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ARTICLE INFO ABSTRACT
Keywords: This work describes a novel method for experimentally measuring and identifying dynamic pa-
Bistable metamaterials rameters of bistable systems. The investigated samples are physical models of unit cells of me-

Nonlinear time-varying systems
Instantaneous Bayesian characterisation
Seismic energy dissipation
Experimental identification

chanical metamaterials used for seismic energy dissipation. In order to identify this type of
nonlinear systems, the paper proposes a new instantaneous probabilistic algorithm, which is
capable of extracting the causal components of the dynamic response from the random ones. This
is especially relevant for nonlinear systems exhibiting abrupt transitions between dynamical re-
gimes, whose frequency content can evolve significantly over time. In particular, the approximate
Bayesian computation (ABC) approach is extended to the time-frequency representation of non-
stationary dynamic responses typical of bistable systems. The method was tested on experi-
mental measurements of 3D-printed bistable samples with the final goal of estimating the
instantaneous energy dissipated under different external excitations, proving the device's
effectiveness.

1. Introduction

Nonlinear system identification is a well-known challenging task, especially when dealing with experimental measurements.
Indeed, finding a nonlinear model which could predict the behaviour of a system implies two main issues: first, the determination of
the model structure which describes the input-output relationship is often not unique; second, the estimation of the parameters of the
model structure is not trivial, and requires high computational effort [1]. If the nonlinear component of the response is negligible, the
accuracy of the solution is not affected, and linear techniques can be relied upon. However, if the nonlinear effects are significant, as
frequently happens under strong excitations, such as earthquakes, simplifying assumptions (Hooke's law, small displacements, etc.) no
longer hold and one should refer to more sophisticated models and methods [2]. This is the case of bistable systems, i.e., systems
characterised by three static equilibrium points, two of which are stable and one unstable.

While in the literature one can find various examples of modelling and parameter estimation for bistable systems, for the purposes
of this discussion one can refer to [3-6]. Bistability can be achieved using mechanical metamaterials, i.e. engineered materials with
properties that do not exist in nature [7], which prove particularly useful in the field of energy absorption/dissipation [8-11]. Thus, an
appealing idea is to exploit these materials for seismic energy dissipation. However, as various geometries and materials can be used to
achieve bistability, finding a technique that can correctly identify the nonlinear parameters governing the response is a fundamental
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aspect of the identification task, and, especially in experimental settings, uncertainties may arise from the definition of boundary
conditions, materials, and manufacturing.

Several techniques have been proposed to solve the identification problem for nonlinear systems [12-14]. A first classification of
identification techniques in the nonlinear field may be represented by the distinction into parametric and non-parametric approaches.
In the first case, one should know a priori what the physical characteristics of the system are, in order to formulate the mathematical
model: some examples can be found in [15-17]. The parametric identification problem has been frequently solved through estimation
techniques based on the least square method [18] or optimisation algorithms [19]. On the other hand, non-parametric methods do not
include hypotheses on the type and location of nonlinearities, and the estimated quantities are not directly related to physical
properties of the system. A further subdivision may be done into instantaneous and non-instantaneous approaches. An instantaneous
approach provides an estimate of the parameters for each instant of time. This is particularly useful in the field of structural health
monitoring (SHM), where it is often necessary to look for a variation of parameters over time to detect damage or degradation.
Instantaneous methods can be further divided into online, such as the extended Kalman filter (EKF) [20] and unscented Kalman filter
(UKF) [21], and offline methods, which usually require passing through the analytic signal [22-24]. In general, time-series based
methods have been extensively used for the analysis of experimental nonlinear systems, especially for the characterisation of system
response under noisy conditions and for tracking stiffness-related variations under dynamic excitation [25,26].

Another strategy is based on the joint time-frequency representation of the response signals, with possible implementations both
online and offline, depending on the type of transform used [27-29]. For instance, quadratic transforms, especially those belonging to
the Cohen class, being non-causal (i.e., they hold the correlative structure of the Wigner distribution) do not allow an online imple-
mentation. Conversely, linear transforms, such as the short-time Fourier transform (STFT), use sliding windows to divide the signal
into time-localised components, supporting an online implementation (except for the estimation lag introduced by the analysis
window length) at relatively low computational cost. Some contributions, which provide useful insights for this research, have focused
on the problem of high uncertainty in parameter estimation, typical of nonlinear systems [30], including Markov chain Monte Carlo
simulations [31-33] and, more generally, Bayesian inference [34-36]. In the task of identification of nonlinear time-varying pa-
rameters, one may combine these techniques with other methods suitable for an instantaneous implementation, such as Kalman
filtering techniques [37,38], reinforcement learning [39], and stochastic simulation-based approaches, e.g., particle filters [40].

It is worth noting that Bayesian approaches formulated in the time-domain may provide uncertainty quantification, e.g., see [41],
but do not explicitly incorporate information on the spectral components. As a result, they are not naturally suitable to describe the
evolution of spectral content in the non-stationary response of nonlinear and time-varying systems. Time-frequency methods may
overcome this limitation by extending the concept of local stationarity to the case of nonlinear and time-varying systems, explicitly
identifying when specific spectral components occur in time [42]. This is particularly relevant for nonlinear systems exhibiting abrupt
transitions between dynamical regimes, whose frequency content may evolve over time. More importantly, in these systems the
challenge linked to the difficulty in unraveling nonlinearity from non-stationarity may arise [43], making signals inherently difficult to
analyse when viewed from separate time or frequency perspectives.

In this context, the need for a technique capable of capturing the instantaneous behaviour of highly nonlinear systems characterised
by uncertainty in parameters, i.e. the bistable ones, is fundamental. This requirement is even more pressing when considering the
possible use of these systems in seismic devices, namely the instantaneous dissipation and/or absorption, which is critical in real-world
applications [44-46]. For the purposes of this work, approximate Bayesian computation (ABC) [47] is combined with a time-frequency
estimator in order to obtain an instantaneous probabilistic evaluation of the nonlinear parameters governing the bistable response and,
consequently, of the instantaneous dissipated energy. The ABC algorithm is convenient when the likelihood function is particularly
challenging to compute, if not intractable. Moreover, ABC has already proved effective in the treatment of bistable, and eventually
multistable, systems [48]. This formulation addresses the limited ability of existing approaches to provide instantaneous uncertainty
estimates in markedly time-varying and nonlinear systems, particularly for parameters related to damping characteristics. Bistable
systems represent a clear example in which time-varying properties and dissipative characteristics require associated uncertainty
estimation in addition to mean prediction, with clear implications for engineering applications. This technique has been validated on
experimental recordings obtained by testing a 3D-printed cosine-shaped beam (CSB) bistable sample.

The paper is organised as follows. Section 2 presents the bistable device, as well as the single degree-of-freedom (SDoF) model
employed for the identification task, introducing the basic concepts associated with bistable dynamics. Section 3 outlines the pro-
cedure for the probabilistic instantaneous identification of nonlinear parameters to be used on the experimental signals. Section 4
describes the laboratory setup, including the prototype testing machine and the samples obtained through 3D printing. Section 5
reports the results of the nonlinear system identification conducted on the experimental signals. Section 6 contains a discussion on the
performance of bistable devices in dissipating the energy transmitted by ground motion in terms of an equivalent damping ratio based
on dissipation cycles. Conclusions are finally drawn in Section 7.

2. Energy dissipation in bistable systems and devices

The type of energy dissipation devices experimentally investigated and characterised in this work is designed to exploit bistable
dynamics for passive seismic control. Nonlinear systems can in general exhibit one or more forms of response coexisting at the same
excitation condition. In the case of bistable systems, two characteristic regimes of oscillations can be identified: (i) intrawell oscilla-
tions, around one of the two stable equilibrium points, and (ii) interwell oscillations, around the unstable equilibrium point. Conse-
quently, the potential energy of bistable systems is referred to as double-well potential, whose shape dictates both the threshold for the
activation of snap-through and the elevated velocities linked to interwell oscillations. Conceptually, the device can be described as a



L. Scussolini et al. Mechanical Systems and Signal Processing 256 (2026) 114512

nonlinear extension of the tuned mass damper (TMD) [49,50], but, differently from classical TMDs, it does not operate as a traditional
absorber, since its dissipation capabilities remain elevated also in case of small viscous coefficient. This is due to the high velocities that
the bistable system exhibits during the transition between the stable and unstable equilibrium points [51,52].

Bistable dynamics can be obtained by exploiting the unit cells of negative stiffness mechanical metamaterials, whose nonlinear
properties are determined by specific geometries rather than the constitutive material. In this research, a CSB geometry was selected
given its greater energy trapping capacity compared to similar tilted configurations [53]. A 3D representation of the device is reported
in Fig. 1. The device architecture has two main features: a mass attachment; and a nonlinear mechanism built into the CSB unit cell.
The interaction between these two components ensures that seismic energy is efficiently transferred and dissipated through successive
snap-through events. From the point of view of the system dynamics, it is clear that the critical variable for the performance of the
device is the value of the velocity that occurs during the transition across the unstable position, which is responsible for the energy
dissipation.

The stiffness restoring force of the bistable device can be approximated by a polynomial nonlinearity [54]. Also neglecting the mass
of the CSB with respect to the vibrating mass, the equation of motion of the generic polynomial oscillator of mass m and viscous
damping c reads:

my + fra(y) + frs(y) = u(t)
fra=cy 1)

frs = ZleokLyl

wherey, y, and y are the displacement, velocity, and acceleration of the system and u(t) is the generic external excitation. The stiffness
restoring force, f;, is the rate-independent component of the response, described by the system stiffness coefficients k;, and the
maximum polynomial order L. Conversely, f, 4 is the rate-dependent contribution, in the form of linear viscous damping. If the stiffness
restoring force f.; is an odd function of y, i.e., it shows a symmetric potential, then all the even coefficients vanish. The governing
equation of motion for the majority of bistable systems is a direct consequence of Eq. (1) truncated up to the third order. In particular,
to obtain bistability the linear stiffness should be necessarily defined as k; < 0. Hence, Eq. (1) can be rewritten as:

my +cy +kiy +ksy® = u(t) (2)

with ks > 0 as the cubic stiffness. The unforced static solution leads to the determination of the equilibrium configurations of the
bistable system, by solving the equation expressed by:

The solutions to the polynomial equation are y = ++/—k;/k3, and y = 0. These are the stable and the unstable equilibrium points,
respectively. Although Eq. (2) may appear the same as the governing equation of a classical Duffing oscillator, the static equilibrium,
with a unique solution given by y = 0, reveals that the latter is inherently monostable. Consistently, the truncation to a third-order
polynomial in the stiffness restoring force f; is justified under the assumption of finite but sufficiently small displacements around

Vibrating Mass CSB

Fig. 1. 3D representation (on the left) and 2D-view (on the right) of the device with indication of the vibrating mass and nonlinear mechanism
produced by the CSB.
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y = 0, for which higher-order contributions are negligible [54], although this assumption should be considered in relation to the
specific operating conditions.

From a modelling perspective, under the assumption of negligible mass, the two sides of the CSB, employed in the device as bistable
metalayer, are schematised as two inclined springs, each with stiffness k and initial length ly, attached to a vibrating mass m. Fig. 2
depicts a schematic of the CSB and the corresponding SDoF bistable oscillator, while the typical shape of the potential energy and
force—displacement profile is shown in Fig. 3. This simple SDoF formulation considers only displacement in the snap-through direction,
however, rotational effects can be directly incorporated in the parameters k; and k3 of the restoring force, since rotations reduce the
snapping force and the stiffness in the interwell regime. Distributed mass effect is neglected as the CSB mass is much smaller than the
attached vibrating mass, making its contribution negligible.

Also, for reliable parameter estimation, experiments should be properly designed to reproduce a perfectly elastic regime, as the one
described in Egs. (1)-(3). Finally, in case the model cannot be reduced to a SDoF, more complex formulations are needed [55].

3. Bayesian instantaneous identification of nonlinear time-varying parameters
3.1. Statement of the nonlinear identification problem

In the field of identification of nonlinear dynamical systems, an effective methodological approach consists of decoupling the rate-
dependent from the rate-independent components as two sequential separate steps [3,56]. In the presence of linear viscous damping,
the rate-dependent contribution can be preliminarily identified with classical methods based on free-decay response [3,57-59]. This
approach is applicable also to bistable oscillators (with possible generalisation to multi-stable configurations) provided that low-
amplitude intrawell oscillations are considered. Then, the main focus of the nonlinear identification task is on the rate-independent
component, which characterises the stiffness restoring force governing the potential energy topology and the existence of multi-
stable states. The sequential strategy exploits the fact that in the small oscillations of the intrawell regime the prevailing effect is
that of viscous damping, unlike the markedly nonlinear response of the interwell regime. This reduces the possibility that the coupled
estimation will lead to biased or non-unique solutions. While stiffness coefficients are generally assumed to be time-invariant, this
assumption appears restrictive in some real-world cases, especially those involving energy absorption/dissipation [60]. Even though
bistable systems are stationary around their equilibrium points, when subject to strong excitations, such as earthquakes, the activation
of the snap-through mechanism leads to a non-stationary response [43,61]. As a result, the bistable dynamics in the interwell regime
can be effectively described by time-varying parameters, at least for identification purposes. An appealing approach is to assume the
signal as a realisation of a process whose statistical properties (mean, variance, higher moments) change slowly over time, thus
allowing the parameters to be identified from short analysing windows, i.e. from time-frequency representations [29,62].

Another issue to address is the statistical variability of some characteristics and factors which, especially in bistable systems, can
influence the dynamic behaviour and, therefore, the performance of the device [63-65]. In this sense, a Bayesian framework allows
model parameters to be treated as random variables and their probability distributions to be updated as new information becomes
available [30,36]. Indeed, it is known that, under nonlinear model uncertainty, Bayesian approaches outperform deterministic ones
[66]. Both the Bayesian and the intrinsically time-varying approaches, which are desirable for the nonlinear identification procedure
of bistable systems, will be discussed in more detail in the following paragraphs.

3.2. Bayesian inference for nonlinear system identification

If a dynamic model of input u(t) and output y(t) is introduced, one may infer a mathematical model describing their relationship (i.
e., identification task). In practice, one can refer to a set of observed data of dimension Z, namely D = {(u,),i =1,-,Z}, where (u;,

i) represents the i-th set of sampled input and output. By considering the parameter vector p = {pl P25 PNyer }, where N is the total

number of parameters describing the dynamic model, a probabilistic estimate of the parameter vector p may be given by [31]:

B ~P(p|D..7) @

(a) ‘ ! wy —® 0,

| 1 1
k1, k1, k, kg% c

] 77 7

Fig. 2. Schematic of the (a) CSB and the corresponding (b) SDoF bistable oscillator.
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Fig. 3. Potential energy and force-displacement profile of a bistable oscillator with m = 1kg, k1 = —5x 10> N/m, k3 = 1 x 10’ N/m?, and ¢ =
10 Ns/m for a white noise input with null mean and standard deviation equal to 2.

where ./ is nothing else than the chosen model, e.g., the one reported in Eq. (2). A classical approach to estimate the probability
function P is given by the Bayes one, that basically includes estimating a posterior distribution from a priori probability function of the

parameters p considering the observed data D. The objective is therefore to find a good, and computationally affordable, approxi-
mation of the posterior distribution:

P(p|5, ///) «P (5\p, .//)P(p|//) (5)

where the quantities P(f)\p,// ) and P(p|.#) represent the likelihood of the observed data D for a given parameter vector p and the

prior distribution over parameter space, respectively. In the ABC algorithm, a good approximation may be given by [67-69]:
P(pD,.#) ~P.(pD,.# :/ Dlp,.#)I(A(D,D) \P(p|.#)dD 6)
(pID..#7) = Pe(pID..#') = | ¢(Dlp..)1(a(P.D) )Ppl.#)

with I(A (D, 5) ) as indicator function depending on the distance between the observed and simulated data, D and D, respectively.

The latter can assume the following values:

_ 1 ifA(D,D)<e
1(a(n5)) = 0 :ngD,5§>: 2

From Eq. (7) it is clear that the ABC algorithm has the main assumption that the distance between the observed and simulated data
should be lower than a certain threshold ¢. This threshold can be defined by the user, depending on the identification task and on the
observed data D. The main advantage of using ABC is that for nonlinear models it might be difficult to formulate an analytical
expression of the parameter distribution. Thus, ABC avoids explicit likelihood evaluation by replacing it with simulation-based
comparisons between observed and synthetic data, allowing posterior inference without closed-form of likelihoods [36].

3.3. Time-frequency estimator

When the system admits a spectral localisation of its components, an appealing approach to obtain an instantaneous estimate of the
parameter vector p is using time-frequency representations [29]. For a generic signal s, its time-frequency transform T;(t, f) allows a
simultaneous representation of the signal in the joint time—frequency domain (t,f). In particular, if the signal s takes form of the
response of a generic dynamical system, y, possibly described by the parameter vector p, one may minimise the following error
function in order to obtain an optimal parameter vector estimate p,:

ao) =150 - Ty e5)|
Popt = arg {ngli)nJ (p)} (8)

with Ty and T, as the observed and simulated time-frequency transforms of the response y. If the transform is quadratic, Eq. (8) aims
to minimise the energy between the two transforms. To preserve the instantaneous energy, one may adapt Eq. (8) to be minimised
instant by instant. Therefore, if the excitation is known, for a generic time instant ¢ one has:

J@EP) = Ty (t.f;p) — Ty(t.f) ]l
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Pop(f) = arg {ng,inJ (&, p)} ©)
p

The choice of the time-frequency transform depends on several factors, such as the possibility of an online implementation, largely
discussed in [29]. The spectrogram, which is nothing else than the squared modulus of the STFT, proved to be effective in the
identification of nonlinear systems, also in presence of hysteresis and degradation [70]. For a generic stationary process F, the
spectrogram can be written as:

E{SPEC)(t.f) } = / P — ) [2S+(F)dF (10)

where I['(f) is the spectrum of the running window y(t), and Sp(f) is the spectral density associated with the process. One may extended
Eq. (10) to locally stationary processes by defining a local spectral density for several stationarity intervals. Hence, the stationarity
interval is assumed to match the length of the analysis window y(t) of the STFT and can be used also for signals which are not globally
stationary, such as bistable responses. It is worth to specify that the spectrogram estimator of Eq. (10) is a biased estimator, due to the
averaging operation. Previous works focused on this bias caused by the analysis window y [71], also consistently with the time-
frequency uncertainty principle, which governs the trade-off between time and frequency resolution in the STFT representation
[72]. In this work, a spectrogram has been chosen as time-frequency representation. Thus, by introducing the discrete frequency m and
the discrete time n, a possible form of Eq. (9) writes:

M-1 . 2
\/;4 2 [SPEC)(n,m: ) ~ SPEC,(n,m)
Jn;p) = — - 11)
1 M-1| ¥
W Z}o SPEC, (n, m)

where SPEC] and Sﬁc;’, are the spectrograms of the simulated and measured response signal y analysed with a running window y (the
dependence on time of the running window has been omitted for brevity’s sake) at the time instant nAt and frequency mAf.

The objective function J reported in Eq. (11) has traditionally been solved using least squares or optimisation algorithms [70]. In
this work, an extension of its solution that accounts for uncertainties by integrating probabilistic approaches is proposed. The main
issue is therefore to obtain an instantaneous distribution of the parameter vector p. More specifically, by considering the probabilistic
formulation reported in Egs. (5)—(7), the deterministic optimisation problem of Eq. (11) can be reformulated in terms of the posterior
distribution of the parameter vector. Instead of identifying a deterministic optimal parameter vector p,,, one can obtain a probabilistic
estimate of p,, at the time instant t = nAt as:

Popi( = nat) = P, (p| D, ) (12)

t=nAt

where P, (p| 5,,/%>_
t=nA
(6), at the time instant ¢ = nAt.

is nothing more than the posterior distribution calculated with ABC method for a certain threshold ¢, see Eq.
t

3.4. Numerical implementation of the ABC time—frequency estimator

In this section the numerical implementation of the ABC time-frequency estimator is reported. Since it is not possible to obtain a
closed solution of Eq. (12), a kernel density estimation (KDE) has been employed to fit the posterior distribution, obtained with ABC, of
the optimal parameters p,,, for each time instant. For any real value of p, the KDE [73] is given by:

~ 1 N;—1 P—DP;
P.(pD.#) = KDEpu(p) = 1 — > K( - ’> 13)
= sOw 520 w

where p;, Py, -+, Pj, *+*, Py, are random sample vectors from an unknown distribution, K( e ) is the kernel smoothing function, N; is the
total number of samples, and b, is the bandwidth of the kernel smoothing window. Algorithm 1 reports the pseudocode for the
implementation of the ABC time-frequency estimator. In this work, Algorithm 1 has been implemented in Matlab®. The bandwidth b,,
has been calculated using the normal approximation method. The threshold ¢ has been chosen to be a vector composed of decreasing
values for the objective function Jy.s, in order to refine the search at each optimisation cycle k, according to [68]. In particular, an
initially large tolerance threshold is used to avoid low acceptance rates and computational inefficiency, and then it is progressively
reduced. In the present work, the tolerance is initialised at ¢ = 1 and monotonically decreased to ¢ = 0.1. It is worth nothing that
excessively strict tolerance levels were observed to adversely affect the acceptance rate, significantly reducing the goodness of the
posterior distribution.

The optimisation has been carried out for a total number of cycles K, as required from the ABC methods. The convergence cri-
terion for the algorithm was defined by the stabilisation of the posterior distribution to the same shape of the previous cycle. The
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parameters have been initially chosen by using a Latin hypercube sampling (LHS) between the minimum and maximum parameter
vector P, and ppq.-

Algorithm 1 ABC time-frequency estimator.

Threshold objective function vector Jyesh
forn =1:N
fork =1: Ky
{p}]I-le ~ LHS(Ppin: Pmax) Generate N samples
forj =1:N;

Obtain discrete response y(p]-) From Eq. (2)

N o Kb

SPEC (n,m; pj> _ ‘STFT; (n, m: pj) ‘2 Compute spectrogram

8: 1
M-1
A

5(npy) = \/1
e
M

‘2 Objective function at frame n

SPEC) (m, m; ;) ~ SPEC, (n,m)

2

S 4
SPEC, (n,m)

* 3 = s, ()

10: end

11: Jwot(n) = Jue(n), J(n) ] Thresholding
12: if Joot (1) < Tupresn (K)

e KDE st (1; p) = ﬁ " (P bij> Calculate posterior KDE
14: end

15: end

16: end

4. Experimental testing
4.1. Sample description

The first step for setting up the experiments consisted of the design and fabrication of specimens that are able to reproduce the
bistable dynamics outlined in Eq. (2). The Bambu Lab X1 Carbon printer (https://bambulab.com/en/x1) was used for this purpose, and
the material selected for printing was PLA Basic (https://wiki.bambulab.com/en/filament-acc), a common thermoplastic polyester,
due to its ease of processing and relatively low cost [74]. Also, PLA Basic is formulated for high-speed printing, readily supporting print
speeds of approximately 250-300 mm/s while exhibiting enhanced toughness and improved interlayer adhesion. Its elastic modulus
and density are equal to Ep4 = 2580 & 220 MPa and pp;, = 1240 kg/m>. However, it is important to highlight that the actual 3D
printing mechanical model performance can be influenced from several factors, including printers, printing conditions, printing
models, printing parameters (e.g., infill density), as recently reported in [75]. Given the relatively short duration of each experimental
acquisition, i.e., < 60 s, and the absence of prolonged cyclic loading, viscoelastic degradation and self-heating effects are assumed to
be negligible. The sample and its measures are reported in Fig. 4 and in Table 1, respectively.

In order to simulate the bistable behaviour, the sample was designed to be mechanically clamped in a steel support. The support as
well its geometric dimensions are reported in Fig. 5.

4.2. Prototype testing machine description

The main issue of experimentally testing bistable systems is the direct measurement of displacements under an applied force, for
two main reasons: (i) displacements are the fundamental quantities which describe the jump between the two stable positions; (ii) as a
consequence, velocities and accelerations can be easily obtained by differentiation, whereas the inverse process is significantly more
prone to numerical errors. Accordingly, the prototype testing machine consists of an electromagnetic actuation system allowing rather
precise a priori estimation of the applied force, and very precise optical measurement of displacement via laser system, as shown in
Fig. 6(a). The latter employs a HeNe laser (https://www.thorlabs.com) that features a beam of 0.48 mm in diameter and with a power

L/2 L/2

Fig. 4. From schematisation to fabrication: (a) drawing of the CSB and (b) 3D-printed sample.
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Table 1
Geometrical values of the 3D-printed CSB.
h[m] tm] L[m) mlkg]
5x 1073 0.5x 1073 9x 1072 47 x 1073

[mm]

06
oSk

Fig. 5. Bistable sample and its support (dimensions in millimetres).

noise root mean square lower than 1.0%. The laser beam is first focused by a converging cylindrical rod-lens (¢ = 10 mm) to make a
vertical flat light beam, which is subsequently redirected by two mirrors (¢ = 25 mm) at 45° toward a convergent lens (50 x 50 x 5
mm), which focuses the flat beam on a linear position-sensitive detector (PSD), in order to enhance the resolution, see Fig. 6(b).

The displacement is measured by the 12 mm long PSD, which is placed horizontally on the vibrating mass, and detects the position
at which the light beam hits the sensitive area, allowing high-precision motion tracking, see Fig. 7(a). When a light spot strikes the PSD,
it generates locally an electric charge proportional to the light intensity. This charge flows in both directions as photocurrent through
the resistive layer and is extracted at the two opposite output electrodes. The current is divided between the electrodes in inverse
proportion to the distance from the incident point, allowing the position to be determined. Considering the thickness of the light blade,
the linearity of the PSD, and the noise generated by the dark current of the PSD and the interface electronics, it is possible to conclude
that the uncertainty on the calculated position is throughout lower than 50 um.

On the other hand, the actuation system, rigidly connected to the specimen via a cylindrical plexiglass rod with a diameter of 10
mm, constraints the system against rotation and thus prevents the activation of rotational vibration modes. Under these conditions, the
response is dominated by the SDoF oscillator dynamics, as described in Eq. (2). The length of the plexiglass rod is specifically chosen to
minimise the magnetic attraction between the steel vibrating mass and the permanent magnets. The actuator itself consists of a
cardboard substrate with a copper coil on top and bottom. The copper wire has a diameter of 1 mm, and 20 turns for each side show
resistance of 0.2 Q, see Fig. 7(b). Initially, tracks were added to maintain the position of the actuator. However, due to high friction, it

(a) (b)

Fig. 6. (a) Prototype testing machine and (b) schematic of the prototype testing setup with focus on the light pattern (in red). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)
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(a) (b)

pmad Magnets

Fig. 7. Significant components in the prototype machine: (a) positioning of PSD with detail on the laser and (b) actuator with focus on the confined
magnetic field (depicted in red). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

was decided to remove them and support the actuator with rollers. The force generated by the pusher is produced by the interaction
between the current in the coil and the magnetic field of two permanent magnets. A representation of the magnetic circuit is given in
Fig. 7(b). It is clear that as designed the magnetic field can be easily confined within the circuit. The extra-strong neodymium (NdFeB)
rectangular bar magnets have dimensions of 30 x 10 x 4 mm and a magnetic flux density of 1 T. The apparatus can be used for both
free-decay and forced tests. Indeed, the input signal is generated by the function generator embedded in the oscilloscope and is
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Fig. 8. Identification results of FREEVIB procedure on intrawell free decay oscillations. For what concerns f and ¢, the dashed orange line represents
their polynomial trend, while their respective instantaneous estimated values are represented by the continuous light grey line. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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delivered to the actuator through current amplifier capable of a maximum of 20 A. Both systems are anchored on a solid granite base
measuring 600 x 600 x 145 mm to ensure stability and vibration isolation. To secure the test specimen, an aluminium fixing support is
employed.

5. Results
5.1. Viscous damping characterisation

As a first step, a characterisation of viscous damping, or equivalent viscous damping, related to the rate-dependent dissipation
component, was performed to identify one of the most critical parameters of experimental identification. Indeed, the assumption of
linear viscous damping may not be fully verified. Furthermore, it should be noted that, even under ideal conditions, identification
algorithms can be quite inaccurate; for example, in output-only identification techniques, errors of 20% are common, sometimes even
higher depending on the technique used and the stationary conditions [76]. When the bistable system oscillates in intrawell regime, its
dynamic parameters can be considered slowly time-varying, and therefore one may consider exploiting the free decay oscillations in
order to estimate the instantaneous frequency, and, consequently, instantaneous relative damping. To this aim, the FREEVIB method
[77,78] was employed on the free decay response measured after applying an impulsive perturbation to the system when it was at one
of the two stable positions.

The instantaneous frequency has been obtained directly from the analytic signal, as described for classical applications of the
FREEVIB method. The instantaneous damping ratio has been then obtained from the rate-dependent component f; 4, provided by
FREEVIB, through a classical least-square fitting [79], as required from [80]. The fitting problem has been solved using the Isqlin
algorithm in Matlab®, obtaining the instantaneous frequency and damping estimates reported in Fig. 8. As can be observed, both the
instantaneous frequency and damping ratio show small oscillations in time. This can be attributed to the nonlinear nature of the
intrawell oscillations, corresponding to the case of a monostable Duffing oscillator, which may present multiple components, small in
amplitude but high in frequency, besides the principal ones. As a consequence, all the instantaneous functions extracted using Hilbert
transform based methods can be classified as fast oscillating functions [81]. In order to highlight the trend of estimation, a third-order
polynomial fitting has been carried out for both the instantaneous frequency and damping ratio. As can be observed, for fairly small
values of amplitude, the instantaneous damping estimate tends to stabilise to a value of 1.9%.

One of the advantages of using this method is the possibility to obtain a rough estimate of k; and k3 through a least-square fitting
starting from the rate-independent component f; ;. This allowed the definition of the order of magnitude of the unknown parameters,
exploited in the next sections to define the boundaries for more refined time-frequency probabilistic identification task. In particular,
the values estimated from FREEVIB are k; = —1.1 x 10> N/m and k3 = 3.6x107 N/m3.

5.2. Probabilistic estimation of stiffness parameters

After obtaining an estimate of the damping ratio and first trial estimates to initialise the stiffness parameters k; and ks, the ABC
time—frequency algorithm reported in Algorithm 1 was applied to experimental signals to obtain probabilistic estimates of the
negative linear stiffness k; and the positive cubic stiffness k3, consistently with the two steps identification strategy discussed in Section
3.1. Since the stiffness coefficients characterise the backbone curve, i.e., the mean force-displacement relationship, they can be
identified independently of the damping parameter, which primarily affects the viscous dissipation loop opening. This motivates a
sequential two-step estimation procedure. The amplitude of the external excitation u(t) was carefully chosen to ensure the activation of
the snap-through mechanism. In practice, a white noise input with null mean and a standard deviation of 5 V was generated at the
acquisition system, which was found to be sufficient to overcome the potential barrier and trigger the bistable mechanism governed by

x1073

Fig. 9. Input white noise and corresponding displacement response.
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the negative linear stiffness ki, see Fig. 3 for reference. The acquired experimental signals were pre-processed and filtered using a low-
pass Butterworth filter of order 2.

Once the pre-processing stage was completed, the Bayesian time—frequency identification procedure detailed in Sections 3.2-3.4
was applied. Specifically, the measured filtered output response and the measured excitation signal were used as the observed dataset
D in the ABC framework. Then, in accordance with Eq. (11), a spectrogram-based estimator was employed to construct the objective
function J(n; p), using a Hanning analysis window y(t) (time length: 0.5 s; 90% overlap), to achieve a time-frequency resolution
consistent with the characteristic time scales of the interwell regime. Finally, for each time instant a distribution of optimal values, as
described by Egs. (12)-(13), has been obtained independently for k; and k3. Within the ABC formulation, experimental uncertainties
are not explicitly modelled, but are accounted for into the posterior distribution through the objective function J(n;p) between
simulated and measured responses. The input and output signals used for identification are reported in Fig. 9 for reference. The values
reported in Table 2 were used for the estimation procedure. The results are reported in Fig. 10.

Fig. 10 shows that the parameter k; has a statistical mode, i.e., the most frequent value in a distribution, of nearly —1x10° N/m for
every time instant considered, leading to a confirmation of what already achieved with the FREEVIB procedure. On the other hand, the
parameter k3, governing the intrawell oscillation, shows a higher value with respect to the one used for the initialisation of the
procedure, with a statistical mode value of 6.7x107 N/m?. This discrepancy is consistent with the excitation level selected for the
experiments, which was calibrated to activate snap-through between the two stable equilibrium points. Indeed, in the interwell
regime, the response is primarily controlled by the negative linear stiffness term k;, whereas the positive cubic stiffness k3 mainly
affects the local curvature of the potential within each well. A dispersion of both parameters can be observed in Fig. 10(b)-(d) during
snap-through events, where the response is markedly non-stationary. Nevertheless, the proposed approach demonstrates robustness,
especially considering the intrinsic difficulty of identifying nonlinear parameters in non-stationary responses.

Although not reported here for brevity, additional tests on synthetic data generated under zero-mean white noise with a standard
deviation of 5, using parameters obtained from the experimental identification procedure, provided consistent results, supporting the
robustness of the proposed algorithm. It is worth noting that the proposed identification algorithm may encounter higher computa-
tional costs with respect to traditional Bayesian filters, while showing favourable performance in markedly nonlinear and time-varying
systems, especially in experimental settings.

A second identification task, relevant to the functioning of the device, involved the case of the system under earthquake excitation.
The L’Aquila earthquake (https://www.ont.ingv.it/) scaled at 5 V was chosen as input excitation. The acquired experimental signals
were pre-processed as in the case of white noise excitation. The earthquake as well as the output response of the system are reported in
Fig. 11. Table 3 reports the values used for the identification, while Fig. 12 shows the estimation results.

Again, both the negative linear stiffness k; and the positive cubic stiffness k3 are accurately identified under seismic excitation. The
estimate of the negative linear stiffness k; appears significantly more stable than that of the positive cubic stiffness k3, further reflecting
the predominant role of k; in governing the interwell response.

A comparison between Fig. 10 and Fig. 12 reveals that the magnitude of the negative linear stiffness k; identified under seismic
excitation, with a statistical mode value of —2.1 x 10° N/m, is approximately twice as large as the corresponding estimate obtained
under white noise, with a statistical mode value of —1 x 10% N/m. This discrepancy reflects the influence of the excitation charac-
teristics on the bistable mechanism. Of particular interest for this research, in bistable systems larger negative values of k; can be
related to improved dissipation properties [82]. Consequently, from a quantitative standpoint, the higher magnitude of k; observed
under seismic excitation is expected to result in higher values of dissipated energy. The dissipation efficiency of the device under
distinct types of excitations will be further discussed in Section 6.

6. Discussion on the efficiency of the device

As stated in Section 5.2, the identification of k; and ks was performed independently. This decoupling is supported by the different
roles of k; and k3 in the bistable dynamics, predominantly governing the interwell and the intrawell responses, respectively. Moreover,
this allows the mitigation of the computational burden of multidimensional Bayesian inference [83,84]. This led to an independent
mono-dimensional distribution for each of the parameter. However, in order to calculate the dissipated energy, one should consider a
bi-dimensional distribution of the parameters pair (k;,ks3). In particular, 1000 samples of k; and k3 were extracted from the corre-
sponding mono-dimensional distributions (reported in Fig. 10 and Fig. 12). A bi-dimensional distribution was then fitted according to
Eq. (13) over a grid of parameters [k;, k3] sampled with LHS. From this bi-dimensional distribution, 200 samples of the couple (k;,k3)
were extracted and used for the resolution of the differential equation of Eq. (2) employing ODE45 solver in Matlab®. It is worth noting
that the dissipated energy is mainly associated with the high-velocities occurring during interwell transitions, where the influence of k;

Table 2

Values of the parameters used for the identification procedure under white noise.
Parameter Initial value Lower boundary Upper boundary
mlkg] 47 x 1073 Fixed Fixed
¢[-] 1.9x10°2 Fixed Fixed
k1[N/m] -1.1 x 10° -2.2 x 10° 0
ks [N/m?] 3.6 x 107 0 9.0 x 107
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(a)
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Fig. 10. Identification results under white noise: 3D view of the posterior kernel density estimated for k; (a) and k3 (c), and top view of the tracking
of the statistical mode during time of k; (b) and k3 (d).
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Fig. 11. Input earthquake and corresponding displacement response.

Table 3

Values of the parameters used for the identification procedure under seismic excitation.
Parameter Initial value Lower boundary Upper boundary
mlkg] 47 x10°3 Fixed Fixed
¢[-] 1.9x10°2 Fixed Fixed
k1[N/m] ~1.1x10° ~8.2 x 103 0
k3 [N/m3] 3.6 x 107 0 26 x10°
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Fig. 12. Identification results under seismic excitation: 3D view of the posterior kernel density estimated for k; (a) and k3 (c), and top view of the
tracking of the statistical mode value during time of k; (b) and k3 (d).

is expected to be more impacting. Finally, the dissipated energy E4.,m was calculated as a cumulative function over time as:

Egeun(t) = 28w,my / y(t)*dt 14
0

In Eq. (14), ¢ is the damping ratio, as identified in Section 5.1, w, is the circular frequency, derived from the natural frequency f,
identified in Section 5.1, and my is the total mass of the system, calculated as the sum of the mass of the actuator and the mass of the
bistable sample, obtainable from the geometric dimensions and material properties of Section 4.1. The velocity response of the system,

(a) (b)

150

Ed.mun []]

10 20 30 40
t [s]

Fig. 13. Cumulative dissipated energy under (a) white noise and (b) earthquake excitation and its mean value (pink dashed line). (For interpre-
tation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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¥(t), is retrieved from the numerical integration of Eq. (2). Finally, the values of E, ., were fitted as KDE. The process was repeated for
the two external excitations considered, i.e., white noise and L’Aquila earthquake. Results for both input excitations are reported in
Fig. 13.

In the case of white noise, one single step around 10 s is observable and a statistical mode value of around 1J represents the
maximum energy reachable under this kind of dissipation; in the case of the earthquake, there are several steps over time, given that
the strong non-stationarity of the signal leads to successive snap-through events, up to a dissipated energy of 64.82 J, that is more than
60 times the value obtained with white noise.

It is important to highlight that, since the dashed pink line represents a statistical mode value, the confidence bounds should be
carefully evaluated. In this respect, a difference in the confidence bounds of the dissipated energy is observable for the two excitations:
the energy dissipated under seismic excitation presents larger confidence bounds (given by the red area and delimitated by the smaller
green area) than the white noise case. This may be ascribed to the larger uncertainty of the parameters k; and ks in the identification
task.

To more directly quantify the dissipation efficiency of the device, an equivalent linearisation can be conducted to determine an
equivalent damping ratio {,, which is in general amplitude dependent. In particular, here the definition of ¢, is supported by
experimental evidence obtained under white noise excitation. Fig. 14 shows the stiffness restoring force f; ; for intrawell and interwell
oscillations. In particular, from Fig. 14(a) it is intuitive that the cycle shape evolves with respect to the oscillation amplitude. More
specifically, Fig. 14(b—c) represent the specific shape for intrawell and interwell responses. In the case of low-amplitude oscillations,
the oscillations are mainly viscoelastic, attributable to a nearly elliptical shape, consistent with a viscoelastic behaviour. Conversely,
the large-amplitude oscillations are characterised by a closed area, primarily due bistable mechanism.

The above-mentioned equivalent damping ratio {,, represents a cumulative measure of how much energy the device extracts from
the system with respect to the potential energy E, [85] and can be calculated on the basis of the several cycles observed during
intrawell and interwell oscillations. Accordingly, it can be defined for each time instant ¢, corresponding to the central time of the
cycle, as [85]:

1 EdC

— 1
4rn E, (15)

éeq(tc) =

where E; . is the dissipated energy per cycle, corresponding to the subtended area of the cycle shape, and E, is the potential energy
calculated as [86]:

1
E, = Zk.I* 16)
2
with h as height of the CSB (for reference see Fig. 4), and k., as equivalent stiffness, calculated as:

[ kdy

g = 12 a7

where k; is the tangent stiffness, directly obtainable from k; and ks. Fig. 15 shows the evolution in time of {,, in the case of earthquake
excitation, for which the device effectiveness should be assessed. While for low-amplitudes oscillations the values of {,, are aligned
with the 1.9% value obtained from the FREEVIB identification, a significant increase in damping, reaching a value of 6%, can be
observed in proximity of the snap-through phenomenon, corresponding to a jump in the displacement response. These higher values of
{oq are attributable to the presence of the negative linear stiffness k; in bistable systems [85], also in accordance with the slightly
increased value of k; experimentally identified under earthquake excitation.

7. Conclusions

This work presented a novel probabilistic instantaneous identification technique for nonlinear systems characterised by uncertainty
in parameters. To this end, an estimator combining time-frequency and probabilistic approaches, in particular ABC, was proposed. The
estimation was validated experimentally on the signals recorded from a laboratory testing on a 3D-printed bistable sample, engineered
for seismic energy dissipation. It is worth noting that for this purpose a special testing machine was used, designed, and built spe-
cifically for this type of dynamic testing on bistable systems. The conclusions of the works are outlined hereinafter:

e The backbone curve was shown to be independent of viscous dissipation, confirming that stiffness parameters can be identified
independently of damping, which primarily governs dissipation loop opening.

e The identification proved robust under different types of excitations. The observed dispersion in parameter estimates during snap-
through events reflects the combined effects of non-stationarity and the window resolution required by the adopted algorithm.

e The measured instantaneous energy demonstrated the effectiveness of the bistable device, which represents a critical aspect in real-
world applications.

e Under earthquake excitation, the device showed an increased efficiency in terms of { when entering interwell oscillations with
respect to low-amplitude case, i.e., intrawell, oscillations.
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Fig. 14. (a) Stiffness restoring force vs. displacement: total nonlinear f,; (in dashed light grey), intrawell f; (in blue), and interwell f; ; (in red).
Representation of the theoretical specific shape of the cycle for (b) intrawell, in light orange, and (c) interwell, in light blue, oscillations. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 15. Equivalent damping ratio under earthquake excitation and estimated low-amplitude damping ratio from FREEVIB procedure.

Future research will focus on the study of different bistable configurations, in order to increase the efficiency of the system and its
ability to dissipate energy under seismic actions.
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