0.1. Consider the abstract oriented simplicial complex describing a filled triangle with

a segment attached, X = {[vo], [v1], [v2], [v3], [vo, vi], [v1,v2], [Vo. v2], [v2, v3], [vo, vi, v2] ).
The incidence matrices are

[voovil  [viv2]l  [vova]l  [v2,vs3] [vo.vi,v2]
[vol -1 0 -1 0 [vo.vi] 1
B, = [vi] 1 -1 0 0 By [vo,va] -1
[v2] 0 1 1 -1 [viva] 1
[v3] 0 0 0 1 [va,v3] 0

0.1.2 Simplicial Homology

In the spirit of algebraic topology, we started with a topological object X and we constructed an
algebraic structure, the chain complex, that captures the aspects of X we care about, namely the
face relations between simplices. This mapping, as we see here, allows us to derive important

topological invariants of the simplicial complex, using the language of linear algebra.

These invariants are named homology groups and, in our case, they are a family of
vector spaces that intuitively contain information about the presence and number of holes
and high-dimensional cavities in X. The algebraic formulation that we see gives an elegant,

computationally tractable solution to the topological problem of formalizing what a hole is.

Definition 0.6 (Simplicial homology groups).

Let X be a simplicial complex and let (C,, ds) be its chain complex. Its k-th homology
group with real coefficients is the vector space

ker 0

Hi(X;R) = I Os)
+

where the quotient is intended as a quotient of vector spaces.

Note that the quotient in Definition 0.6 is well-defined because Proposition 0.1 is equivalent
to stating that Im di4; C ker 0y for every k.
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Let us unpack Definition 0.6 and try to interpret in the light of the previous discussion.
Elements of Hy(X;R), named homology classes, are equivalence classes of cycles (elements
of ker dy) up to the addition of boundaries (elements of Im dy1). Two immediate consequences

of this are the following:

1. all the cycles that are also boundaries belong to the null homology class x € Im 0+ =
[x] = [0] and are said to be null-homologous. Boundaries, in fact, can be seen as cycles

that bound filled portions of space and thus do not contain holes;

2. two cycles x,y € kerd; belong to the same homology class [x] = [y] (they are
homologous) if they differ by a boundary, i.e. there exists a (k+1)-chain z € Ci41(X;R)
such that x — y = Ji41z. Intuitively, this means that any cycle can be “deformed” by
moving part of it along a filled portion of space. In this sense, the homology group, is
able to capture the topological properties of X. See Figure 4 for a visualization of this
fact.

Fig. 4 A 1-cycle on a simplicial complex (left) is homologous to the same cycle with a boundary added
to it (right).

Therefore, a hole in X is defined through the homology groups as a nonzero homology class,
i.e. a cycle that is not a boundary. The number of such holes can be quantified in the following

way.

Definition 0.7 (Betti numbers).
The dimensions of the homology groups of X are called Betti numbers and are denoted
by Br = dim Hy (X;R).

Let us compute the homology groups for some simple simplicial complexes to get an idea

of their meaning.

Example 0.2 (Simple homology computations). ® 1. For a single point X = {[vo]} we have

the chain complex
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R ifk=0

resulting in Ho(X;R) = 190 = L = R, Hy(X;R) =

0 otherwise

oo 2. Forasingle edge X = {[vo], [vi], [vo, v1]} we have the chain complex

P P
G s Co —— 0

Al di

R R?
with d1[vo,vi] = [v1] — [vo] and rank 9; = 1,ker 9, = O, resulting in Hy(X;R) =

R ifk=0
%ERandHl(X;R):MﬁO, Hi(X;R) = /

Imo, — . '
g 0  otherwise

~

oo 3. For the disjoint union of a point and an edge X = {[vo], [v1], [v2], [v1,Vv2]} we

have the chain complex

2l 2l
R R3
with 01 [v1,va] = [v2] — [v1] and rank 9; = 1,dimker 0, = O, resulting in Hy(X;R) =
R? ifk=0

3
L > R2and Hi(X;R) = &2 = 0, Hi(X;R) =

0 otherwise

~

A 4. For an empty triangle X = {[vol, [vi], [v2], [vo, vi], [v1, v2l, [vo, v2]} we have

the chain complex
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Ci > Co > 0
Al Al
R? R3
Here, 01 can be represented in the basis of simplices by the incidence matrix By =
vovil  [vi,va]l  [vo,val
[vol -1 0 -1
[vi] 1 -1 0 which we can use to see that rank 01 = 2 and dimkero0; = 1,
[v2] 0 1 1

resulting in Hy(X;R) = lfgg? = E—z ~ R and H(X;R) = k& ~ % =R,

R ifk=0
H,(X;R)={R ifk=1

0 otherwise

A 5. For a filled triangle X = {[vo], [v1], [v2], [vo, V1], [v1, v2], [Vo, V2], [vo, v, va]}
we have the chain complex

dl dl dl

R R3 R3
Here, 0, is the same as above and 0, be represented in the basis of the simplices by the incidence
[vo,vi,v2]

[VO,Vl] 1
matrix By = [vi,vs] 1 , which we can use to see that rank 0, = 1 and dimker 9, = 0,

[vo,v2] -1

. . 3
resulting in Hy(X;R) = lfgg? =L =R H|(X:R) = ll‘frfgzl = 2 = 0and Hy(X;R) = %332 =
0,
R ifk=0

Hy(X;R) = .
0 otherwise
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The simple computations in Example 0.2 allow us to gather some important insights about

the kind of information that is captured by simplicial homology groups.

First, notice that almost all the simplicial complexes examined have the 0-th homology
group Hyp(X;R) = R, except for the disjoint union of a point and an edge (Example 0.2
n.3) that has Ho(X;R) = R2. The reason for this is that the 0-th homology group has to do
with the connectedness of the simplicial complex X. In fact, all of the simplicial complexes
described—the point, the segment, and the two triangles—are all connected, while the union
of a point and an edge is disconnected and has two connected components. Hence, we can

infer that the zeroth Betti number S (X) computes the number of connected components of X.

Second, the only simplicial complex described that has a nonzero first homology group
H{(X;R) # 0is the empty triangle (Example 0.2 n. 4). This is because it is the only one that
contains a 1-dimensional cycle (intuitively a closed loop) that is not a boundary of a filled,

two-dimensional region, i.e. a 1-dimensional hole.

These observations allow us to make the following general remark.

Remark 0.2 (Interpretation of homology groups). The k-th Betti number of a simplicial
complex counts the number of k-dimensional holes present in it. In particular, By counts the
number of connected components ¢®, B the number of loops (like the one in a circle O), B2

the number of 2-dimensional cavities (like the inside of a sphere ©) ), and so on.

0.1.3 Singular homology

Before going back to simplicial complexes, it is useful to introduce the construction of
homology for general topological spaces, which will be used in Chapters 3 and 4 when dealing
with the optimization spaces of neural networks. The singular theory mirrors the simplicial one
extremely closely: one defines chains, boundary maps, a chain complex, and then homology

groups.

The fundamental difference is that, as we are working with a generic topological space
X, we need to find a suitable notion of simplex upon which chains can be built. This role, as
we see now, is taken by singular simplices, defined as continuous, possibly self-intersecting
(hence the name “‘singular’’) maps from the standard geometric simplex to X.
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Definition 0.8 (Singular simplex).

Let X be a topological space. A singular k-simplex in X is a continuous map
o AF— X ,

where AF is the standard geometric k-simplex in R¥*!.

We denote by Czing(X ;R) the real vector space generated by all singular k-simplices in
X. Its elements are called singular k-chains and, just as in the simplicial case, they can be

written as finite, formal linear combinations

X = incr,-, a; € R,
i

of singular k-simplices o7.

The boundary operator is defined as in Definition 0.4 as acting on a singular simplex by
taking an alternated sum of its faces. For each 0 < j < k, let ¢; : Ak=1 < AK be the affine
map that omits the j-th vertex and maps the standard (k — 1)-simplex to the j-th face of the
standard k-simplex. The singular boundary operator

O : CO"¥(X;R) — CI"¥(X;R)

is defined on a singular simplex o by
k .
dor =Y (1) 7 ooy,
j=0

and extended linearly to all chains. The same computation as in Proposition 0.1 shows that
Ok-10r =0,

so that the sequence (CS™(X;R),d.) forms a chain complex, called the singular chain
complex of X.

The k-th singular homology group is defined as the quotient

ker 0y
Im Oy

H"(X;R) =
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Intuitively, HZing(X ;: R) measures k-dimensional holes in X: closed k-dimensional surfaces
(cycles) modulo those that are the boundary of a (k + 1)-dimensional region.

The Kiinneth formula. Later, we will need to compute the homology groups for the Cartesian
products of topological spaces. The appropriate tool to do this is given by the Kiinneth

formula, which (in its simplest form) states the following.

Theorem 0.1 ([6] Corollary 3B.7). Let X,Y be topological spaces, then

HY"™(xxY) = P (Hj}“g(X) ® H;i“g(Y)).
p+q=n

Thus, the homology of a product decomposes as a direct sum of tensor products of the
homology groups of the factors. The interpretation of Theorem 0.1 becomes clear if we focus
on the Betti numbers (Definition 0.7) of the product space. To do that, we employ the following

important object.

Definition 0.9 (Poincaré polynomial).

The Poincaré polynomial of a topological space X is the generating function of its Betti

numbers, that is

px(t) = Zﬂkfk :,30+,31t+,32t2+...

k>0

Then, it is possible to prove that, as a consequence of Theorem 0.1, the Poincaré polynomial
of a Cartesian product of spaces can be written as the product of the polynomials of the factors.
This gives us a simple way to compute the Betti numbers of a product, given the Betti numbers

of its factors.

Corollary 0.1. Let X, Y be topological spaces and px(t), py(t) be their Poincaré polynomials.
Then it holds that

Pxxy(t) = px(t)py(2).

Example 0.3 (Torus). Let us consider, as a simple example, two circles X = S Uy =S whose

Cartesian product we know to be the torus X x Y = S' x S!.
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Given that S' has one connected component and a single 1-dimensional hole, we have that

R ifk=0,1
Hi (X;R) =
0 otherwise

and the Poincaré polynomial is px(t) = py(t) = 1 +t. Applying Corollary 0.1, we are able to

deduce that the Poincaré polynomial of the torus is
Pxxx(t) = px()® = (1+1)> = 1+ 2t + 1%, 4)

In Equation (4) we see that a torus has one connected component, two I-dimensional holes

and one 2-dimensional hole, corresponding to its inside cavity.

0.1.4 Homotopy equivalence

Homotopy theory provides a notion of equivalence between topological spaces that is weaker
than homeomorphism and is designed to capture their global, topological features without
looking at their local information. Intuitively, two spaces are considered the same from the
viewpoint of homotopy theory if one can be continuously deformed into the other without
tearing or gluing. Contracting a subspace to a lower-dimensional one, an operation that would
be forbidden for a homeomorphism, is allowed in homotopy. This idea is formalized by
homotopies between continuous maps and leads to the notion of homotopy equivalence, which
plays a central role in algebraic topology.

Definition 0.10 (Homotopy).

Let X, Y be topological spaces. Two continuous maps fy, fi : X — Y are homotopic if
there exists a continuous map F : [0, 1] X X — Y such that F (0, ) = fy and F(1,-) = fi.
F is said to be a homotopy from fj to f;.

Definition 0.11 (Deformation retraction).

Let A C X be topological spaces. We say that A is a deformation retract of X if there
exists a homotopy from the identity map of X to a retraction of X onto A, i.e. a continuous
mapr : X — X suchthat r(X) = Aand r|4 = 1.
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A retraction is a special case of the more general notion of homotopy equivalence between

topological spaces.

Definition 0.12 (Homotopy equivalence).

A continuous map f : X — Y is called a homotopy equivalence if there exists a continuous
map g : ¥ — X such that f o g is homotopic to the identity on Y and g o f is homotopic
to the identity on X.

It follows that a homeomorphism is a homotopy equivalence, since one may take g = !
and obtain that the compositions f o g and g o f are equal (and hence homotopic) to the

respective identity maps.

We now provide, without proof, a central result in algebraic topology that establishes the
invariance of homology to homotopy equivalence.

Theorem 0.2 (Homotopy invariance of homology, Corollary 2.11 in [6]). Let X,Y be

topological spaces. If there exists a homotopy equivalence between X and Y, then

H"*(X;R) = H"(Y;R) Vk € N.

A particularly important special case is given by contractible spaces. A topological space
X is said to be contractible if it is homotopy equivalent to a single point, or equivalently,
if the identity map on X is homotopic to a constant map. Contractible spaces are, from the
homotopy-theoretic perspective, topologically trivial: they contain no nontrivial holes or
cycles.

As aconsequence, all reduced homology groups of a contractible space vanish. In particular,
if X is contractible, then Hy(X) = O for all kK > 0, while Hy(X) = R, reflecting the fact that X
has a single connected component. This observation will be used repeatedly as a baseline for
identifying nontrivial topological structure.

0.1.5 Relative homology

We now briefly introduce some simple elements of relative homology, a refinement of
standard homology that allows us to compute the topological signatures of a simplicial

complex/topological space while ignoring some of its data. As we will see in Chapter 4, this
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naturally comes up when working with feed-forward neural networks, where input and output
neurons need to be ignored.

In the following, we will talk about simplicial complexes and subcomplexes, with the

understanding that they can be replaced by topological spaces and subspaces with some care'.

Let us consider a simplicial complex X and a nonempty subcomplex A € X. We define
the relative chain space of the pair (X, A) as the quotient space

Cv(X5R)

Cr(X,A) = CAR)

which is well-defined due to the natural inclusion C;(A;R) C Ci(X;R) that follows from
every simplex in A being also a simplex in X. The elements of Cj (X, A), note, are equivalence
classes of chains in X such that two chains are equivalent if their difference is a chain in C(A).
Therefore, with this construction, we are effectively “ignoring” the parts of the signal that are
defined on A.

The boundary operator (Definition 0.4) 9y naturally induces a quotient boundary operator
on the relative chain spaces, d : C; (X, A) — Ci-1(X, A) giving us a chain complex

ak+1

d
- = Cri (X, A) = Ce(X, A) = Ciea (X, A) — ...
where, once again, 0y o dx4+1 = 0. This allows us to define yet another homology group.

Definition 0.13 (Relative homology group).
The relative homology group of the pair (X, A) is the quotient space

ker(0k: Ck(X,A) — Cr-1(X, A))
Im(0k+1 . Ck+1(X, A) - Ck(X, A))

Hk(X’ A) =

To get some intuition about what relative homology is computing, we can state an interesting
result that shows how relative homology can be written in terms of standard homology of a

different space.

Before, we need to briefly introduce the concept of reduced homology. Reduced homology

is a slight modification of homology that is sometimes convenient. The idea is that one modifies

'In general, we require (X, A) to be a good pair, i.e. such that A is a deformation retract of some neighborhood
in X. See Proposition A.5 in [6] for a proof that, if A is a nonempty subcomplex of a simplicial complex X, then
(X, A) is a good pair.
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the “end” of the chain complex by adding an extra R term in the following way:
d d
5 G(X;R) 3 C1(X;R) D Co(X;R) SR — 0, (5)

where (3, xo0) = X Xs € R. In this way, we have that £ o 9; = 0 (and thus Equation (5)
is still a chain complex) and, when computing reduced homology H(X), the only group that
changes is the one of order zero

kere :
- e ifk=0
Hi(X;R) = { md .
H;(X;R) otherwise

In practice, given that we are working with real coefficients, things are simplified and we have

that
R Ho(X;R)

Im@l - R

and thus the only difference is that the dimension of the reduced homology group of order O is

FI()(X;R) =

equal to the dimension of the standard homology group of order 0, decreased by one.

We are now ready to formulate a characterization of simplicial relative homology that will

be useful in Chapter 4.

Proposition 0.2 (Proposition 2.22 in [6]). Let A C X be a nonempty subcomplex of the

simplicial complex X, then

Hi(X,A) = H(X/A) Yk > 0.

Therefore, Proposition 0.2 tells us that relative homology can be seen as the standard
homology of a quotient space, where the subcomplex A is glued together as a single point.
Doing this operation, note, can result in X /A losing the structure of a simplicial complex, and
thus a more refined, technical version of simplicial homology (dealing with CW complexes)
is required. Here, we refrain from getting into the details and just mention that most of the
constructions and interpretations are virtually equivalent. We refer the interested reader to

Chapter 2 of Hatcher’s book [6] for a complete exposition.

Example 0.4 (Feed-forward neural network). As a clarification of the concepts described in
this section and in anticipation of Chapters 3 and 4, we give an example of relative homology

applied to a simple feed-forward neural network.
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For now, a feed-forward neural network is simply a directed acyclic graph G = (V, E) with
a set of input nodes Vy such that they have no edges coming in and a set of output nodes V¢

with no edges coming out.

G GOV
®

Vi ® @ -® o ® @
@

Fig. 5 Left. Feedforward neural network G described in Example 0.4. Right. The quotient graph
G/oV.

Let us consider the simple network G = (V, E) depicted in Figure 5 with input nodes
Vi ={[v1l], [v2]}, output nodes Vo = {[vs]} and edges oriented according to their direction

E = {[vi,v3], [v2, v3], [v3,v4], [v4, vs]}.

Let us interpret G as a 1-dimensional oriented simplicial complex, define 0V = V; U Vp
the set of input and output nodes (which we interpret as a subcomplex), and let us compute the
relative homology groups of the pair (G, dV).

The relative chain complex of the pair (G, dV) is given by:

C1(G,8V) o v Co(G,dV)
14 14
C1(G;R) & » Co(G;R)/Co(V;R)
Il 14
span{[1,3], [2,3], [3,4], [4,5]} ——2—— span{[vs], [va]}

where C1(G,dV) = C1(G;R) as the subcomplex of input-output nodes 0V contains no
edges, and we are identifying the quotient Co(G;R)/Co(0V; R) with the subspace of Co(G;R)
generated by the nodes not contained in 9V, i.e. span{[v3], [v4]}. The boundary operator 0,
acts on edges mapping them to the relative chain space Cy(G, dV) in the following way:

O1[vi,vs] = [va] = [vi] = [vs], O1[va,v3] = [v3] = [v2] = [v3], (6)
O1[v3,val = [va] = [v3l, O1[va,vs] = [vs] = [va] = —[v4] (7N
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because in the quotient space we are identifying the nodes in 0V, i.e. [vi], [v2], [vs], with
0. Therefore, we can represent 0V with the relative boundary matrix obtained from B by

removing the rows associated to the nodes in 0V.

[vioval  [va,vas]l  [vava]l  [va,vs]
b p -0 00 pival [vaws] [vaval  [vavs]
[vz] O _1 0 O 1,V3 2,V3 3,V4 4,V5
~ [v3] 1 1 -1 0
Bi =[vs] 1 1 -1 0 = B =
[va] 0 0 1 -1
[v4] 0 0 1 -1
[vs] 0 0 0 1
From here it is clear that
Ho(G, V) = Co(G.0v) R R 0; (8)
03N> N Im 04 - Rrankél T R2T 7T
ker 0 ~ 5
H\(G,8V) = 9L & kerd, = RémkerBi & g2 )
Imaz

Alternatively, we can apply Proposition 0.2 to see that H| (G, 0V) = H|(G/dV), where G /dV,
represented in Figure 5, is a multigraph obtained by merging input and output nodes and

contains exactly two I-dimensional cycles.

We can interpret the presence of two relative 1-dimensional holes by noticing that there
are two independent paths from inputs V; to outputs Vo. These two paths, in fact, become
cycles when we merge inputs with outputs in the quotient G /dV.

To summarize, this shows how we can use relative homology to count independent paths

from a given source to a given destination.

0.2 Elements of topological signal processing

0.2.1 Topological signals and the cochain complex

In discrete topology, chains represent oriented geometric domains built from simplices.
Topological signals, however, are more naturally thought of as real-valued functions supported
on simplices. This viewpoint is captured algebraically by a dualization of the chain complex.
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The resulting objects, known as cochains, play the analogous role of discrete differential forms
and serve as the natural setting for topological signal processing.

We note that, in general, passing from chains to cochains and from homology to cohomology
leads to vastly different objects that allow topologists to derive different results. As it often
happens in this thesis, we only care about finite dimensional simplicial complexes and algebraic
structures with real coefficients, resulting in everything being greatly simplified.

Cochains.

Definition 0.14 (Cochain space).

Let Cr(X;R) denote the space of k-chains. The k-th cochain space is defined as its dual,
CK(X;R) := Hom(Ci(X;R),R) = {x : Cx(X;R) — R| x linear},
whose elements are real functions from the chain space to R.

Since every finite-dimensional vector space has the same dimension of its dual and is thus
isomorphic to it, chains and cochains are naturally identified by taking as a basis of C*(X;R)
the cochains that are supported on the single k-simplices. For every k-simplex o € Xj, we
define the basis cochain

1 ifr=c0

6:Cr(X;R) >R, 6(r) = (10)

0 ifr£o

and write any cochain as

X = Z X, 0.

oeXx

Coboundary operator and cohomology. Once the chain spaces are dualized, we can
also dualize the boundary operator (Definition 0.4) by taking its transpose. This yields the
coboundary operator which naturally acts in “reverse”, sending a k-cochain to a (k+1)-cochain.
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Definition 0.15 (Coboundary operator).

The k-th coboundary operator is the linear map

d* . Cc*(X;R) — CM(X;R)

x+— d*x:=xo0 Ok+1

It is not hard to check that the coboundary operator is represented in the basis of the

simplices with the matrix transpose of the boundary matrix.

Definition 0.16 (Coboundary matrix).
We call coboundary matrix the matrix DX € R+ > defined as
ko._
D" :=Bj,,.
If cochains are to be thought of as differential forms, the coboundary operator is the analog
of the differential operator. Let us get some intuition with a simple example.

Example 0.5 (Coboundary of a 0-chain). Let us consider a 0-cochain x € C®(X;R). This can
be interpreted as a real function on top of the vertices of X. If we evaluate its coboundary
d’ € C'(X;R) on an edge [vo, vi] we see that (dox)[v(),vl] = x1 — xo. The coboundary of a
0-cochain x thus encodes on each edge the local difference in the value of x on its endpoints.

In this sense, we can see d° as a discrete “gradient” operation on functions.

As with chains and boundaries, we can show that the coboundary of a coboundary is zero.

Proposition 0.3 (Coboundary of a coboundary). It holds that
dk+1dk =0
Proof. Letx € C¥(X;R) be a k-cochain.

d** ' d*x = (d*x) 0 Brsz = (x 0 Fgs1) © sz = X © (Dge1 © Frs2) = 0,



24 Preliminaries

Proposition 0.3 allows us to build the cochain complex

dK71 dK72

1 0
cK(x:R) &£ K lx:r) E— . Lol (x:R) & V(X R) (11)
now characterized by the property Im d* C ker d**!, and define the cohomology groups
H*(X;R) := ker(d¥) /Im(d*™")

defined as the space of cocycles modulo the space of coboundaries.

Analogously to De Rham’s theory [8], we can take a differential-geometric point of view
and think of the cohomology group as measuring the obstructions to integrating discrete
potentials. In fact, if H k (X;R) is non-trivial, it means that there exists a cocycle x that cannot
be written as a coboundary iﬂy € Ck‘l(X ;R) - dk1 y = Xx, or, in other terms, a closed form
that is not exact.

Over the reals, it is possible to prove that cohomology groups are isomorphic to the
homology groups Hy (X;R), so both viewpoints carry the same topological information about

the presence of holes in X.

Proposition 0.4 (Isomorphism between real homology and cohomology). For every finite

simplicial complex X and every k, the real homology and cohomology groups
Hiy(X;R)  and  HN(X;R)
are isomorphic.

Proof. Let Cy = Cx(X;R) and C* = C*(X;R).

For any subspace V C Cj we denote by V° = {(p eCrh:p(v)=0Vve V} its annihilator.
Duality of the boundary-coboundary operators (Definition 0.15) implies that

ker d* = (Im 841)°, Im d*~! = (ker 6y)°.
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Using the facts that dim V+dim V° = dim C}, and that all chain spaces are finite-dimensional,

we can write

dim H* = dimker d* — dim Im d*~!
= dim(Im dk1)° — dim(ker 9y )°

= dimker 0y — dim Im 04 = dim H.

Hence H* and H; are finite-dimensional real vector spaces of the same dimension and are

therefore isomorphic. ]

From now on, we will mainly work with cochains and cohomology.

Weights as inner products. Just like it is sometimes useful to transform a graph to a
weighted graph by assigning weights to its edges, it is possible to weigh a simplicial complex

by assigning weights to its simplices.

The formal and elegant way to do this is to endow each chain space with a non-trivial inner
product. We will see how this generalizes standard constructions in graph theory like the
normalized and weighted Laplacian matrices.

k

k . ..
nk)’ where w; > 0 is the positive

Let us define the diagonal matrices Wj = diag (w’l‘ e W

weight associated to the i-th k-simplex.
Definition 0.17 (Weighted inner product).

Given two k-cochains x,y € Ck(X ;R), represented in the basis of simplices as ng-

dimensional vectors, we define their weighted inner product
@Yy =x W'y
which induces the norm [|x[| () = /{x, X)(x).-

With this choice, the cochains associated to the simplices ¢ form an orthogonal basis of

the chain space, but not an orthonormal one as ¢; will have length \/#_k
Wl

Having introduced the inner product, we added an additional layer of structure on the
cochain space that makes (C*(X;R), (-, “)(x)) a (finite dimensional) Hilbert space [9]. Hilbert
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spaces are richly structured and well-behaved objects, where it is possible to define angles,

orthogonality and lengths of vectors.

In particular, the inner product allows us to define an analogous of the boundary operator

(Definition 0.4) for cochains that takes a k-cochain and returns a (k — 1)-cochain.

Definition 0.18 (Adjoint coboundary).

We call adjoint coboundary the operator
O : CK(X;R) - C*1(X;R)

defined as the adjoint of d*~!, 9y = (d*~)*, i.e. the unique operator such that for every
x € C*1(X;R) and y € C¥(X;R)

(d*1x, ¥Y ) = X Oy k-

From the adjointness between 9 and d¥~!, we can easily derive the matrix representation

of 0 that allows us to work with it in practice.
(@', 0y =xTBeW 'y = x "W Wi BeWy = (e 0k ey
where we see that J;, is represented by the matrix
B* = Wi B W, (12)

Remark 0.3 (Uniform weights). Note that if the weights assigned to the simplices are all equal
to 1, then Wy = I,, Yk and the matrix representation of the adjoint coboundary (Definition 0.18)
is the same as the boundary, i.e. B* = By. For this reason, when it is clear that we are working

with cochains we will call the adjoint coboundary simply “boundary”.

0.2.2 Hodge Laplacian on cochains.

Armed with inner products, boundaries, and coboundaries, we are ready to define the central

object in topological signal processing: the combinatorial Hodge Laplacian [10].
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Definition 0.19 (Hodge Laplacian).

Let X be a finite, weighted simplicial complex; the combinatorial Hodge Laplacian
acting on cochains is the linear map

Lk ch(x;R) - cH(X;R)

defined as
-[:k — ak+1 Odk +dk—l Oak,

represented in the basis of the simplices by the matrix

The combinatorial Hodge Laplacian is a very special operator with multiple nice properties.
We start by seeing how the construction we made includes the weighted and unweighted graph
Laplacian as a special case.

Remark 0.4 (Graph Laplacian). Let G be an oriented weighted graph with adjacency matrix
A. We can think of it as an oriented simplicial complex with edge weights Wy given by 1/A;; if
A;j # 0. Then, if D = Al is the degree matrix, the weighted graph Laplacian L = D — A is
equal to the 0-th Hodge Laplacian L° and is independent of the orientation chosen for the
edges. In fact,

L"=B'D’ =w,B,W;'B| = ByW;'B]

If one puts weights on the vertices of G equal to the inverse degrees Wy = D™\, we see that
L0 = D‘lBlB{ = D7'L =1 — D7'A is the standard normalized Laplacian associated with
random walks.

To interpret this operator further, we can see that its associated quadratic form measures
the “smoothness” of a cochain.

Remark 0.5 (Hodge Laplacian quantifies smoothness). The quadratic form {x, L"x>(k) can

be interpreted as measuring the “smoothness” of the cochain x € C*(X;R). In fact, we can
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leverage the definition of adjointness to see that

(x, LEx) ) = (x, 0" dFx) gy + (e, ¥ 0Fx)
= (d"x, d" x)(psr) + (8"x, 0" X))

2 2
= ||dkx||(k+l) + ||‘9kx||(k-1)

which can be interpreted as measuring how much x varies along (k + 1)-simplices (first term)

plus how much it varies along (k — 1)-simplices (second term). Therefore, {x, ka)(k) is small

when the function x varies smoothly from one k-simplex to the other.

Let us state some basic properties of £* without proof.

Proposition 0.5 (Basic properties of the Hodge Laplacian). The following properties hold for

the combinatorial Hodge Laplacian:

. LF is a self-adjoint operator w.r.t. the inner product -, k) (LK = £k If the

complex has uniform weights, this means that the Hodge Laplacian matrix is symmetric
Lk = ( Lk)T.

. Lk is a positive semi-definite operator <.£kx,x)(k) > 0 Vx € C*(X;R).

. Due to the spectral theorem for self-adjoint operators, there exists an orthonormal (w.r.t.

(- )(k)) basis of C*(X;R) of eigenvectors of L* and the eigenvalues of L* are real and

non-negative.

. It holds that ker £* = ker % N ker d*.

When working with this object in practice, properties 1,2 and 3 of Proposition 0.5 can be

translated to matrix form in the following way:

L (LY =W (LH™W ! = LF = Wi LF = (L)W, = WL is symmetric;
2. xT(Lk)TWk_lx > 0 Vx € R,

3. LFcanbe diagonalized as Lk = VAVTWk_ I where A = diag(4y, ..., 4,,) is the diagonal

matrix of its non-negative eigenvalues, V = [vy,..., v, ] is a square matrix whose

columns form a (-, -)(x) -orthonormal basis of eigenvectors of L*. This means that
Tw-ly —

VIWV =1y,
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Property 4 is of particular interest because it tells us that cochains in the kernel of the
combinatorial Hodge Laplacian are the ones that are at the same time cycles and cocycles.
This property will turn out to be particularly important because of its deep connection with the

topology of the simplicial complex.

Definition 0.20 (Harmonic cochains).

A k-cochain x € C¥(X;R) is said to be harmonic if £¥x = 0. The space of harmonic
cochains ker £* is called the k-th harmonic space of X.

The following Hodge decomposition theorem provides a fundamental structural result
for signals defined on a simplicial complex. It states that any k-cochain can be uniquely
decomposed into three orthogonal components: a gradient (coboundary) part arising from lower-
dimensional interactions, a curl (boundary) part induced by higher-dimensional interactions,
and a harmonic part capturing global, topological features of the underlying space. This
decomposition generalizes the classical Helmholtz decomposition for vector fields, where a
field is split into irrotational, solenoidal, and harmonic components, to arbitrary dimensions
and combinatorial settings.

Theorem 0.3 (Hodge decomposition). Given a finite simplicial complex X, the k-th cochain

space can be decomposed into three orthogonal subspaces:
C*(X;R) = Im0**' @ ker L¥ ® Imd*~!,

meaning that every k-cochain can be uniquely written as a sum of a boundary, a coboundary

and a harmonic cochain, which are all orthogonal w.r.t. (-, '>(k)-

Proof. We start by decomposing the cochain space as the orthogonal sum of the harmonic
space and its orthogonal and apply Property 4 in Proposition 0.5:

C*(X;R) = ker LF @ (ker LX) = ker £* & (ker 8% N ker d*)*
=ker L* & ((ker 8%)* + (ker d*)™)
= ker £F & (Im(8%)* + Im(d¥)")
=ker £L¥ @ (Im ¥~ + Im 6%*1).
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We just need to show that Im d¥~! L Im 0**!. Let x € C*"1(X;R),y € C**1(X;R)
(dx, 0" )y = (d*d V) ary = 0
due to Proposition 0.3. ]

We can use the Hodge decomposition to easily prove a fundamental result that establishing
an isomorphism between cohomology classes and harmonic cochains. This statement, often
referred to as the discrete Hodge theorem, asserts that every cohomology class admits a unique
harmonic representative and that the space of harmonic cochains is naturally isomorphic to
the cohomology of the simplicial complex with real coefficients. In direct analogy with de
Rham’s theorem in the smooth setting, this result provides a discrete correspondence between

topological invariants of the underlying space and particular signals defined on that space.

Theorem 0.4 (Harmonic space and cohomology). Given a finite simplicial complex X, the

k-th harmonic space is isomorphic to the k-th real homology and cohomology groups
ker £LX = H*(X;R) = Hy(X;R).
Proof. We can decompose the cochain space in the following way
C*(X;R) = kerd* & (ker d*)* = ker d* & Im 9**!.

Matching this with the Hodge decomposition (Theorem 0.3) tells us that ker d* = ker £X @
Im d*~'. We now quotient out Im 4*~! and get that ker £* is isomorphic to the cohomology
group H*(X;R) = ker d¥/Im d*~1. ]

If we take Theorem 0.4 together with Remark 0.5, we can see that the harmonic forms that
capture the topology of X are the “smoothest” possible signals on X, in the sense that they do

not vary along (k — 1) and (k + 1)-simplices.
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From networks to higher-order networks. Many complex systems consist of large col-
lections of interacting units whose collective behavior cannot be understood by studying
the components in isolation. Network science emerged from the understanding that local
interaction rules are often not enough, and substantial information about the system can be

found in the global structure of interactions.

By representing interacting units as nodes and their interactions as edges, networks provide
a flexible and expressive language for encoding arbitrary patterns of connectivity [11]. Within
this framework, a wide range of structural principles—such as small-world organization [12]
and scale-freeness [ 13]—and dynamical phenomena—such as synchronization [14—16] and
spreading processes [ 17]—have been systematically analyzed. A key insight of this body of
work is that collective behavior is not determined solely by interaction strength or microscopic

rules but can depend crucially on the architecture of the interaction network itself.

Despite these successes, standard networks suffer from a fundamental limitation. Because
they are built exclusively from nodes and edges, they can encode interactions only at the
pairwise level. In many real systems, however, interactions are intrinsically group-based,
involving three or more units simultaneously. For example, a social tie binding a group of
friends cannot be faithfully reduced to a set of independent pairwise friendships; similarly, in
chemistry, a reaction may require the simultaneous presence of multiple reagents, not merely
their pairwise compatibility. In such cases, decomposing group interactions into pairs obscures
the logic of the underlying process and can lead to misleading conclusions.

Empirical evidence of genuinely higher-order interactions has now accumulated across
disciplines, including neuroscience [18-20], social science [21, 22], and ecology [23-25].
These observations have driven a methodological shift toward higher-order networks, which
explicitly encode interactions among arbitrary subsets of nodes [26, 27].

Higher-order interactions can be formalized using several mathematical frameworks, most
notably hypergraphs and simplicial complexes [28]. Hypergraphs offer maximal expressive
power by allowing arbitrary subsets of nodes to interact. This generality, however, comes at
the cost of substantial computational complexity and limited analytical tractability. Simplicial
complexes impose an additional structural constraint: the presence of a group interaction implies
the presence of all its lower-order sub-interactions. While less flexible, this structure enables the
use of tools from combinatorial topology and discrete geometry, where simplicial complexes
were originally defined as simple, computationally treatable objects that can approximate more
complex objects [6]. In this setting, a higher-order network can be interpreted as a graph

augmented by triangles, tetrahedra, and higher-dimensional simplices, forming a geometrical
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object over which notions such as derivatives, Laplacians, and diffusion can be rigorously
defined [2, 29, 30].

The shift from pairwise to higher-order interactions is not merely representational. It
has been shown to qualitatively alter dynamical behavior, inducing phenomena such as
multistability [31] and explosive transitions [32, 33] that are absent in the analogous purely
pairwise models [34]. Within this growing literature, it is useful to distinguish between two
complementary perspectives. The first extends traditional dynamical systems by endowing
nodes with higher-order coupling terms, studying how group interactions modulate nodal
dynamics [35-39, 28, 40-44, 38, 45-49]. The second, more topological perspective (which we
adopt in Chapter 1) relaxes the classical distinction between interacting units and interactions.
Here, edges, triangles, and higher-dimensional simplices are promoted to dynamical entities in
their own right, each carrying independent degrees of freedom [33, 50-53]. Dynamics thus
can unfold across multiple interacting topological objects, rather than being limited to nodes

alone.

This viewpoint provides the foundation for the first contribution of this thesis, developed in
Chapter 1, where we analytically study the higher-order topological synchronization model
proposed in Ref. [33], following the work of Ref. [54]. By allowing synchronization dynamics
to occur on simplices of different dimensions, we derive the conditions under which collective

topological synchronization, which is different from standard synchronization, can emerge.

Network renormalization. In statistical physics, the renormalization group (RG) provides a
systematic way to relate microscopic interactions to macroscopic behavior, identifying universal
properties that persist across scales [55]. Naturally, the field has seen a great effort in trying to
extend RG techniques to networks [56-63]. Doing that, however, has proven to be challenging
because networks typically lack a meaningful notion of distance that can be leveraged to
perform a meaningful coarse-graining of its variable. In small-world systems, nodes remain
only a few steps apart regardless of system size, undermining classical spatial coarse-graining
[64]. Two successful approaches tackle this problem either by equipping the network with
a suitable notion of geometry (e.g. hyperbolic for scale-free networks [65, 59, 61]), or, in
alternative, define scales dynamically through the process of diffusion: short times probe local
structure, intermediate times reveal mesoscopic organization, and long times encode global
topology [63, 66—68].

In higher-order networks, the notion of scale becomes even richer. Interactions exist simul-

taneously at multiple orders, and different orders may organize information in fundamentally
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different ways. A system may appear scale-dependent when observed through pairwise links,
yet exhibit scale invariance when examined through higher-order interactions. Most existing
renormalization approaches remain node-centric, treating higher-order structures as secondary
constraints. A genuinely topological renormalization scheme must instead allow interactions

themselves to coarse-grain and flow across scales.

This observation motivates the second contribution of this thesis, developed in Chapter 2
following Ref. [67]. There, we discuss a renormalization group framework for higher-order
networks based on higher-order diffusion processes. Central to this construction is the cross-
order Laplacian, which gives us a tool to study diffusion happening between higher-order
relations through higher-order relations. This approach reveals that the effective scale of a

complex system is not unique, but depends on the topological lens through which it is observed.
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1.1 Introduction

Synchronization is defined as the emergence of order from the interactions among many parts.
It is a ubiquitous phenomenon that occurs in both natural and human-engineered systems [ 14—
16] and can be observed in a wide range of systems, including the firing of neurons [69],
the twinkling of fireflies [70], power grids [71, 72] or audience applause [73]. Despite the
complexity and differences of these systems, the canonical Kuramoto model [74] provides a
unified framework for describing the onset of synchronization in systems of oscillators that
interact in a pairwise fashion. While the original version of the model included interactions
between all pairs of oscillators, later extensions of the model allowed the specification of
arbitrary network topologies [75]. This, in turn, revealed interesting relationships between the

dynamical properties of the model and the structure of the underlying network [76, 12].

Traditional networks, however, provide a limited perspective on complex systems as they
only consider pairwise interactions. To overcome this limitation, a new paradigm has recently
emerged: networks with group (or higher-order) interactions, i.e., interactions between any
number of units [26, 77, 78]. Higher-order interactions have been studied across a variety of
dynamical processes, including random walks [79], diffusion [29, 80, 81], consensus [82-84],
spreading [85-91], percolation [92-94], and evolutionary game theory [95].

Naturally, the study of higher-order interactions has also reached synchronization. One
way to approach the modeling of synchronization in higher-order systems is to extend the
family of possible interactions to include groups. From a network of interacting oscillators,
we pass to a simplicial complex where node oscillators can also interact through triangles,
tetrahedra, or higher-order structures, (see for example Refs [35-39, 28, 40-44, 38, 45-49]).
Another approach is to consider the simplicial Kuramoto [33] as a model of synchronizing
dynamics of higher-order topological signals. With it, we are not constrained to consider the
evolution of oscillators placed on nodes, but we can place them on simplices of any order. This
change, which may initially appear arbitrary, allows us to consider higher-order interactions in
a novel and powerful way: if an edge can connect only two nodes at a time, a triangle connects
three edges, a tetrahedron connects four triangles, etc. More generally, simplicial oscillators of

order k£ will interact through (k + 1)-simplices, resulting in interactions of order k + 2. Its
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evolution equation, moreover, can be elegantly written by borrowing some of the concepts of
discrete exterior calculus [2], the discrete analogous to differential geometry on manifolds.
This geometric structure allows us to get precious insights into the dynamics of the model and
how it is related to the topological properties of the simplicial complex. This fruitful relation
with topology has also recently put the simplicial Kuramoto at the center of the attention,
resulting in different variants and extensions of the original model [96-98, 50].

In this chapter, which is based on Ref. [54], we aim to lay down the mathematical
foundations for the analytical study of Kuramoto models on simplicial complexes. In particular,
we focus on the models belonging to the second class mentioned above, that is the ones where
oscillators themselves are simplices and interact through the adjacency structure encoded in a

simplicial complex.

1.2 The Kuramoto model

We begin by briefly introducing the classical Kuramoto model. Let us consider a system
of n phase oscillators, characterized solely by their phase 8; and natural frequency w;, the
frequency at which they oscillate when isolated from any interactions. The evolution of the
uncoupled system can be described by a set of differential equations: §; = w; for each oscillator
i. To account for the interaction among oscillators, various approaches can be employed,
depending on the underlying physics of the phenomenon under investigation. A particularly
elegant and widely studied model, renowned for its simplicity and analytical tractability, was
introduced by Kuramoto [74]. Known as the Kuramoto model, it is described by the following

system of first-order differential equations:

Qi:wi—O'Zsin(Hi—Gj). (1.1)
j=1

In this formulation, an additional term captures the effect of interactions between oscillator i
and every other oscillator j, modulated by a positive coupling or interaction strength parameter,
denoted as o. By the properties of the sine function, we observe that the interaction term
between oscillators i and j becomes zero when 6; — 6; = km i.e. when 6; and 6; represent the
same or opposite angles modulo 27r. Conversely, the interaction is strongest when the phase
difference between the oscillators corresponds to odd multiples of %, implying orthogonal
states on the unit circle. This simple interaction mechanism forms the basis of the Kuramoto
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model, whose variants and generalizations [99—101] give it the capability of having a much

richer behavior.

1.3 The simplicial Kuramoto model

In this section, we formulate and study the Kuramoto model for interacting simplicial oscillators
proposed in Ref. [33]. The rest of this section is organized as follows:

* In Section 1.3.1, we formulate the simplicial Kuramoto model using the tools of discrete
calculus introduced in Chapter 0.

* In Section 1.3.3, we describe the local form of the two types of interactions in the model:
from below and from above. In the case of interactions from below, we identify the

presence of self-interactions resulting from free faces.

* In Section 1.3.4, we show that the k-th order simplicial Kuramoto model and the standard
node Kuramoto model are equivalent when the simplicial complex is a simplicial

k-manifold.

* In Section 1.3.5, we describe how the dynamics naturally split into three independent

subdynamics using the combinatorial Hodge decomposition theorem.

* In Section 1.3.6, we recall the definition of simplicial order parameter proposed in
Ref. [50], discuss its implications on the meaning of synchronization in the simplicial

model, and its differences with the standard Kuramoto order parameter.

1.3.1 Simplicial Kuramoto model

Given a simplicial complex X (Definition 0.1), possibly weighted, the k-th order simplicial
Kuramoto model [33, 50] describes a system where the k-simplices are oscillators interacting
through common faces and higher-order simplices. For example, one can consider oscillating
edges that interact through common nodes and triangles (see Figure 1.2a). The model can be
elegantly formulated with the boundary and coboundary matrices (Definitions 0.5 and 0.16) in

the following way.
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a Simplicial system b  Effective hypergraph
(13]

112

Fig. 1.1 a. Edge simplicial Kuramoto on the simplicial complex described in Example 1.1. b. The
effective hypergraph of the dynamics describing the actual interactions taking place between the
oscillators. The interaction hyperedges are labeled by the name of the simplex in the original complex
which generates them. Note how the hyperedge [4], representing the term sin(6[34]) in Equation (1.5),
is interpreted here as a self-interaction.

Definition 1.1 (Simplicial Kuramoto).

The k-th order simplicial Kuramoto dynamics on a simplicial complex is given by the

system of ordinary differential equations

b = w — o B** sin (D"e(k)) — ot D*in (Bke(k)) . (1.2)

Here, the phases of the oscillating k-simplices are gathered in the ni-dimensional vector
6(x), formalized as a real k-cochain 6y € Ck(X; R) (Definition 0.14), while w € Ck(X; R)
represents the natural frequencies, i.e. w; is the frequency at which oscillator i oscillates when
no interactions are present. Notice that it is customary to interpret the phases to lie in the unit
circle R/2nZ, but it is convenient to work with them as if they were real numbers. Here, the
entries of w can take any real value and are not required to be equal, meaning that we study the

general case of non-identical oscillators, unless stated otherwise.

Finally, the parameters o1, ! > 0 represent, respectively, the strength of the coupling
through superfaces and faces. As stated in Ref. [83], the two interaction terms B**! sin(D*0)
and D*!sin(B*6) describe, respectively, interactions from above and below, i.e. each
oscillating k-simplex interacts with its adjacent simplices through both higher (k£ + 1)- and
lower dimensional (k — 1)-simplices (Figure 1.2). In Section 1.3.3, we unpack the matrix

formulation and see the explicit form of these interaction terms.
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For ease of notation, from now on we will drop the subscript from 6, as the order of
oscillation can be easily inferred by the indices of the boundary and coboundary matrices in
Definition 1.1.

The form of Definition 1.1 is not arbitrary but comes from the fact that, for £ = 0, it reduces

to the standard Kuramoto model (from now on referred to as “node Kuramoto) on a network:

%=M—02}%QM%—%% (1.3)
J

where A is the graph adjacency matrix

Proposition 1.1. When k = 0, the simplicial Kuramoto of Definition 1.1 reduces to the standard

Kuramoto on the graph underlying the simplicial complex X.
Proof. For k =0, Definition 1.1 becomes
0 = w — B sin(D). (1.4)

Let G = (V, E) be the unweighted graph underlying X i.e. the one containing its vertices and
the 1-simplices as edges. First, compute the action of D = B| (Definition 0.16) on the phases
vector. For any edge € € E

N N

(B 0)e = Z(Bir)eiei = Z(Bl)ieei = On(e) — Ot(e)»

i=1 i=1

where h(e), t(e) give respectively the head and tail node of edge €. It follows that, for any

node i,

| By sin(B]6)]. Z(Bl)ie sin(B| 6) = Z(Bl)ie sin(On(e) — O(e))

ecE eckE

= > sin(0 = 0ye) = Y sin(Bne) - 6)
e:h(e)=i e:t(e)=i

= Z sin(6; — Oy(e)) + Z sin(6; — On(e))
e:h(e)=i e:t(e)=i

n

= Z Siﬂ(@i - Qj) = Z A,‘j Siﬂ(@,‘ - 9]'),

JEN (i) J=1

where N (i) is the neighborhood of node i. O
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One can think of D as projecting the node phases on the edges by associating to each edge,
which describes an interaction, the difference of its endpoints’ phases. The boundary operator
B! then projects the interactions back to the nodes, so that each node receives contributions

from all edges that are incident to it.

The extension of this term to higher-order oscillators is straightforward once one sees
the model as a nonlinear extension of the graph Laplacian L0 = B'D%9 — B! sin(D°9)
(Remark 0.4), which can be naturally generalized with the discrete Hodge Laplacian of
Definition 0.19.

Notice that in the case of the node Kuramoto, no simplices with order lower than the
nodes exist; hence, the dynamics results from interactions from above, as the left term of
Definition 1.1. The interaction term from below is naturally introduced to account for the lower
adjacency structure present in simplicial complexes, but absent in graphs. Simply put, two
triangles can be adjacent through a common edge and a common tetrahedron, but two nodes
can only be adjacent through an edge, i.e. a higher-order simplex. These dynamics belongs to a
wider class of dynamical systems on simplicial complexes, whose stability properties have been
studied when the sine is replaced with a general nonlinearity in Refs. [83, 102, 103]. Moreover,
the properties of node-like phase-oscillator models with general nonlinear interaction functions

have been extensively studied in Refs. [104—113].

Example 1.1. Let us now study explicitly a simple example of the simplicial Kuramoto dynamics
of the edge oscillators on a small, unweighted simplicial complex (Figure 1.1a). The simplicial
complex of interest is given by X = {[1], [2],[3], [4], [1,2], [1,3],[2,3],[3,4],[1,2,3]}
and, taking into account the orientations, the incidence matrices of order 1 and 2 are

[1,2] [13] [23] [3.4] [1,2,3]
[ -1 -1 0 0 [1,2] 1
2 1 0o -1 0 1,3 -1
B, = (2] By = [1,3]
(3] 0 1 1 -1 [2,3] 1
[4] 0 0 0 1 [3,4] 0

Since X is unweighted, we also have that adjoint coboundary (Definition 0.18) matrices simply
correspond to the incidence matrices B' = By, D° = B], B>=B, D' = B;. If we consider
the vector of phases on the edges 6 = (0[1 2], 0[1,3], 0[2,3]> 0[3,4]) and zero natural frequencies
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w = 0, then, after some algebra, we see that Definition 1.1 becomes

O[12) = — o (sin(O12) + O[13)) + sin(O12) — O123)))
- O'Tsin(Q[lz] — 0[13] +6123))
0113 = — ot (sin(O[13) + O12)) + sin(O[13) + O[23) — O[341))
+ o Tsin(8[12) = Op13) + O)23)) ’ (1.5)
O23) = — ot (5in(B123) — O12)) + sin(B[23) + 0113 — O134)))
— aTsin(Qm] — 0[13] + 6123))

O(341 = —o* (sin(O134) — 013 — Op23)) — sin(034)))

where the interaction terms from below and from above are identifiable by their coupling
strengths. Notice that some of the interactions from below are pairwise, others are higher-order
(they involve three oscillators) and one, sin(0|3 4)), is of order 0 as it depends on the value of a
single oscillator. Moreover, the interaction from above through the triangle, as we expected, is

higher-order and involves three oscillators.

While it is natural to define the dynamics on the edges and formulate the model using the
incidence matrices of the simplicial complex, it is interesting to look at Equation (1.5) from
another point of view. If we forget about the underlying simplicial complex and that 6y; ;|
is a phase associated with an edge oscillator, what we are left with is a dynamical system
where the phases of four different oscillators evolve by interacting with each other in a way
specified by the functional form of the equations. It is natural, therefore, to consider these
oscillators as nodes and represent their interactions with hyperedges, 1.e. arbitrary groups
of nodes. What we get, by neglecting the signs inherited by the orientations, is an effective
hypergraph (Figure 1.1b) which does not resemble the original simplicial complex but has
the advantage of clearly representing the actual interaction structure underlying the dynamics.
In general, the effective hypergraph has the k-simplices as its nodes, and has one hyperedge
for each (k + 1) and (k — 1)-simplex responsible for the interaction. Thus, the simplicial
Kuramoto model can be seen as a particular kind of hypergraph oscillator dynamics where the
coupling functions depend on the orientations of the original simplices.

Notice how the coupling functions in Equation (1.5) are different from the ones classically
used in hypergraph oscillator models [35, 37-39, 28, 40] as they do not possess the standard
phase-shift symmetry which dictates that increasing the phase of every oscillator by the same

amount should leave the dynamics unchanged. This is due to the presence in the model of a
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b Interactions from above

d Interactions from below

Fig. 1.2 a. The simplicial Kuramoto model allows us to consider oscillators, shown here as clocks, on
the edges of a simplicial complex, interacting through nodes and triangles. b. The interaction from
above Equation (1.11) happens between k + 2 oscillating k-simplices through a single (k + 1)-simplex,
here highlighted in red. c¢. In the interaction from above, each oscillator involved is influenced by a term
depending on the oriented sum of the phases. The phase 6, appears with a minus sign because its edge is
oriented in the opposite direction relative to the triangle. d. The interaction from below Equation (1.14)
happens between an arbitrary number of oscillating k-simplices through a single (k — 1)-simplex,
highlighted here in red. e. Unlike interactions from above, interactions from below through free faces
are akin to self-interactions.

different symmetry, the harmonic phase-shift symmetry, which we discuss in more detail in
Section 1.3.5.

1.3.2 Simplicial Kuramoto as a system of resonant oscillators

Interestingly, we can connect the functional form of the simplicial Kuramoto to a system of

resonantly interacting oscillators, following the procedure outlined in Ref. [15, Section 8.1].

Consider first the case in which w is close to being a k-cocycle, i.e. D*w ~ 0. Now, we
consider a single interaction from above given by the (k + 1)-simplex a = [ay,...,ax+1],
with the oscillators on its faces indexed by O, . . ., kK + 1. Then, the condition D¥*w ~ 0 can be
written explicitly as

Eapwo+Eq w1+ + Egkr1Wke1 0, (1.6)

where &, ; € {1, 1} is the relative orientation of a w.r.t. its face with index ;.
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Additionally, the evolution of the oscillators’ phases 6; can be written in general form
O =wj+-+€04(00,...,041), (1.7)

where Q, is a generic interaction function between k + 2 oscillators associated with a and
the dots refer to the other interactions in which oscillator j is involved. We also make the
assumption of weak coupling € < 1. The function Q, (6o, . . ., 0x+1) is 2x-periodic in each of

its arguments so that it can be written in Fourier series as

Qu(00, ..., Opt) = D faor kgl Bnsubn, (1.8)
80s--sSk+1E€EZ
where £,°*%! are complex coeflicients indexed by the integers s, ..., si4+1. Since the

coupling is weak, we can now write the phase as §; = w ;7 + ¢; i.e. as the contribution of a fast
phase that results from the natural frequency and a slow phase ¢;, varies slowly on the time
scale of wj‘.l. Substituting this into Equations (1.7) and (1.8), we get the evolution of the slow
phase
N — 8§05+ sSk+1 ” Zn SnWn lZn Sn‘ﬁn
pj=-+¢ fa e e . (1.9)
S(),...,Sk+1€Z

We may now perform a time averaging over the same scale of the natural periods wl‘l of the
oscillators involved. In this way, the slow phases ¢; can be assumed to be constant and, we see,
all the terms w,, in the sum with explicit time dependence will correspond to fast oscillation.

These will all result in a null contribution except those that satisfy the resonance condition
Sowo + Sjw1 + -+ Skpiwiel = 0. (1.10)

Given that we chose w to be a k-cocycle (1.6), we have that Equation (1.10) is satisfied with

s; =mé&,; forany m € Z.

Then, assuming the only relevant resonant terms are the integer multiples of the relative
orientations (&40, . . ., &a.k+1), We have that

Qa(QOa L 9k+1) — Z fj’fu,ow-amfa,kﬂeim Zj £a,j0;

mez
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If, moreover, g(y¥) = sin(y¥), we get the coupling of the form obtained in Ref. [114] for
three resonantly interacting oscillator communities and of the simplicial Kuramoto model

interactions.

This resonance condition, however, only holds for a single k£ + 1 simplex a in the simplicial
complex. Hence, it is then natural to ask whether it is possible to find frequencies w which are
in a similar resonance relation for all interactions at once. As the cocycle condition D¥w ~ 0
means that (D*w), ~ 0 for every (k + 1)-simplex a, the resonance condition holds for all
interactions from above. For interactions from below, one can check that we instead can ask for
w to be an approximate k-cycle BXw ~ 0. Therefore, if we have B¥w ~ 0 and D*w ~ 0 at the
same time, we will have a resonance condition which holds for all interactions in the simplicial
model. Moreover, Bw ~ 0 and D*w ~ 0 & L*w ~ 0 (Property 4 of Proposition 0.5),
that is, w needs to be close to the k-th harmonic space of the simplicial complex for the above

derivation to be valid for a full simplicial complex (and not just one simplex).

Summing up, the simplicial Kuramoto model may be obtained as a system of harmonically
resonant (L*¥w ~ 0) interacting oscillators on the effective hypergraph associated with the
simplicial complex and an initially generic coupling function. It is interesting to note that,
although the coupling functions obtained here are not phae shift-invariant as discussed above,
they are also observed in some settings of node Kuramoto models, like in Ref. [114] for

interacting communities of oscillators.

1.3.3 As above, not so below: the two types of interactions

The introduction of Definition 1.1 was initially motivated by purely formal and symmetry
arguments. It is then important to study the local form of the different interaction terms to
understand what kind of system is being described. Following a similar procedure to the one

proposed in Ref. [83], we treat the two types of interactions separately.

From above. Let us start with the interaction from above
() := —B**!sin(D*9), (1.11)

which is a direct generalization of the standard node Kuramoto interaction term —B! sin(D°6).
To understand its behavior, we look at the simplest possible interaction of its kind, where we

have a single (k + 1)-simplex regulating the interaction between its k£ + 2 oscillating faces
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(Figure 1.2b). In this case, the incidence matrix is a column vector of the form
B = £l e {-1,1}**% (1.12)

where §l.T is 1 if the face i is coherently oriented with the (k + 1)-simplex, and —1 if it is
incoherently oriented (Remark 0.1). It follows that D* = (B;,)™ = (¢£7)T. Equation (1.11)
then becomes

11(8) = —¢" sin ((gT)Te) : (1.13)

which means that each oscillator will be influenced by the same scalar value given by the
oriented sum of the phases (£1)76, with a sign depending on the coherence or incoherence
of the orientations (see Figure 1.2c). In the nodes case, this simply reduces to I1(0) =
(—sin(0; — ), —sin(6, — 01))". Given that a (k + 1)-simplex always has k + 2 faces, this
kind of interaction involves k + 2 oscillators and thus, for k > 0, is genuinely higher-order, in

the sense that it does not result from the composition of multiple pairwise interaction terms.

From below. The interaction from below
1,(0) := —D* ' sin(B*9) (1.14)

describes the interactions of simplicial oscillators through lower-order simplices. This
interaction from below is absent in the node Kuramoto, and it represents the true novelty
of the simplicial model. First, while only k + 2 simplices of order k can interact through a
(k + 1)-simplex, an arbitrary number of k-simplices can have a common face and interact
from below. This allows us to consider arbitrary higher-order interactions, not restricted by the

order of the oscillating simplices.

It is then natural to ask if the interactions from below are locally of a similar form to the
interactions from above, as in the case of Equation (1.11). For this, let us consider again the
simplest possible interaction, i.e. the general case of N k-simplices lower adjacent through

a common face with arbitrary orientations, as illustrated in Figure 1.2d. By considering an
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appropriate ordering of the simplices, this configuration is described by the incidence matrix

Lol A3
& & - &
op 0 -+ 0
Bi=|0 o0 -~ 0], (1.15)
0 0 - oy

where the entries fl.l € {-1, 1} describe the relative orientation between simplex i and the
common face, while o; € {-1, l}k contains the relative orientations between simplex i
and its other faces not involved in this interaction from below. Given that D*~! = (By)7,

Equation (1.14) becomes
1,(8) = —&sin ((gl)Te) — ksin(6), (1.16)

where &l = (fl, e g}lv)'r_ Notice that the first term is formally the same as in Equation (1.13)
for the interaction from above. Each oscillator receives a contribution depending on the phases
of all oscillators involved in the interaction. This means that the higher-order interaction given
by a (k + 1)-simplex shares the same structure as the higher-order interaction given by k + 2

oscillators sharing a common face.

Self interactions. However, an extra term —k sin(6) appears. By carrying out the compu-
tations that lead from Equation (1.14) to Equation (1.16), it appears that this extra term is a
sum of contributions coming from the faces not involved in the interaction, which, in this case,
are free i.e. they are faces of only one simplex. In fact, here each oscillator has k free faces,
hence the multiplication factor & in front of sin(6). In general, due to this term, each oscillator
modulates its frequency based on its own phase, which is akin to a self-interaction through its
free faces (Figure 1.2e). Formally, this term also appears in the Adler equation [15] describing
the phase difference of a system with one oscillator driven by another one. From that point
of view, the self-interaction terms can be seen as the driving of each oscillator by another

non-existent oscillator that has a constant phase set to zero.
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Simplicial 1-manifold Manifold-like regions Non manifold-like subfaces
L ]
pe 1 .\A
L J
[ ]
° 2 ,\\./
[ ! ]

Fig. 1.3 The form of the interactions from below of the simplicial Kuramoto is equivalent to the ones of
the standard node Kuramoto on manifold-like faces of the simplicial complex. a. From left to right:
a 1-dimensional simplicial manifold, where every node is manifold-like as it is incident to exactly
two edges with different orientations. In the middle is a simplicial complex where the 1-dimensional
manifold-like regions are highlighted with different colors. On the right, the different ways in which a
face can produce an interaction different from a standard Kuramoto interaction: 1. the face is free, 2.
there are more than two oscillators incident to it, 3. there are two oscillators incident to it which are
both coherently or incoherently oriented. b. If the complex is an oriented simplicial manifold, then the
interaction term from below is equivalent to a node Kuramoto taking place on the 1-skeleton of the dual
cell complex.

1.3.4 Manifold-like simplicial complexes

Interestingly, if the interaction from below involves exactly two oscillating simplices, one
coherent and the other incoherent with respect to the common face, the interaction term will be
the same pairwise one as the standard node Kuramoto, i.e. of the form sin(6; — 6,). Formally,

this situation coincides with the simplicial complex being locally Euclidean, akin to a manifold.

Definition 1.2 (Simplicial manifold).

An oriented simplicial complex X is said to be a (oriented) simplicial manifold of
dimension d if any (d — 1)-simplex in X is the face of exactly two d-simplices, one
coherent and one incoherently oriented with it. In this case, we say that such a face is

manifold-like.

Different kinds of interactions occur at non-manifold-like faces (Figure 1.3a), that is:

1. at faces that are free, resulting in self-interactions;

2. at faces that are adjacent to more than two simplices of order k, i.e. genuinely high-order

interactions,

3. at faces adjacent to two simplices that are both coherently or incoherently oriented,
resulting in interactions of the form sin(6; + 6,) [115]. Remembering that orientations
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are just reference frames, these correspond to standard Kuramoto interactions when the

phase of one oscillator is measured in the “reverse” sense.

If every (k — 1)-simplex which has at least a k-simplex incident to it is manifold-like, so

that the simplicial complex is a simplicial manifold, we have the following equivalence result.

Theorem 1.1 (Simplicial Kuramoto on a manifold). Let X be a k-dimensional oriented
simplicial manifold. Then it follows that the simplicial Kuramoto dynamics of order k is
equivalent to the standard node Kuramoto taking place on the 1-skeleton of the dual cell
complex to X, that is, the graph with a node for each k-simplex and an edge for each

(k — 1)-simplex.

Proof. Under the assumptions that X is manifold-like, we can apply the discrete analogous
to Poincaré duality (see [2] p.50) to obtain B = DY DK1 = B! where B and D are,
respectively, the boundary and coboundary operators of the dual cell complex to X. The
interaction term from below in the primal complex becomes the interaction term from above in
the 1-skeleton of the dual, i.e.

6 = w— o'D*sin(B*0) = w — o' B' sin(D°9) ,
which has the same form as the standard node Kuramoto model in Equation (1.4). ]

An illustration of this result can be seen in Figure 1.3b with a triangulated sphere. Notice
also that the dual graph to a simplicial k-manifold will necessarily be a (k + 1)-regular graph,

as every oscillating k-simplex has exactly k + 1 faces.

1.3.5 Hodge decomposition of the dynamics

Thanks to the particular form of the two interaction terms, one can use a well-known result in

combinatorial topology to decompose the dynamics into three independent subdynamics.

To show this, let us consider a simplicial complex X, weighted or unweighted, which
describes the interactions between k-th order oscillators. Then, we can apply the simplicial
Hodge decomposition theorem we stated above (Theorem 0.3) to decompose the signal space
into divergence-free, harmonic, and curl-free orthogonal components. We use the theorem to

decompose both the phases cochain 8 and the natural frequencies w

60 = 0gs + O + O, W= wWgr + WH + Wer (1.17)
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where “cf” stands for curl-free, “H” for harmonic, and “df” for divergence-free. Rewriting the
simplicial Kuramoto dynamics leveraging the orthogonality of the components, Definition 1.1

is equivalent to the following system of differential equations:

édf = Wgf — o1 Bk+1 Sin(Ddef)
O = wn : (1.18)

Ot = wer — 0DV sin(B*6r)

These three equations are of crucial importance. They tell us that under the simplicial
Kuramoto dynamics: i) the curl-free, the harmonic, and the divergence-free components evolve
independently of one another, and ii) the harmonic component is not affected by the interaction
terms. Notice also that the interaction from above affects only the divergence-free component,

while the one from below affects only the curl-free component.

Harmonic gauge of the model. If wy # 0, there can be no equilibrium of the system, as
each component of 6y will always evolve with a fixed angular speed. It follows that it is always
possible to pass to a frame of reference where the harmonic component evolves with constant
speed in time, simply by performing the change of variables 6 — 6 — wyt. In the case of
the node Kuramoto (Equation (1.3)), this corresponds to passing to what is known as the
co-rotating frame of reference, as wy = @1, i.e. the constant vector of the average natural
frequency. When studying the node Kuramoto dynamics, this means that one can focus w.l.o.g.

on the case where the average natural frequency is zero.

This is part of a more general observation that the addition of a harmonic cochain x € ker L¥
to the phases has no effect on the dynamics. In fact, property 4 of Proposition 0.5 tells us
that ker L* = ker B¥ N ker D¥ and thus both B¥x and D¥x are zero. Any change of variable
v = 6 + x will thus leave the dynamics (Definition 1.1) formally unchanged. In this sense, we

can say that the harmonic space is the natural gauge of the simplicial Kuramoto.

Remark 1.1 (Phase-shift symmetry). The fact that in general 1 is not harmonic in higher-
order systems on simplicial complexes means that these systems do not possess a phase-shift
symmetry in the traditional sense: shifting all oscillators by the same phase (summing a
vector proportional to 1) does not leave the dynamics unchanged, contrary to traditional node

Kuramoto models and immediate physical intuition.
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However, a (possibly bigger) symmetry space exists with the harmonic space, which gives
a different non-constant “harmonic” phase-shift symmetry to the model for each hole present

in the simplicial complex.

Note that the presence of additional symmetries may also occur when considering specific
higher-order interactions between populations of node-based oscillators [43, 44].

1.3.6 Simplicial order parameters and gradient system

To measure the degree of synchronization of a phase configuration, it is common to employ
the order parameter, which, for an unweighted network of N oscillators, is defined as

N
D
a=1

By definition, it is non-negative, and it reaches its maximum value of 1 when the oscillators

R(6) = . (1.19)

1
N

are fully synchronized, i.e. when they all have the same phase 6 « 1.

The order parameter defined in Equation (1.19), however, assumes an all-to-all coupling
of the oscillators and thus is not appropriate to describe situations where the topology of the
interactions is non-trivial. In this chapter, we focus on a particular generalization [76] of
Equation (1.19) which takes into account the underlying network structure through the use of

the incidence matrix

n(z) —2ny + 217 cos(B]6)

2
Un

R(0) =

(1.20)

While Equation (1.20) reduces to Equation (1.19) in the case of a fully connected network, it
is, in fact, a natural order parameter for Equation (1.4), as its gradient gives us the interaction
term of the dynamics

VoR(6) o< —B; sin(B| 6) = 11(0), (1.21)

meaning that R(6) is the potential function which gives the node Kuramoto interaction term as
its gradient, i.e. =w+ G'%(Z)VQR(Q). When we can write the interaction term of a model as a
gradient of a potential function, we say, with a slight abuse of terminology, that its dynamics
is in “gradient system” form. In these cases, we interpret the potential as the natural order

parameter associated with the model.
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As proposed in Ref. [50], we can extend this intuition to the simplicial case and, neglecting

constants that do not appear in the gradient, define the simplicial order parameter

|
Ri(6) = & (JLTW,;_ll cos(BX6) + 1TW[, Cos(DkO)) , (1.22)

with the normalization constant
Ce=1"W1+1"W 1. (1.23)

The weight matrices are added to further generalize the construction to weighted simplicial
complexes, and generate the weighted simplicial Kuramoto model as the gradient system

WiVoRy(6) o< 1(6) +1,(6) . (1.24)

This order parameter reaches a maximum value of 1 if 6§ € ker B¥ N ker D = ker L i.e.
when the phases cochain belongs to the harmonic space. This is a direct generalization of
synchronization in the node Kuramoto model: in a connected network, ker LY = span {1}, and
the full synchronization condition is € oc 1, which is equivalent to the phase cochains being
harmonic.

Hence, under this definition, full synchronization in the simplicial model does not mean
that the phases are all equal, but that 6 is harmonic [50]. Moreover, as the k-th harmonic space
of a simplicial complex is isomorphic to the k-th homology group (Theorem 0.4), we can think

of fully synchronized configurations as, intuitively, localized around the k-dimensional holes.

Definition 1.3 (Full synchronization).

A configuration 6 is said to be fully synchronized under the k-th order simplicial Kuramoto
dynamics if 6 € ker L*.

From the simplicial order parameter Equation (1.22), we can extract two partial order

parameters
- o k
R, (0) = FIL W, _, cos (B 6’) (1.25a)
k
I
R{(8) = = 17W!, cos (D46) . (1.25b)

k
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Fig. 1.4 Configurations of phases @ € C!, whose sine is shown here in color, which are phase (R; (6) ~ 1)
and anti-phase (R;(8) =~ —1) synchronized in the case of a chain of edges, which is “quasi”’-manifold as
all faces except the endpoints are manifold-like, and a more general 1-dimensional simplicial complex.
a. In the case of phase synchronization, close oscillators on manifold-like regions have similar phases.
b. Anti-phase synchronized configurations, instead, are such that, on manifold-like regions, adjacent
oscillators have opposite phases.

where the normalization constants C,;—' =1"w;!

.1 | ensure that they take values in [-1, 1]. In
this way, it holds that

CiRi(0) = CIR:(0) + CL R (6) , (1.26)

and thus, aside from normalization, the order of a configuration is computed by measuring

separately the local order induced respectively on (k — 1) and (k + 1)-simplices.

Notice that, by neglecting the constants in passing from Equation (1.20) to Equation (1.22),
we have an order parameter that has values in the interval [—1,1]. This allows us to
meaningfully distinguish two different types of synchronized configurations. We call a
configuration of phases phase synchronized when its order is close to 1 and anti-phase
synchronized when it is close to —1. Phase synchronization generalizes to simplicial complexes
the situation where close oscillators have similar phases (Figure 1.4a), while in anti-phase
synchronization close oscillators have opposite phases forming “checkerboard” patterns,

resembling an antiferromagnetic Ising model (Figure 1.4b).

9

Notice also how, in this chapter, with “phase synchronization” and “full synchronization’
we refer to the static properties of a configuration of phases 6, with no information on how it
evolves under the dynamics. The notion of a configuration that “stays synchronized” under the
dynamics will be tackled with the concept of phase-locking in Section 1.4.1.
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1.4 Equilibrium analysis

We now study the equilibrium properties of the simplicial Kuramoto model, extending to the

simplicial cases concepts and results known in the node case.

* In Section 1.4.1, we extend the notion of phase-locking to simplicial complexes, we look
at its geometric meaning and see how it reduces to standard node synchronization on

manifold-like regions of the complex.

* In Section 1.4.2, we develop the necessary framework to discuss the equilibrium
properties of the simplicial Kuramoto model, define reachable equilibria (Definition 1.8)
and relate their existence to the presence of simplicial phase-locked configurations.

* In Section 1.4.3, we derive two bounds on the coupling strength, providing necessary
conditions for the existence of equilibria. We define the critical coupling (Definition 1.9)

and characterize it as the solution to a linear optimization problem.

* In Section 1.4.4, we prove a simple lower bound on the coupling strength which gives a

sufficient condition for the existence of reachable equilibria.

1.4.1 Simplicial phase-locking

It directly follows from the Hodge decomposition of the simplicial Kuramoto model of
Equation (1.18) that studying its equilibrium properties is equivalent to separately studying
the equilibria of the curl-free and divergence-free components. If these two converge to
equilibrium, then the complete system will converge to a configuration evolving with constant

harmonic angular speed, given by wy (6 = 6y = wp).

Definition 1.4 (Simplicial phase-locking).

We say that the k-th order simplicial Kuramoto dynamics is phase-locked from above if

O4¢ = 0 and phase-locked from below if O = 0.
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To motivate this definition, we consider the projections of the dynamics on lower and upper
order simplices, defined as

%) .= D¥g = D¥gy (1.27)
6 .= B9 = B, . (1.28)

We can think of ") and (™) as the discrete versions of, respectively, the curl and divergence
of the vector field 6 and, we prove, they can equivalently capture simplicial phase-locking.

Proposition 1.2 (Phase-locking equivalence). A configuration of phases 6 is phase-locked
from above (from below) if and only if its projection onto higher (lower) dimensional simplices

is in equilibrium.
0ir =0 &= W =0, b = 09 =0. (1.29)
Proof. If 64t = 0, then
0™ = D*d4 = 0,
because of Equation (1.27). If instead ™) = 0, then
04t = (DX)TD*6 = (D)6 =0,

where (D*)T is the weighted Moore-Penrose pseudoinverse [116] and (D*)TD* is the orthog-
onal projection operator onto Im(D¥)* = Im B¥*!, O

This result allows us to include in Definition 1.4 the standard concept of phase-locking
for the node Kuramoto. In fact, the node Kuramoto on a heterogeneous network is classically
said to be phase-locked when the phase difference of connected oscillators stays constant in
time. This means that 9£+) = (D%), = 6; — éj = 0 for every edge e = (i, j) in the network.
According to Proposition 1.2, the divergence-free component of the dynamics is in equilibrium
and the system is, by Definition 1.4, simplicially phase-locked from above. If the network
is connected, moreover, § must be harmonic, i.e. § o 1, a situation which is usually named

frequency-synchronized as the frequencies of all oscillators coincide.

While phase-locking in the standard Kuramoto model means that all oscillators evolve with

the same angular frequency, it is not clear how this extends to the simplicial case. In the case
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of phase-locking from below, we see that
. (_) d k k .
0 :0<=)E(BQ):BH:0,

or equivalently that 6(¢), the cochain containing the angular frequencies, is a cycle. This, in
turn, means that for each (k — 1)-simplex a

D £aibi =0, (1.30)

where &,; € {—1, 1} is the relative orientation of k-simplex i with respect to its face a.
Interestingly, Equation (1.30) corresponds to a flow conservation condition. Indeed, if we
consider graphs with oscillating edges, at each node, the total phase flow of the incoming edges
is the same as the total flow of the outgoing ones. In general, we can apply Equation (1.30) to

understand phase-locking from below in some particular situations.

Proposition 1.3 (Phase-locking on manifold-like regions). If 8 is phase-locked from below, i.e.
00-) = 0,

1. the connected manifold-like regions of the complex (with respect to order k) evolve with

the same angular frequency and are thus frequency-synchronized;

2. oscillators with free faces are frozen, i.e. 6; = 0.

Proof. 1. At a manifold-like face we have only two incident simplices, one coherently oriented
and one incoherent, which we name respectively i and j. Condition Equation (1.30) gives
us 0; — 6 =0 &= 6; = 0;, so the incident oscillators are frequency-synchronized. 2. If
oscillator 7 has a free face then, by definition, that particular face will be incident only to

oscillator i. Phase-locking at that face implies that §; = 0, thus concluding the proof. O

A simple application of this result is shown in Figure 1.5a where the behavior of a
phase-locked configuration can be inferred a priori by looking at the geometry of the graph. It
can also be empirically seen that frequency-synchronized manifold regions exhibit phenomena
akin to traveling waves localized around the k-holes of the complex, when its homology is not
trivial.
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Fig. 1.5 Simplicial Kuramoto dynamics on a simple graph with two holes (drawn here as a continuous
space), where the edges are identical oscillators (w = 1) with starting phase §(0) = 01. a. The panel
shows a diagram of the graph, highlighting the non-manifold points responsible for the non-triviality
of the dynamics. The different branches of the graph are colored according to their frequency in a
phase-locked (Definition 1.4) state. In particular, the oscillation is frequency-synchronized on the two
holes and exhibits traveling waves, while it is frozen (6 = 0) on the branch connecting them. b. A few
snapshots of the dynamics on the graph are shown, with edges colored according to the sine of their
phases. In the last frame, the effect of the non-manifold points is evident. ¢. The dynamics is run
for different values of the coupling strength, and the absolute value of the frequency (|4|) at the final
integration time is shown with the edges’ widths. The last frame shows how the system reaches the
same phase-locked configuration predicted with Equation (1.30) and depicted in panel a.

1.4.2 Existence of equilibria

To study the equilibrium of the simplicial Kuramoto model, it is convenient to work with the
03, defined in Equations (1.27) and (1.28) as projections of the phases onto upper and lower
simplices. Their evolution equations [33] are readily obtained by multiplying the dynamics
(Definition 1.1) by DX and B to get

0 = o) — O.TL/l<+1 sin(9(+)) = f(+)(9(+))

. (1.31)
0 = ) = O-lL’TC—l sin(G(_)) = f(—)(g(—)) ,

k+1 7 k=1
b
projected natural frequencies as

where L are the half Laplacian matrices from Definition 0.19, and we defined the

w™ = D*w, w? = Bfw. (1.32)
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An equilibrium for the projected dynamics, say, 0£+)

e R™+1_will thus need to satisfy the
equation f (+)(9i+) ) = 0, while also being a projection i.e. Hff) e Im D, Let us now focus on
the first condition, and compute all the possible solutions to the equations f(*) (fo) ) =0. We

have

+)

FBEF) =0 = Li*sin(0lY) = <5

f( )(6’( ))—0 — Lk lsm(Q( ))__1’

(1.33)

and, since @ € Im D¥ = Im L’f“ and w7 € Im B = Im L’T‘_l, the equilibrium equations

can be solved using the pseudoinverse

sm(9(+)) _ (Lk+1)Tw(+) +x (+)

- (1.34)
sin(87)) = (LE) T 4 0

for any weighted (k + 1)-cycle x*) € ker B¥*! and (k — 1)-cocycle x(=) € ker D¥~!. Moreover,
by applying well-known properties of the Moore-Penrose pseudoinverse, we can simplify these
expressions.

Lemma 1.1. We have the following equalities
(L 0 = (B w, (1470 = (D) w. (1.35)
Proof. We have

= (D*)"(D" )*Dkw = (B 'w,

and, analogously, (L’T‘_l)Tw(_) = (DY w, O
Definition 1.5 (Natural potentials).
We call natural potentials of order k the quantities

B = (BT e R O = (DF 1) e R™-1 . (1.36)

The name potential comes from the fact that, for k = 1, () is an assignment of potentials
to the nodes such that for each edge the difference of potential between its end-points (i.e., the
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voltage) is equal to w. Moreover, it can be easily proven that they correspond to the higher- and

lower-order signals that appear in the Hodge components of the natural frequency vector w as
w=B"*1BW 4wy + D1

The values of the natural potentials are expressed in terms of the weighted Moore-Penrose
pseudoinverse, which in Equation (1.36) is computed with respect to the inner products on the
cochain spaces W "k =1,...,K (Definition 0.17). To compute the natural potentials of a
weighted simplicial complex, the weights have to be included correctly in the pseudoinverse.
The explicit formula, written in terms of the standard unweighted pseudoinverse is the following
(Ref. [116, Remark 2])

1 _1 1 f _1
B =w? (Wk23k+1wk2+1) W, w (1.37)
ﬁ(‘):W% (W_%Dk"W% )'W_%w (1.38)
k=1 |\ "k k-1 kY :

Admissibility. Using the definition of natural potentials, we can rewrite the equilibrium
conditions of Equation (1.34) as

sin(6) = [% +x™)
o (1.39)
sin(@i_)) = ﬂg—l +x)

where we see that a necessary condition for the existence of a solution is for the right-hand sides
to be element-wise bounded in [—1, 1] or, equivalently, for x*) € ker B¥*! and x(*) € ker D*~!

to satisfy the following condition of admissibility.
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Definition 1.6 (Admissible cycles).

We call a cycle x*) € ker B¥*! admissible if

(+)
Hﬁ +x™) s 1 (1.40)
We call a cocycle x(~) € ker D¥~! admissible if
(-)
"B +xO <1 (1.41)
ol -

With a slight abuse of notation, we call them both admissible cycles, and we name their
sets A and A,

Proposition 1.4 (Necessary condition from admissible cycles). A necessary condition for the

existence of equilibrium solutions of the (%) dynamics is that A®) # 0.

Intuitively, each cochain 8*)/o? should be close to, respectively, the vector space of
weighted (k + 1)-cycles (for (+)) and (k — 1)-cocycles (for (—)).

When both x(*) and x(-) are admissible, we can invert the sine function in Equation (1.34)

and get an explicit expression for the set of equilibrium configurations of the projections.

Definition 1.7 (Equilibrium sets).
We define the equilibrium sets of the projections as

(+)

EW = {(—1)S+ © arcsin (ﬁ—T +x(+)) + Sy 4+ 2mmy
o

, (1.42)
sy € {0, 1Y |, € 7, ) e ﬂ(+)}
(-)
g0 = {(—1)S‘ © arcsin ('8 1 + 5 )) +s_ +2nm_ :
7 (1.43)

s_ € {0, 1} m_ezZ", x e ﬂ(‘)},

where © is the component-wise Hadamard product.

6%

Any € &®) will thus be a fixed point of the dynamics of Equation (1.31).
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From a geometric point of view, the equilibrium set &™) is a subset of R”*=! and, for fixed
S+, My, is a manifold of dimension given by dim ker D*~! for () and dim ker B¥*! for (+).
For example, for the projection on the nodes of edge dynamics, we have that dim ker D° is
the number of connected components. If the simplicial complex is connected then &) is a

collection of curves in an ng-dimensional space (see Figure 1.6b).

We thus found a complete characterization of the configurations Qii) € R"=! which are
fixed points of the dynamics of Equation (1.31).

Proposition 1.5. £& (') = 0 ifand only if 6 € €@ .

Reachability. This condition is only partially useful because, while it tells us which
configurations Qii) are solutions to the equilibrium equations, it does not specify which ones
are projections, i.e. can be obtained by projecting a phase cochain 6 on the (k + 1)-simplices.
In particular, notice that the dynamics for the (—) component (the same holds for (+)) in
Equation (1.31) states that the time derivative of 6 will be the vector w ™) — UlL’T‘_l sin(6(),
which always belongs to Im B¥. This, together with the initial phase configuration being a
projection of a phase cochain, 0(()_) = B*9y € Im B¥, implies that the trajectories live in the
subspace Im BF i.e. projections remain projections under the dynamics. Only the equilibria in
&) which also belong to Im B* are thus relevant for the dynamics, and thus we call them

reachable.

Definition 1.8 (Reachable equilibria).
We define the sets of reachable equilibria as
R =& nIm B (1.44)
R = &) N Im D . (1.45)
We then have our final result.

Proposition 1.6 (Equivalence phase-locking reachability). The curl-free (divergence-free)

component admits equilibria if and only if 6 (resp. 8%)) admits reachable equilibria.

The framework we developed in this section can be fruitfully exploited to independently
discuss the existence of equilibrium configurations of the divergence-free and of the curl-
free components of the simplicial Kuramoto dynamics (Equation (1.18)). In particular,
Proposition 1.6 tells us that such configurations will exist if and only if there are reachable
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equilibria for the projections. These, in turn, are subsets of the larger sets of fixed points
(Definition 1.7), whose explicit expression is known and whose non-emptiness can thus be

controlled more easily, giving us necessary conditions for equilibrium.

Interestingly, one can prove that Definition 1.8 and Proposition 1.6 are simplicial general-
izations of the dynamic and geometric conditions for equilibrium in the node Kuramoto that
can be found in the literature (Ref. [117]), see Appendix A of Ref. [54].

1.4.3 Necessary conditions for phase-locking

In this section, we investigate the relation between the equilibrium properties of the simplicial
Kuramoto model and the value of the coupling strength. It is natural to think that having a
stronger interaction would make it easier for the system to reach a synchronized configuration
as the intrinsic differences among the oscillators, encoded by their natural frequencies, become
secondary. This intuition is extensively confirmed by numerous results proved about the node
Kuramoto (see Refs. [118, 76, 119]), some of which we extend to the simplicial case. We will
thus derive bounds on the coupling strength, which gives us necessary and sufficient conditions
for the existence of reachable equilibria, i.e. for phase-locking from below and from above.
Note that all the results below refer to the existence of phase-locked configurations and provide
no information about whether the dynamics will actually converge to them.

Letus consider a weighted simplicial complex whose m-simplices have weights w', ..., wy/

’ Nm

for any order m, and focus on the k-th order simplicial Kuramoto dynamics (Definition 1.1).

Simple bound. The easiest conditions to derive are those that ensure that there are no
admissible cycles A*) = 0 (Definition 1.6). If this holds, then the equilibrium sets are
empty &) = 0 (Definition 1.7) and, by inclusion, the reachable sets are as well R® = (

(Definition 1.8) i.e. there are no reachable equilibria/phase-locked configurations.

Proposition 1.7 (Sufficient condition for no phase-locking). If

1
ol <ol = — H5<i> , (1.46)
Vx1 (k1)
where ni. is the “weighted” number of simplices
N+l 1
np = ) = (1.47)
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then &*) = 0 and the (+) projection admits no equilibria.

Proof. First, see that we can bound the weighted (k + 1) norm (Definition 0.17) with the

oo-norm:

Ni+1 1
e =\ 2 ar? < ok (mox?) < s e

=1 i

With this in mind, we can write

Hﬁ(+) @) E L V-]
Vg ol (k1)

The two addenda in the norm are orthogonal with respect to the inner product -, -)(x+1) because,
in the (-) case, x™) € ker D¥~! and

B e Im(DFHT = Im(D*1)* = (ker D¥71)*,

thus
e I | o RS T L L
+x = + |[x = > — [I5— .
. ol (kx1) ny NI od llgeen (k1) = VAT b e

If this last term is strictly greater than 1 then there will be no admissible cycles and, therefore,

no equilibria. L

Critical coupling. The condition in Proposition 1.7 is easy to check and provides a way to
tune the coupling constants to make the set of admissible cycles empty, and thus phase-locking
(from above or from below) impossible. It is now natural to ask what is the minimum value of
o such that there are admissible cycles, to get a sharper necessary condition for the existence

of phase-locked configurations.
Definition 1.9 (Critical coupling).

We call critical coupling ozgi) for the (+) projection the minimum value of o such that
there are admissible cycles (A*) # 0).
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It follows directly from the definition that O's(i) < o:,fi). To find its value, notice first that

there can be admissible cycles x*) (Def. 1.6) if and only if

<l1. (1.48)

min +Xx

xeker Dk-1

'lg(i)

ol o

By manipulating this expression, we can get the exact value of the critical coupling as a solution

to a linear optimization problem.

Theorem 1.2 (Value of the critical coupling). The critical coupling o:,fi) can be found in the

solution of a linear optimization problem

*
xeker Bk+1

ﬁ(+)+xH . o= min Hﬁ(_)+xH , (1.49)

xeker Dk-1

which corresponds to the £*-norm distance of B*) from the space of weighted (k + 1)-cycles
(resp. (k — 1)-cocycles).

Proof. Using Equation (1.48), we first show that the critical couplings af_), afr) satisfy,

respectively.
=) (+)
min |[|— +x|| =1, +x|| =1. (1.50)
xeker Dk-1 0-*(_) - xeker Bk+1 0—5") -
If the statement were false and
)
min —+x|| =a,
xeker Dk-1 OZ,E_) .

with 0 < a < 1, then we could divide both sides by a and get

=) 1
—+—x
ao;f_) a

=1,

[ee)

min
xeker Dk-1

which means that for o = ao:k(_) < o:,f_)
because we assumed that 015_) is the smallest coupling with that property.

Then, multiplying both terms of Equation (1.50) by 0'*(_), we have

there is an admissible cycle 7, which is impossible

min H,B(_) + O'*(_)XH = 0}5_) .
xeker Dk-1 00
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()x—>3?

It is now possible to perform a linear change of variable in the optimization problem
which will change the optimal solution position but not the optimum itself. This means that
015_) disappears from the left-hand side and it is found as the solution to the optimization

problem above. [

Closed formulae for the critical coupling. In some special cases, the critical coupling
admits a closed formula. For example, for the (—) projection of the simplicial Kuramoto
dynamics on the edges of a connected simplicial complex, the set of admissible vectors and
the critical coupling can both be found explicitly.

Theorem 1.3 (Critical coupling in the edge simplicial Kuramoto). For the (—) component of

the edge dynamics on a connected simplicial complex, it holds that

xVeAa”) = x)=x1, (1.51)
where
— min (%) -1 <x < -max (ﬁ;-l))+1’ (1.52)
and

max (,6’(‘)) — min (ﬁ(‘))

(=) _
(b 7

(1.53)
Proof. If the complex is connected we have that D° has a 1-dimensional kernel given by
span {1}. This means that there are admissible vectors if and only if

(=)

<1 (:)—lsi—+x31,
ol

— +x1

H’g( )

Vi=1,...,no, which holds if and only if Equation (1.52) holds, and has solutions only when

| o max(87)) — min(8))
> : .
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Stable reachable equilibria Stable reachable equilibria

No equilibria Admissible cycles No equilibria Admissible cycles

Fig. 1.6 a. Fixing the natural frequencies w, we simulate the edge simplicial Kuramoto model on a
small simplicial complex with 20 different initial phase configurations, for values of o € [0, 1], and
compute the time-averaged partial order parameters R; (left), R} (right) from ¢ = 0 to = 1000. The
vertical lines correspond to the values of o5 (Proposition 1.7), o (Theorem 1.2), 0o, (Equation (1.61))
and oy, (Theorem 1.5). If we identify the last “jump” in the order with the emergence of reachable
equilibria, then we see how the special values of o~ we derived actually bound its value from below and
from above. As predicted by Theorem 1.4, the equilibrium transition value for the (+) projection is
exactly 035” = 0}5:). b. The meaning of the different values of o is depicted by numerically computing
the equilibrium set &~ ¢ R? (Definition 1.7 with m_ = 0) for the edge dynamics on a 2-simplex. We
see how the equilibrium set &) is empty for o = O'S( _), it first appears as a discrete set of points for
o= 0'*(_) and grows, intersecting the plane Im B for o > ol giving rise to a reachable equilibrium

fp
(Definition 1.8), marked here as a black dot.

Asymmetry in the components. It is now worth noting that the properties of the projections
6™ = DKg and 6~ = B¥@ are not entirely symmetrical, as the space of (k + 1)-cycles can be
trivial (ker B¥*! = {0}) and thus there are situations in which the space of admissible cycles is
simply A™) = {0}. The same cannot be said for ker D*~! resulting in the down projection

(—) being generally harder to treat.

To shed more light on this, let us consider the k-th order dynamics on a simplicial complex
X which has at least one k-simplex. From Definition 1.6, the existence of equilibria for both
of them depends on the presence or absence of admissible cycles which, respectively, must

belong to ker B¥*! and ker D*~!. The asymmetry stems from the fact that D*~! cannot have a
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trivial kernel because

ker D¥' = (ImBH* = ImD*?@kerL* !, (1.54)
——

Theorem 0.3

and thus

e if k = 1, then ker D° = ker L°, which is non-trivial as there is at least one connected
component;

* if k > 1 then dimker D¥~! > dimIm D*~? which is nonzero because, by inclusion,

there is a nonzero number of (k — 1)-simplices and D=2 is not an all-zero matrix.

The same cannot be said for B¥*! as, in general, there is no restriction on the number of
(k + 1)-cycles. In fact, on the same line of Equation (1.54),

ker B! = (Im D*)* = Im B¥*? @ ker L**!,

which is empty when there are no (k + 2)-simplices and no (k + 1)-holes. Therefore, the case
of ker B¥*! = {0} deserves a special treatment.

Theorem 1.4 (No higher-order cycles). If there are no (k + 1)-cycles ( ker B! = {0}) then
the following properties hold:

1. if A £ 0 then A = {0};

2. if AW % O then the equilibrium set is a discrete set of points given by

(+)
& = {(—1)“ © arcsin ('8

) +s.m: s €{0, 1}”"”} ; (1.55)
oall

3 o = |po]

4. All equilibria are reachable &™) = R™),
Proof. We prove each statement below.

1. Tt is trivial because O is the only vector in ker B¥*!.
2. Directly follows from Equation (1.39) with x(*) = 0.
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3. 0 is the only vector in ker B¥*! so it will be admissible if and only if

”’3(+)

<l1.

ol

The smallest value of o' for which this holds is o = || B ||c>o

According to Definition 1.8, an equilibrium is reachable for the (+) projection if it belongs to
Im D*. In this case,

Im D* = (ker(D*)*)* = (ker B¥*1)* = {0} = R+,

which concludes the proof. [

Remark 1.2 (Implications of the absence of (k + 1)-cycles). Notice how, in this case, the
critical coupling o:.f” is both the transition value for the existence of admissible cycles
(by Definition 1.6) and the existence of the equilibria of the divergence-free component (by
Proposition 1.6). This means that o' > O'f+) is a necessary and sufficient condition for the
existence of phase-locked configuration. From this general result, we can obtain for free the
well-known [76] exact equilibrium transition for the node Kuramoto on trees as, by definition,

they have no 1-cycles.

1.4.4 Sufficient conditions for phase locking

Necessary conditions for equilibrium are useful in a setting where we are interested in pushing
the system to a non-equilibrium state. If, in fact, we are able to tune the coupling strength
below one of the bounds derived above (o or o), we are guaranteed that the system will not
reach a phase-locked configuration. If, however, we want the system to be phase-locked, we

need sufficient conditions that can ensure the existence of such equilibria.

An elegant bound on %, that both ensures the existence of equilibria and that is easy to
compute, can be found generalizing one of the results proven in Ref. [120, Theorem 4.7] by
using the proof technique first introduced in Ref. [76] for the node Kuramoto.
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Theorem 1.5 (Sufficient condition for the existence of stable reachable equilibria). For any
y € (0,7/2), if

ol > a< )(y) = (1.56)

(k+1)
there exists an asymptotically stable reachable equilibrium for the (x) dynamics such that

6@ <. (1.57)

(o]

Proof. The proof directly follows the constructions in Ref. [76, Theorem 2] by rewriting the
equilibrium equation for the projection dynamics as a fixed point equation (hence the subscript
fpin o) x = f(x) and finding o? such that f is a continuous function from a convex compact
set to itself. Brouwer’s fixed point theorem then provides the existence of a fixed point (a

reachable equilibrium) in this set. The full proof can be found in Section 1.4.5. ]
Remark 1.3 (Implications of the sufficient condition). Four important observations should be

highlighted from Theorem 1.5:

1. it is always possible to tune the coupling strengths in order for the curl-free and

divergence-free components to independently reach equilibrium;

2. after a certain value of the coupling strength, these equilibrium configurations always

exist and at least one of them is close to the origin;
3. increasing the coupling will also decrease the equilibrium’s €*-norm;

4. we see from the definition of the simplicial order parameter Equation (1.22) that, if each
component of the projection is close to 0, then the configuration will be such that Ry ~ 1

i.e. phase synchronized (Section 1.3.6).

We also highlight that, when the complex is unweighted, the expression of the bound

becomes

e =——s“, (1.58)

sm(y)

For the node Kuramoto and for y = % it reduces to

ot = |Blw], = 2 BT ell, (1.59)
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which can be approximated by the well-known bound

1

- T
T2 |B] ]|, . (1.60)

where 1,(L?) is the Fiedler eigenvalue of the network, i.e. the smallest nonzero eigenvalue of
LY.

Another interesting observation is that

2

Hﬁ<+)

= <(Bk+1)Tw, (Bk”)Ta))(kH) = (w, (Bk”Dk)Ta))(k) = <w, (L’T‘)Ta)>

(k+1) k)~

which is exactly the effective resistance of w as defined in Ref. [121].

Remark 1.4 (Intepretation of the sufficient condition). To have equilibrium, the coupling must
overcome the “structural” resistance of the simplicial complex, encoded in both the incidence
structure ( L’Ic ) and the natural frequencies. This is a powerful observation because it means
that it might be possible to define pairs of structures and frequencies to reach particular types

of dynamics or control the frequencies to move across regimes.

Finally, while Theorem 1.5 ensures the existence of reachable equilibria, in practice its
value O'f(pi) tends to be conservative and to overestimate the minimum value of o for which
stable reachable equilibria exist. In perfect analogy with the node Kuramoto literature [119], it

is often seen in practice that the infinity-norm of the natural potential

@ = Hﬁ(i)

(1.61)

(o)

is closer to the true reachability threshold and thus provides a sharper bound. This value,
moreover, exactly coincides with the reachability transition in some special cases, such as in
the one of Theorem 1.4.

The different bounds on o found in Sections 1.4.3 and 1.4.4 are shown in Figure 1.6, where
they are related to the partial order parameters on a small simplicial complex. We see how o
and oy actually bound the point of the last jump, corresponding to the transition value after
which the dynamics admits reachable equilibria.
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1.4.5 Proof of Theorem 1.5

We show here the full proof of Theorem 1.5, which is quite technical due to the necessity to
keep track of the weights and all the subspaces involved. For simplicity, we prove the result
only for the (=) component. The (+) case can be easily recovered by replacing LX~! with

$
L’l‘“, w7 with ™ and o with o .

The idea of the proof, inspired by Ref. [76], is in itself simple. We restrict the dynamics to
the reachable subspace Im L’T“l by finding the evolution equations of its coefficients w.r.t. a
basis, rewrite its equilibrium equation as a fixed-point equation, and then apply Brouwer’s

fixed-point theorem to ensure the presence of a solution.

k-1
"
tation of a self-adjoint, positive semidefinite operator, we can consider its eigendecomposition

Restricting the dynamics to the reachable subspace. First, as Ly~ is the matrix represen-

(Proposition 0.5)

L =VAVTW (1.62)

where A is diagonal with non-negative elements and the columns of V' are a basis of R"-! that
is orthonormal w.r.t. W' ie. VIW, LV =1,
A are the last ones in the diagonal, so that

.- Let us assume that the zero eigenvalues of

A =diag(4y,...,4,,0,...,0),

where r = rank(L’T“]).

We want to restrict the dynamics to the subspace Im L’T‘_l. To do that, we drop the
columns associated with the zero eigenvalues (which span ker L’T‘_l) and consider the compact
eigendecomposition

k=1 _ GATTw-1
Ly = VAVTW ., (1.63)

V consists of the first r columns of V and A = diag(4y,...,4,). The columns of V form an

orthonormal basis of the reachable subspace Im L’T“1 and thus VTWk‘_llV =1,
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We can now rewrite the simplicial Kuramoto dynamics of the (—) projection (Equa-

tion (1.31)) in the basis V, 8 = Ve for some vector of coefficients ¢ € R

d ~
Ve=w w0 - lL’; Usin(Ve) = ) — o lWWAVTW ! sin(Ve). (1.64)
With this formulation, we are naturally restricting () to lie in the reachable subspace. We
find the iynamics of the coefficients ¢ by left multiplying by VT W,:_ll and using the fact that
Viwv=1,

¢=VTW ' -l AVTW ! sin(Ve), (1.65)

The coefficients ¢ are associated to a reachable equilibrium configuration if and only if
¢ =0,1.e.
STyl W
VW,

= AVTW ! sin(Ve) . (1.66)
=

Equilibrium as a fixed point equation. We want to reduce this equation to a fixed point

equation, of the form f(c) = ¢ for some function f. First, we write

) e
Viw! 1“’0 = AVTW! sin(Ve) e= A WWTw! 2 - — VTS(c)Ve

where we defined S(c) := W, _11 diag(sinc(Vc)) with sinc(x) = sin(x)/x. We then have the

fixed point equation
~ = _1~_1 w )
c=VTSE)V)'AVTW ! — = f(e), (1.67)
ol

which makes sense only if the matrix VTS(c)V is invertible.

Lemma 1.2 (Invertibility of VT S(c)V). If S(c) has strictly positive elements, then VT S(c)V

is invertible.

Proof. First, notice that S(c) is a diagonal matrix with positive diagonal elements. We can

thus take its square root and get the following

VTS(c)V = (S2(c)V)T(S2(c)V) = ATA.
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Given that ker AT = (Im A)*, we deduce that AT A is invertible if and only if A = S2(c)V has
trivial kernel. Moreover, we know that the columns of Vareabasisandthus Ve = 0 < ¢ = 0.
If S2 (c) is invertible, which holds when S(c¢) has positive diagonal elements, then its kernel

will be trivial and, by extension, the same will hold for A. ]

This result on the invertibility of VTS(c)V hence translates to a condition on S(c).

Lemma 1.3 (Positive definiteness of S). For any y € (0, /2), if the coefficients c are such
that

H%H(k_]) P (1.68)

then S(c) has positive diagonal elements.

Proof. Under the hypothesis of the lemma it holds that
— 1 ~
‘ )= /Z](Vc)l.2 = \/Z Wz{{_lwl;—l (Vc)l.2 < /miax wl’.‘_1 ‘
1 ] 1

meaning that every component of Ve will belong to the interval [—7y, y]. The sinc function,

Ve Ve Ve

Y

< ’ <
00 (k-1)

(1.69)

which is applied component-wise to Ve, is strictly positive in [—y,y] when y € (0,7/2),
hence the positive definiteness of S(c¢) = Wk__l1 diag(sinc(Vc))). ]

We now want to prove that the left-hand side of the equilibrium fixed point eq. (1.67) is a

continuous map from the set

Y

B=1lc:ell, = H\”icu <Y (1.70)
(k=1) max; w1
i Wi
to itself. First, one has the following inequality.
St et T- 15Tl @)
1f ()2 = H(V S(V)TATV WH?H (1.71)
2

1 = S x-15Tw-1 (-
g;H(VTS(c)V) H2HA VWL o )Hz, (1.72)
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where the first term is the matrix norm. Let us look at the two terms of eq. (1.71) separately,

starting from the right one.

Lemma 1.4. Ifc € B then

AW HH :H HH . 173
H =19, p (k=1) (1.73)
Proof.
[F7wt o) - ‘ WA AW )
k-1 ) k-1 k-1
—_— 2
I
L e
Moreover,

_ 2 _ _ —_—
WO = (T WL O WL B0, = (TTTWE 08O,

EIE, as VV W, is the orthogonal projection operator onto Im L’T“l and B € Im L’T“l,
VVTW, ! ) = B, and we get our resul. O

Let us now analyze the first term of Equation (1.71) and bound it from above.

Lemma 1.5. If c € B then

H(VTS(C)V)_luz = sin)E)/) (174

Proof. When ¢ € B then Lemma 1.3 tells us that S(c) is positive definite and therefore we can

write

|7ms@m | = llcaTay|

2 b
with A = §2(c)V, for which it holds that

1 g
Tarar, i Ia7avl .79

We apply here the Cauchy-Schwarz inequality

|<ATAC, v>| < ”ATAV” vl
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and find that the right-hand side of eq. (1.75) can be bounded from below

||n|1|1n1 ||ATAV||2 > ”rrﬁm (AT Av v> | = |rrﬁm |Av]|3 (definition of A)
= | min ‘S%(C)VVH ) (definition of S(c))
lIvll,=1 2
2
= v ﬂmn Hdlag(smc(Vc)) Vv“ ) (The columns of V span ImL b
Vv
(k-1)
2
= min diag(sinc(Vc))%H (Remove a constraint)
||9||(k_|):l,é)elmL'T"1 (k—1)

\%

(| min Hdiag(sinc(Vc))%H

161l (x-1)=1
-1
( (k= 1>) ’

We have proven that

dlag(smc(Vc))

1 1
-1 s
”(ATA) ”2 Hdlag(smc(Vc))
(k-1)
or, equivalently,
H(VTS(c)V)— H = [[ara)|, < Hdlag(smc(Vc)) e (1.76)

This term can be further rewritten by trying to explicitly compute the weighted (k — 1)-norm

of a matrix. Let D be a diagonal matrix. By the definition of operator norm

||D||(k_1) = max (Dx X)(k-1) = max xTDWk x Change variable y := W,;_lfzx
Il (k=1)=1 X W‘ x=1

1 1
Tws2
= max W2 DW, = max y'D
blozt” k- 1Y ozt”

=|Dl|l, = max |Djil.

2
Equati 1.75
(k_l)) (Equation ( )
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Therefore, for diagonal matrix and diagonal inner product matrices, the (k — 1)-norm is equal

to the standard matrix 2-norm. In our case, this means that

1

Hdlag(smc(Vc)) W ,

2
= max
2 i

Hdiag(sinc(Vc))_%

(k=1)

because S(c) is diagonal with positive diagonal elements. We now remove the dependency on
¢ by taking a maximum over B

1 1
Hdlag(smc(Vc)) < maxmax |——=— | < max -— = .7 . (1.77)
(k=1) ~ ceB i |sinc(Ve),|  xel-v] sinc(x)  sin(y)
Putting everything together, we have that
ARG ow I v <.
|77 s fag(sine(Ve))H < 2
O
Applying lemmas 1.4 and 1.5 to eq. (1.71), we have
1@, = | 7stem B vrw ] < L] (178
2 g, o-l s1n(y) (k-1) :

We now ask for a sufficient condition for f to map the ball B to itself. f(c) € B if and only if

£ (O, € —2—— (1.79)
,/maxi(wl/.‘_l)
which holds if
L] AR L
. A S . 1.80
ol sin(y) p 7= p (k—1) ( )

(k- 1) /maxi(wl/;_l) sin('y)

This proves that, under the condition of the theorem, f(c) maps the closed ball B to itself,
and so Brouwer’s theorem ensures the existence of a fixed point (i.e. a reachable equilibrium)
6y = Veeq with ceq € B.
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(=)

eq can be shown by computing the

Asymptotic stability. The asymptotic stability of 6
Jacobian of the reachable dynamics eq. (1.65)

T (ceq) = oV AVTW ! diag(cos(65)V, (1.81)
which has the same nonzero eigenvalues as the similar matrix
T (ceq) = " AZVTW, | diag(cos(685))VAZ.
If ceq € Band y € (0,7/2), then

Y

(=) ’ Y  _
eq =
(k=1) w/maxl-(wl].‘_l)

q

Hé_)H <y = cos (8( )) >0,

and thus

[SlE
|

i NVt o) ) 7
J(_)(ceq) = ¢! (diag (cos (Heq )) Wk_leAi) (diag (cos (Heq )) Wk_leAi) =—olATA,

=

.
which is negative definite as A := diag (cos(@ég))) W, 2 VA> has a trivial kernel and o' > 0.

1.5 Application to functional connectivity reconstruction

Neural oscillations and frequencies are fundamental to our understanding of brain function
[122—125], and contributes to the emergence of brain functional networks [126]. In this context,
oscillator models, and the node Kuramoto model in particular, have been extensively used in
computational neuroscience, as they offer simple yet powerful and flexible phenomenological
framework for studying simplified versions of the dynamics of neuronal or brain networks with
various degrees of complexity [127, 69, 128—131]. By treating neurons or brain regions as
oscillators that interact with each other, these models can capture significant features of brain
activity observed in experiments, such as the presence of rhythms and oscillations. While
oscillator models have been widely used to study brain dynamics, it is important to note
that most of these have focused on pairwise interactions between neurons or brain regions.
This is due in part to the fact that pairwise interactions are simpler to model or analyze
and that anatomically it is more realistic to consider the dynamics taking place on networks

rather than higher-order systems. However, recent studies have suggested that higher-order
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interactions may also play an important role in brain dynamics, both functionally [18, 132]
and structurally [92, 133]. These interactions involve three or more elements and can give
rise to emergent phenomena that cannot be explained by pairwise interactions alone. Given
the potential importance of these higher-order interactions, it is natural to apply models of
higher-order synchronization to brain data. These models might offer a more comprehensive
framework for studying the dynamics of large-scale brain networks and have the potential to

give us new insights into the mechanisms underlying cognition and behavior.

To test this hypothesis, we study how well simplicial Kuramoto models can reproduce
brain correlation patterns. Following the methodology proposed in Refs. [129, 130], we run
simulations of three different variants of the simplicial Kuramoto model on a real structural
connectome, the network that describes the connectivity structures between regions of the
human cerebral cortex, and we investigate how well each model can reproduce the resting-state

functional activity experimentally measured.
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Fig. 1.7 a. Structural connectivity matrix representing the weighted network onto which we simulate the
dynamics. The color represents the logarithm of the weight. b. The empirical functional connectivity
matrix. ¢. We simulate three different variants of the simplicial Kuramoto model and compute the
correlation matrices of their post-processed trajectories as simulated FC matrices. d. The coupling
strength o is tuned for each model by scanning 20 values between 100 and 500. e. Pearson correlations
between the empirical FC and the simulated FCs for the three models, over 10 simulations.
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The structural connectome is encoded in a group-averaged weighted structural connectivity
matrix (Figure 1.7a), obtained by diffusion imaging and tractography, by parcellating the brain
into N = 200 regions, which here take the role of nodes connected by M = 6040 weighted
edges. From the network adjacency matrix, we derive the incidence matrix B; € {-1, 1}
by choosing randomly edges orientations. To achieve consistency with Ref. [129], the
connection weights K1, ..., K are included, after being inverted, as weights on the edges
Wy = diag(Kil, cees ﬁ) and the tract lengths are encoded in an edge frustration vector & € RY.
The natural frequencies for both node-based and edge-based models are sampled independently
from a Gaussian distribution with a mean of 2740 and a standard deviation of 27 0.1. We

compare the following three models:

1. Node Kuramoto-Sakaguchi model (Node). This is, by construction, the classical
Kuramoto-Sakaguchi model of Equation (1.3) with added edge frustrations «;;, used in
Ref. [129]

200
éi:wi—o-ZKijsin(Q,-—Qj+a,-j). (1.82)
=1

2. Edge Simplicial Kuramoto (Edge). The simplest possible simplicial Kuramoto model
defined on the edges

0=w—-oB| sin(BW;'6). (1.83)

In addition to the simplicial Kuramoto model we described in this chapter, Ref. [33] proposes to
modulate the interaction terms by multiplying them by the order parameters of the model. They
show that this model has an interesting, rich behavior, displaying an explosive synchronization
transition in the coupling strength. That model, however, cannot be directly applied here as it
requires the presence of triangles, which we do not include in our picture. As a proxy for its
behavior, we propose the similar order-modulated model (OM), derived by multiplying o by
the order parameter. In other words, the OM model is the gradient system of the square order

parameter.
. 1 5
9:w+§CkaVng(9), (1.84)

that results in:
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3. the Order-modulated edge simplicial Kuramoto (Edge OM)

6 = w - oR(0)B] sin(B;W;'6). (1.85)

Models 2, 3 are defined on the edges of the network, but, given that we want to reproduce a
node-wise functional connectivity matrix, we consider the projections of their phases onto
the nodes 8~ to get node-wise trajectories. For this reason, note that it is not necessary to
numerically solve all the M equations on the edges, but it is enough to directly integrate the

projected dynamics.

1.5.1 Simulations

Following Ref. [129], the simulations are run for a total of 7 = 812 seconds with a time
resolution of At = 1ms (using MATLAB ode45), and the first 20 seconds are discarded to allow
the dynamics to reach stationarity. We then take the trajectories, convert them into downsampled
BOLD signals, filter them with a lowpass cutoff of ¢ = 0.25Hz, and use them to compute
N X N pairwise Pearson correlation matrices. These simulated functional connectivity matrices
(Figure 1.7b) are then compared to the experimental resting-state functional connectivity (FC)
matrix (Figure 1.7c) using Pearson correlation (by correlating the vectorized upper triangular
matrix). We repeat this process multiple times for each model by varying the coupling strength
in order to tune it. We scan 20 o values ranging from 100 to 500, and select the optimal one
w.r.t Pearson correlation (Figure 1.7e). Given the optimal coupling strength for each model, we
then perform 10 simulations for each one of them with different random starting phases and
natural frequencies and confront them with the empirical FC matrix. The results are shown in
Figure 1.7d, where it is easy to see how the two non-frustrated edge-based models outperform
the node ones, achieving an average of r = 0.27 correlation against the r = 0.2 of the standard
node Sakaguchi-Kuramoto. The result is statistically confirmed by an ANOVA test, which
achieves p-values lower than 1073. The effect size against the node Kuramoto model is 0.0757
for the edge model and 0.0692 for the edge OM.

Our findings suggest that an edge-based description of the dynamics might provide a
better fit to the experimental data, both outperforming the node-based models and without
resorting to additional parameters or internal mechanisms, as for example edge flickering [130]
(which was shown to obtain a slightly lower correlation than our edge Kuramoto model).
In fact, arguably edge-based simplicial Kuramoto models might provide a better fit to the

observed FC correlation structure exactly because the variables are defined on the connections
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that link different nodes together, rather than on the nodes themselves [134]. That is, the
observed activity of brain regions might be better explained as the result of the information
integration taking place via the structural fibers linking the regions, rather than by looking
at the brain regions in themselves [135, 136], and display interesting parallels with neural
frequency mixing behaviors [137, 138]. Naturally, these results are preliminary and intended
as a simple demonstration of the potential of simplicial (and more generally, higher-order)

oscillator models in the context of computational neurobiological models.

We refer the interested reader to Ref. [54] for a more comprehensive evaluation of simplicial

Kuramoto models on the same tasks.

1.6 Summary and Outlook

In this chapter, we have focused on the analytical study of the standard simplicial Kuramoto
model, in which phase oscillators are defined on simplices of a fixed order and interact through
the simplicial structure of an underlying complex. By exploiting tools from topology and
discrete differential geometry, such as boundary operators and the Hodge Laplacian, we
provided a clear mathematical framework to characterize the model as a gradient system and

to analyze its synchronization properties.

The simplicity of the model allowed us to derive general results on the structure of its
equilibria and on the role played by the coupling strength in determining their stability and
reachability. In particular, we were able to obtain necessary and sufficient conditions on the
coupling strength for synchronization and to describe how the space of equilibria changes
as a function of the coupling parameter. Moreover, we showed that, when the underlying
simplicial complex is manifold-like, the simplicial Kuramoto model is strictly equivalent
to a standard Kuramoto model defined on an effective pairwise network. This equivalence
highlights that genuinely new dynamical behaviors induced by simplicial interactions emerge
only on non-manifold-like complexes, where the higher-order structure cannot be reduced to

pairwise couplings.

Beyond this equivalence result, we established an explicit connection between simplicial
Kuramoto models and another important class of higher-order synchronization models, namely
node-based Kuramoto models with interactions defined on hypergraphs. We showed that a
simplicial Kuramoto model on a generic complex can be rewritten as a node Kuramoto model

with group interactions occurring on an effective dual hypergraph. This mapping reveals both
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similarities and crucial differences between the two approaches. In particular, the coupling
functions induced by simplicial dynamics do not generally vanish when all phases are equal,
implying that the fully synchronized one-cluster state is not guaranteed to exist and that the
equations are not invariant under uniform phase shifts. Instead, the dynamics exhibit an
invariance associated with the harmonic space of the simplicial complex, which can be larger
than the symmetry generated by uniform phase shifts alone.

We further interpreted this peculiarity from the perspective of resonance. Specifically,
we showed that the simplicial Kuramoto coupling functions can be derived from a general
system of higher-order interacting oscillators operating in a near-resonant regime, under
the assumption that the natural frequencies lie in the harmonic space of the complex. This
resonance condition directly links the dynamical properties of the model to the topology of
the underlying simplicial structure. Although this derivation was carried out explicitly only
for the standard simplicial Kuramoto model, it suggests a broader interpretation of simplicial

interactions as effective descriptions of resonant higher-order dynamics.

We emphasize that the standard simplicial Kuramoto model analyzed in this chapter
represents only one instance within a broader family of simplicial synchronization models.
We note that several variants can be obtained by modifying the interaction structure to induce
adaptive couplings [33], frustrations [50] or extending the dynamics to cell complexes [103, 139].
Of particular interest, the topological synchronization model based on the Dirac operator on
simplicial complexes allows the definition of multi-order signals that are coupled within and
across orders [133, 97, 96, 140, 141]. While these extensions are not treated in this chapter, a
number of them are discussed and systematically analyzed in the main paper from which this

chapter is derived [54].

Finally, while the results presented here focus on synchronization, the formalism naturally
extends to other dynamical processes, such as consensus or diffusion, and to more general
topological structures beyond simplicial complexes. Overall, this work provides a rigorous
analytical foundation for simplicial Kuramoto models and clarifies their relationship with
both classical network-based synchronization and hypergraph-based higher-order interactions,
offering a starting point for further theoretical developments and applications.
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2.1 Introduction

The renormalization group (RG) [55] is a cornerstone of modern theoretical physics, as it allows
us to study how a physical system depends on the scale of observation, defining universality
classes and, importantly, formalizing the concept of scale-invariance. It is based on the idea
that understanding the behavior of a physical system at a large enough scale doesn’t require the
knowledge of all the microscopic interacting components it is made of. A coarse, aggregate

view is often enough.

While the RG has been a powerful tool for understanding a broad class of physical systems,
extending its framework to complex networks has posed a recent and significant challenge.
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Fig. 2.1 Kadanoff-like block nodes can be easily defined on a regular lattice but are not trivially defined
on a heterogeneous network.

In its classical Kadanoft formulation [142], the renormalization group is defined on regular
homogeneous lattices, where it is easy to group nodes into blocks that can be coarse-grained

into macro-nodes (Figure 2.1).

However, real-world networks rarely exhibit interaction patterns that possess the regularity
of lattices. They are heterogeneous, sparse objects where nodes can have different degrees,
and long-range connections make all nodes just a few links from one another. There, it is less
clear how to appropriately find the notion of locality required for creating Kadanoff-like blocks
(Figure 2.1). Nonetheless, extending the RG to networks has gained substantial attention in
recent years [56—63, 143] due to its potential to provide insights into the multiscale structural
organization of complex networks.

First attempts take the geodesic (shortest-path) length as the natural metric between nodes
and coarse grains sets of nodes whose distance is lower than a given scale parameter through a
“box-covering” procedure [56]. This has resulted in notable results in unveiling the fractal-like
self-similar structure of certain classes of networks [57, 144, 145]. However, most real-world
networks possess the small-world property [12], meaning that their diameter is extremely
small. This turns out to be a severe hindrance to box-covering renormalization methods, where

blocks of nodes will tend to group together big parts of the network even for small scales.

A notable approach, known as geometric renormalization [65, 59, 61, 146], is based on
the hypothesis that the network’s nodes can be naturally embedded in a metric space, whose
geometry provides a natural way to identify groups of nearby nodes, reminiscent of spin
blocks in the traditional real-space RG process [147]. These groups can then be collapsed
into “super-nodes,” providing a coarse-grained network description. However, this perspective
encounters a fundamental limitation: networks are inherently topological structures, devoid of
geometry, and thus need a topological notion of RG [60, 148].
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Diffusion provides such a notion: it is a dynamical process that one can define on any
combinatorial structure depending only on its topology. Diffusion on graphs, specifically,
describes the dynamics of information flowing from node to node through edges, eventually
becoming uniformly distributed on its connected components. This process is formalized
as a first-order system of linear differential equations specified by the graph Laplacian
matrix | L. One can then see the diffusion time as a resolution parameter: at short times,
information only diffuses to neighboring nodes, revealing the local structure; at longer times,
diffusion reaches nodes further apart, revealing the global structure. A recent proposal, the
Laplacian renormalization group (LRG) [63, 68], leverages this observation to produce coarser
descriptions of a network’s structure by identifying groups of nodes that are strongly linked
by diffusion at a given scale [149]. Moreover, one can adopt this same approach to define
an informational notion of scale-invariance, based on the properties of the diffusion process
via the Laplacian spectrum [150, 151], and thus different from the canonical concept of
scale-freeness, which instead depends only on the degree distribution. Both of these results
hinge on the formalism of network density matrices [152, 153, 66] to describe the complete

behavior of information diffusion at a given scale.

Networks, however, are only part of the story. Great attention has recently been devoted
to the study of higher-order networks: networks that encode multi-node interactions, going
beyond the pairwise interactions of traditional networks [26, 34, 27]. However, little work still
exists on RG approaches to higher-order networks. A direct generalization of the Laplacian
RG approach [63], based on the multiorder Laplacian [37], was recently proposed [154]. This
proposal is, however, node-centric: it only considers the diffusion of information from node
to node. A parallel research line [150, 151, 94] focused on specific families of simplicial
complexes and used renormalization group techniques to compute some notable statistical

properties.

In this chapter, we follow Ref. [67] and propose a general renormalization group scheme
for arbitrary higher-order networks. Our approach uses a higher-order notion of diffusion
that we formally define by introducing the cross-order Laplacian. In this new diffusion
process, information can flow through hyperedges of any order k via hyperedges of any other
order m. This proposal provides a natural generalization of previous ones [66, 154], which
are restricted to node-node diffusion. By studying the properties of this diffusion via the
cross-order Laplacians, our approach allows us to probe the existence of characteristic scales,

or—crucially—their absence (scale-invariance) in higher-order networks at each order. In

'In the language of simplicial complexes L = L°, where L is the order zero combinatorial Hodge Laplacian
(Definition 0.19). See Remark 0.4
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particular, we first define the appropriate Laplacian matrices to describe generic higher-order
diffusion. We then leverage them to define (i) a higher-order notion of informational scale-
invariance through the von Neumann entropy and entropic susceptibility, and (ii) an explicit
RG scheme informed by a chosen higher-order diffusion process. Using these tools, we extract
a cross-order scale signature in higher-order networks obtained from synthetic models and
real-world data and show that in most cases, scale-invariance is found only under the lens of

specific orders, suggesting the existence of underlying order-specific processes.

2.2 Higher-order networks and their structure

Higher-order networks. In general, when talking about higher-order networks, we mean a
mathematical structure that generalizes the notion of a graph by introducing multi- (or higher-)
order interactions between its nodes. Simplicial complexes (Definition 0.1) capture this notion,
by including triangles, tetrahedra and their higher-dimensional analogues along with nodes and
edges. However, the definition of abstract simplicial complex that we employed in this thesis is
quite restrictive. This is due to the fact that Definition 0.1 requires the family of simplices to
be closed by inclusion, i.e. any subset of simplex is also a simplex. This assumption can be
too strong for some classes of relevant higher-order structures. The classical example is given
by social interaction networks: a group of three friends can exist without necessarily the three

pairwise friendships between its members.
Therefore, in this chapter we move away from simplicial complexes and deal with a more
flexible, less structured kind of combinatorial object called hypergraph.
Definition 2.1 (Hypergraph).

Let V be a finite set of vertices. A hypergraph X is a set of nonempty subsets of V.

It is clear from Definition 2.1 that an abstract simplicial complex is a hypergraph with the

additional property of being closed under inclusion.

Let X be a hypergraph. Any element of X is called hyperedge and its order is defined as
its cardinality reduced by one. Hyperedges in a hypergraph take the same role of simplices in

a simplicial complex and thus we denote them in an analogous way with oo € X A vertex will

thus be a O-hyperedge e, an edge a 1-hyperedge @ e, a triangle a 2-hyperedge & , and
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soon. If n € X is a subset of a k-hyperedge o, then we say that 7 is a face of o-. We write Xj
to denote the set of k-hyperedges of X and call ny its cardinality.

Having fixed an order k € N, we want to study the scales of X from the perspective of its
k-hyperedges. This approach, note, is in line with the simplicial Kuramoto model of Chapter 1,
as we are not merely adding higher-order interactions to influence the node dynamics but we
are shifting the point of view from the nodes to the interactions themselves.

In Ref. [63], it is argued that a diffusion process can be seen as a “telescopic scanner” of a
(pairwise) network capable of extracting multiscale information about its structure. This fact
suggests that we may study our hypergraph’s k-th order properties through a diffusion process

that takes place on the k-hyperedges.

Higher-order diffusion. A diffusion-like process on the hyperedges of a higher-order network
can be defined in multiple ways, each associated with a different Laplacian matrix. In the
case of simplicial complexes, it is natural natural to consider the k-th order combinatorial
Hodge Laplacian (Definition 0.19), and it is in fact the one most commonly studied [155, 156],
mainly for its topological significance (Theorem 0.4). A diffusion process on the k-hyperedges
[52] can indeed be defined with the Hodge Laplacian, making it a natural candidate for our
approach. However, we can easily see that interpreting the Hodge Laplacian as the generator

of a “standard” diffusion process presents some physical criticalities.

The elements of the combinatorial Hodge Laplacian matrix Definition 0.19 can be written

as
degjpsny (o)) +k+1 ifi=j
(Lk)ijz 1 ifti#j,ooNoj#0,VneXo;Uo;¢nando; ~o0; ,
-1 ifi#j, oiNo;#0,Yne X o;Vo; ¢nando; » o
2.1)

where deg; ;,1(07;) is the generalized higher-order degree of o7, i.e. the number of (k + 1)-
simplices that contain o;. The pattern of non-zero elements of Equation (2.1) tell us that
LK describes relations among k-simplices that are adjacent from below but are not adjacent
from above. When two k-simplices o, n7 satisfy this condition, they are said to be parallel
neighbors [157] and we write o || 1.

Moreover, there are other notable differences between this matrix and the standard graph

Laplacian. First, the oriented nature of the simplices is such that the extra-diagonal elements
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can be both —1 and +1, instead of being all —1. Second, the rows in general do not sum to
zero. This last property comes from the fact that the vector 1 = (1,...,1)" does not belong in
general to ker L*, which instead contains the harmonic cochains corresponding to the k-th

homology classes of X (Theorem 0.4).

These two properties make it so that diffusion through the Hodge-Laplacian is not a
standard “physical” diffusion process. The fact that 1 ¢ ker L*, for instance, means that the
total information present in the k-simplices is not conserved in time, as, under the linear

diffusion dynamics x(7) = —L*x(7)

1¢kerlt = d xi(7) = ilﬂx(r) =1"%(7) = -1"L*x(7) # 0. (2.2)
dr - dr

Moreover, the oriented nature of the Hodge Laplacian manifested through the positive and

negative extra diagonal terms means that another fundamental property of the graph Laplacian

diffusion fails. If the initial configuration is non-negative x(0) > 0 it is not necessarily true

that x(7) > 0 V7t > 0, like it happens with the graph Laplacian. In other words, this means that

a positive distribution of information diffusing through the network can result in the emergence

of negative information values.

Cross-order Laplacians. Due to this lack of clear physical interpretability, it is difficult to
directly employ the Hodge Laplacian in the Laplacian renormalization framework proposed in
Ref. [66]. Moreover, the Hodge Laplacian cannot be naively extended to the general hypergraph
setting.

Thus, we define a new family of Laplacian matrices that can describe a plethora of
higher-order relations while maintaining a form analogous to the canonical graph Laplacian.
We do this by taking inspiration from the general theory of combinatorial complexes [158] and

the hypergraph Laplacian of Ref. [159].

Formally, we fix a number k € N, which we call diffusion order, to describe a diffusion
process on the k-hyperedges of the hypergraph. We then need to decide how the process
occurs, specifically, how hyperedges are “connected” so that information can flow between
them. The most natural approach is to extract this information from the structure of X by
employing a notion of adjacency among hyperedges. In general, two k-hyperedges o and

can be adjacent in two ways:
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* o, n are m-adjacent from above, when there is an m-hyperedge &, with m > k, containing
both of them é 2 o U n;

* o, n are m-adjacent from below, when they share a common m-face &€ C o N 7.

Definition 2.2 (Adjacency number).

We define the adjacency number a ; ) of a pair of distinct k-hyperedges o # n € X as

[{te Xuld Conn}|ifm <k
agemy(o,n) =3 {1 € Xploun C A} |ifm >k (2.3)
Oifm =k

so that we may consider 77 and o to be m-adjacent o ~ i when ak,m (o,m) > 0.

Intuitively, a m) (o, ) counts the number of m-hyperedges connecting o~ and 5, allowing
us to differentiate between different “strengths” of adjacency. For example, a9y = 1 when

two triangles share a single vertex and a0y = 2 when they share a pair of nodes .

The (k,m)-adjacency relations can be formalized into different adjacency matrices,
analogous to those defined in Refs. [158, 160]. If we index the k-hyperedges as o7, . .., 0y,
we can define the (k, m)-adjacency matrix with diffusion order k and interaction order m as

the square nj; X n; matrix with elements

(Akm))ij = Agem) (07, 07). (2.4)

The adjacency matrix A(j ), for example, describes how edges (1-hyperedges) are connected
through triangles (2-hyperedges), while A3 ) tells us how tetrahedra (3-hyperedges) are
attached to one another through vertices (0-hyperedges). Notice how (k, m)-adjacency is
equivalent to a weighted version of the g-nearness described in [161-163, 162] when X is a

simplicial complex and we restrict our attention only to k-simplices.

The matrix Ay ,,) can be seen as the adjacency matrix of a weighted undirected graph,
which we call adjacency graph G ; ) (see Figure 2.2), whose nodes are the k-hyperedges
and the edges are their adjacency relations given by m-hyperedges. In particular, G (g 1) is the

graph underlying the higher-order network (i.e. Xy U X;) and G 1,0y corresponds to its line
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a  Higher-order network G . b Original simplicial complex Triangle-node adjacency graph

Fig. 2.2 Adjacency grahps. a. Schematic representation of how the adjacency graphs are built for a
hypergraph. Notice how there can be cases like G (o), where the edges are weighted (here represented
with multi-edges). b. A larger-scale simplicial complex and its (2, 0)-adjacency graph.

graph [164], i.e. the graph where nodes correspond to edges and edges to nodes. To each
weighted adjacency matrix, we can associate its (weighted) Laplacian.

Definition 2.3 (Cross-order Laplacian).

The cross-order Laplacian of order (k,m) a hypergraph X is defined as the Laplacian

matrix of the (k, m)-adjancency graph through the usual formula

L(Xk,m) = diag(degx ) = A(km)> (2.5)

where degy ,,) is the vector containing the higher-order (k, m)-degrees, i.e. the row-sums

of A(k,m)

degym) (o) = Z a(km (07, 1). (2.6)
neXi

The matrix LE(k )’ being a weighted graph Laplacian, is symmetric, positive semidefinite

and has an eigenvalue 0 with multiplicity given by the number of connected components of
its underlying graph G ,,). We note that our definition includes two existing families of

Laplacians as particular cases:

(i) the “vertex-centric” higher-order Laplacians, describing how vertices can exchange
information through hyperedges (e.g., the generalized Laplacians of Ref. [37]), as

X

cross-order Laplacians of the form L (0.m)°
)
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(i) Hodge-like Laplacians, where diffusion happens between hyperedges through hyperedges

X

of a directly adjacent order, as L (kk=1)’

Cross-order Laplacians generalize these two notions, allowing the description of diffusion
processes which, as with Hodge Laplacians, can happen on hyperedges of any order and, as
with generalized Laplacians, can “jump” orders, connecting them with hyperedges of any other

order.

Figure 2.2a clearly shows that the same hypergraph X can support vastly different dynamical
structures, depending on the adjacency graph we use to probe it. There, for example, we see

three cases:

* G(1,0) shows that information can diffuse only on a line.

* G(0,2) shows that information can spread freely through a large number of edges but,
however, is prevented from reaching the top node due to the lack of triangles connecting
it to the others.

* G(2,1) shows that information is severely restrained from the lack of edge connections
between triangles. This leads to a sparse adjacency graph where some nodes (representing

triangles) are isolated.

2.3 Statistical physics of higher-order diffusion processes

Cross-order diffusion. From now on, we will consider the high-order diffusion process
on k-hyperedges through m-hyperedges on a given hypergraph X, and thus omit the (k, m)

notation. Such a process can be easily written as the linear, first-order ODE
x(1t) = -L*x(1), (2.7)

where x(7) € R"* is a real scalar function on the k-hyperedges. Equation (2.7) can be solved

with the time propagation operator or heat kernel at time 7 > 0
p(r)=e, (2.8)

so that
x(1t) = p(t)x(0) VT >0 (2.9)
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Due to linearity, we can think of the j-th column of p(7) as describing the distribution of
information over the k-hyperedges at time 7, when the total information is concentrated in a

single k-hyperedge o; at time 7 = 0.

It turns out that we can derive interesting aggregate measures from the heat kernel,
both for the standard Laplacian on networks [152] and for Hodge Laplacians on simplicial
complexes [165]. These can help us probe the characteristic scales of the structure under

consideration. First, p is normalized to a density matrix [152]

T X
eTL

Z(7)

p(1) = (2.10)
where Z(7) = Tr(e ™) is called the return probability, describing how much of the

information has remained “trapped” and did not diffuse at time 7 [166].

The density matrix, which is characterized by Tr(p (7)) = 1 is a well-studied object that
is used in quantum information theory [167] to describe the outcomes of measurements
performed on quantum physical systems characterized by entanglement. For each density

matrix, we define the following entropic measure, generalized from [152] to hypergraphs.

Definition 2.4 (von Neumann Entropy).

Given the density matrix of Equation (2.10) 6(7), we define its von Neumann entropy as
S(r) = -Tr(p(7) log p(7)).

Remark 2.1 (Spectral interpretation of the von Neumann entropy). The von Neumann entropy
of our density matrix can be interpreted by taking a spectral point of view on the cross-
order Laplacian. In fact, if A; is the i-th eigenvalue of L*, with0 = 1} < A, < --- < 4,
Definition 2.4 can be rewritten as

nk .
e TA; e

—T4;
S(T):—Zmlog (m), (2.11)

i=1

which corresponds to the classical Shannon entropy of the probability distribution p given by

the normalized exponential of the eigenvalues p; = e ™% | Z(7).
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Moreover, if we move to the orthonormal basis U = [Uy, ..., Uy,,] of the eigenvectors of
L%, the linear system of ODEs Equation (2.7) is diagonalized, becoming, if u = U x
(1) = =i (1) = ui(t) = e .
Therefore, any solution to the diffusion equation can be written as a weighted sum of the graph

eigenmodes with weights exponentially decreasing in time with rate given by the Laplacian

eigenvalues
1k

x(1) = Z e T,

i=1
The interpretation of the von Neumann entropy of Equation (2.11) (and thus Definition 2.4)
becomes now clearer: S(7) gives us the entropy of the distribution of eigenmodes that contribute
fo the process at time T.
Proposition 2.1 (Limits of the von Neumann entropy). Let X be a hypergraph, L, . its (k,m)

(k,m)
cross-order Laplacian, and ,Bék’m) the number of connected components of the adjacency graph

G (k,m)- Then
(k’m)

lim S(7) = logng, lim S(7) =log B,
7—0 T—00

Tl

Proof. For v = 0, we have that Z(7) = n; and e™™" = 1, meaning that S(0) is the entropy

of the uniform distribution over ny items, i.e. S(0) = logny;. For T — oo, all the terms

i 5 0, leaving us only with the

associated with positive eigenvalues goto 0, 1; > 0 = e~
0 eigenvalues. It follows from Theorem 0.4 that the number of zero eigenvalues coincides with

the number of connected components of the underlying graph G (4 ;) and thus S(7) converges

(k,m) (k,m) O

to the uniform distribution over 3, o

items, S(7) — log B
Proposition 2.1 establishes S as an essential measure to track the renormalization of X as
it can be interpreted as the logarithm of the number of effective dynamical units as the scale

changes. In fact, it tells us that:

« For small diffusion times/small scales T ~ 0, the number of states is ¢5(™) ~ ny i.e. all

the k-hyperedges are independent units.

« For very large diffusion times/large scales 7 > 0, the number of states is 5(™) ~ ,Bék’m).
Here, we zoomed out to such a large scale that the only independent dynamical units are
the connected components of k-hyperedges that do not communicate with each other.
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* For intermediate scales, therefore, the k-hyperedges that behave in the same way are

automatically merged in S(7) and counted as the same dynamical unit.
Following the method proposed in Ref. [66], we study the scale behavior of X through the
logarithmic derivative of the von Neumann entropy, known as the entropic susceptibility:

ds
dlogt’

C(r)=- (2.12)
Keeping in mind the interpretation we gave above, the entropic susceptibility thus measures
the rate of variation of the effective (log of the) number of dynamical states or the rate of

information acquired about the network during the diffusion dynamics at time 7 [168].

These two measures, in the network case (k = 0, m = 1), have been fruitfully leveraged
to extract key information about the network’s structural organization [152, 153, 169, 170].
In particular, the maxima and minima of the entropic susceptibility, associated with times of
fast deceleration and acceleration of the diffusion process, were shown to correspond to the
presence of characteristic scales [66, 63]. Most importantly, we use C(7) to define a notion of

scale-invariance [63, 168] that tells us which networks can be renormalized.

Definition 2.5 (Informational scale-invariance).

If the entropic susceptibility C(7) of a hypergraph X is constant over a time range
I = [Tmin, Tmax |, We say that X exhibits informational scale-invariance in the range of

scales I.

Explicitly writing orders (k, m) again: it is known, for instance, that the (network, k = 0
and m = 1) entropic susceptibility C(o,1)(7) shows a large plateau in the case of grid graphs,
Barabdsi-Albert networks, and random trees, all of which are examples of self-similar structures.
Interestingly, entropic susceptibility and the associated notion of scale-invariance can be related
to the concept of spectral dimension [171-173], which intuitively measures the dimensionality
“perceived” by a diffusion process taking place on a manifold or, in our case, a combinatorial
structure.

Informational scale-invariance and spectral dimension. To better understand the meaning
of the definition of scale-invariance employed in this chapter and in Ref. [66], we can look at it
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from two different angles. First, note that

dC(r) _ 0 d?S(r)

=0 & ——==0Vrel
dlogt d(log 7)? !

C(r)=C"

which means that scale-invariance is associated to a range of times where the rate of change of

the entropy (in logarithmic scale) is constant, i.e. S(7) does not accelerate nor decelerate.

From another point of view, it is interesting to look at the relation between the entropic
susceptibility and the spectral dimension of the adjacency graphs of the simplicial complex.
The spectral dimension [171-173] is a generalized notion of dimensionality that measures the

dimension “perceived” by a diffusion process.

Definition 2.6 (Spectral dimension).

We define the spectral dimension D (7) as the derivative w.r.t. the logarithmic diffusion
time of the logarithm of the return probability Z(7)

dlog Z
D, (r) = 22108 Z(0)
dlogt
Here, we think of 7 as a scale instead of a time parameter, meaning that D (7) measures

dimensionality at scale 7.

On d-dimensional flat manifolds D(7) = d for all 7, while on d-dimensional (periodic)
lattices D (7) shows a large plateau whose value corresponds exactly to d [173]. In general,

when Z (1) o 774/2

in a scale interval I = [Tyin, Tmax |, Ds(7) has a plateau equal to d. This
implies that, at these specific temporal resolutions, the space’s spectral dimension observed
through the diffusion process remains consistent. Such behavior suggests the existence of an

inherent dimensionality within the space at these particular scales.

Note that Definition 2.6 generalizes to a scale-dependent quantity the more familiar notion
of spectral dimension used for network [174], that is the fact that the density of eigenvalues of
the Laplacian is p(1) =~ 19/271 for small A. Indeed, if that is the case, we have that

Z(1) :/ e ™p(1)da z/ e T4 = 7721 (d)2),
0 0

and thus
dZ(r)

Dy(7) = 210g7 ~ ¢
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One can see that there is a strong relation between the entropic susceptibility (Equa-
tion (2.12)) and the spectral dimension, i.e.
1dDg(7) 1

C(r) = —= -
(0 == dogr T2

Dy(7). (2.13)

From Equation (2.13), we thus find that informational scale-invariance (Definition 2.5) is
equivalent to
C(t)=C" & Dy(1r) =ar+2C* (2.14)

i.e. the spectral dimension varies linearly w.r.t. the scale. This result tells us that informational
scale-invariance corresponds to spaces with a well-defined intrinsic dimensionality (a = 0),
but also the case in which the dimension varies linearly with the scale (a # 0).

This last case is particularly interesting because it reveals a characteristic of informationally
scale-invariant geometries that goes beyond well-defined spectral dimension. Indeed, it is not
hard to see that C(7) = C* if and only if

Z(1) e_%TT_C*,

meaning that in an informationally scale-invariant space the return probability decays with
a power-law, as in any flat Euclidean space, dampened by a negative exponential factor.
Intuitively, this means that as the diffusing particle explores the space, it finds exponentially
more room to fill at each step, therefore drastically reducing the probability of it coming back
to the origin. This is typical of hyperbolic-like spaces, where the volume of a geodesic ball

grows exponentially fast with the radius.

Example 2.1 (Torus graphs). Let us consider, as a simple example, the case of two-dimensional
lattice graphs with periodic boundary conditions, thus topologically identifying a torus. We
choose two examples that clarify the meaning of entropic susceptibility of Equation (2.12).
The first is a 64x64 node lattice graph, thus with a total of 4096 nodes, and the second is
a 140x30 node lattice graph with 4200 nodes. The first thus represents a torus with major
and minor radius of the same length, the second a torus with major radius much larger than
the minor radius. Figure 2.3 shows the two tori, their von Neumann entropy S(t) (left) and
entropic susceptibility C(7) (right). In accordance with Proposition 2.1, the entropy begins
at T = 0 with value equal to logny ~ 8.3 and then decreases until it goes to O for large
enough scales. Note that the entropy curves of the two tori coincide for small . This can be
interpreted by looking at the entropic susceptibility plot on the right. After the first peak in

C, representing the scale of the lattice discretization, we see a first plateau corresponding to
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Fig. 2.3 Entropy S(7) (left) and entropic susceptibility C(7) (right) of two torus graphs of different
ratios of major and minor radii. The plot on the right highlights the two prominent plateaus signifying
scale-invariance.

C* = 1. Equation (2.14) thus tells us that, for this range of scales, both structures are identified
as informationally scale-invariant with well-defined spectral dimension Dg =~ 2. This is due
to the fact that both graphs are discretization of two-dimensional manifolds that are locally
homeomorphic to R%. As the scale T increases, the two tori display different behaviors. The
entropic susceptibility of the 64X64 torus displays a final peak, corresponding to the scale of
the whole graph, and then quickly falls to 0. The entropic susceptibility of the 140X30 torus,
instead, has a second long plateau (we remind the reader that the x-axis is in logarithmic scale)
with value C* ~ % This corresponds to the scale in which diffusion has become constant over
the smaller radius, but not over the larger one, and thus the dynamical process sees the torus

as a I-dimensional manifold (Dg = 2C* =~ 1), akin to a circle.

Measuring scale-invariance. Following the considerations above, we want to quantify
whether a higher-order network exhibits scale-invariance at order k via order m. To do so,
we define the scale-invariance parameter (SIP) Py ) (€), as the logarithmic lifespan of the
longest connected plateau of Cx ) (7) W.r.t. a given tolerance € > 0 on its “flatness”. In detail,
given a value y > 0, we define the set

E(m)(y;€) = {T >0: [logCim(t) =yl < e} (2.15)
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which, being the inverse image of the open interval (y — €, y + €), will be given by a countable,

disjoint union of open intervals (a;, b;)

Eem (vi€) = | [(arb2). (2.16)

1

We then define the scale-invariance parameter as
Pim(€) = aéi max (log b; —loga;). (2.17)
y> i

If Pk m)(€) is large, we can say that the hypergraph is scale-invariant at order k via order m,
while if it is close to O then C(x ) (7) is peaked, thus signaling the presence of characteristic
scales. Unless stated otherwise, in the numerical experiments we fix € = 0.2 and omit € in the

notation: P ) (€) = Pk m).
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2.4 Cross-order Laplacian renormalization scheme

Let us assume that a hypergraph X has been recognized as

scale-invariant with respect to Cx ) (7) (Equation (2.12)). g
We would now like an algorithmic method to reduce it 1
to a smaller, equivalent one that can still be recognized
as scale-invariant. Similarly to the case of networks, we
devise a higher-order Laplacian renormalization scheme N,
consisting of the following steps: il DY

o

X

1. Compute the cross-order Laplacian matrix L
(k,m) | ®

2. Choose a diffusion time 7* > 0 corresponding to the iii @ o

scale at which to “zoom out”.

. Compute a partition of the k-hyperedges of X from

the elements of the density matrix o ) (7%) o

X
(km)

set are strongly linked by the diffusion process at time

exp(—7*L ), such that hyperedges in the same

T

. Coarse-grain X by merging its vertices according to

the partition, to obtain a new, smaller X’.

Fig. 2.4 Pictorial representation
of our higher-order coarse-graining
scheme with k = 2: (i) a partition of
the 2-hyperedges, here represented
with color, is obtained from p (1), (ii)
each vertex inherits a signature con-
taining the labels of all 2-hyperedges
it belongs to, (iii) vertices with the
same signature are glued together,
and hyperedges are induced from

the starting hypergraph.
The process is then repeated, resulting in a sequence of

hypergraphs with a decreasing or constant number of vertices. We name such a sequence
renormalization flow.

In detail, staying faithful to the real-space Laplacian renormalization scheme, in step 3 we
say that k-hyperedges o and 7 are to be merged if the information which has flowed from o to
n is greater than the information which has stayed in o or . In practice, we build an auxiliary
matrix  with

1 if p;j = min(pii, pj;)

gi j= .
0 otherwise

(2.18)

which can be thought as the adjacency matrix of a metagraph where the nodes represent the

k-hyperedges and the edges connect those to be identified w.r.t. the diffusion process. A
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partition of the k-hyperedges is then obtained simply by taking the connected components of
the metagraph.

As prescribed by step 4, we need a coarse graining of X which is informed by the partition
obtained in step 3. When the diffusion takes place between the vertices of a network, the
process is quite simple [63]. It is enough to glue together vertices belonging to the same set
into super-vertices, and place a super-edge { A, B} between two super-vertices A and B if there

are two vertices a € A and b € B in the original network such that {a, b} € X;.

If we want to renormalize the higher-order network w.r.t. a process taking place on general
k-hyperedges more care is needed, as it is not clear how to naturally collapse hyperedges
belonging to the same set in the partition. It is important to highlight that we cannot just coarse
grain the adjacency graph w.r.t. the partition, as that will result in a smaller graph where
most of the relational information contained in the hypergraph has been lost. To approach the
problem, we propose the following method which, taking inspiration from Ref. [175], aims to

reduce the problem to a node coarse-graining one.

Let us suppose that each k-hyperedge n has been assigned a label A(7) specifying which
set of the partition it belongs to. First, each k-hyperedge passes its label down to its vertices,
or, from the other point of view, each vertex inherits the labels from all the k-hyperedges to

which it belongs. Thus, we associate to each vertex v a set, called signature X(v),

Z(v) ={A(m) | n € Xy, ven}, (2.19)

which contains all the labels inherited. The coarse graining is then performed simply by
identifying vertices possessing the same signature and then inducing higher-order hyperedges
as explained above. If X(v) = (), meaning that i is not contained in any k-hyperedge, then we

give it its own signature, so that it will be left unchanged by the transformation.

In other terms, we think of the signature as a labelling of the vertices of the hypergraph,
i.e. a surjective map f : Xo — S from the set of vertices to the set of signatures S. As it is
explained in Ref. [176] for simplicial complexes, starting from this labelling, we can build
another hypergraph X’ whose vertices are the signatures, and whose hyperedges consist of the
maps of the hyperedges of X through f, i.e.

X' = {{f(V()), . ,f(vk)} | {vo, - ,vk} € Xy, k e N} . (2.20)
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Intuitively, step 3 identifies groups of k-hyperedges, which can be seen as generalizations
of the spin blocks of Kadanoff’s renormalization scheme [147]. In general, however, they
will not be identical blocks of vertices, but their shape will reflect the structure of X (see
Figure 2.41). Once the partition of the k-hyperedges is obtained, we perform a coarse-graining

step to aggregate the hyperedges belonging to the same block.

Note that the choice of the time 7* heavily influences the renormalization process. If 7* is
too low, no vertices will be merged, whereas if 7* grows large enough, every family of connected
k-hyperedges in G (4 ,,) will get the same label (S(7*) = log(,B(()k’m)) as in Proposition 2.1).

2.5 Examples of application

We now show explicit examples of applications of this framework. We first focus on synthetic
models of simplicial complexes to confirm that, in controlled situations, the cross-order
renormalization group recovers exactly the scale-invariant structure and order of the underlying
system. After this confirmation, we extract the cross-order scale signatures of some real-world
datasets.

Pseudofractal simplicial complexes. The family of scale-free pseudofractal simplicial
complexes [177] provides a simple example of self-similar higher-order networks. Simplicial
complexes in this family are built starting with a single k-simplex and by iteratively attaching
a k-simplex to each (k — 1)-simplex already present in the complex (Figure 2.5a). We expect
the evident hierarchical nature of these objects to be visible in the entropic susceptibility curve

of one or more diffusion processes defined on it.

Figure 2.5b illustrates how the different entropic susceptibilities Cx ,,) display different,

non-trivial behaviors. Most importantly, the curves associated with Lfl 2) and LE(Z 1 show

oscillating plateaus that span multiple orders of magnitude in 7. These correspond to the
different, well-separated scales resulting from the iterative construction process, which can be

interpreted as an approximate form of higher-order informational scale-invariance. Surprisingly,

X
(0.1)
(the canonical graph Laplacian) is peaked, meaning that the self-similarity of the structure is

even if the network underlying the simplicial complex is scale-free [178], the curve of L

not visible at the vertex-edge level.

These results are consistently observed when we increase the number of steps with which

the simplicial complex is built. We find that almost all the scale-invariance parameters P i )
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—e— 2 steps
—— 3 steps
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Fig. 2.5 Scale-invariance and renormalization in pseudofractal simplicial complexes. a. Graphical
depiction of the first three steps of constructing the pseudofractal simplicial complex of dimension 2.
b. Entropic susceptibilities of all the cross-order Laplacian matrices, computed for the 2-dimensional
pseudofractal simplicial complex built with six steps (1095 vertices). ¢. Scale-invariance parameters
varying with the number of steps with which the simplicial complex is built. d. On the left, the first
three steps of the L .| renormalization scheme with * = 0.2. On the right, the first three steps of the

(0.1)
L

(Xl 2) renormalization with 7 = 2.6.

increase with the number of construction iterations (Figure 2.5¢), with the highest values being
consistently obtained by P(;) and P, 1), which correspond to the cross-order Laplacians
naturally associated with the complex’s growth (addition of triangles along edges). Moreover,
the values of P(y), P(1,0) and P(yp) remain approximately constant, while P ) slowly
increases, indicating the presence of a growing plateau (invisible in Figure 2.5b, where we

show results for the realization with six steps). This observed behavior is also consistent with

X
(0.1)
has power-law behavior for small eigenvalues when the number of vertices is large, i.e. a plateau

previous results [150] on the spectrum of L of pseudofractal simplicial complexes, which
in the entropic susceptibility (see Methods of Ref. [66]). However, the scale-invariant behavior
is much more easily and quickly detectable when considering the entropic susceptibility
of Laplacians associated with the complex’s intrinsic growth process (between edges and

triangles), even when the number of vertices is still small.

We confirm this observation by applying the renormalization scheme to a pseudofractal
simplicial complex of dimension 2 and visualizing its evolution at each step. The renormaliza-

tion based on Lz(l 5) Preserves the structure of the simplicial complex, perfectly reversing its

construction process (Figure 2.5d, right). In contrast, the renormalization flow based on L%

(0.1)
destroys the pseudofractal structure and rapidly collapses the central vertices, resulting in a
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“star-shaped” simplicial complex with no apparent relation to the original one (Figure 2.5d,
left).

Network Geometry with flavor. While the higher-order scale-invariance for pseudofractal
simplicial complexes is a relevant consistency check, this result is not particularly striking
due to their evident hierarchical nature. We show here that analogous results can be found
in the case of heterogeneous simplicial complexes, similar to what was previously observed
in random scale-free networks and random trees [63]. To this end, a natural candidate is
the family of simplicial complexes given by the Network Geometry with flavor (NGF) model
[179, 178].

The NGF model [178] in dimension d is able to generate both hyperbolic manifolds and
scale-free growing simplicial complexes, by progressively attaching d-simplices to (d — 1)-
simplices in a stochastic manner biased by the flavor parameter s. The three possible ways in
which the growth process is realized, named flavors, are the following:

* s = —1, which allows for at most 2 d-simplices attached to any (d — 1)-simplex, resulting

in d-dimensional simplicial manifolds;
* s = 1, which glues d-simplices to (d — 1)-simplices by preferential attachment;

* s = 0, which presents intermediate properties between the two.

Let us briefly describe the growth process of the model. At time ¢ = 1 the NGF simplicial
complex X! is made by a single d-simplex. At each time step ¢ > 1 a new d-simplex is

created and attached to one of the (d — 1)-simplices present in X, chosen with probability

(o1 pes
I, = Z[s](t)e (1 +sn,), (2.21)

for each (d — 1)-simplex o, where

* [ 1is the inverse temperature, which controls the amount of randomness in the process;

* ¢, is the energy of the simplex o, defined as the sum of the energies of its vertices,

which in turn are sampled from a distribution g(¢);
* n, is the number of d-simplices which contain - minus one;

o ZIs1(¢) is the normalization constant.
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From this it is easy to see that, when s = —1, all the (d — 1)-simplices which are contained in
exactly 2 d-simplices will have probability O to have another simplex attached to them. This

results in X*) being a simplicial manifold (with boundary) for every 7 > 1.

Due to its preferential attachment mechanism, we focus on the case s = 1, which leads
to simplicial complexes with power-law distributed higher-order degree deg, ,_), and, to
manage computational complexity, we calculate entropic susceptibility curves only for relations

predicted to be scale-free, alongside the vertex-edge (0, 1) relation for comparison.

Although the NGF construction process is similar to the pseudofractals, the randomness
does not allow for a clear separation of the hierarchical scales. The averaged curves of
C(4,a-1) exhibit a smooth plateau anticipated by a small peak, which grows with higher
dimensions, indicating the presence of a distinct microscopic scale. This is because the
(d — 1, d)-adjacency graph (of both d-dimensional NGFs and pseudofractals) is composed
by (d + 1)-cliques arranged in a tree-like structure, as d-simplices have d + 1 (d — 1)-faces.
The first peak thus corresponds to the microscale associated with these cliques. Afterward,
a scale-invariant regime ensues, illustrated by the near-perfect plateau of C(4_1 4). However,
despite being associated with power-law degree distributions, other curves lack plateaus,

showcasing non-trivial structural organization at specific scales.

X
(1,2

preservation of the structure of a 2-dimensional NGF simplicial complex with respect to the

In Figure 2.6b, a renormalization based on a higher-order relation (L )) shows better

standard vertex-edge Laplacian renormalization. Notably, the L(XO’I)-renormalization drastically
reduces the number of vertices, collapsing them into a single super-vertex at the first peak of
Co,1) (Figure 2.6¢, left). Conversely, LTl,z) -renormalization compresses the simplicial complex
more gradually, revealing a clear transition point just before the first peak (Figure 2.6¢, right).
This distinction is further emphasized by tracking the evolution of the entropic susceptibility
after one step of the renormalization flow in Figure 2.6d, where the plateau of C(j ) is preserved

by L?l,z) but destroyed by L?o,l)'

Higher-order scale-invariance in real data. We can leverage scale-invariance parameters to
provide effective higher-order signatures describing their hierarchical nature in a multifaceted
way. Note that in general, unlike the regular cases discussed above, real networks are not the
result of a simple construction process, and thus there is no clear way to identify a priori the
pair (or pairs) (k, m) that can exhibit scale-invariance. Moreover, in a real-world context we

cannot expect the presence of scale-invariance to be as clear-cut, with well-defined plateaus
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Fig. 2.6 Higher-order Laplacian renormalization scheme applied to NGF simplicial complexes
a. Entropic susceptibilities, together with their 95% ClIs over 10 repetitions, of the NGF simplicial
complexes of flavor s = 1, dimensions d € {1,2, 3,4}, 8 =5 and 3000 vertices. The numbers display
the scale-invariance parameters. b. A small 2-dimensional NGF simplicial complex is renormalized
using L(Xo,l) (top) and L?l,z) (bottom). c¢. Left: C(g, 1) together with the number of vertices of the
complex after one step of LTO,l)
number of vertices of the complex after one step of L?l’z)—renormalization as a function of 7. d.
Evolution of the entropic susceptibility C(; ) after the first step of the two types of renormalization
considered. The starting NGF simplicial complex has 2000 vertices and is reduced to 854 vertices by

(t* =0.06) and to 1318 by L (t* =0.6).

-renormalization as a function of 7. Right: C(; ) together with the

X X
Lo.1y (1,2)
as in the synthetic cases. In turn, fixing a maximum order kn,x, the most complete view is

obtained by looking at all the kax (kmax — 1) entropic susceptibility curves up to that order.

We take real higher-order network datasets (Table 2.1) and consider their interactions up
to the 4th order, i.e hyperedges of maximum 5 nodes. For each hypergraph, we compute all
the Ck ) with associated P i ,,) and build a null model by doing the same on their adjacency
graphs randomized with a degree-preserving configuration model. In this way, we are able to
obtain an effective signature of the hypergraphs encoding the amount of scale-invariance in

each of its higher-order relations (Figure 2.7a).

Different behaviors emerge: the “flower-like” shape for the High school contacts [180]
hypergraph, the “fan-like” shape —with higher values of scale-invariance in some specific
orders— of the Senate bills [ 1], House bills [1], the Diseasome [181] and the NDC Substances
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Fig. 2.7 Higher-order scale-invariance in real data. a. Scale-invariance parameters P (i ,,) of six
hypergraphs—truncated at order 4—obtained from real-world datasets. The gray lines and the associated
regions represent the mean and 95% CI for the values of P i ,,) of the null model over 10 repetitions. b.
LDA projection of a larger set of 20 real hypergraphs of different types, denoted by different colors,
and with size proportional to the value of their highest SIP. The colored regions highlight clusters of
nearby points that belong to the same class of hypergraphs. ¢. Scale-invariance parameters P (i ) of
six second-order clique complexes obtained from real-world network datasets. The gray lines and the
associated regions represent the mean and 95% CI for the values of Py ,,,) of the null model over 10
repetitions. d. LDA projection of 34 real clique complexes of different types, denoted by different colors,
and with size proportional to the value of the network’s highest SIP. The colored regions highlight
clusters of nearby points that belong to the same class: social origin (I), infrastructural (II), biological
origin (III).

[182] hypergraphs. Moreover, as for the Enron Email [182, 183], there can be a more uniform
distribution of the SIPs values, without a clear dominance of orders. Note that, when the
k-hyperedges are too sparse, information cannot flow through m-hyperedges, resulting in

zero-valued SIPs for those specific orders.
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Interestingly, even when we do not consider genuine higher-order networks but rather
focus on networks, it is still possible to obtain meaningful information through our approach.
We consider real pairwise network datasets (Table 2.2) and compute their associated cligue
complexes up to 2nd order, i.e. build simplicial complexes by considering their cliques of
three nodes as 2-hyperedges. Notice that in this way we artificially lift a (pairwise) network
to a higher-order one and, as a consequence, any resulting higher-order properties should be
interpreted as describing the structural organization of cliques of nodes, and not of “genuine”

higher-order interactions.

In Figure 2.7c we show the SIPs associated with some of these clique complexes, together
with the null model. We find a variety of different behaviors, like the E-road network [184]
and the network science Co-authorship network [185], which are strongly scale-invariant in
the standard sense, i.e. in the relation between vertices and edges (high values of P 1) and
P(1,0)). Despite the inherent pairwise nature of the networks, we find a marked presence of
high-order scale-invariance in some of them, like the University Rovira i Virgili Email network
[186], the C.Elegans metabolic network [187—189] and the fictional A Song of Ice and Fire
social network [190]. We stress again that this higher-order description is obtained without any
assumptions on the presence of genuine higher-order interactions in these systems, but rather
it is based only on nodes, edges, and the cliques they form. However, some aspects of the
hierarchical scale-invariant structure of a network may be hidden from the node-centric point
of view, but can be evident when looking at how simplices (in this case, cliques) are related
to one another. This is in line with similar results on the persistent homology of weighted
networks [191].

Finally, we use scale-invariance parameters as coordinates to embed the datasets in
R?. In Figure 2.7b and Figure 2.7d, the linear projection-Linear Discriminant Analysis
(LDA)[192]-of the resulting point cloud are showing heterogeneity in the amount of higher-
order scale-invariance present in each dataset. Surprisingly, despite the coarseness of this
measure, we see that the information contained in SIPs is enough to cluster the networks
according to their nature, suggesting the presence of specific higher-order signatures associated
with each type of data.

2.6 Discussion

By leveraging the Laplacian renormalization group, we developed a method to investigate the

structure of higher-order networks via a renormalization procedure based on the connectivity
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structure of higher-order relations, as encoded in the proposed cross-order Laplacian. We
showed that the renormalization scheme can revert exactly the construction of higher-order
structures that are self-similar by construction (the pseudofractal) and detect the correct order
of the dominating growth mechanism in scale-invariant complexes with induced heterogeneous
lower order structures (the NGF model). Armed with these results on controlled synthetic
systems, we employed the entropic susceptibilities obtained in our scheme to build scale-
invariance profiles for a set of real-world systems, revealing both different unexpected kinds of
characteristic scales and scale-invariance at various orders and commonality of such profiles

across systems belonging to the same domain.

From a technical point of view, the cross-order Laplacians bear both similarities and differ-
ences with previously defined higher-order Laplacians, notably the Hodge (or combinatorial)
Laplacian [52] L¥, and the multi-order Laplacian L) [37]. n fact, both the k-order Hodge

X
(k,m)
order k, and thus are n; X n; matrices, where ny is the number of k-hyperedges. However,

Laplacian and cross-order Laplacians L (for any m) are defined on the hyperedges of
the Hodge Laplacian is limited to adjacencies defined by boundary and coboundary relations,
and thus, with m = k + 1, while the cross-order can capture arbitrary adjacencies through any
m-hyperedges. Conversely, the multi-order Laplacian L™ is defined as the weighted sum of

Laplacians defined on nodes and adjacent via hyperedges of any m order. It can be rewritten

X
(0,m)

and M the maximal order considered. Similarly, we note that, while in this work we focused

in our notation as L™ = Znﬂle wmL where the w,, are an arbitrary weighting scheme
on renormalization based on specific pairs (k, m), important future work should understand
the effect of extending the cross-order renormalization scheme to a multicross-order scheme,
which could be achieved by considering combinations of hyperedges of dimension higher or
. . . (mulx) _
lower than a certain threshold on the interaction order (e.g., L, = Xme{m) mez(k’m) over
a set {m}). Also, while this work focused mainly on simplicial complexes for convenience and
clearness of exposition, any combinatorial structure [158] built with a set of ranked sets is

amenable to our scheme.

Finally, our results provide a new lens to address questions on the origin of different
higher-order invariant structures in various domains [193, 194], on their effects on dynamical
processes taking place on them [195, 195, 196] and their reducibility [197], as well as to the

limits they might pose on the predictability and reconstruction of complex systems [198].
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2.7 Datasets used

Real hypergraphs. We chose a heterogeneous family of 20 real hypergraphs from the
repository hosted by the XGI package [1] and compute their SIPs up to the 4-th order. These
hypergraph are of different types, from contact networks to gene-disease networks, and, as we
did for clique-complexes, we divide them into three coarse families: “social”, “collaboration”

and “biological”.

Name Type Finer Type Source no n no n3 ng
High School Contacts Social Contacts [180] 327 5498 2091 222 7
Primary School Contacts  Social Contacts [199-201] 242 7748 4600 347 9
Enron Email Social Email [182, 183] 143 809 317 138 63
Eu Email Social Email [182,202,203] 986 12753 4938 2294 1359
Lyon Hospital Contacts ~ Social Contacts [204, 201] 75 1107 657 58 2
Hypertext Contacts Social Contacts [205, 201] 113 2103 302 18 7
InVS13 Social Contacts [206] 92 741 44 2 0
InVSi5 Social Contacts [207] 217 4142 755 12 0
Malawi Village Contacts  Social Contacts [208] 84 341 86 4 0
Science Gallery Social Contacts [205, 201] 410 2491 808 46 5
SFHH Conference Social Contacts [207, 209, 199] 403 8268 1861 258 63
US Congress Bills Collaboration Bills [182,210,211] 1718 13871 10156 7764 5780
House Bills Collaboration Bills [1] 1494 7656 4369 3350 2607
House Committees Collaboration Committees [1] 1290 1 2 11 25
Senate Bills Collaboration Bills [1] 294 3280 3013 2394 1685
Senate Committees Collaboration Committees [1] 282 0 0 9 22
Diseasome Biological Disease [181] 516 153 92 26 25
DisGeNet Biological Disease [212] 12368 157 139 93 66
Classes of NDC Biological Pharmaceutical [182] 628 135 92 100 73
Substances of NDC Biological Pharmaceutical [182] 3414 1027 717 516 498

Table 2.1 Datasets from XGI package [1] used for Figure 2.7a,b

Real networks. We then considered a larger set of pairwise networks taken from different
network archives: KONECT [213], ICON [214] and The Network Data Repository [215]. The

networks, whose details are found in Table 2.2, were chosen to belong to the following classes:

Infrastructure — road networks and power grids;

Collaboration — scientific collaboration networks;

Social — email networks, real and fictional social networks;

Biological — gene interaction networks and protein-protein interaction networks;
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e Connectome — brain networks;

* Ecological — species food webs in different ecological environments.

Each one of the networks is lifted to a simplicial complex by computing the associated clique
complex. This means taking all cliques up to a chosen order and seeing them as simplices.
We then compute the scale-invariance parameters up to the second order, that is P g 1y, P(0,2),
P10y, P(12), Py and Py 7).

Name Type Repository Source ‘ no nj ny n3
Facebook Social KONECT [216] 2890 2982 91 4
E-Road Infrastructure KONECT [184] 1176 1418 32 0
Network Science Coauthorship Collaboration KONECT [185] 1461 2742 3764 7159
Email Social KONECT [186] 1133 5451 5343 3419
C. Elegans Metabolic Biological KONECT [187-189] | 453 2025 3284 2967
A Song of Ice and Fire Social KONECT [190] 796 2823 5655 9331
Human Protein Biological KONECT [217] 3133 6726 1047 142
Power Grid Infrastructure KONECT [12] 4943 6595 651 90
Yeast Protein Biological KONECT [218-221] | 1872 2278 222 41
Hamsterer Friendships Social KONECT [213] 1858 12534 16750 10015
German Highway System Infrastructure  ICON [222] 1168 1243 2 0

Cat Brain Connectome  ICON [223] 65 1139 3613 10125
Rhesus Brain Connectome  ICON [224] 91 582 1902 4048
Mouse Visual Cortex Connectome  ICON [225] 195 214 4 0

C. Elegans Posterior Nervous System  Connectome ICON [226] 272 4451 10005 16839
1UI Journal Authors Collaboration ICON [227] 2288 3377 2411 1904
CoRA Citations Collaboration ICON [228] 3585 11258 8631 3940
Flensburg Fjord Food Web Ecological ICON [229] 180 1569 3440 4175
Hessen Traffic Infrastructure ICON [230] 4660 6026 192 0
Minnesota Roads Infrastructure Net. Data. Rep. [231] 2641 3302 53 0
Yeast Interactome Biological ICON [232] 1278 1808 110 6
Barcelona Roads Infrastructure ICON [233] 930 1798 164 1
Freshwater Stream Food Web Ecological ICON [234] 113 832 124 0
Little Rock Lake Food Web Ecological ICON [235] 183 2452 11292 35978
P. Pacificus Neural Connectome  ICON [236] 54 141 117 32
Slovenian Computer Scientists Collaboration ICON [237] 262 596 488 224
New Zealand Scientific Collaboration Collaboration ICON [238] 1511 4273 9337 21986
Computational Geometry Collaboration ICON [239] 6158 11897 13587 20994
Physician Trust Network Collaboration ICON [240] 243 924 627 220
Erdos Collaboration Collaboration ICON [241] 5094 7514 1607 450
Facebook Food Pages Social Net. Data. Rep. [242] 942 2101 O 0
Diseasome Biological Net. Data. Rep. [181] 517 1189 1360 1391
C. Elegans Genes Biological Net. Data. Rep. [243] 2989 4659 118 2
Florida Ecological Ecological Net. Data. Rep. [244,245] | 128 2074 8436 14126

Table 2.2 Datasets used for Figure 2.7c,d
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Training a neural network consists of navigating the complex geometry of a loss landscape
to reach one of its deepest valleys. While gradient descent and its variants are the most widely
used algorithms for this task, the standard visualization of optimization—as a trajectory in
Euclidean parameter space rolling downhill—is somewhat misleading. Different parameter
configurations can be observationally equivalent, encoding the exact same mathematical
function [246]. These equivalences are not accidental; they are induced by the symmetries of
the network architecture and activation functions, and they profoundly shape the geometry of

the loss landscape.

As a consequence, minima are typically not isolated points but form high-dimensional
manifolds with nontrivial geometry [247-249]. Moreover, the gradient and Hessian of the
loss are constrained to obey specific structural laws [250, 251]. Optimization dynamics are
therefore deeply intertwined with the symmetry-induced geometry of the parameter space, and

gradient-based methods are inherently sensitive to these constraints [252, 253].

The success of deep learning has motivated extensive efforts to understand these geometric
aspects. A prominent line of research focuses on the neuromanifold—the space of functions or
probability distributions representable by a network—using the tools of information geometry
[254]. While our work echoes the study of the neuromanifold by moving beyond flat Euclidean
intuition, it is not equivalent. Rather than focusing on the space of functions, we investigate the
geometry of the optimization process itself. Specifically, we study the structures that emerge
from the interplay between symmetries and gradient-based dynamics, determining not just

what a network can represent, but where the training process can actually lead.

In Chapters 3 and 4, we adopt a topological perspective on the constraints induced by
symmetry groups on neural network optimization. Topology provides the natural tools to
formalize global obstructions to optimization by studying properties preserved under continuous
deformations. Our central objective is to characterize, in topological terms, when training
trajectories are unable to freely explore parameter space to move from an arbitrary initialization
to an optimal solution. This question is naturally phrased in terms of connectedness, and in
particular through the zeroth Betti number, which counts the number of connected components
of a space.

Our analysis is grounded in the observation that gradient flow training of networks with
homogeneous activations gives rise to symmetry-induced conservation laws. These laws confine
optimization trajectories to an algebraic variety—referred to as the invariant set—defined by a
system of quadratic equations that depend on the network topology and the initialization. We
study two fundamental pathologies of this invariant set: its possible disconnectedness and the
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presence of singularities. Importantly, the existence of these topological obstructions does not
depend on the specific loss function or training data; it is intrinsic to the interplay between

geometry, topology, and symmetry in the parameter space.

Beyond their theoretical implications, these results shed light on the role of network
topology in optimization and suggest principled approaches to model compression. We
demonstrate how singular configurations correspond to disconnected subnetworks and how
appropriately designed regularizers can drive training toward such singularities. This enables
structure-agnostic pruning mechanisms grounded in the intrinsic geometry of the optimization

space rather than heuristic sparsity constraints.

Related Work

Training dynamics of ReLU networks. A large body of work studies gradient-based
optimization of neural networks with homogeneous activations. Convergence properties have
been established for wide and mean-field regimes [255—-257], and the implicit bias of these
methods has been analyzed under various hypotheses, including initialization scale [258, 259]
and overparameterization [260]. While these works primarily characterize the optimal solutions
selected by the dynamics, our focus is on the global structure of the optimization space itself and
situations where optimal solutions may be topologically unreachable from a given initialization.
Closely related to our setting, [261] studies univariate two-layer ReLU classifiers, while [262]

analyzes the analytical challenges arising from the non-smoothness of ReLLU.

Symmetries and conserved quantities. The positive homogeneity of the ReLLU activation
implies that certain weight rescalings leave the network function unchanged, a property that
underlies the critique of sharpness-based generalization measures [246]. Symmetry-induced
conservation laws have been derived for gradient flow in both shallow and deep networks
[251, 263, 264], enabling applications such as pruning [250] and explaining the automatic
balancing of neuron weights [252]. While these laws are exact in gradient flow, they can
be broken in finite step-size gradient descent, leading to modified trajectories and implicit
regularization [265, 266].

Topology and geometry of the loss landscape. There is a rich history of investigating the
geometry of loss landscapes to gain insight into training behavior. Much of this literature
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focuses on the connectedness of loss sublevel sets [247, 267, 249], motivated by empirical
findings that low-loss solutions can often be connected by simple curves [268, 269]. A
complementary line of work analyzes the presence of spurious minima [270, 271]. Our work
differs by focusing on the topology of the training-invariant parameter space (the invariant
set) rather than the topology of the loss level sets themselves.

DAG architectures and pruning. General feedforward networks can be formalized as
directed acyclic graphs (DAGs) [272, 273]. Such architectures naturally arise in biological
systems and through pruning mechanisms like the lottery ticket hypothesis [274]. Pruning
methods are generally divided into structured and unstructured approaches [275, 276]. Our
contribution connects these methods to the geometry of the optimization space, showing how
nuclear norm regularization promotes singular configurations that correspond to disconnected

subnetworks.

Singularities and learning. Singularities are central to Singular Learning Theory [277]
and the burgeoning field of neuro-algebraic geometry [278], which investigates the space of
functions realizable by networks. The influence of singularities on optimization has been
recognized since the early development of information geometry [279, 280]. Our work
contributes to this lineage by identifying singularities intrinsic to the invariant set of gradient

flow and analyzing their specific role in optimization and model compression.
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3.1 Introduction

In this chapter, which is based on Ref. [264], we formalize the geometric constraints of the
optimization process by investigating the training of shallow ReLLU neural networks under
gradient flow. While the preceding discussion established that symmetries shape the loss
landscape, we demonstrate that these symmetries do more than just create equivalent minima;
they define a rigid container for the entire optimization trajectory. We introduce and analyze
the invariant set: an algebraic variety to which any gradient-based trajectory is strictly confined

from initialization.

The central result of this chapter is the identification of fopological obstructions that can
fundamentally impede learning. By analytically computing the zeroth Betti number of the
invariant set, we prove that for networks with a single scalar output, this space is not necessarily
connected. This disconnectedness reveals a failure mode for neural network optimization:
depending on the initialization, there exist regions of the parameter space that are fundamentally
unreachable, regardless of the loss function or the number of training iterations. We show that
these isolated components arise from "pathological" neurons whose weight signs are locked
by symmetry-induced conservation laws, effectively partitioning the parameter space into

mutually inaccessible zones.

Furthermore, we explore the interplay between these topological constraints and the discrete
symmetries of the network, such as neuron permutation. We provide a refined counting of the
“effectively” connected components, accounting for the fact that some topological gaps can be

bridged by permutation symmetries while others remain absolute.

Main contributions. The main contributions of this chapter are summarized in the following.

1. We find that, for two-layer neural networks, the gradient flow trajectories lie on an
invariant set, which can be factored as the Cartesian product of quadric hypersurfaces.

2. We analytically compute its singular Betti numbers (Definition 0.7).
3. We find that the invariant set can be disconnected when the network’s output dimension
is 1, leading to a clear topological obstruction.

4. We find that the obstruction is caused by “pathological” neurons that cannot change the

sign of their output weight when trained with gradient flow.
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5. We discuss the relation between the invariant set and the network’s discrete symmetries,
finding that if we consider permutations, the number of effective connected components

scales linearly in the number of pathological neurons.

3.2 Setup and preliminaries

3.2.1 One-hidden layer neural network
Let us consider a two-layer neural network f(-;6) : RY — R¢ specified by the function
f(x:6) = WP (W), (3.1

where x € R? is the input, 6§ = (W(l),W(Z)) with W) e R™* and w®@ e R are the
parameters, o : R — R is the component-wise activation function and / is the number of
neurons in the hidden layer. Notice that we consider a network with no biases, as it allows us a
discussion with lighter notation. The case with biases is discussed in Section 3.10.

In this chapter, following previous work [252], we focus on a particular class of activation
functions that includes the commonly used ReLU (0(z) = max {z,0}) and Leaky ReLU
(07(z) = max {z,y} with 0 < y < 1) activations.

Assumption 3.1. We assume that the activation function o is positively homogeneous of

degree one, i.e. o(ax) = ao(x) for everya > 0 and x € R.

We note that Euler’s homogeneous function theorem states that a positively homogeneous

function satisfies o (x) = o’ (x)x for every x where o is differentiable.

We call parameter space the Hilbert space of pairs of matrices

equipped with the standard matrix sum, scalar multiplication operations, and the Frobenius
inner product (WD, w®?), (UMD, U@)y =37 ¥, Wilk)Ul.(/{‘). Any vector 6 € O specifies
the parameters of a neural network f(x;6).

While elements of ® contain all the network’s parameters, in the following it will be

necessary to examine the single hidden neurons and their associated parameters. The following
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essential results tells us that for two-layer neural architectures, the parameter space nicely

decomposes into the sum of its neurons’ parameters.

Proposition 3.1. For the two-layer neural network defined in Equation (3.1). Letk € {1,...,1},

(e11,e12,...,ey) be the canonical basis oleXl and
O = {0k = (et W, WPepp) | (WD, Ww?) e 0} o,
then it holds that® =©; @ --- ® O,.

Therefore, we can consider ®; as the parameter space of the 4-th hidden neuron, which
consists of the inputs and output weights of neuron k, namely the k-th row of W(!) and k-th
column of W?), respectively. For simplicity, when we work in ©, we write W,El) = e W
and WIEZ) := W®ey,. Interestingly, the decomposition of Proposition 3.1 only holds for
two-layer neural networks and will be crucial to the formulations of this chapter’s results.

Proof. ©y, notice, is the subspace of ® consisting of the weight matrices W) with null rows
except for the k-th one, and weight matrices W(? with null columns except for the k-th one.
We can check that ® = ©; & - - - @ Oy, because, if [; is the [ X [ identity matrix, ), exx = I; so
that
WO W) =3 W, WD) = (eaw D, wPey).
k k

Moreover, ® = @ X - - - X 0, via the linear isomorphism

0=WD, W) o (g)i_, = ((ekkW(l)’W(z)ekk));_l :

Orthogonality follows from the fact that W,El) has nonzero elements only in the k-th row,
meaning that, the inner product with W;l), whose nonzero elements are contained in the
Jj-th column, will be O whenever j # k. This, we see, is equivalent to decomposing
the neural network of Equation (3.1) into the computations of the single hidden neurons.
Indeed, let f(x;6x) := f(x; (ekkW(l), W(z)ekk)), then, considering that ey ;exr = ey and that
o(erxv) = exro(v) Vv € R, it holds that

F(x:00) =Wero (W) Vhk=1,...,1.

Therefore ), f(x;60x) = f(x;6). ]



3.2 Setup and preliminaries 119

3.2.2 Symmetries and observationally equivalent networks

It is well known that the geometry of the parameter space ® is heavily influenced by the
properties of the activation function. Especially, the commutativity of the activation function
with some classes of transformations can result in the latter having no effect on the function
implemented by the neural network. This means that, in general, the mapping from the
parameter space to the hypothesis class of functions is not injective. This means that two-layer
neural networks (and neural networks) belong to the class of so-called non-identifiable models
[277].

Definition 3.1 (Observationally equivalent parameters [246]).

We say that two parameters 61, 0, € © are observationally equivalent, if they encode the
same function f(-;01) = f(-;62). We denote two observationally equivalent parameters
with 61 ~ 0,.

In the case of homogeneous activations (Assumption 3.1), we describe two kinds of

transformations that map a parameter 6 into a different but observationally equivalent one.

Neuron rescaling. The input weights of a hidden neuron can be rescaled by a positive scalar
@ > 0 provided that its output weights are rescaled by the inverse ! (top panel of Figure 3.1a).
We formalize this as the action of the multiplicative group R, of positive real numbers on O:

1
(a, Qk) i Ta(Hk) = (a/ . WIEI)’ . W]EZ)) .
(04

This action can be naturally extended to the space of all parameters by considering
the possibility of rescaling all hidden neurons simultaneously by different factors. If a =
(a1,...,a;) € RL

T, (0) = (diag(e)WV, W diag(a)™). (3.3)

Proposition 3.2 (Rescaling invariance). The rescaling group action of Equation (3.3) maps a

parameter 0 to an observationally equivalent one T, (0) ~ 6 for every a € RL.
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Proof. Letx € R4 be an input and @ € Ri, we have that

F(0: T, (8)) = W diag(a) "o (diag(a/)W(l)x)
= W diag(a)! diag(a)o(WVx)
=wWe(why) = f(x;0),

because o is applied element wise and it is positively homogeneous (Assumption 3.1). [

We write T'(6) to denote the orbit of a parameter 6 under the action of 7, i.e. the set of all

parameters obtained from 6 by arbitrarily rescaling its neurons T'(6) = {T,(8)| @ € R, }.

Permutations of the neurons. Besides rescaling, we can obtain an observationally equivalent
network by permuting the hidden neurons in a way that preserves their input and output weights
(bottom panel of Figure 3.1a).

Given the symmetric group on / elements S; of the permutations of {1,...,[}, we write
the action
P:Sx0 -0 (3.4)
(m,6) = Pr(0) = (RWD, WRT).

where R is the [ X [ row-permutation matrix associated to the permutation 7.

Proposition 3.3. The permutation group action of Equation (3.4) maps a parameter 6 to an

observationally equivalent one P (6) ~ 0 for every m € S.

Proof. Given that the activation function o is applied component-wise, we have that it

commutes with R, namely o (R;x) = Ryo (x). Thus

f(x; Pr(0)) = WOR (R W)
=WORIRyo(WVx)
=wWPowWWx) = f(x;0),

because R, is an orthogonal matrix. [

Having defined these two actions (Equation (3.3) and Equation (3.4)), we say that two
parameters 6 and 6’ are observationally equivalent by rescalings and permutations if 6’ can
be obtained from 6 by a finite sequence of actions of 7" and P. In this case we write 6 Ty
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a

Neuron rescaling
a1
~e—. L. \@/a*

\1—1
Neuron permutation

o )
0" P e Zo=°

R X8 s X XCe

O, 0%,
[ ®

Fig. 3.1 a. Depiction of the two group actions acting on the space of the network’s parameters: the
neuron rescaling of Equation (3.2) (top) and the neuron permutation of Equation (3.4) (bottom). b.
Depiction of the geometry of the parameter space induced by the rescaling invariance of ReLU networks.
The dotted lines denote the orbits 7'(0) while the solid lines represent the invariant sets H (c) associated
with 6 and the one associated with its rescaled version 6’. Notice how the gradient of the loss g(8) is
tangent to 7 (c) and orthogonal to T (6).

3.2.3 Conserved quantities and the invariant hyperquadrics

The presence of symmetries in the neural network’s parameter—function map gives a specific
geometric structure to the loss landscape. Let D = {(x,, yi) € R? x Re} be a training dataset
of N input-output pairs and fix a loss function L : ® — R which depends on the parameters

only through the output of the neural network (3.1), that is

N
L(O) = 3 €700, 30 (35)
i=1

where £ : R® X R® — R is differentiable. This includes, for instance, the standard mean square
error loss (MSE) with £(x, y) = |lx — y||*.

In this chapter, we consider as a learning process the continuous time version of the gradient
descent (GD) algorithm (with learning rate 4 > 0)

0141 =0, — thL(H;) (3.6)

which is named gradient flow (GF), and is defined as

%e(z) € —VyL(6(1)) = —g(0(1)) (3.7
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where VyL(6(¢)) is the Clarke sub-differential [28 1] which takes into account the parameters
6 where L(6) is non-differentiable.

The fundamental observation is that the loss function L depends on the parameters only
through f and thus its value at 6 must be constant over the orbit 7(6). We can apply this to
derive the following important parameter-gradient balance equation.

Proposition 3.4 (Balance equation [253, 2501). For any 8 = (W), W®)) such that L is
differentiable at 0, let g(0) = g = (g1, g@) be the gradient of the loss function L at 6. Then,
it holds that

ZW(I) (1) Z i)g%) 0Vk=1,...,1. (3.8)

Proof. In order to prove this result, we assume that 6 is a differentiable point for L. If it is not
differentiable, the result may still be proved in a different way, as explained in [252].

Let us consider the rescaling action on a single neuron k (Equation (3.2)) T,.x(6) =
(diag(1,...,1, a ,1,,....,HWM W@ diag(1,...,1, ' ,1,,...,1)).
—— ——
k k
Being a rescaling, we know from Proposition 3.2 that L(T,.x(8)) = L(8) Va € R,. We
now take derivative w.r.t. @ at @ = 1 and derive the following by applying the chain rule.

d

o =0 (3.9

L(Ty1(0) =0 = <VL(Ta;k(9)), %Ta;k(0)>

a=1 a=1

— (e,

Ta;k(9>> =0 (3.10)

a=1

Computing the second term, we have that

d

d
o T ;k(g) =7
‘azl ¢ da

1
(diag(1,..., 1, 1,..., DWW WP diag(1,...,1,—,1,...,1))
da a

a=1

1
= (e W, W diag(0,...,0,-—,0,...,0))
a

a=1

= (e W, -WPey) = (Wb, —W;EZ))-



3.2 Setup and preliminaries 123

Plugging this result into Equation (3.10) we finally find that

d
<g(9>, = Ta;k<6)> =0 = ((g",8?), W",-w)) =0
a=1
= {e)~ )
that, when the Frobenius inner product is expanded, results in Equation (3.8). [

Another way to get to this result is to start by the fact that the gradient of a function at a
point is always orthogonal to the level set at that point. Given that orbits under rescaling are
contained in the level set, we find that the gradient must be orthogonal to the orbits (as pictured
in Figure 3.1b).

For convenience of notation, we define, for any k = 1, ..., [, the following bilinear forms

on O, which help us describe compactly the geometry induced by the rescaling symmetry.
Definition 3.2 (Balance form).

If0 = (WD, WPy and p = (UV, U?), we define the balance form as the bilinear form
- (D) 77(1) - 27,2
— 1,0 2) (2
€o.my= Y wlud - > wiuh 3.11)
i=1 =1

which, notice, only depends on the k-th row of W(!) and k-th column of W? meaning
that we can equivalently see it as a bilinear form on ®;. We call the value (6, 0)); the

balance of parameter 6 at hidden neuron k.

With the notation given by Definition 3.2, we see that Proposition 3.4 can be simply
rewritten as (0, g(0))r = 0 for every neuron k. These conditions put constraints on the
possible values of the gradient and, by extension, on the possible gradient flow trajectories.

We write them in terms of conservation laws under the learning dynamics.

Proposition 3.5 (Gradient flow conservation law [252, 251]). Under gradient flow optimization
(Equation (3.7)), if L is differentiable at 8, we have that

%((G,H»k:()\?’k: Lol (3.12)



124 Topological obstruction to the training of shallow ReLLU neural networks

Proof. Under gradient flow optimization § = —g(6), therefore

%«9, oW = 240, 0 = —2(g(0),0% =0 Vk =1,...,1. (3.13)
O

This result, first obtained in [252] and discussed in [253, 251], tells us that the rescaling
symmetry results in the quantities ((6, 6)); being conserved. This means that the difference
between the Euclidean norm of the inputs and the outputs weights to every neuron is constant
throughout the GF training trajectory. Moreover, under the condition of homogeneity of the
activation function, [252] proves that Equation (3.12) holds even at non-differentiable points
of L. In Chapter 4 we generalize these conservation laws to any feed-forward neural network
architecture.

Invariant sets. Assume that, at the initialization 6y, we have {6, 6p)r = ci, for all k, then
Equation (3.12) implies that the GF trajectory will lie on the set characterized by the system of
equations (@, ) = ¢ for k = 1,...,1. This subset of the parameter space © is mapped to
itself under the GF dynamics by Equation (3.12) (see Figure 3.1b) and constitutes the main

object of our study.

Definition 3.3 (Invariant set [264]).

Given ¢ = (cy,...,c;1), we call invariant set the subset H (c) C © given by the equations
0,00 =ck Yk =1,...,1.

If we look at each single equation (i.e. to each hidden neuron), we see that any single

equation of the invariant set can be written as

d 2 2
Z(W,E})) -2 (W) = (3.14)

which corresponds to a hyperquadric (or quadric hypersurface) in ®;. We denote with
Q(ck) C O this hypersurface and call it the invariant hyperquadric associated to the k-th
hidden neuron.

Here ¢ € R takes the role of a label associated with the k-th hidden neuron, which, we see

in the next section, plays a key role in specifying the shape of Q(cy). Figure 3.2a shows how,
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ford =2 and e = 1, Q(cy) is an hyperboloid with one sheet (connected) if ¢, > 0, two sheets

if ¢, < 0 and it is a cone when c¢; = 0.

3.3 Topology of the invariant set

As we discussed above, Equation (3.12) tells us that gradient flow trajectories can’t explore the
whole space O but are constrained to lie on the invariant set H (c¢). The values of ¢, in turn,
depend on the initialization and, we see from Equation (3.14), quantify the balance between

the norms of input and output weights in every hidden neuron.

The goal of this section is to provide a topological characterization of H (c) that can tell us
something about the presence or absence of fundamental obstructions to the network’s training
process. With obstruction, we mean the impossibility of a GF trajectory to travel freely from
one point to another in H(c).

Our topological characterization will be framed using Betti numbers. Betti numbers, we
recall from Chapter 0, are well-known topological invariants (see Definition 0.7) given by a
sequence of natural numbers that intuitively encode the number of higher-dimensional holes
and cavities present in space. In particular, the O-th Betti number of a topological space X,
Bo(X) corresponds to the number of connected components of X and thus will be fundamental

for our goal of identifying obstructions.

The invariant set  (¢) is given as the set of solutions of / polynomial equations of degree
2 sharing no variables. In the setting of two-layer neural networks, we can leverage the fact
that the parameter space can be decomposed into the parameter spaces of the hidden neurons.
This, in turn, allows us to decompose the invariant set as the product of the neurons’ invariant
hyperquadrics, greatly simplifying our study.
Lemma 3.1 (Decomposition of the invariant set). In a two-layer ReLU neural network, the
invariant set H (c) is homeomorphic to the Cartesian product of the hidden neurons’ invariant

hyperquadrics; that is
H(c) = Q(c1) X - xXQ(cy). (3.15)

Proof. Proposition 3.1 tells us that the invariant set can be decomposed as the direct sum of
the single hidden neurons’ parameter spaces. This means that, for every 6 € O, there exist
unique 0y € Oy, ..., 0; € O; such that

0=01+0,+---+0,.
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Therefore, we have a linear isomorphism ¢ : @) X --- X O — O

80:(913~-~’91)'—>91+---+le9.

The invariant set is a subset of ®, which is given as the set of solutions of / equations
(0,00, =cr k=1,...,1. Notice that each of these equations involves a set of variables that
appear only in that particular equation. These variables are exactly the ones which belong to
Ok. In fact (0, ) = Ok, Ok k-

Therefore, given 0 € Q(c1),...,0; € Q(c;) we have that

l
@(O1,....00) = ) Ok € He).
k=1

On the opposite, given 6 € H (c) we have that
¢'(0) = (01,...,0) € Qcy) X+ X Q(cy).

Therefore, H (c) is in bijection with Q(cy) X - -+ X Q(c;) through ¢ which, being a linear
isomorphism, is also a homeomorphism, implying also that H (c¢) and Q(c;) X - -- X Q(c;)
are homeomorphic. ]

Lemma 3.1 tells us that we can understand the topology of H (c) by studying its factors
independently. These, the hyperquadrics, are well-studied objects for which the next proposition

provides a full topological characterization.

Proposition 3.6 (Topology of the invariant hyperquadrics). If ¢y > 0, Q(cy) is a topological
manifold homeomorphic toR¢ xS, Ifc; < 0, Q(cy) is a topological manifold homeomorphic
to R x §¢71. If ¢, = 0, Q(0) is a contractible space.

Proof. Letus consider the three cases separately. In the first two cases we will explicitly find the
homeomorphism, while in the third we will exhibit a deformation retraction (Definition 0.11)
from Q(0) to a point.

o If c; > 0, Q(cy) is defined by the equation

2 ¢ 2 2 2
(1) 2\ _ — (1 (©)]|
(Wkl' ) B Z (Wik ) = Ck HWk HF B HWk HF -

d
=1 ]:1

1
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where ||-|| - is the Frobenius norm of a matrix, i.e., the square root of the sum of the squares of

its elements. This can be rewritten as

2
T N

2
where ¢ + HW,EZ)HF > 0 because c¢; > 0. We define the map % : Q(cx) — S% ! xR¢ as

n(ww) = : W (3.17)

where, notice, the first component belongs to the sphere S?~! because of Equation (3.16)

and W,Ez) € R¢. This map is bijective, differentiable and has the following inverse A~ :

ST X RE - Q)
W (u,x) = (yex + lIx 17 u, x)

which is differentiable. Therefore, # is a diffeomorphism from Q(c) to S4~! x R¢.
o If ¢ < 0, we write the equation of Q(cy) as

2
(2) (1)
Wi, = e ]
“ k-l ok kol

where W,El) and W]EZ) have switched their roles to guarantee the term under the square root
to be positive. The diffeomorphism is now built analogously to Equation (3.17) as a map
h:Q(ck) — S xRY.

e If ¢;, = 0, we prove that Q(0) is a contractible space. To do that, we show that there
exists a deformation retraction of Q(0) onto the point 0 € Q(0), i.e. a continuous map
h:[0,1] x Q(0) — Q(0) such that (0, 8;) = 0 and h(1,0;) = 0 VO, € Q(0). This map
performs a linear scaling of Q(0) = {0y € O| {0, 0x)r = 0} to the origin and is defined as

h(A,0;) = (1 —2)0.
This is continuous and well-defined because

(R, 01), (A, 0 )Wk = ((1 = )8k, (1 = D)0 = (1 = 1)* Bk, i = 0,
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meaning that i(4, 8;) € Q(0) for every 6; € Q(0) and for every A € [0, 1]. ]

Leveraging the decomposition of Lemma 3.1 and the characterization of the factors given
by Proposition 3.6, we can now give a complete topological characterization of the invariant

set of a two layer ReLU neural network.

Theorem 3.1 (Invariant set topology). Let 6y be the initialization of the network and c € R',
with ¢ = (0o, OoWr. Let 1, 1_, ly be the number of positive, negative, and zero components of

c. Then, the invariant set is homeomorphic to the following Cartesian product:
H(c) = (R x ST x (R x 5471 x Q(0)".

Proof. The result follows by combining the decomposition of #(c¢) into the invariant hyper-

quadrics (Lemma 3.1) and their topological characterizations (Proposition 3.6). Il

It follows from Theorem 3.1 that we can explicitly compute all the Betti numbers
(Definition 0.7) of the invariant set. We give the following result in terms of the Poincaré
polynomial of H (c), namely the polynomial whose coefficients are the Betti numbers (see
Definition 0.9).

Corollary 3.1 (Poincaré polynomial of the invariant set). Let 8y be the initialization of the
network and ¢ € RL, with ¢ = (60, 0ok Let L, [_, ly be the number of positive, negative, and

zero components of c, respectively. The Poincaré polynomial of H (c) is given by

Pre (@) = (L+ k(1 + 7 (3.18)

Proof. To prove the result, we leverage the corollary of the Kiinneth formula (Corollary 0.1)
that tells us that the Poincaré polynomial of the Cartesian product of two spaces is equal to the
product of their Poincaré polynomials.

Starting from Proposition 3.6, we can apply this result to Q(cy).

pRe(I)psd—l(Z‘) if Ck > 0
Pa(e)(t) = { pra(t)pge-1(t) ifcp <0 (3.19)
1 ifck =0

because a contractible space has 1 connected component and all of its other Betti numbers
equal to zero. Moreover, we know that R” is contractible for any n and its Poincaré polynomial
is therefore prn(#) = 1. The Poincaré polynomial of the sphere S” is given by pgn () = 1 + ¢".
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Equation (3.19) becomes

1+t ifer >0
Pacy(®) =31+t71 ifcr <0 (3.20)
1 ifc, =0

Given that Lemma 3.1 tells us that {(c) can be factored into the product of the Q(cy), we
apply Kiinneth formula and find that

P (1) = Paen(®) - Paey(®) = (L+ 1)l (1 + 71 (3.21)

]

Corollary 3.1 contains a wealth of topological information, as it gives us the exact number
of holes and cavities of any order, depending on the network’s structural hyperparameters (d, )
and initialization (/, [_). In the rest of this chapter, we focus only on the 0-th Betti number, as

the non-connectedness of H (c) provides a clear obstruction to the gradient flow trajectories.

Connectedness of the invariant set. With regard to the connectedness of H (c), we can

leverage Corollary 3.1 to obtain the exact number of connected components.

Corollary 3.2 (Connectedness of the invariant set). The 0-th Betti number By of H(c),

corresponding to the number of its connected components, is given by

1 ifd,e>1
2k ifd=1,e>1
Bo = (3.22)
2!6- ifd>1e=1

bt fd=1e=1

Proof. This can be directly obtained by computing the coefficient of degree O of the Poincaré
polynomial obtained through Corollary 3.1. [

What we see in Equation (3.22) is that, in most cases, the invariant set is connected, and
gradient flow has no inherent topological limitations in exploring the whole of H (c). Instead,
when the hidden neurons have only one input or only one output, the space is fragmented into

several components whose number scales exponentially in /; or [_, respectively.
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a cr <0 Q(cr) cp >0 b H(e)
Wl(i) w® Effective

1k
components

Wy

(W}_P)2 + (ug‘_;))z - (Wf;”)2 _—

Fig. 3.2 a. The invariant hyperquadric Q(c) of a neuron with two inputs (d = 2) and one output (e = 1)
in the cases where ¢ < 0 (left) and cx > 0 (right). b. Depiction of the invariant set #{(¢) in the case
where [_ = 2 so that there are 2/~ = 4 connected components. C.+ denotes the connected component
such that s = (1, F1). The blue lines separate the different effective components of H(c).

Let us focus on the more interesting case where d > 1 and e = 1, i.e. there is a single
output neuron. This happens in standard machine learning scenarios like scalar regression and
binary classification, where one tries to learn a function with a single scalar output.

Corollary 3.3. If the output of a two-layer ReLU neural network is a single scalar e = 1, its
input has dimension d > 1, and the initial parameter 0y is such that {6y, o) < 0forl_ >0

hidden neurons, then the set H(c) is disconnected and has 2'- connected components.

This means that neurons initialized with the norm of their outgoing weight strictly greater
than their incoming weights’ norm are responsible for disconnecting the space, and we now
precisely identify which connected component a parameter 6 belongs to and clarify the meaning

of the obstruction.

Proposition 3.7 (Connected components characterization). Let e = 1,d > 1, and 6 € H(c)
with ¢ such that ci,, . .., cr, < Qwhile cy > 0 for all other k. Let w® .= (W,Elz), e, W,Elz_)) €
R be the row vector whose components are the components of W e R™ associated
to cy < 0. Then the vector s(0) = (sign(W,Elz)), .. ,sign(nglz_) )) identifies uniquely the
component 6 belongs to, namely: 6 and 6’ belong to the same connected component of H (c)

if and only if s(6) = s(6").

Proposition 3.7, which we prove below, implies that the vector s(6#) containing the signs
of the output weights to negatively balanced neurons does not change when we move in a

connected component on a continuous curve such as the one given by gradient flow. This gives
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us an interesting interpretation of the topological obstruction: gradient flow cannot change
the signs of the outgoing weights of the hidden neurons k such that c; < 0. Proposition 3.7
extends one of the results of Ref. [259] which proves that the same also holds when c; = 0

(balanced initialization).

By also considering Corollary 3.2, one obtains that a clever initialization of the parameters
given by (6o, Oo)r = 0Vk =1, ..., can prevent the issue by ensuring the connectedness of

the invariant set.

Proof of Proposition 3.7. In the following, we exploit Lemma 3.2 and use the terminology
connected and path-connected interchangeably.

e Let us first prove that s(6) = s(6’) means that 8 and 6’ belong to the same connected
component. We do this by explicitly building a continuous curve ¢ : [0, 1] — H(c) such
that 6(0) = # and 6(1) = 0’. Let us proceed by leveraging the homeomorphism from H (c) to
Q(cy) X -+ - X Q(c;) (Lemma 3.1) and consider the different components of ¢ in the invariant
hyperquadrics associated to each neuron 6 = (61,...,d;).

If ¢ = 0, we know that Q(cy) is path-connected and therefore we take 0, (¢) to be any
continuous curve in Q(cy) such that 6, (0) = 6, and 6, (1) = 6,.

When ¢, < 0, we know that the invariant hyperquadric Q(cy) has two connected
components. We build a continuous curve joining 6y to &, by defining a curve in Q(cy) that maps
any point 8y, to one of the two vertices of Q(cy). If cx < Ofork e= {kl, R kl_} c{l,...,1},
we define the curve y;, : [0, 1] = Q(ck,) with

2
yio(t) = | (1=0W, (=W, s(@)i\/ —c, + (1= 1) HW,E?HF)

foreveryi=1,...,[_.

Yi:o 1s a continuous curve which belongs to Q(cx) and connects the point y;.9(0) = 6y,
with y;.9(1) = (0, s(0);4/=C%,), 1.e. the hyperquadric’s vertex.

If we define ¥;.9(¢) := vyi:0(1 — t), which is the same curve as ;¢ but traversed in the

opposite direction, we can define the concatenated curve

Ok (1) = Visovino(t)
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i.e. the curve which travels on y;,¢ for t € [0, l] and on y;.¢ fort € [%, 1],fori=1,...,1[_.

Notice now that 6, (0) = 6y, and 6, (1) = 6, . Moreover dy, is continuous because

Yio(1) = (0, 5(0)iv=ck,) = (0, 5(8")in/=ck;) = Vi:o(0)

under the hypothesis that s(6) = s(6").

Finally, we found a continuous curve 6 = (41, ..., 0;) such that 6(¢) € H(c) Vt € [0, 1]
and 6(0) = 6, 6(1) = @'. Therefore, 6 and ¢ belong to the same connected (path) component.

e Let us now prove that if 6§ and 6" belong to the same connected component, then
s(0) =s(€6).

If 6, 6’ belong to the same path component, there exists a continuous curve connecting
them. Lety : [0,1] — H(c) be such a continuous curve in H (c) such that y(0) = 6 and

v(l)=20".

For each k; € {ki,...,k;_} such that ¢y, < 0, we know that yy, (f) € Q(cx) means that

2
1 1 1
Y (@) = (¥ 0,0, ak,.o)\/ e, + Hy,i}(r)HF)

2
e ()

for some function oy, (¢) € {—1, 1} such that o, (0) = s(0); and o, (1) = s(6’);.

Assume, by contradiction, that s(0); = —s(6);. Assume also, without loss of generality,
that s(6); = +1 and s(0’); = —1. The function

2
b
F

,yl((‘lz)(l‘) = O'ki([)¢—Cki + “yl(cj)(t)‘

then, is a continuous function such that y,(f)(O) > 0 and )/](f)(l) < 0 and thus, by the

intermediate value theorem, there exists z, € (0, 1) such that y,(f) (t.) =0.

[ 2
But y,(f)(t) # 0 for every ¢, as oy, (t) € {=1,1} and y[—cy, + Hy,(cl)HF > 0, leading to a

contradiction. Repeating the argument, we then prove by contradiction that s(0)x, = s(6)x,

forall k € ky,...,k;_, thus concluding the proof. O
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3.4 Taking permutation symmetries into account

Corollary 3.3 states that neurons k such that ¢, < 0 are “pathological”, in the sense that they
are responsible for disconnecting the invariant set into several components whose number
scale exponentially in the number of those neurons. This result gives us a grim picture of
the possibility of actually optimizing the neural network: if the initial parameter 6 is in a
particular connected component and the global optimum 6., lies in another, then any gradient
flow trajectory will not be able to reach 6. because it will be constrained in its connected
component.

This result, however, provides us only with a partial picture of the parameter space’s
geometry. Itis a priori possible that the training trajectory, moving in its connected component,
reaches a parameter 6, which itself is optimal as it is observationally equivalent (Definition 3.1)
to 6, (6 ~ 6.). In this case, the topological obstruction given by the non-connectedness would
be only apparent.

To take this fact into account, we define the following notion.

Definition 3.4 (Effective component).

Let 0 € H(c) and C(0) be its connected component. We define its effective component
Eff(0) as the union of the connected component of all " such that ¢’ L 6. So that

Eff(6) := U c().

929

Figure 3.2b gives a picture that clarifies the definition: a space with 4 connected components
has only 3 effective components. If the optimum 6, belongs to the same effective component
as the initialization, then it is possible to reach a parameter that is observationally equivalent to

it (through permutations and rescalings).

Before characterizing the effective components, we present here a useful result that tells us
that the rescaling action (Equation (3.3)) can take any non-degenerate parameter 8 € H (c)
to any other invariant set 7 (¢’) for every ¢’ € R'. This means that all the invariant sets are
functionally equivalent (they contain the same functions) even if they may not be fopologically

equivalent.

Proposition 3.8 (Rescaling equivalence of invariant sets). For every cy € R and for every
0 € Oy such that W(l), Wéz) # 0, there exists a unique oy € Ry such that T,, (6x) € Q(ck). If
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WIEI) =0and W]EZ) # 0, then the same holds for every cj < 0, while, ifW,El) # 0 and WIEZ) =0,
it holds for every cy > 0.

The proof can be found in Section 3.9.1, together with the formula of the specific @ which
realizes the rescaling.

The following theorem leverages the power of Proposition 3.8 to give necessary and
sufficient conditions for § and 6’ to belong to the same effective component.

Theorem 3.2 (Characterization of effective components). Letd > 1 and e = 1. Let ¢ € R and
[_ be the number of neurons such that ¢ < 0. Assume that - > 1. Let C,C" C H(c) be two
distinct connected components of H(c) such that s(0) =5, V0 € C, and s(6') = s', V0’ € C’.
Then, the following statements are equivalent:

1. for every 0 € C there exists ' € C’ such that 6 Ty,

I I
2. Y si= s
i=1 i=1

Proof. e Let us first prove that, if for every 6 € C there exists a ' € C’ such that 6 L ¢ then

I I
;1 s(0); = ;1 s(0");.

First, Lemma 3.3 tells us that we can interchange rescaling and permutation if we permute
the rescaling factors accordingly. This means we can reduce any composite action of rescalings

and permutations to the action of a single rescaling and a single permutation.

Let 6 € C and 6 € C’ such that @ ~ ¢’ Then there exist a € R! and 7 € S; such that
ToPr(0) =0 (3.23)

This means that 7,, P, (6) and 6" belong to the same invariant set and, specifically, to the same
connected component. Therefore,

s(TyPr(0)) = s(8).
Notice that

$(ToPr(0)) = s(Px(6))

because T, does not change the sign of W2 as it acts by scaling it by positive factors. Let us
focus on
s(Px(6)) = sign(WRY).-).
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If the neurons of 8 such that ¢, < 0 are indexed by ki, ko, ..., k;_, we will have that the
neurons of P,(6) such that ¢; < 0 are indexed by n(ky), 7(k3), ..., n(k;_). Therefore

s(P(0)); = sign(Wyg, ) = (s(ORL);

for some permutation 7_ € S;_. Therefore, Equation (3.23) implies that

s(0') = s(P(0)) = s(O)R;_.

The action of rescaling and permutation can only reshuffle the label s of the connected

component. This means that

I I_

I I
SORT =50) = Y (SORD) =Y 50 = ) 5= s
i=1 =1

i=1 i i=1

I I_
e Let us now prove the other implication. Let s, s’ € R/~ such that 3 s; = 3 55
i=1 i=1
Given that their sum is equal, s and s’ have the same number of +1 and —1 and thus there
exists a permutation 7_ € S;_ such that s’ = sR;:.

Let 7 € §; be the permutation which permutes the neurons such that c¢; < 0 according to
n_ and leaves the others fixed. In this way s(Pr(6)) = sR, =+’

P, (0), however, doesn’t belong to H (c) but to another invariant set given by H(Rc).
Applying Proposition 3.8 we can find a rescaling @ = a(x) € R. such that T, P, (8) € H(c).

Since neurons such that ¢, > 0, are left unchanged by the permutation, we can apply

the proposition and we rescale them with @, = 1. The permuted neurons are the ones such

2 2
that ¢ < 0, namely the ones whose weights satisfy HW,EI)HF - HW,?)HF < 0, meaning that
w2 0.

As noted above, the action of the rescaling doesn’t change the sign vector, and thus
s(ToPx(0)) = s(Px(8)) = 5.

If we name 0’ := T, P,(60) this result means that we found a 6’ 2 9 such that & € C’, thus

concluding the proof. [
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Theorem 3.2 tells us that, while connected components are identified by s, the effective
components are identified only by the values of }; s; or, equivalently, by the number of positve
and negative terms in s. Therefore, we find that the number of effective components scales
much slower than the exponential growth of the number of connected components given by
Corollary 3.2.

Corollary 3.4 (Number of effective components). The number of effective components of
H(c) is given by 1 +1_.

Proof. Theorem 3.2 tells us that two connected components C, C’ belong to the same effective
component if and only if their associated sign vectors s, s” € {—1, l}L have the same sum. The
number of effective components will thus equal the number of different values that the sum
Zf;l s; can have. If s; = 1 Vi then Zf.; , 8 = [-. Each switch of a component to —1 decreases
the sum’s value by 2 until it reaches the minimum —/_. Therefore, the total number of values
of the sum will be 1 +/_. ]

3.5 Empirical Validation

Task, dataset, and model setup. We display here a toy example, showing how the initializa-
tion of the model can cause a topological obstruction that makes the optimum unreachable.

We consider the simple linear function f*(xj,x) = —(x; + x2), which we want our
neural network to learn. Next, we generate a dataset of 8000 points (x;, f*(x;)) by sampling
x; ~ U([0,1]?). Our model, depicted in Figure 3.3a) is a one hidden layer neural network
with 2 hidden neurons, ReLLU activations and no biases. All the weights are initialized by
independently sampling from U ( [—\/5, \/5] ). From the task and the network’s architecture, it

is clear that at least one of the output weights has to be negative to approximate f* correctly.

To standardize our results, we apply the rescaling of Proposition 3.8 and relocate the initial
parameters to an observationally equivalent one in the invariant set H (c¢) with ¢, € {-0.1,0.1},
controlling the sign of the weights on the last layer. We allow ourselves to do these two
manipulations to control the experiments while only marginally modifying the network
initialization, avoiding the introduction of massively unbalanced weights, which could change
the dynamics, as shown in [282]. Finally, we train the network using gradient descent on the
MSE loss with a small learning rate of 2 = 0.01. This limits the variations of ¢ values to
less than one percent along the training, giving us a good approximation of the gradient flow
dynamics (Equation (3.7)).
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Fig. 3.3 Visualization of the experimental setup described in Section 3.5. a. The small 2-layer neural
network architecture considered. b. The hidden neurons’ parameter spaces, together with the invariant
hyperquadrics associated with hidden neurons 1 (left) and 2 (right), for an initialization with topological
obstruction (top) and without it (bottom). The colored curves represent the gradient descent trajectories
from initialization 8 (0) up to ¢. = 500 optimization steps. ¢. The loss curves for the bad (obstructed)
and good initializations.

Results. We initialize different models and collect all states and losses. First, we initialize
the model with an “unlucky” configuration with ¢ = (0.1, -0.1), i.e. characterized by the
space having 2/~ = 4 connected components (Corollary 3.3). The initialization we chose
specifically has s(6) = (+1,+1), meaning that the theory would predict the network to be
incapable of getting negative output weights. Indeed, we find that the trajectories are confined
to the positive region of their invariant hyperquadric, resulting in a poor approximation of f*,
as we can see in Figure 3.3b (top) and in the loss of Figure 3.3c.

Instead, with an initial configuration such that ¢ = (-0.1,+0.1) (2 connected components)
and s(6) = (+1, +1), the model can leverage the connectedness of Q(c;) to learn f* by flipping
the sign of the second neuron’s output weight (Figure 3.3b bottom right).

A more realistic experiment. We present here a further experiment to show how the
topological obstruction can be a hindrance in a more realistic setting. We consider a simple
binary classification task on the well-known breast cancer dataset [283], which we try to solve
by fitting a one-layer ReLLU neural network trained to minimize the BCE loss. We vary the
number of hidden neurons / and, for each /, we change the number of non-pathological neurons

[+ (neurons with cx > 0) from O to /. We repeat the experiment with 100 different random
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Fig. 3.4 Left. Average test BCE loss of a two-layer ReLU neural network trained on the breast cancer
dataset over 100 different initializations for each pair (/,l;),/ = 2,...,9and [, < [, of numbers of hidden
neurons and non-pathological neurons. Right. the y-axis displays the percentage of non-pathological
neurons.

initializations and show how the model’s average performance changes when the degree of
disconnectedness of its invariant set is varied. The result, on the left panel of Figure 3.4,
clearly shows the presence of a "gradient" in performance, where increasing the number of
non-pathological neurons decreases the average value of the test loss after training. The right
panel of Figure 3.4, moreover, shows how the impact of the obstruction depends on the number
of non-pathological neurons and not on their fraction over the total number of hidden neurons.

3.6 Probability of obstruction

Let us consider the following question: what is the probability of having a disconnected

invariant set given a realistic initialization?

Consider a one-layer ReLU neural network with e = 1 and assume that the weights are
sampled independently of one another from a normal distribution W/S) ~ N(O, O'iz) Vk,i,
W,Ez) ~ N(0, 0'22) Vk, j. From Corollary 3.3, we know that the invariant set H (c) will be
disconnected if and only if there exists a hidden neuron satisfying Z,i] (W,E;))2 < (W,Ez))z.
Given independence of the initial weight sampling, this probability can be computed as

d l
Plobstruction] = 1 —P | » (W2 > (W) =1 - (Fia(do?/a?)),

i=1
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Probability of H(c) being disconnected
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Fig. 3.5 Probability of the topological obstruction as a function of the number of input d and hidden /
neurons, when the initial weights are sampled with Xavier normal (left) and Kaiming normal (right)
initialization schemes.

where F is the cumulative distribution function of a Fisher-Snedecor-distributed random
variable, i.e. given by the ration of two chi-square-distributed random variables.

Having obtained this general expression, we can specify it to two common initialization

schemes.

* We obtain Kaiming initialization [284] with 0'12 =2/d, 0'22 = 2/l resulting in P[obstruction] =

1- Fl,d(l)l.
* We obtain Xavier normal initialization [285] with 0'12 =2/(d + l),0'22 =2/(1+1)
resulting in P[obstruction] = 1 — F} 4( %)l )

We plot these two expressions in Figure 3.5. We can see how, for a large number of input
neurons d, the probability of obstruction quickly falls to O for any number of hidden neurons.
Instead, we see an opposite trend for small values of d: the probability of disconnectedness
grows with /. Moreover, it is interesting to notice that the region of high obstruction probability
is larger for Xavier initialization than for Kaiming initialization, further showing why the latter

is preferred when working with ReLU networks.

3.7 Conclusions

In this chapter, we have given analytical results that clarify the nature of the constraints imposed
by gradient flow on the parameter space of a two-layer neural network with homogeneous
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activations. In the case of a single scalar output, which appears in tasks such as binary
classification and scalar regression, we identified initial conditions that lead to a topological
obstruction in the form of the parameter space’s fragmentation into multiple connected
components. This is caused by pathological neurons whose output weights cannot change
their sign during training. Moreover, if one also considers the network’s symmetries under
permutations of the hidden neurons, we find that most of the connected components are
equivalent. The number of effective components of the resulting space scales linearly with the
number of pathological neurons, contrasting with the exponential growth of the number of

connected components obtained without considering the permutation symmetries.

As shown in the last numerical experiment, the lack of non-pathological neurons hinders
learning, even when the network’s width is scaled. Our probabilistic analysis outlined in
Section 3.6, however, shows that with common initialization schemes, the probability of
creating a pathological neuron decreases rapidly with increased inner layer width. Therefore,
the combination of specific initialization schemes and a large number of hidden neurons
(beyond the minimum required to solve a task) appears to make this obstruction unlikely in
practice. This chapter describes a simple safeguard to avoid obstructions, which can, for
instance, discourage the usage of initialization schemes that result in the proliferation of

pathological neurons.

3.8 Limitations

The main limitation of this set of results is the network’s architecture, which is limited to
only one hidden layer. Even when considering multi-layer neural networks we can define
observationa equivalence symmetries in the form of rescalings and permutations, and, as a
consequence, find invariant hyperquadrics for each hidden neuron. The issue in extending
the results emerges in the fact that these hyperquadrics are not independent anymore, and the
invariant set cannot be factored into the product of the Q(cy). This intuitively results from the

fact that in the multi-layer case, each weight in the hidden layers is shared by two neurons.

We will see in Chapter 4 how this problem can still be approached by leveraging some
recent results about the topology of intersections of hyperquadrics [286]. The new results we
obtain will give us an interesting general perspective on the geometrical meaning of gradient

flow optimization in a wide class of networks with homogeneous activations.
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3.9 Extra proofs and lemmas

Lemma 3.2. The invariant set H (c) is connected if and only if it is path connected.

Proof. Lemma 3.1 tells us that H(c) = Q(c1) X -+ X Q(¢y).
Let us focus on a particular Q(cy).

When ¢ # 0, Proposition 3.6 tells us that Q(cy) is a topological manifold, and thus, it is

connected if and only if it is path connected.

When ¢ = 0, Q(0) is not a topological manifold but contractible, implying that it is (path)

connected. Let us prove that it is also path-connected.

Let 0, 6, € Q(0) and define the curve y : [0, 1] — Q(0)
Yio(t) =1 - 6k
such that y4.9(0) = 6, yi.9(1) = 0. yi:0(t) € Q(0) for every ¢ € [0, 1] because

<<7k;0(t)’ 7k;9(t)>>k = t«9, 9»]( =0.

Therefore, the segment from 6 to 0 belongs to Q(0).

A continuous curve from 6y to ¢ can be thus obtained by

=

Yi:0(2t) ifr € [0, 5]
Yoo (2-20) ifr € [§,1]

Yior Vieo(t) :

which is continuous because y.g(1) = yx.¢-(1) = 0. Therefore Q(0) is path connected.

Finally, if H(c) is connected, then all of its factors Q(cy) are connected, which, in turn,
is true if and only if they are path-connected. A product of path-connected space is again
path-connected, and therefore H (c) is path-connected. The other implication is true because

path-connectedness implies connectedness, thus concluding the proof. O]

Lemma 3.3 (Interchange of rescalings and permutations). Let 6 € ©, a € Ri and © € 8y, then,
l‘f a = Rﬂ—l (a/)
T,P(0) = P,T;(6). (3.24)
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Proof. Given that
ToPr(0) = (diag(a)R, WD, WP R  diag(a)™")

we need to prove that diag(a)R, = R,diag(a).

a; ifj=n(i
(diag(@)Rp)ij = Y diag(@)ix(Re)i; = ai(Re)ij ={ j=n)
k=1 0  otherwise
Let us pick a generic @ € RY.
! ~ . . .
a; ifj=mn(i
(Rrdiag(@));; = Z(R”)ikdiag(@)kj = (Ro)ijirj =1 ’ .( : .
k=1 0 otherwise

Let us consider the inverse permutation 7! so that 77! (j) = i if #(i) = j. Then, if & = R -1 a,

a/j :a’n.—l(j) = q;

and thus we get that diag(@) R, = R diag(a). ]

3.9.1 Proof of Proposition 3.8

Proof. We have by Equation (3.11) and Equation (3.2):

d
(T0(0). To ()N — cx =0 = aiZ(W;EP)Z—%Z W= cx=0
i=1 k =1

d 2 e
By renaming A = Y, (W,E;))2 = HW,EI)HF, C=7Y (W(Z))2 HW(Z)H and multiplying by
i=1 j=1
ai > 0 we have:
Aak ckak CcC=0 (3.25)

Solving for a/% gives us:
A=ci+4AC 2 4AC >0
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~
H
S

2 _
ak—

N

A

Given that we want o > 0, we discard the negative solution. The other is positive because
A > c% and thus VA > |cg].

Ck+\/Z
2A

ap = *x

Of which we keep the positive solution only, with its full expression being:

eve e e e

g = (3.26)
2w,

Hence, ifa@ = (a1, ..., a;) with i given by Equation (3.26), we get that (T, (6), T, (6) )x =
ck Yk=1,...,1.

Let us consider now the pathological cases ngl) =0or WIEZ) =0.

If W,El) =0, W,EZ) # 0 then A =0, C # 0. Therefore, we have that Equation (3.25) becomes

—cka/k C=0

w®
” “F . This means that a hidden

neuron with zero input weights and nonzero output weights can be rescaled only to the invariant

which has solutions if and only if ¢; < 0. In that case oy =

hyperquadrics with ¢ < 0.

If W,Ez) =0, W]El) # 0 then C =0, A # 0. Therefore, we have that Equation (3.25) becomes
a/iA —c;x=0

which has solutions if and only if cx > 0. In that case oy = H ‘/(:“ This means that a hidden

neuron with zero output weights and nonzero input weights can be rescaled only to the invariant

hyperquadrics with c; > 0.

If W,El) = 0 and W,EZ) = 0, then 6; = 0 € Q(0) and it cannot be rescaled to any other

invariant hyperquadric.

]
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3.10 Including biases

Let us consider the case where we include biases. The resulting two-layer neural network can
be written as
f(x;0) = WOarwWWx + bWy 4+ 5@, (3.27)

where b\ € R! and b® € Re.

To work with this extended set of parameters, we re-define the space
®= {g — (W(l), b(l), W(Z), b(2))}
and the single hidden neuron spaces
O = {9k = (€kkW(1),ekkb(l),W,Ez)ekk)}

where the second bias term b® does not appear because it is not directly involved with the

computations of the hidden neurons. This means that we can write
O=0; X ---x0; xR

where R¢ is included to describe the parameters in b(?).

The neuron rescaling action now acts on the biases b'!) as well as the weights:

T: R, X0 — O (3.28)
1
(a,0;) > T, (0r) = (a/W(l), a/b,(:), ;W,Ez))

and can be extended to the whole space of parameters

T: RAx® — © (3.29)
(@,0) +— T,(0) = (diag(e)W, diag(a)bV, W? diag(e)~", b?).

Once again, we find that 7,6 ~ 6.
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In this more general case, we can rewrite the bilinear form to include the biases. If
6 = (W(l), pD W@, b(z)) andn = (V(l),p(l), V(Z),p(z)), we define

d e
1 1 1 1 2 2
€.y = > WV ppl) = wipvy (3.30)
i=1 ]:1

and see that, once gradient flow optimization, we have a conservation condition like the one of
Equation (3.8)
«O(t),0(t) Nk =cx ¥Vt >0Vk =1,...,1L.

Once again, we call Q(cy) the hypersurface of ®; which satisfies the equation (6, 6)r = c
and H (cy) the set in © defined by (6,00, = cx Yk =1,...,1.

With this in mind, it is not hard to extend the results of Proposition 3.6 and Corollary 3.1
which turn out to be slightly modified.

Proposition 3.9. If c; > 0, Q(cy) is a topological manifold homeomorphic to R® x S, If
cr <0, Q(cy) is a topological manifold homeomorphic to R x S¢71. If c¢x = 0, Q(0) is

contractible.

In this case, we can factor the space of parameters H(c) as
H(c) = Q(cy) X - xQ(cy) XRE,

where the last factor is due to the freedom in choosing the values of 5.

Proposition 3.10. Letc, #0Vk =1,...,1. Letl,,l_,ly be the number of positive, negative

and zero elements of c, respectively. The Poincaré polynomial of H (c) is given by
Py (x) = (1 +xDHH(1+x7H- (3.31)

Corollary 3.5. The 0-th Betti number Bo(c) of H(c), corresponding to the number of its

connected components, is given by

1 ife>1
Bo(c) = _ (3.32)
2 ife=1
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The result we obtain is similar to Corollary 3.2 although slightly modified by the fact that
having a single input neuron does not cause H (c) to become disconnected anymore. In the

case of e = 1, therefore, the picture presented in the main text is left unchanged.
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4.1 Introduction

Building upon the topological foundations established in Chapter 3, we now extend our
framework to a more general class of neural networks. While our earlier analysis was limited to
shallow architectures, this chapter generalizes these concepts to feed-forward networks defined
by arbitrary directed acyclic graphs (DAGs). This shift allows us to move beyond the simple
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two-layer structure and investigate how multilayered and more complex connectivity patterns
can influence the geometry of the optimization space. We demonstrate that the invariant
set remains a central object of study, but its algebraic structure becomes significantly more

intricate as the network depth and complexity increase.

A major contribution of this chapter is the dual focus on both the global connectivity of the
parameter space and its local geometric pathologies, specifically singularities. By leveraging
tools from algebraic topology and network flow theory, we characterize the singular points of
the invariant set—configurations where the local dimensionality of the space collapses. We
show that these singularities are not merely mathematical peculiarities but are deeply linked
to the architectural properties of the DAG, specifically to configurations where parts of the

network become functionally disconnected.

Finally, we bridge the gap between this geometric theory and practical model compression.
We introduce a principled approach to sparsity by showing how specific regularizers, such as
the nuclear norm of the invariant set’s Jacobian, can be used to drive the optimization trajectory
toward these singular configurations. This perspective allows us to frame pruning not as a
heuristic process of removing small weights, but as a geometrically grounded transition toward

singular subnetworks.

4.2 Setup

We start by extending the structure of two-layer neural networks outlined in Section 3.2.1, by

defining more general neural networks whose architecture is given by a directed acyclic graph.

DAG neural networks. A general DAG neural network is a directed, acyclic graph G (i.e.
a DAG) on a set of nodes V, called neurons, with edges E.

We identify a subset of neurons V; C V containing the input neurons, such that no edges
are entering the elements of V;, and a subset Vp C V of output neurons such that no edges
are going out of the elements in V. We assume that V; N Vp = 0, i.e., no neurons have empty
neighbors. We write 9V to denote the set of input and output neurons V; LI V. All the other
nodes V C V are the hidden neurons which are the fundamental computational units of the
neural network V = V U 0V (Figure 4.1a).



4.2 Setup 149

For any node v € V, we call Anc(v) the set of its ancestors, i.e. nodes w € V such that
there exists a directed path in G from w to v, and Desc(v) its descendants, i.e. the nodes

w € V such that there exists a directed path from v tow in G.

Each edge (7, j) € E has a parameter 6; ;) € R associated with it and, just like in the
two-layer case, the computation of the network proceeds as follows:

1. data is fed into the network through the input neurons, which perform no computation;

2. each input is transmitted through the edges coming out of the input neurons, where it is

multiplied by each edge’s parameter 6; ;);

3. every hidden neuron v € V sums the values of their incoming edges, applies the activation
function o~ and transmits to each outgoing edge the resulting value multiplied by the

edge parameter;

4. the computation stops at the output neurons, where the neural network’s output is located.

The fact that G admits no directed cycles ensures that G admits a topological ordering, i.e.
an ordering of the hidden neurons V such that if (u,v) € E is a directed edge, then v will
come after u in the ordering. This means that the computation of the network can be neatly
organized into a finite sequence of steps, without infinite feedback loops. We write fs (-, 0)
to indicate the input-output function encoded by G with parameters 6 and resulting from the

computation outlined above.

We call parameter space O the set of all parameters and interpret it as the vector space of
real functions over the edges 6 : E - R, © = RIEl, For this reason, we can see the parameter
space as the order 1 real cochain space of G, ® = C 1 (G;R) (Definition 0.14), if we think of G

as an oriented simplicial complex with edge orientations given by their direction.

Remark 4.1 (Two kinds of topology). The perspective of the parameter space as the chain
space will prove to be useful to derive some of the results of this chapter. In particular, it will
allow us to talk about how the two “kinds” of topology implicit in this setup are related to one
another: the discrete topology of the computational graph G, seen as a oriented simplicial
complex studied with the tools of simplicial (relative) homology, and the continuous topology

of the invariant set that constrains the learning trajectories, studied with singular homology.

This is already implicit in the results of Chapter 3 that, although limited to the simple
case of two-layer architectures, tells us how the topology of the invariant set depends on

architectural parameters of the graph, i.e. the number of input, output and hidden neurons.
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Fig. 4.1 a. Example of a feed-forward DAG architecture G. b. The incidence matrix B of G with rows
associated to input and output neurons removed. ¢. Visualization of the rescaling symmetry of ReLU
neurons. d. The initialization determines the balance value ¢, = (6, 8),, of every hidden neuron, which
characterizes the shape of the invariant set (e).

Throughout the chapter, it will be convenient to formulate the results by describing the
graph connectivity structure with the node-edge incidence matrix B of G, introduced in
Definition 0.5. We recall that its elements are defined as follows: B, (,,) = 1 ifv = w,
B, (uw)y = —1if v = u and 0 otherwise. See, for example, the DAG in Figure 4.1a and its

associated incidence matrix (with rows associated to nodes in dV removed) in Figure 4.1b.

Symmetries of DAG ReLU networks. Just as we did in Chapter 3, we study the properties of

neural network where o is a homogeneous activation function, like the ReLU o (x) = max (0, x).

We recall from Chapter 3, that the rescaling action invariance we studied for two-layer
ReL.U networks (Equation (3.2)) does not depend on the two-layer structure of the network
but is a “local” property that holds independently at every hidden neuron. It follows that it
holds in the same way in general DAG architectures (Figure 4.1c). We consider the action of
the group R, of positive real numbers on each local parameter space of hidden neuron v € V,
O, :={fuw) | (u,w) € Eand u =v or w = v} by means of

T;(@) = Tc‘:((e(u,v))u’ (g(v,w))w) = ((ag(u,v))ua (a'_lg(v,w))w)-

The invariance of the neural network function to the rescaling is then written in the following

way.

Proposition 4.1 (Local rescaling invariance). Let G = (V, E) be a DAG neural network. We

have that 6 and T), (0) are observationally equivalent parameters

f6(:0) = fo (- T,(6)),
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forevery0 € ®,v e Vand a € R,.

Proof. Consider the contribution of v to the neural network processing when its parameters
are rescaled through 7). If {x,,|(w,v) € E} is the set of activation coming into v through its

incoming connections, any neurons z that receive an input from v will receive the value

X, = H(V’Z)O' Z H(W,v)xw s

w:(w,v)eE

which is invariant when 6, ;) ge(m and 6,,,,) — @by, O

Local conservation laws under gradient flow. We pick adataset D = {(x;,y;) € R? x R® }fi1
and, just like in Equation (3.5), a loss function L : ® — R that depends on the parameters only
through the output of the neural network', that is

N
L) = 5 D 00a(:0),3) @
i=1

where ¢ : RIVol x RIVol — R is differentiable.

Once again, we train the network using gradient flow 0(¢) € =V,L(6(1)) := —g(6(1)).
Given that the loss function L depends on the parameters only through f, its value at  must
be constant over the orbit of rescaling. Retracing the proof of Proposition 3.4 using the action

T,, leads us to the following generalized balance equation.

<<9, g(@) >>v = Z H(M,v)g(u,v) - Z H(V,w)g(v,w) =0, 4.2)
u:(u,v)eE w:(v,w)eE
for every hidden neuron v € V. Note that in Equation (4.2) we defined the balance form (-, -)),,
associated to a hidden neuron v in a DAG neural network, which generalizes the two-layer
balance form ((-, -)); of Definition 3.2.

Remark 4.2. Equation (4.2) tells us that the gradient modulated by the parameter values is a
network flow, that is the quantity g(0) © 6 is conserved when passing through each hidden

neuron, with © denoting the element-wise Hadamard product between vectors.

I'This means that we do not include regularization terms which depend explicitly on the parameters.



152 Topology and Geometry of the learning space of ReLU networks

It turns out that we can conveniently re-write the balance conditions of Equation (4.2) at

all hidden nodes using the incidence matrix of G.

Proposition 4.2 (Matrix rewriting of the balance equations). Let B € RIVXIEl pe the incidence
matrix of G with the rows associated with input and output nodes removed; then {0, g(0))), =
0 Vv € V is equivalent to

B(6 o g(h) =0. (4.3)

Proof. The proof follows directly from the definition of the incidence matrix. At any hidden
node v € V, if we denote by 6, the weight of any e € E, and by g, the e-th component of g(6),
then it holds that

B(G ©g(0), = ZBv,eeege = Z G(M,V)g(u,v) - Z g(v,w)g(v,w) = (0,g(0)), = 0.

ecE u:(u,v)eE wi(v,w)
[]

Remark 4.3 (Balance equation and relative homology). Elaborating on the discussion we
started in Remark 4.1, note that, in the generalized gradient balance condition of Proposition 4.2,
the matrix B appears. As we write in the proposition’s text, this is not simply the incidence
matrix of the underlying computational graph G because the rows corresponding to input
and output nodes are removed. The reason for this, on one hand, is simple because input and
output neurons do not apply the activation function and thus do not have balance equations
associated to them.

On the other, it turns out that the structure of B can be neatly interpreted under the
light of relative homology (Definition 0.13). The reason for this is explained in detail in
Example 0.4 in the preliminaries chapter, but can be summarized by saying that B describes
node-edge incidence relations of the graph G modulo nodes that belong to the input or output
set OV = V; U V. Therefore, Proposition 4.2 tells us that we can interpret 0 © g(0) as a
representative of the 1-st relative homology class of the pair (G, dV). If we put this together
with the characterization of Proposition 0.2 (as we explain in Example 0.4), this means that

0 © g(0) is a cycle on the graph G with all the nodes in AV collapsed to a single node.

Invariant sets. Just like Proposition 3.4 in the two-layer case, Proposition 4.2 implies that
some quantities are conserved under gradient flow optimization or, equivalently, that the

learning trajectories are constrained to a lower-dimensional subset of the parameter space.
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Proposition 4.3 (DAG conservation laws). Let the network be initialized with parameters 6(0)
such that B8(0)? = ¢ € RVl then, for every t > 0, it holds that BO(1)? = c foreveryt > 0,

where 0(t)? is the component-wise square of 6(t).

Proof.

%Be(r)z = B%e(r)z =2B(6(1) © 6(t)) = -2B(6(r) ® g(6(1)) = 0.

]

As we will see, this is not a mere notational feature, as this formulation reveals precious
insights into the relation between the training dynamics and the neural network’s graph

structure. We now define the invariant set given by these new, generalized conservation laws.
Definition 4.1 (Invariant set).

Let B € RIIIEl be the incidence matrix of G with the rows associated with input and
output nodes removed. Given ¢ € RIVl, we call invariant set the set Hg(c) C © of the
solutions of the system of polynomial equations B6” = c.

If we look at the single equation associated with the hidden neuron v € V, we see that

2 2
Z e(u,v) - Z Q(V,W) = Cv (4.4)

uu—v W Wy

B6? = ¢ can be written as

which corresponds to a hyperbolic quadric hypersurface in the local parameter space of v,
0, (Figure 4.1e). From the graph’s point of view, we can interpret Equation (4.4) as stating
that the vector of squared parameters 67 is akin to a fluid flowing through the edges of G,
with input/output nodes acting as unconstrained sources/sinks and hidden nodes supplying or

demanding some flow according to the value and sign of ¢ [287].

In Chapter 3, we showed that for shallow networks, the geometrical structure of Hg (c)
is simple, as the total invariant set factorizes into the Cartesian product of the neurons’
hyperquadrics. In the general case (MLP or DAG), the situation is much more complex because
the equations of Hg(c) are coupled: parameters associated with internal edges appear in
multiple equations.
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Example 4.1 (Two-layer). For a two-layer neural network with d input neurons, | hidden

neurons and e output neurons, we can write the incidence matrix as

Input-hidden Hidden-output

B = Hidden I; I; -1 -1

We see that in every column, corresponding to one edge, there is a single nonzero element, i.e.
the one associated to the hidden neuron it is connected to. This means that every parameter 6,

appears in only one equation of B6* = c.

The invariant set Hg (¢), which is an algebraic variety, is an interesting object because it
sits in between the redundant but more “concrete” parameter space and the abstract function
space (or neuromanifold [288, 289]) the model’s implemented function lives in. In fact, fixed
any ¢, no two parameters in Hg(c) are observationally equivalent w.r.t. rescalings, that is
fc(+30) = fe(; Ty (0)) for no rescaling, thus making the invariant set a good proxy for the
function space F; := {f(-;6) |8 € O}. Nevertheless, as discussed in Chapter 3, different
values of ¢ can correspond to different topologies of Hg (¢), meaning that F; does not provide

the full picture to understand the learning process.

4.3 Geometry and topology of the invariant set

He (c) is the set of solutions of a system of degree-two polynomial equations, each one
corresponding to a quadric. Despite the apparent simplicity, studying general intersections of
quadrics is not easy [286] but, in our case, the specific structure of Hg (c) greatly simplifies the
process. In fact, the equations B#? = ¢ correspond to a system of coaxial quadric hypersurfaces,
meaning that they contain only squares and no mixed terms of the form 6,6,. This fact allows
us to employ the powerful recent results obtained in Ref. [286] related to the intersection of

coaxial quadrics.

4.3.1 Non-emptiness

The first result concerns the non-emptiness of Hg (¢) for a given ¢ or, from the other point of

view, the set of possible balance values c that can result from an initialization.
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Proposition 4.4 (Feasible balance). Assume that for every hidden neuron v € V, there exists a
directed path in G connecting the input neurons to v and a directed path connecting v to the
output neurons. Then, for all ¢ € RV, one has Hg(c) + 0.

This result means that any balance configuration on the hidden neurons c is achievable
through a parameter initialization provided that all neurons are connected to input and output,
i.e. they take part in the network’s computations. From the point of view of network flows,
this tells us that it is possible to build a flow #? that satisfies any supply and demand on the
hidden nodes.

The proof, we see, builds upon the fact that the input and output nodes are not involved in
the balance equation, allowing us to manipulate the edges coming out of them more “freely” to

satisfy the constraint.

Proof. To show that, for any ¢ € RV, the system B6? = ¢ admits a non-negative solution 62,

we take a constructive approach and build x = 62 explicitly.

Let us initialize xo = 1 by assigning the value 1 to every edge (x9). = 1 Ve € E. Let us
define the balance vector at initialization, co = B1 which, in general, will be different from c,
co # ¢. For each hidden neuron v € V, we make an adjustment to xq that corrects the balance

value at v.

If (co)y < ¢y, define 8, = ¢, — (cp),. Let us consider a path p, going from the input
neurons V; to v (which exists by definition of G) and the vector 1, € RIEl supported on
it, that is such that it assigns value 1 to each edge in p, and O to all other edges. Consider
now x’ = xo + 6,1, , which is non-negative because ¢, > 0. The balance ¢}, := (Bx"),, will
remain unchanged in all nodes w different from v, ¢}, = (cop),, because, in such nodes, the
same quantity is added to one edge coming in and one edge going out. In v, the new balance

value will be
C:; = (Ex/)v = (BXO)V + (B]lpv)v = (co)v + 0, = (co)v + ¢y = (co)y = Cy.

If instead (co), > c,, we define 6, = (cp), — ¢, and add the vector 1, supported on a path
py that connects v to the output neurons V. Once again, in all nodes except for v the balance
is left unchanged, while in v

C:; = (Ex/)v = (B-XO)V + (E]lpv)v = (CO)V -0, = C; - ((CO)V - Cv) =Cy.
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Fig. 4.2 Overview of connectedness. a. In- and out-bottlenecks in G. b. The non-emptiness of Hg (c)
is guaranteed if every hidden neuron has input and output edges. ¢. Different connectedness conditions
and intuitive visualizations of the associated algebraic varieties for an out-bottleneck d. Numerical
experiment showcasing training dynamics in a connected and disconnected scenario for a DAG network
with 3 hidden nodes (d.1).

Repeating this process for any node v € V allows us to correct the balance ¢/, = ¢, at all

nodes, giving us a non-negative solution x’ to the system Bx’ = c. [

Example 4.2 (Counterexample to Proposition 4.4). If the assumption of Proposition 4.4 is
not satisfied, it is possible to find balance configurations c € RIVI that are not feasible. We
take, as a simple example, the case where there is a hidden neuron v with no outgoing edges
deg”(v) = 0. This means that there exists no path from v to Vg, breaking the assumption off
the proposition. In this case, any ¢ € RVl such that ¢y < 0 will be unfeasible, because the

balance equation Equation (4.2) at v will be

Z H(ZW) =c, <0,

uu—v

which admits no real solution 6.
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4.3.2 Connectedness

In Chapter 3, we showed that, for some values of c, the invariant set of a shallow ReL.U neural
network is disconnected. Here, we show that the conditions for connectedness in the general
DAG case resemble the ones for the shallow case, with additional pathological cases resulting

from particular graph topologies.

To find out whether Hg (c) is connected or not, we will use the following proposition,
taken from Ref. [286].

Proposition 4.5 ([286] Proposition 4.7). Given a matrix C = [Cy - - - C,] with columns C; and
a vector b, regarding the intersection of coaxial quadrics X = {xle2 = b}, the following are

equivalent:

1. X is connected.
2. Foreveryi, X N {x|x; = 0} is nonempty.

3. b belongs to the convex cone of any n — 1 of the columns of C, b € Co(C-;), with
C_i=[Ci---Ci_1Ciyy1---Cyl foralli=1,...,n.

This proposition tells us that an intersection of quadrics is connected if and only if it is
nonempty when sliced with any hyperplane of the form {x|x; = 0}. If C = [C; - - - C,,] with
columns C;, then we see that, if x; = 0, Cx?> = [C - Ci_1Ciy1 - - - C,,]x%l.. This means that
X N {x|x; = 0} is equivalent to the intersection of quadrics specified by the matrix C with
the i-th column removed and the same b, and thus its nonemptiness can be studied with
Proposition 4.4.

In our case C = B. Dropping one of its columns is therefore equivalent to cutting one of

the edges of G. It follows that we can translate Proposition 4.5 to our case in the following way.

Proposition 4.6 (Connectedness as robustness). Hg (¢) is connected if and only if, for every
ecE, Hg ,(c) #0, where G_, = (V,E \ {e}).

In other words, Hg (c) is connected if it is “robust enough” so that the deletion of single
edges doesn’t change the possibility of satisfying the supply and demand conditions of c. This
observation, together with Proposition 4.4 telling us that supplies and demands are always
satisfied when every neuron is connected to V; and Vp, suggests that disconnection must
necessarily come from the presence of neurons with only one input or output connection, so

that cutting it can make the invariant set empty.
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Definition 4.2 (Bottleneck neurons).

A hidden neuron v € V is an in-bottleneck if deg”(v) = 1 and an out-bottleneck if
deg®(v) = 1. We denote with V, V¥ the sets of in and out-bottleneck nodes, respectively.
For any out-bottleneck neuron v € V3, we call m(v) the set of its pure ancestors, i.e.
ancestors w € Anc(v) such that any path from w to Vy passes through v. Analogously, any
in-bottleneck defines a set of pure descendants Desc(v) containing neurons w € Desc(v)
such that any path from V; to w passes through v.

The removal of the single connection of a bottleneck neuron (Figure 4.2a,b) will disconnect
it and the set of its pure ancestors/descendants will be effectively cut out from the network’s
computation: either because they receive no inputs from V; or because they produce no output
to Vo.

Armed with these tools, it turns out that it is possible to derive a complete characterization

of connectedness and disconnectedness.

Theorem 4.1 (Connectedness of the invariant set). Hg(c) is connected if and only if

1. For all v € V and for all T C Anc(v) such that T is closed by forward edges

ZueT Cy 2 0;

2. For all v € Vg and for all T C Desc(v) such that T is closed by backward edges

ZMGT Cy < 0.

Before getting into the proof, let us discuss the result and its implications.

Intuitively, disconnectedness is caused by bottleneck neurons such that cutting their single
edge makes the balances (supplies/demands) of their pure ancestors/descendants unfeasible.
For instance, let us look at the out-bottleneck v in Figure 4.2c:

1) ¢, < 0 means that v requires more flow coming out than in. This is not feasible because,

upon cutting the single output connection, there is no way for flow to come out of v.
i1) ¢, > 0 means that v requires more flow coming in than out. This is feasible unless

iii) there is set T of neurons closed by forward edges for which ;.7 cx < 0, as predicted by
Theorem 4.1. Intuitively, this means there is more flow passing through 7 than can be

absorbed before v.
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Two immediate corollaries follow, clarifying the problem of connectedness in most practical
cases. The first identifies that all networks that are “robust enough” to the deletion of single

edges always lead to connected invariant sets.

Corollary 4.1. If G has no bottleneck neurons, then Hg (¢) is connected.

Note that bottleneck neurons are rare in MLPs because their existence implies the presence
of a layer with only one neuron. As we observed with two-layered architectures, the exceptions
are given by neural networks built to solve binary classification or scalar regression problems,
where there is a single output neuron, and thus the neurons in the last hidden layer are all
out-bottlenecks. In that case, we adapt Theorem 4.1, finding that the result of Corollary 3.3
nicely carries over to the multi-layer case.

Corollary 4.2 (The MLP case). If G is a fully-connected MLP such that all hidden layers
contain more than one neuron, then Hg(c) is connected if and only if ¢, > 0 Vv € V3 and
cy <0Vv eV

Proof. The result follows from Theorem 4.1 by noticing that in a fully connected architecture,

the only pure ancestor/pure descendant of a node is the node itself. ]

A practical implication of this section is that the expressivity of ReLU networks can be
reduced at initialization to the extent that they lose their universal approximation capability.
That is, some functions become immediately unreachable, regardless of the chosen loss function
or dataset.

Numerical validation. We illustrate Theorem 4.1 on the toy DAG neural network shown in
Figure 4.2d.1, implemented using dedicated software [290] and trained with discrete gradient
descent. Neuron 4 will be the out-bottleneck of interest. All hidden neurons (in black) have
ReLU activation functions. With the initialization given by the values in the figure, we have
c=(cy,c3,04) = (93 —6,1,3). There are 3 forward stable sets of nodes, the largest being
T ={2,3,4} with X jcrck = 21 Ck = 95 — 4. Therefore, if at initialization 6, (0) < V2, then
Yker €k < 0 and the optimization space will disconnect at neuron 4. Concretely, it means that

the balance condition at neuron 4 will forbid sign switches of 64 s).

We try to make the model learn the function f : (x1,x2) — —(x1 + x2) for positive inputs.
The only way to output negative values is if (4 5y < 0, and so the optimum will not be reachable
for 6,(0) = 1 < V2 as shown on the right plot of Figure 4.2d.2, while the optimum is reachable
(and reached) for 6, (0) = V3 > V2, as depicted on the left plot.
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Proof of Theorem 4.1. The proof proceeds in three steps. First, we associate to each bottleneck
node a network flow feasibility problem. Second, we show that connectedness of Hg(¢) is
equivalent to feasibility of all these flow problems. Finally, we characterize feasibility via cut
inequalities.

Step 1: Flow problems associated to bottlenecks. Letv € V; be an out-bottleneck. We
construct a directed graph G, = (N,, A,) as follows.

The node set is
N, := Anc(v) U {s,1},

where Anc(v) denotes the set of pure ancestors of v and s, ¢ are auxiliary source and sink
nodes.

The arc set A, consists of:

Internal arcs (u, w) for every edge (u, w) € E with u, w € Anc(v).

Incoming arcs (s, w) for every edge (1, w) € E with u ¢ Anc(v) and w € Anc(v).

» Source arcs (s, u) for each u € Anc(v) with ¢, < 0.

Sink arcs (u, t) for each u € Anc(v) with ¢, > 0.

* A circulation arc (t,s).

Note that there are no outgoing arcs from pure ancestors to non pure ancestors as Anc(v) is
closed by taking forward edges. In fact, if (1, w) € E with u € Anc(v), w ¢ Anc(v), then, by
definition, there would be a path from w to the outputs Vp not passing through v. Adding the
edge (u, w) to that path would give us a path from u to V) that doesn’t pass from v, meaning
that v ¢ Anc(v).

Each arc e carries a flow f, € R subject to the following constraint:

0 < f, < o e internal, incoming, or (z,s),
f(s,u) =—c, ¢, <0, (45)

S = cu cy > 0.

The network (N,, A,) is said to be feasible if there exists a real function on the edges,
called flow and denoted f : A, — R such that
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Induced network flow (FF))
[0, 00]
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[

Fig. 4.3 Visualization of the induced network flow problem (FF}) at a bottleneck node v € V. In the
right panel, we depict the internal arcs in gray, the incoming arcs in orange, the source arcs in blue, the
sink arcs in red and the circulation arc in black.

1. at each node the flow is conserved .,,. ;. wyea, Juw) = 2Ziz:(w.2)ea fowz) = 0Yw € N;
2. the constraints are respected on each edge [, < f, < m, Ve € A,,.

We denote this flow feasibility problem on neuron v by (FF}), which is said to be in circulation
form due to the existence of the circulation arc (¢, s) [291]. The analogous problem (FF,) for
an in-bottleneck is defined by reversing all arrows and replacing ¢ with —c.

Step 2: Connectedness < flow feasibility. We claim that

Vv € V3, (FF)) is feasible,
Vv € Vg, (FF)) is feasible.

He () is connected —

= ) Assume Hg (c) is connected. By Proposition 4.5, this is equivalent to
Cc € CO(E_I') Vi,

i.e. after removing any edge of the DAG, the balance equations remain solvable. For an
out-bottleneck v, let us remove its unique outgoing edge e and take one non-negative solution
x > 0 to the balance equation B_.x = ¢, with B_, being the incidence matrix of G with the

edge e removed.

Let us now consider the flow feasibility problem (FF}) and show that it is feasible. All the
internal and incoming arcs correspond to edges in G, meaning that we can associate to them the
flows given by x. We then associate the flow —c,, > 0 to all the source arcs (s, u«) and ¢, > 0 to

all the sink arcs (u, t), automatically satisfying the constraints of Equation (4.5). Finally, the
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circulation arc carries a flow equal to the sum of the flows of all sink arcs f(; 5 = X,:c,>0 Cu- It
is now possible to check that at every node # € N, in the induced network, the flow conservation
condition is achieved. In particular, at every hidden node u we have that the flows resulting
from x on the internal arc give a balance value of ¢,, which is then routed to either s or ¢
depending on its sign, ensuring perfect balance. Thus, (FF)) is feasible. The same reasoning
can be applied to in-bottlenecks.

&) Conversely, assume all (FF;) are feasible, let e be any edge of the DAG and let us

prove that ¢ € Co(B_,), i.e. there exists a nonnegative solution x > 0 to B_.x = c.

If e is not the only outgoing/incoming edge of an out-/in-bottleneck, removing it still results
in a network where all neurons belong to a path from the inputs V; to the outputs V. This
allows us to apply the non-emptiness result Proposition 4.4, resulting in B_.x = ¢ having a

non-negative solution.

Let e be the unique outgoing edge of an out-bottleneck v and let us explicitly build a

non-negative solution x > 0 to B_,x = c.

The problem (FF)) is feasible, meaning that there exists a feasible flow f. For every edge
¢’ in G_, that belongs to the arc set A,, we assign x,» = f,. These edges, we recall, are the
“internal” ones connecting pairs of nodes inside Anc(v) and the “incoming” ones, i.e. the edges
connecting a node outside Anc(v) to a pure ancestor of v. For all other edges, we initialize
xo = 0. Observe now that, for every node u € Anc(v) the balance equation (B_.x), = ¢, is
satisfied due to the constraints in (FF}) being satisfied (Equation (4.5)). In all other nodes

which are not pure ancestors, the balance equations do not need to be satisfied.

Therefore, we apply the same reasoning of the proof of Proposition 4.4 and edit x to make
B_.x = c. To do this, we consider the fact that, for every node u € V that is not a pure ancestor

of v, there exists a path p; from inputs V; to u and a path py, from u to the outputs V.

If we denote by 1, the indicator function assigning 1 to all the edges belonging to path p
and O to all others, we can see that x + @1« + 81 ,u acts on the balance values in the following

way:

* In all nodes w # u the balance is left unchanged because either w does not belong to the
edited paths and thus its balance is left untouched, or, if it does, the edited path adds the

same quantity « or 3 to both the incoming and outgoing edges of w. Thus, in both cases
(E—e(x + aﬂp? +:81p“0))w = (B—ex)w-
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* In u, the edited paths add a quantity « to its incoming edges and a quantity S to its
outgoing edges, thus (B_,(x + alyu+ ,8]1%))” =a - B+ (B_ex),.

This means that, by tuning o, > 0, we are able to satisfy the balance equation at u
(B_,(x +al pv + Bl puo))u = ¢, without altering the balance at other nodes. If we repeat this

process for all other nodes u ¢ Anc(v), we find a non-negative solution

F=x+ D aulp+ Bl 20
u¢Anc(v)

that satisfies B_,£ = ¢. Hence ¢ € Co(B_,) for all e, and connectedness follows from
Proposition 4.5.

Step 3: Feasibility via cut conditions. We now conclude the proof by deriving a more
interpretable condition that is equivalent to the network flow feasibility problem (FF; ). To do

this, we resort to the following classical result in network flow theory.

Proposition 4.7 (Hoffman’s theorem [292], reported in Ref. [291]). A network (N, A) with
conservation and boundedness constraints l;; < f;; < m;; with non-negative lower bounds
lij > 0is feasible if and only if for every non-trivial partition (S,T) SUU = N, called a cut,
we have V(S,T) < 0, where:

V(S,T) = Z lij - Z mij. (4.6)

We recall that a partition (S, T) is trivial when either S = @ or T = (. Fix a bottleneck v
and consider the associated flow feasibility problem (FF,) (with node set N and arc set A).
Recall that (FF,) is a circulation problem with lower and upper bounds /;;, m;; on each arc
(i, j) € A, and that all lower bounds are nonnegative (Equation (4.5)). We now specialize the
condition of Proposition 4.7 to the structure of (FF,). In particular, we seek for conditions for

(S,T) to be a positive cut, i.e. guaranteeing the non feasibility of (FF,).

First, observe that the circulation arc (¢, s) has infinite capacity. Hence, if s € Sandr € T
the second term in (4.6) equals —oo, so V(S,T) < 0 automatically. Moreover, if s € T and
t € S, then the cut cannot be positive, because all the arcs with strictly positive lower bounds
(i.e. the source and sink arcs) either come out of s or go into ¢. Therefore, any cut with

V(S,T) > 0 must place s and 7 on the same side of the partition.
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Next, note that all internal and incoming arcs between nodes of N \ {s} = Anc(v) U {s}
have infinite upper bound. Thus, if a cut (S, 7’) contains an internal or incoming arc directed
from T to S, the second sum in (4.6) is again infinite, and V(S,T) < 0. Consequently, any cut
with V(S,T) > 0 must satisfy the following closure property:

ifu € T and (4, w) € A is an internal or incoming arc thenw € T.

Equivalently, 7 N (Anc(v) U {s}) must be closed by forward arcs.

Moreover, this means that {s, 7} C S because, if s € T then, by closedness by forward arcs,
this would imply that 7 would contain all nodes and (S, 7') would be a trivial cut.

These two observations imply that any cut with positive value is necessarily of the form

S=N\T, T c Anc(v) forward closed.

Let 7 c Anc(v) be forward stable and set S = N \ T. We compute V (S, T).

The only arcs contributing to the first sum in (4.6) are source arcs (s, u) with u € T and
¢y < 0, each having lower bound —c,. Hence

S =Y e

ieS uel
JjeT cu<0

By forward closedness of T, the only arcs from 7T to S are sink arcs (u, ) with u € T and
¢y > 0, each having upper bound c,. Therefore

= Y

ieT uel
jes c,>0

Combining the two expressions in Equation (4.6) yields

V(S,T) = Z(—cu) - Z Cu = —Zcu.

uel uel ueT
cu <0 c,>0
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Conclusion. We conclude that (FF}) is infeasible if and only if there exists a forward-cloesd
subset 7 c Anc(v) such that
Z cy <0.

uel

Equivalently,

(FF)) is feasible &= VT C Anc(v) forward closed, Z cy > 0.

uel

The corresponding statement for (FF, ) follows by reversing all arrows and replacing ¢
with —c.

]
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Fig. 4.4 a. A singularity of the invariant set corresponds to a configuration where a set of neurons
is cut out from input and outputs. b. Visualization of the training dynamics on an invariant set with
singularities. ¢. Proportion of null singular values along training for shallow network with 20 hidden
neurons with and without regularization. d. Test losses as a function of the number of neurons pruned.
Shaded regions in ¢. and d. denote confidence intervals over 50 independent trainings that have
converged to a low loss solution.

4.3.3 Singularities

While singularities in the neuromanifold—i.e., the function space—have been extensively
studied [279, 254, 280, 293, 294], in this section we propose a complementary perspective by
analyzing singularities of the invariant set Hg (¢), which sits in the optimization (parameter)

space.

Singularities are subnetworks. In algebraic geometry, a singularity refers to a “degenerate”
point in an algebraic variety where the tangent space has a dimension greater than the dimension
of the variety. If a variety is given by the system of n polynomial equations g(x) = 0 € R",
singularities correspond to the points x where the Jacobian matrix J(x) = V,g(x) has its rank
reduced from the maximal possible. When the rank of the Jacobian is maximal, the point is
instead said to be regular.
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In the case of the invariant set, the Jacobian matrix is computed by taking the derivative of
BO? — c w.rt. 0, resulting in
JG(6) = 2B diag(6). 4.7)

From Equation (4.7), we see how the Jacobian matrix has the same structure of the graph
incidence matrix B, with each of the edges (the columns) weighted by its associated parameter
0. Therefore, it follows that the only way in which the matrix can have a lower rank is when
some of the values of 6 are 0, i.e., when some of the edges are effectively cut from the
computational graph.

In the theorem below, we completely characterize the singularities of the invariant set
in terms of the presence of sets of parameters equal to zero that fundamentally change the

topology of G.

Theorem 4.2 (Singularities disconnect neurons). If G/dV is the undirected (multi-) graph
obtained from G by gluing together input and output nodes and neglecting edge direction, and
&E(0) C E is the set of edges with zero weight (0, =0 = e € &), then

rank JG(0) = [V + 1 = By (G_g(9)/0V),
where By(G) is the number of connected components of G.

Proof. Let us compute rank J (6). First, observe that if 6, # 0 Ve € E, then rank J;(0) =
rank(B) as diag(6) is invertible. Therefore, the rank of the Jacobian can decrease if and only if
some parameters are 0, i.e. when some edges are effectively removed from the computational

graph.
Define now diag(@)ze =1/6, if 6, # 0 and O otherwise, and &(0) = {e € E|0, = 0} the

set of zero-weight edges. Observe that
rank J(6) = rank(Bdiag(6)) = rank(B diag(6) diag(6)") = rank(ﬁ_g(g)),
where B_g is B with the columns corresponding to edges in & put to 0. Now, it holds that
rank(B_g () = rank(Ejg(e)) = V| - dimker(éjs(e)), (4.8)

where the last equality follows from the rank nullity theorem.
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To relate dim ker(lg’fa ( 9)) to the topological properties of G, we employ the interpretation
of B as the matrix representation of the relative boundary operator of the pair (G, V), as

outlined in Example 0.4 and Remark 4.3.

Therefore, ker BT can be interpreted as the 0-th relative co-homology group H*(G, dV) of
the pair (G, dV) . Given that we are considering real coefficients, we can equivalently employ
the homology group H°(G, dV) = Hy(G, dV) due to Proposition 0.4, meaning that in both
cases we are measuring the number of relative connected components of the space. We can
finally resort to Proposition 0.2 and rewrite the relative homology as the homology of the

quotient space
dim H(G _g(g), 8V) = dim Ho(G _g(g), V) = dim Ho(G_g(9)/ V) = Bo(G_g(6)/ V) — 1,

where, recall, Hy is the reduced homology group (Equation (5)), G/JG is the graph G with
nodes in 9V all glued together, and G_gy) is the graph G with the edges in &(6) removed.
We can therefore go back to Equation (4.8) and state that

rank J(6) = 7| — dim Ho(G_g(0)/0V) = |V] - Bo(G_g(0)/3V) + 1,

meaning that the rank of the Jacobian is less than its maximum value of |V| only when the
number of connected components of the quotient graph G_g)/0V is greater than 1. This
happens if and only if removing edges in &(6) disconnects a set of nodes from both input and

output neurons. ]

Therefore, it follows from Theorem 4.2 that rank J; (6) = |V| for regular parameters, and
its rank decreases for parameters whose zero edges disconnect some hidden neurons from both
input and output neurons. If a group of neurons is such that it is not connected by any path to
both input and output neurons, it means that it is a useless component of the network, as it
takes no part in any computation, both in the feed-forward and in the back-propagation phases.
Singularities, therefore, correspond to effective subnetworks of the original neural network, as
shown on Figure 4.4 a. This echoes similar results connecting subnetworks to the singular
points of the neuromanifold [295-297, 294].

This observation can be leveraged to prove the following result giving us the dynamical

behavior of singularities of the invariant set.

Proposition 4.8 (Singularities are invariant under GF). Let the neural network be trained with
gradient flow, 6 = —g(0), 6(0) € Hg(c) and W C V be a set of hidden neurons, with & C E
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the set of edges that connecting neurons in W to neurons outside of W and vice versa. If for a
time ty, 0.(tg) = 0 for every e € & (meaning that 0 is singular in Hg(c)), then, for any t > t,
0.(t) =0 for every e € E.

Proof. To prove the result, we will prove that, if 6, (zg) = O for every edge e € &, the same
holds for the gradients: g.(7p) = O for every edge e € &, meaning that gradient flow will not

update their parameters, leaving them fixed at 0.

Let us denote by P, y,, the set of all paths from node v to anodein Vp i.e. p € Py,
p=(u,... ,unp) withuy =v, u,, € Vo and (ui,uiv1) € E, for all i.

Let a,, z,, be the activation and pre-activation of neuron v, respectively

Iy = Z 9(u,v)au, a, = o(zy).
(u,v)eE

The chain rule allows us to decompose the gradient of the loss flowing through neuron v in the

contributions of all path from v to an output neuron as follows:

oL Z OL 1% dau, 0z,

4.9)
p:(ul ..... unp)EPV,VO aaunlj =2 6zul aaui_l

For any neuron in the disconnected set v € W, it holds that any path to the output p € P, y,,

contains an edge e, such that 6, , = 0. If we notice that Oiz“" = 0(u;_,.u;)» We have that, for
Ui

any path p, the product in Equation (4.9) will contain e, and therefore its value will be 0

=0vvew.

Let us now prove that this implies that the edges that disconnect W have zero gradient.

First,lete = (u,w) € Ewithu e V\ Wandw € W.

L L da,
OL _ 9L day _,

8 =50, " da, 00,

because w € W.
Lete = (w,v) € Ewithw e Wandv e V\W.

_ 0L 0L da, OIL 0Oa, 0z,
8= 50, " 0a, 00,  0a, 0z, 90,
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0z : : . : o
where aev = a,,. Given that W is also disconnected from the input nodes V;, any node inside
e
must have 0 activations. Therefore w e W — a,, =0 and g, = 0. O]

Proposition 4.8 means that if the parameter reaches a singularity, then it cannot escape

from it: once a network module has been killed, it cannot be revived.

Singularities are rare. One would be tempted to think that the presence and invariance of
singularities could provide the explanation for the neural network performing an automatic
model selection through the progressive movement from one singularity to another, smaller one.
We show here, however, that this picture doesn’t hold for the singularities of the invariant set for
two reasons: 1. Given a random initialization, the probability of Hg (c) having singularities is

0. 2. If Hg (c) has singularities, then the learning trajectory cannot reach them in finite time.

Proposition 4.9. Let ¢ € RIVI, If Hg (c) admits singularities then there exists a subset of

hidden neurons W C V such that ¥,y ¢, = 0.

Proof. By definition, a singularity identifies a disconnected set of nodes W C V. If we
denote the edges inside W by Ew = {e = (u,v) € E | u,v € W}, we have that ), .y c, =
DiecEy 62 — 62 = 0. This is because each edge in Ey is shared by exactly 2 nodes of W and all
other edges in or out of W have weight 0. [

To have a singularity, therefore, an exact equality condition on ¢ must hold. (Figure 4.4).
If we sample the initial parameter with any initialization scheme where each parameter is
independently sampled from the real numbers R, we see that the probability that a set of
neurons will have sum exactly zero must be zero. Moreover, a stronger statement than the one

of Proposition 4.8 can be derived.

Proposition 4.10. Under GF optimization, we have that rank J(6(0)) = rank J(6(¢)) VO <
r < oo,

Proof. Let 0(t) = —g(6(t)) be the evolution of the parameter configuration under gradient
flow. Let J5(0) = 2B diag(6) be the Jacobian matrix of the invariant set Hg(c¢) and let us

derive the evolution equation for Jg.

%JG(I) = %25 diag(6(t)) = 2B diag(6(r)) = —28 diag(g(6(7))). (4.10)
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It turns out that we can simplify this equation by leveraging the connections between
rescaling symmetries and GF dynamics. In fact, we can take the gradient balance equation of
Proposition 4.2 B(6 © g(6)) = 0 and differentiate it w.r.t. 6 to obtain

B diag(0)H(6) + B diag(g(0)) = 0. 4.11)
Plugging Equation (4.11) in Equation (4.10), we finally get

%Jc(t) = 2B diag(8)H () = J;(0)H(0), 4.12)

i.e. the evolution of the Jacobian matrix is dictated by the Hessian matrix of the loss function

through right matrix multiplication.

It is known (e.g. [298] page 15) that the solution of Equation (4.12) can be written in the
following way

J6 (1) = J6 (O)T exp( /0 H(s)ds),

where 7~ exp( fot H(s)ds) is the time-ordered matrix exponential defined as

t [e)e] t t/ t/7
T exp( / H(s)ds) = ) / dr| / dr / dCH(E) - H(E)
0 —Jo 0 0

which ensures that the terms of the exponential series are in the right order, as the matrices
H(t1) H(t;) may not commute.

Finally, in Theorem 4 of Ref. [298], it is shown that the time-ordered matrix exponential
can be written as a standard matrix exponential and is therefore invertible for any finite ¢. This
means that rank(J¢ (7)) = rank(J¢ (0)), thus concluding the proof.

]

This result of Proposition 4.9 tells us that a gradient flow trajectory cannot fall into
a singularity in finite time. Together, Propositions 4.9 and 4.10 implies that singularities
generally don’t exist in the optimization space when using common initializations and, even
with a specifically chosen initialization (¢ = 0), they are effectively unreachable under gradient
flow. Note, however, that this does not exclude that other learning schemes, such as finite-time

gradient descent, may be able to reach them.
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Inducing singularities. As shown above, if the training were able to reach singularities, it
would allow the model to perform a “self-pruning” process, where useless network modules
are automatically killed and removed from the computation. To actively drive the training
dynamics towards them, we explore the use of a singularity-promoting regularization, enabling
us to enforce differentiable pruning in a very general way, entirely agnostic to the DAG topology.
The idea is illustrated by Figure 4.4 b. A natural approach to target singularities directly
from their definition is to penalize the rank of the Jacobian of Hg(c), JG(6) = 2B diag (6).
However, since the rank is a non-differentiable function, we instead penalize the nuclear norm
of the Jacobian ||J;(6)||,—the sum of its singular values— which is known to be a smooth
surrogate of the rank function [299].

Numerical experiments As an illustrative example, we test our approach on the well-known
Breast Cancer classification dataset [300] using a range of MLP architectures—shallow and
deep, with or without biases and skip connections. To approximate continuous gradient flow,
we train with stochastic gradient descent (SGD) using a small step size (0.001), comparing
nuclear norm regularization against L1 and L2. Tracking the Jacobian rank during training
confirms that the nuclear norm consistently drives the model toward singularities (Figure 4.4c).
For instance, a shallow network can disconnects around 18 of its 20 hidden units, whereas L2
and unregularized training leave all neurons active. Surprisingly, L1 regularization performs
similarly to the nuclear norm, despite being traditionally associated with parameter (and not
neuron) sparsity. This suggests that L1 may implicitly promote singularities and, while a
precise theoretical understanding is outside the scope of this chapter, we provide an empirical
analysis in Section 4.3.5. Finally, reaching singular configurations guarantees the ability to
perform lossless pruning, and while L2 is already quite robust to pruning, disconnecting active

neurons introduces modifications to the implemented function (Figure 4.4d).

4.3.4 Experimental details

Here we provide additional details regarding experiments described in the main paper.

Disconnected neurons and pruning

Figures 4.4c—d show, respectively, the proportion of null singular values during training and the
evolution of test loss under neuron pruning for a shallow, bias-free architecture. We report in

Figure 4.5 results for a broader range of architectures discussed in the main text. Both nuclear
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norm and L1 regularization promoted neuron sparsity (fig. 4.5, left column). Note that skip
connections made neuron pruning more challenging, as illustrated in previous literature [276].
Below, we describe our two pruning strategies; however in both cases, nuclear norm and L1
remain the most robust, vanilla the most fragile, and L2 intermediate (fig. 4.5, center and right

columns).

Architectural details. We evaluate six architectures: a shallow network with 20 hidden
units, with and without bias; and four multilayer perceptrons (MLPs) with three layers of 10
hidden units, varying by the presence of bias and whether a skip connection links the first and

second hidden layers.

Details on methodology. All architectures were trained from scratch for 5000 epochs using
SGD with a learning rate of 1073, Regularization strengths were empirically tuned to balance
low task loss and singular value minimization: ay,. = 0.05 (nuclear norm), @y = 10, and
ary = 20. The total loss is defined as L = L;u5x + @regLreg. For each architecture, we
sampled 30 runs that converged to low train loss models to analyze training dynamics and
pruning robustness. Singular values below 1073 were considered null. The dataset was not
preprocessed. All experiments ran on CPU over approximately 50 hours.

Pruning. We iteratively remove entire neurons (i.e., groups of parameters) from trained
models and measure the degradation in performance, as measured by the test loss. For each

hidden neuron v, we compute a principled pruning score

s, = Z 0, Z 0 (4.13)

u:(u,v)eE w:(v,w)eE

which is the product of the L2 norms of its input and output weights. This score is low
for (nearly) disconnected neurons and invariant under neuron rescaling, making it robust to

reparameterization. However, a max-based score,

sy=maxs 000 > 6, (4.14)

u:(u,v)eE w:(v,w)eE

produced slightly different results and is reported as well for comparison.
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Training dynamics

For one training of shallow bias-free network, we present the evolution of key quantities during
training to highlight how different regularizations affect their behavior.

b

As shown in Figure 4.6, both nuclear norm and L; regularization drive many neurons
balance numbers cj to zero—consistent with the fact that disconnecting a neuron in a fully
connected layer requires its input and output weights to vanish, making c; null by definition
(Equation (3.14)). Without regularization, cy values, which should be fixed under continuous
gradient flow, can increase due to the effect of discrete optimization steps. These steps cause
a gradual drift out of Hg (c), as the update vector deviates from the ideal optimization path.
Notably, in this unregularized case, c; values remain more stable. Figure 4.7 present the

complementary view of singular values.

¢k values along a training run

nuclear norm vanilla L1 L2
1.0
& & & &
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Fig. 4.6 Balance values c during training of a shallow, bias-free network. k € [0, 20] is the neuron
index.

Singular values along a training run
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Fig. 4.7 Singular values of the Jacobian B diag(6) during training of a shallow, bias-free network.
k € [0, 20] is the neuron index.
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4.3.5 Empirical comparison between L1 and nuclear regularization

In the main text we observe that both the nuclear norm and L1 regularizers prune a similar
number of neurons (see also Figure 4.4c, Figure 4.5). Here, we give empirical evidence on
key distinctions between these regularizers. We first show that both regularizers cannot be
explained by a null model and then illustrate that the nuclear norm preserves edges on active
neurons, achieving strong group regularization while L1 is more aggressive, also pruning

edges belonging to active neurons.

Null model

In this part we use a simple null model to rule out the explanation that L1 regularization
achieves neuron sparsity solely due to its known edge sparsity mechanism. The null model
works as follow: we estimate the probability p;; for a generic edge to be dropped after training.
Intuitively, we choose an edge before training and observe after training under L1 regularization
if it was dropped or not. To decide if the edge was dropped or not, we use a threshold of 1073
which corresponds to a clear peak in the parameters values distribution, stable over multiple
orders of magnitude. Then, starting from the initial computational graph (i.e. before training,
with all edges), we can compute analytically the expected number of disconnected neurons if
every edge is dropped with probability py 1. Results are reported on Figure 4.8 left. We repeat
the same analysis for the nuclear norm regularization, using the same threshold we obtain
another null model with probability of dropping a random edge of p,,,. and report the expected
number of disconnected neurons on Figure 4.8 right. In summary, both null models cannot
explain the number of pruned neurons by the number of pruned edges, meaning that in both
cases there must be other underlying mechanisms. The underlying mechanism is explicit in the
case of the nuclear norm regularization, since neurons are directly targeted, but remains veiled
in the case of L1. Note also that the null model is an even worse explanation in the singular

regularization case, indicating a stronger alternative mechanism.

Active weights and pruned neurons

To further investigate the difference between L1 and nuclear norm, we turn our attention to the
distribution of parameters magnitude, which is plotted on Figure 4.9 left for 4 representative
trainings. For the singular regularization we observe a clear separation in the magnitude of

parameters belonging to pruned and active neurons, and this is not the case for L1 regularization.
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regularizer (b) L1 regularizer. The red dotted vertical line is the observed number of pruned neurons,
the blue curve is the analytic probability of pruning at least k neurons under the null model.

This means that the nuclear norm either drops completely a neuron (i.e. all its edges at the

same time) or keeps the neuron active. In contrast, the separation is less clear for L1: there are

many inactive weights on active neurons. Figure 4.9 right shows the aggregated results for 30

models of each type, where we observe an overlap of the distribution for L1 only.

g scale)

Parameter value (lo

Input Parameter values for each model
and pruned neuron status

s

Pruned neuron
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True

b Parameter value distributions
by model and neuron status
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(log scale)

Parameter value
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vanilla singular L2
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singular

Model

Fig. 4.9 a. Absolute value of input parameters for the hidden layer of a shallow network with bias. b.
Absolute value of parameters (including bias) for the same network architecture on 30 independent runs.
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4.4 Conclusion

In this chapter, we extended the results of Chapter 3, exploring two underexplored pathologies
in the training of ReLLU neural networks defined over general DAGs: the (dis)connectedness of
the invariant parameter space and the emergence of singularities within it. By leveraging the
neuron-wise rescaling invariance of homogeneous activations and analyzing the associated
conservation laws under gradient flow, we provided a complete characterization of the invariant

set as an algebraic variety constrained by quadratic balance conditions.

Our topological analysis revealed that disconnections in the optimization space are dictated
by the presence of bottleneck neurons and an imbalance in flow conditions. We further
demonstrated that singularities correspond to effective subnetworks, and although gradient flow
trajectories cannot reach them in finite time, their role can be leveraged to improve structured
pruning. We introduced a nuclear norm regularizer that promotes convergence toward such
configurations. Surprisingly, we observed that L1 regularization can induce comparable effects,

hinting at a deeper connection between sparsity and singularity-driven pruning.
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Chapter

Conclusions

This thesis has investigated the role of topology and geometry in the analysis of complex
systems, with a focus on two settings that are a priori distant: higher-order dynamical systems
on networks and the training dynamics of ReLLU neural networks. Despite the differences in
motivation and modeling assumptions, the results developed in the two parts of the thesis are
connected by a common mathematical viewpoint, centered on the use of algebraic topology to

characterize collective behavior and constraints arising from the underlying space.

The first part of the thesis addressed dynamical processes on higher-order networks,
modeled through simplicial complexes. Starting from existing formulations of simplicial
Kuramoto-type models, the contribution of this work was not to introduce a new class of
models, but rather to provide a unified and systematic analytical framework for their study. By
expressing these dynamics in terms of operators acting on simplicial cochains, it was possible
to give a clear interpretation of the different interaction mechanisms that arise across simplicial
orders, distinguishing the roles of lower- and upper-adjacency couplings. This perspective
made it possible to characterize the equilibrium structure of the dynamics and to derive explicit
stability conditions for phase-locked states. In particular, the analysis highlighted how the
topology of the underlying simplicial complex constrains the set of admissible synchronized

configurations and influences their robustness.

This operator-based viewpoint also provides the natural link between the first two chapters
of the thesis. In both cases, the dynamics under consideration are governed by Laplacian-like
operators acting on simplices, albeit with different interpretations. In the simplicial Kuramoto

setting, interactions are mediated by a nonlinear extension of the Hodge Laplacian, whose kernel
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contains the fully synchronized states. This same emphasis on Laplacian-driven processes
motivates the second chapter, where diffusion is no longer confined to a fixed simplicial order
but is allowed to occur across dimensions through the introduction of cross-order Laplacians.
One of the outcomes of this comparison is the observation that standard Hodge-based diffusion,
while mathematically natural, does not always correspond to a physically meaningful notion of
diffusion on higher-order structures. The cross-order construction addresses this limitation by

explicitly encoding interactions between simplices of different dimensions.

Within this framework, the second chapter developed a renormalization scheme for
higher-order networks based on spectral and entropic observables associated with cross-order
Laplacians. This approach extends classical ideas from statistical physics to simplicial
complexes and provides a principled way to probe their multiscale organization. The resulting
renormalization procedure was shown to capture non-trivial scale-invariant behavior in both
synthetic models and empirical datasets, with different simplicial orders exhibiting distinct

scaling signatures.

The second part of the thesis shifted focus to the topology and geometry of the parameter
space of ReLLU neural networks trained by gradient-based methods. Here, the starting point was
the observation that positive homogeneity of the ReLLU activation induces continuous rescaling
symmetries, leading to conserved quantities along training trajectories. By characterizing
the associated invariant sets as algebraic varieties, the thesis provided a detailed analysis
of their topological properties. For shallow networks, it was shown that these invariant
sets can be disconnected, giving rise to a genuine topological obstruction to training that
depends on initialization. Exact conditions for disconnectedness were derived, together with
quantitative estimates of the probability of encountering such obstructions under standard
random initializations.

These results were then extended to general feedforward architectures modeled as directed
acyclic graphs. In this setting, the invariant set was described as a higher-dimensional
algebraic variety whose connectedness depends on architectural features such as bottlenecks
and imbalances in the flow of weights. A complete characterization of connectedness was
obtained, together with an explicit description of the singularities of this space. These singular
points were shown to correspond to effective subnetworks, providing a precise geometric
interpretation of structured pruning phenomena. The analysis further clarified how different
regularization schemes interact with the geometry of the invariant set, with nuclear norm

regularization promoting convergence toward low-rank, singular configurations.
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